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Résumé

Le cadre de ce travail revient au théorie IST (Internal Set Theory, voir [35]). En vue de
[5], rapplons la définition suivante: On dit que les réels & du systeme (&1, &, ..., &)

avec k > 1 sont simultanément approximables au sens infinitésimal, si pour tout

nombre réel infiniment petit positif ¢, il existe des rationnels (Zﬁ tels que
q/ =12, k
=" res,
q 1=1,2,...k,
eqg =0

ol (£;);_1 5 sont des nombres limités.
Soit (&, &1, - -+, &) un systeme de réels, avec w illimité. Dans le premier chapitre,

nous allons donner une condition nécessaire pour que (&;) soient simultanément

i=0,1,...w
approximable au sens infinitésimale. L’inverse de cette condition est également dis-
cuté.

Soient k un entier positif et W}, ’ensemble des entiers positifs n dont le nombre des
facteurs premiers distincts de n est supérieur ou égal a k. Dans le deuxieme chapitre,
certaines inégalités qui font intervenir plusieurs fonctions arithmétiques sont étudiées
sur Wj. Dans le troisieme chapitre, nous allons déterminer une fonction arithmétique
f pour laquelle I'expression fY¥(n) — a f¥(n + £) a une infinité de changement de
signe sur un sous-ensemble propre infini de Wy, ou «, N et ¢ sont des parametres.
Ce résultat sera réalisé en utilisant le théoreme de Dirichlet concernant les nombres
premiers dans un progression arithmétique.

Dans le quatrieme chapitre, certains problemes ouverts se posent pour d’autres

recherches.
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Abstract

This study is placed in the framework of Internal Set Theory (see [35]: E. Nelson,
Internal Set Theory, Bull. Amer. Math. soc. 83 (1977), p. 1165-1198). In view of [5],
we recall the following definition: Real numbers (;)i=12..  are called simultaneously
approximable in the infinitesimal sense, if for every positive infinitesimal €, there exist

7

rational numbers (11) such that
i=1,2,...k

q 2,
G=2 1,
q 1 =1,2,...k,
eqg =0
where (£;),_, 5, are limited numbers. Let (§o, &1, .. .,&u) be a system of reals, with

w unlimited. In Chapter , we will give a necessary condition for which (&)i:O,1
are simultaneously approximable in the infinitesimal sense. The converse of this
condition is also discussed.

Let k be a positive integer, and let W}, denote the set of all positive integers n such
that the number of distinct prime factors of n is greater or equal to k. In Chapter
2, we prove the infinity of certain inequalities and equations on the set Wy by using
¥, o, T and related functions. In the framework of IST, our working set is an infinite
external subset of positive integers. In Chapter [3} we will determine an arithmetic
function f: N — N for which f¥(n) — a f¥(n + £) has infinitely many sign changes
on a proper infinite subset of Wy, where o, N and ¢ are parameters. This result will
be realized by using Dirichlet’s Theorem about primes in an arithmetic progression.

In Chapter [4] some open problems are posed for further research.
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Notation
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Explanation

A given system of real numbers (&;) i=12,..x» Usually irrationals.
A limited number.

The set of limited positive integers.

A positive infinitesimal real number.

An infinitesimal real number (positive or negative).

An unlimited positive integer.

Means z, y are infinitely close.

Means x, y are not infinitely close.

Rational numbers with common denominator q.

Is the shadow of (&1,&s,...,&) -
The set of all systems (&1, &2, ..., &) for which (§),_, ,

simultaneously approximable in the infinitesimal sense.

-----

The number of distinct prime factors of n.
The Kernel of n given by v (1) =1 and v (n) = 1|_[p ; for n > 2.
pln
The number of the positive divisors of n: 7 (n) = ‘Z 1.
d|n
The sum of the positive divisors of n : o (n) = |Z d.
d|n

The sum of the k-th positive divisors of n : o, (n) = z|: d*; k> 2.

d|n
Denote the arithmetic function: f*(n) = (f (n))*;a > 1.

xi



Pn
dr,
P

2=p1 <p2<...<p,<...

G < qa < ...<q,<...
p*ln
Q(n)

Ar,s

xii

The n-th prime number, with n > 1.

Denote the gap between p,.; and p,.

The set of prime numbers.

The sequence of all primes in increasing order.
Denotes an arbitrary sequence of primes.
Means, p® divides n but p®*! does not divide.

The total number of prime divisors of n: Q(n) = > a,

pIn
and Q (1) = 0.
The number of primes not exceeding n: 7 (n) = >_ 1
p<n
1
Euler’s function : ¢ (n) =n]] (1 — —); n > 2.
pln p
1
Is given by s (n) =n°[] <1 — —S); n>2.
pln p

1
Is given by ¢, (n) = n*[] (1+—8); n>2.
pln p

The set of positive integers n for which the number of
distinct prime factors of n is larger or equal to k.

The set of positive integers n for which the number of
distinct prime factors of n is unlimited and every prime
that divides n is also unlimited.

The set of positive integers n for which the number of
distinct prime factors of n is unlimited.

The set given by: A, = {n € N; p.¢s(n) > p._1n°}.
The set given by: B, s ={n € N; p,_1¢, (n) < p,n°}.
The set of positive integers n such that 271 divides n or
n + ¢ and 2¢ does not divide both n and n + /.

The greatest integer less than or equal to x.

The fractional part of x.

Fermat numbers: F, = 22" +1 ;n > 1.

Mersenne numbers: M, = 2P — 1, with p prime.

The n-th convergent of a simple continued fraction.



Introduction

The theory I.S.T is created by the fact that E. Nelson (1977) added in the usual
mathematical language a unary predicate "standard”. After this and to govern the
use of this predicate, he introduced three axioms which are : Transfer, Idealization
and Standardization. The axioms of Z.F.C and the three axioms mentioned above
form what is called I.S.T theory. For further information on nonstandard analysis and
the theory of I.S.T one can see ([12], [13], [14], [35], [41]). Currently, I.S.T became a
framework of researches by a large number of mathematicians, where the field of its
applications expanded increasingly.

The objective of this thesis is to introduce the theory of I.S.T in the field of number
theory, and especially in the study of the simultaneous rational approximation and the
solubility of certain Diophantine inequalities involving several arithmetic functions.
This thesis is composed of an introduction, three chapters and a small part devoted
to some open problems. First, we give the following definition.

Definition 0.0.1 ([5],[6]). The reals of (&1,&,...,&,) are simultaneously approx-
imable according to the infinitesimal sense if for every positive infinitesimal e there

q
q
e.q =0,

exist rational numbers (&) such that
i=1.2,..n
1 <9 <n, ()

where £ is a limited.



This quality of approximation can not be deducted directly from classical results
such as Dirichlet’s theorem and Kronecker’s theorem [21], [45]. Indeed, from classical
results if we approximate with a small error we must generally use a large denominator
and vice versa, if we want to approximate by using a small denominator the error
may be quite large. This quality of approximation with the control of error and of
the denominator at a time, was behind the invention and the use of this concept
by A. Boudaoud according to the following chronology: unidimensional case (1988),
multidimensional case (1993, 1996, 2000) and finally the simultaneous approximation
according to the infinitesimal sense of reals of a system whose cardinality is unlimited
(2004). For more details, see [4], [5],[6], [7].

In the first chapter, we recall some basic notions of the simultaneous diophan-
tine approximation and the simultaneous diophantine approximation according to
the infinitesimal sense. Moreover, we denote by S4 (= 0) the set of all systems
(&1,&, ..., &) satisfying (%), then we investigate this set by giving some examples.
Also, we give a necessary condition for the reals of a system (&,&s,...,&,) in order
to be simultaneously approximable according to the infinitesimal sense, where the
converse of this condition was also discussed. The results of this chapter have been
the subject of the following publication: ”Dj. Bellaouar and A. Boudaoud, Non-
classical Study on the Simultaneous Rational Approzimation, Malaysian Journal of
Mathematical Sciences 9(2), 209 -225 (2015)” [2].

In the second chapter we introduced the following sets: Wi, = {n € N ; w(n) > k}
and W, = {n € N; w(n) = +oo, and for all p|n : p = +o0}, where w (n) denotes the
number of distinct prime factors of n. On Wj, we have shown that for the pair

of arithmetic functions (f,g), where f(n) = ¥, (n) and g (n) = n®, the difference



f(n) —ag (n) changes sign infinitely many times, where « is a rational number con-

structed using two consecutive primes. Here we observe the traces of approximation

f () > « and for others we have f(n)
g(n) g(n)
That is, we surround « from the right and from the left by rational numbers. Besides

by rationals because for some n we have <
this, we realized other results on W} involving arithmetic functions such as w, €2, =,
7 and o.

Recall that W, C W), whenever k is limited. On W, as before, we studied by
using [.S.T the sign changes of p,_11s (n) — p,n°. On the same set, we proved that
there is a particular function f that satisfies the inequality f (n) + ¢ > an over a
finite part of W, whose cardinality is unlimited, where ¢ is a parameter. At the end
of this chapter we gave the solubility of some external equations.

In the third chapter we studied, firstly, arithmetic functions f for which the ex-
pression fV (n) —af (n + ¢) has infinitely many sign changes. We noticed that each
of the following functions v , 7, d,, and ¢, satisfies the required condition on a suitable
subset. Then, by using I.S.T, we studied some inequalities on W}, and others on W,
where W, is the following set: W, = {n € N ; w(n) & +oo}.

Finally, we finish our work by a small section devoted to some open problems and
perspectives.

We mention that some results of chapters two and three, have been the subject of
an article entitled ”The Infinity of some Arithmetic Inequalities by using Particular

Subsets of Positive Integers” submitted to the Thai Journal of Mathematics.



Chapter 1

Non-classical Study on the
Simultaneous Rational
Approximation

Dirichlet’s approximation theorem ([45]) is a fundamental result in Diophantine
approximation, showing that any real number has a sequence of good rational approx-
imations. In 1988, A. Boudaoud [4] introduced a non-classical study to the rational
approximation in unidimensional case. Concerning higher dimensional cases, in 1996
[5] he proved that the reals (é)“? 77777 » are not simultaneously approximable in the
infinitesimal sense, where w is an unlimited positive integer. In 2000 [6], he proved
that the reals of any system contains a limited number of reals are simultaneously

approximable in the same sense. Moreover, in 2004 [7], he proved that the reals

<Q_0 do 1 QOC]1---%>
NI” N7 NI ’

are simultaneously approximable in the infinitesimal sense, where N, w are unlimited
and +oo Z o < 1 < ... < q, < N.

In Chapter (1, our working set will be denoted by S4 (=2 0), is an external subset



which contains systems of the form (&, &1, ..., &), where the reals §; are simultane-
ously approximable in the infinitesimal sense [5]. Then we prove that S4(= 0) does
not contain systems of the form (&, &1, ...,&,) whose shadow contains a standard
interval [a, b], see [I1]. Furthermore, some examples are given in Section [1.3| where

we consider only systems which contain an unlimited number of reals.

1.1 Essential notions and preliminaries

1.1.1 Elementary nonstandard notions

We recall some definitions and facts from nonstandard analysis, real numbers, and
sets that will be used in the proof of our main result. For more details, see [.P. Van
den Berg [13], F. Diener and M. Diener [I4], F. Diener and G. Reeb [16], Lutz and
Goze [17] and E. Nelson [35].

(a) A real number x is called unlimited if its absolute value |x| is larger than any

standard integer n. So a nonstandard integer w is also an unlimited real number.

(b) A real number ¢ is called infinitesimal if its absolute value |e| is smaller than

1
— for any standard n.
n

(¢) A real number r is called limited if is not unlimited and appreciable if it is

neither unlimited nor infinitesimal.

(d) Two real numbers x and y are equivalent (written x = y) if their difference x —y

is infinitesimal.

(f) We distinguish two types of formulas: Formulas which do not contain the symbol



'st’ (for standard) are called internal, and formulas which do contain the symbol

‘st are called external.
(g) We call internal any set defined using an internal formula.

(h) We call external any subset of an internal set defined using of an external formula

for which a classical theorem at least is in default.

Example 1.1.1. From F. Diener and M. Diener ([14, p. 06, 19]) and F. Diener and
G. Reeb ([16, p. 52]), we have

1. Let € be a positive real number (infinitesimal or not). The following sets are

ternal.

1—e,1+¢], {reR;ecx>1} and {g ;neN}.

2. Let N7 be the set of limited (standard) positive integers, then N7 is external. In

fact, if it is not we can apply the Principle of Mathematical Induction:

e Since 1 is limited, it follows that 1 € N,

o [fseN? thens+1¢eN°.

Therefore N = N, which is impossible because there are unlimited positive

integers.
3. Let € be an infinitesimal positive real number. The set
{reR;z+e=zx}
18 equal to R. 1.e., it is internal. However, the set

{reR;x2=0} (1.1.1)



is external. In fact, if the set of (1.1.1) is internal, then it has the least upper
bound a; which is neither infinitesimal nor appreciable (If a is infinitesimal, 2a
and 3a are also. If a is appreciable, g is also). That is, the Least Upper Bound
Principle ”A nonempty set of reals which is bounded above has the least upper

bound” is in default.

Lemma 1.1.1 (Robinson’s Lemma [28], [41]). If (un),>, is a sequence such that
u, = 0 for all standard n, there exists an unlimited N such that u, = 0 for all

n<N.

Also, in this chapter, we need to the following notions (see N. Cutland [11], I.P.
Van den Berg [I3] and F. Diener and M. Diener [14]).

