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T H È S E
Présentée pour l’obtention de grade de docteur en sciences
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The results were proven analytically using the Banach contraction principle, Schauder and

GuoKrasnosel’skii fixed point theorems, the technique of the nonlinear alternative of Leray-

Schauder type and the diagonalization argument method.

Keywords:

Fractional differential equations, Boundary value problems, Erdélyi–Kober operators, Caputo
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Titre: Étude d’existence et d’unicité de certaines classes

d’équations différentielles fractionnaires

résumé :

Dans cette thèse, nous nous intéressons a l’existence et l’unicité des solutions positives, bornées

et non bornées des certains problèmes aux limites sur la droit réal d’ équations différentielles

fractionnaires non linéaires au sens de dérivé Erdélyi–Kober et Caputo Erdélyi–Kober dans

un espace de Banach. Les résultats ont été prouvés analytiquement en utilisant le principe de

contraction de Banach, les théorèmes de point fixe de Schauder, GuoKrasnosel’skii, l’alternative

non linéaire de type Leray-Schauder et la méthode d’argument de diagonalisation.

Mots Clés:
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N O TAT I O N S

N Natural numbers {0, 1, 2, 3, . . .} .

N∗ Nonzero natural numbers {1, 2, 3, . . .} .

R Real numbers (−∞, ∞) .

R+ Positive real numbers (0, ∞) .

R∗ Nonzero real numbers (−∞, 0) ∪ (0, ∞) .

C Complex numbers, z ∈ C, then z = x + iy, where x, y ∈ R, and i2 = −1.

Re (α) Real part of complex α.

Ω Finite closed interval of the real axis R.

L1 (Ω) Space of Lebesgue complex-valued measurable functions u on Ω, for which

‖u‖L1 =
∫

Ω |u (s)| ds < ∞.

Lp (Ω) Space of all measurable functions u, for which |u|p ∈ L1 (Ω) , for any 1 < p < ∞.

C (Ω) The space of all continuous functions from Ω into R.

Cn
α , α ∈ R, n ∈N { f (t) , t > 0 : f (t) = tp f1 (t) with p > α and f1 ∈ Cn ([0, ∞))} .

Mu Mellin transform of a function u.

Γ (·) Euler gamma function.

(α)n Pochhammer symbol, where (α)0 = 1, (α)n =
n−1

∏
i=0

(α + i) , α ∈ C, n ∈N∗.

B (·, ·) Beta function.
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E− K Erdélyi-Kober.

FDE Fractional Differential Equation.

BVP Boundary Value Problem.

I1u Primitive of Lebesgue summable function u.

Inu Cauchy formula for the nth integrals, n ∈N.

Iαu Riemann-Liouville’s fractional integral of order α.

Dαu Riemann-Liouville’s fractional derivative of order α.

CDαu Caputo’s fractional derivative of order α.

Iγ,δ
β u Erdélyi-Kober fractional integral of order δ.

Dγ,δ
β u Erdélyi-Kober fractional derivative of order δ.

cDγ,δ
β u Caputo Erdélyi-Kober fractional derivative of order δ.
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0
I N T R O D U C T I O N

Fractional-order differential equations have been used in the study of models of many phe-

nomena in various fields of science and engineering, such as viscoelasticity, fluid mechanics,

electrochemistry, control, porous media, mathematical biology, diffusive transport akin to diffu-

sion, probability, statistics and electromagnetic bioengineering. Recent investigations have shown

that sometimes physical systems can be modeled more accurately using fractional derivative

formulations. For the basic theory on fractional differential equations, the reader can refer to the

books Samko et al. 1993 [51], Podlubny 1999 [48], Kilbas et al. 2006 [29], Sabatier et al. 2007 [50],

Das 2008 [15], Diethelm 2010 [16], and Mathai and Haubold 2018 [40], Kiryakova [30, 31].

The classical fractional calculus is based on several definitions for the operators of integration

and differentiation of arbitrary order [30]. Among the various definitions of fractional differenti-

ation, the Riemann–Liouville and Caputo fractional derivatives are widely used in the literature.

The most useful classical fractional integrals, however, seem to be the Erdélyi–Kober operators.

These were introduced by Sneddon (see, for example, [53–55]), who studied their basic properties

and emphasized their useful applications to generalized axially symmetric potential theory and

other physical problems, such as in electrostatics and elasticity. For details and applications

of the Erdélyi–Kober fractional integrals, we refer the reader to a series of papers and texts

[18, 27, 29, 31, 54, 60].

In 1998 Yuri Luchko and Rudolf Gorenflo [35] determine a symmetry group of scaling trans-

formations for a time- and space-fractional (of orders α and β, respectively) partial differential

equation ( ∂αu(x,t)
∂tα = d ∂βu(x,t)

∂xβ ). For its group-invariant solutions an ordinary differential equation

of fractional order with the new independent variable z = xt−
α
β is derived. The derivatives then

are the well known right- and left-hand sided Erdélyi Kober derivatives depending on α, β, and

on a parameter γ of its scaling group
(

P1+γ−α,α
β
α

u
)
(z) = dz−β

(
D−β,β

1 u
)
(z) , z > 0.

1
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The Caputo-type Erdélyi Kober fractional derivatives introduced for the first time by Gorenflo

and all. [21] in connection with their investigation of the scale-invariant solutions of the diffusion-

wave equation.

With the results presented in [46], the E–K operators and their Caputo-type modifications were

pushed to a class of fractional operators important for models in applications and thus worth to

be investigated in-depth from the mathematical viewpoint.

The theory of boundary value problems on infinite intervals arises quite naturally and has

many applications [8]; it is important and several authors have done much work on this topic

[1–4, 9, 22, 32, 36, 37, 39, 43, 45, 46, 52, 57, 61, 62, 64–66] and the references therein.

In this thesis we provide conditions assuring the existence and uniqueness of the solutions

to certain boundary value problems on the positive half-line (0,+∞) for nonlinear fractional

differential equations involving the Erdélyi Kober (or Caputo Erdélyi Kober) derivatives, in

special Banach space.

This thesis is organized as follows:

The first chapter will be devoted to the basic elements of fractional calculus, a historical

reminder and some preliminary concepts will be introduced such as the gamma and the Beta

function which plays an important role in the theory of fractional differential equations, we gives

the definitions of the approaches fractional integrals and derivatives (Riemann-Liouville and

Caputo) and their most important properties, as well as the generalized Erdélyi Kober operators

and their Caputo-type modifications. At the end we give some Studies and results of FDE’s

solutions.

In the second chapter, we discuss the existence and uniqueness of a positive solutions to the

boundary value problems of nonlinear fractional differential equations involving the Erdélyi

Kober operators on the positive half line:
Dγ,δ

β u (t) + f (t, u (t)) = 0, t > 0,

limt→0 tβ(2+γ)Iδ+γ,2−δu(t) = 0,

limt→∞ tβ(1+γ)Iδ+γ,2−δu(t) = 0,

where Dγ,δ
β denotes the Erdélyi–Kober fractional derivative operator of order δ and Iδ+γ,2−δ is

the Erdélyi–Kober fractional integral of order 2− δ, with 1 < δ ≤ 2, −2 < γ < −1, β > 0, and

f is a given function. First we define an integral solution of this problem and special Banach

space C∞. We use the leray schauder non linear alternative to prove the existence of solution in

this space, then we prove the existence of a positive solution when the proof technique is the

Guo–Krasnosel’skii fixed point theorem. on the other hand, we apply the Banach contraction
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principle fixed point theorem to prove the uniqueness of the positive solution. Finally, the main

result is strengthened through examples.

In the third chapter, the main focus is the existence and uniqueness of unbounded solutions

to the following nonlinear fractional differential equations involving the Caputo Erdélyi Kober

derivatives:
∗Dγ,δ

β u (t) + f (t, u (t)) = 0, t > 0,

limt→0 tβ(1+γ)u(k)(t) = 0, with k = 0, n− 2,

limt→∞ tβ(1+γ)u(t) = ρu (1) ,

where ∗Dγ,δ
β is the Caputo-type Erdélyi Kober fractional derivative operator of order δ, such

that n− 1 < δ ≤ n, −n < γ < 1− n, n ∈N, n ≥ 2, β > 0, 0 < ρ < 1, and f is a given function.

The results in this chapter are based on Schauder’s, nonlinear alternative Leray–Schauder’s

and contraction mapping principle fixed point theorems technique to prove the existence and

uniqueness of unbounded solutions in a special Banach space C∞. Also, we present two examples

to explain the application of our main results.

In the last chapter, we will discuss the existence and uniqueness of bounded solutions to certain

boundary value problems on the positive half-line (0,+∞) for nonlinear fractional differential

equations involving the Erdélyi Kober derivatives. Specifically, we will consider the BVP D
γ,δ
β u (t) + f (t, u (t)) = 0, t ∈ J = (0, ∞)

limt→0 tβ(1+γ) dk

dt(k)
Iγ+δ,m−δu(t) = 0, with k = 0, m− 2, u (t) bounded on J,

where Dγ,δ
β denotes the Erdélyi–Kober fractional derivative operator of order δ and Iδ+γ,m−δ is

the Erdélyi–Kober fractional integral of order m− δ, with m− 1 < δ ≤ m, −m < γ < 1−m, m ∈

N\ {0, 1}, β > 0 and f is a function. First we solve similar problems on finite intervals of type

(0, Tn], n ∈ N∗ and prove (theorem 3.1) the existence of bounded solutions un, n ∈ N∗. The

proof technique of this result is mainly based on the Schauder’s fixed point theorem. Then,

starting with the sequence {un}n∈N∗ , we use a diagonalization method, which is based on the

ArzelA-Ascoli criterion, to conclude that this problem admits bounded solutions on J. Also, the

main result is strengthened through an example.

Finally, general conclusion and future research lines are given.

Most parts of results presented in this thesis have already been published or submitted for

publication in peer-reviewed international journals. Results included in chapter 2 have been

described in [12]. and those included in chapter 4 have been accepted in [59].



1
P R E L I M I N A R I E S

This chapter will be devoted to the basic definitions and basics of fractional computing such

as: fractional derivation, fractional integration, fractional order operator definitions and other

notions that we will need in the rest of our work. We will begin by giving a historical of the

development of fractional derivation theory.

1.1 historical development of fractional calculus

The concept of differentiation and integration to non-integer order is by no means new. A lots of

authors give a very detailed histories in reference works [41, 44]. Our goal in this section is to

present the main historical steps in the development of fractional computing, up to its growth in

application development in the 1970s. We rely on works [26, 34, 41, 44, 49] to cover the period

from 1695 to 2000.

In 30 September 1695 Leibniz invented the notation dny/dxn. Perhaps it was a naive play with

symbols that prompted L’Hopital in 1695 to ask Leibniz: ”What if n be 1
2 ?” Leibniz replied:

”Thus it follows that d
1
2 x will be equal to x

√
dx : x. This is an apparent paradox from which, one

day, useful consequences will be drawn.”

In another letter to J. Wallis and J. Bernulli (in 28 May 1697) , Leibniz mentioned the possible

approach to fractional-order differentiation in that sense, that for non-integer values of n the

definition could be the following: dnemx

dxn = mnemx.

4



1.1 historical development of fractional calculus 5

In1730 Euler is the second great mathematician to address the issue. In his article [20] where

he introduces his famous Gamma function which generalizes the factorial (Γ (n + 1) = n!). He

obtained the basic fractional derivative

dn

dxn xm =
m!

(m− n)!
xm−n.

He suggested to use this relationship also for negative or non-integer (rational) values of n and m.

In 1822 Joseph B. J. Fourier was the next to mention derivatives of arbitrary order. His definition

of fractional operations was obtained from his integral representation of f(x):

f (x) =
1

2π

∫ +∞

−∞

∫ +∞

−∞
f (α) cos (p (x− α)) dαdp.

Fourier made a remark that

dn

dxn f (x) =
1

2π

∫ +∞

−∞

∫ +∞

−∞
f (α) pn cos

[
p (x− α) +

nπ

2

]
αdp,

and this relationship could serve as a definition of the n-th order derivative for non-integer n.

In 1823 Abel was probably the first applied the fractional calculus in the solution of an integral

equation that arises in the formulation of the tautochrone. He found that the solution could

be accomplished via an integral transform, which could be written as a semi-derivative. More

precisely, the integral transform considered by Abel was k =
∫ x

0 (x− t)−
1
2 f (t) dt.

