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Notation

We introduce the necessary notations and definition which are used in the sequel.

RN Euclidean space of dimension N, where N is a nonzero natural number.
Q open subset of RV,

X' topological dual of X.

(,.) scalar product.

X vector in RN, x = (x1, X2, .., Xn), X; R, 1<i<N.

dx Lebesgue measure in N-dimensional space.

0Q=T boundary of Q.

|E| or mes (E) measure of the set E.

B(xp,r) open ball of radius r centered at x0.

.| Hilbert norm.

() duality bracket between X and its dual space.

Jo f(x)dx integral of f in Q with respect to the Lebesgue measure.

supp u  Support of the function u.
ou

5 outward normal derivative.
; ; iy = Ou o Ou Ou
divu divergence of the vector u, divu = el drp T
_vN d%u .
Au =3, o2 Laplacian of u.

fn— f denotes that the sequence {f,;} converge to f.

fn— f denotes that the sequence {f,} converge weakly to f.

LP(Q)  ={u:Q — Rmeasurable and (fQIu(x)lpdx)l/p < +oo such that 1 < p < oo}.
S Hilbert space.
ul, = [ folu@Pdx]"" = |ulp.

L*°(Q) ={u:Q — Rmeasurable,AM >0||u(x)| < Ma.e.}.

lullfo =inf{C:|u(x)|<Ca.eonQ}.

q H('jlderconjugateofp:q:%ifp>1andq:ooifp:1.

L1Q)cLP(Q), Vi<p<g<oo.

lullc.@) =supyeqlu(x)] = maxyeq|u(x)|.

LP(Q)  Lebesgue space.

C.(Q)  space of continuous functions with compact.

2(Q) space of infinitely differentiable functions on Q with compact support in Q.
W@ ={uelP(@)|Vue @)V},



Wy?@ ={ueW'P(@), with u=0 on 90},

a.e. almost everywhere.



Introduction

Partial differential equations, which will be abbreviated as "PDE" in the following, constitute an
important branch of applied mathematics and this field is becoming increasingly important in
modern times. EDPs have great utility in mod- delusion of many phenomena of different natures
such as physics, chemistry, biology and other sciences. In other words, EDPs intervene in many
other fields: in chemistry to model reactions, in economics to study market behavior, in finance to
study derivative products and in image processing to restore damage. These problems boil down

to mathematical models usually written in the form

Lw=f, @O

where L is a definite operator from a function space E to a function space E u is the unknown func-
tion and f a given function. PDEs probably first appeared during the 17th century. In- the field
of PDEs has been enriched as the sciences have developed and especially physics. However, the
systematic study of PDEs is much more recent and it is only during of the 20th century that math-
ematicians began to develop and indeed this theory has recently experienced a great theoretical
and practical advancement. The mathematical analysis of these partial differential equations re-
quires an appropriate choice of functional spaces and a clear definition of the notion of solution
(the existence and sometimes uniqueness). One of the things to keep in mind about PDE:s is to ask
the question: can we get solutions explicitly?. So what mathematics can do on the other hand, is to
say if one or more solutions exist, and to describe sometimes very precisely- ment some properties
of these solutions. So usually an exact solution of problem (1) is not easy to find and sometimes we
cannot even find the explicit solution. This leads to the introduction of the notion of the weak so-
lution which appeared in 1934 in the work of Jean Leray. therefore, in most cases it is very difficult,
if not impossible, to exhibit the solutions of a PDE. In some cases we manage to try to show that
the problem admits a unique solution (it is said to be well-posed). But sometimes we can calculate

numerical approximations of the solutions.



Moreover, the work presented in this dissertation concerns a particular case of the equations to

partial derivatives of the elliptic type involving the divergent operator

Au = —-div(M(x)Vu).

We are interested in this thesis to study the following problem:

Au=—— Q,
uy
(p) u>0 inQ,
=0 on 0Q),

where ) is a bounded open subset of RN (N=2),and 0 < Y < 1lis areal number. We assume that f
is a nonnegative function belonging to L' (), and M(x) is a bounded elliptic matrix satisfying the

following coercivity and boundedness conditions: there exist 0 < a < ff such that
alfl? < Mx)¢-¢, and |M(x)|<p,

for every ¢ € RV and almost every x € Q.

We first illustrate the main difficulties that may arise when studying of the problem (P)

1) The irregularity in the case where f € L}(Q); i.e. the second member of (P) does not belong to
space W17 (Q).

2) Singularity of the term %

3) Ensuring positivity of the solution

4) Passing to the limit in nonlinear terms

Technique

We are going to prove the existence and regularity of the weak solutions of the problem (P). To do
this, we will approximate the problem (P) by a sequence of approximate problems (P,) given in
L* whose existence of the solution approximate is guaranteed by Theorem 2.1. Then we will prove
some estimates uniform on the sequence of solutions of these problems (P;) and their partial
derivatives. Once this is done, the linearity of the operator with respect to the gradient as well as
the boundedness and the continuity of a will make it possible to pass to the limit, thus finding the

solution.



Thesis plan

This thesis is divided into three chapters as follows: The first chapter is dedicated to giving some
basic definitions and results with functional analysis tools essential to the achievement of the
objectives for the study of the (P) problem. For example we recall functional spaces (Lebesgue,
Sobolev) , along with some of their properties , and we recall some definitions on the operators (
himecontinuous, Monotone, Bounded and coercive).

In the second chapter, we take y = 0, and we study the existence of weak solutions for a class
of elliptic boundary value problems of elliptic operator with a regular and non-regular second

member

* Regular case: In this case, we use Minty-Browder theorem to prove the existence of weak

solutions u € Wol’z(Q), where f € L*°(Q)

« Irregular case: In this case, we have f € L' (Q) , and to prove the existence of weak solutions

ue WO1 T withl<g< % ,we follow the following steps:

- Approximation of problem
— Uniform Estimates

- Passage to the limit

In the third chapter, we study the existence of weak solutions for a class of elliptic boundary value
problems involving L! data and a singular nonlinearity of the type % By introducing an approx-
imate problem, we first obtain the approximate solution u, € H& (Q) using the Leray-Schauder
Fixed Point Theorem. Then, through truncation techniques, uniform estimates, and compact-
ness arguments in the spirit of Boccardo-GallouA«t theory, we establish the existence of a weak

solution. Finally, the strict positivity of the obtained solution is proved by applying the Strong

Maximum Principle,The present work is inspired by the article of Lucio Boccardo [3].