Definition 1.1.1. Let X be a standard set, and let (A,), .y be an internal family of

sets.

1. A union of the form G = tUXAm is called a pregalazy; if it is external G is
stre

called a galaxy.

2. An intersection of the form H = tﬂXAx is called a prehalo; if it is external H
stxe

is called a halo.
Example 1.1.2. We have,
(a) N7 is a galazy.
(b) hal (0) ={z € R; 2 =0} is a halo.

Theorem 1.1.2 (Fehrele’s Principle [I7]). No halo is a galaxy.



Definition 1.1.2 (Shadow of a set [14], [I7]). The shadow of a set A, denoted by °A,
is the unique standard set whose standard elements are precisely those whose halo

intersects A.
Theorem 1.1.3 (Cauchy’s Principle [14]). No external set is internal.

For example, let w be an unlimited positive integer. The shadow of

1 2 w—1 w
ww T w Tw

is equal to [0,1]. Moreover, we see that e” < w for every standard positive integer
n. From Cauchy’s Principle there exists an unlimited integer ny which satisfies the
previous inequality.

In this work limited numbers are denoted by £ and infinitesimal numbers are

denoted by ¢.

1.1.2 Some classical results on the simultaneous rational ap-

proximation

We present some well known results on the simultaneous approximation of £ numbers
P2 Pk

&1,&, ..., & by fractions &, —,...,—. These results were announced by Dirichlet’s
q q

Theorem [45] page 27|, Kronecker’s Theorem |21} page 382], and many others.
Theorem 1.1.4 (Dirichlet’s Theorem). Let k be a positive integer, and let &1, s, . . ., &
be reals. For any integer Q > 1, we can find positive integers q, p1,ps,.-.,Pr Such
that

1<q<QF and |q& — pi| < ; fori=1,2,... k.

1
Q



Theorem 1.1.5 ([2I]. page 170). If &,&, ..., & are any real numbers, then the
system of inequalities

1

Di
fi__ q1+M;

q

1
M:E g forio=1,2,... k.

has at least one solution. If one & at least is irrational, then it has an infinity of

solutions.

Theorem 1.1.6 ([21]. page 170). Given &,&s, ..., & and any positive €, we can find

an integer q so that q&; differs from an integer, for every i, by less than ¢.

Definition 1.1.3 ([2I]. page 170). A set of numbers £, s, . . ., &, is linearly indepen-

dent if no linear relation:
a1§y +axde + ... +a.§ =0,
with integer coefficients, not all zero, holds between them.

Theorem 1.1.7 (Kronecker’s Theorem). If &,&s, ..., & are linearly independent,

a1, Qo, ..., a4 are arbitrary, and (Q and £ are positive, then there are integers

q > QJ P1,P2,-- -, Pk

such that |q& — pi — ay| < e, for i=1,2,... k.

1.1.3 Why giving the simultaneous rational approximation

in the infinitesimal sense?

In 1990’s A. Boudaouad ([5],[6], [7]) proved some results on the simultaneous ratio-
nal approximation in the infinitesimal sense [4]. He mainly relied on the following

definition.



10

Definition 1.1.4 ([5],[7]). Let (&1,&2,...,&) be a system of reals, with & > 1. The

reals (§;),_, 5, are said to be simultaneously approximable in the infinitesimal sense,

if for every positive infinitesimal ¢, there exist rational numbers (&) such
q4/i=12..k
that
& = By e.Li
g 1 <i <k, (1.1.2)
eq =0,

where (£;),_,, , are limited numbers.

From Definition [1.1.4} the reals (§;),_,, _, are simultaneously approximable in

the infinitesimal sense if for every positive infinitesimal e, there exist rational numbers

(&) such that
4/ =12, .k

geoey

Di
&-2
q

=c.f and €.q = 0.

The real € allows to control the error .£ and the denominator ¢ at the same time.
This type of approximation can not be deducted directly from classical results
such as Dirichlet’s Theorem and Kronecker’s theorem. In fact, let £ an infinitesimal

positive real number. From Dirichlet’s Theorem, for any integer () > 1, the reals

..... q

1
with an error less than _Q That is,
q

i : 1 .
fi:‘g—i—ei, with |e;] < —= and 1 <q¢g<QF; i=1,2,... k.
q qQ

There are two cases.

e If one can choose () such that eQ) = 0, then the errors ¢; may not be all of the
form e.£, because the commun denominator ¢ may be sufficiently small so that

1 ith v & +
— = &.7y, with v = +o00.
qQ
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e If one can choose () such that eQ) 2 0, then the errors e; are of the form e.£.
However the commun denominator ¢ may be sufficiently large so that eq 2 0,

because 1 < ¢ < QF.
Similarly, from Theorem [1.1.6] for every positive infinitesimal ¢ we have

& =" cp, with |6 <=L i=1,2,... .k
q

|

Also, we get the same result by using Theorem [1.1.7] whenever o = as = ... = g

= 0. But, we can not have the condition .q = 0.

Notation 1.1.1. Let S4 (= 0) denote the set of all systems (&1, o, ..., &), with k£ > 1

for which (&;),_, 5, satisfy (1.1.2)).

In this chapter, we will prove that S4 (= 0) is a non-empty set. Also, for a given
system of reals (&,&1,...,&,), with w = 400 we ask if there is a necessary and
sufficient condition on the reals (&;),_,, , for which (£,&1,...,&,) € Sa(=0). We

are in a position to give our main results.

1.2 Necessary condition

To prove that S, (=2 0) is a non-empty set, we need the following lemma.

Lemma 1.2.1. Let N, w be two unlimited positive integers. Let € be an infinitesimal
positive real number. If eN“~! is not infinitesimal, then there exists an integer ig €
{1,2,...,w — 1} such that eN“~ 20 and e N0+ =,

Proof. Let a be an appreciable number strictly less than e N“~! which we may, be-
cause e N“~1 22 (). Since

0~ eNY <eN<eN?<...<eN“? <N,



12

there exists an integer s € {1,2,...,w — 1} such that
eNY—GHD < o < e N9,
There are two cases to consider.
o cN*~(+1) 2~ (0 Lemma is proved by taking iy = s.

o cNv=(+1) £ (. Since N = +o0, we have

Nw—(s+1) o
wa(s+2) — 8— < — 0.
: N =N
Also, Lemma [1.2.1]is proved by taking i = s + 1.

Theorem 1.2.2. S4 (= 0) is a non-empty set.

Proof. We will give a system containing an unlimited number of reals that satisfies
(1.1.2). That is to say, we prove that S4 (= 0) contains many systems of the form
(&o,&1, -+, &), with k is an unlimited. In fact, let N, w be two unlimited positive
integers. We show that

1 1 1
—_—— ..., =1 >~ (). 1.2.1
(Nwan_la ,N’ >€SA( 0) ( )

Let € be an infinitesimal positive real number. There are two cases.

A) eN¥ =0. For every i =0,1,...,w, we have

Ne—i T Ne VT TE

eNY =¢eq = 0.

where ¢ = N¥. In this case, Theorem [1.2.2]is proved.

B) eN¥ 2 0. Here we distinguish two cases.

B.1) eN¥ = qa, with a is an appreciable. In this case, we can write the system

of (1.2.1)) as follows:

1
L % + 85 ? +ely
Nw
1 L +¢€.0 =L + ety
wal Nw—l ]g
1 =| Yoo =] Bres |
N”72 Nw—l
wal Puw .
1 A — +ef,
No1 +¢.0 q
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N(.AJ
where ¢ = N“~! and eq = eN“~! = 5N = % =~ (). So, Theorem [1.2.2]is

proved for this case.

B.2) eN*“ = 4o00. In this case we also distinguish two cases.

1
B.2.1) The real eN“~! is infinitesimal. Since N = 0, it follows that

eNw
0 1
1 Nw—l +€5Nw ;—O"‘Eogo
Nv 1
1 o T e0 ey
Nw—l
1 = —N +€.0 = é + 5052 )
w—1
Nw—2 N q
N“’_l. Pu
1 — + et
N1 +€.0 q

where ¢ = N“~! and e¢ = eN*~! = 0. Theorem is proved.
B.2.2) The real eN“~! is not infinitesimal. Let 79 € {1,2,...,w — 1} be
the integer constructed in Lemma [1.2.1] then

0 1 Do
1 =2
W Nw6(io+1) - 8€]¥w + 5£0
1 o1
N1 Nw—(io+1) + ggNw—l + ety
1 £ A
Nw—io Ne~tio 11) * ggwaiO q * 5£10
1 — 7—+€O = M_’_a’gi(ﬁ-l
—_— Nw—(io+1) q
Nw—(lo+1) N pl o
1 —1—|—€O —= +5£i0+2
Nw—(io+2) wa(lof ) q
w—1 ;2 _
1 N—O +e.0 Dol + 5£w—1
N Nw—(io+1) ’ %
N —tef
1 ~ + .0 w
Nw—(io+1) q

with ¢ = N*~00F1) and eq = e Nw~lo+D) > (),

This completes the proof of Theorem [1.2.2] O

In Theorem we have proved that S, (= 0) contains a system where the
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number of its elements is unlimited. In the following lemma, we will prove that there
are many systems which are not belong to S4 (= 0).

Lemma 1.2.3. Let w be an unlimited positive integer, and let (§o,&1,...,&,) be a
system of reals satisfying the following properties:

(a) ===
(b) €z+1_§z:dz>0 fori=0,1,...,w—1

d;
(c) =a; =21 fori=1,2,...,w—1.
di—1

Then (607517'“75(«1) §é SA (g O)

Proof. Assume, by way of contradiction, that the reals (&;) ., are simultaneously

i=0,1,...,
approximable in the infinitesimal sense. In particular, for € = dy = 0 we have
Pi
S l (1.2.2)
eq =0,
where bi is a rational and £; is a limited for every ¢ = 0,1, ..., w.

q
Let 79 be an unlimited positive integer strictly less than w and satisfying

o < — (1.2.3)
g < —— 2.
0 NEq’
. o : 1 :
for a given limited integer N > 2 (which we may, because — = — = +00). Since

eq  dog
the reals (a;),_,, _, are all appreciable, then for any standard integer n > 1, the

number S, = Z?:l aias . ..a; is also an appreciable. Next, consider the set

{nG{l,Q,...,w};1—|—Za1ag...ai<i0%’+oo}, (1.2.4)
i=1

which is internal and contains N?. According to the Cauchy’s Principle there exists
an unlimited integer ng that satisfies (|1.2.4)).
On the other hand, since

no—1

g —&o=do+di+ ... Fdpy1=6)

1=0

, (1.2.5)

S
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d; .
and o= fori=1,2,...,w— 1. From (1.2.2) and ({1.2.5)), we have
i—1

no—1
gno - 60 = £ (1 + Z aias . .. ai) (1.2.6)

S < Y
q

We use the fact that ng satisfies (1.2.4). Then from (1.2.3), (1.2.4)), and (1.2.6) we

get

1
(Pno — Po) +e¢£ < v
2
Since eq£ = 0, it follows that p,, — po < N
Now we prove that p,, > po. First, it suffices to prove that the number 1 +
Z:ﬁ;l aias . . .a; is unlimited. In fact, consider the following set

{mEN;m§n0—1and1+2a1&2...ai>m},

i=1

which is internal and contains N7, because for all limited integers s we have
S
1+Za1a2...ai:1+s+q§s > s,
i=1

where ¢ = 0 (positive or negative). From Cauchy’s principle there exists an unlimited
integer mq (with mg < ng — 1) such that

no—1

mo
1+Za1a2...ai21+Za1a2...a,~>mo%+oo.
i=1 i=1

We assume that p,, = po, by (1.2.6) we get
no—1

+oo’£‘1+2a1a2...ai:£,

i=1
which is a contradiction. Therefore p,,, # po. Moreover, if p,, < po, by using (1.2.6))
again, we obtain

£ > pO _pno g —f—OO,
eq
because &,, > . Which is a contradiction as well, since £ is limited. Recall that p,,
2
and pg are positive integers, and since p,, > po it follows that N > 1. Which leads

to a contradiction with the hypothesis of N > 2. This completes the proof. [
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Now we prove the main result of this chapter.

Theorem 1.2.4. Let w be an unlimited positive integer, and let (o, &1, - .., &) C [0,1]
be a system of reals. If ° (&, &1, ..., &) contains a standard interval [a,b] with a < b,
then the reals (gi)izo,l,...,w are not simultaneously approximable in the infinitesimal
sense.

That is, we will prove the necessary condition given by:

(507517' e 7€w) c SA(g O) :>Va,b € NU : [aab] g 0(507517 s 750.))- (N)

Proof. Since ° (&, &1, - - -, &, ) contains a standard interval [a, b] with a < b, there exists
a subsystem (&, &5 ---5&,.) C (&0,&1, - .., &) such that

{ o(fim&u"wfik) = [a,b],

£i0<§i1<~~<§ik;

where k = +o0o. We prove that a = §, = &, = ... = ¢, = b. In fact, suppose the
contrary, i.e., there exists m € {1,2,..., k} such that

Cim—1 = i
Since °¢;, |, # °&;,, it follows that

gim—l + glm (Y] Ofimfl +O glm

5 5 € [a, b].