After all, Liouville is the first to study in detail the fractional calculation, as the eight articles

he published between 1832 and 1837 seem to attest. his first definition of a derivative of arbitrary

order v involved an infinite series. This had the disadvantage that v must be restricted to those

values for which the series converges. Liouville seemed aware of the restrictive nature of his first

definition, therefore, Liouville tried to put his effort to define fractional derivative again of xa

whenever x and a are positive. After these for any v > 0 Liouville was able to obtain the result

known as his second definition:

dv

dxv x−a =
(−1)v Γ (a + v)

Γ (a)
x−a−v.

Indeed, Liouville was able to extend this definition to include complex values for a and v. By

piecing together the somewhat disjointed accomplishments of many notable mathematicians,

especially Liouville and Riemann, modern analysts can now define the integral of arbitrary order.

The fractional integral of order v is defined as follows:

D−v f (x) =
1

Γ (v)

∫ x

c
(x− t)v−1 f (t) dt.



1.2 basic fractional calculus 6

In 1847 Riemann sought a generalization of a Taylor’s series expansion and derived the

following definition for fractional integration:

d−r

dx−r u (x) =
1

Γ (r)

∫ x

c
(x− k)r−1 u (k) dk.

However, he saw fit to add a complementary function to the above definition. Today, this

definition is in common use as a definition for fractional integration but with the complementary

function taken to be identically zero, and the lower limit of integration c is usually zero.

The earliest work that ultimately led to what is now called the Riemann-Liouville definition

appears to be the paper by N. Ya. Sonin in 1869 [56], where he used Cauchy‘s integral formula

as a starting point to reach differentiation with arbitrary index.

In 1940 H. Kober [33] and A. Erdélyi [19], introduced a complex parameter γ and deal with

the operator

Iγ,δ
+ f =

t−γ−δ

Γ (δ)

∫ t

0
(t− s)δ−1 sγ f (s) ds,

Iγ,δ
− f =

t−γ−δ

Γ (δ)

∫ ∞

t
(s− t)δ−1 sγ f (s) ds.

In 1960 IN. Sneddon [53],[54],[55] introduce what is now called the Erdélyi–Kober operators,

he studied their basic properties and emphasized their useful applications to generalized axially

symmetric potential theory and other physical problems, such as in electrostatics and elasticity.

The earliest work that ultimately led to what is now called the The Caputo Erdélyi–Kober

fractional derivative appears to be the paper by Gorenflo, Luchko and Mainardi in 2000 [21] in

connection with their investigation of the scale-invariant solutions of the diffusion-wave equation.

1.2 basic fractional calculus

In this section, we will present the fractional integration operators and the most used definitions

of fractional derivatives and giving the most important properties of these notions. We will begin

by giving some special functions and functional spaces.
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1.2.1 Functional spaces

Let Ω = [a, b] (−∞ < a < b < ∞) be a finite closed interval of the real axis R = (−∞, ∞) .

We denote by Lp (Ω) (1 ≤ p ≤ ∞) the space of those Lebesgue complex-valued measurable

functions u on Ω for which ‖u‖Lp < ∞, where

‖u‖Lp =

(∫
Ω
|u (s)|p ds

) 1
p

. (1 ≤ p < ∞)

and

‖u‖L∞ = ess sup
a≤t≤b

|u (t)| .

Here ess sup
a≤t≤b

|u (t)| is the essential maximum of the function |u (t)| [see, for example, Nikol’skii

[42], p. 12-13].

Definition 1.1 ([38]) The space of functions Cn
α , α ∈ R, n ∈ N, consists of all functions f (t) , t > 0,

that can be represented in the form f (t) = tp f1 (t) with p > α and f1 ∈ Cn ([0, ∞)) .

1.2.2 Special functions of fractional calculus

Here, we give some information on the Euler gamma and the Beta functions which play the

most important role in the theory of the differentiation of arbitrary order.

Euler Gama function

One of the basic function of the fractional calculus is Euler gamma function Γ(z), which

generalizes the factorial n! and allows n to take also non-integer and even complex values. first,

we give the Mellin transform and the Pochhammer symbol (α)n definitions, which have an

important role in the definition of Euler gamma function.

Definition 1.2 (Mellin transform[29]) The Mellin transform of a function u (t) of a real variable

t ∈ R+ = (0, ∞) is defined by

(Mu) (s) =M [u (t)] (s) = u∗ (s) =
∫ ∞

0
ts−1u (t) dt, Re (s) > 0,

and the inverse of Mellin transform is given for t ∈ R+ by the formula:(
M−1u∗

)
(t) =M−1 [u∗ (s)] (t) =

1
2πi

∫ γ+i∞

γ−i∞
t−su∗ (s) ds, γ = Re (s) .

The direct and inverse of Mellin transforms are inverse to each other for ”sufficiently good” functions u

and v,M−1Mu = u, andMM−1v = v.
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Definition 1.3 ([29]) The Pochhammer symbol (α)n is defined for complex α ∈ C and non-negative

integer n ∈N by

(α)0 = 1, and (α)n = α (α + 1) · · · (α + n− 1) , n ∈N∗. (1.1)

Note that (1)n = n!.

The definition of the Euler gamma function is given as follows

Definition 1.4 (Euler Gamma function[29]) The Euler gamma function Γ(α) is defined by the so-

called Euler integral of the second kind

Γ (α) =M
[
e−s] (α) = ∫ ∞

0
sα−1e−sds, (Re (α) > 0) , (1.2)

which converges for all complex α ∈ C (Re (α) > 0) ,. It follows from Definition 1.2 that the gamma

function is the Mellin transform of the exponential function

M
[
e−s] (α) = Γ (α) (Re (α) > 0) . (1.3)

We also indicate some properties of the Euler gamma function:

1. • We have Γ (1) = 1, Γ (0+) = +∞. The Euler gamma function Γ (α) is a monotonous

and strictly decreasing for 0 < α ≤ 1.

• Gamma is a a monotonous and strictly increasing function for α ≥ 2 so it is convex

for α ∈ ]0,+∞[, with point of minimum equal to Γ
( 3

2

)
=
√

π
2 .

• Γ (α) is infinite for all the negative integer values of α, ie., Γ (−1), Γ (−2), ..., Γ (−n),...

are infinite.

2. One of the basic properties of the gamma function is that it satisfies the following function

equation

Γ (α + 1) = αΓ (α) , Re (α) > 0, (1.4)

which can be easily proved by integrating by parts

Γ (α + 1) =
∫ ∞

0
sαe−sds =

[
−sαe−s]∞

0 + α
∫ ∞

0
sα−1e−sds = αΓ (α) .

3. It is natural to expect a connection between the Gamma function and the factorial. This is

provided by the formula (1.4) and by the fact that Γ (1) = 1:

Γ (n + 1) = nΓ (n) = n!, ∀n ∈N.
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4. Using the formula (1.1), and the relation (1.4) , the Euler gamma function is extended to

the half-plane Re (α) ≤ 0 by

Γ (α) =
Γ (α + n)
(α)n

, Re (α) > −n, for n ∈N∗, Re (α) /∈ Z−0 = {. . . ,−3,−2,−1, 0} . (1.5)

Beta function

The Beta function is very important for the computation of the fractional derivatives of the power

function.

Definition 1.5 (Beta function[29]) The Beta function is a type of Euler integral. For a positive values

of the two parameters, p and q (Re (p) > 0 and Re (q) > 0), the function is defined by

B (p, q) =
∫ 1

0
sp−1 (1− s)q−1 ds. (1.6)

In addition, B (p, q) is used sometimes for convenience to replace a combination of Gamma

functions. This relation between the gamma and beta function

B (p, q) =
Γ (p) Γ (q)
Γ (p + q)

, (1.7)

is used letter on.

Equation (1.7) provides the analytical continuation of the Beta function to the entire complex

plane via the analytical continuation of the Euler gamma function. It should also be mentioned

that Beta function is symmetric, i.e.,

B (p, q) = B (q, p) .

1.2.3 The Riemann-Liouville fractional integrals

One of the common way to motivate the definition of fractional integrals is to start with an

n-tuple iterated integral and show that it can be expressed as a single integral involving the

parameter n. The fractional integral of order α > 0 is then defined just replacing the integer n by

the positive real .

Let [a, b] be a finite closed interval of the real axis R = (−∞, ∞) , and let u be a measurable

continuous function on [a, b] in R. Let’s start by noting I1
a+ the primitive of u, and we give

I1
a+u (t) =

∫ t

a
u (s) ds. (1.8)
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The iteration of I1
a+ allows to obtain the primitive second of u. Moreover, according to the

theorem of Fubini,

I2
a+u (t) = I1

a+ ◦ I1
a+u (t) =

∫ t

a

(∫ s

a
u (τ) dτ

)
ds =

∫ t

a
u (τ)

(∫ t

τ
ds
)

dτ

=
∫ t

a
(t− τ) u (τ) dτ.

The Riemann-Liouville’s approach is based on the Cauchy formula (1.8) for the nth integral

which uses only a simple integration so as to provide a good basis for generalization

In
a+u (t) =

∫ t

a

∫ t1

a
. . .
∫ tn−1

a
u (tn) dtndtn−1 . . . dt1 =

1
(n− 1)!

∫ t

a
(t− s)n−1 u (s) ds. (1.9)

Now it is clear how to get an integral of arbitrary order. We simply generalize the Cauchy

formula (1.9) , the integer n is substituted by a positive real number α and the Euler gamma

function is used instead of the factorial.

If we go back to the starting relationship (1.8) for a function u : [a, b] → R, we can notice that

the integral

I1
b−u (t) =

∫ t

b
u (s) ds = −

∫ b

t
u (s) ds,

is also a primitive of u, which this time involves the values to the right of u.

From the relationship∫ t

b
(t− s)n−1 u (s) ds = (−1)n

∫ b

t
(s− t)n−1 u (s) ds,

we could define in the same way the right-sided integral of order n of u by

∀t ∈ [a, b] , In
b−u (t) =

(−1)n

(n− 1)!

∫ b

t
(s− t)n−1 u (s) ds.

by replacing the integer n by positive real number α, we obtain the following definition.

Definition 1.6 ( [29]) Let u ∈ L1 ([a, b] , R) and α > 0. Then, for any t ∈ [a, b], the integrals

Iα
a+u (t) =

1
Γ (α)

∫ t

a
(t− s)α−1 u (s) ds, t ∈ [a, b] , (1.10)

Iα
b−u (t) =

1
Γ (α)

∫ b

t
(s− t)α−1 u (s) ds, t ∈ [a, b] , (1.11)

are called left-sided and right-sided Riemann-Liouville’s fractional integral of order α > 0.
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Properties of fractional integrals

Let α > 0, then the fractional integrals, both the left-side and right-side, Iα have the following

properties (see [kilbas 1993])

1. Suppose u ∈ L1 ([a, b]) , then for any t ∈ (a, b) ,the fractional integrals Iα
a+ and Iα

b− are well

defined.

2. For any t ∈ (a, b) , γ > −1, one can easily show that:(
Iα
a+ (t− a)γ) (t) =

Γ (γ + 1)
Γ (α + γ + 1)

(t− a)α+γ ,

(
Iα
b− (b− t)γ) (t) =

Γ (γ + 1)
Γ (α + γ + 1)

(b− t)α+γ .

3. By convention is set: I0u (t) = u (t).

4. Semigroup property: for any u ∈ L1 ([a, b]) and β > 0

Iα
a+ Iβ

a+u (t) = Iβ
a+ Iα

a+u (t) = Iα+β
a+ u (t) .

5. Iα
a+u (t) = 0 implies that u = 0 almost everywhere.

6. Fractional integration by parts formula: let u ∈ Lp ([a, b]) and v ∈ Lq ([a, b]) either with

α ≥ 1, p = q = 1, or with 0 < α < 1, 1
p +

1
q ≤ 1 + α, p, q > 1. Then,∫ b

a
u (s) Iα

a+v (s) ds =
∫ b

a
Iα
a+u (s) v (s) ds.

Fractional integrals on the real line

It is natural to extend the definitions (1.10) and (1.11) to the axes R and R+.