Chapter 1

Preliminaries

This chapter presents some fundamental concepts related to the studied spaces, as well as some

of their properties, based on the following references ([2, 4, 5, 9],and [10] ).

1.1 Basic notions of functional analysis

1.1.1 Some definitions

Definition 1.1 (Dual space). Let E be a normed space and let f : E — R (or C) be a linear functional.

We say that f is continuous (or bounded) if there exists a constant C > 0 such that :
|f(x)|<Clx|lg forallxeE.

The dual space of E, denoted by E', is the set of all linear and continuous functionals from E into R

(orC), thatis,

E' ={f:E—R(orC)| f is linear and continuous}.

Moreover, for each f € E', we define the norm

I fllgr = sup |f(x)l.

lxllp=<1

Remark 1.1.

The condition |f(x)| <Clx|lg isequivalent to saying that f is continuous on E.

The dual space E' collects all such continuous linear functionals defined on E.

The norm || - || is called the operator norm.

Even when the space E is not complete, its dual space E' is always a Banach space when en-

dowed with this norm.
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Definition 1.2 (Bidual space). Let E be a Banach space and let E' denote its dual space, i.e., the
space of all continuous linear functionals on E.

The bidual space of E, denoted by E", is defined as the dual space of E', i.e., the space of all continu-
ous linear functionals on E'.

For each element F € E”, its norm is defined by
IF g =sup{|F(f)l : f€E, IIflg <1}
There exists a natural (canonical) mapping
J:E—E", JX)(f)=f(x) forallxeE,feE.
This mapping is linear and isometric, i.e.,
1T g =llxllg forallxeE.

Definition 1.3 (Reflexive space). Let E be a Banach space. We denote by E' its dual space and by E"

its bidual space. Consider the canonical mapping
J:E—E', JX(f)=fx),VfeE.
The space E is said to be reflexive if ] is surjective, that is,
J(Ey=E§ (E=E")

or equivalently, if E is isometrically isomorphic to E".

Theorem 1.1. [4] Let E be a reflexive Banach space. Then every bounded sequence in E admits a

weakly convergent subsequence .

Theorem 1.2. [9] A Banach space E is reflexive if and only if its closed unit ball is weakly compact.

Theorem 1.3. /5] If H is a Hilbert space, then H is reflexive.

Definition 1.4 (Separable space). Let E be a normed space. The space E is said to be separable if

there exists a countable subset D c E such that

D=E.

11



Theorem 1.4. [5] Every separable normed space admits a countable dense subset.

Theorem 1.5. [9] IfE' is separable, then E is separable .

Theorem 1.6. [4] IfE is separable and reflexive, then the closed unit ball of E is weakly metrizable .
1.1.2 Some notions of convergence

For more details on the notions of strong convergence and weak convergence (see [10])

Definition 1.5 (Strong convergence). Convergence of a sequence (x,) nen in a normed vector space

(E, |l lg) to an element x € E, defined in the following way:

Ve>0,dngeN, VneN:n=nyg=||lx,—xl||[g<€.

lim |lx,—x|g=0.
n—+oo

We denote by x,, — x as n — +oo.

Definition 1.6 (Weak convergence). We say that the sequence (x,) nen < E converges weakly to x € E
ifand only if :

<f’xn>_’<f,x>» VfEE,.

This weak convergence is written as x, — X, for n — +oo.

12



1.2 Functional spaces

In this section, we briefly mention some spaces and their most important properties and theories,

which we will need in the following memory. For more details see [4].
1.2.1 Lebesgue spaces
Definition 1.7. Let p e R with 1 < p < oo; we set

LP(Q) = {f:Q —R; f is measurable and | f|P € L' (Q)}

with
1/p

Iflle =1 fllp =

flf(x)l”dx
Q

We shall check later on that || ||, is a norm.

Definition 1.8. We set

[ is measurable and there is a constant C }

L (Q)Z{fig_’R such that | f(x)| < C a.e. onQ

with

I flizeo = Il flloo = Inf{C; | f(x)| < C a.e. on Q}.
The following remark implies that || ||, is @ norm:
Remark 1.2. If f € L™ then we have:
IfOI<flleo a.e onQ.
For more (see [4])

1.2.2 Some Fundamental Inequalities

Notation: Let 1 < p < oo. We denote by p’ the conjugate exponent of p, defined by the relation:

Theorem 1.7 (Holder’s Inequality). Let1 < p < oo and p' be its conjugate exponent. If f € LP(Q)

and g € L’ (Q), then fg € LY(Q) and:

1&gl < 1@ lgl L q-

13



Remark 1.3. The case p =2 corresponds to the Cauchy-Schwarz inequality:

Ifgldx<|| I|fI*dx . lgl*dx 1/2.
Q Q Q

Theorem 1.8 (Minkowski Inequality). Let1 < p <oo.Iff,ge€ LP(Q), then f + g € LP(Q) and:

If+glr =Ifllzr+18llrr ).

Definition 1.9 (Young’s Inequality). Let1 < p < oo and p' be its conjugate exponent. For any non-

negative real numbers a and b, we have:

/

aP? bP
ab < —+—, Va,b=0.
p p
For more details, see [4, 2].

Theorem 1.9 (Green’s formulas). Let Q < RY be open, bounded and smooth. Let u € C*>(Q) and

ve CY(Q). Then,

f(Au)vdx:f a—uvda—waVvdx.
Q 6967/ Q

WhereV =V (x) is the outward normal to 0Q) at x, g—; (x) =Vu(x)-V7(x) and o is the surface measure

on 0Q.

1.2.3 Some Results about Integration (Convergence Theorems)

For proofs and further details, see [4].

Theorem 1.10 (Lebesgue’s Dominated Convergence Theorem). Let (f;) be a sequence of functions

in L1(Q) such that:
o fu(x)— f(x) a.e. onQ.
e There exists a function g € L*(Q) such that foralln = 1:

Ifn(x)<gx) a.e onQ.

