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Titre: Etude d’existence et d’unicité de certaines classes

d’équations différentielles fractionnaires

Dans cette these, nous nous intéressons a 'existence et 'unicité des solutions positives, bornées
et non bornées des certains problémes aux limites sur la droit réal d” équations différentielles
fractionnaires non linéaires au sens de dérivé Erdélyi—-Kober et Caputo Erdélyi-Kober dans
un espace de Banach. Les résultats ont été prouvés analytiquement en utilisant le principe de
contraction de Banach, les théoremes de point fixe de Schauder, GuoKrasnosel’skii, I’alternative

non linéaire de type Leray-Schauder et la méthode d’argument de diagonalisation.

Mots Clés:

Equations différentielles fractionnaires, Problemes aux limites, Les opérateurs d Erdélyi-Kober,
La dérive de Caputo Erdélyi-Kober, Argument de diagonalisation, Existence, Unicité, Solution

non bornée, Solution positive, Solution bornée, Théoremes de point fixe.
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NOTATIONS

L7 (Q)
C(Q)
Clae RnelN

Mu

Natural numbers {0,1,2,3,...}.

Nonzero natural numbers {1,2,3,...}.

Real numbers (—o0,00).

Positive real numbers (O, ).

Nonzero real numbers (—oo,0) U (0,00).

Complex numbers, z € C, then z = x + iy, where x,y € R, and 2 =—1.
Real part of complex «.

Finite closed interval of the real axis R.

Space of LesesGue complex-valued measurable functions u on (), for which
[ullr = Joy [ (s)|ds < co.

Space of all measurable functions u, for which |u|” € L (Q), for any 1 < p < co.
The space of all continuous functions from () into R.

{f(t),t>0: f(t)=t"f1(t) withp>aand f; € C"([0,00))}.

MELLIN transform of a function u.

EuLER gamma function.

[y

e
PocHHAaMMER symbol, where (¢), =1, (a), =[] («+i),a € C,n € N*.
i=0

Beta function.
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E — K ERrRDELYI-KOBER.
FDE Fractional Differential Equation.

BVP Boundary Value Problem.

Tlu Primitive of LEBesGue summable function u.

I"u Caucny formula for the n'" integrals, n € IN.

1%u RiEMANN-L1ouvIiLLE's fractional integral of order a.
Du RiEMANN-L1ouvIiLLEs fractional derivative of order «.

€Dy Caruro’s fractional derivative of order «.
Ig"su ERDELYI-KOBER fractional integral of order 4.
Dg"su ErDELYI-KOBER fractional derivative of order 4.

CDZ"Su Caruto ErRDELYI-KOBER fractional derivative of order 6.
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INTRODUCTION

Fractional-order differential equations have been used in the study of models of many phe-
nomena in various fields of science and engineering, such as viscoelasticity, fluid mechanics,
electrochemistry, control, porous media, mathematical biology, diffusive transport akin to diffu-
sion, probability, statistics and electromagnetic bioengineering. Recent investigations have shown
that sometimes physical systems can be modeled more accurately using fractional derivative
formulations. For the basic theory on fractional differential equations, the reader can refer to the
books Samko et al. 1993 [51], Podlubny 1999 [48], Kilbas et al. 2006 [29], Sabatier et al. 2007 [50],
Das 2008 [15], Diethelm 2010 [16], and Mathai and Haubold 2018 [40], Kiryakova [30, 31].

The classical fractional calculus is based on several definitions for the operators of integration
and differentiation of arbitrary order [30]. Among the various definitions of fractional differenti-
ation, the Riemann-Liouville and Caputo fractional derivatives are widely used in the literature.
The most useful classical fractional integrals, however, seem to be the Erdélyi—-Kober operators.
These were introduced by Sneddon (see, for example, [53-55]), who studied their basic properties
and emphasized their useful applications to generalized axially symmetric potential theory and
other physical problems, such as in electrostatics and elasticity. For details and applications
of the Erdélyi-Kober fractional integrals, we refer the reader to a series of papers and texts
[18, 27, 29, 31, 54, 60].

In 1998 Yuri Luchko and Rudolf Gorenflo [35] determine a symmetry group of scaling trans-

formations for a time- and space-fractional (of orders a and B, respectively) partial differential

. %u(x,t Pu(x,t
equation ( %Ef’) =d gi’;

)). For its group-invariant solutions an ordinary differential equation
of fractional order with the new independent variable z = xt”# is derived. The derivatives then
are the well known right- and left-hand sided Erdélyi Kober derivatives depending on «, B, and

on a parameter 7y of its scaling group <Pé+7_“’“u) (z) =dz =P (D;ﬁ’ﬁu) (z), z>0.



The Caputo-type Erdélyi Kober fractional derivatives introduced for the first time by Gorenflo
and all. [21] in connection with their investigation of the scale-invariant solutions of the diffusion-
wave equation.

With the results presented in [46], the E-K operators and their Caputo-type modifications were
pushed to a class of fractional operators important for models in applications and thus worth to
be investigated in-depth from the mathematical viewpoint.

The theory of boundary value problems on infinite intervals arises quite naturally and has
many applications [8]; it is important and several authors have done much work on this topic
[1-4, 9, 22, 32, 36, 37, 39, 43, 45, 46, 52, 57, 61, 62, 64—66] and the references therein.

In this thesis we provide conditions assuring the existence and uniqueness of the solutions
to certain boundary value problems on the positive half-line (0, +o0) for nonlinear fractional
differential equations involving the Erdélyi Kober (or Caputo Erdélyi Kober) derivatives, in
special Banach space.

This thesis is organized as follows:

The first chapter will be devoted to the basic elements of fractional calculus, a historical
reminder and some preliminary concepts will be introduced such as the gamma and the Beta
function which plays an important role in the theory of fractional differential equations, we gives
the definitions of the approaches fractional integrals and derivatives (Riemann-Liouville and
Caputo) and their most important properties, as well as the generalized Erdélyi Kober operators
and their Caputo-type modifications. At the end we give some Studies and results of FDE'’s
solutions.

In the second chapter, we discuss the existence and uniqueness of a positive solutions to the
boundary value problems of nonlinear fractional differential equations involving the Erdélyi

Kober operators on the positive half line:

DY u(t)+ f (t,u(t) =0, t >0,
lim;_,q tPCHY TO+H12-0y (1)

=0,
limy o tPAHN 047270y (1) = 0,

where Dg"s denotes the Erdélyi-Kober fractional derivative operator of order 6§ and Z°"727¢ is

the Erdélyi—Kober fractional integral of order 2 — 6, with1 <6 <2, -2 <y < -1, >0, and
f is a given function. First we define an integral solution of this problem and special Banach
space Co. We use the leray schauder non linear alternative to prove the existence of solution in
this space, then we prove the existence of a positive solution when the proof technique is the

Guo—Krasnosel’skii fixed point theorem. on the other hand, we apply the Banach contraction



principle fixed point theorem to prove the uniqueness of the positive solution. Finally, the main
result is strengthened through examples.
In the third chapter, the main focus is the existence and uniqueness of unbounded solutions

to the following nonlinear fractional differential equations involving the Caputo Erdélyi Kober

derivatives:
D) u (t) + f( u(t)) =0, t>0,
limy o tPF M) (t) = 0, with k = 0,1 — 2
limy- e B0V (1) = pu (1),

where *Dg’(s is the Caputo-type Erdélyi Kober fractional derivative operator of order ¢, such

thatn —1<é6<n, —n<y<l-nneN,n>2 B>00<p <1, and f is a given function.
The results in this chapter are based on Schauder’s, nonlinear alternative Leray-Schauder’s
and contraction mapping principle fixed point theorems technique to prove the existence and
uniqueness of unbounded solutions in a special Banach space Co. Also, we present two examples
to explain the application of our main results.

In the last chapter, we will discuss the existence and uniqueness of bounded solutions to certain
boundary value problems on the positive half-line (0, +c0) for nonlinear fractional differential

equations involving the Erdélyi Kober derivatives. Specifically, we will consider the BVP

DY u(t)+ f (tu(t)) =0, t € ] = (0,00)
lim;_so tﬁ(H“Y)%U”"”_‘su(t) =0, withk =0, m —2, u(t) bounded on J,

where Dg"s denotes the Erdélyi—Kober fractional derivative operator of order § and Z°+7" 9 is
the Erdélyi-Kober fractional integral of order m — 6, withm —1 <6 <m, —-m <y <1l—m,m¢€
IN\ {0,1}, B > 0 and f is a function. First we solve similar problems on finite intervals of type
(0, Ty], n € IN* and prove (theorem 3.1) the existence of bounded solutions u,, n € IN*. The
proof technique of this result is mainly based on the Schauder’s fixed point theorem. Then,
starting with the sequence {u,}, - , we use a diagonalization method, which is based on the
ArzelA-Ascoli criterion, to conclude that this problem admits bounded solutions on J. Also, the
main result is strengthened through an example.

Finally, general conclusion and future research lines are given.

Most parts of results presented in this thesis have already been published or submitted for
publication in peer-reviewed international journals. Results included in chapter 2 have been

described in [12]. and those included in chapter 4 have been accepted in [59].



PRELIMINARIES

This chapter will be devoted to the basic definitions and basics of fractional computing such
as: fractional derivation, fractional integration, fractional order operator definitions and other
notions that we will need in the rest of our work. We will begin by giving a historical of the

development of fractional derivation theory.

1.1 HISTORICAL DEVELOPMENT OF FRACTIONAL CALCULUS

The concept of differentiation and integration to non-integer order is by no means new. A lots of
authors give a very detailed histories in reference works [41, 44]. Our goal in this section is to
present the main historical steps in the development of fractional computing, up to its growth in
application development in the 1970s. We rely on works [26, 34, 41, 44, 49] to cover the period

from 1695 to 2000.

In 30 September 1695 Leibniz invented the notation d"y/dx". Perhaps it was a naive play with
symbols that prompted L'Hopital in 1695 to ask Leibniz: “What if n be 1?” Leibniz replied:
"Thus it follows that dz x will be equal to xv/dx : x. This is an apparent paradox from which, one

day, useful consequences will be drawn.”

In another letter to J. Wallis and J. Bernulli (in 28 May 1697) , Leibniz mentioned the possible

approach to fractional-order differentiation in that sense, that for non-integer values of n the

dnemx
n

definition could be the following: o = me™x,




1.1 HISTORICAL DEVELOPMENT OF FRACTIONAL CALCULUS

In1730 Euler is the second great mathematician to address the issue. In his article [20] where
he introduces his famous Gamma function which generalizes the factorial (I' (n + 1) = n!). He

obtained the basic fractional derivative
a .. m!

m—n
dxn’ T (m —n)!x

He suggested to use this relationship also for negative or non-integer (rational) values of n and m.

In 1822 Joseph B. J. Fourier was the next to mention derivatives of arbitrary order. His definition

of fractional operations was obtained from his integral representation of f(x):

1 —+00 +o00
F) =5 [ [ Fl@ycos(p(x—a))dadp.
Fourier made a remark that
d" 1 [t gt " ni
TS (X)) = E/W _ fla)pteos [p<x—tX)+7] adp,

and this relationship could serve as a definition of the n-th order derivative for non-integer n.

In 1823 Abel was probably the first applied the fractional calculus in the solution of an integral
equation that arises in the formulation of the tautochrone. He found that the solution could
be accomplished via an integral transform, which could be written as a semi-derivative. More

precisely, the integral transform considered by Abel was k = [, (x — t)_% f(t)dt.

After all, Liouville is the first to study in detail the fractional calculation, as the eight articles
he published between 1832 and 1837 seem to attest. his first definition of a derivative of arbitrary
order v involved an infinite series. This had the disadvantage that v must be restricted to those
values for which the series converges. Liouville seemed aware of the restrictive nature of his first
definition, therefore, Liouville tried to put his effort to define fractional derivative again of x*
whenever x and a are positive. After these for any v > 0 Liouville was able to obtain the result

known as his second definition:

da’ —a __ (_1)vr(a+v) —a—v
v’ = T

Indeed, Liouville was able to extend this definition to include complex values for 2 and v. By

piecing together the somewhat disjointed accomplishments of many notable mathematicians,
especially Liouville and Riemann, modern analysts can now define the integral of arbitrary order.

The fractional integral of order v is defined as follows:

D f (x) = ng) / (x— 0" £ (1) dt.

5



1.2 BASIC FRACTIONAL CALCULUS

In 1847 Riemann sought a generalization of a Taylor’s series expansion and derived the

following definition for fractional integration:

a-r 1 1

—u(x) = —— x—k)" " u (k) dk.

= [ R
However, he saw fit to add a complementary function to the above definition. Today, this
definition is in common use as a definition for fractional integration but with the complementary

function taken to be identically zero, and the lower limit of integration c is usually zero.

The earliest work that ultimately led to what is now called the Riemann-Liouville definition
appears to be the paper by N. Ya. Sonin in 1869 [56], where he used Cauchy’s integral formula

as a starting point to reach differentiation with arbitrary index.

In 1940 H. Kober [33] and A. Erdélyi [19], introduced a complex parameter v and deal with
the operator

pr=o

I°f = % (%) /Ot (t=s)"""s7f (s)ds,

—y—6

"f = o) /too(s—t)‘sflﬂf(s)ds.

~

In 1960 IN. Sneddon [53],[54],[55] introduce what is now called the Erdélyi-Kober operators,
he studied their basic properties and emphasized their useful applications to generalized axially

symmetric potential theory and other physical problems, such as in electrostatics and elasticity.

The earliest work that ultimately led to what is now called the The Caputo Erdélyi-Kober
fractional derivative appears to be the paper by Gorenflo, Luchko and Mainardi in 2000 [21] in

connection with their investigation of the scale-invariant solutions of the diffusion-wave equation.

1.2 BASIC FRACTIONAL CALCULUS

In this section, we will present the fractional integration operators and the most used definitions
of fractional derivatives and giving the most important properties of these notions. We will begin

by giving some special functions and functional spaces.



1.2 BASIC FRACTIONAL CALCULUS 7

1.2.1 Functional spaces

Let O = [a,b] (—co < a < b < o0) be a finite closed interval of the real axis R = (—o0,0).
We denote by L7 (Q)) (1 < p < o0) the space of those LeBesGue complex-valued measurable

functions u on Q) for which ||u||;, < co, where

il = ([ Jeera)’ . azp<s
and

||te]| (o = ess sup |u(t)].
a<t<b

Here ess sup |u ()] is the essential maximum of the function |u (t)| [see, for example, Nixkor sk
a<t<b

[42], p. 12-13].

Definition 1.1 ([38]) The space of functions C}}, « € R, n € IN, consists of all functions f (t),t > 0,
that can be represented in the form f (t) =tV f1 (t) with p > aand f; € C" (]0,00)).

1.2.2  Special functions of fractional calculus

Here, we give some information on the EuLEr gamma and the Beta functions which play the

most important role in the theory of the differentiation of arbitrary order.

Euler Gama function

One of the basic function of the fractional calculus is Eurer gamma function I'(z), which
generalizes the factorial n! and allows n to take also non-integer and even complex values. first,
we give the MeLLIN transform and the PocaaaMMER symbol («), definitions, which have an

important role in the definition of EuLER gamma function.

Definition 1.2 (Mellin transform[29]) The MeLLIN transform of a function u (t) of a real variable

t € R = (0,00) is defined by
(Mu) (s) = Mu(t)](s) =u*(s) = /Ooo 71 () dt, Re (s) > 0,

and the inverse of MELLIN transform is given for t € R™ by the formula:
1 Y+ico
(Mflu*) (1) = M7 u* (s)] (t) = —/ t*u* (s)ds,y = Re (s).
271 Jy—ico

The direct and inverse of MELLIN transforms are inverse to each other for “sufficiently good” functions u

and v, M~ Mu = u, and MM v = v.



1.2 BASIC FRACTIONAL CALCULUS

Definition 1.3 ([29]) The PocaraMMER symbol («),, is defined for complex a« € C and non-negative

integer n € IN by
(0)g =1, and (&), =a(a+1)---(a+n—-1), n € N". (1.1)
Note that (1), = n!.