S L. im—1 T Sim
Which is a contradiction because the number M does

system (&9, &1, ..., &w)-

Put dy = ¢&,,, — &, for s =0,1,...,k — 1, then Oér?ggi_l(ds) >~ 0. Let v be an

not belong to the

unlimited real number such that

A=~ max (ds) =0,

0<s<k—1

and this by using Robinson’s Lemma.
Now, we choose a system of N elements (6,),_,, _ among the numbers (§;,),_q,
as the following way

90 = 51'0, and
0, = &, is the nearest element strictly less than 6y +7XA; r=1,2,..., N.
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where m, € {0,1,...,k} and N is an unlimited integer, with N.A ~ 0. Then we prove
the conditions (a), (b) and (c) of the Lemma for the new system (6g, 01, ...,0N).
In fact, from the construction of (6, ), we see that

90291...%/9]\[%&0 and0r+1—9T:Dr>0, fOI"TZO,l,...,N—l.
Thus, (a) and (b) are satisfied. For the proof of (c), we put
0p =&y +1A—0,;7r=0,1,... N.

Then 67‘ S gimr-‘rl - g’imT =d
0o + rA. Moreover, we have

o, oy 1/ 6, 1
=7 <= < —-—=0.
A v max (dy) — v \d oY

0<s<k—1 bmr

because &;,, is the nearest element strictly less than

Ty )

Therefore, for every r = 0,1,..., N, there exists an infinitesimal real number ¢, such
that 6, = \¢,.. Hence

Opi1—0,=XA—0,014+0, = A= A1+ AP forr=0,1,..., N — 1.
It follows for every r € {1,2,..., N — 1} that

D»,- :9T+1_0T:1_¢T+1+¢Tg1
Dr—l ¢9r — er—l 1-— Qbr + ¢7"—1

Using Lemma we can also conclude that (6,601, ...,0x) ¢ Sa (= 0) and there-
fore (&,&1,. .., &) € Sa (= 0). This completes the proof of Theorem [1.2.4] O

Here we ask the following question: Can we give a criterion by which we can
determine whether a given countable system of reals is in Sy (= 0), or not? The

following proposition is given as an example.

Proposition 1.2.5. Let w be an unlimited positive integer. Then

5:<1 L1 ..)géSA(QO).

Vwtrl w+2
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1
Proof. Suppose that S € S4(=0). For ¢ = — = 0, there exist rational numbers
w

(Zﬁ) such that
4/ i=01

goor

1 bi
-=—+4¢eckt;,
w+i q © i=0,1,... (1.2.7)
€.q =0,

where (£;),_,, are limited numbers. Let iy be an unlimited positive integer satis-

fying
(JJiO 1
<

= — . 1.2.8
oo w+1ig 2e.q oo ( )
Since S is countable, it follows from ((1.2.7)) that
1 1 ' — D
S :g( addl] ) S N (1.2.9)
w Wt W+ 1 q

Similarly, from the proof of Lemma [1.2.3| we get

1
Po — Pip T €.¢.£ < 3

which is impossible because from (1.2.8) and (1.2.9)), po > pi,- O

In the following result, for a real number z, let {x} and [z] denote the fractional
part and the integer part of x, respectively.

Corollary 1.2.6. Let w be an unlimited positive integer. If (&, &1, ..., &) € Sa (= 0),
then for every limited integer c, ° ({c&},{c&},...,{c&}) does not contain any
standard interval [a,b], with a < b.

Proof. Suppose that there exists a subset of positive integers:
(10,71, --,1,) C (0,1,...,w), with k = 400,

and there is a limited integer ¢y such that ° ({co&,},{co&,}, s {co&i}) = [a,b]
where a and b are standard real numbers (a < b), and we prove that (&, &1, ..., &)

¢S4 (=0).
In fact, from Theorem [1.2.4] we get

({co&in}, {co&in } s {co&i}) € Sa(=0). (1.2.10)
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It suffices to show that (co&iy, co&iys - - -5 C0&i,) & Sa (= 0). Suppose the contrary. Then

P.
for every positive infinitesimal ¢ there exist rational numbers | —= ) such that
s=0,1,....k

Q
[00&3] Q
{Cofls}— Q +ed : OSSS]C,
Q=0

because {co&;. } = co&i. — [co&i.], for s =0,1,..., k. Thus,

({Cﬁgio} ) {Cogil} Y {005%}) € 5a (g 0) .
Which contradicts the expression ([1.2.10)).
Finally, since ¢y is a limited integer, we have (&,,&,,...,&,.) ¢ Sa(=0), and
therefore (&,&1,...,&) € Sa (= 0). This completes the proof. O

1.3 Remarks and examples

In this section, we give certain remarks and examples about the necessary condition
stated in Theorem [1.2.4]
Remark 1.3.1. The converse of is false.

In the following corollary, we give a system of real numbers (&, &1, ..., &,) with
w = 400, whose elements are not simultaneously approximable in the infinitesimal
sense but its shadow is different from a standard interval [a, b].

Corollary 1.3.1 (Counterexample). Let f be the exponential function. For every
unlimited positive integer w, we have

1 1 1 N
(f(O)’f(l)""’f(w))¢SA<—0)- (1.3.1)

Proof. Suppose that the reals of - are simultaneously approximable in the in-

finitesimal sense. Then for e = —— = 0, there exist rational numbers (&>
i=0,1,....w

f(w q

,,,,,,

such that

5'061'
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where £; is a limited number for every ¢ = 0,1,...,w. Using Cauchy’s principle,
there exists an unlimited positive integer iy such that

£ (io) < % (1.3.2)

where v = — = 400. Since f is increasing, we have ig < w. In fact, if g > w it
€

follows that f (w) < @ Which is impossible.
q

Now, we put sg = w — ig. From the hypothesis, there exist Zﬁ, P such that
q g
1 1 . Psy — Pw
———=c(f(ip) — 1) =" +cf. 1.3.3
feo T “VW=D=T (1.83)
Using (T39) and (T3.3), we get
1
(pso - pw) + €q£ < —. (134)

2

It follows from ([1.3.3) that ps, # p. because f (iy) = +o00. Moreover, if p;, < p,, then
£> P07 Py
£.q

1 - 1
f(s0) = fw) 5
Dso > Pw- Finally, from (|1.3.4]) we have 1 < p,, — p, < 3 since eq£ = 0. Which is

which we may, because . A contradiction, since £ is a limited. Thus,

impossible. O

Remark 1.3.2. Let f be the function of Corollary [1.3.1} we put

A—( 1 1 1 )
FOI M fw)/)
1 1 1
FO @ r@
Corollary 1.3.2 (An example of Theorem . Let w be an unlimited positive

integer. Then
1 2 w—1 w
<__...,__)¢5A<go>.

Since f is standard, then °A = ( ) is not an interval.

T )
W w w w
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Proof. 1t is clear that

12 1
O(—,—,...,“—,5>=[0,1].

w w w w

Thus we get the result by using Theorem [1.2.4. Moreover, for any standard interval

la,b], with a < b, there exists a system of reals (&,&1,...,&,), with w = +oo such
that a & § =2 & = ... =2 &, =2 b, and also from Theorem (&0,&1,.-.,80) €
Sa(20). O

Remark 1.3.3. Let (£o,&1,-..,&) be an arbitrary system of real numbers. From the
proof of Corollary it is clear that (&,&1,...,&) € Sa(=0), if and only if
({&}. {&}, - {&}) € Sa(=0), where {x} represent the fractional part of x. We
can therefore deduce that if

(50?517"'7516) ESA(g 0)7

then
(€o: &1y vy G {8t {61}, - {&}) € Sa (= 0).

1.4 Conclusion

In this chapter, we aim to give a necessary condition for a system of real numbers
(&0,&1,--.,&0) to be in S4(= 0), where w is an unlimited positive integer. However,

a sufficient condition remains an open problem.



Chapter 2

The the Solubility of certain
Arithmetic Inequalities by using
Particular Subsets of Positive
Integers

Let £ > 1, and let W} denote the set of positive integers n for which the number
of distinct prime factors of n is greater or equal to k. In arithmetic functions, one
of important topics is to establish some inequalities (resp. equations) for infinitely
many n € N. Many researchers have obtained their results on the set N = W; U {1}.
The purpose of chapters 2] and [3]is to study some inequalities and equations on the
set W}, instead of N. In the framework of Internal Set Theory (for more details, see
[13],[18],[30],]41]), we denote by W for integers n for which the number of distinct
prime factors of n is unlimited and every prime factor that divides n is also unlimited.

In this case, our working set is an infinite external subset of positive integers.

22
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2.1 Preliminaries

Let n be a positive integer, and let w(n) denote the number of distinct prime factors

of n. Throughout this chapter, k is an arbitrary positive integer. Then
Wey={neN;whn)>k}. (2.1.1)
At the beginning, we shall fix the setting in which we work and some definitions.

Definition 2.1.1. A function f is called an arithmetic function or a number theoretic
function if it assigns to each positive integer n a unique real or complex number f(n).
Typically, an arithmetic function is a real-valued function whose domain is the set of

positive integers.

Definition 2.1.2 ([26], [34], [37], [43]). In Chapters [2 and [3| we use the following

arithmetic functions:

1. Let s > 1. Then the arithmetic function ¢, is defined as follows
s 1
o) =n[(1- o) e (1)=1. (2.1.2)
pln
Euler’s totient function, ¢(n) = ¢1(n), is the number of numbers not greater
than n and prime to n. For example,
) , 1 1 1

¢ (60) = ¢ (22.3.5) = 16 and ¢, (60) = 60 -5 ) (1-3) (15 ) = 2304

2. Let s > 1. We define the arithmetic function 1, by

v (n) =n°[ | (1 + pl) s (1) = 1. (2.1.3)

pln

For s =1, ¢y = 9 is the Dedekind’s function.
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3. Let n be a positive integer. Then the arithmetic functions 7 (n) and o(n) are

defined as follows:

Tn)=> 1, on)=>»d

dln din

That is, 7(n) designates the number of all positive divisors of n, and o(n)

designates the sum of all positive divisors of n.
4. Q) (n) denote the total number of prime divisors of n.

5. Let v (n) be the Kernel of n given by v(1) =1 and v(n) = [[p, for n > 2.

pln

Definition 2.1.3 ([49]). A real function f defined on the positive integers is said to

be multiplicative if
f(mn)=f(m)f(n), ¥Vm,neNwith ged (m,n) = 1.

If
f(mn) = f(m)f(n), VmneN,

then f is completely multiplicative. Every completely multiplicative function is mul-

tiplicative.

It is well-known that the arithmetic functions given previously in Definition [2.1.2

are multiplicative (except €2 (n)).

Definition 2.1.4 ([49]). A number of the form M, = 2" — 1, n > 2, is said to be a
Mersenne number. If M, is prime, it is called a Mersenne prime. A number of the
form F, = 22" +1, n > 0, is called a Fermat number. If F, is prime, it is called a

Fermat prime.
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Fermat hypothesized—he didn’t claim to have a proof—that all the numbers
Fy, F1, Fs, ...
are prime. In fact this is true for
Fo=3,F =5 F, =17, F3 = 257, Fy = 65537.
However, Euler showed in 1747 that
Fy = 2% 4+ 1 = 4294967297

is composite. In fact, no Fermat prime beyond Fj has been found. The heuristic
argument we used above to suggest that the number of Mersenne primes is probably
infinite now suggests that the number of Fermat primes is probably finite.

For by the Prime Number Theorem, the probability of F}, being prime is

2 2

~ ___
~

log F,, 27

~
~

Thus the expected number of Fermat primes is
27 ) 27" =4 < oo,

This argument assumes that the Fermat numbers are “independent”, as far as pri-
mality is concerned. It might be argued that our next result shows that this is not
so. However, the Fermat numbers are so sparse that this does not really affect our

heuristic argument.

Remark 2.1.1. The Fermat numbers are coprime, i.e.,

ged (B, Fr) =1,
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if m # n.
In fact, suppose

ged (B, F) > 1.

Then we can find a prime p (which must be odd) such that p divides F,, and p
divides F,,.

Now the numbers {1,2,...,p — 1} form a group (%)X under multiplication mod p.
Since p divides F),,

22" = —1 mod p.
It follows that the order of 2 mod p (i.e., the order of 2 in (%)X is exactly 2™+, For
certainly
22" = (22m)2 =1 mod p,

and so the order of 2 divides 2™, i.e., it is 2¢ for some e < m + 1. But if e < m,

then

22"

1 mod p.

whereas we just saw that the left hand side was —1 mod p. We conclude that the order
must be 27+, But by the same token, the order is also 2"*!. This is a contradiction,
unless m = n.

The Fermat number

F,=2"+1

is prime if and only if

F-1
3 2 =-1 modF,.

Suppose P = F,, is prime. We have

F,=5 mod 12.
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Evidently
F,=1 mod 4,

while

F,=(-1)" 41 mod3=2 mod3

By the Chinese Remainder Theorem these two congruences determine F,, mod 12;

and observation shows that

F,=5 mod 12.

It follows that

Hence

P—1

32 =—1 modP

Recall that the series % + % + % +...+ % diverges as n tends to infinity. Euler
showed not only that it is approximately logn, but also that

Loty
— — — — — 1ogn
17273 n 8

tends to a constant, Euler’s constant, denoted by the Greek letter gamma, v, which he

calculated to sixteen decimal places in 1781. It is approximately 0.577215664901532860 . . .