Then f € LYQ) and || fn— fll;1.q) — 0 as n — oco.

Theorem 1.11 (Converse of the Dominated Convergence Theorem). Let (f,) be a sequencein LP (Q)
and let f € LP(Q) such that:

Ifu=fll,—0 asn—oco.
Then, there exists a subsequence (fy,) and a function h € LP(Q) such that:

14



* fn.(0) = f(x) a.e. on Q.
* | fun,(X)| = h(x) forallk, a.e. on <.

Theorem 1.12 (Giuseppe Vitali convergence theorem ). Let p € [1,00[ and (f,) be a sequence of

functions in LP (Q) such that
* fu—f aein Q

* (fn) equal-integration in(, i.e. Ve > 0,36 > 0,YE c Q with |E| < 6, such that

f Ifn(x)|Pdx<e, VneN
E

Or

limsupf |fn(x)|Pdx=0, VneN
|E|—0 JE

Then

fel’(Q) and f,—f in LP(Q) strongly.
Lemma 1.1 (Fatow'’s Lemma). Let (f;) be a sequence of measurable functions in L' (Q) satisfying:
* fu=0a.e. onQ foralln.
. lirllllg}f‘/;) frndx <oo.

For almost all x € Q, we set f(x) = lilgriinf fu(x). Then f € LY(Q) and:

n—oo

ffdxsliminff fndx.
Q Q

Lemma 1.2. [12] Let f be a strictly positive measurable function. Then, for every € > 0 there exists

0 > 0 such that for every measurable A c Q), we have

fAfdxsé = meas(A)<e. (1.1)

Lemma 1.3. [11] Let (u,) be a sequence of measurable functions of in Q and RN . If (u,) of Cauchy

in measure then there exists a sub-sequence of (u,) converge almost everywhere

15



Proposition 1.1.

The Lebesgue spaces LP (Q)) are reflexive for 1 < p < co. (See Theorem 3.18 in [5]).

The spaces LY Q) and L*®(Q) are not reflexive. (See [4]).

The Lebesgue spaces LP (Q)) are separable for 1 < p < co. (See [4]).
* The space L*°(Q)) is not separable. (See [9]).

1.2.4 Sobolev spaces

Let Q = (a, b) be an open interval, possibly unbounded, and let p e R with 1 < p < oco.

Definition 1.10 (W"*P(Q) space). Given an integer m = 2 and a real number 1 < p < oo we define

by induction the space
W"™P(Q)={ueLP(Q); D*uecLP(Q), Va<m},

We also set

H™Q) = W™?(Q).

The space WP (Q) is equipped with the norm

m

lullwmry = lullr + Y. ID%ullr -
a=1

Definition 1.11 (WhP(Q) space). The Sobolev space WYP(Q) is defined by
whP(Q) = {ue LP(Q); Ag € LP(Q) such thatf ug' = —f gp Voe Cg(Q)}.
Q Q

For ue WHP(Q) we denoteu' = g.

The norm on WP (Q) is defined by:

lullwir) = lullLr@ + IVullr -

1
P
||u||W1,p(Q):(L|u(x)|”dx+fg|w(x)|'ﬂdx) .

16



and for p = oo

el ooy = max (|l wll oo, IVull o))

In particular,

for p =2, we have H (Q) = W"?(Q) and:

lull g = (fQ lu(x))? dX+fQ IVu(x)? dx)z.

Theorem 1.13. (/4]) The space W'P(Q) is a Banach space for1 < p < oo . It is reflexive for 1 < p < co

and separable for1 < p<oo.

Definition 1.12 (WO1 P (Q) space). Let Q c R" be an open bounded domain and 1 < p < co. The

Sobolev space WO1 P (Q) is defined as the closure of CX(Q) in W' P(Q), that is,
WP = @ e,

W, (Q) = {ue WP(Q) : u=00n0dQ}.

The norm on WO1 P (Q) is given by

1/p
lud oy = | [V ax)
1.2.5 Sobolev Embeddings

Notation: We define

N
p* = P p<N,
N-p
which is called the critical Sobolev exponent. When p = N, the exponent p* is not defined.

Theorem 1.14 (Continuous Injection). Let1 < p < oo, we suppose that Q is an open set of class C*,

a bounded frontier, and we take Q = RY.
) WhP(Q)—L9(Q) VYgell,p*[ ifp<N.
2) WhP(Q)—L9(Q) VYqel[p,ool ifp=N.

3) WHP(Q) — L®(Q) ifp>N.

17



Theorem 1.15 (Compact Injection ( Rellich Kondrachon)). Let Q c RN be a bounded domain of

class C!.

1) WhP(Q) —.L9(Q) VYgell,p* ifp<N.
2) WhP(Q)—.L9(Q) VYqelp,ool ifp=N.

3) WP Q) cC(Q) ifp>N.

Definition 1.13 (Poincare’s inequality). Let Q) c RN be an open set. Then there exists a constant
C > 0 such that:

1,
lullwrrq) < CliVulr Yue W, " Q).

In other words, on Wol’p(Q), the quantity |Vullrrq) is a norm equivalent to the WLP norm.

1.3 Operators
Let V and W be two vector spaces. An operator is a mapping
A:V—-W

which associates to each element x € V a unique element A(x) € W. If V = W, the mapping A is

called an operator on V.

Exemple 1.1. The operator

A(u) =-Au
can be viewed as an operator from Hy (Q) into H™(Q).
1.3.1 Hemicontnuous Operators

Definition 1.14. LetV is a reflexive and separable Banach space, and A is an application from V —
V'. We say that:

A is hemicontinuous if for all u, v, w € V, the application A — (A(u + tv), w) is continuous

18



Exemple 1.2. The operator A: Hy (Q) — H™(Q) defined by

Au = —Au is hemicontinuous. Indeed, let u, v, w € H(} (Q)and L eR:

(Alu+Av), w)

f Viu+Av).Vw
Q

fVu.Vw+7Lf VvVw
Q Q

a+ Ab.

This shows that A — (A(u + tv), w) is continuous.