The definition of the EuLEr gamma function is given as follows

Definition 1.4 (Euler Gamma function[29]) The EuLer gamma function T'(«) is defined by the so-

called EULER integral of the second kind
[(a)=Mle"] (a) = / s*"1e7%ds, (Re (@) > 0), (1.2)
0

which converges for all complex « € C (Re (a) > 0),. It follows from Definition 1.2 that the gamma

function is the MELLIN transform of the exponential function
M [e7®] (a) =T («) (Re (a) > 0). (1.3)
We also indicate some properties of the EuLer gamma function:
1. e WehaveI' (1) =1, T (0") = 4o0. The EuLer gamma function I' () is a monotonous

and strictly decreasing for 0 < a < 1.

e Gamma is a a monotonous and strictly increasing function for « > 2 so it is convex

for a € ]0, +oo[, with point of minimum equal to T (3) = <.

e T'(a) is infinite for all the negative integer values of «, ie., T (—1), I' (=2), ..., T (—n),...

are infinite.

2. One of the basic properties of the gamma function is that it satisfies the following function

equation
I'(a+1) =al (a),Re(a) >0, (1.4)

which can be easily proved by integrating by parts

ge)

Ma+1)= [

0

she Sds = [—s"e %] + uc/o s*le~5ds = aT (a).

3. It is natural to expect a connection between the Gamma function and the factorial. This is

provided by the formula (1.4) and by the fact that ' (1) = 1:

I'(n+1)=nl(n) =n!,vneNN.



1.2 BASIC FRACTIONAL CALCULUS

4. Using the formula (1.1), and the relation (1.4), the EuLer gamma function is extended to
the half-plane Re (¢) < 0 by

I'(a+n)

Mo ="

,Re(a) > —n, forn € N*,Re(a) £ Z; ={...,—3,-2,-1,0}. (1.5)

Beta function

The Beta function is very important for the computation of the fractional derivatives of the power

function.

Definition 1.5 (Beta function[29]) The Beta function is a type of EuLER integral. For a positive values

of the two parameters, p and q (Re (p) > 0 and Re (q) > 0), the function is defined by

B(p.q) = /01 sP71 (1 —s)T ! ds. (1.6)

In addition, B (p,q) is used sometimes for convenience to replace a combination of Gamma
functions. This relation between the gamma and beta function

I'(p)T (q)

T'(p+q)’ (1.7)

B(pq) =

is used letter on.
Equation (1.7) provides the analytical continuation of the Beta function to the entire complex
plane via the analytical continuation of the EuLer gamma function. It should also be mentioned

that Beta function is symmetric, i.e.,

B(p.q)=B(q,p).
1.2.3 The Riemann-Liouville fractional integrals

One of the common way to motivate the definition of fractional integrals is to start with an
n-tuple iterated integral and show that it can be expressed as a single integral involving the
parameter n. The fractional integral of order a > 0 is then defined just replacing the integer n by
the positive real .

Let [a,b] be a finite closed interval of the real axis R = (—o0,00), and let u be a measurable

continuous function on [4,b] in R. Let’s start by noting Z, the primitive of u, and we give

Thu(t) = /t u(s)ds. (1.8)
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The iteration of 7!, allows to obtain the primitive second of u. Moreover, according to the

theorem of Fusini,

() = I;+oI;+u(t):/at (/ﬂsu(T)dT>ds:/atu(T) (/:ds>dr
— /at(t—r)u(r)dr.

The RiemanN-Liouvirre’s approach is based on the Caucay formula (1.8) for the n'* integral

which uses only a simple integration so as to provide a good basis for generalization

Thu(t) = /ﬂt /ah .../ﬂtnlu(tn)dtndtn1...dt1 = (;1—11)'/; (t—s)"u(s)ds.  (19)

Now it is clear how to get an integral of arbitrary order. We simply generalize the Caucny
formula (1.9), the integer n is substituted by a positive real number « and the EuLer gamma
function is used instead of the factorial.

If we go back to the starting relationship (1.8) for a function u : [a,b] — R, we can notice that

the integral

II}u(t):/btu(s)ds:—/tbu(s)ds,

is also a primitive of u, which this time involves the values to the right of u.

From the relationship

/bt (t— )" Vu(s)ds = (—1)" /tb (s — 1)V (s) ds,

we could define in the same way the right-sided integral of order n of u by

Vi€ [a,b], T u(t) = (51__1)1)! /tb (s — )" 1 u(s)ds.

by replacing the integer n by positive real number x, we obtain the following definition.

Definition 1.6 ( [29]) Let u € L' ([a,b],R) and « > 0. Then, for any t € [a, b), the integrals

Tru(t) = I"(loc) /at (t—s)""u(s)ds, t € [a,b], (1.10)
Thu(t) = r(llx)/tb (s— 1) tu(s)ds, t €[a,b], (1.11)

are called left-sided and right-sided RIEMANN-LIOUVILLE'S fractional integral of order a > 0.
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Properties of fractional integrals

Let « > 0, then the fractional integrals, both the left-side and right-side, Z* have the following
properties (see [kilbas 1993])
1. Suppose u € L' ([a,b]), then for any t € (a,b) the fractional integrals 1%, and If are well

defined.

2. Forany t € (a,b), v > —1, one can easily show that:
I'(y+1)

(I (t=a)") (1) = Taty+1) (t—a)"™",
(- (6= 1) = ey =0T,

3. By convention is set: 1%u () = u ().

4. Semigroup property: for any u € L! ([a,b]) and B > 0
() = B () = LPu(t).

5. I%.u (t) = 0 implies that u = 0 almost everywhere.

6. Fractional integration by parts formula: let u € L? ([a,b]) and v € L7 ([a,b]) either with
a>1,p=q=1Lorwith0<a <1, ,+;<1+a pq>1 Then

b b
/u(s)lﬁ‘w(s)ds:/ ITu(s)v(s)ds.

Fractional integrals on the real line

It is natural to extend the definitions (1.10) and (1.11) to the axes R and R™.

Definition 1.7 ([29]) The left-sided RieMANN-L1OUVILLE'S fractional integral of order « > 0 of a contin-

uous function u : R — R is given by

Tou(t) = r(la)/_:o (t—s)"Lu(s)ds, t € R,

The left-sided RiEMANN-LIOUVILLE'S fractional integral of order & > 0 of a continuous function u : Rt —
R is given by

L
I (a)

The Right-sided RteMANN-L1OUVILLE'S fractional integral of order a > O of a continuous function on R*

ot
Thou(t) = /0 (t—s)"u(s)ds, t >0, (1.12)

and Ris given by

T*u(t) = F(loc) /t+oo (s — )" L u(s)ds.

11
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1.2.4 The Riemann-Liouville fractional derivatives

The definition of fractional integrals is very straightforward and there are no complications. A
more difficult question to deal with is how to define a fractional derivative. There is no formula
for the n'" derivative analogous to (1.8) so we have to generalize the derivatives through a
fractional integral.

If « > 0, we denote [«] the integer part of &, [¢] is the unique integer satisfying
o] <o < [a] +1.

Let u : [a,b] — R. From the classic relationship 4 = % oZ!, we can define a fractional derivative
of order 0 < a < 1by
e d

1—
=30 "
More generally, if « > 0 and if n = [a] + 1, we can put
as d\" _
T = (dt) oI ", (1.13)

Definition 1.8 ([29]) Let « > 0, and n = [a] + 1.The left-sided RiemaNN-LioUVILLE'S fractional

derivative of order w of a continuous function u : [a,b] — R is given by

Diu(t) = () emu = ot (&) [ -9 Tueas

The right-sided RieMaNN L1ouviLLE fractional derivative of order a of a continuous function u : [a, b] —
R is given by

DY (t) = <_;t> o T (1) = r((;l_)a) <jt>/tb (s — )"y (s) ds.

Properties of fractional derivatives
Let 0 < a < 1. The fractional derivative D%, has the following properties (see [kilbas 1993])
1. For any u € L' ([a,b]), we have that D%, [*.u = u
2. The latter can be generalized. In fact, if the function I;I “u is absolutely continuous on

[a,b], then

B I} "u (a)

o) (t—a)* ', te(ab),

where I;:“u (a) = limg_, 4+ <I;:“u) (s), which is in general non zero.

12
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3. According to (1.13), Vn € IN, all these derivatives coincide with the usual derivatives for

integer orders

D)= () o 20 = (#) e ()~ w @) =,
Dpu= () oZp = (-1 (&) [u(0) —u()] = (~1)"ul".

4. For any a, B > 0, we have

w (t—afpt = LB gyt

(1.14)

Fractional derivatives on the real line

Now, if u : R — R, then the preceding definitions are generalized directly and are called

LiouvIiLLE derivatives.

Definition 1.9 ( [29]) Let & > 0, and n = [a] + 1. The left-sided LiouviLLE fractional derivative of order

« of a continuous function u : R — R is given by

Dhu(t) = r(nl_“) (i) /_too (=) u (s) ds.

The right-sided LiouviLLE fractional derivative of order a of a continuous function u : R — R is given by

Du (t) = ri;% (Z)n /t+oo (s— """ u(s)ds.

1.2.5 Caputo-type fractional derivatives

The Caputo fractional derivative is one of the most used definitions of a fractional derivative
along with the Riemann-Liouville. Whereas the Riemann-Liouville definition of a fractional
derivative is usually employed in mathematical texts and not so frequently in applications,
the Caputo approach appears often while modeling applied problems by means of fractional
derivatives and fractional order differential equations.
Moreover, if we go back to [a,b], the inversion of the compositions in the right side of (1.13)
seems also reasonable to define a fractional derivative
n
;:; =TI/ "o ((jt) . (1.15)

It should be noted, however, that this definition is less natural than the previous one, since
LoTlu(t)=u(t), while I} o Lu (t) = u(t) —u(a).
This problem of terms of border (here u (a)) is in fact very often found in the fractional calculation.

The definition given by (1.15) is called the Caruro’s derivative.

13
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Definition 1.10 ( [29]) Let « > 0, and n = [a] + 1. The left-sided Carut0’s fractional derivative of

order w of a function u € C" ([a,b],R), is given by

D) = 2o () wl) = oy [ -9 () weras

The right-sided Caruto’s fractional derivative of order w of a function u € C" ([a,b],R), is given by
3 d n (_1)71 b a1 d n
Cyua n—uo _ _ p\n—«
Dyu(t)=1I,""0 ( dt) u(t) = Ti—) /t (s—1t) ) v (s)ds,

Properties of Caputo fractional derivatives

we present some properties of the caputo fractional derivative.

1. Let « € RT\N, be such that n = [«] + 1. If u(") is a continuous function, so almost

everywhere

lim D% u(t) =u™ (t),

a—n-
lim CDEu(t) = (=1)"ul (t).
2. If « ¢ IN and u (t) is a function for which the Caruto’s fractional derivatives CD2‘+M (t) and
CD2 u (t) of order a > 0 exist together with the RIEMANN-LIOUVILLE's fractional derivatives

D% u(t) and Dj_u (t), then we have

_ (k) _
D% u () = D (t) — 5o ey (=) n=[a]+1,

D% u(t)=D%ul(t), u(a)=u'(a)=---=u""b(a)=0.
Also

D (t) = Dy u(t) — Tpog el (b= 0", n=[a] +1,

CDru(t)y=Dlu(t), u(b)=u(b)=--=ul"V(b)=0.

3. If o, > 0, then

" 1 T(B) —a—
CDa+(t—a)ﬁl—m(t—a)ﬁ L

Caputo fractional derivatives on the real line

Fractional derivatives can be defined also in the real line.

Definition 1.11 ( [29]) Let &« > 0, and n = [a] + 1. The let-sided Caruro’s fractional derivative of order
« of a function u € C" (R, R), is given by

D (1) = r(nl_“)/tm (t— sy <;S>u (s) ds.

The right-sided CapuTO’s fractional derivative of order w of a function u € C" (R, R), is given by

CDu () = r((:_)a) /jm (s—t)" " (;) u (s) ds.

14
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1.2.6  Erdélyi—Kober fractional integral and derivative

In the mathematical texts and applications, the so called Erdélyi-Kober fractional derivative,
as a generalization of the Riemann-Liouville’s fractional derivative. In this part we present the

definitions and some properties of the Erdélyi-Kober fractional integrals and derivatives.

Definition 1.12 (Erdélyi—Kober fractional integrals [38]) The right- and left-hand Erdélyi—Kober
fractional integrals of the orders 6 and w, respectively, of the function u € C, are defined by

t 6—1
(Ig"su) (t) = I,ﬁs)tﬁ(“”‘s)/ (t/8 — sﬁ) P01y (s)ds, 6,8 >0, v € R, (1.16)
0
and
00 a—1
(Jﬁmu> (t) = l"ix) tm/ (sﬁ — tﬁ> g~ Alrta—1)-1, (s)ds,a,p >0, T ER, (1.17)
t

where T is the Euler gamma function.

e In the special case y = 0 and B = 1, the Erdelyi—Kober fractional integral operator (1.16)
is reduced to the Riemann-Liouville fractional integral (1.12) of order J, here noted by I°,

with a power weight

95 () = gy [ =9 Fs)ds = 07 (),

Similarly, we define generalized fractional derivatives that correspond to the generalized frac-

tional integrals (1.176) and (1.17).

Definition 1.13 (Erdélyi—Kober fractional derivatives [38]) Let n —1 < <n, n € N and m —
1 <& < m, m € N. The right-hand Erdélyi—Kober fractional derivative of the order & of the function
u € C} is defined by

n

(opw) ) =TT (7+7+ g ) (7" *w) 0. (18

j=1
The left-hand Erdélyi—Kober fractional derivative of the order « of the function u € C}! is defined by

(Pg’“u) (t) = ’h <T+j B dt) (jH“m " ) (1), (1.19)

j=0

where
n

<v+j+;tjt> (ZWS” ’ ) <7+1+5t;t> <7+n+ﬁf;t> (IW" 51«!)-

j=1

15
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o It emerges that the Erdelyi-Kober and the Riemann-Liouville fractional derivatives are

related through the formula

Dy°f (£) = D°f (#).

¢ A further important property of the Erdelyi-Kober fractional derivative is its reduction to

the identity operator when 6§ =0, i.e.,
0
DIF (1) = £ (1),

Properties of the Erdélyi-Kober operators

Here, we give some lemmas and remarks that present the main properties of the generalized

fractional operators , we mainly restrict our attention to the right-hand sided operators (1.16),

(1.18) (of course, the left-hand sided Erdélyi-Kober operators (1.17), (1.19) possesses similar

properties).

Lemma 1.1 ([38]) Let 5, >0, v € R, and u € C,. The Erdélyi—Kober fractional integrals defined by

(1.16) has the following properties:

(Ig"sxwu) (t) = x' (zg*“’u) (t),
(Ig,dz-gﬂmu) (t) _ <Ig,&+zxu) (t),
(Zr°zy) () = (Zy'z8) ).

Remark 1.1 Let 5, > 0and v € R. Then we have
p
r (’y +o+5+ 1)

Sp
Dt = r(7+§+1)

p

t', p+B(y+1)>0.

In particular,

Dg"st_ﬁ(V_i) =0, foreachi={1,2,..,n}.

In fact, from Definition 1.13, for 6, >0, v € R, and p + B (y + 1) > 0, we obtain
n

d
DY =] R el Iy o ST
pr T (””/3 dt) /

also from Definition (1.12), we find

. t n—é—1
yton—dp _ B pym) / B_ p pB(r+o+1)—1
Iﬁ t F(n—é)t ; (t S ) s ds.

(1.20)

(1.21)

16
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If we put x = i—ﬁ, then we get

1

y+n—8,p _ 1 p _oAn—0-1 _y+i+5
I t _7F(n—(5)t /0 (1—x) x Fdx,
By the definition of the beta function, we obtain

T(y+6+5+1
Ig+5,n75tp — FE : +i+1; tP, P+,B(’Y+5+1) > 0. (1.22)
n-—+-vy B

b
Now, if we choose h = M then it holds that
r(n+y+5+1)7
n 1 d
DI — <7+ '+t> ht?
p ]11 I g at
1 d 1 d 1 d
— S Sl il il P
<7+1+ﬁﬂ#><7+2+ﬁﬂﬁ>“<7+n+ﬁﬁﬁ>m
1.d d p
= 1+t> <7+n 1+t><7+n+>mp
< pd p dt p
1.d d p
— —l— L p = 5
<’Y—|—1+5tdt> (’Y—i—n 1+,Btdt>h1t’h1 <’Y+n+ﬁ)h
_ r 1. P PN
= 7+1+ y+24+2 ) (yv4+n—1+ y4+n+ T ) ht?.
p B B
Thus,
Ty+1+E) (y+24+E5) . (v+n+E)T (y+6+E+1
N (S0 oo (e Y (e ot ) R

F(n+r+5+1)
furthermore,F(n—i—v%—%—l—l) = (n—i—’y—i—%) (1+7+%)F(1+’y+ ) it follows that
r(y+o+5+1)

Op
Dt = r(1+7+5)

p

t', p+B(1+7v)>0.