It is not known whether it is rational. If it is, and v = %, then b > 10244662,

This is one of the most mysterious constants in mathematics, which turns up in
some unexpected places. For example: if a large integer n is divided by each integer
k, 1 < k < n, then the average fraction by which the quotients fall short of the
next integer is not %, but . It has been conjectured that if M (n) is the number of
primes p < n, such that the Mersenne number 2 — 1 is prime, then % tends to the

constant e” log 2 = 2.56954 . . .as n tends to infinity.
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There are many other series for . for example

1 1 4 1 1 1 1 1 1 1 1
2-—=-4+-—< (=t ———...— —

G ste PG5 T Tt

Remark 2.1.2. If when a positive integer is factorized, all its prime factors appear at

least squared, then it is powerful. The sequence of powerful numbers starts
4,8,9,16,25,27,32, 36,49, 64, 72,81, 100, . ..

Solomon Golomb showed how to find an infinite number of consecutive pairs of
powerful numbers, such as 8 and 9, 288 and 289, and proved that the number of pow-
erful numbers < z is approximately ¢y/z where ¢ = 2.173 .. .He also conjectured that
6 is not the difference between two powerful numbers, but this is false (Narkiewicz:
Guy 1994):

6 = 573 — 463°.

It has been conjectured that there can not be three consecutive powerful numbers.
(Golomb 1970).

Recall that Niven numbers are named after Ivan Niven, author of An Introduction
to the Theory of Numbers (1960). (They were also labeled multidigital numbers, or

)

Harshad numbers, by Kaprekar, Harshad meaning “great joy” in Sanskrit.) They are

integers divisible by the sum of the digits. Their sequence in base 10 starts
1,2,3,4,5,6,7,8,9,10,12, 18, 20, . ..

Euler proved in 1737 that the sum of the reciprocals of the primes

SIS
23 5 7 11 13 7

diverges. He also claimed, in modern notation, that it diverged like the function

log logn.
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The alternating sum of the prime reciprocals converges, since its value always lies

between % and O:

1 1 1
-4+ —=——+...=02 19...
7+ 11 13—|— 0.2696063519

1+1
3 5

N | —

The sum of the squared reciprocals of the primes also converges, to 0.4522474200. . .
(Finch 2003).

Theorem 2.1.1 (Arithmetic-Mean-Geometric-Mean Inequality [44]). Let a1, as, ..., ap

be nonnegative real numbers. Then

ar+as+...+ay
o .

Yaray ... an <
Theorem 2.1.2 (Bonse’s inequality [48]). If p, is the nth prime, then
pi+1 < P1P2P3 - --Pn
provided n > 4.
Theorem 2.1.3. [/5] Let n be a positive integer. Then
e Fuler’s function is multiplicative, that is, if ged (m,n) =1, then
@ (mn) = ¢ (m) e (n).

e Ifn is a prime, say p, then
p)=p—1L

(Conversely, if p is a positive integer with ¢ (p) = p — 1, then p is prime).

Also, we use the following Theorem which gives in a nonstandard form:
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Theorem 2.1.4 (Criterion of convergence of a sequence [16],[29]). Let (u,),>, be a
standard sequence of elements of R. Then, (un)n21 converges to | if and only if u, =1

for all unlimited n.

In the study of number theory especially arithmetic functions, many problems

are given in the infinity. For example, from the proof of Problem 749 stated in [26,
p(n) +o(n)
7(n)?

n = 223"t r =1,2,...). In the case k # 2, we ask

p. 319], is an integer for infinitely many n € W, (more precisely, for

o)+ o(n)
! 2
7(n)
for infinitely many n € Wj. In Proposition we will present an example of a
f(g(h(n)))
h(g(n))

where f, g and h are three arithmetic functions.

is an integer

fraction of the form which is a positive integer for infinitely many n € Wy,

Generally, if an arithmetic inequality holds for every positive integers n, then it
is very difficult to prove it for infinitely many n € W, when we make small changes.
For example, J. Sandor [42] proved that o (n) > n + (w(n) — 1)y/n for every n > 2,
and in Proposition [2.2.11] we will prove that o (n) > 1+ n + w(n)y/n for infinitely
many n € Wy. On the other hand, see [43], for all integers n > 1, ¢(n)y(n)o(n) >
n® +n? —n — 1. But, when k > 2, we ask if o(n)y(n)o(n) > n® + an? holds for
infinitely many n € Wy, where a €]2,3[ is a parameter (it is clear that for a = 2,
the last inequality holds for every n = p®, with p prime and o > 1, i.e., it holds for
infinitely many n € Wh).

Moreover, in this chapter:

1. We will determine some pairs (f,g) of arithmetic functions for which the in-
equality f(n) > cg(n) or the equation f(n) = cg(n) holds for infinitely many

n € Wy, where c is a parameter.
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2. In the nonclassical mathematics, we will study certain inequalities (resp. equa-
tions) by using external subsets of positive integers. Moreover, it is not known
whether o(n)y(n)o(n) > n® + an? holds for infinitely many n € W,. We
ask if there exists a finite set of positive integers {ni,ng,...,n,} such that
o(n)(ny)o(n;) >n? +an?, fori =1,2,...,m, where m is an unlimited inte-
ger. Indeed, up to now, this question has not been solved. But, an example of
such property is obtained in view of Theorem [2.3.2] where our working set is a
subset of positive integers each of whose elements has an unlimited number of
distinct prime factors. Finally, we can prove certain classical results by using

the techniques of IST as in Theorem [2.4.1}

Also, in the present chapter, r > 2 is a given positive integer and p, is the rth
prime number. We use the fact that 2 = p; < py < ... < p, < ... is the sequence
of all primes in increasing order, the sequence ¢; < @2 < ... < ¢, < ... denotes an

arbitrary sequence of primes. Some famous results in mathematics are used, as The
DPn

Pn—1
is 1, and Bertrand’s theorem which says that if n is an integer greater than 2, then

Prime Number Theorem, which states that the limit of

as n tends to infinity

there is at least one prime between n and 2n — 1. In addition, let d,,_; denote the

gap between p,, and p,,_1, that is, d,,_1 = pp, — pn_1; n > 2. Then we have

lim — = 2.1.4
ntody, 0 (2.14)
or, equivalently (see Theorem [2.1.4)), Z—n > +oo for every unlimited n.

We can use Cauchy’s Principle together with the Prime Number Theorem, we

easily get the following:
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Example 2.1.1. Let n be an unlimited positive integer. Using (2.1.4), for every

standard positive integer N, we have

1%

1 Dn
14+ —>
N pnfl

=1+¢e, =1,

where €, 1s an infinitesimal positive real number. By Cauchy’s Principle, there exists

1 n
an unlimited integer w such that 1 + — > Pn_
w Pn—1

Our main results in this chapter are as follows.

2.2 Some classical inequalities (resp. equations)
on the set W,

Let A be an infinite set of positive integers. We say that a sequence (a(n)),>1 of real
numbers has infinitely many sign changes on the set A if there exist infinitely many

n € A such that a(n) > 0 and there are infinitely n € A such that a(n) < 0, see [25].

Let s > 1. In the following result, from the Prime Number Theorem [46], we

assume that p, and s are chosen so that the following inequality

1
Pr—1 — 1 S
< | 5—— (2.2.1)

drfl + 1
holds, where k > 1.

Theorem 2.2.1. Under the same assumption as in (2.2.1), p,_19s (n) — p.n® has

infinitely many sign changes on the set Wy.

Proof. We prove that each of the inequalities p,_19s (n) > p.n® and p,_1¢; (n) < p,.n®

holds for infinitely many n € Wj.
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First step. We show that there exists a positive integer ng € Wj such that

Dr—1Ys (ng) > pyn§. Assume, by way of contradiction, that for all n € Wy we have
pr—1%s (n) < p.n®. In particular, for n = 2.3...px € Wy, and by using (2.2.1)) we get

DPr—1 S n _

P’ Dy Dro1—1
< < .
Pr s (n)

pt 1l T+l Pr

|

It is an impossible case.
Second step. We show that there exists a positive integer ny; € W), such that
pr—1¥s (n1) < p.nj. Suppose the opposite, this means that for all n € W}, we have

pr—1%s (n) > p.n®. Let py be a prime number satisfying

Py > : : (2.2.2)

( Pr )E .
Pr—1 +1
which we may because there are infinitely many primes. In particular, for n =

DPNDN+1 - - - PN4k—1 € Wy, it follows from (2.2.2) that

S S S k"
Pr_1 > n__ p > PN < pr—l'i_l.

pln
It is an impossible case as well.
Third step. Now, we can verify the infinity of the above inequalities on the
set Wy. Let ng and n, be two positive integers of Wy such that p,_19s (no) > pnd
and p,_1%s (n1) < pynj. By using the definition of 15 (see equation (2.1.3))), the
inequality p,_11s (n) > p,n® holds for every integers n = ng', with m > 1, and also
the inequality p,_19s (n) < p,n® holds for every integers n = n", with m > 1. The

proof of Theorem [2.2.1]is now complete. O]
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Remark 2.2.1. Let r, s be positive integers, with r > 2. We define the set

B,s={neN; p,_19s (n) < pn’}. (2.2.3)

Let n be an unlimited integer such that for every s > 1,

nS

Ys (n)

=1-c¢,

for a certain infinitesimal positive e (for example, n = ¢{"¢5?, with ¢; = ¢u = 400

and oy, a9 > 1). For every limited r > 2, it follows from Bertrand’s theorem that
DPr—1

Dr
Therefore, n € B, ;. That is, B, s is a nonempty set.

= 1 —a, where a is an appreciable positive rational number strictly less than 1.

Corollary 2.2.2. Suppose that n ¢ B, s for somer > 2 and s > 1, then there are an

infinity of positive integers s' such that n € B, ..

Proof. Assume that n ¢ B, for certain r > 2 and s > 1. Because the sequence

1
H (1 + —) is decreasing and tends to 1 as m tends to +o0o. Then, there
pm

pln m>1
exists a unique positive integer sy such that

1 Dr 1
1T (1 + p5+80_1) 2> 1T (1 e

pln pln

1
pln

That is, for every s’ > sg, n € By g1y O
We also have on the set Wy the following result.

Theorem 2.2.3. There exist two arithmetic functions f, g for which p.f(n) —
pr—19 (n) changes sign infinitely often on the set Wy. Moreover, If f(1) and g(1)

are two equal positive integers, then (p,,p,—1) = (3,2) and f(1) = g(1) = 1.
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Proof. We shall use the k-th convergent of an irrational number. (Because, any

irrational number can be written uniquely as an infinite simple continued fraction,

see [23],[31]). Let [ag,a1,...,Gn,...] be an infinite simple continued fraction. We
P,
denote the n-th convergent by Q_n’ where
( Py Qo
Qo 1
P1 . aogaq + 1
@1 a (2.2.4)

P, wPo_1+ P,_
— L 2 , forn > 2.

\ @ B ananl + anQ
Then, from Chapter 6 on Diophantine approximation stated by Alan Baker in [1], we

have

PnQn—l - Pn—lQn - (_1)n—1 , for n > 1.
Now, let p, > 2 be the r-th prime number. We put for all positive integer n,

P,Qn- Pr1@y
_5he Land g (n) = 1 ;n 2> 1.
Dr Pr—

f(n)

It is clear that p, f (n) — p,_1g (n) changes sign infinitely often on the sets Wj. Which

leads to the interesting result:
Iff(1)=9g(1)eN,thenp, =3, f(1)=1andg(l)=1.

Indeed, if f( 1) =g (1) =m for a certain positive integer m, it follows that

PiQo  RQy

Dr Pr—

According to equations ([2.2.4)), we find

agaq + 1 apgay

Dr Pr—1
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And therefore m (p, — p,—1) = 1. So, we must have m = 1 and p, = 3. That
completes the proof of Theorem [2.2.3| m
Using Problem 639 stated by J-M. De Koninck in [20, p. 83], we have Hd =n3

dn
if and only if n = p® or n = p?q, with p and ¢ are distinct primes. In the following

result, we will prove a new similar formula.

Some problems in number theory can be dealt with by applying a general com-
binatorial theorem about sets called the principle of cross-classification. This is a
formula which counts the number of elements of a finite set .S which do not belong

to a certain prescribed subsets S, Ss, ..., S,.

Notation 2.2.1. If 7" is a subset of S we write N(T') for the number of elements of

T. We denote by S — T the set of those elements of S which are not in 7. Thus,

consists of those elements of S which are not in any of the subsets Si,S5s,...,S5,.
For brevity we write S;S;, 5;5;Sk, ... of the intersection S; N.S;, S; N S; N Sy, ...,

respectively.

Theorem 2.2.4. Principle of cross-classification. If S1,Ss,...,S, are given subsets
of a finite set S, then

N(S—O&-) = N(S)—iN(Si)Jr SNBSS - Y. N(SiS;Sk)+ ..

1<i<j<n 1<i<j<k<n

+(=1)" N (S1S5...5,).

Proof. It T'C S let N, (T) denote the number of elements of 7" which are not in any

of the first r subsets Si,Ss,...,S,, with Ny (T') being simply N (7). The elements
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enumerated by N,_; (T') fall into two disjoint sets, those which are note in S, and

those which are in S,. Therefore we have
N,_1(T) =N, (T)+ N, (TS,).
Hence
N (T) = Ny (T) = Nyt (T'S)) (2.2.5)
Now take T' = S and use to express each term on the right in terms of

N,_o(T) . We obtain

Nr (S) = {Nr72 (S) - Ner (SSrfl)} - {Ner (Sr) - Nr72 (Srsrfl>}

= N, (S) — N, (Sr—l) — N, (Sr) + Ny_o (SrSr—l) .
Applying (2.2.5)) repeatedly we finally obtain

N, (S) = Ny (S) — iNo (S)+ D No(SiSj) — ...+ (=1)" No (515 Sn).

