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Li1sT OF sYMBOLS

R=RU{+o0}

I
AN
ftaftt
u-v

o.T

whr(Q)

: the set of all real numbers.

: the extended real line.

: the Euclidean space of dimension d.

: the space of symmetric tensors of second-order on R%.
: the set of all nonnegative real numbers.

: an open bounded and connected set in the space R?

with Lipschitz boundary.

: the boundary of Q2 such thatI' =I'y UT'; UT'; where I'y, I'; and I's
are three disjoint measurable parts with meas I'; > 0.

: a part of I' which is the boundary of (2.

: the derivatives of the function denoted by f with respect to the time .

: are partial derivative with respect to the time .

: the canonical inner product of the vectors u, v € R%.

: the canonical inner product of the tensors o, 7 € S%.

: the unit outward normal to the boundary I'.

: the normal component of v and we have v, = v - v.

: the tangential component of v and we have v, = v — u,v.

: the normal component of ¢ and we have o, = ov - v.

: the tangential component of o and we have o, = ov — o, 1.

: divergence operator for tensors.

: gradient operator.

: identity operator.

: the space of Lebesgue measurable and p-integrable functions
for1 < p < .

: the space of Lebesgue measurable functions « in 2 such that

de>0: |u] <c a.e in (.

: the space of continuous functions whose derivatives of order

from 1 to m are continuous in .

: the space of all infinitely differentiable functions whose support

in €2 is compact.

: the Sobolev space of all functions which are p-integrable on 2
and their weak derivatives of order less than k are also p-integrable on (2.
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List of symbols v

H*(Q) = Wk2(Q).
WP (Q) : the closure of the space C5°(Q2) in W"P(Q).
HE(Q) = WH(Q).
H ={v=(v1,...,v0)" v € L*(Q),1 <i <d}f = LA(Q)1
H ={r=(mj) :mj =715 € L*(Q),1 <i,j < d}.
H ={v=(v1,...,00)" v € H'(Q),1 <i <d}.
H,y ={reH:Divr € H}.
1% :{UEHl(Q)d:vzoa.e. onFl}.
X : denotes a Hilbert space with the inner product (-, - )x
or a Banach space with norm || - || x.
X' : denotes the dual of X.
(u,v)xxx : the duality paring between the spaces X and X'.
Vv’ : the dual of V.
(u,v)yxyr  : the duality paring between the spaces V and V".
(u,v) g : inner product of H.
Cm([0,7):X) ={ve (01 X): v e C(0,T;X),j=1,...,m}.
Lr(0,7;X) = {v:[0,7] — X measurable : [[v]|1s(07:.x) < o0} -
Wh2(0,T; X) = {ve L0, T;X) : [ oy < 00V < k:}
HY0,T;X) =Wk(0,T;X).
T = max{r, 0} : positive part of r.
a.e. : almost everywhere.
v : for all.
L~FE : £ and F are equivalent.
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(GENERAL INTRODUCTION

%he phenomena of contact involving deformable bodies is of particular interest in a variety
of industries and everyday life. It is considered as the study of deformation of bodies that
touch each other at one or more points. Typical examples of contact problems are the contact
wheel rail, the automotive industry more precisely the adhesion between tires and curbs, crash
tests. Civil engineering is another field of application of contact problems in the case where we
estimate the forces exerted by the materials of bridges and skyscrapers. In other side, contact
phenomena are included in metal working where we shape and reshape metals to make useful
objects, parts and assemblies.

The studies in the area of contact mechanics started in 1882 with Hertz’s publication [37].
Signorini was the first to give a formulation of the problem of unilateral contact with friction
in 1933 [71]. This was followed by Fichera who solved the Signorini problem using techniques
of variational elliptic inequalities in [27]. The works of Duvaut and Lions [48] represent the
first treatment of contact problems using variational formulations. They also proved some
existence and uniqueness results. Among the early relevant contributions to contact problems,
the following can be enumerated Duvaut [20], Necas et al. [54], Jarusek [39], Cocu [14] and
Kato [41].

There are three kinds of processes: dynamic process modeled by the equation of motion
see [15,23]. Quasistatic processes modeled by an equilibrium equation and at least one of
the derivatives of the unknowns displacement and stress field is found in the rest of equations or
in the boundary conditions see [2,50] and static in the opposite case see [21,40] . Diverse contact
conditions have been taken into account to model contact problems, such as the normal damped
response condition. It represents the contact with a foundation which is lubricated. Further, a
reactive normal pressure depending on normal velocity is assigned by normal damped response
on contact surface see for instance [5,47,51,67] and the references therein. Another condition is
also employed the so-called normal compliance condition. The term "normal compliance" was
first considered in [42,43]. In [42], Klarbring et al. showed the result of existence of a weak
solution to a frictional contact with normal compliance. This condition was first introduced
by Martins and Oden in [55] in the study of dynamic problems. It characterizes a deformable
foundation. Further, a reactive normal pressure depending on the interpenetration of both the
asperities on the body surface and those on the foundation is assigned by normal compliance
condition. We refer the reader to [34,40,74,76,77].

In the presence of frictional effects, contact problem between deformable bodies will be frictional.
Classical results for a frictional contact problem are found in the papers written by EW. Carter

Global existence and exponential stability for... vii



General introduction viii

and H. Fromm. They independently used Coulomb’s dry friction law to present creep versus
creep force relation for not only a cylinder on a plane but also for two cylinders in steady rolling
contact see [44]. Frictional contact problems are concerned with a large range of applications
such as the bouncing on a surface of a rubber ball, skydiver, making fire, climber plants etc.
Because of the importance of contact problems with friction, a significant effort has been made
in their modeling, their numerical simulations and mathematical analysis [4,5,68].

Processes of adhesion are of major importance in many industrial settings which have non-
metallic parts glued together. For the fundamental modeling, we refer the reader to [25,26].
Analysis for adhesive contact problems can be found in [13,46,69] and in the monographs [70,72].
The surface internal variable or the bonding field is denoted by /. It was first introduced by M.
Fremond (see [25], [24]). The bonding field describes the fractional density of active bonds on
the contact surface. The values of the surface internal variable /3 are between the two constants
one and zero. According to the different values taken by the variable 3, we distinguish three
cases: in the case where [ equals to 1, then all bonds are active and adhesion is complete. If 3
equals to zero, all bonds are inactive, severed and no adhesion exists. In the case where 0 < 8 < 1,
then only a part of the bond is active and so adhesion is partial see for instance [12,17,33,46,61,79].

The basis of the thermoelasticity model is the Fourier’s law given by
q= _Hvea (1)

where ¢ is the heat flux vector, V6 is the temperature gradient and « denotes the heat conductiv-
ity.

The un-physical property presented by (1) shows that if a surprising temperature changes at
some point. This will be felt everywhere instantly. To finish this paradox, the two researchers
Green and Naghdi introduced models of thermoelasticity of type Il and III ( [30,31]). The nature
of systems of thermoelasticity of type Ill is dissipative and this type of thermoelasticity has been
studied intensively( [45,49,52]).

The goal of this thesis is to present some dynamic viscoelastic contact problems between a
deformable body and foundation. We deal with the global existence of solutions and their
asymptotic behavior. In this way, we investigate several nonlinear dynamic contact problems.
The contact is described with a normal compliance, normal damped response and a version of
a normal compliance with adhesion. This thesis is based mainly on results of nonlinear semi-
group, operator theory, fixed point argument and Lyapunov stability. A modeling of process of
contact is also presented more precisely we provide a description of the physical setting, the
material’s behavior and the contact conditions. Our purpose is to establish the global existence
and exponential decay results.

This thesis is divided into four chapters. A brief description follows.

Global existence and exponential stability for... L. Ouakil- Msila University
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i The first chapter deals with a contact problem in viscoelasticity with a normal compliance.
The constitutive law is assumed to be with infinite long memory term. We prove the global
existence of solution using nonlinear semigroup theory then we establish the exponential
stability by applying energy method. The global existence and stability result for this kind
of problems are first studied in this chapter. The obtained results are also the subject of an
article accepted for publication in [58].

i Chapter 2 is devoted to studying the global existence of a unique solution to a contact
problem with normal damped response and its exponential stability. In the case of finite
memory, we apply a theory of nonlinear operator, a fixed point argument and an extension
procedure to deal with the issue of global existence. Then, we show that the obtained
solution decays exponentially using Lyapunov functional with some modifications related
to the nature of the studied contact problem. In the case of infinite memory, we prove the
global existence of the solution by utilizing nonlinear semigroup theory and by constructing
a Lyapunov functional, we establish the exponential decay of solution. From what we
know, there are no results for the considered systems. The issues included in this chapter
have been published in [59,60].

w In Chapter 3, a viscoelastic contact problem with adhesion is considered. We introduce the
surface internal variable 5. We show that the solution exists for all time using nonlinear
semigroup method and we derive the exponential decay rate. In the presence of adhesion
in the current chapter, we can say that our results extend the various well-posedness and
stability results obtained in Chapter 1. The outcomes of the current chapter have been
submitted for publication in [57].

w= [n Chapter 4, we study a thermoviscoelastic contact problem with friction. A thermoelas-
ticity of type III is considered. A thermal effect is involved in the constitutive law with
long-term memory. The global existence of solution is established by exploiting nonlinear
semigroup theory combined with arguments of nonlinear operators. By applying energy
method, we obtain the exponential decay of energy solution. This work generalizes the
results obtained in Chapter 2 in the case of the presence of thermal effect. The obtained
results are also a subject of an article submitted for publication in [56].

We end our thesis with a general conclusion in which we discuss the achieved results and
give perspectives on various future works, followed by an appendix where we present basic
notation and necessary results of contact mechanics, some results of nonlinear analysis, some
fundamental inequalities and mathematical modeling of the process of contact.

Global existence and exponential stability for... L. Ouakil- Msila University



A DYNAMIC CONTACT PROBLEM WITH INFINITE
MEMORY AND NORMAL COMPLIANCE

Un this chapter, we show the existence and uniqueness of a global solution for a contact problem with
normal compliance. The proof of global existence is based on nonlinear semigroup theory. Next, we
investigate the exponential stability of the system by using energy method and under suitable assumptions
on problem data.

Contents in Brief

1.1 Problemstatement . . . . . . . . ... ... Lo oo 2
1.2 Assumptions. . . . . . . .. ... L o e 2
1.3 Globalexistence . . . . . . . . . . ... 4
1.4 Exponential stability . . . . ... ... ... ... ... .. . 00000, 10
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1.1. Problem statement 2

1.1

Problem statement

In this work, we look into a solution for the following nonlinear frictionless contact problem

1.2

o = Ae(u) + Ge(u) — /0+°°g(5)35 (w(t—s))ds in ©x (0,00), (1.1)
pu” = Divo + fo in  Q x (0,00), (1.2)

u=0 on T x(0,00) (1.3)

ov=fy, on Iy x(0,00), (1.4)

—o, =p,(u,) on T'3x(0,00) (1.5)

o,=0 on I'3x(0,00), (1.6)

u(—t) =up(t) in Q x[0,00), (1.7)

w'(0)=wu; in Q. (1.8)

Assumptions

To study contact problems and to formulate global existence and stability results, we shall need

some assumptions in all parts of our thesis.

(a) A:Q x S* — S?is a nonlinear viscosity operator;

(b) There exists L4 > 0 such that

|A(z,61) — A(z,e2) || < Laller — &2 Ver,e2 €84, ae. 2 € Q;

(c) There exists m4 > 0 such that (1.9)
(A(z,e1) — A(m,22)) - (21 — €2) > mualler — &a]|* Ver,e0 €S%, ace. x €

(d) z — A(z,¢) is Lebesgue measurable on €;

(e) A(z,0) =0a.e. x €.

(a) G: Q x S* — S? is a nonlinear elasticity operator;

(b) There exists Lg > 0 such that

|G (z,21) — G (z,82) || < Lgller —e2|]  Ver,e2 €S, ae. z €

(c) There exists mg > 0 such that (1.10)
(G (x,61) — G(z,82)) « (61 — £2) > mgller — sl Ver,e0 € S%, ace. x €

(d) z — G(z,¢) is Lebesgue measurable on 2;

(e) G(z,0) =0a.e. x €.

Global existence and exponential stability for... L. Ouakil- Msila University



1.2. Assumptions 3

(a) B : Q2 x S — S?is a nonlinear operator;

(b) There exists Lg > 0 such that

|B(z,e1) — B(x,e) || < Lplle1 — &2|| Ver,e0 € Stae. x € Q;

(c) There exists mp > 0 such that (1.11)
(B(x,61) — B(1,83)) - (61 — &2) > mplle; — &2* Ve, 60 € Stae. v € O

(d) x — B(x,¢) is Lebesgue measurable on €2;

(e) B(x,0) =0a.e. x €.

(a) p, : I's x R — R is a nonlinear contact function ;

b) There exists a constant L, > 0 such that

Iy (x,71) — py (x,72)| < Ly|ry —re| Vry,re €R, ae. z € I's;

c) (py(x,r1) —pu(x,12)) (11 —12) >0 Vry,ry € R, ae. x € I's;

d) The mapping = — p,(z,r) is Lebesgue measurable on I'; for any r € R;
e)p,(x,r) =0 Vr<0,ae zel;s.

(1.12)

We suppose that the body forces and the tractions satisfy the following regularity assumption
fo€ W (Rys H), fo € WH (Ry; L2(T)?) . (1.13)
The mapping f : Ry — V'is given by
(P vy = [ fol0)vde + [ fat).vda, (1.14)

forallv e V,tae € R,.
From assumption (1.13), we have

fewt (R V). (1.15)
G1) The function g : R, — R, is nonincreasing, class C'! function satisfyin
& ymg

g(0) >0, go = /Oo g(s)ds < ma. (1.16)
0 LB
(G2) There exists a constant o > 0 such that
g'(t) < —ag(t), Vvt=0. (1.17)

(G3) There exists a constant ¢; > 0 such that

WOl < Gllf@®llv, VE>0, Vel (1.18)

Remark 1.1. For functions f € WHH(R; V') satisfying (G3), we can take

ft) = cle_ﬁth,

Global existence and exponential stability for... L. Ouakil- Msila University



1.3. Global existence 4

where ¢; is a constant and the function % belongs to V".

In what follows, (number of system);,7 = 1,2, 3,4, 5, 6 refers to the ith equation in the considered
system.

Global existence

Our main result, in this section, is dedicated to studying the global existence of a unique solution
to the preceding system.
Let define the auxiliary variable denoted by 7 as in [16]

n(x, s, t) =u(z,t) —u(z,t —s), =€, t,s>0. (1.19)
From (1.19), we obtain
| a(9)Be(ult = s))ds = [~ g(s)Be(u(t) — n(s))ds.

Then, system (1.1)-(1.8) becomes

pu” — Dive = fy in Qx(0,00),

o= As(u) + Ge(u) — [57 g(s)Be(u —n(s))ds in € x (0,00),

e =u — N in Qx(0,00) x (0,00),
u(z,t) =0 on Iy x (0,00),

n(z,s,t) =0 on Iy x (0,00) x (0,00),
ov = fy on I's x (0,00), (1.20)
-0, =p(u,) on I'3x (0,00),

o, =0 on I'3x (0,00),

u(—t) = uo(t) in Qx[0,00),

uw'(0) = wy in

1(s,0) = uo(0) — uo(s) = 10(s) for s € (0,00).

First, we introduce the state vector U = (u,v,7)” with v = u/. Then, we consider the following
Hilbert space ¢
H =V x Hx M. (1.21)

Here, the set M is given by

M= R = [ gl R ds < +oo (122)

Global existence and exponential stability for... L. Ouakil- Msila University



1.3. Global existence 5

with the inner product

(0O = [ 9ls) (), 20V () ds. (1.23)

The inner product associated to J7 is
(U, 0)or = (u, W)y + (0,0) 1 + (0, 7) (1.24)

for every U = (u,v,n)" and U = (@, 0,7)" in 2.
Assuming that ¢ is a smooth function (say oeCt (ﬁ; Sd>), for U = (u,v,n)" with v = v/, we
can rewrite the problem (1.20) as

{ Ui(t) + & U(t) = F(t), Vt>0, (1.25)

U(O) - UO = (U(), Uy, 770)T7

here the operator &7 : D(«/) C S — H , its domain D(«/) and the mapping F'(¢) are respec-
tively given as follows

| v |= —%DiU(AE(U) + Ge(u)) + %Dz‘v(fooo g(s)Be(u—n(s))ds |, (1.26)
n Ns —V

(u,v,n)T eH;veV; n € M,
D(ot) = ov=fonly , (1.27)
—0, = py (u,) on I';

o, =0onT}

and

F(t)y=| 28 |, (1.28)

The result of the global existence is guaranteed by the following
Theorem 1.1. Under the assumptions (G1) and (1.9)-(1.12), for any initial datum U, € D(</) and
F e LY(Ry; ), there exists a unique mild solution of the system (1.25) satisfynig

U e C(Ry; ). (1.29)

Proof. To prove Theorem 1.1, we verify the m-accretivity of the operator .« + w,,I for some
wy > 0, see Definition A.3. It follows from Theorem A.3 , Uy € D(</) C D(</) and the regularity
F € L'(Ry; ) that there exists a unique mild solution U of the system (1.20) satisfying the

regularity (1.29).

Global existence and exponential stability for... L. Ouakil- Msila University



1.3. Global existence 6

Let U; = (u,v;,m;) € D(), 1 =1, 2. So, we have

<(,£Zf +w$y]) U1 — (bQ{ + WQ/]) UQ, U1 — U2>f = —<Ul — V2, U1 — u2>v
—(;Div (Ae(vy)) — Ac(vs)) .01 — w2

—(;Div (Ge(ur) — Gelu)) . vy — o)

+ <1Dw [ 9()Betn —m(s))ds, v - UQ>

P H
1 >
— <Dw/ g(s)Be(ug — n2(s))ds, vy — v2>
p o H
—(—N1s + M2s + V1 — V2, 1 — M2)
Fwo (Un = Uz, Uy — Uz) e
Using formula of Green and boundary conditions to get
(o +wa) Uy — (A +wgl) Uy, Uy = Us) sy = —(v1 — v2,u1 — Ug)v
+(Ae(vr) — Ae(va), e(v1) — e(v2))n
+(Ge(ur) — Ge(uz), e(v1) — e(v2))n
([ 9B (wr = () ds, () =)
([ g5)B2 (wa = ma(s)) ds. (o) = (o) )
0 H

+ /F3 (pu(ur,) — pu(us,)) (v, — ve,) da

3 [ )l ~ ms) R ds

—<’01 — U2, — 772>M + WdHUl - U2”24”

The use of inequalities of Cauchy- Schwarz and Young, (G1), (b) of (1.10), (1.12) and (1.11), (c)
of (1.9) and (A.6) leads to

3
(A +wy ) Ur = (A +wy ) Up,Us —Us) oy > — (25 _ mA) or — vall?
—0. (14 Lg + g3L% + L2CY) llur — a3

=6 (Lo +a0) [ 9()llm(s) = mo(s) s
+we [|Ur — Uall%-

Thus, by choosing d, > 52—, we get
(o +wa D) Uy = (o + we D) Uy, Uy = Up) o > (wer — L) U = Un|%,

where L = maz (0, (1 + L% + g2 L% + L2CY), 0. (L%g0 + go))- Thus, o + w,, I is accretive when

Global existence and exponential stability for... L. Ouakil- Msila University
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wy > L.
Next, we exhibit that .7 + AI is surjective for some constant A > 0. In other words, for a given
(hy, ha, hs)" € 5, we should obtain U = (u,v,n)" € D (<) such that

(M + ) (u,0,m)" = (hy, ha, hy)"
thus, the previous equation reads
Au—v= M
Av — ;Dz’v (Ge(u) + Ae(v)) + ;Dz’v </Ooog(3)B€ (u—n(s)) ds) = hy (1.30)
M +ns—v= hs.
We Suppose that v is found in V. Thus, using (1.30); gives

h1—|—U

= ) 1.31
u 3 (1.31)
Then,
ueVv
Note that )
n(s) = 6_)‘5/ M (hy(r) +v)dr, s€R,. (1.32)
0

is the unique solution of (1.30)3 with n(0) = 0.
The system (1.30) is equivalent to

= ha. (1.33)
We define the operator 7 : V' — V' by

T vhvr = O, o)y + <G5 (’“;”) —|—A6(v),5(v)>H

B </000 o(s)Be <h1;-"0 Y /OS A (hy(1) + ) dT) ds,g(v)>H
+/F3 . (m + vy) woda — /F fyvda. (1.34)

A

Let prove that 7 : V' — V' is a surjective mapping. From Corollary A.1, we must prove that the
mapping 7 is coercive and maximal monotone.
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1.3. Global existence

Let show that 7 : V' — V' is maximal monotone. Applying Theorem A.1, it's enough to prove

the monotonicity and hemicontinuity of 7.
To justify the monotonicity of 7. Let v, v € V. Thus, we obtain

<T’U —T’IN},U _T)>V’><V
= (A= A0,v—0)g + (Ge (hl i U) — Ge (hl i U) ,e(v) —e(0))y

A A
+(Ae(v) — Ae(v),e(v) — £(0))n

B </Ooog(8)B€ <h1;rv ST /05 e (hy(T) + v) d7-> ds,e(v) — 6(17)>
- </OOO g(s)Be <h1;r v —e /08 e (hs(7) + ) dT) ds,e(v) — 5(6)>
+/F3 <py <h1 —i—vy) (hl +Uu>> (vy — 3,) da.

Using (c) of (1.10) yields
hl + v hl +v - 1 ~n2
~ - > = — 3.
<G€ ( ) ) Ge ( 3 ) ,e(v) 5(1})>H > )\mgHv ]|

From (c) of (1.9), we have

H

H

(Ae(v) — Ae(0),e(v) — e(0))3 > mallv — V7.

Using inequality of Cauchy-Schwarz, (b) of (1.11) and (G1), we have

- </Ooog(5)Be (hlj D /0S e (hg(1) +v) dT) ds,e(v) — 5(77)>
+<Amﬂ@B€C“;5_eAigkhawﬁy+mdgd&g@y—qm>

—gOLBHv
A

H

H

> — 0y

From (c) of (1.12) , we obtain

hh/ + Uy hlu + ﬁy ~
— | - — > (.

