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Résumé: Le but de ce mémoire est ’étude de concept d’opérateurs multilinéaires pos-
itivement multi p-sommants, en donnant quelques proprietés a cette classe et leur relation
avec les opérateurs multi p-concave.

Mots-clés: Banach réticulé, opérateurs multilinéaires positivement multi p-sommant,

opérateurs p-concaves.

Abstract: The aim of this work is to study the class of positive multiple p-summing
operators, we present some properties for this class and relationship by other classes of
operators as multiple p-summing operators and multiple p-concave operators.

Keywords : Banach lattice, positive p-summing operator, positive multiple p-summing,

p-concave operators, multiple p-summing operators



Notations

I The canonical multilinear 7, : X1 X ... X X, — X1®,...80. X,

k The field of real or complex numbers

Om The canonical polynomial 4, : X — @:sX .

C(92) The set of all continuous functions on the compact set €2.
Lp(Xq,..., X3 Y) The space of all finite rank multilinear operators.

IL(X:;Y) The class of p-summing linear operators (1 < p < 00).

IL (X5 Y) The class of all positive p-summing linear operators (1 < p < o0).
Cp(X3Y) The set of all p-concave operators (1 < p < 00).

i The conjugate of the number p (1 < p < o0), thatis 1/p+1/p’ = 1.
X* The topological dual of X

T The adjoint linear operator of T’

B(X;Y) The space of all bounded linear operators from X to Y

Bx« The unit ball of X*.

HZW”(X 1,--»Xn;Y) The space of all multiple p-summing operators.
A(T) The space of all positive multiple p-summing operators.

CZT“”(X 1y, Xn;Y) The space of all multiple p-concave n-linear operators.
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Introduction

The work of this memory is situated within the framework of the multilinear operators the-
ory. The concept of positive p-summing linear operators has been introduced and studied
in 1987 by O. Blasco [6]. "Positive p-summing operators on L,-spaces." (American Math-
ematical Society, 1987). A linear operator u between Banach lattice X and Banach space
Y is called (1 < p < 00) positive p-summing , if there exists a constant C' > 0 such that for
every xy, ..., t, positive elements in X, we have

QoIT@)IP)? <€ sup (3 | (). (0.01)

I*EBX* i=1
We denote by ILT (X;Y') the class of all positive p-summing linear operators from X into

Y and
W;(T) = inf{C verifying the inequality (1.3.2)}.

Later on, in 2015 Q. Bu and C. A. Labuschagne have been presented in [12] a general-
ization of some results given in [6] on the multilinear case.

The aim of this memory is to study the class of positive multiple p-summing operators,
we present some properties for this class and relationship by other classes of operators as

multiple p-summing operators and multilinear p-concave operators.

AN (X, Xy YY) C O (X, X Y.

and

]:[Ir)null‘/()(17 . an Y) g A;nUlt(Xl, ceny Xn, Y)

Our work diveded into three chapters.



Introduction

In the first chapter, we recalled by some concepts that we need it in the sequal of this
memory, like Banach lattice, adjoint operator positive p-summing linear operators, linear
operator, continuous n-linear mappings and tensor product.

The aim of the second chapter is to study the multiple p-summing operators and some
of its properties and its relationship to the some class of opertors such as Hilbert-Schmidt
operators.

The last chapter is devorted to present the class of positive multiple p-summing operators
giving some properties. In the last of this chapter, we give some results of coincidence and

inclusion about this class with replay some particular cases.



Chapter 1

Preliminaries

In this chapter, we present some basic concepts of Banach lattice and sequences.

1.1 Basic concepts

We begin by recaling briefly the abstract definition of Banach lattice

Banach space

we call banach space (X ||.||) any normalized and complete vector space for the distance
deduced from its norm d(z;y) = ||z — y||

Any normed space (X ||.]|) of finite dimension is complete

Normed space B(X;Y)

If (X, ||.|lx) and (Y, ||.|ly) are two normed vector spaces, we denote by B(.X;Y") the vector
space formed by all continuous linear maps from X to Y. When X = Y; we write B(X)

instead of B(X; X)

Definition 1.1.1 (Bounded operator) A linear operator T' defined on E in F is said to

be bounded if there is a positive constant C' > 0, such that

IT(2)lly < Cllzf X, Vo € X.



1.1. Basic concepts

1.1.1 Banach lattice

Definition 1.1.2 (Banach lattice) Let X be a Banach space. A real Banach lattice (resp,
a real complete Banach lattice) X is equipped with a lattice (resp. a complete lattice) and

forall x , y in X, then

(@) (Ml =l

(@) ol <lyl = ll=l <1yl

Example 1.1.1 The spaces L, , (1 < p < 00) are complete Banach lattices.
The C(K) is a Banach lattice.
We denote by X+ ={x € X : z > 0}.

An element v of X s positive if v € XT.