When r = n this gives the required formula.

]

In [26] Problem 706, p. 92|, 7(y(n)) = v (7 (n)) if and only if n = p*, with p
prime and a > 1. Next we discuss the above expression for the arithmetic function

) instead of 7. We have

Proposition 2.2.5. There are infinitely many n € Wy, such that
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Proof. Let (q1,q2,--.,qn) be an m-tuple of distinct odd primes, where the product
S = q1qz - . . Gm is greater or equal to k, and let (I1,ls,...,ls) be an s-tuple of distinct

primes. For n = l1l, ...l € W}, we establish the statements of our Proposition.

1. From the definitions of {2 and v, we obtain

Qyn)=QUl...ly) =s=qq - Gm=7(@Q1q2 - qn)

=7(s) =7(QLlz... 1)) =7(2(n).

2. For each such integer n, the fraction

© (Q(7(n))) 0(Q2(2°)  w(ng. . qm) i=1

T(Q(n)) 7(8) 2m 2m
is a positive integer, since ¢; — 1 is even for every ¢ = 1,2,...,m.
This completes the proof. O

In the next result, we will prove that every square free positive integer n € Wy, is

not equal to the sum of their factors with respect to the power k.

Proposition 2.2.6. Let (q1,qo,--.,qx) be an k-tuple of distinct primes, with k > 2.

Then, qiqs - . . qx is not equal to ¢f + g5 + ... + qF.

Proof. Suppose the opposite, this means that for n = q¢s . .. g, we have
n:qlf+q§+...+ql,§.

Since g1 < o < ... < q < n%, it follows that

1 n n
nk > g = >
e (e 1—
q1492 k-1 an

N
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and therefore

=

3
q1>n2_k > nk.

A contradiction. O

Remark 2.2.2. Let n = q1qz . . . g and suppose that n = ¢f +¢5 + ... +qF, where k is

> 2. It follows from Arithmetic-Mean-Geometric-Mean Inequality that

k ok P i a7 SO S
n=(Q1Q2~--Qk)k < 2 .

n
Thus, n < T Which is a contradiction.

al a2

Proposition 2.2.7. Letn = ¢i"¢5* ... ¥ € Wy, with a; > 1 for everyi =1,2,... k.

Then

pn) 1
n 2k

Proof. From the definition of ¢, we can write

()

pln pln

Which we may because w(n) > k. This completes the proof. ]

Proposition 2.2.8. We put
i 1
10 1)

¢ (n)

There are infinitely many n € Wy, such that > 0.

Proof. Since there are infinitely many prime, there exists an k-tuple of distinct primes
(¢1,92,---,qr), with ¢; > p; for i =1,2,... k. If n = q1¢2 . . . @, then

¢;n):ﬁ<1_é)2ﬁ(1_i>:5k.

i=1

This completes the proof. O]
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Proposition 2.2.9. There exists a positive integer n € Wy such that

Inn , ,
o + 1 s prime,
p(1(n) =7(pn)).

Proof. Let (q1,qs, - ., qx) be an k -tuple of distinct primes, where ¢ +go+. . .+qx—k+1

is a prime. For n = 201+@+-+a—k e have
p(r(n)=¢(@+e+...+tag—k+tl)=q+g@+...+aq -k

and

T(p(n)) =71 (2q1+q2+"'+qk7k71) = +q@e+...+q—k.
This completes the proof. O

Proposition 2.2.10. Let a be a positive real number. There are infinitely many

n € Wy, such that

Proof. Let (q1,qs,...,qx) be an k -tuple of distinct primes such that

L>a, fori=1,2,... k.
1+ g

] o

and let n = ¢"¢5% ... ¢ € Wy. We have,

k o
n n q; &
= = >a.
() ko, U 1+ g
dn [[1 v(g") =
This completes the proof. n

Remark 2.2.3. We ask if there are infinitely many n € W} such that

Z 1

a_ngo(n—l— )
2

1<a<n

(a,n)=1

changes sign infinitely often.



41

In the rest of this section, we use the paper of J. Sandor [43] where for every n > 2

he proved that
o(n) >n+ (w(n) —1)vn.

On the set W}, we prove a new similar result as follows.

Proposition 2.2.11. There are infinitely many n € Wy such that
o(n)>1+n+wn)Vn.

Proof. Let s be a positive integer such that s > max{k,4}, and let p; be the sth
prime number. For n = pipy...ps € Wi, we obtain from Bonse’s inequality stated

by D. Wells in 48| p. 21] that

Pl < Pip2...ps =n.

Since p; < \/n, for i =1,2,...,s, it follows that

and therefore

a(n)>1+n+zﬁ>1+n+s\/ﬁ:1+n+w(n)\/ﬁ.

i=1 4"

As required. n
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2.3 Non-classical notes on certain arithmetic func-
tions

In the previous section we applied our technique only to the set Wy, with £ > 1.
Since the number of primes is infinite, we restrict our attention to the non-classical

continuation. That is, we deal essentially with using unlimited prime factors.

2.3.1 On integers n for which ¢(n) is not of the form 2°p, with

s limited and p unlimited

According to a special case of Dirichlet’s famous theorem, (see [3§], [39]), given p
there exist infinitely many m > 1 such that 2mp + 1 is a prime. That is, there exist
infinitely many n such that ¢(n) is of the form 2a, where p divides a. However, it
is very difficult to prove that there exist infinitely many primes of the form 2°p + 1,
where s > 1 and p is a prime, see the classical unsolved problems stated by L. Moser
in [32, p. 73]. In the following Theorem, we will give two kinds of positive integers n
for which ¢(n) is not equal to the product of 2° and an unlimited prime p, where s is

a limited. See [8, p. 107].
Theorem 2.3.1. We have

1. Let p,, be the m-th limited odd prime number, there exists a limited integer kg

such that
ko

_Pmii g (2.3.1)
i Pm+i — 1

2. Let ¢ be the Fuler function. If we put

A={al;l € N; a=DpuDms1-- Pmiko} -
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Then, (p,1n) & Fa.That is, p,p (n) — p,_1n changes sign finitely often on the

set A.

Proof. First, we suppose the opposite; that means, if there exists a limited prime

number p,,, satisfying, for all limited integer k£ > 1,
k
pno+i < 2’

i=0 pno—i—i -1~
We get from ”Transfer principle [13], the inequality rest valid for all integer & € N,
so we have a contradiction, because

o0

00 X —pno +i < 2.

i=0 pn0+i - 1

Second, it suffices to prove that if an integer n € A, ;, then n is not divisible by

PmPm+1 - - - Pmtk- Let n € A, 1, and we suppose that p,pm+1 ... Pk, 1s a divisor of

n. Where kg is the limited integer satisfying ([2.3.1]), so that
n=s-pim ;ﬁﬁl...pzxrkzo ;s> 1,a, >0

Provided that (S, pmPm+1 - - - Pmik,) = 1, and therefore

Dy > Pr—1 1
m(i-;)
pIn p
Hence
ko
Pm+i p

Dr > Pr—1
0 pm-i-i — 1 P — 1
i pls

From Bertrand’s postulate, and the previous inequality, we have

Which is impossible, and so the assertion follows. O

Example 2.3.1. Let p, be the r-th prime number, If n € A, 1, then n is not divisible
by 5.7.11.13.17.19.23. or 7.11.13.17.19.23.29.31.37.41.43.47.53.59.61.
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2.3.2 Non-classical study of the inequality f (n) > ag(n)

Notation 2.3.1. We consider the set
We ={n € N; w(n) = 400, and for all pjn : p = +o0}.

It is clear that W, is an infinite external set. For instance, if N is an unlimited

positive integer and if py is the Nth prime number, then

DNPN+1 - --P2n € Wee.

As a direct consequence of Theorem [2.2.1] we prove

Let P be the sequence of primes in ascending order, and let ¢ be a positive integer.
Pr—1
DPr

In the following result, we assume that o = is a limited parameter.

Theorem 2.3.2. Let p, > 2 be the r-th prime number (limited or unlimited) and

A C N be an infinite subset. We put

g ] 9 pf () = peag () changes (. (2:3.2)

sign infinitely often on the set A.

where f and g are two arithmetic functions. The following statements are true:

(a) If we choose f(n) = d, is the gap between p,i1 and py, then p.f(n) —
pr—1f (n+ 1) changes sign infinitely often on the set N and A, respectively.

(b) Let p, > 2 be the r-th prime number, there ezist two arithmetic functions
f, g for which p.f(n) — p,_1g (n) changes sign infinitely often on the set N and
Ao Moreover, If f( 1) and g(1) are two equal positive integers, it follows that
(Prypr-1) = (3,2) and f(1)=g(1)=1

(c) For each given k > 1, there are infinitely many integers n € W, such that
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prr (n) > proan®s pr > 3.
(d) For each given k > 1 limited, there are infinitely many integers n € W, such
that
prpx (n) < ppoan®;
where p, s the r-th unlimited prime number.
(e) Let f(n) be a multiplicative arithmetic function increasing on the set P, we

suppose further for all m, n, i > 1

f(n) > S (mn) (2.3.3)

n mn

lim -2 — 1.

as p' runs through the sequence of all prime powers.

And, let sy be a fized limited integer. If
{n odd ; p. (f (n) + so) < pr_in} # 0 (2.3.4)

Then, p. (f (n) 4+ so) — pr—1n changes sign unlimited often on the set W,.

2.4 On certain near equations

A prime power is a positive integer power of a single prime number, see [19], [23],

[36]. The twenty smallest elements of the sequence of prime powers are:
2,3,2%,5,7,2% 3%,11,13,2%,17,19, 23,5 3%, 29,31, 2°, 37,41, .. ..

Then we recall a classical theorem about the sequence of prime powers.
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Theorem 2.4.1 (see M.B. Nathanson [34], p. 225). Let f(n) be a multiplicative
function. If qolgnoof (¢*) = 0, as ¢* runs through the sequence of all prime powers,
then nh_}n;)f (n) =0.

Remark 2.4.1. Internal Set Theory show us how theorems in standard analysis can

be proved using theorems in nonstandard analysis. For instance, we announce the

above theorem as follows:

Remark 2.4.2. Since f(¢%) = 0 for every unlimited ¢, and since f is standard, it
follows that there exist only a limited number of prime powers ¢* such that f (¢*) 2 0.

Thus, there are only a limited number of integers n such that

f(g*) 20

for every prime power ¢* that exactly divides n. Therefore, if n is unlimited, then
n is divisible by at least one prime power ¢* such that f (¢%) = 0, and so n can be

written in the form

r r+s
a; o
n=]ld 11 «
i=1 i=r+1
where ¢1, ¢, . .., g-+s are distinct prime numbers such that

F(g) 20, fori=1,2,...,r
fl@) =20, fori=r+1r+2,...,r+s

and s > 1. Since f is multiplicative, and r is limited. It follows that,

r r+s
Fy=11r@). I[ f@)=£e=o.
i=1 i=r+1
Proposition 2.4.2. If k is limited, there are infinitely many n € Wy, such that
2n) oy
nS

where k is defined in (2.1.1), and s > 1.
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Proof. Let € be an infinitesimal positive number, and let (g1, g2, . . ., qx) be an k-tuple

of distinct primes such that
s 1 .
q = o fori=1,2,... k.

For n = (q1qa ... qr)" € Wy, with m > 1. We can write,

1>%("):ﬁ(1—é> >(l—e)ff=1-¢,

S
n i=1 4

Since k is limited, then &’ is an infinitesimal positive number. This completes the

proof. O

Proposition 2.4.3. For every n € W, we have

Proof. Let n € W, it is clear that

a1, a0 fo'
n=4qy 4" ---qs°,

where ¢, o, . . ., qs are unlimited distinct prime numbers, with s unlimited and «; > 1
ot
fori=1,2,...,s. Since % is multiplicative, then

S

o (n) _ﬁa(ql?”) :H1+Qi+'-~+%ai

2 20 20
n i1 i i—1 i
S 1 1 u 1
=11 %(1+—+ + ai><Ha,_1 ~ ()
i=1 i 4q; 4q; i=1 q; ' (ql - 1)
This completes the proof. O

Remark 2.4.3. We ask if there exist a limited positive integer a # 30 and n for which

¢ (an+1) < ¢ (an).
@ (an +1)

- 2 =~ 1 for infinitely many n € W,.7
o (bn+1) Y v g

Let a, b limited positive integers. Does



Remark 2.4.4. In Proposition [2.4.2, we ask i
nS

fgos(n—i—l)

48

— 1 =0 holds for infinitely

many n € W, whenever k is limited. Also, in Proposition

2.4.3

holds for infinitely many n € W.

o
we ask if

(n+1)

=0
n2



Chapter 3

Sign Changes of tow Arithmetic
Functions involving v, 7, d, and o,

3.1 Introduction

Let 7, N and ¢ be positive integers (parameters) with » > 2, and let p, be the rth
prime number. Let Wy be the set defined as in (2.1.1). By using Dirichlet’s theorem
about primes in an arithmetic progression and Bertrand’s theorem, we will determine

arithmetic functions f : N — N for which f¥(n) — a f¥(n + ¢) has infinitely many
DPr—1

Pr
determine two arithmetic functions (f, g), with g(n) # f(n+¢) and f¥(n) —a g™ (n)

sign changes on a proper infinite subset of W}, where @ = . Moreover, we will
has infinitely many sign changes on an infinite subset of Wj. In the framework of
internal set theory, our working set denoted by W, is the set of positive integers n
for which the number of distinct prime factors of n is unlimited.