Definition 1.7 ( [29]) The left-sided Riemann-Liouville’s fractional integral of order α > 0 of a contin-

uous function u : R→ R is given by

Iα
+u (t) =

1
Γ (α)

∫ t

−∞
(t− s)α−1 u (s) ds, t ∈ R,

The left-sided Riemann-Liouville’s fractional integral of order α > 0 of a continuous function u : R+ →

R is given by

Iα
0+u (t) =

1
Γ (α)

∫ t

0
(t− s)α−1 u (s) ds, t > 0, (1.12)

The Right-sided Riemann-Liouville’s fractional integral of order α > 0 of a continuous function on R+

and Ris given by

Iα
−u (t) =

1
Γ (α)

∫ +∞

t
(s− t)α−1 u (s) ds.
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1.2.4 The Riemann-Liouville fractional derivatives

The definition of fractional integrals is very straightforward and there are no complications. A

more difficult question to deal with is how to define a fractional derivative. There is no formula

for the nth derivative analogous to (1.8) so we have to generalize the derivatives through a

fractional integral.

If α > 0, we denote [α] the integer part of α, [α] is the unique integer satisfying

[α] ≤ α < [α] + 1.

Let u : [a, b]→ R. From the classic relationship d
dt =

d2

dt2 ◦ I1
a+ we can define a fractional derivative

of order 0 ≤ α < 1 by

dα

dtα
=

d
dt
◦ I1−α

a+ .

More generally, if α > 0 and if n = [α] + 1, we can put

dα

dtα
=

(
d
dt

)n

◦ In−α
a+ . (1.13)

Definition 1.8 ( [29]) Let α > 0, and n = [α] + 1.Ṫhe left-sided Riemann-Liouville’s fractional

derivative of order α of a continuous function u : [a, b]→ R is given by

Dα
a+u (t) =

(
d
dt

)n

◦ In−α
a+ u (t) =

1
Γ (n− α)

(
d
dt

)n ∫ t

a
(t− s)n−α−1 u (s) ds.

The right-sided Riemann Liouville fractional derivative of order α of a continuous function u : [a, b]→

R is given by

Dα
b−u (t) =

(
− d

dt

)n

◦ In−α
a+ u (t) =

(−1)n

Γ (n− α)

(
d
dt

)n ∫ b

t
(s− t)n−α−1 u (s) ds.

Properties of fractional derivatives

Let 0 < α < 1. The fractional derivative Dα
a+ has the following properties (see [kilbas 1993])

1. For any u ∈ L1 ([a, b]) , we have that Dα
a+ Iα

a+u = u

2. The latter can be generalized. In fact, if the function I1−α
a+ u is absolutely continuous on

[a, b], then

Iα
a+Dα

a+u (t) = u (t)−
I1−α
a+ u (a)

Γ (α)
(t− a)α−1 , t ∈ (a, b) ,

where I1−α
a+ u (a) = lims→a+

(
I1−α
a+ u

)
(s) , which is in general non zero.
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3. According to (1.13), ∀n ∈N, all these derivatives coincide with the usual derivatives for

integer orders

Dn
a+u (t) =

(
d
dt

)n
◦ I0

a+ =
(

d
dt

)n
[u (t)− u (a)] = u(n),

Dn
b−u =

(
− d

dt

)n
◦ I0

b− = (−1)n
(

d
dt

)n
[u (b)− u (t)] = (−1)n u(n).

4. For any α, β > 0, we have

Dα
a+ (t− a)β−1 =

Γ (β)

Γ (β− α)
(t− a)β−α−1 . (1.14)

Fractional derivatives on the real line

Now, if u : R → R, then the preceding definitions are generalized directly and are called

Liouville derivatives.

Definition 1.9 ( [29]) Let α > 0, and n = [α] + 1. The left-sided Liouville fractional derivative of order

α of a continuous function u : R→ R is given by

Dα
+u (t) =

1
Γ (n− α)

(
d
dt

)n ∫ t

−∞
(t− s)n−α−1 u (s) ds.

The right-sided Liouville fractional derivative of order α of a continuous function u : R→ R is given by

Dα
−u (t) =

(−1)n

Γ (n− α)

(
d
dt

)n ∫ +∞

t
(s− t)n−α−1 u (s) ds.

1.2.5 Caputo-type fractional derivatives

The Caputo fractional derivative is one of the most used definitions of a fractional derivative

along with the Riemann-Liouville. Whereas the Riemann-Liouville definition of a fractional

derivative is usually employed in mathematical texts and not so frequently in applications,

the Caputo approach appears often while modeling applied problems by means of fractional

derivatives and fractional order differential equations.

Moreover, if we go back to [a, b] , the inversion of the compositions in the right side of (1.13)

seems also reasonable to define a fractional derivative

dα

dtα
= In−α

a+ ◦
(

d
dt

)n

. (1.15)

It should be noted, however, that this definition is less natural than the previous one, since
d
dt ◦ I1

a+u (t) = u (t) , while I1
a+ ◦

d
dt u (t) = u (t)− u (a) .

This problem of terms of border (here u (a)) is in fact very often found in the fractional calculation.

The definition given by (1.15) is called the Caputo’s derivative.
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Definition 1.10 ( [29]) Let α > 0, and n = [α] + 1. The left-sided Caputo’s fractional derivative of

order α of a function u ∈ Cn ([a, b] , R) , is given by

CDα
a+u (t) = In−α

a+ ◦
(

d
dt

)n

u (t) =
1

Γ (n− α)

∫ t

a
(t− s)n−α−1

(
d
ds

)n

u (s) ds,

The right-sided Caputo’s fractional derivative of order α of a function u ∈ Cn ([a, b] , R) , is given by

CDα
b−u (t) = In−α

b− ◦
(
− d

dt

)n

u (t) =
(−1)n

Γ (n− α)

∫ b

t
(s− t)n−α−1

(
d
ds

)n

u (s) ds,

Properties of Caputo fractional derivatives

we present some properties of the caputo fractional derivative.

1. Let α ∈ R+\N, be such that n = [α] + 1. If u(n) is a continuous function, so almost

everywhere

lim
α→n−

CDα
a+u (t) = u(n) (t) ,

lim
α→n−

CDα
b−u (t) = (−1)n u(n) (t) .

2. If α /∈N and u (t) is a function for which the Caputo’s fractional derivatives CDα
a+u (t) and

CDα
b−u (t) of order α > 0 exist together with the Riemann-Liouville’s fractional derivatives

Dα
a+u (t) and Dα

b−u (t) , then we have

CDα
a+u (t) = Dα

a+u (t) −∑n−1
k=0

u(k)(a)
Γ(k−α+1) (t− a)k−α , n = [α] + 1,

CDα
a+u (t) = Dα

a+u (t) , u (a) = u′ (a) = · · · = u(n−1) (a) = 0.

Also
CDα

b−u (t) = Dα
b−u (t) −∑n−1

k=0
u(k)(b)

Γ(k−α+1) (b− t)k−α , n = [α] + 1,
CDα

b−u (t) = Dα
b−u (t) , u (b) = u′ (b) = · · · = u(n−1) (b) = 0.

3. If α, β > 0, then

CDα
a+ (t− a)β−1 =

Γ (β)

Γ (β− α)
(t− a)β−α−1 .

Caputo fractional derivatives on the real line

Fractional derivatives can be defined also in the real line.

Definition 1.11 ( [29]) Let α > 0, and n = [α] + 1. The let-sided Caputo’s fractional derivative of order

α of a function u ∈ Cn (R, R) , is given by

CDα
+u (t) =

1
Γ (n− α)

∫ t

−∞
(t− s)n−α−1

(
d
ds

)n

u (s) ds.

The right-sided Caputo’s fractional derivative of order α of a function u ∈ Cn (R, R) , is given by

CDα
−u (t) =

(−1)n

Γ (n− α)

∫ +∞

t
(s− t)n−α−1

(
d
ds

)n

u (s) ds.
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1.2.6 Erdélyi–Kober fractional integral and derivative

In the mathematical texts and applications, the so called Erdélyi–Kober fractional derivative,

as a generalization of the Riemann-Liouville’s fractional derivative. In this part we present the

definitions and some properties of the Erdélyi–Kober fractional integrals and derivatives.

Definition 1.12 (Erdélyi–Kober fractional integrals [38]) The right- and left-hand Erdélyi–Kober

fractional integrals of the orders δ and α, respectively, of the function u ∈ Cα are defined by(
Iγ,δ

β u
)
(t) =

β

Γ (δ)
t−β(γ+δ)

∫ t

0

(
tβ − sβ

)δ−1
sβ(γ+1)−1u (s) ds, δ, β > 0, γ ∈ R, (1.16)

and (
J τ,α

β u
)
(t) =

β

Γ (α)
tβτ
∫ ∞

t

(
sβ − tβ

)α−1
s−β(τ+α−1)−1u (s) ds, α, β > 0, τ ∈ R, (1.17)

where Γ is the Euler gamma function.

• In the special case γ = 0 and β = 1, the Erdelyi–Kober fractional integral operator (1.16)

is reduced to the Riemann-Liouville fractional integral (1.12) of order δ, here noted by Iδ,

with a power weight

I0,δ
1 f (t) =

t−δ

Γ (δ)

∫ t

0
(t− s)δ−1 f (s) ds = t−δ Iδ f (t) .

Similarly, we define generalized fractional derivatives that correspond to the generalized frac-

tional integrals (1.16) and (1.17).

Definition 1.13 (Erdélyi–Kober fractional derivatives [38]) Let n− 1 < δ ≤ n, n ∈ N and m−

1 < α ≤ m, m ∈ N. The right-hand Erdélyi–Kober fractional derivative of the order δ of the function

u ∈ Cn
α is defined by(
Dγ,δ

β u
)
(t) =

n

∏
j=1

(
γ + j +

1
β

t
d
dt

)(
Iγ+δ,n−δ

β u
)
(t) . (1.18)

The left-hand Erdélyi–Kober fractional derivative of the order α of the function u ∈ Cm
α is defined by

(
Pτ,α

β u
)
(t) =

m−1

∏
j=0

(
τ + j− 1

β
t

d
dt

)(
J τ+α,m−α

β u
)
(t) , (1.19)

where

n

∏
j=1

(
γ + j +

1
β

t
d
dt

)(
Iγ+δ,n−δ

β u
)
=

(
γ + 1 +

1
β

t
d
dt

)
...
(

γ + n +
1
β

t
d
dt

)(
Iγ+δ,n−δ

β u
)

.
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• It emerges that the Erdelyi–Kober and the Riemann–Liouville fractional derivatives are

related through the formula

D−δ,δ
1 f (t) = tδDδ f (t) .

• A further important property of the Erdelyi–Kober fractional derivative is its reduction to

the identity operator when δ = 0, i.e.,

Dγ,0
β f (t) = f (t) .

Properties of the Erdélyi-Kober operators

Here, we give some lemmas and remarks that present the main properties of the generalized

fractional operators , we mainly restrict our attention to the right-hand sided operators (1.16),

(1.18) (of course, the left-hand sided Erdélyi-Kober operators (1.17), (1.19) possesses similar

properties).

Lemma 1.1 ([38]) Let δ, β > 0, γ ∈ R, and u ∈ Cα. The Erdélyi–Kober fractional integrals defined by

(1.16) has the following properties:(
Iγ,δ

β xλβu
)
(t) = xλβ

(
Iγ+λ,δ

β u
)
(t) ,(

Iγ,δ
β I

γ+δ,α
β u

)
(t) =

(
Iγ,δ+α

β u
)
(t) , (1.20)(

Iγ,δ
β I

α,η
β u

)
(t) =

(
Iα,η

β I
γ,δ
β u

)
(t) . (1.21)

Remark 1.1 Let δ, β > 0 and γ ∈ R. Then we have

Dγ,δ
β tp =

Γ
(

γ + δ + p
β + 1

)
Γ
(

γ + p
β + 1

) tp, p + β (γ + 1) > 0.

In particular,

Dγ,δ
β t−β(γ−i) = 0, for each i = {1, 2, ..., n} .