The dual X of a Banach lattice X is a complete Banach lattice with the natural order,

I < Ty < <$T,SL’> < <$;,SL’> ,VSL’ S X+7

where (.,.) denotes the duality bracket.
Definition 1.1.3 A Banach lattice is a Banach space with a lattice norm.

Definition 1.1.4 (Linear operator ) Let T be a operator of a banach space X into a

Banch space Y. We say that T is linear if,

Ve,ye X T(x+y)=T(z)+T(y)
Vee X, VAeR:T(\x) = \T(y)

Definition 1.1.5 (Dual topological) We call the topological dual of space X and denote
by X* the Banach space of continuous linear functionals B(X;k)

Remark 1.1.1 The set of all continuous linear operators B(X;Y) from X toY, is a vector
subspace of B(X;Y') the set of all linear operators over X to Y In particular the dual
topological X* = B(X;k).

Theorem 1.1.1 A linear operator T is continuous, if and only if it is bounded.



1.1. Basic concepts

Proposition 1.1.1 Let X and Y be two norm spaces and T : X — Y un linear operator,
the following properties are equivalent:

1. The operator T s continuous on X.

2. The operator T is continuous at point Ox.

3. The operator T is bounded.

L, space

A L, space is a vector space of classes of functions whose power of exponent p is integrable
in the sense of Lebesgue, where p is a strictly positive real number. Passing the limit of the
exponent results in the construction of L, spaces of bounded functions.L, spaces are called
de Lebesgue. Two exponents p;q € [1;+00]| will be said to be conjugate if 119 + é =1 (dou
be p; q €]1; +oc[; either one is and the other +00).

Theorem 1.1.2 (Radon-Nikodym theorem) If G : f — X is a continuous vector measure

of bounded variation, then there exists a Bochner integral g (€ Lq(p; X)) such that

G(F) = /gd,u for everything E € f
E

1.1.2 Sequences

Definition 1.1.6 For 1 < p < oo, let p' be its conjugate, that is, 1/p+1/p' = 1.
For a Banach lattice X and a finite sequence (z;)7" C X,

m p
@)1 |, x) = sup (Z " (901‘)|p> :x* € Bx-
=1

sup {

Using the homogeneous functional calculus in a Banach lattice noted by Krivine see

We have that

m

E Qi T;

i=1

: ((h);n c ng,} .

X

(Z |£L‘i|p) = sup {Z a;x; : (a;)] € ng,} (1.1.1)
i=1 i=1

from which it follows that



1.2. Multililinear operator

(@) |, (x) < (Z |xi|”> ,, (1.1.2)

i=1
X
In the particular case where X = C(), for a compact Hausdorff space Q2 , it is known

(cf.[1]) that

||(xi)7in||wp(C(Q)) = <Z |xi|p> (1.1.3)
i=1 c@

Moreover, in the particular case where p = 1 and (z;)7* C X, we have that

(1.1.4)

1.2 Multililinear operator

Definition 1.2.1 (n-linear operator) Let n € N and X1, ..., X,,;; Y be Banach spaces. An
operator T : X1, ..., X,,;; Y;

we say that operators ou application n-linear if
T(x',...,a2? + By, ...,a") = T (2", ...,27,...,a") + BT (2", ..., 97, ..., 2™);

forall j (1<j<n)etal,y/ € X;,a,8 €k (k=R ou C).

If Y = k; T is said multilinear form

Definition 1.2.2 A n-linear operator U : X1 x...x X,, — Y is continuous if it is continuous
as a function between two nmormed spaces.
As a consequence of this definition, following the linear case, we have a result that gives

the characterization of the continuous n-linear mappings.

Theorem 1.2.1 Let U : X; x .. x X, — Y be a n-linear mapping. Then the following

assertions are equivalent:



1.2. Multililinear operator

(1)U is continuous.

(13) U is continuous in (0,0, ...,0).

(1ii) there exists a constant C' > 0 such that for every choice of elements x; € X;,
1 <1 < n, we have

WU (1, .oixn)|| < C x| X .o X ||zn]| -
In this case, we set
Il = sup  [|U(21, .., )|
= inf {C;C wverifying the above equality :}
and we can say that U is bounded.

Remark 1.2.1 The space of continuous (or bounded) n-linear operators of Xy X... x X,
in'Y is a Banach space, we denote it L(X1;...; X,;Y).

If Y =k, we write L(X1;...; X,).

If X1 =..=X, =X, we simply denote by L("X;Y).

Definition 1.2.3 (adjoint operator) Let T € B(X,Y'), where X and Y are banach spaces.
An adjoint operator T* € B(X,Y) is one such that

(Tx,y) = (z,T"y) Vre X yeY.