To state main results, we start with a few definitions and introduce notations
and terminology that is consistent with the tools and ideas used in this chapter, see

[3],[10], [15], [24]..
Definition 3.1.1. A positive integer is called square-free if it is the product of distinct

49
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prime numbers.
Definition 3.1.2. A positive integer n is multiply perfect if o(n) = sn, with s > 2.

It is possible to create higher-order perfect numbers from lower-order, based on

the following Theorem.

Theorem 3.1.1 (D. Wells [48], p. 173). If p is prime, n is p-perfect and p t n, then

pn is (p+ 1)-perfect.

Theorem 3.1.2 ([48], p. 254). If n = pi'py? ... pk is the standard factorization of n

as a product of powers of distinct primes, then

T

Di >0(n)_

i:lpi_l n

Definition 3.1.3. Let o5 be the arithmetic function given by

oqo(n) = ZdQ.

dn

Theorem 3.1.3 (Dirichlet’s theorem about primes in arithmetic progression [33]). If
a and b are relatively prime integers with a > 1, then the polynomial f(n) = an + b

represents infinitely many primes.

Can one find ¢ > 41 such that X2 + X + ¢ has prime value for n = 0,1,...,q— 2?
Are there infinitely many, or only finitely many such primes ¢? If so, what is the
largest possible ¢?

The same problem should be asked for polynomials of first degree f(X) = aX +b,
with a,b > 1. If f(0) is a prime ¢, then b = ¢. Then f(q) = ag+q = (a + 1)q is
composite. So, at best, aX + ¢ assumes prime values for X equal to 0,1,...,q¢ — 1.
Can one find such polynomials? Equivalently, can one find arithmetic progressions of

g prime numbers, of which the first number is equal to ¢?
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Definition 3.1.4. Let £ > 2. The natural number n > 1 is said to be a k—powerful
number when the following property is satisfied: if a prime p divides n, then p* also

divides n.
Definition 3.1.5. The prime numbers p and ¢ are called twin primes if [p — ¢| = 2.

Conjecture 3.1.4 (Twin Prime Conjecture [9]). There are infinitely many twin

primes.

Conjecture 3.1.5 (Goldbach Conjecture [34]). Every even number n > 4 can be

written as the sum of two primes.
Throughout the first section of this chapter, we use the following notations.

Notation 3.1.1. Let f : N — N be an arithmetic function. For every positive

integer a, f* denote the arithmetic function given by f*(n) = (f(n))% n > 1.

a+1

Notation 3.1.2. Let p be prime. Denote by p® || n, when p® divides n and p**' does

not divide.

There exists a proper infinite subset W C W}, such that for all n € W and for all
1 > 1, one of the following inequalities holds :
-f¥(n) > cg™ (n), when n is a square free.
-f¥(n) < cg™ (n), otherewise”.
and let F denote the set of all arithmetic functions (f, g) of such property. In this
paper, we will prove the following statements

1) F is a nonempty set.

2) There exists an infinite sequence of infinite proper subsets of W} for which

ft(n) — cg’ (n) has infinitely many sign changes, for every ¢ > 1.
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3.2  On the function v

This work is placed in the framework of Internal set Theory [1,2]. In this paper,
we study some inequalities involving the rth prime number and some arithmetic
functions. Our working set is a nonclassical subset of N. Let n be a positive integer,
we denote by w (n) the number of distinct prime factors of n. According to a special

case of Dirichlet’s famous theorem, we have

Theorem 3.2.1. Let a and b be relatively prime limited positive integers. There are

infinitely many primes of the form an + b, where w (n) is a limited.

Example 3.2.1. There are infinitely many primes of the form 2.3.5n+29, where w (n)
is a limited. Let {q1,qa,...,qs} be the finite list of primes of the form 2.3.5n — 1, with

w (n) is limited. Construct the number
N =235¢0q...q5s — 1.

From [39], N is divisible by a prime q of the form 2.3.5m—1 not on the list {q1, q2, - . . , ¢s}-

Since w (N) is limited, then w(m) is also a limited. A contradiction.
Let [ be an odd positive integer. Let k£ be a limited positive integer, we put
Wy={neN;w(n)>k}. (3.2.1)

Theorem 3.2.2. Let p,. be the r-th prime number, then p, v (n) — p,—1y (n+1)

changes sign infinitely often on the set Wy, where

y(n)=]]r

pn
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Proof. Because, there are infinitely many primes p such that p + 1 is of the form 4k
and also there are infinitely many primes p’ such that p’ — 1 is of the form 4%'; (k
and k' are positive integers). If n = 4k — 1 is prime, then v (n) > v(n+ 1), and if

n+ 1 =4k + 1 is prime, from Bertrand’s postulate, it follows that

Py (n) < pr_1y(n+1).
The proof is finished. O

Remark 3.2.1. From the proof of Theorem [3.2.2] we can not easily deduce the sign
changes of vV (n) —a~" (n+/) for infinitely many n € Wj, because it is very difficult
to prove that there are infinitely many primes of the form q;qs . .. gy m+ ¢, where m is
a square-free and there are infinitely many primes of the form ¢,¢s ... g m + ¢, where
m is not. For more details, see the proof of Dirichlet’s theorem about primes in an

arithmetic progression stated by A. Selberg in [47].

The computation techniques of the proof of Theorem [3.2.2is same as the argument

which is used in the proof of the following result.
Theorem 3.2.3. One of the following inequalities

(a) pro (v (1)) > prory (n+1), (0) pro (v (n) < pray (n+1).
holds infinitely often on a proper subset W C Wy.

Proof. For every n = 2qs ... qym, where 2q, ... q.m + [ is prime, we have

Y+l 2q..qm+1
c(v(n)  o(v(2..qm))
_ n L l
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We put a,, = and €, = ————. Since W is infinite, we distinguish
o

two cases.

1. There are infinitely many n € W such that n = [] p.

pln

From the second condition of (2), and since 7 (2¢s...qxs) > 2qs . .. qx for every
s > 1, we have

En = < < ~ 1. (3.2.2)

It follows that

z ,
GACRADRE § B R
a(y(n) o 1+p Pra

2. There are infinitely many n € W such that n # [] p.

pllm

There are two cases :

(a) In the case, w (m) is limited. There are infinitely many m such that every
element is divisible by p® for a certain positive integer o and a prime p,

where at least we must have p = oo or a = oo. Then,

p
1-—£ =~ 0

( )polli[m Ty

H H a>1 N
g poiim 1+ P

a>1
DPr
and therefore, a,, > )
Pr—1

(b) In the case : w(m) is unlimited. Since m is odd, we also distinguish two

cases
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e There are infinitely many m € W® such that card {p;p || m} is infi-

nite.

a, = (1—5 H p g DPr

pr—l
P Hm
a>1

e There are infinitely many m € W® such that card{p;p || m} is finite,

thus, There are infinitely many m € W® such that

This completes the proof.

Corollary 3.2.4. p,o (v (n)) — pr—1y (n + 1) holds infinitely often on the set Wi.

Proof. Let (q1, ¢z, ..., qk) be an k-tuple of distinct primes satisfying the first condition
of (1.2). There are infinitely many primes of the form ¢iq3 ... gim + [, with w (m) is
limited. So, There are infinitely many m such that p® || m for a certain positive integer

o, where at least p & oo or @ & co. For each such integer m, let n = ¢iq3...q2.m

then
v+l _ gig..qim+1
o (v(n)) o (v(4ig3 ... ggm))
= n +e = l
o(y(m) "M a(v(n))
k 2 »
> L +e, =
H1+ 1+p +p : >

This completes the proof. O
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3.3 On the functions 7, d, and ¢;

Our aim in this section is to extend the previous study of v (n) to the functions 7 (n),

d, and ¢4 (n); s > 1. For w (n) and d,,, we prove

Theorem 3.3.1. Let w(n) be the number of primes which satisfy 2 < p < n, and let

¢ be a positive integer. Then w(n) —am (n + £) has finitely many sign changes on the

set N.

Proof. We suppose that 7 (n) — am (n + £) has infinitely many sign changes, that is,

7 (n) < aw(n+ {) holds for infinitely many n. For each such integer n, we must have
m(n)<m(n+/{) <x(n)+L~. (3.3.1)

Noticing that the right hand side in (3.3.1)) can be deduced by induction on ¢. Thus,
there are infinitely many integers n such that

pr—lﬁ

7 (n) < —Lr=15
Pr — Pr—1

n
A contradiction, because 7 (n) is asymptotic to o which tends to infinity. ]
nn

Corollary 3.3.2. The inequality m(n) > am (n+ ) holds for infinitely many n € N.

Proof. In 1849, Polignac conjectured: For every even natural number 2k there are
infinitely many pairs of consecutive primes p,, p,+1 such that d, = p,1 — pn = 2k.
For more details, see [39, p. 250]. Let ¢ be a positive integer. Then there are infinitely
many pairs of consecutive primes p,,, p,+1 such that p,, .1 —p, > £. For each such prime

Pn, let n = p,. It follows that 7 (n) = 7 (n + £), and therefore 7 (n) > ar (n +¢). O

Remark 3.3.1. Let 7,4 (n) be the number of primes of the form ak + b which are < n.

Does

prﬂ-a,b (n> - pT—lﬂ-a,b (n + 1)
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change sign finitely often?

Theorem 3.3.3. The inequality d, — ad, 1 has infinitely many sign changes on the
set Wi.

Proof. For all positive integers n, write d, = p,+1 — pn so that d; = 1 and all other
d, are even. Since (3,5,7) is the only prime triplet of the form p, p + 2, p + 4

(see [44, p. 76]), by using Twin Prime Conjecture, there are infinitely many primes

(Pn, Prt1, pn+2)neN such that

dn =Pn+1 — Pn = 27
! (3.3.2)

dpi1 = Pnt2 — Pns1 > 4.

From Bertrand’s theorem and ({3.3.2)), we have

prdn - pr—ldn+1 S 2 (pr - 2pr—1) < 0.

Thus, the inequality holds infinitely often.
On the other hand, from [20], p. 26], Erdés and Turdn have shown that d,, > d, 11
infinitely often. Then, p,d,, — p,_1d,+1 > 0 for infinitely many n. This completes the

proof. O]

The rest of this section is devoted to study the sign changes of ¢4 (n) —an® on the

set Wy. From the Prime Number Theorem: tlim % = 400, where d;_; is the gap
—00 t—1

between p; and p;_1, we can choose the rth prime p, as a sufficiently large number,

and the integer s such that
1

=1
P < (1 + {ﬁ) 5 ) (333)

with £ is the integer of (2.1.1)), and py is the kth prime number. Then we have
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Theorem 3.3.4. Under the same assumption as in (3.3.3), we have, ¢4 (n) — an?

has infinitely many sign changes on the set Wi.

Proof. We show that (a) and (b) are each true for infinitely many n € Wy ; where
(a) ¢ (n) > an’,

(b) ¢s(n) < an®.

Firstly, we need the following lemmas.

Lemma 3.3.5. There exists a positive integer ng € Wy, such that p,ps (ng) > pr_1ng.

Proof. Let py be a prime number such that

1

1
k
( Pr ) 1
Pr—1 +1
Suppose the opposite, this means that for all n € Wy, we have p,¢4 (n) < p,_1n®. In

particular, for n = pypyi1 ... PNik_1, it follows from (3.3.4]) that

+1. (3.3.4)

PN >

k
Pr n’ p’ p ( PN ) Pr
< = < < < : (3.3.5)
Pr-1 s (n) H pr-lmoap—1 Ay -1 pr-1t+1
Which implies that p,_1 > p,_1 + 1. A contradiction. O

Lemma 3.3.6. Under the same assumption as in (3.3.3), there exists a positive

integer ny € Wy such that p.ps (ny) < pr_ins.

Proof. Assume, by way of contradiction, that for all n € W) we have p.ps(n) >

pr—1n®. In particular, for n = 2.3...p; (which is an element of W), it follows from

(B33) that

® Dy Dr
> = > > . 3.3.6
prP—1"p—-1 p_1—1 ( )

pln
A contradiction. O]
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Secondly, we return to prove (a) and (b) for infinitely many n. In fact, from

Lemmas and the definition of ¢; (see (2.1.2))), there exist positive integers

no, n1 € Wy, such that nj, ni satisfy (a) and (b), respectively, for every positive integer
1. Thus, we find infinitely many such numbers ny and ny. This completes the proof

of Theorem [3.3.4 O

3.4 Some other inequalities on the set W,

3.4.1 On certain inequalities for ¢ and o9

> k.

Proposition 3.4.1. There are infinitely many n € W), such that

o (n)
n
Proof. Let log, x denote the logarithm of x to the base 2, and let ny be a positive

integer such that for all n > ny,
. 1 1
min 1+ 3 +...+ —,logylogyn | > k.
n

For each such integer n, since 7 (n) > log,log, n (see [34, p. 37]), then n! € Wy. It

follows that

This completes the proof. O

Proposition 3.4.2. There are infinitely many n €€ Wy, such that

72 (n)

> 2",
Proof. Let n = qi"¢5*...q% € Wy, where a; > 1 fori =1,2,...,s and s > k. We
have,

Hd :Hd.Hg:Hn:nT(").

din dln din din
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and therefore ]

s A MR U e
= \E) sy

din

Thus,

02 (n) ay o o |S| k
> 7 =7 Ya? ... s 1+ (07} > 2",
n - (n) (ql QQ qs ) P ( ) -

t
On the other hand, since 1% # 2 and UQt( ) is multiplicative, then
p

o2 (n)

L
This completes the proof of Proposition . O

From [34, p 282], lim sup o () = 0o. Then we have.

n—s00 n

Proposition 3.4.3. Let a be an unlimited real number and let n be an arbitrary

solution of the inequality o (n) > a.n. Then w (n) is unlimited.