Combining (1.35)-(1.38), we obtain

(To—To,0— WW>(9@ﬂH

=y

(1.35)

(1.36)

(1.37)

(1.38)

It follows from assumption (1.16) that the operator 7 is strongly monotone. The strong mono-
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1.3. Global existence 9

tonicity of 7 implies also the coercivity of 7.
Next, let prove the hemicontinuity of 7. Using Definition A.2, it suffices to prove that

T (v+C¢v) = Tw), Vu,vu €V.

when ¢ — 0.
Letv € Vand A\ > 0, then

(T (v +Cu1), V)vixy — (T (), V)yrxy

= (A, 0y + <G (W) — Ge <h1)\+v> ,5(17)>
H
+(Ae (v + Qui) — Ae (v) ,€(D))n

— </OOO g(s)Be (W — e /OS e (hs(1) + v + Cuy) dT) ds, 5(17)>

o0 hl +v —As s T U
+</0 g(S)Be< e A /0 e (hs(7) + ) dT) d375(”)>H
+/ < (hlu + v, + Cvlu> _p, (hh,)—\i-?}y>> voda (1.39)

It follows from inequality of Cauchy-Schwarz and (A.9) that

H

|C{Av1, 0) a| [CA v | ([0 2

<
< Al d*[villvIIBllv — o, (1.40)

as ¢ — 0. Exploiting inequality of Cauchy-Schwarz and (b) of (1.10), we get
Ge (Mmtoteo) o (mEv) g
A A N

as ¢ — 0. Similar to (1.41) and by using assumption (b) of (1.9) instead of (1.10) , we obtain

<l

< 5 Lellulivloll,

0, (1.41)

[(Ae (v + Cu1) — Ae (v),£(0))3| < [C] Lallvi]lv (0]l — 0, (1.42)

as ¢ — 0. The use of inequality of Cauchy-Schwarz, (G1), (b) of (1.11) give
o hi+v+ Cvl s [ s ~
— /o g(s)Be — ¢ /0 e’ (hs(T) + v+ Cui) dr | ds, e(D)

([ torpe (M5 e [ ) o) s o)

’C’ Lpgo
- A

H

H

[orl[v[[olly =0, (1.43)
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1.4. Exponential stability 10

Applying the inequality of Cauchy-Schwarz and using (b) of (1.12) and (A.6), we have

/ hlu + Uy + Cvll/ i hlu + Uy oda
Ty Pv \ Dv \ v

hll/ + Uy + gvly . hlu + Uy
DPv \ Pv \

< 100 220
L2(T'3)
< gl e
< LG Rl oy o (144)
as ¢ — 0. Therefore, combining (1.40)-(1.44) yields
(T (v+Cu1), D)vrsy — (T (v), V)vrxv| — 0, (1.45)

as ¢ — 0. Thus, the operator 7 : V' — V"’ is hemicontinuous.

We have shown that the operator 7T is coercive, monotone and hemicontinuous which implies
that 7 is both coercive and maximal monotone. Therefore, we deduce that 7 is surjective. Thus,
for every (hy, hy, hs)" € S, we can find v € V satisfying the equation (1.33).

It follows From (1.32) that there exists C'; > 0 such that

34 < C1 (1IRal3g + 10l ) - (1.46)

Then, we obtain that n € M.
As a consequence of the use of (1.30); there exists C; > 0 such that

Ina 3 < Co ([1hall3e + 0l + i3 - (1.47)

Hence, we obtain 7, € M.
At last, we have found U € D(«) which verifies (1.30) and thus .7 + A/ is surjective for some
constant A > 0. This achieves the proof of Theorem 1.1. O

Exponential stability

In the current section, we are concerned with the exponential stability result associated to the
energy solution of contact problem (1.25). Assuming that o is smooth, we are going to establish
technical lemmas to prove our result after defining the energy functional £.

Now, we introduce the following energy functional £

B0 = 31001 = 5 (W@ + 1@l + [ o) InGs. 0l ds) . vreR,.  (148)
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1.4. Exponential stability 11

Lemma 1.1. Assume that (G1) and (1.9)-(1.13) hold and U, € D(<7). Then, the energy functional
defined by (1.48) satisfies for Ay > 0, for all t > 0

+0o0o
E'(t) < —(mA—Kl)IIU’<t)H2v+A1KzIIU<t>H2v+A1Ks/O 9(s) lIn(s, )5, ds

by [ s, O ds + M@ (149)

where

Ky = 4)\ Ky = Lg + g3L% + 14 L2Cy, K3 = go + goL%.

Proof. we differentiate (1.48) with respect to the variable t. Then, by using (1.20); and (1.20)3
and integrating over (2 using formula of Green and boundary conditions, one has

B) = (W @O+ 0 u)y+ [ o)l 0 n(s,0)vds

x
&

b [ ) It 01 ds.

The use of (G1), (1.9) — (1.12), inequalities of Cauchy-Schwarz and Young leads to the estimate
(1.49).

O
Remark 1.2. From (1.49), it is clear that the functional £ is not decreasing in general.
Lemma 1.2. Assume that (G1), (G3) and (1.9)-(1.13) hold and Uy € D(</). Then the functional
Fat) = ('), u®)) g — I F O, (1.50)
satisfies for Ay > 0, forall t > 0
F(t) < (130 [l + Ko [ o) nts, o1 ds + K )}
+ (g = 20) £ (151)
where
Ki= %2 Ky = 3 + &
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1.4. Exponential stability 12

Proof. We differentiate (1.50) with respect to ¢ to get

Fi(t) = e/ @)l + " (1), w(®)) i = 3G [ f ()T — 267 (f(8), F(t))v-

Next, we multiply (1.20); by u(¢) and also integrate over the domain €2 using formula of Green,
boundary conditions and (1.10), we arrive at

A < Wl —<A€(U(ﬂ)af(u(t)»y—mGHU(t)H%/
([ 9Betutt) = n(s.1)ds.cu)) = [ pulu(®)u(t)da
HE) 0l vrer = 3G SO = 2540, SO (152)

By exploiting inequalities of Cauchy-Schwarz and Young and (1.9), we get

(At () a4 ) el
A + el (1.53)

IN

Using inequalities of Cauchy-Schwarz and Young, (1.11) and (G1), we obtain
([ aBe(u(t) = ntt, s =(uit)) < | 7 gs)Be(u(®) = n(s.0ds][le(u(®)ln
Ly [~ 9(5) (lu@llv + (s, Dlv) dsllu®)lv

L%go [
aoLplu(t) [} + =52 [ a() (s, )l ds
Fhallu(t)}- (154)

IN

IN

IA

Exploiting inequalities of Cauchy-Schwarz and Young, we get

(F(#&), u(®))vixy < Kllf( )T+ Xollu(®)[3- (1.55)

Using inequality of Cauchy-Schwarz and (G3), we have

25 £ O vl F ) Nlv

2 (0), f(O))y <
< 2G| £ (1.56)

Inserting (1.53)-(1.56) in (1.52) and using (A.9) and (c) of (1.12), we get

g L2 +o00
Fi(t) < (=1+3X) Ju(®)]ly, + 2)\23 ; g(s) [In(s, )17, ds

s @ +d2> O + (53 = %) IFOIR,
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1.4. Exponential stability 13

where | = mg — goLp and X\ > 0 satisfying —(;e3¢ < — ). O
Lemma 1.3. Assume that (G1) and (1.9)-(1.13) hold and let Uy € D(</). Then the functional
/ Feo
Aoty == (v, [ glnis.nds) (157)
0 H
satisfies for Ay > 0, forall t > 0

+o0o
F3t) < —go I/ () + Koo [/ (@) + Koda [lully + K [ g(s) In(s, )} ds

+o0 9 9
K [ g'(9) In(s DI ds + £ D) (1.58)

where
Ko = L3 + & K7 = L% + L + L2C4, K = 42 + L + Lpgo, Ko = 90

Proof. We differentiate (1.57) with respect to variable ¢. Then, we exploit (1.20); to obtain

o0

Fi(t) = =", [ gns,0dshn = all O + (), [ gl (s, 11ds)a.
We integrate the term (u'(¢), [~ g(s)ns(s, t)ds) y with respect to the variable s and thanks to the
fact that n(0) = 0, lim,, ., g(s) = 0, we find

Falt) =~ (), [ g(s)n(s,t)ds)n = gollw! Ol = (' ®). [~ (5)n(s. 1)ds) .

Replace (1.20); in the above equality, integrating over domain 2 and using formula of Green,
boundary conditions, one has

i) = (A=(0), [ gls)elnls. O)ds)+ (Ge(u(®), [ gls)enls. )ds)
([ gs)Be(ult) = n(s.)ds. [ g(o)=n(s 1)d >
—I—/Fspy(uy /Ooog V(s t)dsda — (f /Ooog n(s, 8)ds) vy
—golla/ Ol = (W @), [~ g (s, ) (159)

By using inequalities of Cauchy-Schwarz and Young, (G1) and (1.9), we see that

(Ae(w 1)), /“°g<s> (n(s: >>ds>

H
<A@ @)l | [ gs)ens, )ds
H
2 go [ 2
< MLAW O + 2= [ gs)Ints. )l ds. (160)

4o
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Similar as (1.60) by using (1.10) instead of (1.9), we get

(Getuit)), /°°g<s> (n(s. >>ds>H
IGeu) e | [ als)enis. s

g e}
== [ g(s)lIn(s, 0)]3-ds. (1.61)
4)\2 0

IN

< MLglu@)ll +
Thanks to inequalities of Cauchy-Schwarz and Young, (G1) and (1.11), it follows that
([ g)Be(ult) ~ nis.0)ds, [~ g(s)elnls. 0)ds )
| a()Be(utt) = n(s, 0)ds| | [~ g(s)en(s, 0)ds
0o # 1l Jo
Ls [~ g@lhete) = (s 0llvds [~ o), 0)lvds

ML} + (L4 Lom) [~ ot l s (1.62)

H

IA

H

IA

IN

Applying inequalities of Cauchy-Schwarz and Young and using (1.12), (G1), (A.6), we obtain

/Fs Pu(uy(t)) (/OOO g(s)ny(sjt)ds> da

(/r3 pz(uu(t))(iCL)é (/FS (/OOO g(S)UV(S,t)ds>2 da>§

g o0
=< A2L§C§HU(75)HZV+T;Q L 9(9)lIn(s, t)lIds. (1.63)

IN

Using inequalities of Cauchy-Schwarz and Young, we get

= (s [T otmts tyds) <Ml O+ 3 [Ta@lnts lds (164)

X

The use of inequalities of Cauchy-Schwarz and Young, (G1) and (A.9) leads to

- (w), /°°g<> (s,)ds)

< t)d
< @l | [ o s, s
0) o0
< l 2 g( ( / 2 )
< Mol Ol = 750 /O g ($)lln(s, t)[[5ds
0)d? [ oo

< 2 / 2 g( ( / 2 ) ) .

< Phllw IR~ T (9@ 0llpds (1.65)
Combining the estimates (1.60)-(1.65), we obtain (1.58). ]

Now, we consider the following Lyapunov functional £
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1.4. Exponential stability 15

L(t) = E(t) + e(NFL(t) + Fa(t)), (1.66)

where N, € are positive constants that will be chosen later.

Theorem 1.2. Assume that (G1)-(G3) and (1.9)-(1.13) hold. Suppose that m is such that

3
mg > r)m + gOLB, (167)

and there exists &y a positive constant independent of m 4 such that
ma > do, (1.68)
thus, for every Uy € D(.a/), there exist positive constants 6, and 6 such that
IU@®% < e, (1.69)

Proof. We differentiate (1.66) with respect to the variable ¢. Then, we use (1.49), (1.51), (1.58) to
obtain forallt > 0

L'(t) = E't)+eNF(t)+ Fs(t))

< <go||u’<t>||%f ; (Na ~3N) — Ak — Kﬂl) ||u<t>||2v)

€

e (K (3 (0= ) = 2e) = B2 [ st ol

1 o,
(0 = ma+ (N + oK) [0 ()1} + (5= k) [ g/(5) s, Ol ds

vk [ gt ks + (e (N (g0 =)+ %) ) 1@ (170)

where K19 = NKj + Kz + K5 (N (Ao — 75) — A2).
Now, using (1.67), we can take )\, such that

1 l
Dy < g < 3 (1.71)
and therefore N large enough such that
N(l — 3)\2) — M K7 > 0,
N 1 N (1.72)
(=)~ >0

From (G2), we get

(5~ ko) [ g nts, Dl ds + eFro [ gfs)lnts, 0lids < (5 = ekn) [ ()t DR ds,
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1.4. Exponential stability 16

where K;; = Kq + %
Inserting the preceding inequality in (1.70), we get

Li(t) = E'(t)+e(NFi(t) + F5(1))

< (@I + (- 33 = raks - ) o)
e (8 (3 (= ) =) = B [ gt s
(K = e N + 2K0) WO + (5= k) [~ g @)lnts, 0l s
+ (e (N (5 = 20) +2) ) IFOIR - (173)

Next, we assume that the constant m 4 satisfies (1.68) if we choose d, such that

KN K K KN K
5o=max{)\l( oV + Ao ls) 2 (KN + A 6>} Ky, (1.74)

N(>\o—$> “ Ay N(1—3X) — MK

By definition of £/, F; and F, and applying inequalities of Cauchy-Schwarz and Young and using
(G1) and (A.9), we have

[ F1(t)] [/ (), ut) g — L F11]
1 ! 2 1 2
S @)% + Sl

maz(1,d*)E(t), (1.75)

IA

IN

and

F0) = ), [ glsnts ds) |

5 (WO + oo [ gl)nts. s
max(1, god®)E(t). (1.76)

IN

IA

Combining (1.66), (1.48), (1.75), (1.76), we get
1£(t) — E(t)] < esE(?), (1.77)
where ¢; is a positive constant given by
53 = Nmaz(1,d?*) + max(1, god?),

Using (1.77), we get
(1 —eg3) E(t) < L(t) < (1+4es3) E(t), (1.78)

then by choosing ¢ < -, we have £ ~ E.
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1.4. Exponential stability 17

Besides, we suppose that \; satisfies

N o= )N =X (M=) N =X N({—3)) — MEKr N(—3\) — Aok
' S3 7 2Kn ’ Kacs ’ 2K K1y 7
(1.79)
From (1.79), it follows that
Al , { 1 1 }
<miny—,— ¢, 1.80
()\0 — i) N — X\ G 2Ky ( )
and K\ 11
2A1 :
<ming—,—¢. 1.81
N (l — 3/\2) — /\2K7 {§3 2K11} ( )
From (1.74), we have
A -K
- L e (1.82)
(Mo— ) N =2 KN+ MKq
and o) %
241 ma — g
< . 1.83
N (l — 3)\2) — )\2K7 K5N + /\2K6 ( )
Therefore, combining (1.80)-(1.83), we can fix e like this
)\1 Kg)\l . { mA—Kl 1 1}
max , < e < nmin , ,—r¢. (1.84
{ (/\0 - 4—/1\2) N—X N({-3)\)— /\2K7} K5N + Mo Kg' 2K11 63 (184)
Consequently, we obtain
1 0o
L) < —eKuB() + (5 = k) | g() (s, 0l ds
where
Ko\ 1 K3\
K12:2m’m (go, N(l—?)/\Q)—/\QK?— 2 1, Kg (N <)\0—> —)\2) — 3 1).
€ 4o €
Using (G1), (1.84) and (1.78), we arrive at
—eK
L) < —=2r). 1.85
(0 < T2 (1.85)
We integrate (1.85) from 0 to ¢, we get
L(t) < L0)e™™ VteR,, (1.86)
where §; = ffel;
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From (1.78) and (1.86), we have

IU®)15 = 2E(t) <

which yields (1.69) with 6, =

2

1—eg3

L) < —2

L(0)e~t
1 —ec3 T 1—eg (0™

L(0). Therefore, the proof of Theorem 1.2 is completed. [
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A DYNAMIC FRICTIONAL CONTACT PROBLEM WITH

NORMAL DAMPED RESPONSE

%he results of this chapter are dedicated to studying global existence and stability of a unique solution
for contact problem with normal damped response and friction. Arguments of nonlinear evolution
equations, operator theory, fixed point and extension procedure are used to show the existence of solution
of the problem with finite memory. Nonlinear semigroup arguments are used to prove the global existence
of mild solution of the problem with infinite memory. The construction of a suitable Lyapunov functional
allows to establish the stability result in the two cases.
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2.1. Frictional contact problem with finite memory 20

yAll Frictional contact problem with finite memory

YNBE Problem statement

Consider the following frictional contact problem with normal damped response and finite
memory

7 = Ae(u) + Ge(w) — [ glt—s)Be (u(9))ds in 9 x (0,00), (1)
pu” = Divo + fo in  Qx (0,00), (2.2)

u=0 on T x(0,00), (2.3)

ov=fy, on Ty x(0,00), (2.4)

—0,=p,(u,) on T3x(0,00), (2.5)

—o, =p;(u)) on T3 x(0,00), (2.6)

u(0) = ug, ' (0) =u; in Q. (2.7)

yAWA Additional assumption

In addition to assumptions (1.9)-(1.15) and (G2)-(G3) defined on Sect. 1.2 , we present the
following additional assumptions

(a) p; : I's x R — R? is a nonlinear contact function;

b) There exists a constant L, such that

|pr (2, 71) — pr (2, 72) || < Ly|lry — ol ,Vri, o € RY, ae. x € T;

c) (pr (z,m1) —pr(z,79)) - (r1 —19) >0 ,Vri,rs € RY ae. x € I;

d) The mapping = + p,(z,r) is Lebesgue measurable on I's, for any r € R?
e) pr(z,r) =0 ifr = Oga, a.e. x € T's.

(2.8)

An example of p; is
Dr = ur
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2.1. Frictional contact problem with finite memory 21

where 1 > 0 denotes the friction’s coefficient.
(G4) The kernel function g : Ry — R, is class C'!, nonincreasing function satisfying

g(0) >0, [:=1— /Ooog(s)ds > 0. (2.9)

The initial data satisfy
up €V, uy € H. (2.10)

The functional j : V' x V — R is defined by

Jj(v,w) :/ py(vy)w,,da—l—/ pr(vr) - weda, Yo, w e V. (2.11)
Fg FB

yAE Global existence

This subsection is dedicated to the global existence result for the problem (2.1)-(2.7).
Supposing that (u, o) are sufficiently smooth, then, by using formula of Green, boundary condi-
tions and also the given constitutive law (2.1), we get the coming variational formulation of the
system (2.1)-(2.7), in terms of displacement field.

Problem Py, Find a displacement v : Ry — V such that

(), whvrxy + (Ae(W/(1)), e(w)n + (Ge(u(t)), e(w))n

/t (t — 5)Be (u () ds, (w))m + 5 (2), )
f ) >V’><V Yw € V VYt > 0 (212)
u(0) = ug, u'(0) = uy. (2.13)

The existence of a local solution to the variational problem (2.12)-(2.13) is established by the
following theorem

Theorem 2.1. Suppose that the assumptions (G4), (1.9)-(1.13),(2.8) and (2.10) hold. Then, the
problem (2.12)-(2.13) has a unique solution u defined on [0, T'] satisfying

u e W0, T;V)NnCH0,T, H), " € L*(0,T; V). (2.14)

Several lemmas are used to prove Theorem 2.1.
Letn € L*(0,T; V") be given. Our starting point is the introduction of the following variational
problem
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2.1. Frictional contact problem with finite memory 22

Problem PV, Find a displacement w,, : [0, 7] — V such that

(uy (£), whvey + (Ae(uy (1)), €(w))ae + (), whyrsy + 5wy (1), w)
<f(t), >V’><V Yw eV, aet e (0 T) (215)
Uy (0) = ug, up,(0) = uy. (2.16)

Lemma 2.1. Assume that assumptions of Theorem 2.1 hold. Then, the problem PV, admits a unique
solution satisfying the regularity (2.14). Moreover, if we denote by u; the solution of problem PV, for
n=mn; € L*(0,T;V"), i = 1,2, then, there exists a constant ¢ > 0 such that

[l (s) = b iyds < e [l (s) = m(s)Rods, e € [0.7) (2.17)

Proof. We define the operator 7 : V' — V' by
(Tv, wyyriy = (Ae(v), e(w))n + j(v,w) Vo,weV. (2.18)
Recalling inequality of Cauchy-Schwarz and exploiting (A.6), (b) of (1.9), (1.12), (2.8), we get
1Tv = Twlly: < (La+ L,C§ + L,C3) v —wlly  Yo,w eV, (2.19)

consequently, the hemicontinuity of 7 : V' — V"’ follows.
Using (c) of (1.9), (1.12) and (2.8), we obtain

(Tv—Tw,v—wyxy > mallv—w|; Yo,weV, (2.20)

then, we deduce that 7 is monotone. Thus, by taking w = 0y in (2.20) and using (e) of (1.9),
(1.12) and (2.8), we arrive at
(Tv, v)vixy = mallv|i (2.21)

From (2.19), we deduce that
I Tollyr < (La+ L,C} + L,CE) [lvllv, VoeV. (2.22)
Thanks to (1.15) and (2.10), we have
f—neL*0,T;V")and u; € H. (2.23)

Having in mind that 7 is monotone, hemicontinuous and employing (2.21)-(2.23), we conclude
from Theorem A.2 the existence of a function v, that it is unique and satisfies

vy € L*(0,T;V)NC(0,T; H), v, € L*(0,T; V'), (2.24)
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vy + Tog+0(t) = f(t) aete(0,T), (2.25)
vy(0) = . (2.26)

Let u, : [0,7] — V be the function given by

t
Uy = /0 vy(8)ds +ug, te€[0,T]. (2.27)

Exploiting (2.18) and (2.24)-(2.27), we conclude that the function w, is a solution of the vari-
ational problem PV, satisfying the regularity (2.14). Because of the uniqueness of v,, the
uniqueness of v, follows.

Let ny,nm, € L*(0,T; V") and denote u; = uy,, v; = vy, = uj i = 1,2.

From (2.15), we obtain

(v] — vy, v — Vo) vy + (Ae(vy) — Ae(v2),e(v1) — €(v9))
+j(v1,v1 — v2) = j(va, v1 — V) + (11 — N2, V1 — Va)vrxy (2.28)
—0, (2.29)

a.e. on (0,7). Lett € [0,7]. Integrating (2.28) with respect to time variable ¢, using initial
conditions v1(0) = v2(0) = u; and using (c) of (1.9), (1.12) and (2.8), one has

ma [ or() = ea()3ds < = [ nls) = mls)on(s) — val)revds.  (2.30)

Making use of Young inequality, we obtain

t
—/ n(s) —na(s),v1(s) — va(s))vrxvds
<@*/Hm )= (s + 2 [ n(s) — eals) s, (231)

Combining (2.30)-(2.31), we get

t 4 t
AHMﬁ—w@%%S&ﬁAHM$—m@%w,

which implies (2.17) with ¢ = 37%

We consider the operator 7 : L* (0,T; V') — L*(0,T; V') defined by
(T(0) W)y = (G (i) <l — ([ 90t~ 9)Belug(s))ds, e, (232)

0

forallw e V, forall ¢t € [0, 7.

Lemma 2.2. The operator J has a unique fixed point n* € L* (0,T;V").
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Proof. Assume that n;, 7, € L*(0,7;V’) and ¢ € [0, T]. We denote u; = u,, fori =1, 2.
It follows from (2.32), (1.10), (1.11) and elementary manipulations that

| {(Tm(t) = Tm(t), wyvixv |
< (Lallua®) = wa®lly + Lo [ ot = 9)lur(s) = wals)lvds ) [l (233)

Having in mind v, (0) = u2(0) = u,, one has
t / !/
[ur (t) = ua (@) < /O [u1 (s) — us(s)l[vds. (2.34)
Exploiting (2.33), (2.34), (G4) and (2.17) we get
t
|Tm(t) = Tna(t)If5 < C/O In1(s) = n2(s)IVds ¥t € [0, T]. (2.35)
Reiterating the inequality (2.35) m times, we obtain

1T m = T el 220wy < ——=llm = mllza 0. (2.36)

By taking m sulfficiently large, 7™ is a contraction on L?(0,T; V). Thus, there exists a unique
n* € L*(0,T; V") satisfying J™n* = n*. Besides, the operator 7 defined in (2.32) has a unique
fixed point n*. O

Now, we turn to prove our Theorem 2.1

Proof. Assume that n* is the fixed point of 7 defined in (2.32) . Let denote
U= (2.37)
And we have
0 (), Wy = (Ge (a(0)) 2wl — ([ glt =) Be (s))ds, @l (238)

We show that u* satisfies (2.12)-(2.13) for ¢t € [0, T).