Definition 1.2.4 The definition of adjoint of an m-linear mapping is due to M. S. Ra-
manujan and E. Schock [64]. Recall, if T € L(X,...,X\n;Y) we define the adjoint of T

by
T : YY" — L(X1, ... Xpn),y" = T*(y") : X1 x ... x X, =k,

with
T*(y* ) (@1, ooy n) = Y (T(21, ..oy 20)),

and has the property that T* is linear and ||T*|| = || T .
It is easy to see that, if T € L(X1, ..., X;;Y) and u € L(Y, Z) we have

(uoT) =T"ou"

As applications of the composition method we give the following important result



1.2. Multililinear operator

Definition 1.2.5 (adjoint operator) the adjoint of an n-linear operator is defined as follows,

if T € L(Xq, ..., Xpn; YY), we define the adjoint of T by
T Y = L(X1,. ., Xpn), v = T7(y") : X1 x ... x X, = k

with

andk =R orC.

Definition 1.2.6 (Tensor product) the tensor product of x and y is the vector space

generated by the symbols v @ y withx € X andy €Y

we can build a tensor product X; ®... ® X,, the spaces X, ..., X,, by elements from
space (L(Xq,...,X,;Y)) : for 27 € X; (j =1,...,n);we define the linear operator

.. @a": L(X, ..., X,) — k

by
' ® .. @1"(¢) = oz ..., z"),

for any linear cheese ¢ sure X; x ... x X,, : the functional 2! ® ... ® 2" is an elementary
tensor.

The tensor product X; ®...®X,, of the vector spaces X1, ..., X,, can be constructed from
the elements of the space (L(X1, ..., X,,;Y)) . For 2’ € X; (j = 1, ..., m) we define the linear
mapping n

.. 1" L(X, ..., Xn) —k
by
' ® .. @a"(¢) = oz ..., a"),
for each n-linear form ¢ on X; x ... x X,,.

The functional #! ® ... ® 2" is called an elementary tensor.



1.3. Positive p-summing operators

1.3 Positive p-summing operators

1.3.1 Positive p-summing linear operators

In this paragrah we present the definition of positive p-summing linear operators. And some
properties that we need later. For more information, see [6].
We start with the definition p-summing linear operators introduced and studied in 1967

by Pietsch [30].

Definition 1.3.1 Let 1 < p < o0. A linear operator u : X — Y is p-summing if there

exists a constant C' > 0 such that, for any x1,...,x, € X, we have

(ZHT(@)HP)p < C sup (Zyg(xmp)p. (1.3.1)

||§HX*§1 i=1
The class of p-summing linear operators from X into Y, which is denoted by I1,(X;Y). is

a Banach space for the norm m,(T), i.e., the smallest constant C such that the inequality

(1.8.1) holds.

Definition 1.3.2 Let X be a Banach lattice and Y be a Banach space. An operator T :
X — Y is positive p-summing for 1 < p < oo, if there exists a constant C' > 0 such that
for every 1, ..., x, positive elements in X, we have

I @I <€ sup (3l @)l)r- (1.32)

We denote by ITT (X;Y) the class of all positive p-summing linear operators from X intoY
yiip

and

W;(T) = inf{C wverifying the inequality (1.3.2)}.

Linear rueslts (Balasco 1987, see [6])
(a) If 1 <p < o0, then
I, (X;Y) C I (X;Y).

(b) If 1 <p < 0, then.

H; (Ll (N) 7Y> = B(Ll (M) 7Y)



1.3. Positive p-summing operators

(¢) If 1< p<q< oo, then.
I (X;Y) C I (X;Y).

(d) For all 1 < p < oo, we have

(e) If 1 <p < o0., then

(f) If 1 <p < oo, then

(e) If X1 C Xo, X1 = Xa, then

I (Xa;Y)

N

I1

<+
=
=

(g9) Ideal property.

Let € I17(X,Y) v : E — X continuous linear positive and W : Y — F' linear continuous
positive (E and F' are any two spaces where F' is lattice). So wTv is positively p-summing
and

m, (wTw) < Jlw|| 77 (T) [Jv]] -

(h) For all 1 < p < oo, we have
H; (Lp' (n);Y) = Hf (Lp' (n):;Y).

Proof. We prove (g) Ideal property.
We have the operator wT'v is linear,wT'v € IL}(X;Y") We also have

lwTo(@)[| < wl |T((@)l; Ve € E,

let n € N and {x1,...,z,}in Etthen{v(zy),...,v(z,)} C X,

10



1.3. Positive p-summing operators

SO
(ZHT Hp) < WZ(T)ésgp (Z\(U(ﬂﬁz),@\p)
EBy~ 1
< 7, (T) sup ( |<Iuv*(§)>|p>
¢eBxx \ 55
We pose 7 :vﬁiﬁ)
(ZHT Hp) <7 (T) H’UHnS%p (Z\(%,W\p)
€Bp« T
n

Remark 1.3.1 Theorem 1.3.1 Proposition 1.3.1 Proof. from where

(ZHwT Hp>p < flwllw, (T) [0 Sup <Z| iy1) )

Consequently wTv € ILF (E; Z) and

m, (wT'v) < [Jw|| 7w, (T) [|v]

1.3.2 Ideals of multilinear mappings

Definition 1.3.3 [8/ (The m-linear mappings of finite type) A multilinear mapping T €

L(X1,..., Xn;Y) is of finite type if it is a finite sum of operators of the form
Tyem ot =71® .07, Qy: (2, ...,2™) — af (2') .2k, (™) y, (4.1)

where v7 € X; (1 < j<m)andy €Y. We denote by L;(X1,..., X;n;Y) the space of all

finite type multilinear operators.