1.3.2 Monotone Operators

Definition 1.15. Let V be a reflexive and separable Banach space, and A be an application of V. —

V' (generally non-linear). We say that:

i A is monotone :

(Au—Av,u—-v)=0, Yu,veV.
ii A is strictly monotone if moreover :
(Au— Av,u—v)>0,Vu,veV, u+v

Exemple 1.3. We define Au = —Au. The operator A maps H& (Q) into its dual H"Y(Q). It is mono-
tone. Indeed, forall u,v € H(} Q).

we have:

(Au— Av,u—"o)

f Viu-v).V(u-o)
Q

2

lu=vlh q)

IV

0.

1.3.3 Bounded Operators

Definition 1.16. Let V be a Banach space and V' its dual, let A: V — V' be an operator. We say that

A is bounded if it maps every bounded set in V to a bounded setinV'; i.e

Vp>0, 3C,>0: A(By(0,p) < By(0,C,).

where By (0, p) designates the open ball in' V with center 0 and radius p > 0 and By (0, C,) designates

the open ball in V' with center 0 radius C, >0 .

19



Exemple 1.4. The operator Au=—A, is bounded from in V' = H Q)

From the expression of the norm in a dual space, let p > 0, for u € By (0, p), we can write:

| Au |l = sup [{Au, v)| = sup
veV veV
lvli<1 lvli<1

f IVulP2Vu.Vu|.
Q

So,

IA

)f |Vu|p‘2w.w) fquIp_l.WvI
Q Q

(fgwun”)j(fﬂwwp)

-1
lul? v ly

IA
==

IA

pP™!
Hence | Au ||,y< pP~!. this shows that A(By (0, p)) < B, (0, pP™ 1)
1.3.4 Coercive Operators

Definition 1.17. An operator A:V — V', we say that A is coercive if:

(Au,uy

luly—+oo |lully

Exemple 1.5. The operator A: Hy (Q) — H™(Q) defined by

Au = —Au is coercive, we have :

(Au, u) -1
= IIuIIZIé — +0o. whene, |[ull 1 — +00

u
Il

20



Chapter 2

Existence of Solutions for Elliptic Equations
with Irregular Data

In this chapter, we study the existence of weak solutions for a class of elliptic boundary value prob-
lems of elliptic operators with a regular and non-regular second member. i.e, not belonging to a

dual space. we consider second members in L!.

2.1 The problem (P,)

We are interested in problems of this type.

—div(M(x)Vu) = f(x), inQ,
(Po)
u=0, on 0Q.

where () is a bounded open set of RY, where M is a bounded elliptic matrix which satisfies, for

some positive constants «, 8, for every ¢ e R
aléP = M@)E-E M) < B @.1)

we have two cases for f, if f € L*(Q), and if f € LYQ).

2.2 Regular case

In this section, we study the existence of weak solutions to problem (Py) with a regular second

member, where f € L*(Q)

Theorem 2.1 (Minty-Browder theorem). Let A : V — V' be an operator, and f € V' suppose that :
A is Hemicontinuous, Monoton, Bounded and Coercive, then for every f € V' there exists a solution

ueVsuchthat: A(u)=f
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Lemma2.1. Let A: Hy(Q) — H~'(Q) be an operator defined by :
Au=-div(M(x)Vu),

The operator is Hemicontinuous, Monoton, Bounded, and Coercive. Then problem (Py) has a

unique solution u € WOI'Z(Q)
Proof.

1. Hemicontinuity of A:

Letu,v,we Hj(Q) and L eR:

(Alu+ Av), w)

f Mx)V(iu+Av).Vw
Q

fM(x)Vu.Vw+7Lf M(x)VvVw
Q Q

a+Ab.

This shows that A — (A(u + tv), w) is continuous then.

Therefore, A is hemicontinuous

2. Monotoncity of A:

Forall u,ve H& (Q)), we have:
(Au—Av,u—v) = f Mx)V(u—-v).V(u-v)
Q
by condition (2.1)

2
(Au-Av,u-v) = alu V”Hg(Q)

v

0.

Therefore, A is monotone

3. Boundedness of A:

Letu,ve WOI'Z(Q), and || vliyrz2 <1, then:
0

'
lully12 = p = llAully-12(q) < p
Wo
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We have

[{Au, v)|

fM(x)(Vu-Vv)dx
Q

IA

f IM(x)||1Vul|Vvldx
Q

IA

,Bf IVul||Vv|dx.
Q
By Holder’s inequality,
[{Au, v)| < ﬁ||vu||L2(Q) ||VV||L2(Q)-
Since [[vl,12 <1, it follows that
0
[{Au, v)| < ,BHVU”LZ(Q)-

Hence

sup |[(Au, v)|

<
||U||W(},2_1

” Au” w-12(Q)

IA

Blulyiz )

[/

pp=p"

IA

Therefore, A is bounded.

. Coercivity of A:

Let u € H, () we have :
(Au,u)y = f Mx)VuVudx
Q
by condition (2.1)

(Au,u) = « IVulzdx

Q
> aluly g,
then
im ALY L im allull g1 = +oo
lull gy =+o0 I ll gy Il ) =+00 0

Therefore, A is coercive

O

Remark 2.1. In this case, we can also prove the existence of the weak solution by applying Lax-

Milgram’s theorem.

23



2.3 Irregular case

In this case, we study the existence of a weak solution to problem (Py) with a non-regular second

member, where f € L' (Q)
2.3.1 Weak solutions
Definition 2.1. says that u is a weak solution to problem (Py) if: u e WOL1 (Q) and
fQ M(x)VuVedx = fQ fodx, Yo e Wy Q). 2.2)
The result proved in this chapter is the following theorem

Theorem 2.2. Let f € L'(Q). Then problem (Py) has at least one weak solution u which is in
Wol’q(Q),for all

€
9 N-1

Lae= s

2.3.2 Why the condition 1<g< %

Model Example

Let Q = B(0,1), be the open Euclidean unit ball centered at zero with radius 1. find u: Q — Ras a
solution of

Prrod) { Au=-div(Vu) = 6 in D'(Q);

u = 0 on 0Q;
where p =2 > 1 is areal number and 6 is the Dirac distribution at the origin.

the problem (P,,,,4) has a solution (model) u,,,4 is given by (see [1]):

N c(xI'™)  ifN#2;
mod =1 Cloglx| if N=2;