Proof. We suppose the opposite, that is n has a limited number of distinct prime

factors 1 < ga < ... < ¢s, with s is limited. It follows from [26, Problem 516] that

o (n) p
< >~ ]
a<— <||p ,

12

+00

pln

where [ is a standard rational number. Which is impossible. O]

Remark 3.4.1. Let n be an arbitrary solution of the inequality ¢ (n) > a.n, with

a = +o0o. Then

1 1
It follows that at least one of the numbers Y — and ) 7 is unlimited. Thus, in
n P d|n
7| d¢|P
each of the cases, n has an unlimited number of distinct prime factors.
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Remark 3.4.2. We also prove Proposition |3.4.3| as follows: For every positive integer

n, from [26], we have

3 w(n)
— ;if n is odd,
o (n) 2

<
n 3 w(n)—1 ' '
2 3 ; if n is even.

o(n)

Then, if

is unlimited, it follows that w (n) is also.
n

Proposition 3.4.4. The inequality o (n) < o (n — 1) holds for infinitely many n €
Ws.

Proof. Since there are infinitely many distinct primes (p, ¢) such that

_pg—1
2

N

>p+aq,

then for n = pq € W5, we have
on—1)>142+N+n—-1>14p+qg+n=o0c(n).

This completes the proof. O

Remark 3.4.3. It may be realized that to prove the inequality of Proposition (3.4.4

for infinitely many n € Wy, with k£ > 3.

From [26, problem 489, page 69], we have
o9 (n) > nt(n), for everyn > 1.
In the following theorem, we prove a new similar result on the set Wj.

Theorem 3.4.5. If k > 3, then the inequality

oy (n) > nt (n) + n?,

holds for infinitely many n € W.
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For the proof, we use the following lemma.

Lemma 3.4.6. Let p,q and r be distinct primes. If n = pqr, then

Proof. Suppose that n = pgr, where p < ¢ < r and 8 < r. Since ¢r | n and gr < n,
it follows that d* = ¢*r* > r(pqr) > 8n. Then, evidently 8n < > d?. It therefore
dln, d<n

remains to verify the triplets (2,3,5), (2,3,7), (2,5,7) and (3,5,7) which are all

true. O

Proof of Theorem [3.4.5 Let n € Wy be a square free integer, with k£ > 3. We have,
77,2 + Z d2 Z d2

09 (TL) dln, d<n n dln, d<n

nt(n) nt (n) ~ 7(n) n.2k
By induction on k, it suffices to prove that Y. d? > n.2%. In fact, let k = 3 and

dln, d<n
n = q1¢2q3. From Lemma [3.4.6] we have

n.2" = qigaqs.2° < Z P=1+¢+¢+q+ (Q1QQ)2 + (QQQ3)2 + (C]1(J3)2 .
dln, d<n

Let £ > 4, and assume that the result holds for £ — 1. For n = 14z ... qx, since

2q1 < qf, then

n.2¥ = 2¢, (q2q3 . .quk_l) < 2q1 Z & <q Z d? < Z d?.

dlg2gs.--ar., dlg2gs..-ax dlg1g2---q,
d<q293---qk d<q192---qk d<q192---qk
This completes the proof of Theorem [3.4.5| m

Proposition 3.4.7. Let n € Wy, be an odd integer. Then, ¢ (n) + v (n) > o (n).
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Proof. Let (q1,q2,--.,q;) be an k -tuple of distinct primes, where ¢; > 3, and let

n=q"q?*. . .q*, with oy > 1fori=1,2,... k. We see that

and therefore
k k .
so(n)Jr’Y(n):l—[(q_l)+ 1 gt -1
n n L Bt @ (6= 1)
= [Tg ¢
=1
Thus,
a;—1
> q"
n n m=
TONEIONG | J PI=
n n paley q;
This completes the proof. O

Remark 3.4.4. We will give a formula for the n-th non-square. In fact, let T, be the

n-th non-square. There is a natural number M such that
m? < T, < (m+ 1)
As there are M squares less than 7,, and n non-squares up to 7T,,, we see that
T, =n+m.

We have then

2

m*<n+m<(m+1)* or m* —m<n<m?+m+1.

2

Since n, m? —m,m? +m + 1 are all integers, these inequalities imply

2 1 2 1
m —m+zl<n<m —l—m—i—Z,
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that is to say, (m — 3)? < n < (m+ 1)%. But then m = [/n+ 1]. Thus the n-th

non-square is T, = n + [y/n+ 1]

Proposition 3.4.8. For every n > 1, we have

~ ny(n)
Z a= 9

1<a<n
(a,n)=1

Proof. Clearly if 1 <a <nand (a,n) =1,1<n—a<nand (n—a,n) =1. Thus

S:Za:Zn—a

1<a<n 1<a<n
(a,n)=1 (a,n)=1

whence

28 = Z n=np(n).

1<a<n
(a,n)=1

O
Proposition 3.4.9. Let f be an arithmetic function. For all integer n € A, j, there
exists an integer s such that

f (n) +s e Ar,k-

Proof. We suppose for all limited integer s, f (n) + s ¢ A, ;. From tranfert principle
we get f(n)+s & A, for all integer s. Which is a contradiction because the set A,
containing infinitely many integers n. For all integer n ¢ A, , there are infinitely
many integers s such that

n e Ar,k-i-s .

1
Let n be an integer such that n ¢ A, . Because the sequence < [] <1 - —k> is
pln k>1
increasing, then there exixts a unique positive integer sy such that

1 Pr—1 1
H (1 - pk+so—l) < Dy < H (1 - pk-l-so) ’

pln pln
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O
Proposition 3.4.10. Let ¢ be a positive integer, then
. o (pn) _
nh—r>noo(0-(€+pn)_ 2 >_°O
Proof. We use the following result. For every positive integers a and b, we have
b
o (a+b) > M.
and since o (n) > n + /n whenever n is composite, we get
o (Pn 1+ pn
<a(f+pn)— v >) = (= 1414 pp) = oL
- c(l=1)+0(1+p,) 1+4pn
- 2 2
(-1 14 pn 14+p, 1+4+p,
Lol Tdpn VIt 14p
2 2 2 2
(-1 V
= Al ) + Lt P —> 0
2 2
This completes the proof. O

3.4.2 On certain inequalities for 7

Proposition 3.4.11. The product of all divisors of a number n is

(n

Hd:nTT).

dln

Proof. Let d denote an arbitrary positive divisor of n, so that

n = dd
for some d’. As d ranges over all 7(n) positive divisors of n, there are 7(n) such
equations. Multiplying these together, we get

n™ = H d H d.

din  d'|n



But as d runs through the divisors of n, so does d’, hence
[Te=1]<
din d'|n

So,
2

n™™ = Hd ,

dln

or equivalently

n# :Hd.

dln

Example 3.4.1. Let n = 1371, then 7 (1371) = 4. Therefore
[T = 13712 = 1879641.
din

It is of course true, since

Hd = 1.3.457.1371 = 1879641.
dn

Problem. We ask if

Y@= 7

dn dln

Proposition 3.4.12. The inequality

T(y(n) =27 (7(n)) > P

holds for infinitely many n € Wj,.

66
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Proof. Let (q1,q2,--.,qr) be an k-tuple of distinct primes and let «aq, s, ..., be

positive integers of the form 2* — 1, with a > 1. For n = ¢{"¢5* ... ¢.*, we have

T(y(n)=7(q. @)= 2k7
and )

W(T(n))zv( <1+az~>)=2.

=1

The result follows from Bertrand’s theorem. O

Proposition 3.4.13. If k > 2, then 7 (y(n)) — v (7 (n)) has infinitely many sign

changes on the set Wj.

Proof. From Proposition [3.4.12] it suffices to prove that

T(v(n)) <v(r(n)),

for infinitely many n € Wy. In fact, let (¢, ¢a, - .., qx) be an k-tuple of distinct primes

and let oy, ag, ..., oy be positive integers of the form [§ —1, for+ =1,2,..., k, respec-
tively, where [y, 1o, ..., are distinct odd primes and a > 1. For n = ¢{"¢5* ... ¢;",
we have
k
v(T(n)) =~ (H (1+ oz,-)) =lily. ..l
i=1
and

This completes the proof. n

Proposition 3.4.14. We put
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There are infinitely many n € Wy such that

(

T(p(n))+1€ Wy

e (1(n) <7(p(n))
Inn

—+1eW,
1n2+ F

S (n) < 2n?.

\

Proof. Let (q1,qs,- .., qx) be an k -tuple of distinct primes, for n = 291%2%~1 we have
T(pn)+1=r1 (2‘11‘12""1’“’2) +1=qqa...q. € Wy

and

o(r (1) =0 (@t a0) = [[ (@ —1) < 0o g — 1 = 7 (209572) = 1 (0 (n))

=1

Moreover, we see that

S=qq...qp =77 +1eW;
In 2
Also,
s(s+1) 4° 5
S =S r(d) =142+ 4s= BTN Ay
(n) ;T( ) +2+...+s 5 <3 n
This completes the proof Proposition [3.4.14] O]

3.5 By nonstandard methods

3.5.1 Sign changes using external subsets
In this section, we need to the following notation.

Notation 3.5.1. We put

Weo={neN;w(n) = +oo}.
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That is, W is the set of positive integers n for which the number of distinct prime

factors of n is unlimited.

Moreover, for every limited k > 1, it is clear that
Weo G W & Wi
Proposition 3.5.1. Let A (n) be the von Mangolt function [20] defined by

logp if n=p“ is a prime power
A(n) =

0 ; otherwise

We put
A={p=4k—-1; ke N} and B={p, g€ P; (p,q) is twin prime},

where P is the set of primes. If A(n) — A(n+ 1) = A(n) finitely often on the set
AN B, then A (n) — A(n+ 1) = A(n) holds infinitely often on the set B.

Proof. We recall that any prime either equals 2, or is of the form 4k £ 1. Let n =
4k —1 € AN B, then A (n) =logn and A (n+ 1) = A (4k). We suppose that there
are finitely many k such that 4k —1 € AN B and A (4k) = 0, that means there are
finitely many & such that 4k —1 € AN B and k # 2% for a certain positive a. So, there
exists a positive integer kg such that for every k > ko, if 4k — 1 € AN B then k has
the form 2% for some nonnegative integer . On the other hand, because there are
infinitely many twin primes, that means there are infinitely many twin primes (p, q)
such that either p or ¢ has the form 4k—1; k > ko. (If p = 4k+1 and ¢ = 4k’ +1, then
4 divides 2 (2k + 1), since (4,2k+ 1) = 1 we get 4 divides 2. It is a contradiction).
Therefore, if p = 2* — 1 then ¢ = 2% + 1, it follows that (From Fermat and Mersenne

primes [37] ,[40], « is an odd prime and a power of 2, which is imposable. Thus, we
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must have ¢ = 2% — 1. Thus, o = p' and p = 2¥' — 3; where p/ is an odd prime. In

this case, for n = p, A (n) = logp. Since 2?'~! — 1 is odd, we get

A(n+1):A<2p’—2):A(2 (21”*1—1>) - 0.

This completes the proof. n

3.5.2 Remarks

Remark 3.5.1. Let p, be the r-th unlimited prime number. We prove that there exists
at least an integer n € W, such that p, [f (n) + so] > p,_1n. In fact, we suppose the

opposite. Let m be an unlimited integer such that

and choose ¢; be a prime number such that

1
_ 1 \m
Pr—

If we put n = qiqiy1 - - - Qrem—1 We see that w (n) = +oo. So, we can write

Dr n m
— < — < fi" (@
Dr—1 f(n) + s (@)

Pr—1 + 1
Pr—1 '

Which is impossible.

Remark 3.5.2. Let p, be the r-th prime number (limited or unlimited). We prove that

there are infinitely many integers n € A, such that

pri1 (n) < proin. (3.5.1)
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Firstly, we show the existence of an integer n € W, such that p,¢; (n) < p,_1n.
1\
Because the product ] (1 — 7) where p takes the set of prime numbers, is
p
divergent if and only if £ < 1; (¢ (1) = oo, [40] . For all unlimited real «, there exists

a finite sequence of primes 2 < q; < g2 < ... < g5 = 00 such that

q; > DPr

o 4 — 1 Dr—1

We suppose for all integer n for which the number of its distinct prime factors is

unlimited, p,1 (n) > p,_1n. It is clear that if n = ¢;.¢2...qs we obtain

s

Dr q; ~
> — = +00.
Dr—1 le[l g —1

Which is impossible. Finally, from Remark the inequality (3.5.1]) holds infinitely.

400 >

By using (c), we can deduce that (¢1,idy) € Fyr__.

Remark 3.5.3. From the proof of Lemma we see that A, has at least an

element ng € Wy, for every r > 2 and s > 1. Then A, 5 is a nonempty set.

3.5.3 Some properties of the set A, ;, with r > 2 and s > 1
Notation 3.5.2. For every r > 2 and s > 1, we put
A s={neN;pps(n)>p_in°}t. (3.5.2)

In this subsection, we will study the set of positive integers A, ; which is defined

in Notation by using Euler’s function ¢, and p,, with s > 1 and r > 2.
Proposition 3.5.2. A, ; N W}, is an infinite set.