We write (2.15) for n = n* and using (2.37), (2.38) to get that (2.12) is satisfied for ¢ € (0, 7).
From (2.16), it follows that (2.13) holds. The regularity (2.14) results from Lemma 2.1.

The uniqueness result is proved by employing the fact that the operator 7 has a unique fixed
point. U

Now, we consider the following energy functional

1

B(t) = Sl O + 5 (1= [ o6ds) [ + 50w, w0, (239)
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where

(gou)t) = [ gt = 9)lut) — u(s)|ds.

Lemma 2.3. Assume that (G4), (1.9)-(1.13), (2.8) and (2.10) are satisfied. Then the energy functional
(2.39) satisfies for Ay > 0, forall t > 0

B) < —(ma—K) WO + MElu)l + Mg o))
F5(0 o u)(t) + M7 (240)

where

K =g Ko =L +1+ (1 =021+ LE), Ky = (1 =) (L +1).

Proof. Differentiating the equation (2.39) with respect to time variable ¢, exploiting (2.1)-(2.2),
and we integrate over domain 2, using formula of Green and boundary conditions, it results
that

B = W00 — o0l + (1= [ gls)ds) (0, uvpy

~ [ plu oy yda— [ pe(ul)-utda
HEO v = 59O + (1= [ g(s)ds) w0, uo)
+ [ gl = 900, ut) — us)vds + (' 0 w)0)
From (c) of (1.9), we get
(A=l (1), £ () < —malld O (241)

Using inequalities of Cauchy-Schwarz, Young and (b) of (1.10), we obtain

(Ge(u(t),e(w'(t))n < MLglu®)]} + Z&HU’(UII%- (242)
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Exploiting inequalities of Cauchy-Schwarz and Young, (b) of (1.11) and (G4), we obtain

([ 9tt =) (B (u(s)) - B (u(®) ds. (u' (1))
Ly ([ ot = s1ot = s)lutt) ~ ullvds) + -l @1}

< MR- Dlgout) + oW Ol (2.43)

IN

Recalling inequalities of Cauchy-Schwarz and Young, it results that

(O Ohvrer < NSO+ - WOl (244)

From inequalities of Cauchy-Schwarz and Young and assumption (G4), we get

(1 - /Otg(s)ds) (W' (1), ut)y <M (1+ 1= D) Ju@)lf + 21)\1||u'(t)||%/, (2.45)
and . 1
/0 g(t—8)<u’(t),u(t) —u(s))vds < (1 _l))‘l(gou)(t)+47)\1||u’(t)H%/. (2.46)

The use of inequalities of Cauchy-Schwarz and Young, (b) of (1.11) and (G4) leads to

([ ot = 5)B= ) ds @ ®)) < L= PNlu@lf + - WO 247)
Combining the estimates (2.41)-(2.47), using (c) of (1.12) and (2.8) and (G4), we get (2.40). [
Using continuation principle [66] and techniques found in [32,78], we will show the global

existence under the assumption (G3).
We consider the following modified energy functional

F() = 5 (WO + (1 [ ol)ds) Il + (gow®) + @I ). (248)

Theorem 2.2. Let u(x,t) the weak solution of system (2.1)-(2.7) such that v € WH*(0,7;V) N
C*(0,T, H), assumptions (1.9)-(1.13), (2.8), (2.10), (G4) and (G3) hold. Then, u(x,t) exists globally
in time.

Proof. From (2.39) and (2.48), we get

F(t) = B() + 5l F(0)[} (2.49)
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Differentiating (2.49) with respect to time variable ¢ and exploiting (2.40) and (G4), we arrive at

F'(t) < —(ma— K1) [/ (Ol + MEollu)][} + \Ks(gou)(t)
FMFONT + (@), F ) vy (2.50)

Using the inequality of Cauchy-Schwarz and (G3), it results that
(FO), f@)ve < GllFOI (2.51)

Combining (2.50)-(2.51) and picking \; big enough such that

mA_TAl>07

we arrive at
F'(t) < Ky (Jlu()]13 + (g0 w)(®) + IFB)IF) (2.52)

where K; = max {\ Ko, \1 K3, (1 + A}
Moreover, from (2.48) and (G4), we get

F(t) = K5 ([} + (9 0 u)®) + £ DI (2.53)
where K5 = min {%, é} . Therefore, using (2.52), (2.53), we get
F'(t) < KgF(t), (2.54)
where K¢ = % A simple integration of (2.54) yields
F(t) < F(0)eo. (2.55)

Making use of estimate (2.55) with continuation principle ends the proof. O

Exponential stability

To exhibit the exponential stability of solution, we introduce some technical lemmas needed for
the proof of our main result.
We consider the following Lyapunov functional £

L(t) = E(t) + e(NFi(t) + Fa(t)), (2.56)
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where N, € are positive constants needed to be chosen later and the functionals F; and F; are
respectively given by

Fi(t) = W'@t),ult))y — N fOIF, V=0, (2.57)
Folt) = —<u'(t), /0 gt —s) (u(t)—u(s))ds> Ve o, (2.58)

H

Lemma 2.4. Assume that assumptions (G4), (G3), (1.9)-(1.13), (2.8) and (2.10) are satisfied. Thus,
the functional F, given by (2.57) satisfies for Ay > 0, for all t > 0

Fit) < (=lo+5\) [u®)l} + Kr(gou)(t) + Ks |lu' ()]
+ (g =) 171 (259)

where
(D13 Ly LCE | 13CE |
K7 = by  Kg = 4,\2Jr By + 4ha + d*.

Proof. We differentiate (2.57) with respect to time variable ¢, one has

L) = [l (011 + (), u(t) s — 3G FONF — 2e° (1), f()v.

Multiplying (2.2) by u(t), using (2.1), integrating by parts over domain 2, recalling formula of
Green, boundary conditions and assumption (1.10), the following is immediate

FlO) < @ — (A (©): () = mallu(o)}
+( [ ot =) (Be(u(s)) = Be(u(t)) ds,=(u(®)))
-+</¢gu——@f%m u(®)ds.c(ut) ) = [ pu () (t)de

= [ o (@) e (O + (706D = 36 FD)R
-aéwv@xﬂmw. (2:60)

Applying inequalities of Cauchy-Schwarz and Young and using (1.9), it holds that

(Al (D), eul))n < A () lhlleCu(®))n
LAH(H%+AﬂMﬁ%-

IN

By exploiting again inequalities of Cauchy-Schwarz and Young, taking into account (1.11) and
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(G4), it results that

([ ot = 5) (Be(u(s) = Be(u(e)) ds, (u0)
< B ([ gt 9)luts) ~ ulollvds) -+ rallto)}
(1—1)L%
(-0t

H

< (g ou)(t) + Aollu(®)]3-

It follows from assumption (b) of (1.11) and (G4) that

([ ot = 9)Betu(t)ds. cut) ) < Lot = Dluto)l}

Making use of inequalities of Cauchy-Schwarz and Young, (1.12) and (A.6), we obtain

/ng,,(u’y(t))u,,(t)da < ( Ip. (u yda> (/ o (¢ |da)

< L, Hu( )H<L2(F3) )HU( )H(LQ(F;;))

L2C}
< S+ Al

It follows from inequalities of Cauchy-Schwarz and Young, (2.8) and (A.6) that

(oG tda) (), lurter] “da)

< L (¢ )||(Lz(p3)d)||u( )||(L2(F3))

LiC}
< T @IR + el

IN

/1“3 pr(ul).u-(t)da

Applying inequalities of Cauchy-Schwarz and Young, it holds that

(f(t), u®))vixv < = 4A LF @I + Aallu®)][5-

Using the inequality of Cauchy-Schwarz and taking into account (G3), we obtain

2, O < 269 £ Ol £
< 2, £ (1)
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Substituting the previous seven inequalities into (2.60) and using (A.9), we get

! 2 (1 — Z)LQB
Fi(t) < (=lo+5X) |lu(t)]l; + T, (g ou)(t)
L4 LAcy  LAcy 1
v T d / t 2 ( _ ) 2/
F(g+ BE LB o) ol + (5 - ) 1R
where [y = mg — Lp(1 — ) and the constant 7y > 0 such that —(;e* < —~. O

Lemma 2.5. Assume that (G4), and (1.9)-(1.13), (2.8) and (2.10) are satisfied. Then the functional
F; given by (2.58) satisfies for Ay > 0, forall t > 0

t
B < = [ gls)ds @ + Kade I @ + Kaoks Ju(t)

+K11 (g ou)(t) — Kia(g o u)(t) + Xl ()7 (2.61)
where
Kg= L%+ L2Cy + L2Cy + &%, Ky = L + L3,
" 51-1) (1= g(O)
Ky = i + W +Lp(1—=1),Kp = Dy

Proof. By taking the derivative of (2.58) with respect to time variable ¢, we get

Aty = = (@), [ glt = s)(ult) - u(s))ds)
= (W), [ 9= s)(u(t) — u(s))ds)
— (), /Otg(t S (t)ds) .

H

H

Using (2.1)-(2.2), integrating over domain (2 and recalling the formula of Green, boundary
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conditions, one has

Fyt) = (A= (O), [ g(t = s)(elult)) = eu(s))ds)

=0, [ glt = 9)utt) ~ u(sds)
= (W), [ gt =)t~ u)ds) ~ [ gls)asl @)l 62)
Exploiting inequalities of Cauchy-Schwarz and Young, (G4) and (1.9), we see that

(Acw @), [ gtt = 5)(cCu(t) — =(u(s)ds)

< an el + S o, (2.63)

H

Using again inequalities of Cauchy-Schwarz and Young and taking into account (G4) and (1.10),
we get

(Getu(t), [ gt = s)(etu(t)) ~ e(uls))ds)

< szl + S g 0w, (2.64)

H

Applying inequality of Cauchy-Schwarz, (G4) and (1.11), it results that

([ ot =) (Betuts)) = Betu))ds, [ ot = s)(e(ult)) — =(u(s)))ds)

H
< Lp(l=1)(gou)(t). (2.65)
Recalling inequalities of Cauchy-Schwarz and Young, (G4) and (1.11), we have
([ 9tt = 9)Betu(tds, [ gt~ 5)(c(ult)  (uls))ds )
< nlyluol + S g o) (266)

V)
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Thanks to inequalities of Cauchy-Schwarz and Young, (1.12), (G4) and (A.6), it follows that

/F3 Pu(u,, (1)) (/()tg(t —5) (uy (t) — uy(s)) ds> da

< 2GR + U g o) (267)

The use of inequalities of Cauchy-Schwarz and Young, (2.8), (G4) and (A.6) leads to the following
estimate

/F3 pr(uz(t)) - (/Otg(t = 5) (ur(t) — ur(s)) ds) da

< 22l Ol + L g 0w (268)

The following term is estimated as follows

(1), [ o= @) —ue)) < xali @+ L Dgowm. @69)

V'xV 4)\2

It follows from inequalities of Cauchy-Schwarz and Young, (G4) and (A.9) that

= (w0, [ o= 9) (wle) — uls) ds

H

t
< W@l [ o =9 )~ uls) ds
0 H
/ O d2 /
< @xl O}~ 20T (g o)), (2.70)
2
Substituting the estimates (2.63)-(2.70) in (2.62), we obtain (2.61). O

Lemma 2.6. Assume that assumption (G4) is satisfied. Then, there exist positive constants ¢; and ¢,
such that

Proof. Applying inequalities of Cauchy-Schwarz and Young and (A.9), it holds that

RO = 10, () = O] < 140 0), u(®)g]
< mazx (1, (f) E(t), (2.72)
and
201 = [(v0), [ gt —5) t) - uts)) ds) |
< maz(1, (1 —1)d*)E(t). (2.73)
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Combining (2.39), (2.56), (2.72) and (2.73), we obtain

[£(t) — E(t)] < esE(t),

where
d? 9
= Nmaz | 1, T + max (1, (1=10)d ) > 0.
We notice that if )
€ < -, (2.74)
q3
itholds that £L ~ Ewhere¢ =1 —egzand ¢ = 1 + €3 . O

The following theorem states the exponential stability result.

Theorem 2.3. Assume that (G2)-(G3), (G4) and (1.9)-(1.13), (2.8) and (2.10) hold. Suppose that
me is such that

o
mg > 7+LB(1 —l), (275)
40
and there exists &y a positive constant independent of m 4 satisfying
ma > do, (2.76)

thus, there exist positive constants d, and 0, such that

E(t) < 6,e7% Wt >t (2.77)
Proof. 1t follows from the positivity of ¢ that for every ¢, > 0

to
/ ds>/ s)ds:=go >0, t>to.
A differentiation of (2.56) and use of (2.40), (2.59), (2.61) leads for all ¢t > ¢, to
L'(t) = E'(t)+ e(NF(t) + Fy(t))
Ky
(g IO + (Vo= 330 = dafio = 22 Juco )
1 K3\
( (= 52) =) - ) oy
—ma+e(KsN + X\ Ko)) [lu' ()7

+ (; — 6[(12) (9" ou)(t) + eK13(g o u)(t)

(e (N (% ) + %) ) ISR (2.78)

IN
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where Klg = NK7+K11 +K3 (N (’)/0 ) )\2)
Using (2.75), we can take ), such that

1 lo
o, <A < = (2.79)
and thus N large enough such that
N(ly —5X2) — XKy > 0,
N 1 _— (2.80)
<70 - 4)\2> — Ay > U
The use of (G2) leads to
1 /
(5 = k) (6 o u)(®) + eKis(g 0 )t
1 /
< (5-eKu) (g o u)),
where K14 = K12 + %
Using the above inequality in (2.78), we obtain
Ko\
£ < <QOHU M+ (V0 = 530) = dako = 24 o)
1 K3\
e (5 (v (= ) = %) - ) tounty
+ (K1 —ma+ e(KsN + M Ko)) [u' ()7
1 :
+ (5 = efu) (9 o u)t)
1
+ ()\1 be (N (M - 70) + )\2>> L2 (2.81)
2

Additionally, we assume that the constant m 4 satisfies (2.76) if we choose ¢, in the following

form
KgN K. K. KgN K.
o = max LTSN T Aa) - Fody (KGN + AoKo) L e (2.82)
N (% — &) — Xy N (lo—5X) — XKy
and \; satisfies
)\1 < min (70 4)\2> N — AQ’ (70 4)\2> N — A27
S3 2Ky
N(lg —5A3) — XK1y N(lg —5Xa) — Mo K
(lo 2) 2 107 (lo 2) 2880 (2.83)
Ko 2Ky Ky
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From (2.83), we have
A1 , { 1 1
<min{¢ —, —— (2.84)
(70 — i) N — )Xo G3 2Ky
and o\ 11
241 :
< ming —, —— 2.85
N (10 — 5)\2) — )\gKlo {§3 2Ky ( )
It follows from (2.82) that
A1 ma — Ky
< : (2.86)
(fyo — &) N—)y, KsN+ XKy
and PP K
21 ma — Iy
< : 2.87
N (lo — 5/\2) — /\2K10 KgN + /\QKQ ( )
Therefore, combining (2.74) and (2.84)-(2.87), e can be fixed as
max M KoM
('yo - &) N — Xy N (lp—5X) — MKy
. ma — Kl 1 1
— 2.88
<€<mm{K8N+)\2K9’ o (2.88)
Thus, we get
1
£l(t) S —€K15E(t) + (2 - €K14) (g/ 9 u)(t), Vit 2 to,
where
N(lp — BAg) — MoKy — K22 K3\
K15 = 2min | go, o ) ~ Aol = 7K3<N<’Yo—>—)\2)— 2
1— 90 4o €
Using (G4), (2.88) and (2.71), we get
—eK
L) < ==t 2.89
(1)< T (289)
Integrating (2.89) on [t, t], we arrive at
L(t) < Llto)e 1), vt > g, (2.90)

where §; = ff—elg

Using (2.71) and (2.90), we get

E(1)

IN

IN

Global existence and exponential stability for...

I. Ouakil- Msila University



2.2. Frictional contact problem with infinite memory

36

which yields (2.77) with 6, = ——L(t,)e’ 0.

1—eg3

Frictional contact problem with infinite memory

pANB Problem statement

In this section, we consider the following frictional contact problem with infinite memory and

normal damped response

o = Ae(u') + Ge(u) — /OOO g(s)Be (u(t — 5)) ds
pu” = Divo + [

u=0

ov = fo

—o, = py (u),)

—o, = p-(u})

u(—t) = uo(t)

u'(0) = uy

y¥A Global existence

in
in
on
on
on
on
in

in

Q x (0,00),
Q x (0,00),
Iy x (0,00),
Iy x (0, 00),
I3 x (0,00),
I's x (0, 00),
Q x [0,00),
Q.

(2.91)

(2.92)
(2.93)
(2.94)
(2.95)
(2.96)
(2.97)
(2.98)

Introducing the variable n as in ( [16])

n(x, s, t) =u(z,t) —u(z,t —s),

reN, t,seR,,
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the dynamic contact problem (2.91)-(2.98) takes the following form

pu’ (t) — Dive = f in Qx(0,00),

o= Ae(u) + Ge(u) — /Ooog(s)Bs(u —n(s))ds in Q x (0,00),

N = u — 1 in Q2 x(0,00) x (0,00),
u(z,t) =0 on I'; x (0,00),

n(x,s,t) =0 on I'; x (0,00) x (0,00),
ov = [ on Ty x (0,00), (2.99)
-0, =p, (u)) on I3 x (0,00),

—o, = p-(u)) on T3 x (0,00),

u(—t) = up(t) in Qx[0,00),

uw'(0) = wy in Q,

n(s,0) = up(0) — ug(s) = no(s) for s € (0,00).

Assuming that the function o is smooth (say oeC! (ﬁ; Sd>>, thus, the system (2.99) is viewed
as

{ Ui(t) + 2/ U(t) = F(t), Vt>0, (2.100)

U(O> = UO - (u07 U, 770)T7
where the operator </ : D(&/) C A —  , the domain D(</) and the mapping F'(t) are
correspondingly given by

gl v | = —%Div(As(v) + Ge(u)) + %Div(fooo g(s)Be(u —n(s))ds |, (2.101)
n Ns —

(u,0,m)" € H; vEV; 0y € M;
D(A) = v =rhonly , (2.102)
—0y = Dv (Uu) on F3;

—0r = p‘r(v‘r) on FS

where
=V x Hx M, (2.103)
and
0
F()=| 28 . (2.104)
0

The following theorem ensures the main of the current section

Theorem 2.4. Under the assumptions (G1), (1.9)-(1.12) and (2.8), for any initial datum
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Uy € D()and F € L*(Ry; H), there exists a unique mild solution U of the system (2.100) satisfying

U e CRy; ), (2.105)

Proof. To prove Theorem 2.4, we need to show the m-accretivity of the operator &7 + w,, I for
some w, > 0.

First, we prove the accretivity of the operator &/ + w./ I for some w, > 0.

Let U; = (uj,v;,m;) € D(), i =1, 2. Then, we obtain

(A +wa D) Uy = (A +wy D) Us, Uy = Us) sy = —(v1 —v2,u1 — Ug)v
1
— <pDZU (AE(U1) — AE(UQ)) , U1 — U2>

H

_ <; Div (Ge(ur) — Ge(uz)) , v1 — “2>H

+ </1)Dz'v /OOO g(s)Be(ur —m(s))ds, vi — UQ>

H
1 o]

- <Div/ g(s)Be(ug — n2(s))ds, vy — v2>
p 0

—(=n1s + M2s + V1 — V2, M1 — N2) M

Fwy (Ur — Up, Uy — Us) .

H

Using the formula of Green and boundary conditions, one has

(o +way ) Uy — (A +wy D) Us, Uy —Us) sy = —(v1 — g, u; — Ug)y
+(Ae(v1) — Ae(v2),e(v1) — e(v2))n
+{(Ge(u1) — Ge(ug),e(v1) — e(va) ) x4

- </ooo 9(s)Be (uz = n2(s)) ds, e(v1) — 5(”2)>
+ (v (V1) = P (V) (V1 — v20) da

+/1“3 (pr(vir) — (pr(v2r)) + (Vir — v2;) da
1 foo

5 g'(s)llm(s) —na(s)[5ds
—<U1 — V2,11 — 772>M
+w (Ur — Us, Uy — Us) spe

H

H

Also using inequalities of Cauchy- Schwarz and Young, (G1), (b) of (1.10) and (1.11), (c) of(
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1.9), (1.12) and (2.8), we have

5
((ﬂ—i—wﬂf) U1 — (rﬁzf—i‘wpff) UQ,UI — U2>;g) Z — <45 —mA) ||U1 _U2||%/
—0, (14 L& + G313 llur — walf}

=5, (Lo +90) [ 9(s)Im(s) = ma(s)lIpds
+wul|Us — Us| %
Then, by picking 4. > ;>—, we get
<(ﬂ —i—w%[) U1 — (%—FUJ%I) UQ,Ul - U2>,f > (WM — L) HUl — UQHif,

where L = max (0, (1 + L& + g5 L%), 6. (L%g0 + go))- So, the operator & + w,, I is accretive if
Wy > L.

Second, let establish the surjectivity of the operator <7 + A\I for some constant A > 0.

Let (hy, hy, hs)" € #, we need to show the existence of U = (u,v,n)" € D (<) such that

A+ &) (u,0,m)" = (ha, hay hy) ",
this last can be read as
A —v= h
AU — ;Div (Ge(u) + Ae(v)) + ;Div </Ooo g(s)Be (u —n(s)) ds) = hy (2.106)
A +ns—v= hs.

Suppose that v is found in V. Then, using (2.106);, we get

w2ty (2.107)
A
hence,
uelV.
Next, (2.106); with (0) = 0 admits the following unique solution
n(s)=e™ / " (hy(r) +v)dr, s € R, (2.108)
0

Global existence and exponential stability for... L. Ouakil- Msila University



2.2. Frictional contact problem with infinite memory 40

Note that (2.106) is equivalent to

o — 2 Di <Gs <h1; U) + Aa(v))

p

—i—;Div (/OOO g(s)Be (hl)_\{— Ve /OS e (ha(7) +v) d7'> ds)
— hy. (2.109)

We define the operator 7 : V' — V' by

(T(),v)vixv = (Av,v)g + <G€ (hlj U) + As(v),s(v)>
H

o0 h1+?) —As y T
—</0 g(s)Bs< S A /0 et (h3(7)+v)d7> dsvf(”)>H

—I—/ p,,(v,,)vl,da—i—/ pr(vr) - vrda — | fovda. (2.110)
Is T's I»

We exhibit that the mapping 7 : V' — V' is surjective. It follows from Corollary A.1 that we
must prove that the operator 7 is coercive and maximal monotone.