Definition 1.3.4 [3] (Ideal of multilinear mapping ) An ideal of multilinear mappings (or
multi-ideal) M is a subclass of the class for all continuous multilinear mapping such that

for all m € N and Banach spaces X1, ..., X,, and Y, the componente

M (X1, o, X3 V)= L (Xy, o, X Y) N M

11



1.3. Positive p-summing operators

satisfy:

(1) M(Xy,..., X,;Y) is a linear subspace of L (X1, ..., X;m;Y) which contains the m-linear
mappings of finite type.

(2) The ideal property: If T € M (X1, ... Xm;Y), u; € B(E;; X;) andv € B(Y; F), then
voT o(uy,...;up) is in M (Eq, ..., Ep; F).

If || pg : M — RY satisfies

(1) M (X1, ..s X0: Y) L || p) @5 @ normed (Banach) for all Banach spaces X, ..., Xy, and
Y and for all m € N.

(2) A" K" — K5 A" (21, .0, T) = T1...20 || 1 = 1

3) IfT e M(Xy,.... X3 YY), u; € B(Ej; Xj),veB(Y;F),

[v 0T o (ur, oy t)l| g S NN T g - feemll

then (M;|].]| ) is called an ormed (Banach) multi-idea

12



Chapter 2

Multiple summing operators

In this chapter, we present the class of multiple p-summing, positive multiple p-summing,
and multiple p-concave and we also offer prove of some results concerning of positive multiple

p-summing.

2.1 Multiple p-summing operators

Let us recall the definitions of concept of multiple p-summing and the multiple p-concave

12].

Definition 2.1.1 (Multiple p-summing) Let X1,..., X,, Y Banach spaces. An n-linear
operator T : X1 X ... x X,, — Y 1is called multiple p-summing if there exists a constant C > 0
such that for every choice of finite sequences (a:{)ffl C X;,1<j<n,

(2.1.1)

( > ”T%--wmup) <cTL e

In this case, we define the positive multiple p-summing norm of T by

wp(X;)

7T = inf{C : C verifies the inequality(2.1.1)}.

p

In other words, we give a definition

13



2.1. Multiple p-summing operators

Definition 2.1.2 [2/Let 1 < p < co. A bounded multilinear operator T : X1 x ... x X,, =Y

18 multiple p-summing if there exists a constant C > 0 such that, for every choice of finite

systems (] )i<i;<m;, C X; (1 < j < n), the following relation holds

J
mi,...,Mn »
( Z |7 (x},, ,x;‘n)Hp) < Cwy (2, |1 < iy <my) (|1 <4, <my)  (2.1.2)
i1 yrensin=1

In this case, we define the multiple p-summing norm of 7" by

7™(T) = min{C : C verifies (2.1.2)}.

p

and we denote by I (X1, .., X,,; V).

Remark 2.1.1 (1) In the case of n = 1, the previous definition coincides with the definition
p-summing linear operators

(2) The class Hgm”(Xl, ey X003 YY) of multiple p-summing n-linear operators is a Banach

space with the norm 7" (.).

Now by giving the class multiple p-concave operators, for more details see [12].

Definition 2.1.3 Let X4,..., X,, be Banach lattices and Y a Banach space. An n-linear
operator T : X1 X ... X X,, = Y s called multiple p-concave if there exists a constant C' > 0

such that for every choice of finite sequences (wf)zjl CX;,1<j<n,
1 1
mi,...,Mn p n m - P
n p
( T e ) <] (Z EA ) (2.1.3)
i1yeyin=1 j=1 i=1 5
J

In this case, we define the multiple p-concave norm of T" by
Co(T) = inf{C : Cverifies the inequality(2.1.3)}.

It is easily verified that the class CZ’D““”(X 1, -, X3 Y') of multiple p-concave n-linear opera-

tors, with its associated norm C), is a Banach space.

Proposition 2.1.1 /2, Remark 2.5] Let T € H;”““(Xl, ey X3 Y). Then for every choice of

finite systems

J CX;(1<j<n),
<m >1<ij<mj s (1<j<n)

(]

14



2.1. Multiple p-summing operators

mi,...,Mp »
( Z HT(mill, ,x,’fn)”p) < W;"“lt(T)wp (lel |1 <i; < ml) ~wp(xp |1 <y < my,)

i1yin=1

(2.1.4)
and || T|| < w"™(T).