In which space -or set- should we look for a solution of (Pg)?
In the case p # N, we have

1-N
IVimoal = Crlx|

then

f Vimoaldx = Ci f " Nax
Q B(0,1)

1
Cgf rINE N gy
0

1
Cgf rdr.
0
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This integral is finite because 1 — N + (IV — 1) = 0 > —1. This calculation shows that:
Umoa isin W,''(B(0,1).
The critical value of the exponent g = 1, so that u,,4 € WO1 "1(B(0,1)) we have :
1
f IVioalTdx = le rAdA=N+N=1 g5y,
Q 0
the integral will be finite if g(1 — N) + N —1 > —1, which gives

N
Umod € Wol’q(B(O, 1)) forallgsuchthat 1=<g< N_1

Now, the proof of Theorem (2.2) needs several steps: First, we approximate the problem (Py) with
the sequence of problems (Py;) having smooth solutions (u,). Then, after deriving uniform esti-

mates on u,, we pass to the limit.

2.3.3 Approximation of (P)

Consider the following approximated problem :

—diviM(x)Vu,) = f,(x), inQ,
(Pon) =T 2.3)
u, =0, on 0Q).
i.e., satisfying
f M(x)Vu,Vodx = f fapdx, Yo e Wy ™(Q). (2.4)
Q Q
with f;, be a sequence of bounded functions defined in Q2 defined by
W)
In¥) = e (2.5)
n
such that
”fn”Ll(Q) = ”f”Ll(Q);
|ful = n, (2.6)
fn— [ stronglyin L'(Q)

The existence of a solution u;, in WOL2 (Q) of the problem (Py,) is classical, since f, € w-12(Q)
and the fact that the operator Au, = —div(M(x)Vu,) Hemicontinuous, Monoton, Bounded and

Coercive (see theorem 2.1) , i.e, there exists a function u,, € WOI’Z(Q) solution of problem (Py,,).
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2.3.4 Uniform Estimates

Since we only have || f,ll;1q) < C, Vn =1 in order to to bound the term [ f,,¢ uniformly with

respect to n, we need to choose a test function
¢n= afunctionof u, such that |¢,llicq <C,Vn=1 with ¢,¢€ W01'°°(Q)
To choose the test functions, we use the following result due to Stampacchia :
Lemma 2.2 (Stampacchia). Let T : R — R be a globally lipschitz function,i.e.
AC>0 suchthat |T(s)—-T)|<C|s—t|, Vs teR,
such that T(0) =0. then, Vv € WOI”’(Q) with 1 < p < oo we have:
T(v)e€ Wol’p(Q) and VT(w)=T'w)Vv in 2'(Q) and almosteverywhere in Q
Exemple 2.1. Let k > 0. The truncation at levels —k and k is defined by the function Tj of R from R
k, ifr=k,
Te(r)=< 1, iflrl <k,
-k, ifr=<-k.
It can be verified that the function Ty is a globally Lipschitz function,

given by

We can verify that the function Ty is a globally Lipschitz function satisfying | Ti.(r)| < k and | T (r)| <

rl.
Lemma 2.3. Letd > 0, there exists a constant Cs independent of n such that

Vu,|?
fidxsc& Vn=1.
a (1+|up)t+o

Proof. Let 6 > 0. the function ¥ given by

J do 1
1//5(l‘)=f0 —=—1

1
= — ———|si 1), telR
1+ o)1+ 5( (1+|r|)5)31gn” €

is globally Lipschitz y5(0) = 0 and |y ()| < %, V't € R. Taking w5 (uy,) as a test function in (Py,),
we obtain:

(Aun, Ws(un)) = fn, Ws(un)), Aup=—-diviM(x)Vuy)

so that

fM(x)VunV%(un)dx=ffn%(un)dx
Q Q
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Using the fact that V5 (upn) = Vunys(uy,) with yi (u,) = 75> We have

(I+|u |
fM(x)Vuan,«;(un)dx = fM(x)VunVunu/g(un)dx
Q Q
Vu,
= M(x)Vu dx,
fa "+ w40
Therefore,
1
fM(x) | n|)1+5 =];2fn1,’/5(un)dxsgllfnllLl(Q),
and by (2.1) we have,
Vi, |?
M(x)V dx>af ———dx
f | n|)1+5 a (1+]|up)t+e

then, we obtain

IV, 2 1
——dx = —|fal , Vn=1
fg(1+|un|)1+5 PRl

IA

1
— =@
a6||f||L1(Q)
O

Lemma 2.4. Let q be such that g € [1 . Then, the sequence (Vuy) is bounded in L9(Q), i.e.,

' N-1

there exists a constant C = C(q) > 0 such that:

f Vu,|9dx<C, VYn=1. 2.7
Q
Proof. Note that for N > 1:
N 2-N N
-2= <s0=1=¢g< <2=<N (for N=2).
N-1 N-1 N-1
Let g* be the Sobolev exponent associated with g, defined by % = % - %, which gives g* = NN—_Z.
By choosing 6 such that:
2- q
b=q"— -1 <= qg"=1+6)—,
q 2-q
Lemma 2.3 implies that there exists a constant C = C(§) > 0 such that:
Vi, ?
fidxsc, Vn=1. (2.8)
a (1+|u,))1+0

We can write the integral of interest as follows:

IV, |9 (146)q/2
= IVu qux:f L+ lup) 9= dx.
Vn fg n 0 (1+ |, 1072 "
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Applying Holder’s inequality with exponents % and ﬁ, we obtain:

/2 1-q/2
|Vun|2 )q ([ (1+6) q q
< ——dx 1+|u 2-d dx
Y (fg(lﬂunn“ﬁ A

. 1-q/2
sc‘ffz(f (1+|uh? dx) . (2.9)
Q

Using the elementary inequality (a + b)P < 2P~!(aP + bP) for p =1 and a, b = 0, and the fact that

q* > 1, we have:
. . 1-q/2
yp < CI2(207~1)1=al2 (f 1dx+f K dx)
Q Q

. 1-q/2
sc’{|9|1—‘7’2+(f |ty |9 dx) }
Q

By the Sobolev-Poincaré inequality, we have:

1/q*
* 1/
| un"Lq*(Q) = (L|Mn|q dx) < qu]\/'”vun”[ﬂ(g) = Cq,N.Vn q.