Using Theorem A.1, we prove that 7 : V' — V"’ is maximal monotone by verifying that 7 is both
monotone and hemicontinuous.

In order to demonstrate the monotonicity of the operator 7, let v, ¥ € V. Then, we have

(Tv—To,0— Dy — <AU—A@,U—5>H+<G5<M;“)—G5<h1;5>,g(v)—g@)>H

+(Ae(v) — Ae(D), 2(v) — £(0))
- </O°° g(s)Be (f“; Ve /0 A (ha(1) + ) czT> ds, e(v) — e(ﬁ)>

+ </0009(S)Be (hljﬁ —e /Os e (hg(1) +70) dT) ds, e(v) — 5(5)>

* /1“3 (pv(v0) = pu(W0)) (v — ) da

+ /Fg (pr(vr) - pT(a’I’)) ) (UT - 57) da.

H

H

From (c) of (1.12) , we have

[ (o) = pufB)) (0 = B) da > 0, (2111)

and from (c) of (2.8), we get

S o) = po(@)) - (v~ ) da 2 0, (2112)

3
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Applying the same arguments as in (1.35)-(1.37) and using (2.111)-(2.112), we get

_ _ ma — golL _
(To—=Tv,v—V)yxy > (G )\go B) lv — ][5

It follows from assumption (1.16) that the operator 7 is strongly monotone. The strong mono-
tonicity of 7 implies also the coercivity of 7.
Next, let prove the hemicontinuity of 7. Using Definition A.2, it suffices to prove that

T (v+Cv) = T(v), Yu,u €V.

when ¢ — 0.
Letv € V and \ > 0, then

<T(U + Cvl) 7g>V'><V - <T(U>76>V’><V
_ hy + v+ Cvy hi+wv _
- <<Av1,v>H+<Gs <A> —Ge( A >,e<v>>H

+(Ae (v + Cvy) — Ae (v),e(0))n
— </OOO g(s)Be (W —e /OS e (hs(1) + v + Cuy) dT) ds, 5(17)>

o0 h1+U —)\s s T "l
+</0 g(S)Be< ¢ A /0 et (h3(7)+v)d7> dS,&(U)>H

+/FS (pv (v + Qo) — pu (vy)) Vyda + /FS (pr (vr + Cv1p) — pr(vy)) -Urda.  (2.113)

H

Applying again inequality of Cauchy-Schwarz and using (b) of (1.12) and (A.6), one has

’/F (pv (vy + Cui) = pu (V) vuda| < ||p, (v, + (1) — po (V) HLQ(Fs)HﬁVHLQ(Fs)
3

< Ly ¢l lvall ey 2191 2 ey e
< LG I¢] v llv[Iolly — 0. (2.114)

as ¢ — 0. From Cauchy-Schwarz’s inequality, (b) of (2.8) and (A.6), we have

‘/Fd (pr (vs + Co1r) — pr (v))) - Trda

S ”pT (UT + Cvl'r) — DPr (UT)) ||L2(F3)dHET”L2(F3)d
< L:C§ [¢] onllv[[B]lv — O, (2.115)

as ¢ — 0. Therefore, by applying similar procedure of (1.40)-(1.43) and exploiting (2.114)-
(2.115), it holds that
’<T(U+<U1)7Q’7>V’XV — <T(U),17>Vxxv| — 0, (2116)

as ( — 0. As adeduction, 7 : V — V' is hemicontinuous.
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We have proved that 7 is coercive, monotone and hemicontinuous and so 7 is coercive and
maximal monotone. Thus, the surjectivity of the operator 7 follows. Therefore, for every
(h1, ho, hs)" € #, we can find v € V satisfying the equation (2.109).

Similar procedure as in (1.46) and (1.47), we get

(n,ms) € M x M

Therefore U = (u,v,1)" € D(</) and thus &7 + I is surjective operator for some positive \. . It
results from Theorem A.3 and F' € L*(R,; ) that there exists a unique mild solution U with
regularity (2.105) satisfying the system (2.100) which completes the proof of Theorem 2.4. [

Exponential stability

In the current subsection, assuming that the function ¢ is smooth, we expose some technical
lemmas to exhibit our main results. Then, we establish our main exponential stability result.
Now, we set the energy functional £

B = IO = 5 (IOl + @+ [ o) s, 0l ds), veeR,.  @117)

Lemma 2.7. Assume that (G1), (1.9)-(1.13) and (2.8) hold and U, € D(<f). Then, the energy
functional defined by (2.117) satisfies for \y > 0, forall t > 0

B) £ = Oma—K) WO + Ml + Mo [ g(s) In(s)} s

b [ 6 ) ds + MO (2.118)

where

Ky =53 DY I = LG+90LQB+1 K3—90+90LB

Proof. Differentiating the energy functional (2.117) with respect to time variable ¢. Then, using
(2.99); and (2.99)3, integrating over domain €2, using formula of Green and boundary conditions,

Global existence and exponential stability for... L. Ouakil- Msila University



2.2. Frictional contact problem with infinite memory 43

it results
400
E(t) = ("), w/ () + {u v [ g s 1)l )vds
= (A (1)), (0 () — (Gt e )+ { [ 9()Be (ult) = n(s, 1)) ds. (1))
= [ ol @) (00da~ [ po (Ol (Oda+ (F0.0 Oy + 0 (1), u(®)y
+ [T g 0,5, 0hvds + 5 [ () Ints, 01 ds.

Using (G1), (1.9) - (1.12), (2.8), inequalities of Cauchy-Schwarz and Young, we get (2.118).
O

Remark 2.1. From (2.118), we note that the functional E is not decreasing in general.

We start by establishing several lemmas to prove our primary result.

Lemma 2.8. Assume that (G1), (G3), (1.9)-(1.13) and (2.8) hold and U, € D(</). Then the functional

Fat) = (' (1), u(®)) g — | F O, (2.119)

satisfies for Ao > 0, forall t > 0

Fi(0) < (<453 @+ Ko [ 9 s ds+ K I @1+ (531 = %) 17001
(2.120)

where

_90LB % LO{)‘ o 2
Ky = 4/\27K5 4/\2"' 4N, + 4/\ + d*.

Proof. Differentiating (2.119) with respect to ¢, one has

Fi(t) = w05 + (W' (t), ult)) m = 3Ge™ [ f @I — 2™ (F(t), £())v-

After that, we multiply (2.99); by u(t), integrating over domain (2, using formula of Green,
boundary conditions and (1.10), we arrive at

Fi) < WO — (A @), =u®)n —malu®lff + [ gls)Be(u(t) = ns, 0)ds,e(u(t)) )
[ potu = JL O (O)da+ (F(0), ult)vrey =36 IO}
2e3<”<f (t), f(t)>w- (2:121)

H
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Thanks to inequalities of Cauchy-Schwarz and Young, (1.12) and (A.6), it follows that

[ ptd @ (oda < (/ Ipo (1 yda> (/Fa|uy(t)|zda)2
< L, ||u( )||(L2(F3)d)||u(t>H(L2(1"3))d
< By 4 . (2.122)

4o

Recalling inequalities of Cauchy-Schwarz and Young, (2.8) and (A.6), one has

[ rotipsda < ([ notiopPaa)” ([ usioaa)
< Lot >H<L2 ) () e
< RO + (o)} (2123)

Applying the same arguments of (1.53)—(1.56) , using (A.9), (2.122) and (2.123), we get

2 gOLQB
Fit) < (=14 5X) lu@)]ly + Dy

L2 L,%Cg LQC4 ) / 2 2
<4A2+ ot +d Hu(t)\|v+<4)\—>\o) LN

where | = m¢g — goLp and the constant \g > 0 is such that —(; e3¢ < — ). O

+o0o 9
[ 9(s) In(s. DI ds

Lemma 2.9. Assume that (G1), (1.9)-(1.13) and (2.8) hold and U, € D(</). Then, the functional

Folt) = — <u'(t), /0 o g(s)n(s,t)ds> , (2.124)

H
satisfies for Ay > 0, forall t > 0
+oo
Folt) < —go I/ (0)ll7 + Kode [0/ (D)l + Kede [u(®)]5 + Ks/O 9(s) In(s. t)II5, ds

Ko [ ) Ints 0 ds + el SO (2125)

where

3 2
Ko = L34 + L2C3 + L2C{ + &2 Ky = L + L3, Ks = 22 + & 4 Lpgo, Ky = £DE.

Proof. The Differentiation of (2.124) with respect to the variable ¢ and the use of (2.99); lead to

Fy(t) == ('O, [ glomlsds) = goll @ + ('), [~ glm(s.0)ds)

Integrating with respect to the variable s the term (u/(t), [y~ g(s)ns(s,t)ds) ; and using n(0) =

H
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0, lims 1 g(s) =0, we find

o

Fy(t) == (a0, [ glonts 0ds) = golla ) = {w(0) [ o (s)nts,t)ds)

H

Exploiting (2.99);, integrating over domain 2 and using formula of Green, boundary conditions,
one obtains

Fi(t) = (A ®). [ oetnis.0)ds) +(G=(ult)), [~ gls)etnis. )ds)
([ 9Be(u(t) = ns,0)ds. [ a(s)en(s,)ds)
[ ) [ gmals Odsda+ [ pi(®) [ gs)n, (s dsda
= (50, [ atn(s.ds) = gl @)1

— (1), /O ¢ (s)n(s, )ds) 1. (2.126)

H

Applying inequalities of Cauchy-Schwarz and Young and using (1.12), (G1), (A.6), we obtain

/1“3 pu(u, (1)) (/0009(3)77”(3’ t)ds) da < (/Fd p?,(ui,(t))da)é (/Fg (/OOO g(s)n, (s, t)ds>2 da)é

g o0
< A2LZC“§IIU’(75)II2V+& - 9(@)ln(s llvds. (2127)

Recalling inequalities of Cauchy-Schwarz and Young and using (1.12), (G1), (A.6), we obtain

[ et ([ atomets.tias)da < ([ sreionaa) ([ ([ atsimts.ras) da)é

g o0
< AszCS*HU’(t)H?/Jrf;Z 9@t llvds.  (2.128)

Combining the estimates (1.60)-(1.62), (1.64)-(1.65) and (2.127)-(2.128), we obtain (2.125). [
We consider a Lyapunov functional £

L(t) = E(t) + e(NFi(t) + Fa(t)), (2.129)

where N, € are positive constants that will be chosen later.

Lemma 2.10. Assume that (G1) hold, there exist two positive constants ¢, and ¢, such that

GE(t) < L(t) < QE(1). (2.130)
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Proof. Using inequalities of Cauchy-Schwarz and Young and (A.9), we have

A = 10000, 0}y — @
) + 5 o)y

maz(1,d*)E(t), (2.131)

IA

IN

and

R0l = (o). [T gsmtsnds) |

5 (WO + o [ gl)nts. s
< maz(1, god*)E(t). (2.132)

IN

Combining (2.129), (2.117), (2.131) and (2.132), we get
[£(t) = E(t)] < esE(),
where the constant ¢3 > 0 is such that
53 = Nmaz(1,d?*) + max(1, god?®),
then by choosing

€< —, (2.133)
<3

we have £ ~ E. [
Theorem 2.5. Assume that (G1)-(G3), (1.9)-(1.13) and (2.8) hold . Suppose that m is such that

5
mg > o + goL g, (2.134)

and there exists dy a positive constant independant of m 4 satisfying
ma > 6, (2.135)

thus, for every Uy € D(<f), there exist positive constants §; and 0o such that

U012 < Gpet. (2.136)
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Proof. Combining (2.118), (2.120) and (2.125), we have for all ¢ > 0
L'(t) = E'(t)+e(NF(t)+ Fy(t))

e (sl O + (300530 < 2ars = ) o

€

(6 (3 (0= 1) ) = K2 [T satenlas)

!/ ]' o /
(0= mat e (KsN + 2aK)) [ (O + (5 = Ka) [ o/(5) (s 1) s

+eKyp /0°° a(s)lIn(s, ) [12ds + ()\1 te (N (412 - )\0) + AQ)) LFO12, (2137

IN

where Kig = NKy + Ks + K3 (N (ho — 75) = Xa).
Using (2.134), we can pick the constant A\, such that

1 l
— - 2.1
I <Ay < 5 (2.138)

and therefore N large enough such that
N(l — 5)\2) — )\2K7 > 0,

] 2139
N(AO—%)—A2>O. (2.139)

Using (G2), we obtain

(5 ko) [~ g6 nts, 0l ds + ko [~ gls)lints, s < (5 = k) [~ g lnts. )l ds.
(2.140)

where K;; = Kq + %

Inserting (2.140) in (2.137), we get

L) < - (90”“’@)”%14'(N(l—5>\2)—>\2K7—K2)\1>||U(t)||%/>

€

(16 (3 (0= 1) ) = K2 [T st as)

1 o]
(K= ma+ el KsN + oK) [WOIF + (5 = ek ) [~ o (5)nts. ) ds

4 </\1 be (N (412 _ )\0> 4 >\2>) TOnS (2.141)

Afterward, we assume that the constant m 4 satisfies (2.135) if we choose J, such that

KsN K, K. KsN K,
50 — max { )\1 ( 5 + )\2 6) 2)\1 ( 5 + )\2 6) } + K]_, (2.142)

N(%—&) — Ny N(I—4X) — MK7
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and )\, satisfies

1

)\1<min{(>\o_“2>N_/\2 <)\0_$)N_>‘2 N(l—=5X) — K7 N(I—5 ) — MKy

S3 ’ 2K 7 K>3 ’ 2Ky K1
(2.143)
From (2.143), we have
A . 1 1
< min {, } : (2.144)
()\0 — &) N — )\ 2K11 3
and
Ko\ , 1 1
—. 2.145
N (1= 5X) — Aokr <mm{2Ku’<3} (2149)
Using (2.142), we get
Al < Mma= ki (2.146)
(Ao—i)N—AQ KsN + XK' '
and o) %
271 ma — R
: 2.147
NU=5h) — AKr ~ KN + MKg (2.147)
Combining (2.144)-(2.147) and (2.133) , we can fix € in this way
)\1 KQ)\l . { ma — Kl 1 1 }
max , < e < min , ,— . (2.148
{ ()\0 — i) N =X N(—5X\)— )\2[(7} KsN + MKe 2K11 <3 ( )
Therefore, we arrive at
1 00
L) < —eknE®) + (5 - cku) [~ g nts 0l ds,
where
Ko\ 1 K3\
Kuo = 2min [ go, N(I = 5X) — MoKy — 2220 [, (N ()\0— ) —)\2> _ s
€ 4o €
From (G1),(2.148) and (2.130), we get
—eKK
L)< —=2re). 2.149
0 < T2 (2149)
Integrating (2.149) over (0, ¢), we obtain
L(t) < L(0)e™™, VteR,, (2.150)

where §; = ff—elé

From (2.130) and (2.150), we have
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49
IU®)% = 2E(t)
2
<
=7- €§3£(t
2
< —01t
<7C e§3£<0
which yields (2.136) with §; = ;=-L(0). O
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A DYNAMIC CONTACT PROBLEM WITH ADHESION

L@he fundamental objective of this chapter is to study the global existence of a solution for a dynamic
contact problem with normal compliance and adhesion and establish its exponential decay. The
nonlinear semigroup theory is used to show the existence of solution and the exponential decay is
investigated by setting a suitable Lyapunov functional.
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3.1. Problem statement 51

KNEB Problem statement

First, we state a model for nonlinear dynamic contact problem where the contact is assumed
to be adhesive and modeled with normal compliance. Then, assumptions on problem data are

listed. Consider the following nonlinear adhesive contact problem with normal compliance

o = Ae(u) + Ge(u) — [ gls)Be (u(t = s))ds in 2 (0,00) (3.1)
pu” = Divo + fo in QX (0,00), (3.2)

u=0 in T x (0,00), (3.3)

ov=fy, in Ty x(0,00), (3.4)

—0, =p, (u,) — WP R, (u,) in T3 x (0,00), (3.5)

—0; =p-(f)R-(u;) in Tz x (0,00), (3.6)

B =~ (8 (w(Ro(w))® + 7l Rr(ur)]|?) = ga)+ in T3 x (0,00), (3.7)
B0)=f in Ty, (38)

u(—t) =up(t) in € x[0,00), (3.9)

w'(0)=wu; in Q. (3.10)

Here, the internal surface J is governed by the differential equation (3.7) combined with initial

condition(3.8) where R, : R — R, is the following truncation operator

L ifs < —L,

R,(s)=% —s if —L<s<0, (3.11)
0 if s >0,
and R, : R? — R? is the truncation operator that follows
v it ol <L
(v) = 12
B (v) { Lew i ol > L. (3.12)

L > 0 denotes the specific length of the bond.

Remark 3.1. The two operators R, and R, are Lipschitz continuous where the Lipschitz constants

are denoted by Ly, and Ly, respectively.

Using the variable n defined by Dafermos in [16], we get

n(x, s, t) =u(r,t) —u(z,t —s), ze€Q, t, seR,.
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Note that
nt<‘r7 5, t) = U/(.I,t) - UI(JI,t - S) and 7]5(137 Svt) = Ul(l’,t - S)u

thus
77t(5177 S, t) + 778(3:7 S, t) = ul(xv t)

Then, the system (3.1)-(3.10) becomes

pu” — Dive = f in Qx(0,00),

o= As(u) 4+ Ge(u) — [57 g(s)Be(u —n(s))ds in Q x (0,00),

e = u' — ng in Qx(0,00) x (0,00),
8= — (B (w(R(w))? + | R (ur)]]?) —€4), on Ty x (0,00),
u=mn(s)=0 on I'y x (0,00) x (0,00),
ov = [y on T’y x (0,00),

—0, =p, (u,) — B3R, (u,) on I3 x (0,00), (3.13)
—o, = p(B)R-(u,) in I's x (0, 00),

u(—t) = up(t) in Qx[0,00),

u'(0) = uy in  Q,

B(0) = By on I,

n(s,0) = up(0) — ug(s) = no(s) for s € (0,00).

A Additional assumptions

In addition to assumptions (1.9)-(1.15), (G1)-(G3) defined on Sect. 1.2, we present the following
additional assumptions

(a)pT:F3 XR%R—F;
(b) There exists a constant L, > 0 such that
| pr (2,81) = pr (2,B2) [S Ly [ B1 = Ba | ,VB1, 52 ER, ace. v € T;

3.14
() (pr(z,B1) —pr (2,52)) (B1 — B2) 20 ,VB1, 52 €R, ae. v € I's; ( )
(d) The mapping x — p,(x, 3) is Lebesgue measurable on I's, for any /5 € R;
(e) pr(x,5)=0 if5=0, ae xels.
We assume that the adhesion’s coefficients v, , v, and the bound limit ¢, satisfy
Yoy Vry €a € LZ(T3), Y, Vry €a >0 in . (3.15)
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Global existence

This section is devoted to the existence and uniqueness of a global solution of system (3.1)-(3.10).
We denote by U = (u,v,n, 8 )T with v = v/ and we assume that ¢ is a smooth function
(say oeC! (ﬁ; Sd)>, let consider the following Hilbert space

H =V x Hx M x L*(T3). (3.16)
The Hilbert space /7, defined before, is equipped with an inner product as follows
(U, U = {u @y + (0, 0) i + (0, ) a + (B, B z2(ra), (3.17)

for every U = (u,v,n, B)T and U = (ﬂ, 0,1, B)T in 7.
The system (3.13) can be rewritten as

U(t) + FU(t) = F(t), Vt>0,
T (3.18)
U<O> - UO - (u();ulanOJBO) ’
where the operator .« : D(&/) C # — 7 and the domain D(.%/) are given by
u —v
_1p; 1N o0 .
71 v = sDiv(Ae(v) + Ge(u)) + ;Div(fg~ g(s)Be(u — n(s))ds) ’ (3.19)
n Ns —V
p (B (W (B (un))® + 7ol Br (ur)[I?) — €a)
and
(w,0,m,8)" € A5 veV; n, € M;
oV = f2 on FQ,
D(%> = —0y = Dv (uu) - ’YV/62RV(UV) on F3; ) (320)
—0r = pT(ﬁ)RT(UT) on Fg,
0<p<1
the function F'(¢) is given by
0
fo®)
F(t) = P
0=,
0
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Our main existence result is the following

Theorem 3.1. Under the assumptions (G1),(1.9)-(1.12), (3.14) (3.15) and for any initial datum
Uy € D()and F € L*(Ry; ), there exists a unique mild solution U of the system (3.18) satisfying

UeCR;H). (3.21)

Proof. To prove Theorem 3.1, we need to exhibit that the operator .27 4w, I is m-accretive for some

we > 0. It follows from Theorem A.3, Uy € D(«/) C D(«/) and the regularity F' € L'(R,; )
that there exists a unique mild solution U of system (3.18) satisfying the regularity (3.21).
The operator & + w,, [ is accretive for some w,, > 0, that is,

<(e@7 +OJ,Q{I) U1 — (ﬂ—f—waI) UQ,Ul — UQ)Jy) Z 0, fOI' all Ul, U2 S D(%)

Let U; = (u;, vi, mi, 51-)T € D(7) ,i = 1,2. By using the inner product (3.17), we get

<(£f +CUEQ/I) U1 — (@{—FWQ{I) UQ, U1 — U2>;;ﬂ

= —(v1 — Vg, Uy — Ug)y

1
— <pr (Ae(vy) — Ae(vg)) v — U2>H

- <;Dw (Ge(uy) — Ge(ua)) vy — v2>

H

+ <1Dw [ 9(9)Betn = m(s))ds, v — U2>

P H

— <;Div /Ooog(s)Bs(UQ —n2(s))ds, vy — U2>

<771s — M2s,Th — 772>/v1
(

—\V1 — V2, — 772>M

+ <<61 <7V(Rv<ulu)>2 + ’YT||RT<U1T)H2) - 5a)+ 761 - ﬁ2>

- <(ﬁ2 (7V<RV(U2V>>2 + ’}/THRT(UQT)H2> - €a>+ 761 - ﬁ2>
+wa<U1 — UQ, U1 — U2>jf

H
+

L2(T3)

L2(T3)