Proof. Since, by the definition, we have 7)"#(T) = min{C' : C verifies(2.1.2) },then
there exists a sequence (Cy)ren C {C > 0 | C verifies(2.1.2)} such that limy_..Cy =

m(T'). Rewriting the definition for each Cy, k € N we obtain

mi,...,Mp P
( Z |7z}, ,x?n)Hp) < COgwy (27, |1 <iy <ma) (el |1 <, <my,).

$1genes in=1
Now, passing to the limit by k, it results the desired relationship. To obtain the second
relation, we shall write the definition for m; = 1,...,m,, = 1. Thus, for 27 € X, (1 < j < n),
we obtain

|7 (2, ...,a™)|| < 0”5321 (Jz*Y)]) .. Hj’}|1|21 (|z* (z™)])

which by the consequence of the Hahn-Banach theorem, means that for each 27 € X;,1 <

J=n,

|T (", ... am)|| < =] ... ="

hence

1T < C.

Going to infimum, which is the greatest lower bound, we get

||| < mp (7).

2.1.1 The ideal of multiple p-summing operators

In this section we prove that (II7*!, 77" is a Banach ideal of multilinear operators, which

is a well known fact,

but we do not know an exact reference for its proof.

15



2.1. Multiple p-summing operators

Proposition 2.1.2 The class (sz“, sz“) 1s a Banach ideal of multilinear operators.

Proof. In order to prove this, we shall apply the definition for ideals of multilinear

operators,
that was given following A. Pietsch [34], by K. Floret and
D. Garcia in [13]. Thus, we have to show that
(a) for X7, ..., X,,, Y be Banach spaces

H;nu”(Xb ...,Xn; Y) = E(Xb ceey Xn; Y) N H;nult

is a linear subspace of L(X1,..., Xp,;Y);
(b)( It 7mwlt( ) has the ideal property i.e for U; € L(X;,Y;), S € L(Z,W)

p

and T € I (Y1, ..., Yy; Z), we have
SoTo(Uy,..U,) € I (Y1, ..., Yy Z)

and

TS 0 T o (Uy, ooy Un)) < ||S|| 7 (T) UL .. || U

(c) The mapping
Iyt K™ = K, Le(Ar, oo An) = Are Ay, I € TP

and

ngu”(fk) = 1,

(d) (I(Xy, ..., X,;Y), 7 (.)) is a Banach space.

(i) To start, let U,V € I (X1, ..., X,;;Y) and ( [Egj)lgijgmj CX; (1<j<n).
Then

<. > H<U+v><x§1,...,x;wllp)pS ( > Wkt ‘p>p+( 3 v

U1yeesy in=1

which by (2.1.2) gives

16



2.1. Multiple p-summing operators

IN

<. S V), H”>p (w0 (V) el | 1< iy < ).

awp(xl ] 1<, <m,)

in

0 U+ V is p-summing and 7" (U 4+ V') < a(U) + o (V).

By a similar argument, we have that

=

1
My, ....,Mnp My, ...,Mp »
( S U)ot ||p> _ |a|( S UL, at ||p)

i1 peyin=1 i1peyin=1

< af mult(U>'wp(Iz‘11 [ 1<in <ma)wp(ay, |1 <ip < my)

hence, aU is p-summing and 7" (aU) < |a|m ! (U).

For the reverse inequality,

we consider @ — la, U — aU and then 7/ (U) < 1a 7" (al)

Lem(al) > |a|r ™ (U)

And so we showed that I (X1, ..., X,,;Y) is a linear subspace of £(X, ..., X,,;Y) and
that 77"*/(.) is a norm on this space.

(ii) Further, let U; € £(X;,Y;),1 < j <n,T € I (Y1, ...,Y,; Z) and

S e L£(Z,W) and let (z] )1<z]<m be some finite systems of elements in X;,1 < j < n.
Then

Since T' is p-summing, it follows that

B =

( S (SoT o (Ur, Un))(ah, sl HP) < S| ATy, (U (1) | 1< iy < my) ..

i1 peyin=1

wp(Un(z) | 1<i, <my)

in =

17
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2.1. Multiple p-summing operators

Now, we have to evaluate w, (Uj(a:fj)ll <i; < mj> ,1 < j < n.We have

mj P
. p
wp(Us () < iy <my) = swp | D |, (Us(al)
Y€V \ ;=1
1
m; U D p
= 1wl sw (e ()| )
meve \ &= [P\
1
m; Cp p
< ol sup [ ] )
iS5 \ij=1
Wherewj:gojo”gﬁ,lgjgn. Since |,
U of .
ol = s e | = oo [ | = ol < < <o

it follows that

wy(Uy (2] )1 < iy <my) < (U wy(a], |1 < iy <my)(1 < j <)

Hence

3=

3 ||(soTo(Ul,...,Un))(xgl,...,xyn)uf") < IS 7).