In fact, from Definition 1.13, for δ, β > 0, γ ∈ R, and p + β (γ + 1) > 0, we obtain

Dγ,δ
β tp =

n

∏
j=1

(
γ + j +

1
β

t
d
dt

)
Iγ+δ,n−δ

β tp,

also from Definition (1.12), we find

Iγ+δ,n−δ
β tp =

β

Γ (n− δ)
t−β(γ+n)

∫ t

0

(
tβ − sβ

)n−δ−1
sp+β(γ+δ+1)−1ds.
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If we put x = sβ

tβ , then we get

Iγ+δ,n−δ
β tp =

1
Γ (n− δ)

tp
∫ 1

0
(1− x)n−δ−1 xγ+δ+ p

β dx,

By the definition of the beta function, we obtain

Iγ+δ,n−δ
β tp =

Γ
(

γ + δ + p
β + 1

)
Γ
(

n + γ + p
β + 1

) tp, p + β (γ + δ + 1) > 0. (1.22)

Now, if we choose h =
Γ
(

γ+δ+ p
β+1

)
Γ
(

n+γ+ p
β+1

) , then it holds that

Dγ,δ
β tp =

n

∏
j=1

(
γ + j +

1
β

t
d
dt

)
htp

=

(
γ + 1 +

1
β

t
d
dt

)(
γ + 2 +

1
β

t
d
dt

)
...
(

γ + n +
1
β

t
d
dt

)
htp

=

(
γ + 1 +

1
β

t
d
dt

)
...
(

γ + n− 1 +
1
β

t
d
dt

)(
γ + n +

p
β

)
htp

=

(
γ + 1 +

1
β

t
d
dt

)
...
(

γ + n− 1 +
1
β

t
d
dt

)
h1tp, h1 =

(
γ + n +

p
β

)
h

...

=

(
γ + 1 +

p
β

)(
γ + 2 +

p
β

)
...
(

γ + n− 1 +
p
β

)(
γ + n +

p
β

)
htp.

Thus,

Dγ,δ
β tp =

(
γ + 1 + p

β

) (
γ + 2 + p

β

)
...
(

γ + n + p
β

)
Γ
(

γ + δ + p
β + 1

)
Γ
(

n + γ + p
β + 1

) tp; (1.23)

furthermore, Γ
(

n + γ + p
β + 1

)
=
(

n + γ + p
β

)
...
(

1 + γ + p
β

)
Γ
(

1 + γ + p
β

)
; it follows that

Dγ,δ
β tp =

Γ
(

γ + δ + p
β + 1

)
Γ
(

1 + γ + p
β

) tp, p + β (1 + γ) > 0.

In particular, if we put i = −
(

γ + p
β

)
, then from (1.23), we obtain that

Dγ,δ
β t−β(γ+i) = (1− i) (2− i) ... (n− 1− i) (n− i)

Γ (δ− i + 1)
Γ (n− i + 1)

tp.

Therefore, for i = 1, 2, ..., n, we can conclude that

Dγ,δ
β t−β(γ+i) = 0, ∀δ, β > 0, γ ∈ R.

Lemma 1.2 Given u ∈ Cn
α , n ∈ N, δ, β > 0, and γ ∈ R , such that α ≥ −β (γ + 1) , the fractional

deferential equation Dγ,δ
β u (t) = 0 has the following solutions:

u (t) = C1t−β(γ+1) + C2t−β(γ+2) + ... + Cnt−β(γ+n), Ci ∈ R and i = 1, 2, ..., n. (1.24)
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In fact, from Remark 1.1, we have Dγ,δ
β t−β(γ+i) = 0, for each i = {1, 2, ..., n}. Then, the fractional

differential equation Dγ,δ
β u (t) = 0 admits a solution as follows

u (t) = C1t−β(γ+1) + C2t−β(γ+2) + ... + Cnt−β(γ+n), Ci ∈ R and i = {1, 2, .., n} .

Lemma 1.3 ([38]) Let n − 1 < δ < n, n ∈ N, α ≥ −β (γ + 1) , and u ∈ Cn
α . Then, the following

relationship between the Erdélyi–Kober fractional derivative and the Erdélyi–Kober fractional integral of

order δ is given by

(
Iγ,δ

β D
γ,δ
β u

)
(t) = u (t)−

n−1

∑
k=0

ckt−β(1+γ+k),

where ck =
Γ(n−k)
Γ(δ−k) limt→0 tβ(1+γ+k)

n−1
∏

i=k+1

(
1 + γ + i + 1

β t d
dt

) (
Iγ+δ,n−δ

β u
)
(t) .

Lemma 1.4 ([38]) For the functions from the space Cα, α ≥ −β (γ + 1) , the right-hand sided Erdélyi–

Kober fractional derivative is a left-inverse operator to the right-hand sided Erdélyi–Kober fractional

integration operator, i.e.,(
Dγ,δ

β Iγ,δ
β u

)
(x) = u (x) , u ∈ Cα.

Caputo type of the Erdélyi–Kober fractional derivative

In this section we define and give some basic properties of the Caputo type modification of the

Erdélyi–Kober fractional derivatives.

Definition 1.14 (See [38]) Let n− 1 < δ ≤ n, n ∈ N. The right hand sided Caputo Erdélyi–Kober

fractional derivative of the order δ, of the function u ∈ Cn
α is defined by

(
∗Dγ,δ

β u
)
(t) =

(
Iγ+δ,n−δ

β

n−1

∏
j=0

(
1 + γ + j +

1
β

t
d
dt

)
u

)
(t) . (1.25)

Lemma 1.5 (See [38]) Let n− 1 < δ < n, n ∈ N, α ≥ −β (γ + 1) and u ∈ Cn
α , then the following

relationship between the Caputo Erdélyi–Kober fractional derivative and the Erdélyi–Kober fractional

integral of order δ is given by

(
Iγ,δ

β ∗Dγ,δ
β u

)
(t) = u (t)−

n−1

∑
k=0

ckt−β(1+γ+k),

where

ck =
Γ (n− k)
Γ (δ− k)

lim
t→0

tβ(1+γ+k)
n−1

∏
i=k+1

(
1 + γ + i +

1
β

t
d
dt

)
u (t) . (1.26)



1.3 fixed point theorems 19

Lemma 1.6 (See [38]) The Caputo-type modification ∗Dγ,δ
β of the Erdélyi–Kober fractional derivative is

a left-inverse operator to the Erdélyi–Kober fractional integral for the functions from the functional space

Cα, α ≥ −β (γ + 1) , i.e.,(
∗Dγ,δ

β Iγ,δ
β u

)
(x) = u (x) , u ∈ Cα.

1.3 fixed point theorems

In this section we recall the famous fixed point theorems that we will use to obtain various

existence results. first , we give some definitions and theorems, which have an important role in

defining these fixed point theorems.

Definition 1.15 Let E be a real Banach space; a nonempty closed convex set P ⊂ E is called a cone of E

if it satisfies the following conditions:

(i) u ∈ P, λ ≥ 0, implies λu ∈ P,

(ii) u ∈ P, −u ∈ P, implies u = 0.

Definition 1.16 (Equicontinuous) Let E be a Banach space; a subset P in C (E) is called equicontinu-

ous if

∀ε > 0, ∃δ > 0, ∀u, v ∈ E, ∀A ∈ P, ‖u− v‖ < δ⇒ |A (u)−A (v)| < ε.

Theorem 1.1 (Ascoli–Arzela) Let E be a compact space. If P is an equicontinuous, bounded subset of

C (E,R), then P is relatively compact.

Definition 1.17 (Relatively compact subset) A subset P of a topological space E is a relatively com-

pact if and only if any sequence in P has sub-sequence convergent in E.

Definition 1.18 (Completely continuous) Let E be a Banach space; we say that A : E → E is

completely continuous if A : E→ E is continuous and for any bounded subset P of E, the set A (P) is

relatively compact.

Theorem 1.2 (Schauder’s fixed point [1]) Let E be a Banach space and let P be a closed, convex and

nonempty subset of E. Let A : P→ P be a continuous mapping such that:

A (P) is a relatively compact subset of E. Then A has at least one fixed point in P.

Theorem 1.3 (Leray–Schauder Nonlinear Alternative theorem [31]) Let E be a Banach space, and

Ω a bounded open subset of E with 0 ∈ Ω. Then, every completely continuous map A : Ω → E has at
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least one of the following two properties:

(i) A has a fixed point in Ω,

(ii) There is an x ∈ ∂Ω and λ ∈ (0, 1) with x = λAx.

Theorem 1.4 (Guo–Krasnosel’skii fixed point theorem [1]) Let E be a Banach space, and let P ⊆ E

be a cone. Assume that Ω1, Ω2 are open subsets of E with 0 ∈ Ω1, Ω̄1 ⊂ Ω, and let A : P∩ (Ω̄2\Ω1)→

P be a completely continuous operator such that:

(i) ‖Ax‖ ≤ ‖x‖ , x ∈ P ∩ ∂Ω1 and ‖Ax‖ ≥ ‖x‖ , x ∈ P ∩ ∂Ω2, or

(ii) ‖Ax‖ ≥ ‖x‖ , x ∈ P ∩ ∂Ω1 and ‖Ax‖ ≤ ‖x‖ , x ∈ P ∩ ∂Ω2,

holds. Then, A has at least one positive solution in P ∩ (Ω̄2\Ω1) .

Theorem 1.5 (Banach’s fixed point theorem [1]) Let E be a Banach space, D be closed subset of E,

and A : D → D be a strict contraction, i.e.,

‖Au−Av‖ ≤ k ‖u− v‖ for some k ∈ (0, 1) and all u, v ∈ D.

Then, A has a unique fixed point.

1.4 studies and results of fde’s solutions

In recent years, some results dealing with the existence, uniqueness and multiplicity of real

or positive solutions of nonlinear fractional boundary value problems on infinite intervals

have appeared, by using a lot of operators, (see.eg, [1–4, 8, 9, 22, 32, 36, 37, 39, 45, 46, 52, 57,

61, 62, 64, 66]). For instance, In [52] an explicit solutions are given. In order to apply the

transmutation method for solving the mentioned fractional integral and differential equations

involving Erdé1yi–Kober operators

t−βδDα,δ
β u (t)− λu (t) = f (t) = 0, t > 0,

u (t)− λtβδIα,δ
β u (t) = f (t) = 0, t > 0,

where α, λ ∈ R, β, δ > 0, f is a given function, and Iα,δ
β ,Dα,δ

β denote the Erdélyi–Kober fractional

integral and derivative, respectively.

The author in [43] considered the following nonlinear fractional differential problem on the

half-line R+ = (0,+∞), Dαu (t) + f (t, u (t)) = 0, u > 0,

limt→0 u (t) = 0,
(1.27)
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where 1 < α ≤ 2 and f is a measurable function in R+ ×R+ that satisfies an appropriate

condition. Then, he established the existence of infinitely many solutions of (1.27).

In [65], Zhao and Ge were the first to prove the existence of unbounded solutions for the

following nonlinear fractional boundary value problem on an infinite interval Dαu (t) + f (t, u (t)) = 0, t > 0,

u (0) = 0, limt→+∞Dα−1u (t) = αu (ξ) ,

by using the Leray–Schauder nonlinear alternative. Here, 1 < α ≤ 2 and Dα denotes the

Riemann–Liouville fractional derivative.

In [63], Zhang and all studied the following fractional nonlinear integral differential equation of

mixed type on a semi-infinite interval in a Banach space E Dαu (t) + f (t, u (t) , Tu (t) , Su (t)) = θ, t ∈ [0, ∞) ,

u (0) = u′ (0) = u′′ (0) = ... = u(n−2) (0) = θ, Dα−1u (∞) = u∞,

applying the fixed point theorem and the monotone iterative technique, they proved the existence

of a unique solution. Where n− 1 < α ≤ n, n ∈ N, n ≥ 2, f ∈ C
(
[0, ∞)× E3, E

)
, u∞ ∈ E and

Dα is the Riemann–Liouville fractional derivative, θ refers to the zero in the space E, and T, S

are defined.

In [23], Guezane-Lakoud and Kılıçman proved the existence of unbounded positive solution for

the following nonlinear fractional boundary value problem on infinite interval cDqu (t) = f (t, u (t) , u′ (t)) , t > 0,

u (0) = u′′ (0) = 0, limt→+∞
cDq−1u (t) = αu (1) ,

by using Leray-Schauder nonlinear alternative and Guo-Krasnoselskii fixed point theorems, such

that 2 < q ≤ 3, α > 0, f : [0, ∞)×R2 → R is a given function, and cDα denotes the caputo

fractional derivative.

In [10], Arara et al studied the existence solutions of fractional differential problem of the form: cDαy (t) = f (t, y (t)) , t ∈ [0, ∞) ,

y (0) = 0, y is bounded on [0, ∞) ,

by using the fixed point theorem of Schauder’s combined with the diagonalization method.

Where, 1 < α ≤ 2 and cDα denotes the Caputo fractional derivative, f : [0, ∞)×R → R is a

continuous function and y0 ∈ R.
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This chapter is an article published in: Communications in Mathematics, (see [12]).