We apply Green’s formula and use boundary conditions. Then, we integrate the term (7, —
Nas, M — M2) m With respect to s and use 7(0) = 0, lim,_,; g(s) = 0 to get
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((%+w&¢]) U1 (ﬂf—f‘wg{]) UQ,Ul U2>jf
= —(v1 —vg, w1 —ug)y
+(Ae(vr) — Ae(va), e(v1) — €(v2))y,
+(Ge(ur) — Ge(ug), (v1) — £(v2))y
< ; g(s)Be(uy — n1(s))ds,e(vy) — 5(v2)>H
([ a6)Bea = mas))ds, () = e(o2))
+ /1_‘3 (pl/ (ulu) P)/l/ﬁl V(ulu)) (Ulu - UQV) da
_/ (py (UQV) ’71//622 (UQV)) (Uly UQV) da
I's
+A pT(/Bl)RT(ulT) - p7(52>RT(u27)> : (UIT - UQT) da
L oo ! 2
=3 | I @lms) = m() ds = (0 = va,m = e
0
2 2
(81 (AR + el Re(wr)IP) = 2a) 31— ﬁ2>m)
2 2
- <(52 ( V(RV(UQV)) + 7T|’RT(U27')H ) - Ea)+ aﬂl - 62>L2(F3)
W (Ur — Uz, Uy — Us) e
Thanks to the inequalities of Cauchy-Schwarz and Young, we obtain
1 2 2
—<’U1 — Vg, U7 —U2>V Z _46 —U2||V—5*||U1 _u2||v. (322)
The use of (1.9) leads to
(Ae(v1) — Ae(va),e(v1) — €(v2))4, > mallvr — val[}. (3.23)
It follows from (1.10), inequalities of Cauchy-Schwarz and Young that
(Ge(ur) — Ge(uz),e(v1) —e(va))y = — Hv1 valfyy — 0. L[ Jur — ualfy. (3.24)

46,4

Applying the inequalities of Cauchy-Schwarz and Young, using (1.11) and (G1), we obtain
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o0

([ gts)Be(ur = m(s))ds — [~ gls)Be(ua = mls))ds, £(vr) — =(cz) )
400 +00
> ~Lo [ g(s)llus — wallvdslivr = vally = Le [ g(s)lm(s) = ma(s) lvdslos — eally

1 +oo
> Y o1 — vally — 8 L5 llur — ually — 6*L%QOA 9(s)Im(s) — ma(s) |3 ds. (3.25)

H

Using inequalities of Cauchy-Schwarz and Young, (1.12) and (A.6), we obtain

/F (py (ull/) — Dv (UQV)) (UIV - 1)21,) da 2 _LVHUIV - u2y||L2(F3)||Ulu - UQI/||L2(F3)
3
1

> 6, L2CH — 2 _
= v o||U1 U2||v 19,

||1)1 _’UQH%/. (326)

Exploiting the inequalities of Cauchy-Schwarz and Young and using (3.15), 5; < 1,i = 1,2, the
Lipschitz continuity of R, and (A.6), we get

_/F Tv (5%RV(U1V) - 622R1/<U21,)) (Ulu — 2}2V> da
> —lwllzems /F3 ((87 = 53) Ru(uny) + B3 (Ro(ury) — Ru(us,))) (1, — v3,) da

> =2L|y Lo (rs) /F (1 — B2) (v1, — va) da — L, || 70| Lo (ry) /rs (U1, — u2y) (V1, — vy, da
3

1
= Y o1 — UZH%/ - 45*”’%”%%@3)03[/2”51 - 52”%2@3)
0]l F e 0y L, Colln — w2 (3.27)

It follows from the inequalities of Cauchy-Schwarz and Young, (3.14), (A.6), the Lipschitz
continuity of the operators R, and || R.| < L that

S o (BB (1) = pr(Ba) Bez)) - (01 = v27) da
> =l (p-(B1) = p-(B2)) Ri(urr) — pr(Ba) (Rr(u2r) — Rr (uir)) |2 ryyel|vir — varl| L2y

1
> —0.C3LP L2 By — BallTary) — o5 1o = val[t = LIL% Collur — uall3. (3.28)

Applying the inequalities of Cauchy-Schwarz and Young and (G1) leads to

+oo
(o= v, m = mm = —Hvl—vzl\v/O 9(s)llm(s) = ma(s)llvds

1 oo
> — o=l =g [ gG)ms) - me)Eds. (3:29)

The use of (A.12), 31 = 51 — B2 + P2, inequalities of Cauchy-Schwarz and Young, the Lipschitz
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continuity of the operators R, and R, (3.15), (A.6), | R, |< L,||R.|| < Land §; < 1, we get

(81 (3ol Buwnn))? + 3 Rewsr) ) = <a) 61— Be)

L2(T3)
- <(/32 (3 (Ro(u2))” + 7| B (uzr)|?) = 2a) 1 = 62>

> =L (Iwllzcs) + 1ellem) 181 = Ball3aqr)

~ I ((Ro (1)) = (R (u2))*) + 3 (IR (s )I* = (1R (w0 ) N2y 181 = Ball 2

— (22 (Il + Inellirn) + 55 ) 181 = Bolley

~48.2°C3 (I By Ly + 1 3y L, ) s — ol (3.30)

L2(T3)

v

Combining the estimations (3.22)-(3.30), we obtain

5
( + @) Ur = (o +w D) U Ur = Uhoe 2 (ma— o

*

~Ca [ g@)mls) ~ m()lfds

1 Feo / 2
=5 ), 9 G)lms) —m(s)lvds

—C3| By — Bollr2(rs) + war UL — Ua| %,

) on = ealfy = Crllur = sl

where

Cy = 6. (14 L+ Lygs + LuCy + L2L3, Co + Iwllie gy L2, Co)
+46,L°C3 (I1llF e vy L, + 1717 ) L, )
Cy = (L2390 + 90) :

1
Oy = & (Ul LC3 + L2L2C2) + 22 (il ioeqr + Il ) +

275*.
Then, taking d, > 5>— and using (G1) lead to
(o +way ) Uy — (A +wy D) U, Uy — Us) sy > (wer — C) || Uy — U2H?%”ﬁ

where C' = max (Cy, Cy, C3). Therefore, the operator </ + w,, I is accretive if w,, > C.

The operator o/ + A is surjective. Indeed, for given (hy, ho, hs, h4)T € 7, we need to find
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U = (u,v,n,3)" € D (<) such that

AM—v = Iy (3.31)
v — ;Div (Ge(u) + Ae(v)) + ll)Div (/OO g(s)Be (u —n(s)) ds) = hy (3.32)
0
M+ns—v = hg (3.33)
A3+ (B (3B () + 3| Re(u)|?) —ea) | = ha. (3.34)
Suppose that v is found in V. So, (3.31) yields to
. hl —|— v
U= (3.35)
Thus,
ueV.
From (3.33) and 7(0) = 0, we can determine
n(s) = e / " (hy(7) + v) dr, s € R, (3.36)
0

We define the operator S : L*(I'3) — L*(T's) by

(S9),B)2ey = (48 B+ { (5 (% (o (252 4

hir + v, \ |
RT< : )—\i_v ) ) _50,) 76> .
+ L2(T3)

To prove the surjectivity of the mapping S : L*(I';) — L*(T'3). we need to adduce that S is

coercive and maximal monotone (see Corollary A.1).

Let prove the maximal monotonicity of S : L?(I'3) — L?(T'3). For this objective, we use Theorem
A1, it follows that is enough to find that S is monotone and hemicontinuous .

First, S is monotone. Indeed, Let 3, 5 € L(I's)

(S(8) = S(B), B — B ra(ry)
= <)\5 - )\375 - B)LQ(Fg)

+<(5 (7,, <Ry(h1”j“”>>2+% m(’“j”f) 2) —ea) ,5—B>
_<(B (% (R(h;\r>>+”y (M) ) —ea> 5-7)
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The use of Cauchy- Schwarz’s inequality, (A.12), (3.15), | R, |< L and ||R,| < L leads to

th+UT ?
R,
Sl

By choosing A\ > L? (H%H Loo(r) + |7+l Loo(p3)), we see that S is strongly monotone. The strong

(8(8) = S8(B), 8= B)r2(ry)
hlzl + Uy

> AB— m\Lz(rg H B—pB (%\R( h ) I” +7 18 = Bllz2ry)

L2(T'3)

> (A= L2 (e + e llzes)) 18 = Bli3zry)-

monotonicity of S implies the monotonicity and the coercivity of the operator S.
Let prove that S is hemicontinuous ( see Definition A.2) that is

S(B+¢B) = S(B),¥8, B1 € L*(Ty),

when ¢ — 0.
Let 5 € LA(T's) and A > L2 (||7 |l z=(ry) + 17/l (rs) ), then

(S(B+ (B), B>L2 ry) — (S(B), B) r2r)
= (MBi, B)r2ry

<<(ﬁ+€51) ( ( (hj»ﬂ
_<(5 ( (i (5 ) o (o)

Applying inequality of Cauchy-Schwarz, we get

her + v\ P _
RT( 1;—1)> )_ga) 7ﬂ>
+ L2(T3)
2 ~
) _Ea) 7B> .
+ L2(T3)

< A CHIB Iz 18]l 22y — O, (3.37)

[(ACB1, B) 2y

as ¢ — 0. Also, exploiting inequality of Cauchy-Schwarz, (A.12), |R,| < L, ||R.|| < L and (3.15),

one has
hl +v 2 hl + v 2 ~
‘<<(6+Cﬂl)(u< V( V)\ V)) +’VT RT<T>\T> )_ea) 75>
+ L?(I's)
2 2
_<<B (’71/ (Rl/ <h1V+UV>> +7’r R’T <h1T+UT> ) _ga) )B> ‘
A A
+ L2(T'3)
hiy + v\ ) hyy + v\ | _
Cﬁl(V( l/( 1)_\I_U>> +77' R7—< 1/_\|_,U> ) ||6HL2(F3)
L?(I's)

< L2 (Il rg) + I leeces)) 1Bl 2y 1Bl 2y = O, (3.38)
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as ¢ = 0. Combining (3.37) and (3.38), we get

’<5 (B+CB1), Braws) — (S (B), B raqry)

— 0, (3.39)

as ¢ — 0. Thus, the operator S : L*(T's) — L?*(T'3) is hemicontinuous and by employing the
fact that S is monotone and coercive, we deduce that S is coercive and maximal monotone.
Thus, S is surjective which implies that we can find § € L?(I';) satisfying (3.34) for every
(hi,hy) € V x L3(T3) .

It follows from (3.7) and (3.8) that 5(t) < . Using the fact that U, € D(</), then 0 < 5, < 1.
Consequently, 5(t) < 1fort > 0, a.e. © € I's. Moreover, if 5(t.) = 0 at ¢t = t,, then, from eq.
(3.7), it holds that #'(t) = 0 for all t > t, a.e. onI's. Thus, 5(t) =0 forallt > t,,a.e. z € I's. We
deduce that 0 < 3(t) < 1,Vt > 0.

The system (3.31)-(3.34) can be seen as

v — ;Div <G€ (hl;\i_ U) + Aa(v))

—i—/l)Dz'v (/Ooog(s)Ba <h1;— U e /OS e (ha(T) +v) d7'> ds)
= hs. (3.40)

We define the operator 7 : V' — V' by

h1—|—1}

(T (), v)vixy = (M,v)g+ <G5 ( ) - Ae(v),e(v)>H
- </Ooog(s)Ba <h1; U e /O X (hy() +v) dT> ds, e <v)>

+ Pv h‘lV + b UVda B / 7V52R1/ h'lV + b Uuda
Fg )\ F3 )\

+ [ oorm (

Now, We proceed to show the surjectivity of 7 : V' — V. Using Corollary A.1, we prove that
the defined operator 7 is coercive and maximal monotone.

H

hl‘r + Vr

) ‘vrda — | fovda. (3.41)
I'>
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To check that 7 is monotone, let v, v € V/

(To—TT,0 — Dyyrey = (AU—AE,U—G)H+<G€<hljv>—Ga <h1+ﬁ>,€(v)—5(1~1)>%,
< Ae(®), e(v

e (hs(T) +v)dr

< 3 ds,e(v) —e(v)
< (hl . e (hy(7) + ) dr
+

)
ds, =(v) — g(a)>

N——— —

From (c) of (1.10), one has

<G€ <h1;\l—v> — Ge <h1/—\f-17> ,e(v) — &?(17)> > —mg|lv — 5“%/7 (3.42)
H

and (c) of (1.9) yields

—_

>

(Ae(v) — Ae(D),e(v) — (D)) > mallv — 9|3 (3.43)

Exploiting the inequality of Cauchy-Schwarz, (b) of (1.11) and (G1), we obtain

e h1—|—'U —As s T 0
([ ot (M55 e [ uto) ) dseto) - <)
= h1+17_€_,\5 Se’\T 3(7) +v)dr | ds,e(v) —e(v
oo (2 [} 2 o) 3y s ct0) =)
goLp ~N2
> By 3. (44

The use of assumption (c) of (1.12) leads to

/FS (pu (hlj v”) — Dy (hl”;r 5)) (v, — ) da > 0. (3.45)

Using inequality of Cauchy-Schwarz, (3.15), (A.6), 5 < 1 and the Lipschitz continuity of R, ,
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we get

o (1 () (25 -

5 Zlhwlle ;\Fs) R, OHU_U”%/' (3.46)

Using the monotonicity of R, and the fact that p-(5) > 0, one has

[ ) (RT (hj) R (hjw>) (o — ) da >0 (3.47)

Combining the estimations (3.42)-(3.47), we get

(Tv — T3, 0 — D)yrey > S lv = o]l

ma — GgoL ~ | o0
( G go B)HU—UH%/—F(WZA—HW ”L s

LRVC”)

el oo () LR, C3
ma

Using assumption (1.16) and taking A\ > , we see that the operator 7 is strongly
monotone and so the coercivity and the monotonicity of 7 follows.

Next, to show the hemicontinuity of 7, we should prove the following
T (v+Cv) = T(v), Yv,u €V,

when ¢ — 0.
Let? € V,and A > max {L2 (Il =) + 1l ryy ) , 2=t Co } then

mAa

(T (v+Cu1), 0)vixy — (T (v),0)yrxv
= C<>\017~>

hi + v+ Cuy hy +wv
+<G€ <)\> - < A\ > >
+(Ae (v + (1) — Ae (v),e(0))n
_</000g(8)B€<h1+U+CUl_ /Oe +v+§vl)d7>d8 e(v )>

+ </OOO g(s)Be (hl/—\i_ Ve /05 e (hs(1) +v) d7'> d3,5(5)>

+/ < <h1V+UV+Cvlu> — (hly—i_%/))?/}\;da
A
_/ ’YVBQ <Ru <h1u+vy+<7j1u> _Ry <h1u+vy>>1}~yda
I's A A

+ [ p.9) (RT (’“f“’f *C””> R (M» Tda (3.48)

H

H
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The use of inequality of Cauchy-Schwarz and (A.9) leads to

|C(Avt, D) | [CIA v L[ 0]

<
< [CIAE vilv (ol — o, (3:49)

as ¢ — 0. By applying inequality of Cauchy-Schwarz and using (b) of (1.10), we get
Ge hi+v+cu — Ge hitv e (D)
A A N

as ¢ — 0. Using again the inequality of Cauchy-Schwarz and (b) of (1.9), one has

< Blrgpufv oty

0, (3.50)

[{Ae (v + Cu1) = Ae (v), £(@))n| <[] Lallvillv[[D]ly =0, (3.51)
as ¢ — 0. From inequality of Cauchy-Schwarz, (G1) and (b) of (1.11), we obtain

|</OOO o) (W —e /05 e (hs(1) + v + Cvy) dT> ds, 5(6)>

— </Ooog(3)Ba <h1; Do /OS e (ha(1) +v) dT) d375(5)>

‘C‘ Lpgo
- A

H

H

[orllvl[ollv =0, (3.52)

as ¢ — 0. The use of inequality of Cauchy-Schwarz, (b) of (1.12) and (A.6) leads to

/ hly + (% + Cvlu _ hly + Uy oda
T DPv \ Pv \ v

h’ll/ + Uy + cvlu hll/ + (%% ~
< |p \ — Dy 3 100 | L2(rs)
L2(T'3)
Ly |¢| _
< vl ellvll ey
L,C? _
< L jor v iy — o, (3.53)

as ¢ — 0. It results from (3.15), (A.6), 8 < 1, the Lipschitz continuity of R, that

h 14 14 v v v —
/ 71/62 Rz/ : Tt CUI - RV hl v vl,da
I3 A A

Cl vz gy Lr, C3 .
< Kl gy o (3:54)

as ¢ — 0. Exploiting inequality of Cauchy-Schwarz, the Lipschitz continuity of R,, (3.14), 5 <1,
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(A.6), we obtain
h T + T + T h T + T — LTL TCQ ~
\/ pe(9) (RT ( 1y + v G ) R ( i +v )) Grda| < LRG0 el i, o
rs A A A
(3.55)
as ¢ — 0. Combining (3.49)-(3.55), we get
[T (v+ Cu1),0)vixv — (T (v),0)vixy| — 0, (3.56)

as ¢ — 0. Therefore, we conclude that 7 : V' — V"’ is hemicontinuous and by employing the fact
that 7 is monotone and coercive, one can deduce that 7 is coercive and maximal monotone.
Then, the surjectivity of 7 : V' — V' follows. Thus, given any (h1, ho, hs, h4)T € J,we can find
an element v € V satsfying equation (3.40). Similar procedure as in (1.46) and (1.47), we get

(n,ms) € M x M

Therefore, U = (u,v,n,3)" € D(</) and thus &7 + A is surjective for some constant A > 0. This

tinishes the proof of Theorem 3.1.
O

Exponential stability

In the current section, we are concerned with the exponential decay of solution for a contact
problem with normal compliance and adhesion. Assuming that ¢ is a smooth function, we will
construct a Lyapunov functional with which we can establish the exponential decay.

The energy functional E is prescribed by

B0 = IO = 5 (IOl + Na@l + [ 906) .0 ds + 150]aqey) . e € R
(3.57)

Lemma 3.1. Assume that (G1), (1.9)-(1.13) and (3.14) hold and let U, € D(<7). Then, the energy
functional defined by (3.57) satisfies for \y > 0, forall t > 0

+oo
E't) < —(mA—Kl)IIu’<t)H2v+A1KzIIU<t>H2v+A1Ks/O g(s) In(s, t)|[5 ds

2/ $) In(s, Oy ds = 1801 2e,) + Ka+ MO, (3.58)
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where

K = 5505 Ko = L+ g3 L% + 1+ LGy + Ly 1l 0y Co + L2L% Cf, K3 = go + goL3,
Ky = (1 + |’€QHLOO(F3)) meas(I's).

Proof. Differentiation of eq.(3.57) with respect to the variable ¢, the use of (3.13);, (3.13)3 and
(3.13), integration over (2 and use of formula of Green and boundary conditions lead to

B) = (W @O+ WO a0y + [ gls)mls,t)nls, Ohvds + (50, 50)) oy
= (A (1), (W () — (Gelul®) e )+ ([ 95) B (wlt) = n(s,0) ds, (' (1))
= [ o)t [ B0 R, (1)) (t)da — [ pr (BB (ue (1)) - vl (1)
+ / s Oveds + 3 [ g/(6) s, DI ds -+ (! (6, u(e)v
<(@<t> (wR (s (1))* + 7 | Re (- (1)) )—sa) BO) A+ O Oy (359)

L%(T3)

H

It follows from assumption (c) of (1.9) that

—(Ae(u/ (), e/ (t)))n < —mallu’ ()] (3.60)

Thanks to inequalities of Cauchy-Schwarz and Young and (b) of (1.10), we obtain

~{Ge(u(t). e () < Lallult)lv (1)
< ML + 4 [ IR (361)

Applying inequalities of Cauchy-Schwarz and Young and using (1.11) and (G1), one has

IN

([ ats)Be(utt) = (s o0ds.c(®)) < | [ gls)Beu(t) = (s, s et (Ol
Lu [ 9() (el + (s, )llv) dsllu'©) v
MELB I + 5 @)

“NiLbgo [ g(s)Ins, )l ds. (3.62)

IN

IN
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Using inequalities of Cauchy-Schwarz and Young, (1.12) and (A.6), we get

oo < (f i) (] o)

Lolw Ol gaqegye 1 Ol gy
1
MEECH @I + g5 I @)1 (3.63)

IA

IA

IN

It follows from inequalities of Cauchy-Schwarz and Young, 5(¢) < 1, the Lipschitz continuity of
R,, R,(0) =0, (3.15) and (A.6) that

IN

B () Ry (u,, (£))u (t)da

A 19 B (i, (£)) | 20 N2t ()] L2
3

IA

L, 7wl zoe gy luw (D)1 2200 2t ()] 22ra)

1
< )‘1L2R1,|‘7V‘|%W(F3)Cg"u(t)|’%/+4)\ @I (3.64)

The use of inequalities of Cauchy-Schwarz and Young, (3.14), 5(¢) < 1, the Lipschitz continuity
of R,, R-(0) =0, (3.15) and (A.6) leads to

IN

~ [ P BN Ru) uda < Lo [ 1B(0) | Brlun(0) - ui(t)da
Lo L [t ()l ooyl (1) ooy

1
< MLILE, Gollu@)lly + EIIU’@)II%- (3.65)

IN

Exploiting inequalities of Cauchy-Schwarz and Young and (G1), we get
[T o ®.ns.0vds < W@+ dag [ o)t olfds. (366)
Applying inequalities of Cauchy-Schwarz and Young, we arrive at
(W, u(t))v < 41\1”“/(75)”%/ + M fu)]y- (3.67)

Using the inequality (A.13), (¢) < 1 and (3.15), we obtain

= {(50) (3 (Rl 0))? + 7| Relur D)) = 20) B0

L2(T'3)

< - /F (8O (B () + el Br(ur () ) = e0) B()da
< - / | BE) 17 (1 (Bo(un(8)? + 72| Be (i (£)) > + 1) + /F3|B(t) ? da+ /Fgeamt)da
< =183y + (1 + leallmry)) meas(Ts). (3.68)
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From inequalities of Cauchy-Schwarz and Young, one has

1
(F@O),u' (@)vrsv < Ml FONT + r)q||ul(t)||%/' (3.69)
Combining (3.60)-(3.69) and using (3.59), we get (3.58). O

Remark 3.2. It follows from the right-hand side of (3.58) that the energy functional (3.57) is not
decreasing in general.

Now, we turn to establishing lemmas that we need to exhibit our stability result.