In particular, if we put i = — (’y + %), then from (1.23), we obtain that

Lo-i+1),

DY) = (1—i) (2—i) .. (n—1—1i) (n— ) o)

Therefore, for i = 1,2, ...,n, we can conclude that
Dy Pt =0, 6,8>0, v € R

Lemma 1.2 Given u € C}, n € N, 6, > 0, and v € R, such that « > —B (v + 1), the fractional

deferential equation Dg"su (t) = 0 has the following solutions:

u(t) = Ct PO L Gt PO+2) 4 4 C PO G e Rand i =1,2,...,n. (1.24)

17



1.2 BASIC FRACTIONAL CALCULUS

In fact, from Remark 1.1, we have Dg’ét_ﬁ(“”i) =0, foreachi = {1,2,...,n}. Then, the fractional

6
10y

differential equation D/S (t) = 0 admits a solution as follows

u(t) = Cit PO L G PO+2) 1 4 C PO, CieRand i = {1,2,..,n}.

Lemma 1.3 ([38]) Let n —1 < d <n,n € N,a > —B(y+1),and u € C. Then, the following
relationship between the Erdélyi—Kober fractional derivative and the Erdélyi—Kober fractional integral of
order ¢ is given by

n—1
(Ig’épg’(su) ) =u(t)-), cpt PAHTHR),
k=0

-1
where ¢ = 7?';:]]:)) limy_ tPH7+K) nH

( AT (1 +i+ged) (7" u) (1),

Lemma 1.4 ([38]) For the functions from the space Cy, « > —pB (v + 1), the right-hand sided Erdélyi—
Kober fractional derivative is a left-inverse operator to the right-hand sided Erdélyi—Kober fractional

integration operator, i.e.,

(Dg"slg"su> (x) =u(x), u € Cy.

Caputo type of the Erdélyi—Kober fractional derivative

In this section we define and give some basic properties of the Caputo type modification of the

Erdélyi-Kober fractional derivatives.

Definition 1.14 (See [38]) Let n —1 < § < n, n € IN. The right hand sided Caputo Erdélyi—Kober
fractional derivative of the order 6, of the function u € C}} is defined by

s . 1.d
(*Dg’éu) (t) = (Ig”'” 'T1 (1 +y+j+ ﬁtdt) ul (t). (1.25)
j=0
Lemma 1.5 (See [38]) Letn —1 < é <n,ne€ N,a > —B(y+1) and u € C}}, then the following

relationship between the Caputo Erdélyi—Kober fractional derivative and the Erdélyi—Kober fractional

integral of order J is given by

n—1
(IW *Dg%) () = u(t) = ¥ et POTTHH),
k=0

B
where
L=k b TT . 1.d
Ck_r(é—k)%lf(}t i:k]_L 1+ry+z+ﬁtdt u(t). (1.26)

18
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Lemma 1.6 (See [38]) The Caputo-type modification *Dg’5 of the Erdélyi—Kober fractional derivative is
a left-inverse operator to the Erdélyi—Kober fractional integral for the functions from the functional space

Co,a0 > —B(y+1),ie,

(*Dg"slg’éu) (x) =u(x), ueCy.

1.3 FIXED POINT THEOREMS

In this section we recall the famous fixed point theorems that we will use to obtain various
existence results. first , we give some definitions and theorems, which have an important role in

defining these fixed point theorems.

Definition 1.15 Let E be a real Banach space; a nonempty closed convex set P C E is called a cone of E
if it satisfies the following conditions:

(i) ue P, A>0,implies Au € P,

(ii) u € P, —u € P, implies u = 0.

Definition 1.16 (Equicontinuous) Let E be a Banach space; a subset P in C (E) is called equicontinu-

ous if
Ve>0,30 >0, Vu,ve E,YVAEP, |[u—v||<déd=|Au)—A(v)| <e.

Theorem 1.1 (Ascoli-Arzela) Let E be a compact space. If P is an equicontinuous, bounded subset of

C(E,R), then P is relatively compact.

Definition 1.17 (Relatively compact subset) A subset P of a topological space E is a relatively com-

pact if and only if any sequence in P has sub-sequence convergent in E.

Definition 1.18 (Completely continuous) Let E be a Banach space; we say that A : E — E is
completely continuous if A : E — E is continuous and for any bounded subset P of E, the set A (P) is

relatively compact.

Theorem 1.2 (Schauder’s fixed point [1]) Let E be a Banach space and let P be a closed, convex and
nonempty subset of E. Let A : P — P be a continuous mapping such that:

A (P) is a relatively compact subset of E. Then A has at least one fixed point in P.

Theorem 1.3 (Leray—Schauder Nonlinear Alternative theorem [31]) Let E be a Banach space, and

Q a bounded open subset of E with 0 € Q. Then, every completely continuous map A : QO — E has at
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least one of the following two properties:
() A has a fixed point in Q,
(ii) There is an x € dQ and A € (0,1) with x = A Ax.

Theorem 1.4 (Guo—Krasnosel’skii fixed point theorem [1]) Let E be a Banach space, and let P C E
be a cone. Assume that O, Q) are open subsets of E with 0 € Oy, Q1 C Q, and let A: PN (Q\) —
P be a completely continuous operator such that:

@) || Ax|| < ||x||, x € PNy and ||Ax| > ||x||, x € PNy, or

i) | Ax|| > [|x||, x € PNaOy and || Ax| < |x]|, x € PNoQy,

holds. Then, A has at least one positive solution in PN (Q\ () .

Theorem 1.5 (Banach’s fixed point theorem [1]) Let E be a Banach space, D be closed subset of E,

and A : D — D be a strict contraction, i.e.,
| Au — Av|| < k|lu—o| for somek € (0,1) and all u,v € D.

Then, A has a unique fixed point.

1.4 STUDIES AND RESULTS OF FDE'S SOLUTIONS

In recent years, some results dealing with the existence, uniqueness and multiplicity of real
or positive solutions of nonlinear fractional boundary value problems on infinite intervals
have appeared, by using a lot of operators, (see.eg, [1—4, 8, 9, 22, 32, 36, 37, 39, 45, 46, 52, 57,
61, 62, 64, 66]). For instance, In [52] an explicit solutions are given. In order to apply the
transmutation method for solving the mentioned fractional integral and differential equations

involving Erdé1yi-Kober operators

t*ﬁffz)gf‘su (1) —Au(t)=f(t)=0,t>0,
u(t) = MPTEu (t) = f (t) =0, t >0,

where a, A € R, B,0 > 0, fisa given function, and I"‘"S, Dg"s denote the Erdélyi—Kober fractional

integral and derivative, respectively.
The author in [43] considered the following nonlinear fractional differential problem on the

half-line Ry = (0, +c0),

Dou(t) + f (b u(t) =0, u>0,

(1.27)
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where 1 < a« < 2 and f is a measurable function in R, x R that satisfies an appropriate
condition. Then, he established the existence of infinitely many solutions of (1.27).
In [65], Zhao and Ge were the first to prove the existence of unbounded solutions for the

following nonlinear fractional boundary value problem on an infinite interval

Du (t) + f (Lu () =0, £>0,
u(0) =0, Lm0 D tu(t) = au (),

by using the Leray—Schauder nonlinear alternative. Here, 1 < a < 2 and D* denotes the
Riemann-Liouville fractional derivative.
In [63], Zhang and all studied the following fractional nonlinear integral differential equation of

mixed type on a semi-infinite interval in a Banach space E

D*u(t)+ f(tu(t), Tu(t),Su(t)) =6, t €[0,00),
u(0)=u(0)=u"(0) =... =u"2(0) =6, D*u(0) = tieo,

applying the fixed point theorem and the monotone iterative technique, they proved the existence
of a unique solution. Wheren —1<a <n, n € N, n >2, f € C([0,00) x E3,E), tis € E and
D* is the Riemann-Liouville fractional derivative, 6 refers to the zero in the space E, and T, S
are defined.

In [23], Guezane-Lakoud and Kiligman proved the existence of unbounded positive solution for

the following nonlinear fractional boundary value problem on infinite interval
“Diu(t) = f(t,u(t),u' (t)), t>0,
u(0) =u"(0) =0, limy_ 0 DI tu(t) = au(l),

by using Leray-Schauder nonlinear alternative and Guo-Krasnoselskii fixed point theorems, such
that2 < g <3,a >0, f : [0,00) x R2 — R is a given function, and “D* denotes the caputo

fractional derivative.

In [10], Arara et al studied the existence solutions of fractional differential problem of the form:

‘Dy(t) =f(Ly(t), t €0,0),
y(0) =0, y is bounded on [0,0),

by using the fixed point theorem of Schauder’s combined with the diagonalization method.

Where, 1 < « < 2 and “D* denotes the Caputo fractional derivative, f :[0,00) x R =+ R is a

continuous function and yp € R.
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NEW CLASS OF BVP FOR NONLINEAR FRACTIONAL DIFFERENTIAL
EQUATIONS INVOLVING ERDELYI-KOBER DERIVATIVE

This chapter is an article published in: Communications in Mathematics, (see [12]).
This chapter deals with the existence and uniqueness of a positive solution to boundary value
problem of a nonlinear fractional differential equation involving Erdélyi-Kober differential

operators on an infinite interval
Dg"su (H)+f(tu(t)=0,t>0, (2.1)
with the boundary conditions

lim PN TOF1270y (1) = 0, Tim P+ TOT1270y (1) = 0, (2.2)
t—0 t—co

where Dg”s denotes the Erdélyi-Kober fractional derivative operator of order § and Z°*727? is
the Erdélyi-Kober fractional integral of order 2 —§, with1 <6 <2, -2 <y < -1, >0, and f
is a given function satisfying certain of the following hypotheses:
(H1) f: (0,00) x R — (0, 00) is continuous.
(H2) For all (t,u) € (0,00) X R,

F(t,u) = tPO+-1¢ (t, (1 + t—ﬂ(M)) u) , such that |E(t,u)| < p(t)w(|u)),
with w € C((0,00),(0,)) nondecreasing and ¢ € L! (0, c0).
(H3) f: (0,00) x (0,00) — (0, 00) is continuous, such that

PV () =a () g (Lu),
wherea € L' (Ry,R;), g€ C(R%,Ry),and 0 < fga(t) dt < oo, with T >0, A > 1.
(Hg) There exists a positive function g (t) with

+00
* —B(1+7)

q /0 (1+t )q(t)dt<oo,

such that

PO £ () — £ (5 0)] < q(t) lu—o|, t € (0,00),u,0€R.
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2.1 DEFINITION OF INTEGRAL SOLUTION

2.1 DEFINITION OF INTEGRAL SOLUTION

In this section, we prove a preparatory lemma for the boundary value problem of nonlinear
fractional differential equations with Erdélyi-Kober derivative and we give some properties of

the green function

Lemma 2.1 Let y € C2, with [, sP(r+™~1y(s)ds < co, m = {1,2} . Then, the fractional differential

equation

DYu(t)+y()=0,t>0,1<6<2 —2<y< -1, p>0, (2.3)

with the conditions

lim #2171 72 0y 1) = 0, (2.4)
lim PO T0+71278y, (1) = 0, (2.5)

has a unique solution given by
u(t) = / G (t,5)sPOFD)=1y (s) ds, (2.6)
0

where

—

©)

b, 0<t<s<oo,

o [P — B (18— $8)™) 0 <s <t <,
G(ts) = (2.7)

—

is called the Green function of the boundary value problem (2.3)-(2.4)-(2.5).

Proof. Let 1 < 6 <2, with =2 <y < —1 and B > 0; it is easy to prove that the operator Ig“s has

the linearity property for all § > 0. Now, by applying Ig’J to equation (2.3) we obtain

LY DFu(t) + I} y(t) = 0. (2.8)

By using Lemma 1.5, for 1 < § < 2, we can easily find that

Ig’(ng"su (1) = u(t) — cot PUTY) 4¢P,

for some constants cp, ¢; € R. Thus, (2.8) gives

u(t) — ot PN — oyt =P 4 Ty (1) = 0,
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2.1 DEFINITION OF INTEGRAL SOLUTION

which means that
() = cot PO+ PN — TT0y () 29)

The boundary condition (2.4) implies that

co limy_, tPRHN To+7.2=04=BU+7) 4 o) limy_,o tPEHN TO+72-04—B(2+7)

—Timy o tPEFNTIEI20TIy (1) = 0;

consequently, from (1.20), (1.21),(1.22), we obtain

lim (BN T5+12-04-BO+7)  — iy b+ L0 gy _
t—0 t—0 F(Z)
lim 82N 0+12-04-6C+7) — Jim b2 L@ =D mprn _p 51y,
t—0 t—0 F(l)
R t
i BN 120718 (1 fim P / B _ oB) gBlr+1)-1
}gx&t z Zg y(t) %136 T (2) <t s )s y(s)ds
— B Bly+1)—
g&r )t / °
/ $B(r+2)-
Hol’(z
-0,

and therefore, c; = 0.

In view of the boundary condition (2.5), we conclude that

co lim t‘B(1+’y)I5+7,2—(5t—,B(l+’y) — lim tﬁ(1+7)1'5+'y,2—51"7/5y(t) =0
a—— —— p ’

consequently, from (1.20), (1.21), (1.22), we find that

lim ATV 70H72-04=p(+7) = |im tﬁ(1+7)r (%) —B(1+7) — I'(4)
t—o0 00 1—- (2) I—- (2) ’
_ :B /t B(y+1)-1
= tlg?o T2 b s y(s)ds
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2.1 DEFINITION OF INTEGRAL SOLUTION

and therefore, cy = % Jo7 POy (s)ds.

Hence, the unique solution of the problem (2.3)-(2.4)-(2.5) is given by

u(t) = f)t B1+) /O SOy (5 ds

__B b /0 (tﬁ_sﬁ) POy (5) ds

I ( )
_ r? /[ B(1+7) _ j~B(1+0) (tﬁ_sﬁ)“] BTy (5) ds

+W /t FBO+N BTy (5)
+o00
= /0 G (t,5) sPOFD 1y (s5)ds.

Now, we present some properties of Green’s function that form the basis of our main work.

Lemma 2.2 For1 <6 <2, -2 <y < —1,and B > 0, the function G (t,s) in Lemma 2.1 satisfies the

following conditions:

G(t,s)
1. pEwe ) > 0, Vt,s S (O,OO),

G(ts) B
2. s S 7). Vi s € (0,00),

3. ForallO< <t<TandVs > 2,whfzrza/\>1 T > 0, we have

G(ts) B(6—1)7 PO+ B
L+ +B0+1) = 1 (5) AP0-) (14 7-B0+7) T

Proof.

t,s
1. For t <s. It is easy to check that % > 0.

For s < t, it holds that

_Glts) P AU =P (1 sﬁ)‘”
1+ t—A0+7) T (6) (1+ ¢ PO+)
—B(7r+1) -1
_ pt 1- 1= (ﬁ)f‘
I'(8) (14 tPO+M) t
‘Bt*/s(wrl) ( / 5o
= — 0—-1) [ ,u’“du
T (6) (14 ¢=F0+) —&
pt—POr+1) 5—2 [ < sﬁ)]
> 1 1—(1-=
T T(6-1) (1+ PO+ M th
—B(r+1) B
> bt > (2.10)

T(0—1) (1+t PO B
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2.1 DEFINITION OF INTEGRAL SOLUTION 26

2. Foreach t,s € (0,00),

P =B+ i mpl; G (ts) B
< — T < .
G(ts) < F(é)t implies that T F00 S T(9)

3. Let0 < § <t <71, where A >1, 7> 0.Fort <s, we obtain

G (t,s) B 5t*/3(1+7)
1+ +=B1+7) I (1+ t*ﬁ(lﬂ))
IBT B(1+7)
T T(8) AP (14 B
(-Dpr D p

T (6) AB1=7) (14 T=B0+7) T (5)P (7).
For s < t, from (2.10), we obtain

G (t,s) - pt—AOr+1) f
1+ ¢7B0+7) = T (6 —1) (14 t=POF)) b

We notice that there are two cases to consider.

FIRST CASE: suppose that 0 < s < £; if we choose s € [%, %] , then

A
G(t,s) pr—POr+1) T
7 >
14 ¢80+ = A=B0+NT (6 —1) (14 PO+ A28 1B
pr P+l P

APA=YT (6 = 1) (14 T-B0+)) 1)’ (-

SECOND CASE: suppose that ¥ < s <t; then, it follows that

IO pr b -
1+ B0+ = 3=p0+T (5 1) (1 + TP APTP
T_ﬁ("/"‘l)
APIT (5 —1) (1 4+ 7-F0+7)
ﬁT B(y+1) ﬁ

APO=1T (5 —1) (14 7-F0+1) — T(6
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2.2 FUNDAMENTAL LEMMAS

We now turn to the question of existence for the boundary value problem (2.1)—(2.2).