This chapter deals with the existence and uniqueness of a positive solution to boundary value

problem of a nonlinear fractional differential equation involving Erdélyi–Kober differential

operators on an infinite interval

Dγ,δ
β u (t) + f (t, u (t)) = 0, t > 0, (2.1)

with the boundary conditions

lim
t→0

tβ(2+γ)Iδ+γ,2−δu(t) = 0, lim
t→∞

tβ(1+γ)Iδ+γ,2−δu(t) = 0, (2.2)

where Dγ,δ
β denotes the Erdélyi–Kober fractional derivative operator of order δ and Iδ+γ,2−δ is

the Erdélyi–Kober fractional integral of order 2− δ, with 1 < δ ≤ 2, −2 < γ < −1, β > 0, and f

is a given function satisfying certain of the following hypotheses:

(H1) f : (0, ∞)×R −→ (0, ∞) is continuous.

(H2) For all (t, u) ∈ (0, ∞)×R,

F(t, u) = tβ(1+γ)−1 f
(

t,
(

1 + t−β(1+γ)
)

u
)

, such that |F(t, u)| ≤ ψ(t)ω(|u|),

with ω ∈ C ((0, ∞) , (0, ∞)) nondecreasing and ψ ∈ L1 (0, ∞) .

(H3) f : (0, ∞)× (0, ∞) −→ (0, ∞) is continuous, such that

tβ(1+γ)−1 f (t, u) = a (t) g (t, u) ,

where a ∈ L1 (R+, R+) , g ∈ C
(
R2

+, R+

)
, and 0 <

∫ τ
τ
λ

a (t) dt < ∞, with τ > 0, λ > 1.

(H4) There exists a positive function q (t) with

q∗ =
∫ +∞

0

(
1 + t−β(1+γ)

)
q (t) dt < ∞,

such that

tβ(γ+1)−1 | f (t, u)− f (t, v)| ≤ q (t) |u− v| , t ∈ (0, ∞) , u, v ∈ R.

22
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2.1 definition of integral solution

In this section, we prove a preparatory lemma for the boundary value problem of nonlinear

fractional differential equations with Erdélyi–Kober derivative and we give some properties of

the green function

Lemma 2.1 Let y ∈ C2
α, with

∫ ∞
0 sβ(γ+m)−1y(s)ds < ∞, m = {1, 2} . Then, the fractional differential

equation

Dγ,δ
β u (t) + y(t) = 0, t > 0, 1 < δ ≤ 2, − 2 < γ < −1, β > 0, (2.3)

with the conditions

lim
t→0

tβ(2+γ)Iδ+γ,2−δu(t) = 0, (2.4)

lim
t→∞

tβ(1+γ)Iδ+γ,2−δu(t) = 0, (2.5)

has a unique solution given by

u (t) =
∫ ∞

0
G (t, s) sβ(γ+1)−1y (s) ds, (2.6)

where

G (t, s) =


β

Γ(δ)

[
t−β(γ+1) − t−β(δ+γ)

(
tβ − sβ

)δ−1
]

, 0 < s ≤ t < ∞,
β

Γ(δ) t−β(γ+1), 0 < t ≤ s < ∞,
(2.7)

is called the Green function of the boundary value problem (2.3)-(2.4)-(2.5).

Proof. Let 1 < δ ≤ 2, with −2 < γ < −1 and β > 0; it is easy to prove that the operator Iγ,δ
β has

the linearity property for all δ > 0. Now, by applying Iγ,δ
β to equation (2.3) we obtain

Iγ,δ
β D

γ,δ
β u (t) + Iγ,δ

β y(t) = 0. (2.8)

By using Lemma 1.5, for 1 < δ ≤ 2, we can easily find that

Iγ,δ
β D

γ,δ
β u (t) = u(t)− c0t−β(1+γ) + c1t−β(2+γ),

for some constants c0, c1 ∈ R. Thus, (2.8) gives

u(t)− c0t−β(1+γ) − c1t−β(2+γ) + Iγ,δ
β y(t) = 0,
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which means that

u (t) = c0t−β(1+γ) + c1t−β(2+γ) − Iγ,δ
β y(t). (2.9)

The boundary condition (2.4) implies that

c0 limt→0 tβ(2+γ)Iδ+γ,2−δt−β(1+γ) + c1 limt→0 tβ(2+γ)Iδ+γ,2−δt−β(2+γ)

− limt→0 tβ(2+γ)Iδ+γ,2−δIγ,δ
β y(t) = 0;

consequently, from (1.20) , (1.21) , (1.22) , we obtain

lim
t→0

tβ(2+γ)Iδ+γ,2−δt−β(1+γ) = lim
t→0

tβ(2+γ) Γ (δ)

Γ (2)
t−β(1+γ) = 0,

lim
t→0

tβ(2+γ)Iδ+γ,2−δt−β(2+γ) = lim
t→0

tβ(2+γ) Γ (δ− 1)
Γ (1)

t−β(2+γ) = Γ (δ− 1) ,

lim
t→0

tβ(2+γ)Iδ+γ,2−δIγ,δ
β y(t) = lim

t→0

β

Γ (2)

∫ t

0

(
tβ − sβ

)
sβ(γ+1)−1y(s)ds

= lim
t→0

β

Γ (2)
tβ
∫ t

0
sβ(γ+1)−1y(s)ds

− lim
t→0

β

Γ (2)

∫ t

0
sβ(γ+2)−1y(s)ds

= 0,

and therefore, c1 = 0.

In view of the boundary condition (2.5), we conclude that

c0 lim
t→∞

tβ(1+γ)Iδ+γ,2−δt−β(1+γ) − lim
t→∞

tβ(1+γ)Iδ+γ,2−δIγ,δ
β y(t) = 0,

consequently, from (1.20) , (1.21) , (1.22) , we find that

lim
t→∞

tβ(1+γ)Iδ+γ,2−δt−β(1+γ) = lim
t→∞

tβ(1+γ) Γ (δ)

Γ (2)
t−β(1+γ) =

Γ (δ)

Γ (2)
,

lim
t→∞

tβ(1+γ)Iδ+γ,2−δIγ,δ
β y(t) = lim

t→∞

β

Γ (2)
t−β

∫ t

0

(
tβ − sβ

)
sβ(γ+1)−1y(s)ds

= lim
t→∞

β

Γ (2)

∫ t

0
sβ(γ+1)−1y(s)ds

− lim
t→∞

β

Γ (2)
t−β

∫ t

0
sβ(γ+2)−1y(s)ds

=
β

Γ (2)

∫ ∞

0
sβ(γ+1)−1y(s)ds,
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and therefore, c0 = β
Γ(δ)

∫ ∞
0 sβ(γ+1)−1y(s)ds.

Hence, the unique solution of the problem (2.3)-(2.4)-(2.5) is given by

u(t) =
β

Γ (δ)
t−β(1+γ)

∫ ∞

0
sβ(γ+1)−1y (s) ds

− β

Γ (δ)
t−β(γ+δ)

∫ t

0

(
tβ − sβ

)δ−1
sβ(γ+1)−1y (s) ds

=
β

Γ (δ)

∫ t

0

[
t−β(1+γ) − t−β(γ+δ)

(
tβ − sβ

)δ−1
]

sβ(γ+1)−1y (s) ds

+
β

Γ (δ)

∫ ∞

t
t−β(1+γ)sβ(γ+1)−1y (s) ds

=
∫ +∞

0
G (t, s) sβ(γ+1)−1y(s)ds.

Now, we present some properties of Green’s function that form the basis of our main work.

Lemma 2.2 For 1 < δ ≤ 2, −2 < γ < −1, and β > 0, the function G (t, s) in Lemma 2.1 satisfies the

following conditions:

1. G(t,s)
1+t−β(1+γ) > 0, ∀t, s ∈ (0, ∞) ,

2. G(t,s)
1+t−β(1+γ) ≤

β
Γ(δ) , ∀t, s ∈ (0, ∞) ,

3. For all 0 < τ
λ ≤ t ≤ τ and ∀s > τ

λ2 , where λ > 1, τ > 0, we have

G (t, s)
1 + t−β(1+γ)

≥ β (δ− 1) τ−β(1+γ)

Γ (δ) λβ(1−γ)
(
1 + τ−β(1+γ)

) =
β

Γ (δ)
p (τ) .

Proof.

1. For t ≤ s. It is easy to check that G(t,s)
1+t−β(1+γ) > 0.

For s ≤ t, it holds that

G (t, s)
1 + t−β(1+γ)

=
β

Γ (δ)
(
1 + t−β(1+γ)

) [t−β(γ+1) − t−β(δ+γ)
(

tβ − sβ
)δ−1

]
=

βt−β(γ+1)

Γ (δ)
(
1 + t−β(1+γ)

) [1−
[

1−
( s

t

)β
]δ−1

]

=
βt−β(γ+1)

Γ (δ)
(
1 + t−β(1+γ)

) (δ− 1)
∫ 1

1− sβ

tβ

uδ−2du

≥ βt−β(γ+1)

Γ (δ− 1)
(
1 + t−β(1+γ)

) (1)δ−2
[

1−
(

1− sβ

tβ

)]
≥ βt−β(γ+1)

Γ (δ− 1)
(
1 + t−β(1+γ)

) sβ

tβ
> 0. (2.10)
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2. For each t, s ∈ (0, ∞) ,

G (t, s) ≤ β

Γ (δ)
t−β(γ+1) implies that

G (t, s)
1 + t−β(1+γ)

≤ β

Γ (δ)
.

3. Let 0 < τ
λ ≤ t ≤ τ, where λ > 1, τ > 0. For t ≤ s , we obtain

G (t, s)
1 + t−β(1+γ)

=
βt−β(1+γ)

Γ (δ)
(
1 + t−β(1+γ)

)
≥ βτ−β(1+γ)

Γ (δ) λ−β(1+γ)
(
1 + τ−β(1+γ)

)
≥ (δ− 1) βτ−β(1+γ)

Γ (δ) λβ(1−γ)
(
1 + τ−β(1+γ)

) =
β

Γ (δ)
p (τ) .

For s ≤ t, from (2.10), we obtain

G (t, s)
1 + t−β(1+γ)

≥ βt−β(γ+1)

Γ (δ− 1)
(
1 + t−β(1+γ)

) sβ

tβ
.

We notice that there are two cases to consider.

first case: suppose that 0 < s ≤ τ
λ ; if we choose s ∈

[
τ
λ2 , τ

λ

]
, then

G (t, s)
1 + t−β(1+γ)

≥ βτ−β(γ+1)

λ−β(1+γ)Γ (δ− 1)
(
1 + τ−β(1+γ)

) τβ

λ2βτβ

≥ βτ−β(γ+1)

λβ(1−γ)Γ (δ− 1)
(
1 + τ−β(1+γ)

) =
β

Γ (δ)
p (τ) .

second case: suppose that τ
λ ≤ s ≤ t; then, it follows that

G (t, s)
1 + t−β(1+γ)

≥ βτ−β(γ+1)

λ−β(1+γ)Γ (δ− 1)
(
1 + τ−β(1+γ)

) τβ

λβτβ

≥ τ−β(γ+1)

λ−βγΓ (δ− 1)
(
1 + τ−β(1+γ)

)
≥ βτ−β(γ+1)

λβ(1−γ)Γ (δ− 1)
(
1 + τ−β(1+γ)

) =
β

Γ (δ)
p (τ) .



2.2 fundamental lemmas 27

2.2 fundamental lemmas

We now turn to the question of existence for the boundary value problem (2.1)–(2.2).

Let

C ([0, ∞]) =

u

∣∣∣∣∣∣ u is a continuous function on (0,+∞) such that

limt→0 u(t) and limt→+∞ u(t) exist

 .

It is easy to see that C ([0, ∞]) is a Banach space with the norm

‖u‖∗ = sup
t>0
|u(t)| ,

for instance, see [14, 64].

In this work, we use the space C∞ to study the problem (2.1)–(2.2), which is denoted by

C∞ ((0, ∞) , R) =

u ∈ C ((0, ∞) , R)

∣∣∣∣∣∣ limt→0
u(t)

1+t−β(1+γ) and

limt→+∞
u(t)

1+t−β(1+γ) exist

 ; (2.11)

C∞ is a Banach space with the norm

‖u‖∞ = sup
t>0

∣∣∣∣ u (t)
1 + t−β(1+γ)

∣∣∣∣ .

In fact, it is easy to see that C∞ ((0, ∞) , R) is a normed linear space.