Lemma 3.2. Assume that (G1), (G3), (1.9)-(1.13) and (3.14) hold Uy € D(</).Then
the functional

Fult) = (), (e — 0t~ U F O (3:70)

satisfies for Ay > 0, forall t > 0

+0oo
Fi(t) < (=1+4)) ||u(1t)||2V+K5/O g(s) (s, )13 ds + Ko [/ (£)|3 + K7 BE) 1321

1 Ky
—/\> Oy — 3.71
+ (g = %) IO - 5 (3.71)

where o o

9 5 2|y 112 o0 2
Ky = (1 + HEaHLoo(PS)) meas(I's), K5 = % , K¢ = fo‘; +d?, K; = 2 vlEee g ™0 4L)\2(F3) 2.
N, e are positive constants that will be chosen later.
Proof. Differentiating (3.70) with respect to time variable ¢, we get

K
Fi(t) = [l (O + (" (1), ut)a — Fi =3Ge* DO — 28 (f (1), f(D)v-

Next, a multiplication of (3.13); by u(t), an integration over the domain (2, use of formula of
Green with boundary conditions and (1.10) lead to

o0

B < I — (A0, 2w — malu@)} + ([ g(s)Belut) = nis,0)ds, =(u(t)) )

— [l uda+ [ B OR w0 (da~ [ p(5E) R (D) - ur(t)da

H @), ult))vixv = ][\2 = 3G O — 2™ (f/ (1), f(t)v. (3.72)

H

It follows from inequalities of Cauchy-Schwarz and Young, (1.9) that

(A @) a4 )l )
< IO + o) (373)
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Applying inequalities of Cauchy-Schwarz and Young, using (1.11) and (G1), we obtain

([ at)B=(u(t) = nts. s =(ie)) < | [~ gs)Be(u(t) = n(s.0)ds| [e(u(®)l
< Lo [ g() (lu®)lv + (s, 0llv) dsllutt) v
< goLallul} + 2B [~ g(s)n(s, Dl
Fallu®) (3.74)
Thanks to (1.12), we have
— | po(u(®)uy(t)da < 0. (3.75)

I's
The use of 5(t) < 1, (3.15), | R, |< L, inequalities of Cauchy-Schwarz and Young and (A.6)
leads to

IA

S B OB ()da < [ B0 R (1)) (1)da

3

19| oo o) LCo | B 2oy [[ () v

L2700y O
vilLe(I's)~0 2
8Oy (376)

IA

IN

Aollu(®)If5 +

Using (3.14) and the fact that R, (u,).u, > 0, one has

— | pe(BO)R-(ur(t)) - ur(t)da < 0. (3.77)

T's

From inequalities of Cauchy-Schwarz and Young, we have

1
(F(8), ult))vrxv < @Hf(t)HQw + olu(®)]I7- (3.78)
From the inequality of Cauchy-Schwarz and (G3), we obtain

23| £ O Nl L F ) Nlv
26X £(1) 2. (3.79)

=25 f1(t), F(t))vr

<
<

Inserting the inequalities (3.73)-(3.79) in (3.72) and using (A.9), we get

/ s GoLy [t 2 L3 2 NI
Fit) < (=1+4x) [[u(®)ly + g(s) (s, Dy ds + | == +d° | [[u' @)y
4A2 0 4A2

L2117 00 C3 1 K,y
t — = Oz, — ==
R 80 e + (3 = ) IO = 5
where | = mg — goLp and the constant )\, > 0 satisfying —¢; 3" < — ). O
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Lemma 3.3. Assume that (G1), (1.9)-(1.13) and (3.14) hold and U, € D(<7). Then the functional

Fat) == (), [ g, 0ds) | (3.80)

H

satisfies for Ay > 0, forall t > 0

+o00
Ft) < =gl Ol + Ksda o/ (I + Koo [u®)} + Kro [ g(s) (s, D7 ds

—+o00
K [ g(6) (s, DI ds + Xl £ D) (3:81)
where
Ky = L3+, Ky = L&+ L3+ L0+ 3oy Lk, Ci+L2L3, O Ko = S48+ Ligo, K =
g9(0)d?
4hg

Proof. We differentiate (3.80) with respect to the variable t. Then, employing (3.13);, we obtain

o0

Fy(t) = "), [ g(om(s 0ds) = ol Ol + ('), [~ glo)m(s.0ds) . (382)

Integrating with respect to the variable s the term (v'(t), [;° g(s)ns(s, t)ds) ,; and using the fact
that n(0) =0, lim,, 1~ g(s) = 0, we get

o0

F3t) =~ (0), [ glsIn(s. s — golla/ Ol = (w(0), [~ g (omls,t)ds ) .

Replacing the term u” by (3.13),, integrating over the domain 2 and using formula of Green

ds>
H

with boundary conditions, it results that

Fyt) = (Ac@®). [ g(o)=(nis.0)ds) +(Ge((t)), [~ gls)e(
([ st B(utt) = n(s.0)ds. [~ g(etn <s,t>>ds>H

o0

+ ngu(uy(t)) ; g(s)n, (s, t)dsda

- [ B ORw0) [ anuls. Odsda
+ [ e BORAu (1) [ gls)n. (s, )dsda
(1. [T glomts.0ds) =gl @l = (W), [ g (s 0ds) (383)

VIxV

Using inequalities of Cauchy-Schwarz and Young, (G1) and (1.9), we obtain

(A @), [ a(s)eistds) < A= O [ glo)elnis.0)ds|

H

IN

g oo
MLl @O + 4; 9(s)lIn(s, )|V-ds.  (3.84)

Global existence and exponential stability for... L. Ouakil- Msila University



3.4. Exponential stability 70

Applying inequalities of Cauchy-Schwarz and Young, using (G1) and (1.10), we arrive at

IA

(Getu), [ a(s)ens,)ds) < Gl | [ a(etmls, 0)ds|

g o0
Mo Lg|[u@)ly + 4; 9(s)ln(s, t)[[vds.  (3.85)

H

IA

Exploiting inequalities of Cauchy-Schwarz and Young, (G1) and (1.11), we get

([ a)Beutt) = ns)ds, [~ g(s)tls 0)ds)

H

< [T st Bt = nis.nas| | [T ots)enis.nas|
< Ly [ gls)lul®) = n(s.Dllvds [ gls)In(s,t)llvds
< NI Ju@) + (f; +L3go) [ ans. s (3.56)

It follows from inequalities of Cauchy-Schwarz and Young, (G1), (1.12), (A.6) that

[ ottt ([ stomts.ts)da < ([ sttutenaa)” ([ ([ atsimts.nas) da)é

g o0
< MLiCS*IIU(t)HQerr;Q L 9()ln(s )llvds. (387)

The use of inequalities of Cauchy-Schwarz and Young, 3(¢) < 1, Lipschitz continuity of R,,
R,(0) =0, (3.15), (G1) and (A.6) leads to

/ ol Uy ))/OOOQ(S)UV(S,t)dsda
< /F3% L (uy (¢ /o g(s)nu(s,t)dsda
| atomis, s

9o
4

< vllzeo@s) Lr, w8 [l 22(rs) L2(Ts)
3

< Xl wlze g e Colu®Iy + 5= | 9(s)lins, D)llvds. (3.88)

From (3.14), Lipschitz continuity of R,, R,(0) = 0, 5(t) < 1, (A.6), inequalities of Cauchy-
Schwarz and Young, we have

[ pr(BO)R 1) [ gls)n (5. )dsda
< Lo [ 180 | Relurlt)) [ g(s)ne(s. )dsda
/OOo g(s)n:(s,t)ds

< NLLR G + 35 [ 9(s)In(s, D)l ds. (3:89)

< LeLp JJuc (@) 2ry )

L2(I3)?
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The following term is estimated by

9

- 2
g Jo 9)n(s B)llvds. (3.90)

— (1. [T g@n(stds) < xall i@k +

X

Exploiting inequalities of Cauchy-Schwarz and Young, (G1) and (A.9), we obtain

(. [T emsnds) < @l [ g ods]

el @l — 40 ([ gt D)

< Pl - 20 ([T @t lkds) . @)

IA

Combining the estimates (3.84)-(3.91) and using (3.83), we get

Fot) < —goll/ (N3 + Xa (L4 + ) [/ (D)1}
+X0 (L + Ly + LLCY + oy L, O + L3213, C3) (D)5 + Al F @)1

g(O)d2 /+oo , 9 690 98 /oo )
—_ 4 == t)||5-ds.
4A2 0 g (8) ||77(8,t)“vd8+ 4)\2 + 4A2 +LBg0 0 g(‘S)le](S? )“V S

Il
The Lyapunov functional £ is defined as follows
L(t) = E(t) + e(NFi(t) + Fat)), (3.92)
where N, € are positive constants that will be chosen later.
Lemma 3.4. Assume that (G1) hold, then, there exist two positive constants ¢, and ¢, such that
GE(t) < L(t) < wE(t). (3.93)
Proof. Applying the inequalities of Cauchy-Schwarz and Young and (A.9), we get
_ / Ky 3¢1t 2 / 1 / 2 1 2
FOF = | (@), ult)y — .t — e Il | < K@), u®) gl < 5l Ol + S lu@)l
< max(1,d*)E(t), (3.94)
and
/ oo 1 10112 g [T° 2
R0l = (w0, [ gmtsds) <5 (W@ +o0d [ glo)ln(s, 0lltds)
< max(1, god®)E(t). (3.95)
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Combining (3.92), (3.57), (3.94), (3.95), we get
[£(t) — E(t)] < esE(t), (3.96)
where the positive constant g3 is defined by
g3 = Nmaz(1,d?*) + max(1, god*),
then by choosing

€< —, (3.97)
q3

we have £ ~ E. O

Theorem 3.2. Assume that (G1)-(G3) and (1.9)-(1.13), (3.14) hold. Suppose that m¢ satisfies

1
mg > )\7 + goLB, (398)
0

and there exists &, a positive constant independent of m 4 satisfying
m4 > 0o, (3.99)
thus, for every Uy € D(.a7), there exist positive constants 6, and 6 such that
1U()]1% < G2 (3.100)
Proof. Combining (3.58), (3.71), (3.81), we have for all ¢ > 0
Li(t) = E't)+e(NFi(t) + F(t))

e (gouu'(t)nz ; (N(l 40) — Koha - K“) ||u<t>||2v)

€

om0 (v (0= 1) = 2e) = ) [T st 0+ (2 N 190y )

/ 1 o0 /
(0 = ma+ eloN + Kada)) [ (I + (5= Bu ) [ /() nts. ) ds

2
1
wekny [ g(s)lnts s+ (ha+ e (N (3= = %) + 2 ) ) IFOIR (3.101)

where Ko = NK5 + K0 + K3 (N ()\0 _ i) _ )\2)_

4o
From assumption (3.98), we can choose )\ as follows

IN

e}

1 [
— - .102
4)\0<)\2<4, (3.102)
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and thus NN large enough such that

N(l — 4)\2) — KgAg > 0,

N </\0 _ ) > 0. (3-103)

Using (G2), one has

1 ) , o 1 00 ,
(5 k) [ g@lntsOlfds+ ks [~ gls)lnts.Dlids < (5 = ki) [~ g6)lInts, 0l ds,

where K3 = K1 + %
Exploiting the previous inequality, we get

€

e (3 (0= 1) = 2e) = ) [T s 0+ (2 N 130y )

/ 1 o0 /
+ (01 = ma+ (KN + Kado) [0 O + (5 = k) [~ g (9)nts. ) ds

L) < - (gouu'(t)nz ; (N(l 40) — Koha - K“) ||u<t>||2v)

2
1
+ ()\1 te (N (4A _ )\0) + )\2)> O (3.104)
2
Next, we assume that the constant m 4 satisfies assumption (3.99) if we choose d; in the following
form
AL (KoN + Kgho)  Kohy (KN + Ks)
0o = max , Ky, 3.105
° {N(AO—AQ)—& N ax) - Kod [T (3109)
and \; satisfies
N < min (Ao—i)N—/\Q ()\o—i>N—)\2 Nl —4Xg) — Kghg
! S3 ’ 2K13 ’ Kags
N —4X) — Kody N(I—40) — Kody (Mo —135) N =X (3.106)
2K5 K3 ’ NK;Ky ’ NK; ' ’
It follows from (3.106) that
A 4 { 1 1 1 }
< min ,—, , 3.107
()\0—&>N—)\2 2K13° 3 NKy ( )
Ko\ , 1 1 1
— 1
N —4h) — Kghy =™ {2K13’ - NK7} ’ (3-108)
and from (3.105), we get
A - K
L ma = 2 (3.109)

< )
()\0 — &) N —), KN+ Kghy
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and
Ko ma — I

NU=2h) —Kohy ~ KeN + Kshy
Using (3.97) and (3.107)-(3.110), € can be fixed as

(3.110)

max{ M Kz }<e<mm{ ma = Ky L l L }
(Ao _ i) N =X, N(l—4X\)— Ko\ KeN + Kg)\y' 2K13" 3" NK;

(3.111)
Therefore, we arrive at

L'(t) < —eKE(t) + (; — EKlg) /Ooo g (s)|In(s,t)|3-ds,

where

Ko\ 1 K3\ 1
K14 = 2min (go, N(l —4)\2) — Kg/\2 — 2 1, K3 <N <)\0 — 4)\) — )\2) — 3 1, - — NK7> .
€ 2 € €

From (G1), (3.111) and (3.96), we get

—eKyy
L'(t) < L(1). 3.112
0 < T=2e( (3112)
Integrating (3.112) from (0, ¢), we obtain
L(t) < L0)e™™ VteR,, (3.113)
where §; = ff—elé

From (3.96) and (3.113), we have

VO35 = 2E()

IN

IN

which yields (3.100) with d, =

2
1—eg3

£(0). O
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A DYNAMIC FRICTIONAL CONTACT PROBLEM WITH
THERMOELASTICITY OF TYPE III

Our main goal in this chapter is to investigate a thermoviscoelastic contact problem to show the global
existence of the solution of the system using nonlinear semigroup theory combined with arguments
of operator theory. An exponential decay estimate for the enerqy is established under some hypotheses on
the problem data.
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4.1. Problem statement 76
"B Problem statement
In the current chapter, we study the following thermoviscoelastic contact problem
o = Ae(u) + Ge(u) — /°° 9(s)Be (u(t —s))ds +CO in Qx (0,00), (4.1)
0
pu" = Dive + fo in  Q x (0,00), (4.2)
0" — kAO — A0 + Bdive” =0 in Q x (0,00), (4.3)
u=0 on I x(0,00), (4.4)
ov=f, on Iy x(0,00), (4.5)
6=0 on I x(0,00), (4.6)
—0,=p,(u,) on T3x(0,00), (4.7)
—o, =p;(u)) on T3 x(0,00), (4.8)
u(—t) =up(t) in €Q x[0,00), (4.9)
Ul(()) = Uup, 9(0) = 90, 91(0) = 91 in Q. (410)

Here, Eq.(4.1) represents the thermo-viscoelastic law with long memory where C' is a nonlinear

operator, ¢ is the temperature which is governed by equation (4.3) in which the constants «, ¢

and [ are positive. fy and 6, are initial conditions.

"Wl An additional assumption

In addition to assumptions (1.9)-(1.15), (G1)-(G3) defined on Sect. 1.2 and assumption (2.8)
defined on Subsect.2.1.2, the following additional assumption is needed

(b) There exists Lo > 0 such that
(c) There exists m¢ > 0 such that

(d) z — C(z,0) is Lesbegue measurable on €2;
(e) C(z,0) =0a.e. z €.

(a) C': Q x R — S%is a nonlinear thermal expansion operator;
||C<LE,91) -C (IE,62> H < LC ‘61 - 92| ,Vﬁl,ﬁg S R, a.e. r € Q,

(C (2,01) = C (2,05)) - (61— 02) > mc |01 — 0o° V61,0, €ER, ae. x € O

(4.11)
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Global existence

In the current section, we give the global existence result for the contact problem (4.1)-(4.10).
For this purpose, the new variable ¢ considered in [80] is introduced

b, t) = /Otﬁ(x,s)ds +®(x), Vo eQ, Vt>0. (4.12)

where ® € Y solves
—KAD = 5A90 — 91 — ﬂ div Uy in Q,

413
®=0 onl" ( )
We integrate (4.3) with respect to t. By taking into account (4.12) and (4.13), we get
' — kAY — SAY + Bdivu’ = 0.
Moreover, as in [16], we use the new variable
n(z,s,t) =u(z,t) —u(z,t —s), €, t,se€R,.
Consequently, the system (4.1)-(4.10) takes the form
pu” — Dive = f in Q x(0,00),
o= As(u') 4+ Ge(u) — [ g(s)Be(u —n(s))ds + C¢' in £ x (0,00),
me=u" — s in Qx(0,00) x (0,00),
V' — kA — SAY + Bdive’ =0 in Qx(0,00),
u=20 on I'; x (0,00),
n = on I'y x (0,00) x (0,00),
Y = on I x (0,00), (4.14)
ov = fo on [y x (0,00),
-0, =p, (u) on I'3x (0,00),
—o,; = p,(u) on I3 x (0,00),
u(—t) = up(t), in  Qx[0,00),
u'(0) = uy in £,
1(s,0) = uo(0) — uo(s) = no(s) for s € (0,00),
¥(0) = 1o, ¥'(0) =9 in  Qx[0,00).

For U = (u,v,n,, gb)T with v = v’ and ¢ = ¢’. Assuming that o is smooth function, the system
(4.14) can be rewritten

{ Uy(t) + dU(t) = F(t), Vt>0, (4.15)

U(O) = UO - (U07U177707¢07¢1>T7
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where the operator <7 : D(</) C 5 —  and the domain D(</) are given by
u —v
v — 2 Div(Ae(v) + Ge(u) + Co) + S Div([5~ g(s)Be(u — n(s))ds
gl n | = Ns — v (4.16)
(8 —¢
o) —kRAY — 0A¢ + fdive
(w,0,m,9,9)" € H; vEV; €Y € M;
Kk +0¢ € H*(Q);
D(o) = ov = fyonly; : (4.17)
—0y = PDv (Ul/) on FS;
—0r = pT('UT) on FS
where
H =V x Hx MxY x L*Q). (4.18)
and the function F'(t) is as follows
0
Jo(t)
p
Fit)y=1| 0 (4.19)
0
0
The inner product on the Hilbert space .7 follows
(U, 0o = (s W)y + (0, 0) 1 + 0, 7wt + 50, D)y + (6, 0) 2, (4.20)

for every U = (u,v,n,, qﬁ)T and U = (ﬂ, v, 1,1, (E)T in 7.
The main result of this section is the following

Theorem 4.1. Under the assumptions (G1) and (1.9)-(1.12), (2.8) , for any initial datum U, € D(</)

and F € L'(R; J#), there exists a unique solution U of the system (4.15) satisfying

(4.21)

Proof. We adduce that the operator .« + w,,I is m-accretive for some w,, > 0 (see Definition
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A.3). For any U; = (ui,vi,m,z/}i,gbi)T € D(«), i =1, 2, we have

(A +wy D) Uy — (o +wey D) Uy, Uy — Us) e

—<U1 — U2, U1 — U2>V

- <1Dw (Ac(vr) — Ac(vs)) vy — v2>

H

+
P N

Div (Ge(uy) — Ge(ug)) ,v1 — v2>

H

Dil) (Cgbl — Ogbg) , U1 — U2>
H

Div /OOO g(s)Be(uy —mi(s))ds, vy — 112>

S
4

VI—= DI DI~ DI D

o o Ben — lss. o 02

—(="s + Nas + V1 — V2,1 — M2) M
(1 — ¢a, 901 — a)y

(A — Avpa, 1 — da) 12()
(Ap1 — Ady, d1 — ¢P2) 12(0)
+6(div vy — divvs, o1 — d2) 120
Fwey (U — Uz, Uy — Us) e

H

K

—K
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Thanks to Green’s formulas (A.4)-(A.5) and boundary conditions, it holds that

(A +wal) Uy — (A +we D) Uy, Uy — Us)
= —(v1 — v, u1 — uz)y

HAe(v) = Ac(ez), (01) = (o))

+H{Ge(ur) — Geluz), (01) — ()

HC1 = Con,e(0r) = £(w2))

([ 9(o)Be (w1 = m(s) ds, (o) — e(v2))

+ </oOo 9(s)Be (uy — na(s)) ds, e(vy) — €(U2>>

+ /Fs (pl/('Uly) —py(vgy)) (UIV — UQV) da

H

H

+ /1"3 <pT<U1T> o pT(UQT)) : (Ul‘r - UZT) da

[ @ m(s)  mal)lds

—(v1 — Vo, M — M) Mm

—l<~'<¢1 — 02,1 — 1/)2>Y

+r(VY1 — Vihy, Vo1 — V) r2()a
+6(V1 — Vo, Vo1 — Vo) 12y
—B{v1 — v, Vpy — V¢2>L2(Q)

Fweo (U — Uz, Uy — Us) .

Inequalities of Cauchy- Schwarz and Young, (G1), (b) of (1.10), (1.11) and (4.11), (c) of (1.9),
(1.12) and (2.8), (A.7), (A.8) imply that

6
(A + w1 Uy — (o 4wy 1) Up, Uy — Up)p > (45 _ mA) on — ool
—0, (1+ L + L% [lur — ual}

6. (Lhgo+90) [ 9()llm(s) = m(s) [ ds

(45— 9) lon = enli
—6.Lg o1 — d2l72(0
Y

Fwy||Ur — Ua||%-

o1 — U2||§{

Therefore, if we take 6, > max (%, %), we get

(A +wy ) Uy — (o +wy D) Us, Uy — Uy > (wer — L) Uy — Us||%,
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where

5./3%
L:mm<&0+Lé+%ﬁgﬂx@Qm+%%5@5 ﬁ),
which implies that &7 + w,,[ is accretive if we take w,, > L.
Next, we show that &7 + \I is surjective for A > 0. So, we assume that (hy, ho, hs, hy, h5)T IS 4

and we look for U = (u, v, n, v, <;§)T € D (&) such that

()\I + %) (U7 v, n, Y, Cb)T = (hl, ho, hg, hy, h5)T,

this last can be seen as
Au—v= M

1 L. >
Av — ;Dw (Ge(u) + Ae(v) + Co) + ;D’w (/0 g(s)Be (u —n(s)) ds) = hy

An+mns—v=hs (4.22)

Xo—d= hy
Ao — KAY — 6A¢p + fdive = hs.

Suppose that the couple (v, ¢) is found in V' x Y. Then, from (4.22), and (4.22)4, we have

wo e (4.23)
¢=}M+¢. (4.24)
A
Therefore,
(u,9) e V xY.
We integrate (4.22)3; and employ 1(0) = 0 to obtain
n@p:gh/in@@q+mdﬁ s €R,. (4.25)
0

(4.22)5 is equivalent to

A¢—ﬁ§¢—5A¢+5dwv:hﬁ+ﬁﬁm.

The operator R : Y — Y is defined by

K
<R<¢)a ¢>Y’><Y = </\¢a ¢>L2(Q) + X <v¢a v¢>L2(Q) +0 <V¢a V¢>L2(Q)
—5@7 V¢>L2(Q)
Now, we need to establish the surjectivity of R : Y — Y”. The result follows from Corollary A.1

provided that we prove that R is coercive and maximal monotone. By Theorem A.1, we prove
that R is monotone, coercive and hemicontinuous.
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Let ¢, ¢ € Y. Then, we obtain
(Ro—Rb, ¢ — Ohyiy = (A=A, 6 — ) 120
K ~
> (5 +6) o -l

Thus, the operator R is strongly monotone for A > 0 and then, R is monotone and coercive.
The operator R is hemicontinuous. From Definition A.2, we show the following

R(¢+(h1) = R(¢), Yo,p1 €Y.

when ¢ — 0.
LetggEYand)\>O,SO

(R(¢+ Ch1), d)yixy — (R(D), &)Y’XY

= (A1, D) 12(0)
+¢ (i + 5) (Vor, V@H(Q)d'

Considering the inequalities of Cauchy-Schwarz and Poincaré, we obtain

COb1L D) 2| < IKAC2 v lélly
— 0, (4.26)

as ¢ — 0. Recalling the inequality of Cauchy-Schwarz to get

|C (f\ + 5) (Vor, V&) 126

< 161 (5 +6) Il 9l
— 0, (4.27)

as ¢ — 0. Combining (4.26)-(4.27) yields

— 0,

(R(6+Con), )vrxy — (R(9), Dhyrsey

as ¢ — 0. Then, the hemicontinuity of R follows.
Consequently, there exists ¢ € Y satisfying (4.22)5. Also, we have

(A6, 6) 20 + 5 (V6 V) 120+ (V6, V6) a0y — B, Voo

K
= (hs + XA}M’ P) 12(0)»
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forall € Y. Then,

HA]”L4

§A¢+5A¢+ =\ — hs + Bdive € LA(Q).