WU .. || Ul wp(atzl1 |1 <d <my)eawp(zy |1 <4, <my,)
This means that S oT o (Uy,...,U,) is p-summing and
T (S o T o (Ur, s Un)) < IS mp ™ (T) |UL] .. |Un]

(iii) Let ()\f]) 1 <i; < m; be some finite systems of elements in k.

18



2.1. Multiple p-summing operators

Then
mi, ...,Mn 1 mi,...,Mn b
( > \Ik(Ail,---,AZ;)Ip> = < > !(A}I,--.,A?n)\p)
i1yeensin=1 i1yein=1
mi 1 % mn %
< (Zpr) - (Snor)
11=1 N in=1 l . .
<  sup <Z|af{ (A}l)}p) ... sup <Z }xfl ()\?n)‘p>
zi||<1 \4i,=1 lenll<1 \;, =1

= wy(A, | 1<y <my)eaw,(N) | 1<, <my)

mult
p

[ I|| < 7" (1) and sincel| I || = 1,
we obtain " (Iy) = 1.

(iv’) In order to prove that (II7"(Xy,..., X,;Y), mm#(.)) is a Banach space, we shall

’p

Hence, Iy is p-summing and 7" () < 1. In order to reverse inequality, we have that

consider a Cauchy sequence (Uy,)nen C 7""(.).

Hence Ve > 0,3dn. € N such that W;”““(Un —Un) <&,V n,m>n..

By Remark 2.5,we have ||U, — Uy || < 7" (U, — U,,) < e,which means that (U, )nen is
a Cauchy sequence in the Banach space £(X7, ..., X,,; Y).

Thus, it exists U € L(X7, ..., X,,;Y) such that |[Un — U|| — 0.

Now, let (xgj)lgijgmj C X;,1<j < n. Since U, — U, is a p-summing operator, it

follows that for every n,m > n., we have

Sl

mi,...,Mn
( > \(Un—Um)@}l,...,x;)\”) < (U, = Uy).

i1yeyin=1

wp(xil1 1 <ip <my)wp(zy |1 <14, <my,)

< 6wp(xill |1 <y <ma)ewp(a |1 <4, <my,)

Since U, (z;) — U(z;),Vz; € Xj, after passing to the limit for m — oo, we obtain that for

every n > n.

=

mi,...,Mn
( Z ‘(Un — U)(xill, ...,:c?n)|p> < ewp(xil |1 <y <ma)wp(zf |1 <4, <my,)

i1 peyin=1

19



2.1. Multiple p-summing operators

mult

which means that U, — U is p-summing and hence, U is p-summing. Inaddition, )

(U,—=U) <e,¥n>n. ie.

mult

mwit(.) with respect to the p-summing

the sequence (U,)nen is convergent to U € 7
norm,7)"(.). m

The definition of the Hilbert-Schmidt multilinear mappings was introduced by Dwyer [19].

Definition 2.1.4 (Hilbert-Schmidt multilinear) Let Hy, ..., H,,, H be Hilbert spaces. A
mapping T € L (Hy, ..., Hy; H) is said to be Hilbert -Schmidt if there is an orthonormal basis
(eij)i_el_ for Hj, for each j =1,..,m, such that

2
”THHS = Z 1T (€315 -y €3,,)[|7 < 00

Z.IEII ~~~~~ imelm

We denote by Lys (Hu, ..., Hy; H) the space of all Hilbert-Schmidt multilinear mappings.
It is easy to show that it is a Hilbert space under the norm ||.||,,s defined by the inner

product

<T1,T2> = Z <T1 (eil,...,eim),TQ (€i17-"7€im)>-

1€, yimELm
2.1.2 Relation with Hilbert-Schmidt multilinear mappings

The relationship between the class of multiple p-summing operators and the class of Hilbert-
Schmidt ones has been studied by M. Matos in [26, Proposition 5.7] and by D. Peerez-Garcia
in [26, Theorem 4.2]. Thus, they have showed the following resul

Theorem 2.1.1 Let 1 < p < oo and Hy,..., H,; H be Hilbert spaces ,we have
I (Hy, ..., Hy; H) = Lys(Hy, ..., Hy; H).

Multiple rueslts (Matos 1987, see)
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Chapter 3

Positive multiple p-summing

operators

In this chapter, we student the class of positive multiple p-summing operators with some

properties

3.1 Positive multiple p-summing operators

In this paragraph, we present class the positive multiple p-summing operators with some

properties. The definition was introduced by Q. Bu and Labuschagne in [12].