Let

u is a continuous function on (0, +00) such that
C([0,c0]) = { .

lim;_0 u(t) and lim;_, o u(t) exist

It is easy to see that C ([0, o0]) is a Banach space with the norm

[ull, = sup [u(£)],

t>0

for instance, see [14, 64].

In this work, we use the space Co to study the problem (2.1)—(2.2), which is denoted by

limy_g —"Y__ and
=0 1”7‘3(1(2;) ; (2.11)

lim — M exist
t=r400 114=pT+)

Coo ((0,00) ,R) = {u € C((0,00),R)

Co is a Banach space with the norm

’ u (t)

14 =B+

[t4]l oo = sup
£>0

In fact, it is easy to see that Ce ((0,00),IR) is a normed linear space.
Let {x,,} be a Cauchy sequence in C; then, {ym ‘ym = % } C C(]0,00]) is also a Cauchy

sequence. Therefore, there exists g C C ([0, c0]) such that

lim ||ym —yoll, = 0.

m——+oo

Let xo(t) = (1 + t*5(1+7)> Yo (t) . Then, xg € Coo ((0,00),R) and

mlil}goo ||xm XOHOO N mgr}?oo Stlig I+ t—ﬁ(H"}’)

Hence, C. is Banach space.

Define an integral operator A : Coo — Co by

Au(t) = /Ooo G (t,5) sPITN) £ (s, u(s))ds, t € (0,00), (2.12)

where G(t,s) is defined by (2.7).
Clearly, from Lemma 2.1, the fixed points of the operator A coincide with the solutions of the
problem (2.1)—(2.2).

To obtain the complete continuity of A, the following lemma is still needed.
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2.2 FUNDAMENTAL LEMMAS

Lemma 2.3 ([65]) Let V = {u € Coo |||u|lo <1, I >0}, V1 = {H;}% lu e V} If Vy is equicon-

tinous on any compact intervals of (0, 00) and equiconvergent at infinity, then V is relatively compact on

Co.

Remark 2.1 ([65]) V; is called equiconvergent at infinity if and only if for all € > 0, there exists v(e) > 0
such that for all u € Vy, t1,t, > v, it holds that

u (tl) u (tz)

< &

Lemma 2.4 If (H1)-(H2) hold, then A : Coo — Coo is completely continuous.

Proof. First, for all u € Co, we have

Au (t = 7'L:
AWl = S0P g = 5P

r@) /0 ® ‘Sﬁ(wl)—l f(slu(s))‘ ds,

©  G(ts _
[ T s e

together with conditions (H1) and (H2), it then follows that

[ o ( (1 000) u<s>)
JO

1+ s—B1+7)
o u(s)
- /0 ‘F (S’1+s_5(1+7)>
- ju(s),
/0 W(s)w <1_|_S_,5(1+7)> ds
< w(llule) [ 9E)ds <o

ds

/OOO ‘sﬁhﬂ)_lf(s,u(s))‘ ds

ds

IN

Hence, A : Coo — Cq is well-defined.
Let Q = {u € Co, ||u]|, <k, k> 0} be a bounded subset of C.

In the following, we divide the proof into several steps.

STEP 1: A is continuous.

Let (#4),cn € Coo be a convergent sequence to u in Co such that [Ju||, < k; from Lemma

[

2.2, we obtain that

JAuy — A, = sup

te(0,00)

B
< sup
r (5) te(0,00)

— /Ooo sPOFV=L £ (s, u(s))ds

Auy (t) — Au(t)
1+ +—B1+7)

/OOo sPOFV=L £ (s, 1, (s))ds
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2.2 FUNDAMENTAL LEMMAS

By the condition (H2), we obtain

sﬁ(V‘H)—lf (S, (1 + S—ﬁ(1+v)> u(S)) '

sﬁ(vﬂ)—lf(s,u(S))‘ T

(s)
'F (SHIS—Zum)‘
e (%)
< P (s)w (fulle)
< w(k)y(s) € L' (0,00).

IA

Together with the continuity of the function s#("*1)~1£(s, u(s)), the Lebesgue dominated
convergence theorem (theorem 12.12, page 199 in [13]) yields u — [;° sP( V=1 £ (s, u(s))ds

is continuous, and it follows that
/ sPOFD=L £ (s, 10, (s))ds — / sPOFU=1£ (s, u(s))ds as n — co.
0 0

Therefore,

| Au, — Au||, — 0, as n — oo.

sTEP2: A (Q)) is relatively compact.

First, we show that A (Q) is uniformly bounded. Let u € Q); by the condition (H2), we

obtain
|Au (t)] ©  G(ts) 411
T = | T e
B 70t
< F((S)/o ’s f(s,u(s))‘ds
pw (k) [ .
< T o) /0 P(s)ds < oo;
consequently,
pw (k) [
| Aul, < T ) /0 P(s)ds < oo, forall u € O, (2.13)

and hence, A (QQ) is uniformly bounded.
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2.2 FUNDAMENTAL LEMMAS

Next, letting V = {W lu e Q) } , we show that V is equicontinuous on any compact
interval of R.

Forallu € O, t1,t, € [a,b],0 <a < b < oo, and t; < fp, we can find

Au(t)  Au(t)
= A 1+t27‘3(1+7) 1+t ,5(1+’y ‘ f(S M( )) ds
- /oo G(tys)  G(t,s) N G (f,5)
> 0 |1 _|_t_.3(1+’7) 1 +t—ﬁ(1+7) 1+t2_ﬁ(1+7)

H—G:% ’ B(r+1) 1f(s u(s ))’ds
< /°° G (t2,s) — G (t,s) G (t1,9) <t2_ﬁ(1+7) — tl_ﬁ(1+7)>
T oo | 140 (14550 (14470
X ‘Sﬁ(yﬂ)_lf(s,u(s))’ds
< 'G(?ﬁ}ff?’ 0501 (s, w5

1

o G (t1,s) —BOEY) _y ﬁ(lﬂ))
+), (1+5 ﬁm)) (16,7057)

‘sﬁw“)_lf(s,u(s))‘ ds.

It remains to show that the right-hand side of the above inequality tends to zero. It is easy

to see that
/w|G(t2,S)—G(t1/ ) ‘ BOAD=1£(5, u(s ))‘ds
0 141, P05
t1 ‘G (tzls) -G (tl/ ’ Blr+1)—
= /0 14 ¢ PO+ ‘ ! f(S’u(S))) *
2

2 |G (t2,5) — G (t1,8)] | By+1)-1
d
+/t1 1+t;ﬁ(1+7 ‘ f(S M( ))‘ s

® |G (t2,8) — G (1,5
f2 1+ tz—ﬁ(1+7

; W |sptoren=1 s, (s as
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2.2 FUNDAMENTAL LEMMAS

VAN

w (k) / 1 ‘t BI+7) _ =p(1+)
(5) 0 144 P07

P (tf _ Sﬁ) 47O+ (tf B sﬁ>571

.360( )/ 1 ‘t BO+Y) _ —BO+)
I'((S) t 1+t,51+'7 1

P(s)ds

_ t;ﬁ(5+7) (tg _ S‘B ‘ ll](S)dS

pw (k)
T /t 14, P05

— 0, uniformly as t; — t, for all u € Q).

oo —B1+7) —B(1+7)
R Y

(s)ds,

Analogously, we can obtain

. G (t].ls) (t;ﬁ(1+7) _ t;,B(1+’Y))

/0 <1+t2—ﬁ(1+w)> <1+t1—ﬁ(1+7)>

uniformly as t; — t; for all u € Q).

sPlr+1)-1 |f(s,u(s))|ds — 0,

Hence, V is locally equicontinuous on (0, c0) .
Finally, we show that V is equiconvergent at co.

We know that
Au(t) = é) 1”/0 sPOFV=1 £ (s, u(s))ds
— st P [ (=) ()

observing that for any u € (), the condition (H2) gives

/Ooo ‘sﬁ(vﬂ)—lf(s,u(s))‘ ds < w (H”Hoo)/o P(s)ds < oo,

for a given & > 0, there exists a constant L > 0, such that

/L ‘sﬁ(”ﬁl)’lf(s,u(s))‘ ds < e.

f-B(1+7)

However, because 11m )

oo 14+t
t,tr > T1, and we obtam

£ B0+ B

+1-

‘ tl_ﬁ(l""Y)

1 _|_i.2_ﬁ(1+7) 1+ tl_ﬁ(l""Y) 1 _|_t1_:3(1+7)

t;ﬁ(1+7)

1 + tz_ﬁ(1+7)

(2.14)

(2.15)

(2.16)

= 1, there exists a constant T; > 0, such that for any

(2.17)
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2.2 FUNDAMENTAL LEMMAS

o ) t—ﬂ<a+v>(tﬁ_sﬁ)”‘*1 i
Similarly, thm =1, and thus there exists a constant T, > L > 0, such that

oo 1+¢-A1+7)

for any t1,t, > T and 0 < s < L, it holds that

51 5—1
t;ﬁ(5+7) <t.123 _ Sﬁ) t;ﬂ(5+7) (t.f _ Sﬁ)
1 _|_ t2_18(1+,)/) 1 + t]_ﬁ(1+’}/)
t;ﬁ(aﬂ) (t’f _ 55)5_1 t;ﬁ(éw) (tg _ Sﬁ>5_1
< 11— +1—
1 + tl_ﬁ(1+7) 1 _|_ t;ﬁ(l'i',)/)
;B(E+) (t/s _ L,g)‘” (BE+) (tﬁ _ Us>‘5‘1
< i 1 1 Ll 2 2
- 1+ tl—ﬁ(lﬂ) 1+ tz—ﬁ(lﬂ)
< e (2.18)

Now, we choose T > max{Ty, T»}, for all t,t, > T; by (2.14), we can obtain

AM (tz) . Au (tl)
1 + t;.B(1+'7) 1 + t;ﬁ(1+7)

B
=T

tZ_ﬁ(l_PY) B t;ﬂ(1+7)

B 51
ﬁ by plr+0) (tg — sﬁ)
TE) /0 151, PO

L1800 (1)

/Ooo ’sﬁ(wl)’lf(s,u(s)) ds

sPOFV=L £ (s, u(s))ds

_ B(y+1)—1
/0 1+t1_ﬁ(1+7) s f(s,u(s))ds
‘B t;ﬁ(1+7) tl_.B(l""Y) oo’ B(y+1)-1
< — / sPTH T f (s, u(s))| ds
—B(1 —B(1+
F ((5) 1 + tz ﬁ( +7) 1 + t1 ﬁ( 'Y) 0

—B(y+o 6—1
n ﬁ /L tZ lr+9) (tg — Sﬁ>
TO) [~ 1q g0

B 5-1
/L ¢ PO+ (tf — sﬁ)
0 1 + t;ﬁ(l+7)

o—1
B t t;ﬁ(wa) (tg — sﬁ)
TE) . 14, P0

sPOFV1 £ (s, u(s))ds

sPOFU1 £ (s, u(s))ds

sPOFV=L £ (s, u(s))ds

- 5-1
bt p(r+9) (1?'13 — 55>
N A 1 + t;ﬁ(1+7)

sPOFV= £ (s, u(s))ds|;
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2.2 FUNDAMENTAL LEMMAS

a direct calculation yields

Au (t2) AM (tl)

1 + t;.B(1+7) 1 + t;5(1+7)
‘B tz_ﬁ(1+7) t;ﬁ(lJr’Y)

< —
- F((S) 1 + tz_ﬁ(1+7) 1 + tl_.B(l""Y)

—B(r+6 o-1
LB /L BT (1~ )
—p(+
) Jo 14, PO
5-1
t;ﬂ(7+5) <t/18 _Sﬁ)

_ B(y+1)—1
1+t1_ﬁ(1+7) ‘s f(s,u(s))’ds

B 5—1
B bt p(r+2) <t§ — sﬁ)
+ /
r (5) L 1+ tz—ﬁ(l-W)

- o—1
ﬁ f tl plr+9) <tf — Sﬁ)
+ /
T (0) /1 | 4 ¢ PO

/Ooo ‘sﬁhﬂ)’lf(s, u(s))) ds

}sﬁ('yﬂ)_]f(s, u(s))‘ ds

‘sﬁ(”’ﬂ)’lf(s, u(s))‘ ds.

From (2.15),(2.16),(2.17),(2.18) and for t1,{, — oo, we obtain

Au (tz) . Au (tl)
1 + t;.B(lJr"/) 1 + t;5(1+7)

< 1_,'?5)8/000 ’sﬁ(wrl)_lf(s,u(s))’ ds
2B

+T€5)8/0L ‘Sﬁ(wl)—lf(s,u(s))‘ ds + o) €.

Hence, V is equiconvergent at co. Consequently, Lemma 2.3 yields that V is relatively

compact.

Therefore, A : Coo = Co is completely continuous.
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2.3 EXISTENCE OF AT LEAST ONE SOLUTION

In this section, we will prove the existence of at least one solution. We will use the Leray—Schauder

nonlinear alternative fixed point theorem.

Theorem 2.1 Assume that hypotheses (H1)—(Hz2) hold, and that there exists k > 0, such that

pw (k) fo~ p(s)ds
KT ()

<1 (2.19)
then, the fractional boundary value problem (2.1)—(2.2) has at least one solution u € Q.

Proof. From the proof of Lemma 2.4, we know that A is a completely continuous operator. We
apply the nonlinear alternative of Leray—Schauder to prove that A has at least one nontrivial

solution in Q). Let u € 0Q), such that u = A Au, A € (0,1); from (2.13), we obtain

Iz

oo

_ po (k) [
= Al < Al < T [ 9)as

and thus

hence,

Bw (k) [3” ¢(s)ds
O

which contradicts (2.19) . By Theorem 1.3 and Lemma 2.4, the boundary value problem (2.1)—

(2.2) has at least one solution u € Q). m

2.4 EXISTENCE OF POSITIVE SOLUTION

In this section, we establish the existence of a positive solution for the boundary value problem

(2.1)—(2.2). First, we introduce the following results.

Remark 2.2 Let 6,B,7,A,0,1,T € R,suchthat1 <6 <2, >0, -2 <y < —-1,A>1,and
I, 7,0 > 0. If the conditions (H2)—-(H3) hold, then

+oo +oo
| sy ds < [P (s, () s (220)

wheren:m+1>1.
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In fact, forall t € {%, T] , there exists a finite constant ¢ > 0, such that tp(1+7)-1 f (t,u) > o. Thus,

/+0° sPAHV=1f (5, (s))ds > /T sPAH=1 1 (5,14 (s)) ds

A2 Az
T (A2 — 1)
Z 2 ¢
hence,
_r /+Oo sPAHN=11 (5,04 (s)) ds > 1. (2.21)
T (Az — 1) 0’3z

If sup tPU+V)=1f(t,u(t)) is bounded for u € (0,0), then there exists some Iy > 0, such that

re(05%]
’tﬁ“ﬂ)—lf(t,u(t))‘ <l Vte (0, ;] .

Similarly, if sup P11 (t,u (t)) is unbounded for u € (0,c0), then there exists My > 0,

te(0.5]

such that

sup sup PUFITIE (1 u (1) <1y, for some I > 0.
0<u=Mo re (0,5

In all cases, if we choose | = max{lyp,/1}, forall t € (0, %} , then we obtain PO+ =1f (t,u (1)) <

[, and thus

It

[P (s as < 1T (222)
From (2.21) and (2.22), we can find that
[P0 s = [P0 s (5 s
+/ SN (s, (s)) ds

< S+ :w PUN1E (5,10 (5)) ds
b T -1 (5,4 (s)) ds
< Q(Az_l)/z fsu(s)
+/ PO f (5,1 (5)) ds
N L +1 /+oo sPAFN=Lf (5,1 (s)) ds
)
< 17/ BOE=11 (5,1 (s)) ds.
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Let us define the cone K by

u(t) >0, and vt > 0; min . (t)l > P(¥) ]| ¢ -
re[z7] 1+ t=B(+7) i

Lemma 2.5 We have A (K) C K.