The regularity theory of linear elliptic equation implies that

(i 4 5) O+ Sha € HX(Q)

Having in mind hy = M\ — ¢, then, k¢ + §¢ € H*(Q).
Note that (4.22) is equivalent to

Ao — ;Dw (Ge (hlj “) + As(v) + Cgb)

+;Dz‘v (/Ooog(s)Bs (hli— U e /OS e (ha(7) +v) d7‘> ds)
— . (4.28)

We define the operator 7 : V' — V' by

(T0), iy = <Av,v>H+<Ge(’“j”)+Ae<v>+c¢,e<v>>H

— </OOOQ(S)B<€ (hljv —e /08 e (hs(T) + v) dT) d575(v>>ﬂ
+/F3 pu(vy)vuda+/r3 pr(vr)-vrda— | - frvda. (4.29)

We prove that J : V' — V' is surjective by repeating the same arguments used to prove the
surjectivity of the operator R.
J is monotone. Indeed, let v, v € V. Then, we arrive at

(Tv = Tt,0 = D)viey
= (W= AG,v— D)+ <G5 (hljv> — G (’“; T’) e(v) — g(a)>
H{Ae(v) — Ae(D), £(v) — £(3)) b

_ </0°°g($)35 (hlj U /Os e (hs(T) 4 ) d¢> ds,e(v) — 5(5)>
+ </Ooog(3)Be (hl;\r CRPEN /OS e (hg(1) +0) dT) ds, e(v) — 5(77)>H

+ /1“3 (pu<vu) - pu(a/)) (Ul/ - 171/) da + ~/F3 (pT(UT) _pT(IgT)> : (UT - 67—) da.

H
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Assumption (c) of (1.10) implies that
Ge (M) e (M) oy —cw)) > Timgllo— 2. (4.30)
A A y A
Assumption (c) of (1.9) yields
(Ae(v) — Ae(D),e(v) — () > mallv — 0|3 (4.31)
Employing inequality of Cauchy-Schwarz, (b) of (1.11) and (G1), we get
— </Oog(s)Be (hl U _ o /s e (hs(T) + ) d7'> ds,e(v) — 5(17)>
0 A 0
+ /Oog(s)Be Mt _ e /S e (h3(7) +0)dr | ds,e(v) — (D)
0 A 0 7
L -
> 2o -l (4.32)
From (c) of (1.12) , we have
| pulw) = (@) (0, =5 da 2 0, (433)
and thanks to (c) of (2.8), we have
[ o) = p@) - (0, = 5) da = 0, (4:34)

Now, combining (4.30)-(4.34), we obtain

_ _ mea — goL _
(Tv—J0,v—0)yryy > (CJ)\QOB) lv — ][5,

In view of (1.16), we deduce that the operator 7 is strongly monotone for A > 0 and then, J is

monotone and coercive.
Next, J is hemicontinuous that is

J (v +Cv) = T(v), Vuv,v €V.

as ¢ — 0.
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Letve Vand A > 0, so

(J (v 4 Cv1) , )y — (T (0), V)yrxy
~ hy + v+ Cvq hi +v _
- C(Avl,v>H+<G6 </\> —Ge( 3 ) ,5(1})>H

+(Ae (v 4+ Cvy) — Ae (v) ,e(0))n
_ </Ooog(5)35 (W —e /0S e (hs(1) + v + Cvy) dT) ds,€(®)>

" < | gts)Be (’“ e [T (ha(r) 4 v) dT) ds,g@>>

H

H
—i—/ (py (v, + Cv1) — pu(v,)) Uyda + / (pr (vy 4+ Cv1,) — pr(vy)) - v da. (4.35)
I's I's
Exploiting inequality of Cauchy-Schwarz and (A.9), we get
GO, D)l < ICT Aoz [19]]
< [ ol lwlly =0, (4.36)

as ¢ — 0. Considering inequality of Cauchy-Schwarz and using (b) of (1.10), we get
Ge (v teu) o (YY) (g
A A N

as ¢ — 0. Similar to (4.37) and thanks to (b) of (1.9) instead of (1.10), we get

< Blrgjovim.

0, (4.37)

|(Ae (v + Cu1) — Ae (v),£(0))n| < [C] Lallvi[lv][oly — 0, (4.38)

as ¢ — 0. Making use of inequality of Cauchy-Schwarz, (G1), (b) of (1.11), we obtain

|— </OOO g(s)Be (W s /05 e (hs(1) +v + Cvy) d’i’) ds,5(6)>

+ </Ooo g(s)Be (hlj L /Os e (hs(1) + v) dT) d575<77)>

’C’ Lpgo
- A

H

H

[orl[v[[olly =0, (4.39)

as ¢ — 0. Recalling again inequality of Cauchy-Schwarz, (b) of (1.12) and (A.6), one has

‘/FS (py (v, + Co) — po () Trda

12y (v + Cory) = o (V) [l 22(0s) 100 [ £2(rs)

<
< Lo [CHlvrll gz gy ol o gy
< LGF I [ullv izl — o, (440)
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as ¢ — 0. Employing inequality of Cauchy-Schwarz, (b) of (2.8) and (A.6), we have

‘/F (pr (vr 4+ Cuir) — pr (v7)) ~vzda| < ||pr (vr + Cuir) — pr (V7)) HLQ(Fg)d”@THLQ(Fg)d
3
< LG [¢] [onllv]ollv — 0, (4.41)

as ¢ — 0. Combining (4.36)-(4.41) yields
(T (v +Cu1) , D)vrixy — (T (v), )vrxv| = 0, (4.42)

as ¢ — 0. Therefore, 7 : V' — V' is hemicontinuous.
Corollary A.1 guarantees that .7 is surjective. Then, we can find v € V which satisfies eq. (4.28).
Similar procedure as in (1.46) and (1.47), we get

(n,ms) € M x M

Therefore, U = (u, v, 7,1, )" € D(«/) which satisfies (4.22). Consequently, the surjectivity of
</ + M follows for some positive constant .

Theorem A.3 ensures that there exists a unique solution U of (4.15) satistying (4.21) if ' €
LYRy; ) and Uy € D(<7). This ends the proof of Theorem 4.1. O

m Exponential stability

Assuming the smoothness of o, Let prove the result of the exponential decay of solution.
The Lyapunov functional denoted by L is defined as follows

where N; and e are positive constants which will be fixed properly afterwards and

) = LU0,

= 5 (WO + 1@+ [ o06) s, )1 ds
+i [ @5 + 1Y Ol F2 )Vt € Ry, (4.44)
Fil) = (), u(t))y — O € Ry, (4.45)
Fit) = W00+ gl 00 aey Vit € B (446)
Folt) = —<u’(t), /{)+Oog(s)77(s,t)ds>H,VteR+. (4.47)
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Lemma 4.1. Assume that (G1), (1.9)-(1.13) and (2.8) hold and U, € D(</). Then, the energy
functional E defined by (4.44) satisfies for \; > 0, forall t > 0

+00
E'(t) < —(ma—K) [l @Ol + KA [lu@®) + K3A1/0 9(s) lIn(s, )|l ds

by [ g s 0l ds = (6 - Kad) W @)
+ KM |y(t )Ily + MO (4.48)
where
K, = 4A Ko =LE + g5 L5+ 1, K3 = go + goL%, Ka = LEC? = [

Proof. Differentiating (4.44) with respect to time variable ¢, employing (4.14),, (4.14); and (4.14)4,
integrating over domain 2 and making use of formulas of Green (A.4)-(A.5), boundary condi-
tions and (1.14), it holds that

) = (0.0 @)+ WO+ [ gls) ol t)nts, 0)vds

U8 Oz + R (1), O)y

A=(u'(8) 0 () e — (Gelult)). /() — (CV/ (1), (' ()
)

([ 9B (wlt) = ns, ) ds @) = [ pulul(®), (t)de
= [ polu) a4 (FO.0 Oy + (0, u(®)y

7 g @)t 0vds + 5 [ g 6) s, ) ds
—k(V, V') p2ya — (VY', V') p2(qpa + 5<U , V) 120
+I€<V¢, V¢I>L2(Q)d.

S

_|_

Considering (G1), (1.9) —(1.12), (2.8), inequalities of Cauchy -Schwarz, Young and Poincaré ,
we obtain the estimate (4.48).
[

Remark 4.1. From the inequality (4.48), we can infer that the energy functional (4.44) is not
decreasing generally.

We recall the following technical lemmas to prove the stability result.

Lemma 4.2. Assume that assumptions (G1), (G3), (1.9)-(1.13) and (2.8) hold and let U, € D(<).
Then, the functional F, defined by (4.45) satisfies for Ay > 0, forall t > 0

F) < (00 [u@l} + Ko [ o) Ints, 0 ds + K (1)

GO + (3 = 70) IO (449)
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where
L2

_goL% _ A 0 o 2
Ke = Ao 7K7_4,\27L Ao + 4)\ +d° Kg =

2 CQ
>\2

Proof. We differentiate (4.45) with respect to time variable ¢, thus

Fi(t) = llu ()5 + (W (0), u(t)) m = 3Ge™ | f O — 2™ (f(8), F())v-

Multiplying (4.14); by u(t). After that, integrating over domain (2, recalling formula of Green
(A.5), boundary conditions and (1.10), we arrive at

Fi) < IOl — (A (). e(t))n = mallu(@)} — (C/ (1), ()
([ alo)Be(u(®) = n(s 0)ds,=(l®) ) = [ pulul®)u(t)da
— [ e (1) - e (B + (70w = 36 FOR
—2e3<1f<f (6. F D) (450)

Considering inequalities of Cauchy-Schwarz, Young and having in mind (1.9), we get

(e (0) a4/ llule))
S @ + o) -

IA

Thanks to inequalities of Cauchy-Schwarz, Young, Poincaré and in view of (4.11), we obtain

(CHO. N < IOV Ol
rec O + el

IN

Inequalities of Cauchy-Schwarz, Young, (1.11) and (G1) imply that

</0°° g(s)Be(u(t) — n(s,t)ds, 5(u(t))>H
JAECLECORECULE MECOIE
Lis [ (5) (ule)lv + s, )llv) dsfu®)ly

L%gy [
< (oL + 2 [l + 52 [ 9(s)lints. ) s

IN

IN
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Utilizing inequalities of Cauchy-Schwarz and Young, (1.12) and (A.6), one has

([ tutpan) ([ ot Pa)’

< Lyl (0]l oy (@)l 2 (rs)e
LiCy
e Sl @I + Aellu®)]17-

IN

| Pl (1)un(t)da

IN

From inequalities of Cauchy-Schwarz and Young, (2.8) and (A.6), we arrive at

[pet) untide < ([ e o) da) (. et ||2da)
< L. HU()HL2 royal[u(t)] L2 (ry)e
< RO + Xl

Employing again inequalities of Cauchy-Schwarz and Young to get

1
SO u®)vv < O+ dellu@®Iy-
Using the inequality of Cauchy-Schwarz and considering assumption (G3), we obtain

25 1 (Ol L F (@) v

2" (f'(t), f(t))v <
< 2G| F @O

Substituting the above seven inequalities into (4.50) and using (A.9), we get

/ R 5 0 e 2
Fi(t) < (146X [[u(®)]y, + Dy Jo g(s) [In(s, )|y, ds

L4 L2Cy  LAC L2072
v d2 / t 2 2
+<4)\2+ 4N T 4o + )Hu()HV ||¢()||Y
1
+ (35 =) 17O
where | = m¢g — goL and 7y is such that g > 0 and —¢; e3¢ < —,. -

Lemma 4.3. Let Uy € D(7). Thus, the functional F, defined by (4.46) satisfies for A3 > 0, forall t > 0

F3(t) < Kol ()% — (5 = M) [0 @OF + Kol (]I, (4.51)

where
Kqy =

2d2
Ingp2
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Proof. Differentiating (4.46) with respect to the time variable ¢, one has

F3(t) = ' (OllZa) + (" (1), ¥ () L2y + HVY'(8), V(1)) L2(0)-

Multiplying (4.14), by ¢ (t). Then, integrating over domain §2, making use of Green’s formula
(A.4) and boundary conditions, it follows that

F3(t) < W' (Olli20) — KO + B (8), V(1) L2 (4.52)

Employing inequalities of Cauchy-Schwarz, Young and Poincaré, (A.7) and (A.8), we get

272

Bl (), V() pa(ey < 2 °

Wuu/<t)H%/ + sl (@)

Substituting the above inequality in (4.52) and exploiting inequality of Poincaré, we obtain

ﬁ2d2

B <

[/ @I = (5 = ) I @5 + C2l @I

O

Lemma 4.4. Assume that (G1), (1.9)-(1.13) and (2.8) hold and U, € D(</). Then the functional Fs
defined by (4.47) satisfies for Ay > 0, forall t > 0

—+00
Fi(t) < —goHu’(t)HiﬁKnAzHu’(t)H2v+KnAzHu(t)HQV+K13/O g(s) [In(s, t)|[3 ds

K [ 96) (5,0l ds + Xl + Kasdell ()3 (453)

where
3
Ky =14+ L2Ci+ L2Ci+ d* Ko = L+ L%, K3 = 2%+5T02+LB907K14 = 7920,\)52,}(15 = LZC2.

Proof. We differentiate (4.47) with respect to time variable ¢ and considering (4.14)3, we get

Fyt) == (u' @), [~ gms,0ds) = gl @)1 + (@), [ gls)ns.t)ds)
0 H 0 H
Integrating the term (u'(t), [~ g(s)ns(s, t)ds),, with respect to the variable s and expoloiting
n(0) =0, lims_, 4 g(s) = 0, we obtain

o

Fyt) == {w'®). [ gnis.0ds) = gollw @~ (w0), [~ g (s )ds )

H

Making use of (4.14),, integrating over domain 2 and employing formula of Green (A.5),
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boundary conditions lead to

Fyt) = (As@ @), [~ a(s)emis0)ds) +(Ge(u(t),
([ gs)Be(u(t) = n(s.0)ds, [~ gls)en(s.t
(v, [~ als)etms, 0)ds)

+ [l 0) [ sl 0dsdat [ prtr @) [ o)l dsda

_ <f(t), /00O g(s)n(s, t)ds>v'xv — <u’(t), /OOO g (s)n(s, t)ds>H
—goll/ (1)I3- (4.54)

=
VA
~_—
x

By inequalities of Cauchy-Schwarz and Young, (G1) and (1.9), we see that

(Ae(w 1)), /°°g<s> e >>ds>

H
< (A Ol | [ g(etnts, 0)ds]
g o0
< LA + 13- g<s>r|n<s,t>uvds. (455)

4o

Employing again inequalities of Cauchy-Schwarz and Young, (G1) and (1.10), we get

<Ge< o). [ °°g<s> (0(s, >>ds>

H
< JGeE)l | [ o s
g oo
< )\QLéHU()HwLT)Z ; Q(S)HU(SJ)HvdS- (4.56)

Making use of inequalities of Cauchy-Schwarz and Young, (G1) and (1.11), it follows that
([ g)Be(ult) = n()ds. [~ gs)ents, )ds)
0 0 M
| at9)Be(utt) = n(s,0)ds| | [ gls)eln(s.t)ds
0 0 H

MO} + (L4 Lom) [~ ot las (4.57)

IA

H

IN

From inequalities of Cauchy-Schwarz, Young and Poincaré, (4.11), we have

(Cv ). [ a@etnis.ds) < Ll Ol + 5= [ o@lints. )l ds

H

< LeCIn|v' ()5
g [e.9]
TAU g(s)lln(s,t)|[3-ds. (4.58)
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Considering inequalities of Cauchy-Schwarz and Young, (1.12), (G1) and (A.6), we obtain

[potwo) ([ gtsm(s.0ds) do

(/1“3 pz(uly(t))daf (/FS (/Ooo 9(5)771/(8,t)d3>2 da>é

g oo
MLy Collu' (DY + 4702 - 9(9)lIn(s, DIl ds. (4.59)

IN

IN

Applying inequalities of Cauchy-Schwarz and Young, (2.8), (G1) and (A.6), we have

/Fs pr(u(t)) - </OOO 9(3)777(8,15)(15) da

(/. 20 (0)da) ( [/ °°g(s)m(s,ﬂds)Zcm)é

g oo
< AaLfC§IIU'(t)!\3+T;2 - 9(9)lIn(s, D)l ds. (4.60)

IN

Utilizing inequalities of Cauchy-Schwarz and Young and assumption (G1), it follows

= (1@ oot tyds) <Ml O+ 3 [Ta@lnts lpds (461)

Exploiting inequalities of Cauchy-Schwarz and Young, (G1) and (A.9), it holds that

= {w), [~ g mts.ds)

< W @lall [ (s)nls. sl
< Ml - ﬁff) ([ 9 6Mints, s
< Pl ol - 205 ([T @ nts 0l ds). (4.62)

Substituting the estimates (4.55)-(4.62) in (4.54), we get

Fit) < —gollw/ ()3 + e (L4 + LECy + L2Cy + d2) [/ (D)1}

2 2 2 2 g(0)d? [teo 2
0 (18 + L) 1)1 + 2l 01 — 205 [* g6 Ints, 1 s

64 g8 o0
a2+ Bt Lpgo ) [ g(s)lInts, Ol ds + X L2CE ]
4)\2 4)\2 0

O

Lemma 4.5. Assume that assumption (G1) is satisfied. Then, there exist two positive constants ¢; and ¢
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such that
ab(t) < L(t) < QE(). (4.63)

Proof. From inequalities of Cauchy-Schwarz,Young and Poincaré and (A.9), we obtain

RO = 16000 ~ SO < 00, u(t)
< maz(1,d*)E(t), (4.64)
R0 = @000 + §ITHO0
< maz(1,C% 4+ 6)E(), (4.65)

F@l = (0@, [ gents tds) |
< maz(1, god*)E(t). (4.66)

Combining (4.43), (4.44), (4.64)-(4.66), we obtain
£(t) = E()] < esE(2),
where the positive constant g3 is defined by
g3 = Nymaz (1, d*) + max(1,C% + ) + maz(1, god?).

Note that, thanks to

1
€< —, (4.67)
S3

weget L~ Ewith¢ =1—egand g =1+ €g3. O
The following theorem provides the exponential stability issue
Theorem 4.2. Assume that (G1)-(G3) and (1.9)-(1.13), (2.8) hold . Suppose that m is such that
6
mqg > — + goLp, (468)
470

and there exists dy a positive constant independent of m 4 such that
ma > 50, (469)
thus, for every Uy € D(<f), there exist positive constants d, and 05 such that

|U(1)]]% < 672 (4.70)

Global existence and exponential stability for... L. Ouakil- Msila University



4.4. Exponential stability 94

Proof. A differentiation of (4.43) and use of (4.48), (4.49), (4.51) and (4.53) give us forall t > 0

Li(t) = E'(t)+e(NFi(t) + Fo(t) + F3(t)

K5\
e (sl @I + (3.0 - 63 = Ko - 22 ) futo

e (9 (= ) =) = B [ atolats o as

€

IN

_ KalVs — Kughg — Km) O

K\
- 52 o

+ (K1 —ma+ e (N1 K7+ Ko+ K1) Jd' (0|13

1 00 00
(5 = ek [T 9@l 0lids + ek [ g()lInts, 0l ds

F(e(m (41 — ) + ) ) 17 @IE. (471)

where K16 = N1K6 + K13 + K3 (N1 (’)/0 — i) — )\2)
Using (4.68), A2 can be chosen such that

1 l
— < Ay < = 4.72
470 2 67 ( )

and therefore IV; big enough such that

Nl(l — 6/\2> — K9 > O7

1 (4.73)
N (7o — —) — :
! <7 4)\2> A2 >0
Moreover, we have to choose \; such that
A3 < K. (4.74)

From (G2), one has

1 00 , )
(5 eku) [~ g @lntsDlds + ks [~ gls)lns, )3 ds

< —em) /0 q'(s)|In(s, )12 ds,

where K7 = K4 + %
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It follows from the previous equality that

£ < = (ml O+ (M- 03 - Ko = ) ol

e (Ko (30 (0= ) =) = B2 [ st ol

0 — KA
_%(fl_M&_KMer)W@M

ﬁ(m—&—Kﬁjnwm@

€
+ (K1 —ma + e (N1 K7+ Ko + K1 \2) ||/ (0|13

" (; - EKN) /OOO g'(s)ln(s, t)|3-ds
+ ()\1 +e€ (Nl (41)\2 — 70) + >\2>) 1£(t)]|2

We assume that the constant m 4 satisfies (4.69) if we choose J; in the following form

5 = maz ME5 (KeNy+ Ko+ Kjnda) M Ko (K7Ny + Ko + Ki1)9)
0 li—)\g ’ N1 (l—6/\2>—K12)\2 ’
A (K7Ny + K9 + Kp A

1 (K7 Ny 19 11A2) LK,

N, (’70 - @) — A2

Moreover, A is assumed to satisfy

0 (N1 (I —6X2) — K12)2)
Ky (KsNy + Kishe + K1) + Kq (N1 (1 = 6Xg) — K12X2)’
0 (Ii - )\3)
K5 (KgNy + KisAg + Kig) + Ky (k — )‘3)’
5 (Vi (0 = 1%) = Ae)
(KSNI + KisAa + KIO) + Ky (Nl (’70 - i) - /\2)
Ny (I —6X3) — K909 M1 (’70 - i) — A
2K, K 7 ’ 2Ky7
K—X3 Ny (I—6X)—Kiphg M (70 - i) — N
2K17K57 K2§3 7 S3

li—)\g (5}
§3K5 ’ K4 .