Substituting this back into the inequality for y,, we get:

a-9
Yn<a+by, ! (2.10)

where a and b are constants depending on g, N and |Q)|. In the case N > 2, we analyze the expo-

nent:

%*(l_ﬂ)_l_ﬂz—_q_l

2 _N—q 2q
L N2-q)-2(N-q) A q2—N)
2(N-q) 2(N-q)

This implies that ‘77; (1- g) < 1. Consequently, the inequality (2.10) ensures that the sequence y, is
bounded.

q

Case N =2: We repeat the calculation but choose 6 = a% — 1 with max({1, N—_q} <a<qg*.Using

the continuity of the injection from WOl "7(Q)) into L*(€2), we obtain:

a

20-4) L«
yn<a+by! w1thg(1—%)<l.

This completes the proof that y, is bounded in all cases. O

28



2.3.5 Passage to the limit

Proposition 2.1. For all g € [1,q, = %[ and since (uy), is bounded in the space Wol'q(Q), ac-
cording to Rellich-Kondrachov theorem, we can extract from the sequence (u,) a sub-sequence, also

denote by (uy) such that

Up —u weaklyin Wol’q(Q), (2.11)
up, — u stronglyin L9(Q). (2.12)
Therefore
U,—u aein £, (2.13)
Proof. For the proof of this proposition, we can refer the reader to the book [4] O

Now, we have the operator Au = —div(M(x)Vu) depends on the gradient Vu, so we need more

convergence on the gradients Vu,,.

Lemma 2.5. The sequence of gradients (Vu,) converges almost everywhere to Vu (possibly up to a

subsequence).

Proof. We show that (Vu,) is Cauchy in measure, which implies that Vu,, — Vu almost every-

where for a subsequence. This consists of proving that:

V6>0,Ve>0,3ngeN:Vp,qg=ny, meas{xeQ:|(Vu,—Vuy)(x)| =} <e.

To do this, let us fix > 0 and € > 0. For any 1 > 0 and 1 > 0, we have the following inclusion:

{er:I(Vup—qu)(x)I Z5}CE1UE2UE3UE4,

where:

B ={xeQ:|Vuy,l = A},
B ={xeQ:|Vugy|l = A},
E3={xe€Q:lup—uqgl=n},

Ey={xeQ:|up—ugl =<n,|Vup| = A,|Vuyl < A,|Vuy, —Vugyl = 6}.
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Since the sequence (Vuy,) is bounded in L7(Q) (see Lemma 2.4), by choosing A sufficiently large,

we can make meas(E;) and meas(E>) arbitrarily small. Indeed:

1d <1f Vupldx < S IVuylpg < S <
X=— u X=—|vu =—-=E€.
Mg 7 PR

meas(E;) :f 1

E

Thus, meas(E;) — 0 as A — +oo. Similarly for E,. For E3, we have:
1
meas(E3) < —f lup —ugldx.
nJa

Since (u,,) is a Cauchy sequence in L' (Q), for a fixed n > 0, we have meas(E3) — 0 as p, g — +oo.
It remains to control meas(E;). By the monotonicity of the operator a(x,¢) = M(x)¢, we have

(a(x,¢1) —a(x,¢2)) (1 —¢2) = 0. Since the set
K={(1,&2) :1{11 = 4,182l < A, 1& —&2] = 63

is compact and the mapping is continuous, the function (a(x, ;) —a(x,£»)) (&1 —¢&») attains a strictly
positive minimum u(x) > 0 on K. Hence, by the Lemma 1.2 for any € > 0, there exists €' > 0 such
that:

u(x)dx < e == meas(E,) < €. (2.14)
Ey4

By the definition of p(x), we have:

| pdxs | MGV = M0)Vitg)V (1t = ttg) - ugt<n) 4
4 4

sf(M(x)Vup—M(x)qu)VTn(up—uq)dx, (2.15)
Q

where T, is the truncation function. Using T;, (1, — 1) as a test function for the problems satisfied

by u), and u, and subtracting the results, we obtain:
fQ(M(x)Vup ~MX)Vu)VTy(up—ug) dx = fQ(f,[J —f) Ty(up —ug) dx.

Since f, converges in L'(Q) and | T,)| < 7, the integral on the right vanishes as 7 — 0 uniformly in
p, q. Specifically:

fQ(M(x)Vup ~ M(X)Vu )V T, (up - ug) dx < 2nll fll 1. (2.16)

For a fixed ¢/, we can choose 1 small enough such that |, g M) dx < ¢', which implies meas(Ey) < €.
Combining the estimates for E, E», E3, and E4, we conclude that Vu, is a Cauchy sequence in

measure, and thus Vu,, — Vu a.e. in Q up to a subsequence. O
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Now let us fix ¢ € W, °(Q). We have

f M()Vu, Ve = f fnp.
Q Q

1) Limit Passage in [ f,,¢. We have :

lim f Fap = (fr)
Q

n—+oo
2) Limit Passagein [, M(x)Vu,Vedx.

As Vu, —Vu almost everywhere in Q, we have:
Mx)Vu,, — M(x)Vu almost everywherein Q. (2.17)

For any measurable subset for E < Q2 we have :

IA

fEIM(x)Vqu)Idx ﬁIIV<pIILoo(E)fEIVunIdx
ﬁ||V<p||Loo(me|Vun|dx

Cf \Vu,|dx
E

IA

IA

Since g > 1 and according to Holder inequality, we have :

1/q 1/q
flM(x)VunV(pldx < C([ IVunlqu) (f ldx)
E E E

1/q ,
< C([ |Vun|‘7dx) |E|V4
E

Using lemma 2.4 we have (Vu,,) is bounded in L7(Q), we have :
f IM(x)Vu,Veldx < C|E|MT =C'
E

This proves the equi-integrability of the sequence (M (x)Vu,V¢),. It follows from Vitali’s conver-

gence theorem 1.12 that

n—+oo

lim fM(x)Vuan)dx:fM(x)VuV(pdx
Q Q

we conclude that
f MxX)VuVepdx ={f,p), V¢€W01’°°(Q)-
Q

Then u is a solution of the problem
{Au = f on
u e Wy, qell, 251

We therefore have to prove that u is a solution to problem (Py). This finishes the proof

of Theorem 2.2.
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Chapter 3

Singular Elliptic Equations with L! Data

3.1 Singular Elliptic Problems with L' Data

In this chapter, we study the existence of weak solutions for a class of elliptic boundary value
problems involving L' data and a singular nonlinearity of the type f/u". Using approximation
techniques, truncation methods, and compactness arguments in the spirit of Boccardo-GallouA«t
theory, we establish the existence of a positive weak solution in Hé Q).