Definition 3.1.1 (Positive multiple p-summing) [12/ Let X4, ..., X,,, Y, be Banach lat-
tices and Y a Banach space. An n-linear operator T : X; X ... x X,, — Y 1is called positive

maultiple p-summing if there exists a constant C' > 0 such that for every choice of finite

sequences (1)1 C X 1< j<n,

(4 Z 'HT(x}l,...,x;;)Hp)p <CH ) Pl x) - (3.1.1)

The class of the positive multiple p-summing norm of 7" by

A(T) = inf{C : C verifies the inequality(3.1.1) }.

Which is denoted by A;”““(Xl, ..., Xn;Y') is a Banach space for the norm A, (7).
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3.1. Positive multiple p-summing operators

3.1.1 Properties of the class A7"" (X1, ..., X,;Y)

By the relation (3.1.1), we have (1) and (3).
(1) All multiple p-summing operator is positive multiple p-summing operator.
(i.e., If 1 < p < oo, then I (Xy, ..., X,,; V) C AP Xy, ..., X, Y) ).

Furthermore, we have
(2) If 1 <p < q< oo, then
(X, ., Xy V) C I (X, L, X Y).
(3) If 1 <p < q< oo, then
AT (X, X Y) C AT (X, X Y.
Proposition 3.1.1 The class A;”“”(Xl, oty X, Y) is a Banach space.

Proof. On verify that the class A;”“”(Xl, o, X3 Y) of positive multiple p-summing
n-linear operators, with its associated norm A,, is a Banach space.

o ((Ar(Xy, ..., Xn; V), Am())) is a Banach space.

(1) To start, let Xy,..., X, , Y, be Banach lattices and Y a Banach space.

Let U,V € A (X3, .., X, Y) and (@] )1<ij<m; C X; (1 <j <n).

Then

miy,...,Mn % miy,...,Mn % my,...,Mnp 1
( Z H(U+V)(as%1,...,a:z) |p> < ( Z HU(:L‘ZlI,,xf) p) +< Z HV(a:le, ,27) |p>
i1 min=1 i1 yemyin=1 i1 yomyin=1

which by (2.3) gives

S

( Z “(U_'_V)(x%l’.'.,x?n)“p) < (A;nult(U) —|—A;”“lt(V))-wp(lel | 1 <11 < ml)..

B1yeeytn=1

wp (27

in |

,which means that U + V is p-summing and A;""(U 4 V') < A7H(U) + AH(V).

By a similar argument, we have that
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3.1. Positive multiple p-summing operators

=

1
M, ....;Mnp M, ...,Mp »
(SRR N (b S UEREAT)

i1 peyin=1

< o AZZ““(U).wp(x%I |1 <iip <mg)ewp(af |1 <4, <my,)

hence, aUU is p-summing and A7 (aU) < |a|A"*(U). For the reverse inequality,

we consider & — la, U — aU and then A" (U) < 1o A7 (aU)

Le AT (al) > |a|A7™H(U)

Thus, we have shown that Agw” (X1,..., Xp;Y) is a linear subspace of L(X7,..., X;;;Y)
and

that A7/ (.) is a norm on this space.

(1) Further, let U; € L(Xj,Y}) 1<j<nTeA™Y,... Y, Z) and

S e L(Z,W)andlet ( x )1<Z]<m] be some finite systems of elements in

X;,1<j <n.Then

Since T is p-summing, it follows that

1
my,...,Mp »
( S (S oT o (Ury U))(ah sl H”) < ISI AT (T Y, (U (2) [ 1< iy < my) .

i1 peyin=1

wp(Up(2?) | 1<, <my)

Now, we have to evaluate w,(U;(x] )]1 <i; <my),1 < j < n.We have
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3.1. Positive multiple p-summing operators

1
m; p
wp (U@L < iy <my) = sup (Y | (Vi)
$i€Y7 \ =1
1
m; U ' D P
= s (X o () )
M s | 2o (g
m; o P
< U]l sup i) |
’ Vi €XF ; Y
where wjzwjo”gﬁ,lgjgn. Since, ,
U, U, |
Ill= o ] = ol [ =Bl < 12 2

it follows that

Hence

B =

mi,...,Mn
( o (SeTo (U, ... Un))(ai,, .--,I?n)Hp) < SIAZ D) NT - 11Ul
i1 yoemrin=1
w(z), | 1<iy <m)eawp(a? |1 <i, <my)
which means that S o7 o (Uy,...,U,) is p-summing and

AT (S 0 T o (Uy, ..., Uy)) < S| AT |UL ]| .. | Us|

(i) Let (/\fj), 1 <i; < m; be some finite systems of elements in /. Then
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3.1. Positive multiple p-summing operators

3 =
B =

mi,...,Mn mi,...,Mn
( > \IK(AZ*I,---,AQ“;)IP> = ( > I(A}N---,A?J\p)

i1, sin=1 i1,enyin=1
mi 1 % Mn %
< (Z\AMP) <Z\A;;)|”>
i1=1 in=1
1 1
mi P Mn P
< o (SSonr) - s (S onr)
ztl|<1 \ij=1 l=z3ll<1 \; =1

= wy(\, |1 <1 <my)eaw,(A! | 1<y, < my)

Hence, I is p-summing and A7 (Ix) < 1. For the reverse inequality, we have that || I || <
A7 (I) and since||Ig|| = 1, we obtain AJ""(Ix) = 1.