Let {xm} be a Cauchy sequence in C∞; then,
{

ym

∣∣∣ym = xm
1+t−β(1+γ)

}
⊂ C ([0, ∞]) is also a Cauchy

sequence. Therefore, there exists y0 ⊂ C ([0, ∞]) such that

lim
m→+∞

‖ym − y0‖∗ = 0.

Let x0 (t) =
(

1 + t−β(1+γ)
)

y0 (t) . Then, x0 ∈ C∞ ((0, ∞) , R) and

lim
m→+∞

‖xm − x0‖∞ = lim
m→+∞

sup
t>0

∣∣∣∣ xm (t)− x0 (t)
1 + t−β(1+γ)

∣∣∣∣
= lim

m→+∞
‖ym − y0‖∗ = 0.

Hence, C∞ is Banach space.

Define an integral operator A : C∞ → C∞ by

Au(t) =
∫ ∞

0
G (t, s) sβ(1+γ)−1 f (s, u(s))ds, t ∈ (0, ∞), (2.12)

where G(t, s) is defined by (2.7).

Clearly, from Lemma 2.1, the fixed points of the operator A coincide with the solutions of the

problem (2.1)–(2.2).

To obtain the complete continuity of A, the following lemma is still needed.
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Lemma 2.3 ([65]) Let V = {u ∈ C∞ |‖u‖∞ < l, l > 0} , V1 =
{

u(t)
1+t−β(1+γ) |u ∈ V

}
. If V1 is equicon-

tinous on any compact intervals of (0, ∞) and equiconvergent at infinity, then V is relatively compact on

C∞.

Remark 2.1 ([65]) V1 is called equiconvergent at infinity if and only if for all ε > 0, there exists υ(ε) > 0

such that for all u ∈ V1, t1, t2 ≥ υ, it holds that∣∣∣∣∣ u (t1)

1 + t−β(1+γ)
1

− u (t2)

1 + t−β(1+γ)
2

∣∣∣∣∣ < ε.

Lemma 2.4 If (H1)–(H2) hold, then A : C∞ → C∞ is completely continuous.

Proof. First, for all u ∈ C∞, we have

‖Au (t)‖∞ = sup
t>0

|Au (t)|
1 + t−β(1+γ)

= sup
t>0

∣∣∣∣∫ ∞

0

G (t, s)
1 + t−β(1+γ)

sβ(γ+1)−1 f (s, u(s))ds
∣∣∣∣

≤ β

Γ (δ)

∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds,

together with conditions (H1) and (H2), it then follows that

∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds =

∫ ∞

0

∣∣∣∣∣∣sβ(γ+1)−1 f

s,

(
1 + s−β(1+γ)

)
u(s)

1 + s−β(1+γ)

∣∣∣∣∣∣ ds

=
∫ ∞

0

∣∣∣∣F(s,
u(s)

1 + s−β(1+γ)

)∣∣∣∣ ds

≤
∫ ∞

0
ψ(s)ω

(
|u(s)|

1 + s−β(1+γ)

)
ds

≤ ω (‖u‖∞)
∫ ∞

0
ψ(s)ds < ∞.

Hence, A : C∞ → C∞ is well-defined.

Let Ω = {u ∈ C∞, ‖u‖∞ ≤ k, k > 0} be a bounded subset of C∞.

In the following, we divide the proof into several steps.

step 1: A is continuous.

Let (un)n∈N ∈ C∞ be a convergent sequence to u in C∞ such that ‖u‖∞ ≤ k; from Lemma

2.2, we obtain that

‖Aun −Au‖∞ = sup
t∈(0,∞)

∣∣∣∣Aun(t)−Au(t)
1 + t−β(1+γ)

∣∣∣∣
≤ β

Γ (δ)
sup

t∈(0,∞)

∣∣∣∣∫ ∞

0
sβ(γ+1)−1 f (s, un(s))ds

−
∫ ∞

0
sβ(γ+1)−1 f (s, u(s))ds

∣∣∣∣ .
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By the condition (H2), we obtain

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ =

∣∣∣∣∣∣sβ(γ+1)−1 f

s,

(
1 + s−β(1+γ)

)
u(s)

1 + s−β(1+γ)

∣∣∣∣∣∣
=

∣∣∣∣F(s,
u(s)

1 + s−β(1+γ)

)∣∣∣∣
≤ ψ (s)ω

(
|u(s)|

1 + s−β(1+γ)

)
≤ ψ (s)ω (‖u‖∞)

≤ ω(k)ψ (s) ∈ L1 (0, ∞) .

Together with the continuity of the function sβ(γ+1)−1 f (s, u(s)), the Lebesgue dominated

convergence theorem (theorem 12.12, page 199 in [13]) yields u→
∫ ∞

0 sβ(γ+1)−1 f (s, u(s))ds

is continuous, and it follows that∫ ∞

0
sβ(γ+1)−1 f (s, un(s))ds→

∫ ∞

0
sβ(γ+1)−1 f (s, u(s))ds as n→ ∞.

Therefore,

‖Aun −Au‖∞ → 0, as n→ ∞.

step2: A (Ω) is relatively compact.

First, we show that A (Ω) is uniformly bounded. Let u ∈ Ω; by the condition (H2), we

obtain

|Au (t)|
1 + t−β(1+γ)

=

∣∣∣∣∫ ∞

0

G (t, s)
1 + t−β(1+γ)

sβ(γ+1)−1 f (s, u(s))ds
∣∣∣∣

≤ β

Γ (δ)

∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

≤ βω (k)
Γ (δ)

∫ ∞

0
ψ(s)ds < ∞;

consequently,

‖Au‖∞ ≤
βω (k)
Γ (δ)

∫ ∞

0
ψ(s)ds < ∞, for all u ∈ Ω, (2.13)

and hence, A (Ω) is uniformly bounded.
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Next, letting V =
{

Au
1+t−β(1+γ) |u ∈ Ω

}
, we show that V is equicontinuous on any compact

interval of R+.

For all u ∈ Ω, t1, t2 ∈ [a, b] , 0 < a < b < ∞, and t1 ≤ t2, we can find∣∣∣∣∣ Au (t2)

1 + t−β(1+γ)
2

− Au (t1)

1 + t−β(1+γ)
1

∣∣∣∣∣
≤

∫ ∞

0

∣∣∣∣∣ G (t2, s)

1 + t−β(1+γ)
2

− G (t1, s)

1 + t−β(1+γ)
1

∣∣∣∣∣ ∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

≤
∫ ∞

0

∣∣∣∣∣ G (t2, s)

1 + t−β(1+γ)
2

− G (t1, s)

1 + t−β(1+γ)
2

+
G (t1, s)

1 + t−β(1+γ)
2

− G (t1, s)

1 + t−β(1+γ)
1

∣∣∣∣∣ ∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

≤
∫ ∞

0

∣∣∣∣∣∣G (t2, s)− G (t1, s)

1 + t−β(1+γ)
2

−
G (t1, s)

(
t−β(1+γ)
2 − t−β(1+γ)

1

)
(

1 + t−β(1+γ)
2

) (
1 + t−β(1+γ)

1

)
∣∣∣∣∣∣

×
∣∣∣sβ(γ+1)−1 f (s, u(s))

∣∣∣ ds

≤
∫ ∞

0

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
∫ ∞

0

G (t1, s)
(

t−β(1+γ)
2 − t−β(1+γ)

1

)
(

1 + t−β(1+γ)
2

) (
1 + t−β(1+γ)

1

) ∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds.

It remains to show that the right-hand side of the above inequality tends to zero. It is easy

to see that

∫ ∞

0

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

≤
∫ t1

0

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
∫ t2

t1

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
∫ ∞

t2

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds
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≤ βω (k)
Γ (δ)

∫ t1

0

1

1 + t−β(1+γ)
2

∣∣∣t−β(1+γ)
2 − t−β(1+γ)

1

− t−β(δ+γ)
2

(
tβ
2 − sβ

)δ−1
+ t−β(δ+γ)

1

(
tβ
1 − sβ

)δ−1
∣∣∣∣ψ(s)ds

+
βω (k)
Γ (δ)

∫ t2

t1

1

1 + t−β(1+γ)
2

∣∣∣t−β(1+γ)
2 − t−β(1+γ)

1

− t−β(δ+γ)
2

(
tβ
2 − sβ

)δ−1
∣∣∣∣ψ(s)ds

+
βω (k)
Γ (δ)

∫ ∞

t2

t−β(1+γ)
2 − t−β(1+γ)

1

1 + t−β(1+γ)
2

ψ(s)ds,

→ 0, uniformly as t1 → t2 for all u ∈ Ω.

Analogously, we can obtain

∫ ∞

0

G (t1, s)
(

t−β(1+γ)
2 − t−β(1+γ)

1

)
(

1 + t−β(1+γ)
2

) (
1 + t−β(1+γ)

1

) sβ(γ+1)−1 | f (s, u(s))| ds→ 0,

uniformly as t1 → t2 for all u ∈ Ω.

Hence, V is locally equicontinuous on (0, ∞) .

Finally, we show that V is equiconvergent at ∞.

We know that

Au(t) =
β

Γ (δ)
t−β(1+γ)

∫ ∞

0
sβ(γ+1)−1 f (s, u(s))ds

− β

Γ (δ)
t−β(γ+δ)

∫ t

0

(
tβ − sβ

)δ−1
sβ(γ+1)−1 f (s, u(s))ds; (2.14)

observing that for any u ∈ Ω, the condition (H2) gives∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds ≤ ω (‖u‖∞)

∫ ∞

0
ψ(s)ds < ∞, (2.15)

for a given ε > 0, there exists a constant L > 0, such that∫ ∞

L

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds < ε. (2.16)

However, because lim
t→+∞

t−β(1+γ)

1+t−β(1+γ) = 1, there exists a constant T1 > 0, such that for any

t1, t2 ≥ T1, and we obtain∣∣∣∣∣ t−β(1+γ)
2

1 + t−β(1+γ)
2

−
t−β(1+γ)
1

1 + t−β(1+γ)
1

∣∣∣∣∣ ≤
∣∣∣∣∣1− t−β(1+γ)

1

1 + t−β(1+γ)
1

∣∣∣∣∣+
∣∣∣∣∣1− t−β(1+γ)

2

1 + t−β(1+γ)
2

∣∣∣∣∣ < ε. (2.17)
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Similarly, lim
t→+∞

t−β(δ+γ)(tβ−sβ)
δ−1

1+t−β(1+γ) = 1, and thus there exists a constant T2 > L > 0, such that

for any t1, t2 ≥ T2 and 0 < s ≤ L, it holds that∣∣∣∣∣∣∣
t−β(δ+γ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

−
t−β(δ+γ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣1−
t−β(δ+γ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣1−

t−β(δ+γ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣1−
t−β(δ+γ)
1

(
tβ
1 − Lβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣1−

t−β(δ+γ)
2

(
tβ
2 − Lβ

)δ−1

1 + t−β(1+γ)
2

∣∣∣∣∣∣∣
< ε. (2.18)

Now, we choose T > max {T1, T2} , for all t1, t2 ≥ T; by (2.14), we can obtain∣∣∣∣∣ Au (t2)

1 + t−β(1+γ)
2

− Au (t1)

1 + t−β(1+γ)
1

∣∣∣∣∣
≤ β

Γ (δ)

∣∣∣∣∣ t−β(1+γ)
2

1 + t−β(1+γ)
2

−
t−β(1+γ)
1

1 + t−β(1+γ)
1

∣∣∣∣∣
∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
β

Γ (δ)

∣∣∣∣∣∣∣
∫ t2

0

t−β(γ+δ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

sβ(γ+1)−1 f (s, u(s))ds

−
∫ t1

0

t−β(γ+δ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

sβ(γ+1)−1 f (s, u(s))ds

∣∣∣∣∣∣∣
≤ β

Γ (δ)

∣∣∣∣∣ t−β(1+γ)
2

1 + t−β(1+γ)
2

−
t−β(1+γ)
1

1 + t−β(1+γ)
1

∣∣∣∣∣
∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
β

Γ (δ)

∣∣∣∣∣∣∣
∫ L

0

t−β(γ+δ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

sβ(γ+1)−1 f (s, u(s))ds

−
∫ L

0

t−β(γ+δ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

sβ(γ+1)−1 f (s, u(s))ds

∣∣∣∣∣∣∣
+

β

Γ (δ)

∣∣∣∣∣∣∣
∫ t2

L

t−β(γ+δ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

sβ(γ+1)−1 f (s, u(s))ds

−
∫ t1

L

t−β(γ+δ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

sβ(γ+1)−1 f (s, u(s))ds

∣∣∣∣∣∣∣ ;
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a direct calculation yields∣∣∣∣∣ Au (t2)

1 + t−β(1+γ)
2

− Au (t1)

1 + t−β(1+γ)
1

∣∣∣∣∣
≤ β

Γ (δ)

∣∣∣∣∣ t−β(1+γ)
2

1 + t−β(1+γ)
2

−
t−β(1+γ)
1

1 + t−β(1+γ)
1

∣∣∣∣∣
∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
β

Γ (δ)

∫ L

0

∣∣∣∣∣∣∣
t−β(γ+δ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

−
t−β(γ+δ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣∣∣∣∣
∣∣∣sβ(γ+1)−1 f (s, u(s))

∣∣∣ ds

+
β

Γ (δ)

∫ t2

L

t−β(γ+δ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
β

Γ (δ)

∫ t1

L

t−β(γ+δ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds.