Our aim is to prove the existence of at least one positive solution u for the following semilinear

elliptic problem:
—diviM(x)Vu) = f(—f) in Q,
u>0 ¢ in Q, (3.1)
u=0 on 012,

where Q is a bounded open subset of RY (N = 2), and 0 < y <1 is a real number. We assume that f
is a nonnegative function belonging to L' (), and M(x) is a bounded elliptic matrix satisfying the

following coercivity and boundedness conditions: there exist 0 < a < f such that
alélP < Mx)¢-¢ and M) <p, (3.2)

for every ¢ € RN and almost every x € Q.
We establish existence results for problem (3.1) depending on the value of y (with particular focus

on the case y = 1). For further details and background, we refer to [1, 3, 6, 14].

Theorem 3.1. Lety =1 and let f be a nonnegative function in L' (Q). Then, there exists a positive

weak solution u € H& (Q) of problem (3.1), in the sense that:
f M(x)Vu-V(pdx:f 1 4, (3.3)
Q Qu

for every test function ¢ € WOI'OO(Q).
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3.2 Approximating Problem

Let n € N*. We consider the following approximating problem:

—div(M (x)Vuy,) = In - inQ,
nl+4 (3.4)
u,=0 on 0Q),
where f;,(x) = 1+f b f)( ) is a sequence of bounded functions that converge to f.

Lemma 3.1. Let f € L1(Q). Then there exists at least one nonnegative solution u, € H& (Q) to prob-
lem (3.4) in the sense that:

fM(x)Vun Vodx = f 94 (3.5)
Qup+1

for every test function ¢ € Wol'00 Q).

To prove Lemma 3.1, we rely on the Leray-Schauder Fixed Point Theorem [14].

Theorem 3.2 (Leray-Schauder Fixed Point Theorem). Let X be a Banach spaceand T : X[0,1] — X
be a compact operator such that:

T(x,00=0, VxelX.

Assume that there exists a constant R > 0 such that for all (x,0) € X[0,1]:
x=T(x,0) = |xllx <R. (3.6)
Then, the operator Ty : X — X defined by T, (x) = T(x,1) has at least one fixed point.

Proof the Lemma 3.1 Consider the following problem:

I : in Q,
] + 5 (3.7)
u,=0 on 0Q).

—div(M(x)Vuy,) =

Fix n € N* and consider for X = L2(Q) the operator
T:Xx[0,1]1 - X, (vp,0)— u,=T(v,O0).

where u,, is the only solution of the problem

—diviM(x)Vu,) =0

I in Q
vl + = (3.8)
Uu,=0 on 0Q).
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It is clear that problem (3.8) has a unique solution whenever the right-hand side belongs to L*°((2),
(see chapter 02).

e Itisclear that T(v,,0) =0 for all v, € X, since the only weak solution to the problem

—div(M(x)V =0 inQ,
ivIM(x)Vuy) in (3.9)
Uu,=0 on 0Q).
isu,=0€X.
¢ Let us estimate the elements of X such that v,, = T'(v,, 0).
Forall ¢ € WOI'oo (Q), we have
f M0Vo,Vpdx=o [ I (3.10)
Q Qlvnl+5
Choosing ¢ = v, in (3.10), we get
f M(x)|Vvy,|- |V, dx < nzf v, dx (3.11)
Q Q

and by (3.2), we get
af Ianlzdxsf M(x)|\Vvy,|-IVv,ldx < nzf v, dx
Q Q Q
Using PoincarA©’s inequality, we obtain

af Ianlzdxs nZCf \Vv,ldx,
Q Q

2
n“C
f|VUn|2dXS—f Vv,|dx.
Q a Ja

and by the Cauchy-Schwarz inequality we find

2¢ > 2
fIanlzdx < n_(f Ianlzdx) (fldx)
Q

< —IQIZ(f Vv, dx)

n?

Inlifzg) <~ 10U Ivnlyag,

then
2
nC 1
lvnllyrzq) < C', suchthat C'=—|Q]z.
0 a

Hence

lvnllrzq) < C'(n).
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Then it follows from the Leray-Schauder theorem that the operator 77 : X — X defined by Vx €
X : T1(x) = T(x,1) has a fixed point. So, for every fixed n, there exists u, € WOL2 (Q)) such that
up = Ti(uy).

Choosing u,, = min(u,,0) as a test function in (3.4) and using the assumption (3.2), we have the

following.

af IVu,ledxsf fnti dx
Q a (lunl +1)"

Using

>0, we get

(lu |+n)y

alu, ||W01'2(Q) <0,

so that u,, = 0 almost everywhere in Q. Therefore, u,, solves

I in Q,
Un + - (3.12)
u,=0 on 09,

—div(M(x)Vu,) =

3.3 Uniform estimates

In this section, we state and prove a uniform estimate for the approximate solutions u;, of problem
(3.4).

Following the same proof steps as in [3], we obtain the following two lemmas below.
Lemma 3.2. The sequence (u,) is increasing with respect to n.