(1v) In order to prove that (A?“”(Xl, ey Xy Y, Apm“”(.)) is a Banach space, we shall
consider a Cauchy sequence (Uy)nen € A7™(.). Hence Ve > 0,3n. € N such that A7 (U, —
Un) < &,¥n,m > n.. By Remark 2.5,we have [|U, — Uy < A7**(U, — U,,) < e,which
means that (U,).eny is a Cauchy sequence in the Banach space L(Xj,..., X,;Y).Thus, it
exists U € L(Xy, ..., X,,;Y) such that |[Un — U|| — 0.

Now, let (I”Zj)lgijgmj C X;, 1 <j <n.Since U, —U,, is a p-summing operator, it follows

that for every n,m > n., we have

SIS

IN

AZ”‘“(Un — Up)wp(zj, |1 < iy <my)..

( S U= U@, ) ”)

ilv---vinzl

-3

1 <'ip <my)

< ewp(xill |1 <iip <m)ewp(af |1 <4, <my,)

Since U, (z;) — U(z;),Vz; € Xj, after passing to the limit for m — oo, we obtain that for

every n > n.

( Z (U, = U)(z,, ...,x?n)}p) < ewy(zy |1 < iy <my)..

ilv---vinzl
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3.2. Some inclusions and coincidence results

which means that U, — U is p-summing and hence, U is p-summing. Inaddition, A;m‘”
(U, —U) <e,Yn2>n.
(i.e. the sequence (Uy)nen is convergentto U € A"/*(.) with respect to the p-summing

norm, A7(.).) m

3.2 Some inclusions and coincidence results

In this section, we give some properties and coincidence results for a positive multiple p-

summing operators
Theorem 3.2.1 If1 < p < oo, then
AT (X, X Y) SO (X, Xy Y).

Proof. For n =2, let T € A" (X1, X5;Y), and take (z;)7" C X1, (y;)§ € X2.By(1.1.2)

(Z HT(afz-,yj)Hp) = (Z |T(af — a7,y — y{)||p>

i,j=1 t.j=1
ik ;2 mok '
< (Z >>T<xr7y;>||p) + (z HT@HJ;)H”)
ij—1 ij—1
mk b mik +
; (Z ||T<x;,y;>up) ; (Z HT@M;)H”) |
ij=1 ij=1
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3.2. Some inclusions and coincidence results

So

1

<Z||T<mi,yj>||p) < M), (lerl”)p

ij=1

X1 Xa
m . k »
' (Zw) Z\mp)
=1 X, 7=1 X,
n\ Rt
)| (S
i=1 1 j=1 %
m m k >
+ (ZM”) (ZIW)
i=1 v j=1 Y
m % k 7
< ) (zw) zw)
=1 X, 7=1 Xs

Therefore, T' is in C""(X1, X5;Y). =
Corollary 3.2.1 If1 < p < o0, then

(X, ., Xy YY) CA(XG, L, Xy YY) C OY(X, L, X Y.

3.2.1 Particular cases

The relations (1.1.4) and (1.1.3) yield the following results
1) For p = 1, then the following propostion

Proposition 3.2.1 We have
AT X X YY) = O (X, e, X Y.

2) If Xy,..., X, are C(Q)-spaces, then the following propostion gives the coincidence
between IT"*(X1, ..., X, V), A7"(Xy, ..., X Y) and O X, .., Xy ).

Proposition 3.2.2 [f1 < p < o0

(X, X YY) = AKX, X YY) = O (X, o, Xy Y ).
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3.2. Some inclusions and coincidence results

Positive multiple rueslts (Q. Bu and C. A. Labuschagne 2015 , see [12])
(1) Let 1 < p,q < oo and Y be a Banach space.If

I (C(Q), .., C(R);Y) C IO (), .., O(2,);Y)
for any continuous function spaces C(€2), ..., C(£2,), then
Cor (X, oy X3 Y) € C(X, o, X3 Y)

for any Banach lattices X, ..., X,
(ii) If 1 < p < oo, then

C{nult(le ,Xn’Y) g Cg’bult(Xl, ,Xnyy)
(81) If 1 <p < g <2, then

C;nult(le ,Xn’Y) g C;nult(Xl, ,X'rmy)
(4i) If 1 < p < oco. Then

ATN(X, o, X Y) C AN (X, X Y.
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