Proof. We know from Lemma 2.2 that

_ |[Au(t)] ©  G(LS)  pry4+1)-1
[ Au (@)l = sup -5y = sup | f(s,u(s))ds
< Fé)/o sPOFV=L £ (s, u(s))ds; (2.23)
also from (2.20) and Lemma 2.2, forall t € [$,7], T > 0,and A > 1, we obtain
Au(t) [ G(L5)  peyen-1
e I s R GO
— 3 G (t/S) Bly+1)—1
_ /O SRt F(s, u(s))ds
®  G(ts) 411
LZ ms f(S,u(S))dS
A
©  G(bs) 1)1
> /L 1+t—ﬂ(1+w)s f(s,u(s))ds
A2
B /°° Bly+1)-1
> v
> b o) [ s s
A
00
> pfyr)l"(ﬁ&)/o sPAFN=1 £ (5,1 (s)) ds. (2.24)
From (2.23), we obtain
Au (t) p(7) .
) P
therefore, min, (< ] Hﬁ‘% > @ |A (1)||., , which proves that A (K) C K. m

For convenience, we denote some important constants:

—B(1+7)
Fy = lim supg(t'(Htu - )u), fo= lim inf?
u—0 4~ u—+00 t>0
. . 7.3(1+'Y))u>
_ fg(t,(1+t
fo= lim inf u ’

(t,(l-i—t’ﬁ(l*”’))u)

u 7

S (101
).

Fo = lim sup
U—r—+00 )

Theorem 2.2 Assume that hypotheses (H2)—(H3) hold. If the following condition is satisfied:
FO = 0/ fOO = OO,

then the boundary value problem (2.1)—(2.2) has at least one positive solution.
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2.4 EXISTENCE OF POSITIVE SOLUTION 37

Proof. From Lemma 2.4, A is a completely continuous operator.

Now, because Fy = 0, we may choose r; > 0, such that
g (t, (1 + t‘ﬁ(1+7)) u) <eu, forO<u<ry, t>0, (2.25)

where ¢ > 0 satisfies
<T@
p fo a(s)ds

Therefore, for all u € K and ||u

€ (2.26)

= rq1, from Lemma 2.2, we have

oo

Au (1) _ [ G(ts) g1
e B A e e R O

< FZ)/Owsﬁ(lef(s,u(s))ds.

By the condition (H3) and from (2.25), we obtain

T < T O8O

B[ - (s)
< I“(é)/o a(s)g(s, (1+57P0H) H:‘_;(M)) 5
u(s)

IB 0
< 1“(5)/0 a(s)em)ds

’B oS}
< r((s)sHun/O a(s) ds.

Therefore, from (2.26), we obtain

| Au|| o < |lt|lo, v € Kand |Ju|, =11, ¥Vt > 0. (2.27)

oo s
If we choose

Oy ={u € Cu, |Jull, <11},
then (2.27) shows that

| Au|| < |ltt]l, for u € KNoQy.
Furthermore, because fo, = o0, there exists r > 0 such that

g (t, (1 + t_ﬁ(1+7)) u) > mu, foru>r, t >0, (2.28)
where m > 0 is chosen so that

m > 1T (9) . (2.29)

" () [T a(s)ds




2.4 EXISTENCE OF POSITIVE SOLUTION

Let 7, > max {7y, -t and Oy = {u € Co, ||t ., < 12}; then, O C Q.
p(T) ©

Thus, for all u € K and ||u||, = r2, we have that

u(t) : u(t) p (1)
>
1+ t—B(1+y) = ;2}% 1+t = g

p (1)

Julle = 23502 2 7

from (2.24), (2.28), (2.29) and by the condition (H3), for all f <t < 7, we have

Au(t) BP(T) [ p1sm)-
1+ +B0+7) 2 ,71‘((5)/0 P+ Lf(s,u(s))ds

Bp(t) [*

> EE ) t@s s
Br(t) [ _ u(s)

> Ee 186 (14570 S s
Br(x) [~ u(s)

= nr(zs)m/o T(8) T3 s pam o8

pr(0) . u(t) /

> G S

= gL (6) " RS 14+ B ;a(s)ds
P

AP Ol [ a(0)ds = ul.,.

Hence, || Aul|, > ||u||, , for u € KN 9. Therefore, by the first part of Theorem 1.4, it follows
that A has a fixed point in KN 9 ((\(1). =

>

Similarly to the previous theorem, we can prove the following theorem.

Theorem 2.3 Assume that hypotheses (H2)—(H3) hold. If the following condition is satisfied:
fo=0, Fux =0,

then the boundary value problem (2.1)—(2.2) has at least one positive solution.

Proof. From Lemma 2.4, A is a completely continuous operator.

Now, because fy = oo, there exists R; > 0 such that
9 (t, (1 + t’ﬁ(lﬂ)) u) > Mu, forO<u <Ry, t>0, (2.30)

where M > 0 is chosen so that

n°T (4)
M2 B2 () [P a () ds

(2.31)
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2.4 EXISTENCE OF POSITIVE SOLUTION

Let ) = {u € Co, ||1t]|o, < R1}.Thus,if u € Kand ||u|, = Ry (u € 0)), thenforallt € [%, 1],

oo oo

from (2.24), (2.30), (2.31) and by the condition (H3), we obtain

Au(t)  _ Bp(D) | /O " BN £(s u(s))ds

14 t-A0+7) = gL ()
> B0 [T 0 g ulsas
> ﬁ ’; 8 Owa (s) g(s, (1 + s‘ﬁ(1+7)) Hg(zzlﬂ))ds
> M 0
> B [ (9 P fu s
> Pl [ aas >l

Hence,
Il Aull, > ||t]l, for u € KNoy.
Furthermore, from Fy, = 0, there exists R > 0, such that
g (t, (1 + t_ﬁ(p”)) u) <eu, foru >R, and t > 0, (2.32)

where ¢ > 0 satisfies

£<01:(75).
T By als)ds

Let Q) = {u € Co, ||u

(2.33)

< Ry}, where Ry > max {R1, R} . Then, Q1 C (.

o

Now, we define the function | as

J: Ry = Ry,
J(a) = sup supg <t, (1 + t_ﬁ(lﬂ)) u) :

O<u<a t>0

Suppose u € K and |Ju||,, = Ry (u € 9();) . Then, from (2.32), we obtain

oo

sup supg (t, <1 + t_ﬁ(lﬂ)) u) < ¢ sup u=¢eRy

0<u<R, t>0 0<u<R,

= J(Rp) <eRp =¢||u| - (2.34)
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Given Lemma 2.2 and the condition (H3), (2.33) and (2.34) yield that
Au (t) < 5 ) / S‘B(1+’Y)71f(5,l/l(s))ds
0

1460 = T(6
< oo [t o
< ’f) [ os (14 580m) g,
< iy by 09, st (1)
= o [T (R s

’B (o]
< r((s)sHuHOO/O a(s) ds.

Hence, || Au||, < ||u|, for u € KNoQy,.

oo

Therefore, by the second part of Theorem 1.4, it follows that A has a fixed point in KN (Qx\ ().

The proof is complete. m

2.5 UNIQUENESS OF SOLUTION

The last result of the existence is based on the Banach contraction principle theorem.

Theorem 2.4 Assume that hypotheses (H1), (H2), and (Hg) hold. If

q°p

then the boundary value problem (2.1)—(2.2) has a unique solution u € Ceo.

Proof. We shall show that the operator A defined by (2.12) is a contraction mapping.

Let u,v € Co, from Lemma 2.2 and by the condition (Hj), we can obtain that

W /wlft(% D £(s,u(s)) — f(s,0(s))| s

Ff&)/‘” BOD=1 | £(s,u(s)) — f(s,0(s))|ds

IN

(VAN
S
/a‘m
N—
c\ )
3
—~
SN—
=
|
<=
[
)

IN

ds,

I pen) |z o
I'(9) /0 7(5) <1 T ) 1 4+ s—B1+7)
this implies that

[A ) —A®@)|, < f) Hu—vHoo/O q(s) <1+s—ﬁ<m)>ds

Bq*
= T

[ = 0| -
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It follows from the assumption (2.35) and the preceding estimate that A is a contraction mapping.
Applying Banach’s fixed point Theorem 1.5, the operator A has a fixed point that corresponds to

the unique solution of problem (2.1)—(2.2). =

2.6 EXAMPLES

In this section, we present some examples to illustrate the usefulness of our main results.

Example 2.1 Consider the following boundary value problem:

_33
D, 2u(t) + 12 ‘ Lolet=0,t>0,
1+£2 (2.36)

. 1.0,1 . _1.0,1
limy_,o t21;2u (t) = 0, limieo £ 21 u(t) = 0.

u
T
1+t2

(Hz) It is easy to show that the function f is continuous for any (t,u) € (0,00) x R.

Here, f(t,u) = £3 et 6= %, v = —%, and B = 1.

(H2) From the expression of the function f, it follows that

F(t,u) = t+1-1¢ (t, (1 + t*ﬁ(lﬂ)) u) = \/Me*t.

If we choose w (1) = \/u, P (t) = e, then we obtain
IE(tu)] < () ([u]), on (0,00) X R,

with w € C((0,00), (0, 00)) nondecreasing and € L' (0,00). Then, the condition (Hz2) holds.

If we choose k > %, we show that
Bw (k) [ p(s)ds _ 2

kT (6) ky/1

therefore, (2.19) is satisfied. Hence, all the conditions of Theorem 2.1 hold, and problem (2.36) has at least

<1,

one solution.

Example 2.2 Consider the following problem:

(2.37)

3
Here, f(t,u) = % p=19=—3andé=3.

(H2) F(t,u) = tB0+7)-1¢ (t, (1 + t‘ﬁ(lﬂ)) u) = exp (—t) u?, verify

IF(t,u)] < 9(t)ao([ul), on (0, +e0) xR,
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2.6 EXAMPLES

where P(t) = exp (—t) € L1 (0, 400) and w (u) = u? € C ((0,+00), (0, +00)) . Then, the condition
(H2) holds.
(H3) It is clear that the function f is continuous on (0, +0c0) x (0,+00), and
2
ex u
() = SR DY
(1+ %)
where a (t) = exp (—t), and g (t,u) = 14Lrli/¥ € C((0,+00) x (0,+c0)) . Hence, the condition (H3) is
satisfied.
We have g (t, (1 + \/f> u) = u?, which implies that

(b (rvi)y)

=a(t)g(tu),

P = lmep '
foo = lim inf = oo.
uU—00 t>0 u

It follows from Theorem 2.2 that problem (2.37) has at least one positive solution.

Example 2.3 Wetake p =1, v = —%, and 6 = %. Consider the following problem:

{D P () + f(bu) =0, £ >0,

1165 (2.38)
limy_,o £21,° °u (t) = 0, limy_seo t™ ZI

Tolx
ENI&)

“Cu(t) =0,

where f(t,u) = = t3 [arctan (H\[) + 1} exp (—t).
(H2) It is clear that F(t,u) = [arctan (|u|) + 1] exp (—t), verify
[E(tu)| < p(t)w(lu]),

where P(t) = exp (—t) € L' (0, +00), w (u) = arctan (|u|) + 1 € C((0, +o0), (0, +00)) . Then, the
condition (H2) holds.
(H3) f(t,u) is continuous on ((0,+00) x (0,4+00),(0,+00)), and

|

-3 u) = |arctan L Xp(—t) =a u
(0 = [arctan () <1 exp (<) = a (g (1),
where a(t) = exp(—t), g(t,u) = {arctan(i‘\%) +1} € C((0,4+00) x (0,400)). Hence, the

condition (H3) is satisfied.
We have g (t, (1 + \/E> u) = arctan (|u|) + 1, which implies that

(t' <1+\/E> ”) y arctan (|u]) +1

Fp = limsup = lim = 00,
u—0 459 u u—0 u

fo = liminf _ i Arctan(u)+1
U—0 t>( u Uu—o0 u

It follows from Theorem 2.3 that problem (2.38) has at least one positive solution.
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2.6 EXAMPLES 43

Example 2.4 Wetake p =1,y = —%, and 6 = % Consider the following problem:

DR (t) + f(tu) =0, >0,
(2.39)

. 10,4 . _1.0,%
limy o t21;2u (t) = 0, lim e t™21%u(t) =0,

3
where f (t,u) = 2P arctan (Ju)) .

2/ 1442
(H1) f (t,u) is continuous on ((0,+o0) x R, (0, +0)).

(H2) It is clear that F(t,u) = EXZP\(/;) arctan (|ul|), verify

[E(tu)| < p(t)ew([ul),

where P(t) = exp (—t) € L1 (0, +00), w (u) = ard;f)%”‘) € C((0,400), (0, +0)) . Then, (Hz2) holds.
(Hg) We have

t*%f(t,u)—t*%f(t,v)‘ = 2\e/;;lzi;t)t%)arc’can(|u|)
B exp (—t)
2\/E(1+t%)
exp (—t)

= ——— > |arctan (|u|) — arctan (|v])|

27 (1+t%)

arctan (|v|)

A
o
X
ae)
=

A
o
X
o
Y
—~
-~ [~

If we put q (t) = Z\;XIZE:?%), then we obtain

L [T 1 (—1) 1
q :/0 (1+t%)2\;;p<1+té)dt:2\/5<oo'

Hence, the condition (H4) is satisfied.

Moreover, we have 51 = _1__ — L <1, and the condition (2.35) is satisfied. It follows from Theorem

T = 2r(3)
(2.4) that the boundary value problem (2.39) has a unique solution u € Ce.



UNBOUNDED SOLUTION OF BVP FOR NONLINEAR CAPUTO E-K
FRACTIONAL DIFFERENTIAL EQUATION ON THE HALF-LINE

In this chapter, we discuss the existence and uniqueness of unbounded solution for boundary
value problem of nonlinear fractional differential equation involving Caputo-type Erdélyi-Kober

fractional differential operator on infinite interval
DY u )+ f (tu(t) =0, t>0, (3.1)
with the boundary conditions

lim #4748 (1) = 0, and lim POy (t) = pu (1), withk = 0,1 — 2, (3.2)

t—0 t—o0

where *Dg’(s is the Caputo-type Erdélyi Kober fractional derivative operator of order J, such

thatn —1<d<n —n<y<l-nnelN,n>2 >0,0<p<1,and f is a given function.
Throughout this chapter, we assume that the following conditions hold:
(C1) f:(0,00) x R — (0, 0) is continuous.

(C2) There exist non negative functions a(t), b(t) € Ly (0,00) such that
’tﬁ(HV)_lf (t,u)‘ <a(t)|u|+b(t), forany u € R, t € (0,00),
with

A e T

(C3) There exists a positive function g (¢) with

+o00
g = / (1 + t’ﬁ(””’)) g(t)dt < oo,
0

such that
OV F (tu) — f(0)] < q (1) |u—o],

forall t € (0,00) and u,v € R.
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3.1 DEFINITION OF INTEGRAL SOLUTION

3.1 DEFINITION OF INTEGRAL SOLUTION

In this section, we established some important lemmas which play a key role in the proofs of the

existence results.

Lemmasa letn—-1<é6<n -n<y<l-nneN, n>2 >0 Wegivey € Cﬁ,with
fooo sPOH1)=1y(s)ds < oo, then the fractional differential equation:

DY u(t)+y(t) =0, t>0, (3-3)

with the boundary conditions

lim Ay 0 (1) =0, k =0,n — 2, (3-4)
t—0
lim PNy () = pu (1), 0<p <1, (3.5)
—00

has a unique solution given by

u(t) = / G (t,5)sPOFD)=1y (s) ds, (3.6)
0
where
—B(r+1) 6—1 t—BO+7) o—1 .
m{l_ﬂ’(l—sﬁ) ]—ﬁrT(tﬂ—sﬁ) , 0<s<min{t1},
B —B(y+1) |1 _ _ B\l
Gls) =4 Tt 1-p(-sh), F<s<l, .
’ - _ 51 :

et PO = it PO (¢ - H)T 1<s<t,
(1fp‘B)1"(§)t_ﬁ(’y+l)' s > max{t1},

is called the Green function of boundary value problem (3.3)—(3.4)—(3.5).