From (2.15),(2.16),(2.17),(2.18) and for t1, t2 → ∞, we obtain∣∣∣∣∣ Au (t2)

1 + t−β(1+γ)
2

− Au (t1)

1 + t−β(1+γ)
1

∣∣∣∣∣
<

β

Γ (δ)
ε
∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
β

Γ (δ)
ε
∫ L

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds +

2β

Γ (δ)
ε.

Hence, V is equiconvergent at ∞. Consequently, Lemma 2.3 yields that V is relatively

compact.

Therefore, A : C∞ → C∞ is completely continuous.
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2.3 existence of at least one solution

In this section, we will prove the existence of at least one solution. We will use the Leray–Schauder

nonlinear alternative fixed point theorem.

Theorem 2.1 Assume that hypotheses (H1)–(H2) hold, and that there exists k > 0, such that

βω (k)
∫ ∞

0 ψ(s)ds
kΓ (δ)

< 1; (2.19)

then, the fractional boundary value problem (2.1)–(2.2) has at least one solution u ∈ Ω.

Proof. From the proof of Lemma 2.4, we know that A is a completely continuous operator. We

apply the nonlinear alternative of Leray–Schauder to prove that A has at least one nontrivial

solution in Ω. Let u ∈ ∂Ω, such that u = λAu, λ ∈ (0, 1) ; from (2.13) , we obtain

‖u‖∞ = λ ‖Au‖∞ ≤ ‖Au‖∞ ≤
βω (k)
Γ (δ)

∫ ∞

0
ψ(s)ds,

and thus

k ≤ βω (k)
Γ (δ)

∫ ∞

0
ψ(s)ds;

hence,

βω (k)
∫ ∞

0 ψ(s)ds
kΓ (δ)

≥ 1,

which contradicts (2.19) . By Theorem 1.3 and Lemma 2.4, the boundary value problem (2.1)–

(2.2) has at least one solution u ∈ Ω.

2.4 existence of positive solution

In this section, we establish the existence of a positive solution for the boundary value problem

(2.1)–(2.2). First, we introduce the following results.

Remark 2.2 Let δ, β, γ, λ, $, l, τ ∈ R, such that 1 < δ ≤ 2, β > 0, −2 < γ ≤ −1, λ > 1, and

l, τ, $ > 0. If the conditions (H2)–(H3) hold, then∫ +∞

0
sβ(1+γ)−1 f (s, u (s)) ds ≤ η

∫ +∞

τ

λ2

sβ(1+γ)−1 f (s, u (s)) ds, (2.20)

where η = l
$(λ2−1)

+ 1 > 1.



2.4 existence of positive solution 35

In fact, for all t ∈
[

τ
λ2 , τ

]
, there exists a finite constant $ > 0, such that tβ(1+γ)−1 f (t, u) ≥ $. Thus,∫ +∞

τ

λ2

sβ(1+γ)−1 f (s, u (s)) ds ≥
∫ τ

τ

λ2

sβ(1+γ)−1 f (s, u (s)) ds

≥
τ
(

λ2 − 1
)

λ2 $,

hence,

λ2

τ
(

λ2 − 1
)

$

∫ +∞

τ

λ2

sβ(1+γ)−1 f (s, u (s)) ds ≥ 1. (2.21)

If sup
t∈
(

0, τ

λ2

] tβ(1+γ)−1 f (t, u (t)) is bounded for u ∈ (0, ∞), then there exists some l0 > 0, such that

∣∣∣tβ(1+γ)−1 f (t, u (t))
∣∣∣ ≤ l0, ∀t ∈

(
0,

τ

λ2

]
.

Similarly, if sup
t∈
(

0, τ

λ2

] tβ(1+γ)−1 f (t, u (t)) is unbounded for u ∈ (0, ∞), then there exists M0 > 0,

such that

sup
0<u≤M0

sup
t∈
(

0, τ

λ2

] tβ(1+γ)−1 f (t, u (t)) ≤ l1, for some l1 > 0.

In all cases, if we choose l = max {l0, l1} , for all t ∈
(

0, τ
λ2

]
, then we obtain tβ(1+γ)−1 f (t, u (t)) ≤

l, and thus∫ τ

λ2

0
sβ(1+γ)−1 f (s, u (s)) ds ≤ lτ

λ2 . (2.22)

From (2.21) and (2.22), we can find that∫ +∞

0
sβ(1+γ)−1 f (s, u (s)) ds =

∫ τ

λ2

0
sβ(1+γ)−1 f (s, u (s)) ds

+
∫ +∞

τ

λ2

sβ(1+γ)−1 f (s, u (s)) ds

≤ lτ
λ2 +

∫ +∞

τ

λ2

sβ(1+γ)−1 f (s, u (s)) ds

≤ l

$
(

λ2 − 1
) ∫ +∞

τ

λ2

sβ(1+γ)−1 f (s, u (s)) ds

+
∫ +∞

τ

λ2

sβ(1+γ)−1 f (s, u (s)) ds

≤

 l

$
(

λ2 − 1
) + 1

 ∫ +∞

τ

λ2

sβ(1+γ)−1 f (s, u (s)) ds

≤ η
∫ +∞

τ

λ2

sβ(1+γ)−1 f (s, u (s)) ds.
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Let us define the cone K by

K =

{
u ∈ C∞

∣∣∣∣∣u(t) > 0, and ∀t > 0; min
t∈[ τ

λ ,τ]

u (t)
1 + t−β(1+γ)

≥ p (τ)
η
‖u‖∞

}
.

Lemma 2.5 We have A (K) ⊂ K.

Proof. We know from Lemma 2.2 that

‖Au (t)‖∞ = sup
t>0

|Au (t)|
1 + t−β(1+γ)

= sup
t>0

∣∣∣∣∫ ∞

0

G (t, s)
1 + t−β(1+γ)

sβ(γ+1)−1 f (s, u(s))ds
∣∣∣∣

≤ β

Γ (δ)

∫ ∞

0
sβ(γ+1)−1 f (s, u(s))ds; (2.23)

also from (2.20) and Lemma 2.2, for all t ∈
[

τ
λ , τ
]

, τ > 0, and λ > 1, we obtain

Au (t)
1 + t−β(1+γ)

=
∫ ∞

0

G (t, s)
1 + t−β(1+γ)

sβ(γ+1)−1 f (s, u(s))ds

=
∫ τ

λ2

0

G (t, s)
1 + t−β(1+γ)

sβ(γ+1)−1 f (s, u(s))ds

+
∫ ∞

τ

λ2

G (t, s)
1 + t−β(1+γ)

sβ(γ+1)−1 f (s, u(s))ds

≥
∫ ∞

τ

λ2

G (t, s)
1 + t−β(1+γ)

sβ(γ+1)−1 f (s, u(s))ds

≥ β

Γ (δ)
p (τ)

∫ ∞

τ

λ2

sβ(γ+1)−1 f (s, u(s))ds

≥ p (τ)
η

β

Γ (δ)

∫ +∞

0
sβ(1+γ)−1 f (s, u (s)) ds. (2.24)

From (2.23), we obtain

Au (t)
1 + t−β(1+γ)

≥ p (τ)
η
‖Au (t)‖∞ ;

therefore, mint∈[ τ
λ ,τ]

Au(t)
1+t−β(1+γ) ≥

p(τ)
η ‖A (u)‖∞ , which proves that A (K) ⊂ K.

For convenience, we denote some important constants:

F0 = lim
u→0

sup
t>0

g(t,(1+t−β(1+γ))u)
u , f∞ = lim

u→+∞
inf
t>0

g(t,(1+t−β(1+γ))u)
u ,

f0 = lim
u→0

inf
t>0

g(t,(1+t−β(1+γ))u)
u , F∞ = lim

u→+∞
sup
t>0

g(t,(1+t−β(1+γ))u)
u .

Theorem 2.2 Assume that hypotheses (H2)–(H3) hold. If the following condition is satisfied:

F0 = 0, f∞ = ∞,

then the boundary value problem (2.1)–(2.2) has at least one positive solution.
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Proof. From Lemma 2.4, A is a completely continuous operator.

Now, because F0 = 0, we may choose r1 > 0, such that

g
(

t,
(

1 + t−β(1+γ)
)

u
)
≤ εu, for 0 < u ≤ r1, t > 0, (2.25)

where ε > 0 satisfies

ε ≤ Γ (δ)

β
∫ +∞

0 a (s) ds
. (2.26)

Therefore, for all u ∈ K and ‖u‖∞ = r1, from Lemma 2.2, we have

Au (t)
1 + t−β(1+γ)

=
∫ ∞

0

G (t, s)
1 + t−β(1+γ)

sβ(γ+1)−1 f (s, u(s))ds

≤ β

Γ (δ)

∫ ∞

0
sβ(1+γ)−1 f (s, u(s))ds.

By the condition (H3) and from (2.25) , we obtain

Au (t)
1 + t−β(1+γ)

≤ β

Γ (δ)

∫ ∞

0
a (s) g(s, u(s))ds

≤ β

Γ (δ)

∫ ∞

0
a (s) g(s,

(
1 + s−β(1+γ)

) u(s)
1 + s−β(1+γ)

)ds

≤ β

Γ (δ)

∫ ∞

0
a (s) ε

u(s)
1 + s−β(1+γ)

)ds

≤ β

Γ (δ)
ε ‖u‖∞

∫ ∞

0
a (s) ds.

Therefore, from (2.26) , we obtain

‖Au‖∞ ≤ ‖u‖∞ , u ∈ K and ‖u‖∞ = r1, ∀t > 0. (2.27)

If we choose

Ω1 = {u ∈ C∞, ‖u‖∞ < r1} ,

then (2.27) shows that

‖Au‖∞ ≤ ‖u‖∞ , for u ∈ K ∩ ∂Ω1.

Furthermore, because f∞ = ∞, there exists r > 0 such that

g
(

t,
(

1 + t−β(1+γ)
)

u
)
≥ mu, for u ≥ r, t > 0, (2.28)

where m > 0 is chosen so that

m ≥ η2Γ (δ)

βp2 (τ)
∫ τ

τ
λ

a (s) ds
. (2.29)
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Let r2 ≥ max
{

r1, ηr
p(τ)

}
and Ω2 = {u ∈ C∞, ‖u‖∞ < r2} ; then, Ω1 ⊂ Ω2.

Thus, for all u ∈ K and ‖u‖∞ = r2, we have that

u (t)
1 + t−β(1+γ)

≥ min
τ
λ≤t≤τ

u (t)
1 + t−β(1+γ)

≥ p (τ)
η
‖u‖∞ =

p (τ)
η

r2 ≥ r;

from (2.24) , (2.28) , (2.29) and by the condition (H3), for all τ
λ ≤ t ≤ τ, we have

Au (t)
1 + t−β(1+γ)

≥ βp (τ)
ηΓ (δ)

∫ ∞

0
sβ(1+γ)−1 f (s, u(s))ds

≥ βp (τ)
ηΓ (δ)

∫ ∞

0
a (s) g(s, u(s))ds

≥ βp (τ)
ηΓ (δ)

∫ ∞

0
a (s) g(s,

(
1 + s−β(1+γ)

) u(s)
1 + s−β(1+γ)

)ds

≥ βp (τ)
ηΓ (δ)

m
∫ ∞

0
a (s)

u(s)
1 + s−β(1+γ)

ds

≥ βp (τ)
ηΓ (δ)

m min
τ
λ≤t≤τ

u (t)
1 + t−β(1+γ)

∫ τ

τ
λ

a (s) ds

≥ β

η2Γ (δ)
p2 (τ)m ‖u‖∞

∫ τ

τ
λ

a (s) ds ≥ ‖u‖∞ .