AL < min {

)

From (4.77), we have

< mwn ; y
K — A3 KgNy + KisA + Kio' 2K17 63

(4.75)

(4.76)

(4.77)

(4.78)
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A , 0 — Ky 1 1 }
< mn , , — s 4.79
N, ('yo — i) — s {K8N1 + Kish + Ko 2Ki7 63 (479)
Ko , { 0 — Ky 1 1 }
< man , , — 0 4.80
Ny (I = 6)A2) — Ki2X0 KgNi + Kisho + Ko 2K17 63 ( )
and
0 — Ky > 0. (4.81)
It follows from (4.76) that
K5)\1 ma — Kl
< ; 4.82
k—2A3 KN+ K9+ K1) ( )
A ma — Ky
< , 4.83
N, (70—i> — Xy  KiNi+ Ko+ K)o (483)
d
an KQ)\l < mA—K1 (484)
N (I —6X) — K19\ KNy + Ko+ Ki1 Ao’ '
Therefore, combining (4.67) and (4.78)-(4.84), € is fixed as
Kig<e< Klg, (485)
where
K v Ks\ A Kol
e K— Ay’ Nl(%_i)_k’ N (I —6X)— Kk [
. { (5—K4)\1 mA—K1 1 1}
K9 = mun , , , — 0.
KNy + Kisha + Ko K7Ni+ Ko + Kiide 2K17 63

Using (4.85) and inequality of Poincaré, we get

0 — K\
e (6“ — NiKg — Ki5ha — KlO) 14" ()15
e (06— K4\
S _ﬁ (641 — NlKg — K15)\2 - KlU) H’l//<t)‘|%2(ﬂ)
2

Thus, we arrive at

L) < ~eKnB(t) + (5~ ko) [ (s) (s 1) s,
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where
KQ() = 2min {go, Nl(l — 6)\2) — Klz)\g — KQ)\I,
1 K3\
Ky (N (70— ——) =X ) —
3( 1(70 4>\2) AQ) e
1 K5\ 1 (6= K4\
- (m—&—“) e (“—NlKS—KmAQ—Km)}.
K € Cs €
Using (G1), (4.85) and (4.63), we obtain
—eK;
Lty < =22 4.86
0 < T2 (4386)
Integrating (4.86) from 0 to ¢ yields
L(t) < L(0)e™%!, VteR,, (4.87)
where 6y = ff—j%
Using (4.63) and (4.87), we get
U5 = 2E(t)
2
<
< 7o Eggﬁ(t
2
< —dat
< 7o 6qgﬁ((])e ,
which yields (4.70) with 5 = 2~ L(0). O

Global existence and exponential stability for...

I. Ouakil- Msila University



(GENERAL CONCLUSIONS AND FUTURE RESEARCH

Un this work, we study the global existence, uniqueness and exponential decay of a solution
for nonlinear contact problems. The process of contact is dynamic and the constitutive law is
assumed to be viscoelastic or thermo-viscoelastic with term memory. The considered contact
conditions are: normal compliance condition, normal damped response and normal compliance
with adhesion.

First, we prove the global existence of a unique solution for frictionless viscoelastic dynamic
contact problem with normal compliance using nonlinear semigroup theory. The stability result
for the model is established using the energy method and by supposing that the relaxation
function g decreases exponentially. Second, we show the global existence of a solution for a
frictional dynamic contact problem with normal damped response condition and in the case
where the memory term in the constitutive law is finite and infinite. In the case of finite memory,
the proof of the global existence of a unique solution is based on arguments of nonlinear operator
theory, fixed point argument and extension procedure. In the other case, the global existence
is proved using nonlinear semigroup theory. In addition, we prove the exponential decay
of the solution in the two cases. Next, we introduce the internal variable surface called the
bonding field 3 and we consider a contact problem with normal compliance and adhesion. The
evolution of the variable (3 is described by some nonlinear differential equation. Assuming
that the frictional tangential traction is negligible, we prove the global existence of a unique
solution using nonlinear semigroup theory and under some assumptions on initial problem
data. Using again energy method and by constructing an appropriate Lyapunov functional,
we prove the stability result for this adhesive contact problem. Finally, we consider a dynamic
thermo-viscoelastic contact problem. The thermal effect is taken into account together with
the frictional effect. By exploiting arguments of nonlinear semigroup, we establish the global
solvability of the considered problem. The exponential decay of its solution is shown by applying
energy method.

Completing this work and as a research perspective. It seems to be interesting to achieve the
following objectives

o To extend the results of global existence and stability to study electro-viscoelastic contact
problems, contact problems with damage and viscoplastic contact problems.

e To establish the general decay for contact problems considered in this thesis when the
relaxation function g satisfying a general assumption.

o To weaken assumptions on problem data more precisely the regularity of f and the assump-
tions on positive constants mq and m 4 and to prove the global existence and exponential
decay of solutions.
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PRELIMINARY MATERIAL AND MODELING

Un this appendix, we introduce some basic preliminaries from functional analysis that we need
subsequently and we present the mathematical modeling for the processes of contact. First, we review
some Sobolev spaces for contact mechanics. Then, we recall some standard results on nonlinear analysis
that will be used repeatedly in proving the existence of a unique solution for contact problems. Next, we
list several inequalities that we need in our study. Finally, the second section is devoted to the
mathematical modeling of contact problems. For further details about the different concepts found in this
appendix, we refer the reader to the references [1,8,10,51].
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A.1. Preliminaries on functional analysis 101

Preliminaries on functional analysis

Sobolev spaces in contact mechanics

Let Q2 be a bounded domain of R¢(d = 2, 3) with a Lipschitz boundary denoted by I' such that
I'=T,UTl'yUT's whereI';, I'; and I'; are disjoint measurable parts with meas I'y > 0.
The inner product and the Euclidean norm on S? and R¢ are

w-v = wwy, vl = @w-0)Y? forallu= (u;),v = (v;) € RY, (A1)
o1 = oyry, |7l =(r.7)Y? forallo = (0y),7 = (r;;) € S (A.2)

The two indices i and j range from 1 to d. Moreover, summation over repeated indices is implied.
Assuming that X denotes a real Banach space, we shall consider the different spaces that follow

H = {u = (u;) | w; € L2(Q)},

H o= {o=(0y) |0y =05 € L’(Q)},
H = {u=(w)|uecH(Q)},

H, = {oce€H| Dive e H},

V = {veH |v=00onTI}},

Y = {yeHl(QHy:OonF},

where Div : H; — H denotes the divergence operator and we have
Dive = (Uij,j> s

80’1'3'
8([]' :

d
where g;;; = Y°
j=1

The canonical inner product of the previous real Hilbert spaces H, H, H;,H,,V and Y are

(U, v) p2(pa = /uivi dz,
0

0:;Ti; dz
/Q g Tij AL,

<U7U>H1 = <U7U>L2(Q)d+<5(u)75(v>>7-£7

<0-’ 7_>’H
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and

(0,7V3, = (0,7)y + (Divo, Div 1)y,
(wv)v = (e(u),e(v))n,

(y,2)y = <Vy>VZ>L2(Q)d>

here ¢ : H; — H denotes the deformation operator stated by

u) = (ey(w)), () = 5 (s + use)

where u; ; = gzi_.
J

The norms defined on the spaces H, Hi, Hi, V and Y are represented respectively by || - ||,

Wz [V Mo (- Dl and [ fly
Using the fact that meas I'; > 0, we get the following Korn’s inequality

le@)llx = cxllvllm, YveV, (A.3)

where cx > 0 is a constant which depends only on 2 and I'; (see for instance [22]).

The vector v is the unit outer normal on I'. We denote by v the trace of vector v on I for every
element v € H;. v, denotes the normal component of the element v on I'. Furthermore, v,
denotes the tangential component of the element v on I'. The two components are given by

V, =V-V, U =0 — U,

Denote by o, the normal trace of o € H,. Otherwise, the notation o, represents the tangential
trace of o € H;. If o is a regular tensor field , say o € C* (ﬁ; Sd>, thus we have

o, = (ov)-v, o, =0v—o0,.

To derive the variational formulation for the contact problem, we apply the following Green
formulas

/Q(udiver Vu-v)dr = / u(v-v)da, Yu€ H'(Q), ve H (A4)
r

and

(0,e(v))n + (Divo,v)g = /

ov-vda, Yve H,, YoecC" (ﬁ; Sd> : (A.5)
r

There exists a constant C; > 0 that depends only on (2, I'y and I's such that
[0l 2 < Collollv, Wo €V, (A6)
Next, we assume that the space H is equipped with the modified inner product

(u,v) g = (pu,v)2ye, VYu,v € H, (A7)
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where the density of mass p satisfies the following assumption
p € L>(Q), there exists p* > 0 such that p(z) > p*a.e. x € Q, (A.8)

|| - |l represents the associated norm of the space H.

The notation V'’ represents the dual of space V. || - ||y stands for its corresponding norm. Other-
wise, the duality pairing the two spaces I and V' is denoted by (-, - )y/xy.

The triple of spaces (V, H, V") is called Gelfand triple where

VcHCcCV.

The embedding of the space V' into the space H is continuous and V' is dense in H. Then, there
exists d > 0 such that
|ullg < dlully, YuelV, (A9)

(Y, L*(Q2),Y") is another Gelfand triple, where Y” is the dual space of Y.
Through this thesis, we consider

(u, v)vrxy = (U, V) = (pu, V) 2ya, Yue€ H, Yo eV, (A.10)

<yaZ>Y’><Y = <y7Z>L2(Q)a Vy € LQ(Q)a VzeY. (A-ll)

We denote by . the positive part of an extended real number r. Then
ry = max{r,0}.
Next, for every extended real numbers m and n, we have the two following inequalities
[my —ny [l m—n, (A12)

and
(m—mn)y >m—n. (A.13)

In what follows, we suppose that X is a real Banach space. Its corresponding norm is || - || x. X’
denotes the dual of X and (., .) y/« x represents the duality pairing between the spaces X and
X'.

Elements of nonlinear analysis

Definition A.1. A sequence {z,,} C X converges weakly to z € X, if

<xn7l>X><X’ — <xal>X><X’, Vie X',
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In this case, = denotes the weak limit of the sequence {z,}. The notation z,, — x is used to
denote this kind of convergence.

Definition A.2. The single-valued operator A : D(A) C X — X' is called
(a) monotone, if
(Au — Av,u —v)xixx >0 Yu,v € D(A).

(b) strongly monotone, if there exists a constant ¢ > 0 and p > 1 such that
(Au— Av,u —v)xivx > cllu —v|%  Vu,v € D(A).
(c) Maximal monotone, if A is monotone, z* € X' and x € X
(" — Av,u —v)xixx >0 Vu,v € D(A) = u € D(A)and z* = Au.
(d) hemicontinuous, if D(A) = X and for all u,v € X, we have
A(u+Cv) = Alu)

as ¢ — 0.
(d) Lipschitz continuous, if there exists L > 0 such that

|Au — Av||x < Llju —v||x Yu,v € X.

Definition A.3. Let H be a Hilbert space, The single valued operator A : D(A) C H — H is

called
(a) accretive, if
(Au— Av,u —v)g >0 Yu,v € D(A).

(b) m-accretive, if A is an accretive operator and
R(I+A)=H,

where R(I + A) denotes the range of the operator / + A.
(c) w-m-accretive where w € R, if A + w/ is m-accretive.

Theorem A.1. Assume that X is a reflexive Banach space and the operator A : X — X' is monotone
and hemicontinuous. Then, A is maximal monotone .

Corollary A.1. Assume that X is reflexive Banach space and A is coercive and maximal monotone. Then
A is surjective.

Theorem A.2. Let V C H C V' a Gelfand tripleand A : V' — V' a monotone and hemicontinuous
operator satisfying
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<AU,U>V/><V > W‘U,ﬁ/ + X Yue V,

|Aullv < C(July +1) YueV,

where w > 0,C > 0and A € R.
Given ug € H et f € L*(0,T; V"), then, there exists a unique function u(t) satisfying

uw€ L*0,T;V)NC(0,T; H), v € L*(0,T; V"),

W+ Au = f(t) ae te(0,T),
uw(0) = up.

Definition A.4. Let C' be a subset of a Banach space X. A semigroup on C'isa group {S(¢) : t > 0}
of a self-maps defined on the subset C' which satisfies the following properties

e S5(0)=1,
o S(t+ s)xr = S(t)S(s)x,Vt,s >0, x € C.
Definition A.5. A semi-group S(t) is said to be continuous if the mapping ¢ : [0,00) x C — C

defined by ¢(t,z) = S(t)z is continuous when the subset C' carries the norm topology of the
element z.

Definition A.6. A continuous semigroup S which satisfies
15tz = S@ylx < llz —yllx, vt >0, 2,y € C,

is a semigroup of contractions.

Definition A.7. The semigroup S is said to be a quasicontractive on C' if there is a constant w
such that
1)z = S@)yllx < e'lle —yllx V>0, z,yeC.

The notion of semigroup is considered as an abstraction of "a uniquely solvable initial-value
problem" of the following form

ot

du(t) _
{ +Au(t) =0, Vt>o0, (A14)
u(0) = =z,
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where A : D(A) C X — X is a (nonlinear) operator . If for all z € C, the problem (A.14) has a
unique solution u(t) on [0, 0o), then putting S(¢)z = u(t) should be a semigroup on X.

Theorem A.3. Let A be a single valued operator in a reflexive Banach space X, f € L'(Ry; X) and

zo € D(A). If A+ wl is m-accretive, then the problem

{1mw+AMw:f@% vt >0, (A.15)

u(0) = .

has a unique mild solution u € C(R,; X).

Remark A.1. This theorem will be used in the particular case where X is a Hilbert space.

Principal inequalities

Notation
Let1 <p < +ooand 1 < ¢ < +oo. Then, p and ¢ are conjugate exponents if

1 1
S+ =1
P g

Theorem A.4. (Hoélder’s inequality) Let f € LP(Q2) and g € LY(2). Then, fg belongs to L*($)) and we
have

1fglle < [/ 1lpllgllq-
Corollary A.2. (Cauchy-Schwarz’s inequality) In the case where p = q = 2, we get

1£glle < 1 N2llgll2-

Theorem A.5. (Young’s inequality) Let a,b > 0. Then, for any n > 0

b2
ab < na2 + —.
4n

Lemma A.1. Forall a,b > 0 and ]% + % = 1, we have

ab b
ab < — + —.
p q
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Theorem A.6. (Poincaré’s inequality). Let 1 < p < +o0 and 2 be a bounded (at least in one direction)
subset. Then there exists C,. > 0 that depends on 2 and p satisfying

lell, < CullVell,, Vo € WeP(Q).

Modeling

This section is devoted to the mathematical modeling of some contact problems. We provide a
presentation of physical setting, the variables of the state of the considered system, the behavior
of material and the boundary conditions of the studied system.

.WWAl DPhysical setting

A deformable body occupies a domain Q2 C R%(d = 2, 3) that is bounded and with a Lipschitz
boundary I that is separated into three disjoint and measurable parts I';, I'; and I'; satisfying
meas I['; > 0.

The deformable body is fixed on I'; and the surface tractions with density f; act on the measur-
able part I';. The contact between the deformable body and an obstacle named foundation is on
T

Figure A.1: The physical setting

This thesis is intended to describe mainly the evolution of the mechanical state of the deformable
body where the time interval that interests us is [0, +00). Let denote by v = (u;(x,t)) = u(x, t) the
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displacement field and by o = (0;;(x,t)) = o(x, t) the stress field where = denotes the position
vector and ¢ represents the time variable. The unknowns of the considered contact problems are
the two functions u : R, x Q - R?and o : R, x Q — S

In the case of the presence of adhesion or temperature effect, we add to the previous unknowns
the function § : Ry x 2 — [0, 1] which represents the bonding field or 6 : R, x 2 — R which
stands for the temperature.

The mechanical state of the deformable body is described by the following equation of motion

pu”" = Divo + fo inQ xRy, (A.16)

where p denotes the mass density, u” represents the acceleration field and f, denotes the density
of applied forces. The notation "Div" represents the divergence operator for tensors.

The processes modeled by Eq. (A.16) are called dynamic processes.

The body is fixed on I'y. Therefore, we get

u=0 onIi xRy, (A17)

where u stands for the displacement field.
The following equation represents the traction boundary condition

oV = fg on FQ X R+. (A18)

Later, we will complete the equations (A.16)-(A.18) with the contact conditions on the boundary
Is.

The previous equations are insufficient to describe the considered problem. we need to take
into account the description of the behavior of the material body. For this purpose, we will talk
about the constitutive laws in the next subsection.

. ¥A Constitutive laws

The constitutive laws are the relationships between stresses and strains. They describe the
deformation of the body. The researchers made series of tests and experiments to establish these
particular laws more precisely they mostly used testing machines and rheological properties of
material to do so. We refer the reader to [18,19,35,38,75].
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W RB Elastic constitutive laws.

We say that a body has a property of elasticity when it can resist a distorting influence. Moreover,
it returns to its original shape and size when the applied force or influence is removed. A general
form of elastic constitutive law is

o = Ge(u), (A.19)

where G denotes the elasticity operator.

.MM B Viscoelastic constitutive laws

We say that a body is viscous if it deforms slowly when we apply an external force on it. On
another side, a material is said to be viscoelastic if it becomes viscous and elastic when a force is
applied to it.

A general viscoelastic constitutive law with short memory is

o= Ae(u') + Ge(u), (A.20)

where A is the viscosity operator, G is the elasticity operator, v’ denotes the velocity field. A
general viscoelastic constitutive law with a long memory is given by

o = As(u) + Ge(u) + /Ot B(t — s, (u(s)))ds, (A21)

where A is the viscosity operator, G is the elasticity operator and B is the relaxation operator.
In the case when the viscoelastic properties depend on temperature. Constitutive law is assumed
to be thermo-viscoelastic and we have

0 = As(u) + Ge(u) + | "Bt — s, 2(u(s)))ds + C6, (A22)

here 0 is the temperature and the nonlinear operator C'is the thermal expansion operator.
The constitutive laws with long-term memory used in this thesis are given by

7 = Ae(u) + Ge(w) — [ "(s)Be (u(t — 5))ds in Q x (0,00), (A23)
o = Ac(u') + Ge(u) — /0 ¥ g(5)Be (u(t — ))ds in Q2 x (0,00), (A.24)

and
o = Ae(u') + Ge(u) — /0 g(s)Be (u(t — 5))ds + CO in Q x (0, 00), (A.25)
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where ¢ : R, — R stands for the kernel of the memory term.

Contact conditions

On the boundary I's, we distinguish two kinds of conditions: conditions in the normal direction
(contact conditions) and conditions in the tangential direction (friction laws).

Let’s describe the conditions on the normal direction used in this thesis. First, the normal
damped response condition is given by

—o,=p,(u,) onT3 xRy, (A.26)

where o, refers to the normal stress, the normal velocity is expressed by «, and p, is the normal
damped function. It is a specific function that vanishes in the case of a negative argument.
An example of function p, is the following

pu(r) = cury,

where ¢, is a positive constant which represents the coefficient of damping resistance.

The normal damped response presents the contact with some lubricated foundation. Besides, it
assigns a normal pressure that is reactive and depends on normal velocity.

Second, we consider the normal compliance condition. It takes the following form

-0, =p,(u,) onTs xR, (A.27)

where o, refers to the normal stress, the normal displacement is expressed by u, and p, is the
normal compliance function. It is a specific function that vanishes in the case of a negative
argument.

An example of the normal compliance function p, is

pV(’r) =T,
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- O,

~o,=p,(,)

Figure A.2: Graphic representation of p,

More generally, we can take
po(r) = (r4)",
where n > 0 and . = max {0,7}.
The normal compliance condition presents a deformable foundation. In addition, it assigns a
normal pressure that it is reactive and depends on the asperities’s interpenetration on the surface

of the body and those on the considered foundation.
Next, Let’s describe the condition of normal compliance with adhesion given by

—0, = p, (w,) — 1B*R,(u,) onT3x (0,00), (A.28)

where o, denotes the normal stress, u, stands for the normal displacement, p, refers to the
normal compliance function. It equals to zero when its argument is negative and v, > 0 is the
adhesion coefficient. R, : R — R, is the following truncation operator

L ifs < —L,
R,(s)=4 —s if —L<s<0, (A.29)
0 if s > 0,

here L > 0 denotes the specific length of the bond.

R (S)

Figure A.3: Graphic representation of the truncation operator R,
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Now, we present the internal surface variable 0 < g < 1. If the variable /5 equals to 1, then all
bonds are active and adhesion is complete. If 3 equals to zero, all bonds are inactive, severed
and no adhesion exists. In the case where 0 < 3 < 1, then only a part of the bond is active and
adhesion is partial.

The condition of normal compliance with adhesion (A.28) can be found in [12,36,73].

We assume that the variable /3 is governed by the following differential equation

8 = — (8 ((Ru(w)* + | Ro(u)|?) — &), inTs x (0,00), (A.30)

B(0) = By in T, (A.31)

where v,, 7, are the adhesion’s coefficients and ¢, represents the limit bound, u, refers to the
tangential displacement and j3 is the initial adhesion such that

0<fy<lae xely,

and R, : R? — R? is the truncation operator that follows

ngz{qj if ol < L, (A32)

L i o] > L.

.WWX'Y Friction laws

Now, we turn to the conditions with the tangential directions called also friction laws. We
distinguish two cases.
In the case where the friction force vanishes then we obtain

o,=0onTl3 xR,

where o, denotes the tangential stress. In the study of a contact problem with normal compliance
and adhesion, we assume that o, satisfies

—0; = p(B)R-(u,) on '3 x (0, 00), (A.33)

where p; : I's x R — R, is a function of tangential contact. p,(3) serves like a spring constant. It
increases with the bonding field /5. The traction and the displacement are opposite in direction.
It follows from § < 1 and ||R.|| < L that the maximal modulus which can be taken by the
tangential traction is p,(1)L.

Assuming that we neglige the frictional tangential traction. It follows from (A.33) that the
considered contact is frictionless. If we don’t neglect the frictional tangential traction as in [ 64,65].
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The contact will be frictional with adhesion.
In the case where the contact is frictional, we assume for example that o satisfies

—o, = pr(u))on T3 x (0,00), (A.34)

where p, : I'; x R? — R is the tangential function.
As an example of p,, we can take

pr = pr,

where ;1 > 0 denotes the coefficient of friction.
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Abstract: In this thesis, we study some dynamic contact problems, with or without friction,
between a deformable body and a foundation. We consider a nonlinear constitutive law with
long memory term for viscoelastic or thermo-viscoelastic materials. The acceleration of the
system is not neglected and then the modeled processes are dynamic. The contact is modeled
with different conditions including normal compliance, normal damped response and normal
compliance with adhesion. Moreover, the considered contact is bilateral because it is maintained
at any time. The results we obtain concern the global existence and uniqueness of mild solutions.
The techniques that we used are based on the theory of operators, fixed point and a nonlinear
semigroup arguments. We also aim to establish the exponential stability of the obtained solutions
using energy method and under some assumptions on problem data.

Keywords : Asymptotic behavior, Contact problem, Dissipative, Global existence, Semigroup.

Résumé: Dans cette thése, nous étudions quelques problemes de contact dynamique, avec
ou sans frottement, entre un corps déformable et une fondation. On considere une loi de
comportement non linéaire avec mémoire longue pour des matériaux viscoélastiques ou thermo-
viscoélastiques. L'accélération du systeme n’est pas négligée et alors les processus modélisés
sont dynamiques. Le contact est modélisé avec différentes conditions y compris la compliance
normale, la réponse normale instantanée et la compliance normale avec adhérence. De plus, le
contact considéré est bilatéral car il est maintenu a tout moment. Les résultats que nous avons
obtenu concernent 1'existence globale et 1'unicité des solutions allégées. Les techniques que
nous avons utilisés sont basées sur la théorie des opérateurs, point fixe et des arguments de
semi-groupe non linéaire. Nous visons également a établir la stabilité exponentielle des solutions
obtenues en utilisant la méthode d’énergie et sous certaines hypotheses sur les données du
probleme.

Mots clés : Comportement asymptotique, Dissipatif, Existence globale, Probleme de Contact,
Semi-groupe.
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