Proof. Letn —1 <6 <n,with—-n <y <1l—n,necN,n>2 and B > 0, it is easy to prove that
the operator Ig’(s has the linearity property for all 6 > 0. By applying Ig”g to equation (3.3) we

obtain

77 [*D

7 100 (1) +y(t)} =0 < I° D} u(t) + I}y (t) = 0. (3.8)

p p

By using Lemma 1.5, for n — 1 < § < n, we can easily find that

77 D

7 W0 (1) = u(t) — cot PN 4oyt PCHY) g, BT,

p

for some cg, c1, - - - cy—1 € R. Thus (3.8) gives

u(t) — COt*ﬁ(lJF’Y) _ Clt*ﬁ(2+7) 4ot Cn_ltfﬁ(”JFW) + Ig’éy(t) =0.
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3.1 DEFINITION OF INTEGRAL SOLUTION

Therefore, the unique solution of the problem (3.3)—(3.4)—(3.5) is given by
u () = cot POFY) ot P g, PO Ig"sy(t). (3.9)

From the formula (1.26) of Lemma 1.5, it follows that

n—1 d
—  lim $8+7) Sl
co lim ¢ E(l—i—’y—i—z—l—ﬁtdt) (1)
B | @D R () () + 8y () g (£ £
t—0 +€n_2 (n,,),) 511172 tnfzu(nfz) (t) T ﬁnl,ltnflu(nfl) (t) .
n—1 d
— lim P2+ I Sl
c1 lim ¢ i]l<1+fy+z+ﬁtdt> u(t)
e [ GV a0+ |
=0 +8ya (1,7) st u ) (1) + gt a2 (1)
b1t TT d
= i n— ,)/ L
Cn—2 113&15 izlll <1+’y—|—1+5tdt>u(t)
= lim tP"—147) {(n +y)u(t) + 1tu' (t)} :
t—0 B
o B TT 1.4 im ¢B(r7)
co1 = limt E<1+7+z+ﬁtdt) () = lim u(t).
with él/ o /gn—z eR.
On one hand, the condition (3.4) implies that c,_1 = c;,—2 = - - - = c; = 0, which means that we
can rewrite (3.9) as
u(t) = cot PUFY) — Ig"sy(t). (3.10)

On the other hand, (3.10) with the condition (3.5) implies that

co — lim tﬁ(H”’)Ig’(sy(t) =pu(1),

t—o0

in particular, from (3.3) we get

t
t]_i*)rl;’ tﬁ(l+7)1g’(sy(t) = }i}n;g I‘f&)tﬁ(l 5) /0 (t.B — S’B) Sﬁ(7+l)71y(s)ds

= gy f (1)) 2 e
- F@)/omsﬁ(””ly(s)ds,

from (1.16) and (3.10), we can easily see that

pu (1) = pco — rp(i)/o (1-55) POy (s)ds,
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3.1 DEFINITION OF INTEGRAL SOLUTION 47

therefore

- B ® +1)— pp ! -
©=Tr@ h T OE Ggrg f (1) s

Hence, we can conclude that the unique solution of problem (3.3)=(3.4)—(3.5) is given by

1
‘u—ﬁésrw)t—ﬁ“”’ | (1=5F) Py (s)as

o [t 5—1
_r‘?(s)tﬁ(7+o) /0 (tﬁ — S‘B) Sﬁ(w"’l)*ly (S) ds
—+o0
= / G (t,5) sPOFD"1y(s5)ds.
0
|

Now, we give some properties of Green’s function (3.7).

Lemma3.2z Letn—1<é6<n,—n<y<l—nnelN,n>2andp > 0. The function G (t,s) in

Lemma 3.1 satisfies the following conditions
1. G(t,s) >0,Vt,s € (0,00).

2. Forallt € (0,00) and s € (11—0,00) , G (t,s) > xt PO with

Uz _
X = { 10T (6—-1)’ n=2,

B
10°T(5)” n>2,

G(t,s)
3. Ty

5 < q=hrwy s € (0,00).

Proof. Letn —1<d6<n,—n<y<l—nne€N,n>2and p > 0.

1. For s > max {t,1}. It is easy to check that G (t,s) > 0.
For s < min {t,1}, it holds that

_ B -~ B . 5—1
G (t,S) = mt ﬁ(ry+1) — mt ﬁ(‘5+7) (tﬁ _ sﬁ)
PP g (1- Sﬁ)‘”
10T (5
( ﬁP) (9) o » e
_ —B(y+ —B(y+
= a5
i -)
B bty _ B ypry ___PB iprny 5

(1-p)T(3) I'(9) (1-p)T ()
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For t <s <1, it follows that

P - B - 6-1
G(ts) = mt Blr+1) _ mt Br+1) (1 _5/5)
B By PR )
Z -pre) | A-pre)
> r'?(s)t—ﬁ(%-l) > 0.

For 1 < s < t, we have

_ B - B . 5-1
669 = gy e ()
B - B .-
> iore) | T@
rB -
= (1—P)T(5)t Pt 20

2. For s > max{t, 1}, we can easily see that

G(ts) = (1—;)‘[3)1"@5)1}_&(7“) > 10/;}’3(5)1-_&(’74-1).

For s < min {1}, it holds that

B _ B .
G(ts) > mt lr+1) _Wt Blr+1)
_a_:;ésr((s)t—ﬁ(wm (1- Sﬁ)‘“
pﬁt—ﬁ(“ﬂrl) 5—1
> e - 0-) ]
—B(r+1) 1
(ﬁﬁ—t‘o);@) (6—1) /1—sﬁ 1w 2du
p‘Bt*.B('YJFl)

S A-pTE-1)

' ~Blr+1)
If we choose s € [{5, min {t,1}], we observe that G (t,s) > fggr((sll)'

For t < s <1, then we will show that

BBy s PR )

G(ts) = § () = 10°T (3)

For1 <s <'t, we get

B —Bly+1) PB —p(r+1)
> > —— .
Cws) = a0 = 10T (9)
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We notice that there are two cases to consider:

e First case: for n =2, we obtain I' (6 — 1) > I' (¢), then it follows that

[ —B(r+1)
> P S
G (t:5) 2 157 (6 — 1)t

e Second case: since n > 2, we getI' () > T' (6 — 1), then it holds that

PB —p(r+1)
> .
G (t,s) > 1T0PT (5>t

Finally, we conclude that
G(t,5) > xt PO+,

G(t,5)
148047 —

3. Forevery t,s € (0,00), we know that G (t,5) < (1—pﬁ)r(5) t=B(r*1), this implies that
B
(1=p)L(9)"

3.2 FUNDAMENTAL LEMMA

In this section, we give a significant lemmas that will be needed later in the existence and
uniqueness results.
Now, we define an integral operator A : Coo — Coo by

Au(t) = /oo G (t,5) sPIFN £ (s, u(s))ds, (3.11)

0

where G(t,s) defined by (3.7) and Ce defined by (2.11) .
Clearly, from Lemma 3.1, the fixed points of the operator A coincide with the solution of the

problem (3.1)—(3.2).
Lemma 3.3 If (C1)~(C2) hold, then A : Coo — Co is completely continuous.
Proof. First, for all u € Co, we have

[Au(t)]o = sup

te(0,00)

®  G(ts _
/0 1+t(/3(1)+ s T (s, u(s))ds

T [ et
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together with conditions (C1) and (C2), then it follows that

(1_5“5) /OOO ‘S’S(M)_lf(sfu(S))’ ds

< O_p[%)l,w)/()oo[a(s)|u(s)|+b(s)]ds
S AT ) —pﬁ)l" 0 /0 [a () (1 —i—s’ﬁ(lﬂ)) T B0 +’1:_(;()1’+7) +b (s)} ds
< (1_5)”5) [HuHm/o (1+s 5(1” ds+/ ]
< Jlufl. + (1_5“5) /Ooob(s)ds < .

Hence, A : Coo — Cq is well-defined.

Choose
Blo b
kZ(l— ,Bf(; (1+s PO+1)) a (s)ds’
and O = {u € Ca, HuHm <k k> 0}

In what follows we divide the proof into several steps.
sTEP 1: A: () — Cy is continuous.

Let (”n)neN € O bea convergent sequence to u in Q). Lemma 3.2, wWe ensure that

| Au, — Aul|, = sup

te[0,00)

14 t=BO+y

/Oo sPOFV= £ (s, 1, (s))ds

P
sup ;

< __°
T (1=p)T () tepp0)

- /oosﬁ(“*“)_lf(s,u(s))ds .

0

Due to the condition (C2), we can write

SO f(s,u(s)| < a(s)|u(s)|+b(s)
a(s) (1 + 5*5(1”)) H‘:—(;Hm +b(s)
< (1P ) a(s) flull + b (s)

< ka(s) (1+s7P) 4 b(s).

IN

7SS P (s ua(s)) — £, u(s))] ds

(3.12)

50

Since the right hand side of the above inequality is in L! (0, o), and the function s#(7+1)=1 £ (s, u(s))

is continuous, it follows that the Lebesgue dominated convergence Theorem (Theorem

12.12, page 199 in [13]) yields u — [;° sP+D=1£(s,u(s))ds is continuous. Hence, it holds

T (s (s = [P (s u(s)ds as s oo
0 0

Therefore || Au, — Aul|, — 0, as n — 0.
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sTEP2: A (Q)) is relatively compact.
First, we show that 4 (Q)) is uniformly bounded. Let u € (), from Lemma 3.2 and by the
condition (C2) and (3.12), it holds that

1 Euﬁ((tl)lv) - /O°° 1 +Gt(tﬁ,3(sl)+7) PO (s, u(s))ds
< Gy e+ E
< (1—£rw)/ooo [a (s) (1457F040) % +b(s)} ds
< (1_5“5) [Hullcm/O (1457P0+) ds+/ }
consequently
| Au||, <k, forallu € Q. (3-13)

Hence, A (Q ) is uniformly bounded.

Next, we show that V is equicontinuous on any compact interval of R™.

Forallu € O, t1,t, € [a,b],0 <a < b < oo, and t; < fp, we obtain

Au(t)  Au(t)
1+ tz_AB(H"Y) 1+ tl_ﬁ(l""Y)
®| G (tp,s) G (t,9) 1)1
< 1) d
- /O 1 +t;:3(1+7) 1 +t —B(1+7) ‘ f(S M( ))‘ s
< /°° G(tz,S) _ G(t1,8> i G(tl,s) _ G(tl,S)
- 0 1 _|_ t;ﬁ(l+7) 1 _|_ t;ﬁ(1+7) 1 + t;ﬁ(1+7) 1 _|_ t;‘B(l‘l”Y)
X ‘sﬁwﬂ)’lf(s,u(s))‘ ds
© |G (t2,5) — G (t,5)] SBlr+1)—1
< 7+
< [ 1+r5<1” s £(s,u(s))| ds
o G (t1,5) —p(1+7) —t ﬁ(lﬂ))
‘sﬁ(wrl)’lf(s,u(s))‘ ds.

+), (1+4 ﬁlﬂ)) (1 6,707)

It remain to show that the right hand side of the above inequality tends to zero, there are

three cases to consider
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CASE 1: t1 <t <1

© |G (t2,5) = G (t1,8)] | _gy+1)-1
/ o A SO (s, u(s)) | ds

1G(t2,5) = G (t,8)] | piy+1)-1
d
fo e P e s

2 |G (t2,8) = G (t1,5)] | p(y+1)—
+/t1 L ) ‘ f(s,u(s))‘ds

LIG (ta,s) — G (t1,s
ty 1_’_t_ﬁ(1+7
’G t2/ (tlr
1 1450

" W sbtren=1 s, u(s)) s

+

) BT (s, u(s) )| d.

In addition, from (3.7) we can also rewrite the last one as

/00 G (t2,5) — G (t1,5)| ’ PO £ (5, u(s ))’ds
0

14+ t;ﬁ(1+7
1-p)T () /otl 1+ t—lﬁ(m) " = ) [1 o (1- Sﬁ)(s_l]
—(1-p) [ B(6+7) ( Sﬁ) —f B(5+7) (tf _ Sﬁ)‘s_l]
[ (1-1—5_/5 1+7>k-i-b(s)} ds
e p) T (9) /: = t;ﬁ(m) [P0 P [1 —p(1- Sﬁ)“]
— (1) P (£ sﬁ)‘” x [a(s) (14+57POT ) kb (5)] ds

/ ) tz B(1+7) (1+7)} [1 —p (1 _ Sﬁ)é—l} ‘
P t2

1_|_t .B(1+7)

IN
=

X [a (s) (1 - s’ﬁ(lﬂ)) k+b (s)} ds
. B /oo tz—ﬁ(lﬂ) _ tl—ﬁ(lﬂ)
1=p)T@) i 144 PO

as t; — tp, for all u € Q) the right hand side of the above inequality tends to zero.

[a (s) (1 + s_ﬁ(1+7)) k+b (s)} ds,
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CASE 2: 11 <1<t

Similarly, from (3.7) and with a simple computation we find

* |G (t2,5) = G (t1,5)|
| R | (s, u(s)) | ds

141, P07
p /“ 1 —p1+7) _ B+ [ (1 B\
=S T 0T h 144,00 2 WP e (1-5)

—(1—p) [ B(6+7) ( Sﬁ) —t B(5+7) (tlf _ S/S)‘Sl]

{ (1—|—s ﬁl*”’)k—i—b(s)}ds

1 1 5—1
—B(1+y) _ ,—B(1+7) _ _ P
(1—mrwyﬁ1+5muw B g }P o(1-+) ]

—@-p) O () [a () (15PN ) kb ()] ds

1+ —B(1+ —B( =1
. [tz B(1+7) _ f B( 'y)] —(1-p)t B(O+7) (tg _ S,B)
+ /
(1- )F( ) 14 4P

[ s (1+s 51+7)k—|—b(s)}d5
n IB /OO t2 ‘B(l+7) _ tl_ﬁ(1+7)
T=pT® b 150

as t; — tp, for all u € Q) the right hand side of the above inequality tends to zero.

+

[a (s) (1 + s‘ﬁ(1+7)> k+b (s)} ds,
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CAsE 3: 1<t <t

In this case due to (3.7), we will show that

© |G (t2,5) = G (t,8)] | _py+1)-1
/ e SO (s, u(s)) | s

IN
=

1 1 5-1
B ][4 o (g o
(1—p)r((5)/o PO ke h Hl p(1-5) }

L P)[ D (1 S,s) _ B (tf_sﬁyl}

x[as <1+s AN ) ket b (s)] ds

/t1 1 ‘ [tfﬁ(lﬂ) _ t*ﬁ(lﬂ)}
(1—p)1"(5) 114t —B(1+y) | [ 2 1

T

)
x[as <1+s‘ﬁ1+7)k+b(s)]ds

[tZ—ﬁ(lﬂ) _ h—ﬁ(m)} —(1—p) PO (t§ _ 55>H

+

B &
+ J
(1 — p) T (5) t 1 + t;ﬁ(lJﬂ)’)
x[a(s) (1457 P04 )kt b (5)] ds
+ ﬁ /oo t;ﬁ(1+7) _ t;ﬁ(l+7)
(1-p)T () Ju 141 PO
as t; — tp, for all u € () the right hand side of the above inequality tends to zero.