Proof. From the proof of Theorem [3.3.4] there exists a positive integer ng € Wy
such that p,ps (ng) > p,—1n§. Thus, it follows from the definition of ¢, (see equation

(2.1.2))) that n{ € A, for every ¢ > 1. This completes the proof. ]
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Theorem 3.5.3. Let p, be the r-th limited prime number and n € A, be an unlimited

integer, If w (n) is limited, then (pypi (n) — p,_1n®) is always unlimited.
Proof. Let us suppose Ny be a limited integer such that
No > prigk (n) — ppo1n®.

and we put

k

Pr P
= +AAeQ”
Pro1 Hp’“—l

pln

= 1+ak+)\7 aka)\e@*a

Pr

Pr—1

where n = p{'py? ... pp* € A, an unlimited integer with w (n) < oo, because >

1 + ag, the number A\ can’t be infinitesimal. In fact, if a; = 0, so that

/\gpr_prfl %O

Pr—
and if a; 2 0 for all values of £ > 1, since w(n) is limited, then there exists the
biggest integer ip; 0 < 7y < k such that p;, is a limited prime number, so, we get

k
]

10
DPr )
:llp’?—1+bk+/\’ b, € Q,
o Di

Pr—1
where by, is an infinitesimal rational number. In this case, we obtain

20 k

= 0. O

Proposition 3.5.4. Let a > 2 be an almost perfect number (A number such that
o(n) =2n—1, see [29]). For alln € {a.m ; 2 <m <aand(a,m) =1}, we have

n ¢ Ar,l-
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Proof. 1t is clear that for all primes p < a,

(2_é)(5%3)>2' (3.5.3)

Let n = am, with 2 < m < a. Suppose the contrary. That is, n € A, 1, it follows that

D
Dr > Pr—1 -
p—1

pn

a1 G2 «

If m=qi"qy*...q5*, where (¢;),<;<, are primes and (a,m) = 1. Then

p s\
T>T_|L—— .
br=br p—1<%—1)

pla

On the other hand, from Theorem and Bertrand’s theorem, we get

1 S
> (2-2) (54)
a qs — 1

because a is an almost perfect number. Which contradicts ((3.5.3]). O

Proposition 3.5.5. If n is an unlimited almost perfect number, then n ¢ A, for

every r > 2.

Proof. Let n be an unlimited almost perfect number. Suppose the contrary; that is,

n € A, ;. It follows that

o(n) _
n Pr—1

There are two cases:

In the case p, is unlimited, from the Prime Number Theorem we have

It is an impossible case.
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In the case p, is limited, from Bertrand’s theorem, we get

gt o) 5 L
n n Pr—1 Pr—1
Because n is unlimited, it is also an impossible case as well. O]
Corollary 3.5.6. Suppose that
1
(p—’") 5 >3, (3.5.4)
drfl

and let n ¢ A, s be an odd prime power (for example, by (3.5.4), 3™ ¢ A, s for every

m > 1). Then there exists a positive integer ro such that n € A,irys 01 M € Ap_py 5.

Proof. For every integer 1/, assume that n = p™ ¢ A, .., with m > 1. Then p ¢ A,

for all 4 > 2. Which implies that

; i 3 .
P < P < P < —; for every i > 2.
pi-1 ~ p*—1 -172
5 3
It is a contradiction, since by _2 > —. O
P2 3 2

Proposition 3.5.7. Let | > 2 be a limited positive integer, and let g be an unlimited

prime number. If r is limited, then | € A, 5 if and only if l.q € A, 5.

Proof. From the definition of A, ;, we see that [ € A, ; if and only if

1
p]] (1 — E) —pr_1 >0, (3.5.5)

pll

or, equivalently, for every positive infinitesimal ¢ we get

1
pTH<1_Z¥> _pr71_€>07

pll



because [ and p, are limited. In particular, for

()

qS

|
I
o

we get

 R—
ps

v ]]

pll

( 1)pr1pﬂ<1;>

Since ¢, is multiplicative, we have l.q € A, ;.
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(3.5.6)

Conversely, if l.g € A, , it follows from (3.5.5)) and (3.5.6) that I € A, . This

completes the proof.

]

Remark 3.5.4. Let n ¢ A, , for some r, s, where (p,_1,p,) is a couple of twin primes

(for example, if r, s satisfy (3.3.3), then there exists a positive integer ny € WyNA, ;).

Then for every couple of twin primes (p,,—1,pm) with m > r, we have n ¢ A, ;.

Corollary 3.5.8. For every r > 3, A, s has an infinity of prime numbers.

1

Proof. By Bertrand’s theorem, for every prime number p > (p,_1)s, we have

(pr — pr—1)0° — pr >0,

where p, > 3. It follows that

Dr (ps - 1) > pr—lpsa

and therefore p € A, ;. O

Corollary 3.5.9.

n € A ks, Then

If n ¢ A,y and if so is the smallest positive integer such that

w(n) limited = sy limited.

Where w (n) is the number of distinct prime factors of n.
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Proof. We suppose the opposite; that is sg is an unlimited integer. So, if w (n)
is limited from (13), there exist two infinitesimal positive real numbers £, and ey
(€1 > e9) such that

Dr—¢&1 <pr71 <pr — E2.

A contradiction. N

Remark 3.5.5. If n is an even positive integer, then n ¢ A,;. Indeed, if n = 2°N,

with (2, N) = 1, it follows from Bertrand’s theorem that

prp (n) =p,2° o (N) < pri2% (N) < pran,

which we may because ¢ (N) < N.

Example 3.5.1. For all n, m > 2, we have n™ —n ¢ A, 1, because it is an even.

Proposition 3.5.10. If r > 3, then there are no positive integers n € Wy satisfying

(p(n> — pr—l‘ (357>

n Pr

Proof. Let n be an odd positive integer. Because ¢ (n) is always an even, then
prp (n) # pr—in. Let m be an even positive integer that satisfies (3.5.7). Since
(pr—1,pr) = 1 and p,p (n) = p,_in, then p, divides n. Therefore, there exist two

positive integers r; and [; such that

n=rp ; (r,p) =1,

where ry is even. It follows from equation (3.5.7)) that

90(7"1) _ Pra

(8] pr_l.




7

Now, for vy = 2°N with @ > 1 and N is odd, we have

p(r1)  @@2'N) @(N)  p

r 20 N 2N pr— 1

Finally, using Bertrand’s theorem we get

N 2p,— r
o) _ 2o Py
N pr_l pr_l

Which is impossible, since ¢ (t) < t. ]

Proposition 3.5.11. If p,. is unlimited and s > 1 is limited. Then for every lim-
ited n > 1, we have n ¢ A,s. Furthermore, for each such integer n, the integer

(pr_1n® — prps (n)) is always unlimited.

Proof. For every limited positive integer n, we have

s

Dr
<
Pr—1 Ps (n)

l+e = =1+a,(s),

where a,, (s) is a positive appreciable rational number, and ¢, is a positive infinitesimal
real number. That is n ¢ A, ;.
Now, let n be a limited integer, with n > 1. We assume that there exists a limited
integer N, satisfying
No > pran® — prps (n) -
Dr—1

Therefore, we can deduce that Ny > , because

s pT s
n _p 1@3(”) = n —(1—1—87«)@8(71)
n®—ps(n) _ 1
> — >
2 -2

which contradicts the fact that p,_; is an unlimited and n®* — ¢s(n) > 1 . This

completes the proof. O
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Proposition 3.5.12. Let p, be the r-th prime number and Let n = p{'p3*...p% be
-1 w(n) \

m (pl ) > p ’

b1 Pr—1

o(n) <]I b , it follows that
n pin P — 1

an m-perfect number, if

thenn ¢ A, .

Proof. We suppose that n € A, ;. Since

k—1

Pr p
> m
Pr—1 Hpk‘1+pk‘2+...+p+1

>l | = | =m T
pln Z—i pln

i=1D

A contradiction. N
Proposition 3.5.13. If n is an e-perfect number, then n ¢ A, 1; for all r > 2.

Proof. Let n = p{'p5? ... p* be an e-perfect number, we write

o (n) _ PPz D+ -+ pUDe Lk
n n
1 1 1
— =t —F . —t
b1 Dip2 pip2 - - - Dk

=1 =1
1 E —1... 11 Ej_.
- <+i1pll> (—i_ilpz’)

(P (2) ()
- (20 () ()

If 0. (n) = 2n, by Proposition [3.5.12 we find n ¢ A, ; . O




79

Remark 3.5.6. Let n = p{'p3?...p%* be a composite integer > 4, then for all integer

()06

pl[vn] pln
So, if n € A,; we have [y/n] € A, for all & > 2. Where [z] represent the biggest

k> 2,

integer less than or equal to z. If n is prime, then

11 (1—%) > (1—1> for all k > [v/n] + 1.
o] 7 b
In this case n € Ar,[\/ﬁ]ﬂ'

Example 3.5.2. If n = 57" with a,b > 0, we have [\/n] € Az for all k > 2.

Open problem: Is there an integer n = pi'p3* ... pi* such that n is a m-perfect

-1 w(n) N
m (Pl ) > b ,
D1 Pr—1

where w (n) denote the number of distinct prime factors of n?

and

Remark 3.5.7. For all p; unlimited, we have

Ds+i > 9.
150 Psti — 1

Finally, we prove the following proposition.

Proposition 3.5.14. Let 2 = p; < py < ... be the sequence of primes in increasing
order, and let n = p"ps®...p% with s = 400 and a; > 1 for i = 1,2,...,s. Let

N > 2 be a limited divisor of n, then we have % ¢ A



80

Proof. Let [z] denote the integer part of z. Since [H Ll] is unlimited, then for
pln P —
every limited divisor N > 2 of n, we get

It follows from Bertrand’s theorem that

o (%)
|

pl%p_l

2p7‘*1% < 2pr71n <

This completes the proof. O]

Conclusion 3.5.1. [t is very important to know some other properties of the set
A, s. Namely, it is necessary to know whether A, s contains Niven numbers, Smidth

numbers, Woodall numbers, Cullen numbers,....Etc.



Chapter 4

Perspective and Open Problems

For further research, we will finish my thesis by stating the following open problems.

4.1 On the simultaneous rational approximation
in the infinitesimal sense

Let w be an unlimited positive integer. Is there a necessary and sufficient condition on
the reals (o, &1, - .., &) to be simultaneously approximable in the infinitesimal sense?
In Chapter [I] a necessary condition has been solved, while a sufficient condition is

still open. Moreover, we have

1. For every k > 1, we ask if (ag, 1, .., k), (Bo, B1,---,0k) € Sa(=0), then

(a0 + Bos a1 + Bi, ..., o + Br) € Sa (2 0).

(apBo, a1P1, ..., ufk) € Sa(=0).
. (ao il ak) € S4(20).

Bo” B B

1 1 1
(o) esi=0)

Qo 71 (077

81
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L <a07a17"'7Oék7B07617"‘7ﬁk) € ‘S'A<g 0)

o (c.ap,c.aq,...,cay) € Sa(=0), for every integer c.
3 % ﬂ ) € S4 (2 0), for every integer ¢ # 0.
¢’ c
o (g+ao,a1+a,...,04 +a) € S4(=0), for every real number a.

. aﬁ,agl,...,aéf’f)gésA(%o»
(10ga0,10ga1,.--,10g04k) ¢ SA (g 0)

o (e e ... )& Sy (=0).

I (&0, 61,0, &) ¢ Sa(=0), then there exists a real numbers a such that

(abo, aly, ..., a&) € Sa(20).

. Let (&o,&1,--.,&,) C[0,1], with w & 400. We ask if (£o,&1,...,&,) € S4 (2 0),
then for every real a, © ({aéo}, {1}, ..., {a&,}) does not contain any standard

interval [a, b], with a < b.

. Let n be an unlimited positive integer, and let p, be the rth prime number. Is

it true that

1 1 1
L — ) #Sa(20)?
(pl D2 Pn>¢ A< )
Dn

. Let — be the n-th convergent of a continued fraction, with n > 0. Is it true
dn

that

(B2, 2 esu(0),

o 1 dn
. Let w be an unlimited positive integer. We ask if S4 (= 0) contains a system of

the form (o, &, ..., &), where (&)i=12.. . are all irrationals.
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4.2 On the solubility of certain arithmetic inequal-
ities and equations in integers

1. We ask if Theorem is true for the functions ¢ and ¢, with s > 1.

2. Let F' denote the set of arithmetic functions that satisfy Theorem [3.2.2] and
let f € F. Is there a necessary and sufficient condition for which f* € F for

every ¢ > 17

3. Let £, s be positive integers. For a given positive rational number «, we ask if

s (n + ¢) — an® has infinitely many sign changes on the set Wj.

4. For every m > 3, are there infinitely many n € Wy, such that

Inn

——F— + 1 is a prime of the form x —m + 1
In (7 (n))

(7 (n)) = 7(p(n),

where z is the sum of m-distinct primes?

5. In the nonstandard analysis, let @ and b be relatively prime integers with a > 1.
We ask if there are infinitely many primes of the form an + b, with w(n) is

limited.

6. Woodall numbers are of the form n.2" — 1, with n > 1. A Woodall number
is prime only when n = 2,3,6,30, 75,81, 115,123,249, 362, 384, .... The largest
known Woodall prime is 3752950.23752950 — 1 (It was found by J. Thompson in
2007). For more details, see [27], [48, p. 240]. Moreover, it has been conjectured
that almost Woodall numbers are composite. Is w.2“ — 1 a composite number

for every unlimited w?
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