Proof. From (3.5) we have

f M)V Ve dx = f _Ine_ _ dx.

fM(x)VunHV(pdx le(pldx.
Q Upt1 +

then

fM(x)Vunchdx fM(x)VunHv(pdx f _fap _ dx _f fn+1(P dx
Q

fM(x)(Vun—Vunﬂ)V(pdx:f( I T = f”+11 )(pdx. (3.13)
Q Q\Up+5, Upnt,3

Takin = max(u, — Up+1,0) = (U, — Uy+1)" as a test function in (3.13) and observing that if 0 <
gy g

fn = fus1, then

1 1
1 - 1 an‘f'l 1 - 1 .



we find that the right-hand side gives

1 1

LM(X)(Vun —Vup1)V(u, — un+1)+ dx < Lfn+1 ( - 1 (un— un+1)+ dx.
u

Ups1 Tt

1
nt n+l n+1

Since f;+1 =0, (4, — up+1)" =0and

1 1 .
= T <0 in {xeQ:uu(x)=uy1(x)},
Unt3a Unait o

we get

fQM(x) (Vity = Vit 1)V (Up = tps1)” dx<0
by using (3.2) we get
@ fQ M(x)(V(tt — 1)) dox < fﬂ M)V (tn = Uns1) -Vt = tty41)* dx <0,
this implies
(Up—Uns1) =k a.einQ, kisa constant.

so that k = 0. Hence

Up = Up+1

The lemma is proved.

(3.14)

To prove the strict positivity of the solution, we recall the following strong maximum principle.

Theorem 3.3 (Strong Maximum Principle with ¢ = 0 [7]). Assume that

ue CX(UYNCO),
and
c=0 inU.
Suppose also that U is connected.
1. If
Lu<0 inU,

and u attains a nonnegative maximum over U at an interior point, then u is constant in U.
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2. Similarly, if

Lu=0 inU,

and u attains a nonpositive minimum over U at an interior point, then u is constant in U.

Lemma 3.3. Foralln e N*, u, € L*°(Q) and for all € Q, there exists C > 0 (independent of n) such
that

up,zC>0 (3.15)

Proof. As the right-hand side of (3.4) belongs to L*(Q), therefore the L*°(Q2) estimate of (u,), is a
direct consequence of Stampachia’s result [13].

Now, since we have

fie J—F

—diviM(x)Vu,) = > >
ur+1  fuplleo+1

the strong maximum principle (see Theorem 3.3) implies that if #; attains a nonpositive minimum

over w at an interior point, then u; must be constant in w. Consequently, (3.14) gives (3.15). O
Lemma 3.4. Let u, be a nonnegative solution to problem (3.4), then u,, is bounded in Wol’z(Q).

Proof. Let us choose ¢ = u, we get

u
fM(x)Vun-Vun:fn—nl
Q un+z
then
a/ IVunlzdxsffndxsffdx
Q Q Q
Hence

(dl
<C, suchthat C:m.
a

a2

3.4 Passage to the limit

By Lemma 3.4, (u,) is bounded in Wol’2 (Q). Consequently, we can extract a subsequence (denoted
again by (u,)) such that

u, —u weaklyin WOI’Z(Q),

u, — u stronglyin L*(Q).
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Therefore

u, — u a.ein Q,
Proof. For the proof of this proposition, we can refer the reader to the book [4] O

Now, we have the operator Au = —div(M(x)Vu) depends on the gradient Vu, so we need more

convergence on the gradients Vu,,.

Proof. From the a priori estimates obtained previously, we have

[ ul’l”H&(Q) =C,

for some positive constant C independent of 7.
Hence, the sequence (u;) is bounded in H(} (Q). Since H(} (Q) is a reflexive Banach space, there
exists a function

ue Hy (Q)

such that, up to a subsequence,
u, — u weakly in Hy (Q).

Consequently,

Vu, —Vu weaklyin (L>(Q)".

So, forall p € WOI'oo (Q), we get
f Mx)Vu,Ve dx —»f M(x)VuVe dx, as n— +oo
Q Q

On the other side we have, u,, + % >u, = C, then

fnop

0=

<

lpll L% (€Y.

Ol=

Then the dominated Lebesgue’s theorem permits us to conclude that

ffn—(pldxaff—(pdx, as n— +oo.

for every ¢ € W1 Therefore. we have to prove that u is a solution to problem (3.1).This finishes

the proof of theorem 3.1.
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Conclusion

In this thesis, we have focused our attention on a class of nonlinear singular elliptic equations of

the form:

—diviM(x)Vu) = m in Q,
u
(P) u>0 inQ,
u=0 onoQ.

f(x)

where the function f belongs to L!(Q). The singularity is due to the term —, which may become
unbounded near u = 0.

The aim of this work is to apply the ideas and methods developed for nonlinear elliptic problems
to the singular case. To prove the existence of weak solutions for problem (P), we approximate
the original problem by a sequence of regularized problems (P,), whose solvability is guaranteed
by the Leray-Schauder Fixed Point Theorem. Then, we establish several uniform estimates on
the sequence of approximate solutions and their derivatives. Once these estimates are obtained,
compactness arguments together with suitable convergence results allow us to pass to the limit in

the approximate problems and consequently obtain a weak solution of problem (P). Finally, the

Strong Maximum Principle is used to prove that the obtained solution is strictly positive.
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Abstract

In this work, we prove the existence of a weak solutions of non-linear singular elliptic problems of

the following type:
—diviM(x)Vu) = & in Q,
P) ur
( u>0 inQ,
u=>0 on 0Q),

where the function f belongs to L'Q), The singularity arises due to the term %, which can become

unbounded as u — 0. To address this, we approximate the problem by introducing a regularized
version, ensuring that the operator remains well-defined. We then derive a priori estimates for the
sequence of approximate solutions and pass to the limit,proving the existence of a weak solution
for problem (P)

keywords: Elliptic equations; Wol’1 solutions; singular equation.

Résumé

Dans ce travail, nous prouvons I'existence de solutions faibles pour des problA mes elliptiques

singuliers non linA©aires du type :

—diviM(x)Vu) = % dans Q,
(P) u>0 dans Q,
u=0 sur 09,

oAllafonctionf appartient A L'(Q). La singularitA© provient du terme %, qui peut devenir

non bornA®© lorsque u tend vers zZA©ro. Pour surmonter cette difficultA©, nous approchons le
problA“me en introduisant une version rA©gularisA©e, garantissant ainsi que I’opA©rateur reste
bien dA©fini. Ensuite, nous AOtablissons des estimations a priori pour la suite des solutions ap-
prochA©es, puis nous passons A la limite afin de prouver I'existence d’une solution faible du

problA~“me (P).

Mots-clA©s: A%oquations elliptiques ; solutions WO1 1 ; A©quation singuliA re.
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