[a(s) (1457 P00 ) k4 b (s)] s,

Analogously, we can obtain

w G (t1,5) (t B(1+7) —f ﬁ(1+7))
/0 <1+t2—ﬁ(1+w)> <1+t1—ﬁ(1+v)>

uniformly as t; — t for all u € Q.

sPOFV=L £ (s,u(s))| ds — 0,

Hence, V is locally equicontinuous on (0, c0) .
Finally, we show that V is equiconvergent at co. We know that

Au(t) = (’B”%;Jrz)/oosﬁ("*“)_lf(s,u(s))ds

ﬁtrﬁ(;;(S /0 <tﬁ —sﬁ>671 sPOFD=L £ (s, u(s))ds

BB e [ (1 Y e
—mt 5(7”)/0 (1—sﬁ) sPOHD=11 (s, u(s))ds. (3.14)

Observing that for any u € (), the condition (C2) gives

/ ‘sﬁ('”l)’lf(s,u(s))‘ ds < k/ (1 + s’ﬁ(H”y s)ds +/ s)ds < oo,
0 0
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and for a given & > 0. There exists a constant L > 0 such that

/LOO ‘sﬁ(”l)_lf(s,u(s)) ds < . (3.15)

On one hand, since
i —B(A+y)
le+noo 1+ +B+Y)
There exists a constant T; > 0 such that for any t1,t, > T;, we get

t_ﬁ(1+7)
-2

j-B(1+7) j—B(1+7)

- - <eg,  (3.16)

tflg(lJr’Y)
-1
1 _|_ t;ﬁ(1+7)

similarly

—BO+7) (B _ B!
lim t (t ° )

t—+o0 1+ t—B1+7) =1

so there exists a constant T, > L > 0, such that for any t1,f, > T, and 0 < s < L, it holds

that
5—1 5—1
tz—ﬁ(éﬂ) (tg _ Sﬂ) tl—ﬁ(5+7) (tf _ Sﬁ)
1+ tz—ﬁ(lﬂ) 1+ tl—ﬁ(1+7)
5-1 5 0-1
tl_‘B(é—Hy) (t‘f _ S'B> tz_ﬁ(‘H"Y) (tg _ S‘B>
< |1- + 11—
- 1 —B(1+7) —B(1+7)
+h 1+t,
5—1 . 51
tl—ﬁ(5+7) (tf _ Lﬁ) tz—ﬁ(bﬂ) (tg _ Lﬁ)
< |1- + 11 < e (3.17)
1+ tl—ﬁ(lﬂ) 1+ tz—ﬁ(lﬂ)
On the other hand

B+ (1 — 513)‘5‘1
lim

t+o0 14+ +=B1+7) =0

There exists a constant T3 > 1, such that for any t1,t, > T3, and 0 < s < 1, it follows that

—B(6+ o—1 —B(6+ o—1
t B(o+7) (1 _ 5/3) 4 B(o+7) (1 _ sﬁ) . 6.18)
1+ tz—ﬁ(lﬂ) 1+ tl—ﬁ(lﬂ)
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Now, if we choose T > max {Tj, T», T3}, for all t;,t, > T, and due to (3.14), we obtain

Au(t)  Au(t)
1_|_t2_18(1+'7) 1+t1_ﬁ(1+'7)
p £ P0) P0+) * g
_ 71— d
- = | [P s ()| ds
(1=0)T(0) {14,041y PO | o
—B(r+9) (B _ B o1
B /t2 b (tz —° ) B(y+1)-1
+F((5) 0 1+t;5(1+7) s f(s,u(s))ds
o—1
H tl_ﬁ(’H“s) (t/f _ 5/5) /3(7+1)_1f( ( ))d
s s,u(s))ds
0 1+t;.‘8(1+7)
e
_ —B(1+ N —B(1
(1-p)T () | /o 144 P07 14 ¢, PO

X 35(7+1)_1f(s,u(s))ds‘ :

In addition, we recall that

_ 5—1
B t ty A(r+9) (tg - sﬁ)
I'(6) /0 1+t2—ﬁ(1+7)

t t;ﬁhﬂs) (tf — 55)5_1

sPOFU1 £ (s, u(s))ds

_ Blr+1)—-1 d
[ — i )
—BOr+8) (8 p\OL BOrte) (B g\
L|t t S t th —s
< p / 2 (2 - ) 1 (1 = )) ‘Sﬁ('y—i—l)—lf(slu(s)) ds
I'(6) Jo 1+, P 144 P
Blr+9) (tg s )‘5‘1
‘sﬁ(7+1)_1f(s,u(s))’ ds

Bt
T / B
(0) 1 141 P07

0—1
ﬁ t t;ﬁ(’y+5) (tf — sﬁ>
@
') /L 14+ t1—5(1+7)

’sﬁ(”l)’lf(s,u(s))’ ds,
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this means that

AM (tZ) - Au (tl)
1+ t;ﬁ(“")’) 1+ t;ﬁ(lJr’Y)
P Ak BT e
- T f (s, d
) (1B _ 8\ B (B )T
I ) Jo 1+t2—ﬁ(1+7) 1+t1_ﬁ(1+"’) ,
—B(r+0) (B _ 18\
ﬁ /tz t2 (tZ — L ) By41)-1
* P f(s,u(s))|ds
—B(1
['(0) Ju 14 £, PO+ ’ (
: /tl : (tl ) Blr+1)—-1
+r (5) L 1+ tl_‘B(H_,Y) ’S f(S,I/l(S))‘ ds

t;ﬁ("r”) (1- Sﬁ)5—1 t;ﬁ(%%) (1- 35)5_1

1 _|_ t;ﬁ(1+7) 1 + t;ﬁ(1+’7)

‘sﬁwﬂ)’lf(s,u(s))‘ ds.

pB !
+<1_p>r<5>/0

From (3.15), (3.16), (3.17), (3.18), and for t;,t, — oo, we get

Au(t)  Au(t)
1_|_t2_ﬁ(1+7) 1+t1_ﬁ(1+'7)

< (1_5)8/000 ’sﬁ““)_lf(s,u(s))‘ds

T
B [t uten o
>/

e o 1f<s,u<s>>1ds+rf5) [ s () as
e e e
< <1—pﬁ>w> /0 ) -1f<s,u<s>>( 5 e [ [0 (s u(s)) s
5)8/01 IS5, u(s))|ds + ¢ ([fs)g‘

Hence, V is equiconvergente at co, consequently, Lemma 2.3 yields that A (Q) is relatively

compact. Therefore, A : Coo = Coo is completely continuous.
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3.3 EXISTENCE OF UNBOUNDED SOLUTION

First, we will prove the first following existence result, we use Schauder’s fixed point theorem.

Theorem 3.1 Assume that the hypotheses (C1)—(C2) and (3.12) hold, then the fractional boundary value

problem (3.1)—(3.2) has at least one solution u € Q).

Proof. Let u € (). From Lemma 3.3 we have A : ) — Cu is continuous, and (3.13) implies
that A (Q)) C Q, which means that A : Q — Q) is continuous. Moreover, Lemma 3.3 gives A (Q))
is relatively compact.

Hence, all conditions of Theorem 1.4 hold. Thus, the problem (3.1)-(3.2) has at least one solution
ue(. m

Our next existence result is based on the Leray-Schauder nonlinear alternative fixed point

theorem.

Theorem 3.2 Assume that the hypotheses (C1)—(Cz2) and the relation (3.12) hold, then the fractional

boundary value problem (3.1)—(3.2) has at least one solution u € Q).

Proof. From Lemma 3.3, we know that A is a completely continuous operator. Now we apply
the nonlinear alternative of leray—Schauder to prove that A has at least one nontrivial solution in
Q.

Let u € 0Q), such that u = A Au, A € (0,1), from (3.13) we obtain

— A Aul, < [ Au|, < u—ﬁ;(r@)/ow (14577047 a(s)ds
P

ErTRO

4]l

+

SO

Bk * -B(1+ P N
k< (1—P)r(5>/0 <1+s Al W) a(s)ds+(1_p)r<5>/0 b(s)ds,

< IBfooob(S)dS
T (1=p)T(0) =B [y (L+sPIN)a(s)ds’

which contradicts with (3.12). By theorem 1.3 and lemma 3.3, the boundary value problem

(3.1)—(3.2) has at least one solution u € (). =
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3.4 UNIQUENESS OF UNBOUNDED SOLUTION

The last result of the existence are based on Banach contraction principle theorem.

Theorem 3.3 Assume that the hypotheses (C1)—(C2)—(C3) hold. Then the problem (3.1)—(3.2) has a
unique solution u € Ceo if
7P
(1-p)T(3)
qTp

Proof. Assume that EOI 1. We shall show that the operator A defined by (3.11) is a

<1. (3.19)

contraction mapping.

Let u,v € Cw, from Lemma 3.2 with the condition (C3), we can obtain that

Au(t) — Av(t ©  G(ts 11—
’M‘ -, Ht(w)ﬂ)sﬁ” D1 f(s,u(s)) — £(s,0(s))] ds

< (1_{;‘31,@ /O°° Sﬁ(7+1)—1 |f(S,M(S)) —f(S,U(S))| s

‘B [
< AoTE 10 el
B “ _ u—ov
< (1_10”(5)/0 q(s) (1+s 5(”7)) ‘1—1—5_5(”7) ds,
this implies that
B * _
1A - Ao < HWH”—UHOO/O q(s) (1+s /3(”7)) ds
T
=@ "l

It follows from the assumption (3.19) and the preceding estimate that 4 is a contraction mapping.
Applying Banach’s fixed point theorem 1.5, the operator A has a fixed point which corresponds

to the unique solution of the problem (3.1)—(3.2). m

Remark 3.1 If [;7sPOHD=1f(s,u(s))ds < oo, then with lemma 3.2 every solution of the problem
(3.1)—(3.2) is unbounded. Indeed

() = / G (t5) POV (s, u(s) )ds

0

/10o G (t,5) sPOFV= £ (s, u(s))ds

0

v

Y]

xt PO /]oo PO £ (s, u(s))ds.

0
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3.5 ILLUSTRATIVE EXAMPLES

In this section, we present some examples to illustrate the usefulness of our main results.

Example 3.1 Consider the following boundary value problem of nonlinear Caputo-type Erdélyi—Kober

fractional differential equations

—

33 3 3
23 £2 In(1+u(t)]) £2 u(t 4 —
Dl u (t) + 30(1+t2) + 609Xp(\ﬁ 7 4 (3.20)

lim; t_%u( t) =0, limy_yet™ 2u(t) = Ju(1),
here,
3 3
Bin(1+ () | £l
fltu) = +
30(1+1#2) 60 exp (\/f)
anddz%,7:—%,ﬁ:1,andp:%,n:2.
(C1) Clearly f € C((0,00) xR, (0,00)), for any (t,u) € (0,00) x R.
(C2) Obviously

F2f ()

. exp (—t),

n(1+ju) ,  Jul
30 (1+ #2) 60 exp (
1
P

+exp (—f)
Vi)

1
= (30(1+t %) " sex (\f)) Hrew =,

With a simple computation we find that

1
[ (Vi) (30(1—|—t 2) +60exp(\/;)) at

(1+v2) 7 1

3
= — @ = 022<2F() f 0.44,

and

/ exp (—t)dt =1 < .
0
Thus the hypothesis (C2) is satisfied.

If we choose k = 5, we show k > ~ 3.15. Therefore, (3.12) is satisfied. Hence, all

1
r—gn(V2+1)
conditions of theorem 3.1 and theorem 3.2 hold. Thus, the problem (3.20) has at least one solution in Q).
Example 3.2 Consider the following boundary value problem of nonlinear Caputo-type Erdélyi—Kober

fractional differential equations

_33 3
Dy 2 2u (f) + 2P arctan (Ju]) = 0, £ > 0,
2ﬁ(1+t2>

limg ot~ 2u (£) = 0, limy et~ 2u(t) = Lu(1),

(3-21)
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3.5 ILLUSTRATIVE EXAMPLES

here,
3
t2exp (—t
fitu) = Lo
27 (1 + tf)
and n = 2, ,B:l,p:%, 'y:—%,anch:%.
(C1) Clearly f € C((0,00) xR, (0,00)), for any (t,u) € (0,00) x R.
(C2) Obviously

arctan (|ul),

t_%f(t,u) = Mamtan(w)

27 (1 + t%)
exp (_t) ‘u|
e (1 + t%)
with the aid of simple computation we find that

~ exp(—t) . 1
/0 <1+\/E) 2ﬁ(1+t%)dt_2ﬁ~0.282’

and 1T (3) = 1/ = 0.44. Then (C2) holds.
(C3) We have

-3 u)— -3 Y = Marcan u —L(_t)arcan %
173 f (bu) =173 f (1,0) v (15 4) tan (|u|) v (14 4] tan (Jo])

= _epl=t) larctan (|u|) — arctan (|v|)|

27 <1+t%)

AN
e
x

o
|

N
[¢]
b
o
—~
—
- [ ~—

If we put q (t) = m, then we obtain
| 1+t2

q*:/()+°°(1+t;) Z\eﬁ)r(?ij)t%)dt:;/%<m

Hence, the condition (C3) is satisfied.

Moreover, we have

. 1 2
il - =<1,

T-p)T() r()va =

then the condition (3.19) is satisfied. It follows from Theorem 3.3 that the boundary value problem (3.21)

has a unique solution u € Ce.
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BOUNDED SOLUTION FOR BVP OF DIFFERENTIAL EQUATIONS
INVOLVING E-K FRACTIONAL DERIVATIVE ON UNBOUNDED
DOMAIN

This chapter is an article accepted in: Annals of the University of Craiova-Mathematics and
Computer Science series, (see [59]).

The aim of this chapter is to study the existence of bounded solution for the boundary value
problem of nonlinear fractional differential equation involving Erdélyi-Kober differential operator

on unbounded domain
DYu(t)+ f (Lu(t) =0, t € ] = (0,00), (4.1)

with the boundary conditions

k .
Pr% tﬁ(1+7)aj(k)l7+‘5'm_"u(t) =0, with k=0, m — 2, u (t) bounded on J, (4.2)
-

where Dg"s denotes the Erdélyi-Kober fractional derivative operator of order 6 and Z°+t7"~° is

the Erdélyi-Kober fractional integral of order m — 6, withm —1 <6 <m, -m <y <l—m,m €
IN,m > 2, 8> 0and f is a given function required to satisfy the following conditions:

(D1) f: ] xR — [0, 00) is continuous.

(D2) There exist ¥(t) € C((0,00),(0,00)), and w(t) : (0,00) — (0,00) continuous and non-

decreasing such that

(a1 g (t,u)‘ < p(t)w(|ul) on (0,00) x R.
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4.1 FINITE INTERVAL PROBLEM

In this chapter, we assume that T, € |, n € IN*, suchthat 0 < T; < T < ... < T;; < ... with
T,, — oo as n — oo.

In the sequel we set ], = (0, T,] .

In this chapter, we use the space C; (0, ) to study the problem (4.1)-(4.2), which is denoted
by

u is a continuous function on (0, +o0) such that
Cl (0, 00) = u ’
lim;_o u(t) and limy_, o u(t) exist

from [14],[64], C; (0, 0) is a Banach space with the norm
1l 0,00y = sup [u(t)],
t€(0,00)

furthermore

u is a continuous function on (0, T,] such that
Cl (0, Tn] = u
lim;_o u(t) exists

It is easily seen that C; (0, T;,] is a Banach space with the norm

lulle, o0,y = sup [u(t)].
0<t<T,

4.1 FINITE INTERVAL PROBLEM

To present existence theory for the problem (4.1) -(4.2) we begin with the following existence
principle for the problem on the finite interval.
Fixn € N*, form = {2,3,...} ,withm—1< 6 <m, —m <y <1—m, B >0, we consider the

following boundary value problem

DY u(t) + f(tu(t) =0, t € Jn,
lim;_,o tﬁﬂﬂ)%n”m—ﬁu(t) =0, withk=0,m — 2, (4-3)
u(T,) = 0.

Based on the previous lemma, we will define the integral solution of the finite interval problem

(4-3)-
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Lemmaga Letm—1<d<m, —m<y<l—m, m>2, [5>OandyeCi,thenthefmctional

differential equation

DY u(t) +y(t) =0, t€ I, (4-4)

with the conditions

dk
By A pyem—s _ - 0T
11_r)1(}t dt(k)l u(t) =0, withk =0,m—2, (4-5)
u(T,) =0, n € N* is fixed. (4-6)

has a unique solution given by

u(t) = /OT Gu (t,5) sPT 01y (s) ds, (4.7)

where

o—1
— ) (1B — sﬁ)‘“] , 0<s<t<T,

Gu (t,s) = (4.8)

— S ﬁ
o [room (1 (2)')
51
%rﬁ(vﬂ) (1 - (i)ﬁ> , 0<t<s< T,

is called the Green function of boundary value problem (4.4)-(4.5)-(4.6).

Proof. Let m —1 < 6 < m, with —m <y <1—m, and B > 0; it is easy to prove that the operator

Ig’(s has the linearity property for all 6 > 0. By applying Ig’(s to equation (4.4) we obtain

Ig’(s Dg’(su (t) + Ig"sy(t) =0. (4.9)

By using Lemma 1.5, for m —1 < § < m, we can easily find that

I/y pgr5u (t) = u(t) — cot PATY) =P g, PO,
for some constants ¢y, ¢1, - - - cy—1 € R. Thus, (4.9) gives

u(t) — ot PN — oyt PN oy 1P 4 THy (1) = 0,

which means that

w () = cot PN 4 oqp PN oy g PN — Ty (), (4.10)
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From the formula (1.26) of Lemma 1.5, it follows that

- 1 d
— B(1+7) T Tt o+y,m—é
co }gr(}t g <1+’y+l+ﬁtdt> (I u) (1)
2+7) B+7) - (m+) (7" u) ()
+€’1 <1’l,’)’) st (I§+’Ym -0 ) (t) + -
3 (m—2)
— %1_{% t‘B(l—i_’Y) +€m_2 (m/ '}’) ‘Bm Ztm 2;t(m 2) (15+"rm 5 ) (t)
(m—1)
+ﬁn}—l tm 1;t(m 1) (16+(ym (S ) (t)’
with, Giro Gua €R ]
- 1 d 5
— B(2+) e i o4y,m—6
c1 lim ¢ ]1 <1+7+z+ﬁtdt) (I u) (t)
(B+7) - (m+) (17777 %u) (1)
8y (m, ) St (140 () + -
i (m—3)
= Bt | g () gt (17 w) (1)
+’3m72 tm—zgt((’" 2) (I&+7m ) ) (t),
i with, gl/' o /érm—?; €eR ]
pon-17) TT ¢ (povm-e
— i m— Y ym—
Cm—2 lim ¢ i:In:L <1 +7+z+ 5 o > <I u) (t)
1d
— i $Bm—1+7) S+y,m—38 - o+ym=o .
s [ (177 50) 0+ 248 (140 0]
m—1 1 d
—  lim P(m+7) oty,m—=o
1 lim l];[ﬂ <1+’y+1+ : dt> (I u) (t)
— 1 ﬁ(ﬂ’l-‘r’)/) 5+71m_(5
= lim (1 u) (t).

The boundary condition (4.5) implies that

can rewrite the integral equation (4.10) as

u (t) = cot P — I3y 1),

in view of the boundary condition (4.6) we

coT, P — TPy(T,) = 0.

Cm—1 = Cp—p = -+ - = ¢1 = 0, which means that we

conclude that
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4.1 FINITE INTERVAL PROBLEM

Consequently, we find that
—B(v+9) T _
_ IBTTl " BB o-1 B(v+1)-1
C() — W /0 (Tn S ) S y(s)ds

To s 5-1 B
= T’(Bts)/o T, Al )<T{f—sﬁ) sPO+D=1y(s5)ds

- s (l ) (7?”)[3)5_1 SOy (s)ds,

and therefore, the unique solution of the problem (4.4)-(4.5)-(4.6) is given by

6—1
g0+ [T (1 - (;)ﬁ> sPOrHD =y (s)ds

_t*.B('YJFé) f()t (tﬁ — 5.3)571 s.B(’Yle)*ly (s) ds

Ty

= / G (t,5) P =1y(s)ds.
0

n
Now, we present some notations and some properties of Green’s function that form the basis of

our main work.

Remark 4.1 Form —1 <6 <m, —m <y <1—m,and B > 0 the following conditions is hold
1. For all Vt,s € (0,00), the function G, (t,s) > 0.
2. For each n > 0, the function t € [, — fOT" |Gy, (t,5)] ds is continuous and bounded on J,,.

We now turn to the question of existence for the problem (4.3).

Define an integral operator A : C; (0, T,] — C; (0, Ty, by
Ty
Au(t) = / G (t,8) sPATVVf (s, u(s))ds, t € [, (4.11)
0

where Gy (t,s) defined by (4.8).

Clearly, from Lemma 4.1, the fixed points of the operator .4 coincide with the solutions of the
problem (4.3) .

We put

Gn :sup{/OTn |Gy (t,5)|ds, t € ]n}.l/J;: =sup{¢(s), s€ J.},n>0.
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4.1 FINITE INTERVAL PROBLEM

Lemma 4.2 If (D1)-(D2) hold, Then A : C; (0, T,] — C; (0, Ty,] is completely continuous.

Proof. First, for u € C; (0, T,] we have

/OTn G (t,8) sPUTD=Lf (5, u(s))ds

[Au (D)o, = sup [Au(t)|= sup

0<t<T, 0<t<T,

Ty
<  sup |Gy (t,9)] ‘sﬁ(wrl)’lf(s,u(s))ds‘

N 0<t<T, 0

together with conditions (D1) and (D2), it then follows that

Ty
sup |G (t,9)] ‘sﬁ(7+1)_1f(s,u(s))ds‘
0<t<T, /0

Ty

< sup G (£,8)| 9(s)ew (|u(s)]) ds
0<t<T, /0

* Tn
< i (Iullogomy) |16 (t5)]ds

< 950 ([ulegom,) Gr < o

Hence, A : C; (0, T,] — C; (0, T,;] is well-defined.
Choose

M > pw (M) Gy, (4.12)
and let

Q= {u € (0, T, lullgor, <M, M> 0}.
In what follows we divide the proof into several steps.

sTeP 1: A:Q — C (0, T,] is continuous.

Let (uq) € () be a convergent sequence to u in (); from Lemma 4.1 we obtain that

geN

|| Aug — AuHC;(O,Tn] = sup /OTn Gy (t,8) POV [f(s,u,(s)) — f(s,u(s))] ds

0<t<Ty,

51
i — ( ) T - i ﬁ ( )_
< Oi?gpn l"(é)t Br+1 /0 (1 <Tn) SBlr1)—1
X [f(s,uq(s)) —f(s,u(s))] d5|
5-1
i - ( ) T _ i B ( )7
oiltlng r (‘5)t o /0 (1 (Tn> sP(r+1)-1

51
X f(s,ug(s))ds — /OTn (1 — (£>ﬁ> sPOFD=L £ (s, u(s))ds| .
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4.1 FINITE INTERVAL PROBLEM

Due to the condition (D2), we get

] R

VAN
N
—_
|
7 N
|
~_
=
S~
>,
AN
=
~—~~
%)
SN—
g
[
=
—
©n
S~—
=

I
N
—_
’ﬂ‘m
N—

-
~—
<,
AN
ﬁ
=

<

—_

51
) P(s)-

Since the right hand side of the above inequality is in L! (0, ) and the function

5-1
(1 - ( —) ﬁ) sPF)=1£(5,u(s)), is continuous, it follows that the Lebesgue dominated

i‘l

convergence theorem (theorem 12.12, page 199 in [13]) yields

51
u— [ (1 - (;ﬂ)ﬂ) sPOFD)=1£(5,u(s))ds is continuous. Hence, it holds that

I (1 -(# >ﬁ>5_1Sﬁ”“"lf@fuq(s»ds
— /OTn (1 - <;n>ﬁ> o sPOFV=L £ (s, u(s))ds as g — 0.

_ AuHCI(O/Tn] — 0, as g — oo.

sTEP 2: A(Q) is relatively compact.

First, we show that A (QQ) is uniformly bounded. Let u € (3; by the condition (D2), we

obtain
Tn
AU Ol = sup [Au®)]= sup | [7Gut,9)sh7 071 f(s,u(s))e
o 0<t<T, 0<t<T, /0
T
<  sup |Gn(t,s)|’sﬁhﬂ)_lf(s,u(s))ds‘

0<t<T, /0

IN

* TH
v (Iulg o) | 1Gs (91 ds
< Yrw (M) Gy

hence, A (Q) is uniformly bounded.
Next, we show that A (Q)) is equicontinuous on J,,.

Forallu € O, t1,t; € |, and 1 < t,, we can find

|Au () — Au ()| < /OT"\Gn (t2,5) — Gy (11,5))| ‘55(7+1)_1f(s,u(s))‘ds

Ty
< piw (M) /O Gu (2,5) — G (t1,5)| ds — 0, uniformly as t1 — f».
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4.2 SEMI-INFINITE INTERVAL PROBLEM

Hence, A (Q) is locally equicontinuous on J,. Consequently, A (Q) is relatively compact.

Therefore, A : C; (0, T,,] — C; (0, T;] is completely continuous.

n
Now, to prove the existence result for the problem (4.3), we use the fixed point theorem of

schauder’s

Theorem 4.1 Assume that the hypotheses (D1)-(D2) hold, and that there exicts M € R satisfied (4.12),

then the fractional boundary value problem (4.3) has at least one solution u € Q).

Proof. From the proof of Lemma 4.2, we know that A4 is a completely continuous operator.

Also we have A (Q) C Q) because of

/OTn Gy (t,8) sPUTD=1f (5, u(s))ds

[Au®)llcor = sup [Au(t)] = sup

0<t<T, 0<t<T,

Ty
< sup |Gy (8,5)] ‘sﬁwﬂ)_lf(s,u(s))ds‘

0<t<T, /0

* T
v (Il on) |16 (91 ds
< Prw(M)G, <M.

IN

Hence, by Theorem 1.4 the boundary value problem (4.3) has at least one solution u in Q) such

that

lu(t)] < M, for each t € J,.

4.2 SEMI-INFINITE INTERVAL PROBLEM

The ideas in the previous part together with a diagonalization argument enable us to treat the

problem (4.1)-(4.2) defined on semi-infinite interval.

Theorem 4.2 Assume that the hypotheses (D1)-(D2) hold and that there exits M € R satisfying (4.12) .

Then the fractional boundary value problem (4.1)-(4.2) has at least one solution u on |
Proof. The proof will be given in tow parts

PART 1: From Theorem 4.1, for all n € IN* we show that the following boundary value problems
DY u(t) + f(tu(t) =0, t €,
lim;_ tﬁﬂﬂ)%n%m%u(t) =0, withk=0,m—2,

u(T,) =0.
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4.2 SEMI-INFINITE INTERVAL PROBLEM

have a solution u, € C; (]J,,R) verifies that for each t € J,, |u, (t)| < M, with
Ty
uy (t) = / Gy (t,5) P =1y (5) ds,
0

where, G, (t,s) defined by (4.8) .

PART 2: Diagonalization argument

Define
u, (t), t e (0,T,],
I IO LS
0, t € [Ty, 00).
Then v, is in C; (0, 00) with [|04(t) |, (9,c0) < M, t € (0,00).
Let S = {(vn)neN*} . For t € (0, T1], we have

0 (t)] < |un ()] < M, ¥ € N¥,

which means that, for all t € (0, Ti]; (vn),cn- is bounded. Furthermore for all ty,t; €

(0, Ty], Vn € IN*, we have

on(t2) —vu(t)] < [un(t2) — un(t)|

< /OTl Gy (t2,5) — Gy (t1,9)] )sﬁ<'r+1>—1f(s,u(s))} ds

T;
< prw (M)/O1\Gl(tz,s)—Gl(tl,s)|ds—>0for h = b,

It holds that, for all t € (0,T1]; (vn),cn- is equicontinous. Thus, S = {(vn),cpe} 1S
relatively compact on (0, T;] . Let N' = N* — {1} . For all (v,),,cp+ € S, the Arzela-Ascoli
Theorem 1.1, guarantees that there is a sub-sequence (v;,), . and a function z; in C; (0, Ty
such that (v,),cpnt — 21 uniformly on (0, T;] as n — co.

Let §1 = {(v”)neﬂ\ll} .For t € (0, Tp],, we have
[0a(8)] < |un ()] <M, ¥n € N,

which means that for all t € (0, T2], (vs),,cn1 is bounded. Furthermore for all t1, £, € (0, T2],

n € IN*, we have

[on(t2) —on(t1)| < Jun(ta) — un(t1)|
< " G (ta,8) — Gy (¢ Blr+1)-1 d
= /0 |G2 (t2,5) 2(115)!)5 f(s,u(s))’ S
< wéw (M) /OT2 ‘GQ (tQ,S) — Gy (tl,S)’ ds — 0 for t; — t.
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4.3 AN EXAMPLE

It holds that, for all ¢t € (0,T2], (vn),cpnt is equicontinous. Thus, S; = {(vn)neNl} is
relatively compact on (0, T2] .

Let N?>=IN! — {2} . For all (Un)yent € S, the Arzela-Ascoli Theorem 1.1, guarantees that
there is a sub-sequence (v;),.n2 and a function z; in C; (0, T2] such that (v,),cne — 22
uniformly on (0, T»] as n — co. Note that z; = z; on (0, T;] since N?> C IN!. Proceed
inductively to obtain for g € {3,4,-- -} there is a sub-sequence (v;),.p¢ With N7 C IN*
and N C N1 and a function z, in C; (0, T,;] such that (v,),cpe — Zq as 1 — oo. Also
zg = zg—1 on (0, T;—q] .

Define a function u as follows

M(t){ Z‘?(t)/ te (O’Tq]’
0, te [Tq,oo).

TMnuecmmm,m%wMHﬂﬁﬂHM%mﬂ:owmhkzam—zmzzﬁmi
lu(t)| < M, for t € (0,00). Again fix t € (0,00) and let ¢ € IN* with t < T,. Then for

n € IN7 we have
T’?
o (1) = / Gy (1,5) SPOHDL£ (5, 0, (s) ) ds.
0
Passing to limit, as n — oo through INY (using [25], p. 38 or [28], p. 35) we obtain
Tq
zq (1) = / Gy (t,5) sPOTV=Lf (5,2, (s))ds.
0
Thus
TW
u(t) = / Gy (t,5) sPOHV=1f (s, u(s))ds,
Jo
which implies lim;_,o tﬁ(HV)d‘f—fmU”’”_‘su(t) =0, withk=0,m—2,u € C;(0,00) and

DY u(t)+ f (tu(t) =0, t € ] = (0,00).

4.3 AN EXAMPLE

Consider the following boundary value problem

_33
272

D,

u
1
1+t2

1 -
lim;_sq t_%d‘f—:@lf’m 2u(t) =0, withk =0,m —2, u(t) bounded in J.

u(t) 42 e t=0,t>0,

(4.13)



4.3 AN EXAMPLE

—u_
I

Here, f(t,u) = t3
1442

e*t,ézg,’y:—%,andﬁzl.

(D1) It is easy to show that the function f is continuous for any (t,u) € (0,00) x R.

(D2) From the expression of the function f, it follows that

F(t,u) = tP0FM =1 (t, (1 + t’ﬁ(””) u) =/ |ule”.
If we choose w (1) = \/u, ¥ (t) = e, then we obtain

[E(t,u)] < p(H)w(|u]), on (0,00) x R,

with w € C((0,00),(0,00)) non-decreasing and ¢ € L! (0,c0). Then, the condition (D2) holds.

On the other hand, we show that
D, = sup,c(o,r,) P(t) = 1.
ii)én = SUP;c (0,1, fOT” |Gy (t,5)| ds; we have to consider tow cases

case 1: for s < t, we have

5-1
~ B /T" —Blr+1) [ _ ( 5 ’ _ Bt (6 _ B\
Gy, = sup () Jo t 1 T, t (t s ) ds

t€(0,T;]

1
Ty 2
= sup t2 (1—S> —(t—s)% ds
te(0,T,] /0 Ty
. T s\ 2 T, .
< sup tf/ <1 — ) ds+ sup (t—s)2|ds
te(0,T,] 70 T t€(0,T,] /0
. T s\ 2 T, .
<  sup tf/ (1—) ds + sup (t—s)2ds
te(0,T,] 0 T t€(0,T,,] Y0
2 2 2
< sup {t%Tn — = (t— Tn)% + tg]
reo,r,) L3 3 3
21 2 3 23
< sup =f2T,— inf = (t—T,)2+ sup =t2
re(0,1,] 3 " ote0m) 3 ! re(0,1,) 3
3
< 2Ty;
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4.3 AN EXAMPLE 73

case 2: for t < s, we have

~ ﬁ Ty s B o-1
G, = sup —/ PO+ [ — < > ds
re(o,m,) T (6) Jo Ty

1 (T S :
= sup tf/ (1—> ds
te(0,T,] 0 T

2
= sup 24T,
t€(0,Ty]
2 3
= 3T

3
272,

IN

Now, if we choose M > 4T;°§, then we get
~ 3
p,w(M)G, =2T; vM < M;

therefore, (4.12) is satisfied. Hence, all the conditions of Theorem 4.2 hold, witch means that the

boundary value problem (4.13) has at least one solution.



GENERAL CONCLUSIONS

This thesis devoted to study the existence and uniqueness solutions for certain classes of fractional
order differential equations.

In the first chapter, we recall the history of fractional calculus and we present some functional
spaces. Then, we expose the theory of fractional derivation: different types of fractional derivation
(Riemann-Liouville, Caputo, Erdélyi-Kober, Caputo Erdélyi-Kober), Mellin transformation, Euler
and Beta functions.

The second and the third chapter of this thesis are dedicated to the question of existence and
uniqueness of a positive (respectively unbounded) solution of nonlinear fractional differential
equation in the sense of Erdélyi-Kober derivative (respectively Caputo Erdélyi-Kober derivative)
with boundary conditions on infinite interval in special Banach spaces . These results were
obtained by using the Banach contraction principle, Guo-Krasnoselskii, Schauders and nonlinear
alternative Leray—-Schauders fixed point theorem. We gave in each chapter some examples to
illustrate the applicability of our results.

In the last chapter, a different criterion presented for the study of the existence and uniqueness
of bounded solution of nonlinear fractional differential equation on the half line. This criterion
based on the Schauders fixed point theorem combined with diagonalization argument method.
Also, the main result strengthened through an example.

This work opens the way for other developments on fractional differential equations. In

particular, we can offer the following perspectives:

e The search for numerical methods of resolution of fractional differential equations involving

Erdélyi-Kober derivative.

e The search for methods of resolution of partial differential equations of fractional order in

the sense of Erdélyi-Kober and caputo Erdélyi-Kober derivative.

These perspectives are possible directions for future works.
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