Hence, ‖Au‖∞ ≥ ‖u‖∞ , for u ∈ K ∩ ∂Ω2. Therefore, by the first part of Theorem 1.4, it follows

that A has a fixed point in K ∩ ∂
(
Ω2\Ω1

)
.

Similarly to the previous theorem, we can prove the following theorem.

Theorem 2.3 Assume that hypotheses (H2)–(H3) hold. If the following condition is satisfied:

f0 = ∞, F∞ = 0,

then the boundary value problem (2.1)–(2.2) has at least one positive solution.

Proof. From Lemma 2.4, A is a completely continuous operator.

Now, because f0 = ∞, there exists R1 > 0 such that

g
(

t,
(

1 + t−β(1+γ)
)

u
)
≥ Mu, for 0 < u ≤ R1, t > 0, (2.30)

where M > 0 is chosen so that

M ≥ η2Γ (δ)

βp2 (τ)
∫ ∞

0 a (s) ds
. (2.31)
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Let Ω1 = {u ∈ C∞, ‖u‖∞ < R1} . Thus, if u ∈ K and ‖u‖∞ = R1 (u ∈ ∂Ω1) , then for all t ∈
[

τ
λ , τ
]
,

from (2.24), (2.30), (2.31) and by the condition (H3), we obtain

Au (t)
1 + t−β(1+γ)

≥ βp (τ)
ηΓ (δ)

∫ ∞

0
sβ(1+γ)−1 f (s, u(s))ds

≥ βp (τ)
ηΓ (δ)

∫ ∞

0
a (s) g(s, u(s))ds

≥ βp (τ)
ηΓ (δ)

∫ ∞

0
a (s) g(s,

(
1 + s−β(1+γ)

) u(s)
1 + s−β(1+γ)

)ds

≥ βp (τ)
ηΓ (δ)

M
∫ τ

τ
λ

a (s)
u(s)

1 + s−β(1+γ)
ds

≥ βp (τ)
ηΓ (δ)

M
∫ τ

τ
λ

a (s)
p (τ)

η
‖u‖∞ ds

≥ βp2 (τ)

η2Γ (δ)
M ‖u‖∞

∫ τ

τ
λ

a (s) ds ≥ ‖u‖∞ .

Hence,

‖Au‖∞ ≥ ‖u‖∞ , for u ∈ K ∩ ∂Ω1.

Furthermore, from F∞ = 0, there exists R > 0, such that

g
(

t,
(

1 + t−β(1+γ)
)

u
)
≤ εu, for u > R, and t > 0, (2.32)

where ε > 0 satisfies

ε ≤ Γ (δ)

β
∫ ∞

0 a (s) ds
. (2.33)

Let Ω2 = {u ∈ C∞, ‖u‖∞ < R2} , where R2 > max {R1, R} . Then, Ω1 ⊂ Ω2.

Now, we define the function J as

J : R+ → R+,

J (a) = sup
0<u≤a

sup
t>0

g
(

t,
(

1 + t−β(1+γ)
)

u
)

.

Suppose u ∈ K and ‖u‖∞ = R2 (u ∈ ∂Ω2) . Then, from (2.32), we obtain

sup
0<u≤R2

sup
t>0

g
(

t,
(

1 + t−β(1+γ)
)

u
)
≤ ε sup

0<u≤R2

u = εR2

=⇒ J (R2) ≤ εR2 = ε ‖u‖∞ . (2.34)
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Given Lemma 2.2 and the condition (H3), (2.33) and (2.34) yield that

Au (t)
1 + t−β(1+γ)

≤ β

Γ (δ)

∫ ∞

0
sβ(1+γ)−1 f (s, u(s))ds

≤ β

Γ (δ)

∫ ∞

0
a (s) g(s, u(s))ds

≤ β

Γ (δ)

∫ ∞

0
a (s) g(s,

(
1 + s−β(1+γ)

) u(s)
1 + s−β(1+γ)

)ds

≤ β

Γ (δ)

∫ ∞

0
a (s) sup

0<u≤R2

sup
s>0

g(s,
(

1 + s−β(1+γ)
) u(s)

1 + s−β(1+γ)
)ds

=
β

Γ (δ)

∫ ∞

0
a (s) J (R2) ds

≤ β

Γ (δ)
ε ‖u‖∞

∫ ∞

0
a (s) ds.

Hence, ‖Au‖∞ ≤ ‖u‖∞ , for u ∈ K ∩ ∂Ω2.

Therefore, by the second part of Theorem 1.4, it follows that A has a fixed point in K∩ ∂
(
Ω2\Ω1

)
.

The proof is complete.

2.5 uniqueness of solution

The last result of the existence is based on the Banach contraction principle theorem.

Theorem 2.4 Assume that hypotheses (H1), (H2), and (H4) hold. If

q∗β
Γ (δ)

< 1, (2.35)

then the boundary value problem (2.1)–(2.2) has a unique solution u ∈ C∞.

Proof. We shall show that the operator A defined by (2.12) is a contraction mapping.

Let u, v ∈ C∞, from Lemma 2.2 and by the condition (H4), we can obtain that∣∣∣∣Au(t)−Av(t)
1 + t−β(1+γ)

∣∣∣∣ =
∫ ∞

0

G (t, s)
1 + t−β(1+γ)

sβ(γ+1)−1 | f (s, u(s))− f (s, v(s))| ds

≤ β

Γ (δ)

∫ ∞

0
sβ(γ+1)−1 | f (s, u(s))− f (s, v(s))| ds

≤ β

Γ (δ)

∫ ∞

0
q (s) |u− v| ds

≤ β

Γ (δ)

∫ ∞

0
q (s)

(
1 + s−β(1+γ)

) ∣∣∣∣ u− v
1 + s−β(1+γ)

∣∣∣∣ ds,

this implies that

‖A (u)−A (v)‖∞ ≤ β

Γ (δ)
‖u− v‖∞

∫ ∞

0
q (s)

(
1 + s−β(1+γ)

)
ds

≤ βq∗

Γ (δ)
‖u− v‖∞ .
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It follows from the assumption (2.35) and the preceding estimate that A is a contraction mapping.

Applying Banach’s fixed point Theorem 1.5, the operator A has a fixed point that corresponds to

the unique solution of problem (2.1)–(2.2).

2.6 examples

In this section, we present some examples to illustrate the usefulness of our main results.

Example 2.1 Consider the following boundary value problem:
D−

3
2 , 3

2
1 u (t) + t

3
2

√∣∣∣∣ u

1+t
1
2

∣∣∣∣e−t = 0, t > 0,

limt→0 t
1
2 I0, 1

2
1 u (t) = 0, limt→∞ t−

1
2 I0, 1

2
1 u(t) = 0.

(2.36)

Here, f (t, u) = t
3
2

√∣∣∣∣ u

1+t
1
2

∣∣∣∣e−t, δ = 3
2 , γ = − 3

2 , and β = 1.

(H1) It is easy to show that the function f is continuous for any (t, u) ∈ (0, ∞)×R.

(H2) From the expression of the function f , it follows that

F(t, u) = tβ(1+γ)−1 f
(

t,
(

1 + t−β(1+γ)
)

u
)
=
√
|u|e−t.

If we choose ω (u) =
√

u, ψ (t) = e−t, then we obtain

|F(t, u)| ≤ ψ(t)ω(|u|), on (0, ∞)×R,

with ω ∈ C ((0, ∞) , (0, ∞)) nondecreasing and ψ ∈ L1 (0, ∞). Then, the condition (H2) holds.

If we choose k > 4
π , we show that

βω (k)
∫ ∞

0 ψ(s)ds
kΓ (δ)

=
2

k
√

π
< 1,

therefore, (2.19) is satisfied. Hence, all the conditions of Theorem 2.1 hold, and problem (2.36) has at least

one solution.

Example 2.2 Consider the following problem: D
− 3

2 , 5
3

1 u (t) + t
3
2 exp(−t)u2

(1+
√

t)
= 0, t > 0,

limt→0 t
1
2 I

1
6 , 1

3
1 u (t) = 0, limt→∞ t−

1
2 I

1
6 , 1

3
1 u(t) = 0.

(2.37)

Here, f (t, u) = t
3
2 exp(−t)u2

(1+
√

t)
, β = 1, γ = − 3

2 , and δ = 5
3 .

(H2) F(t, u) = tβ(1+γ)−1 f
(

t,
(

1 + t−β(1+γ)
)

u
)
= exp (−t) u2, verify

|F(t, u)| ≤ ψ(t)ω(|u|), on (0,+∞)×R,
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where ψ(t) = exp (−t) ∈ L1 (0,+∞) and ω (u) = u2 ∈ C ((0,+∞) , (0,+∞)) . Then, the condition

(H2) holds.

(H3) It is clear that the function f is continuous on (0,+∞)× (0,+∞) , and

t−
3
2 f (t, u) =

exp (−t) u2(
1 +
√

t
) = a (t) g (t, u) ,

where a (t) = exp (−t) , and g (t, u) = u2

1+
√

t
∈ C ((0,+∞)× (0,+∞)) . Hence, the condition (H3) is

satisfied.

We have g
(

t,
(

1 +
√

t
)

u
)
= u2, which implies that

F0 = lim
u→0

sup
t>0

g
(

t,
(

1 +
√

t
)

u
)

u
= 0,

f∞ = lim
u→∞

inf
t>0

g
(

t,
(

1 +
√

t
)

u
)

u
= ∞.

It follows from Theorem 2.2 that problem (2.37) has at least one positive solution.

Example 2.3 We take β = 1, γ = − 3
2 , and δ = 7

6 . Consider the following problem: D
− 3

2 , 7
6

1 u (t) + f (t, u) = 0, t > 0,

limt→0 t
1
2 I

16
6 , 5

6
1 u (t) = 0, limt→∞ t−

1
2 I

16
6 , 5

6
1 u(t) = 0,

(2.38)

where f (t, u) = t
3
2

[
arctan

(
|u|

1+
√

t

)
+ 1
]

exp (−t) .

(H2) It is clear that F(t, u) = [arctan (|u|) + 1] exp (−t), verify

|F(t, u)| ≤ ψ(t)ω(|u|),

where ψ(t) = exp (−t) ∈ L1 (0,+∞) , ω (u) = arctan (|u|) + 1 ∈ C ((0,+∞), (0,+∞)) . Then, the

condition (H2) holds.

(H3) f (t, u) is continuous on ((0,+∞)× (0,+∞) , (0,+∞)) , and

t−
3
2 f (t, u) =

[
arctan

(
|u|

1 +
√

t

)
+ 1
]

exp (−t) = a (t) g (t, u) ,

where a (t) = exp (−t) , g (t, u) =
[
arctan

(
|u|

1+
√

t

)
+ 1
]
∈ C ((0,+∞)× (0,+∞)) . Hence, the

condition (H3) is satisfied.

We have g
(

t,
(

1 +
√

t
)

u
)
= arctan (|u|) + 1, which implies that

F0 = lim
u→0

sup
t>0

g
(

t,
(

1 +
√

t
)

u
)

u
= lim

u→0

arctan (|u|) + 1
u

= ∞,

f∞ = lim
u→∞

inf
t>0

g
(

t,
(

1 +
√

t
)

u
)

u
= lim

u→∞

arctan (|u|) + 1
u

= 0.

It follows from Theorem 2.3 that problem (2.38) has at least one positive solution.
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Example 2.4 We take β = 1, γ = − 3
2 , and δ = 3

2 . Consider the following problem: D
− 3

2 , 3
2

1 u (t) + f (t, u) = 0, t > 0,

limt→0 t
1
2 I0, 1

2
1 u (t) = 0, limt→∞ t−

1
2 I0, 1

2
1 u(t) = 0,

(2.39)

where f (t, u) = t
3
2 exp(−t)

2
√

π

(
1+t

1
2

) arctan (|u|) .

(H1) f (t, u) is continuous on ((0,+∞)×R, (0,+∞)) .

(H2) It is clear that F(t, u) = exp(−t)
2
√

π
arctan (|u|), verify

|F(t, u)| ≤ ψ(t)ω(|u|),

where ψ(t) = exp (−t) ∈ L1 (0,+∞) , ω (u) = arctan(|u|)
2
√

π
∈ C ((0,+∞), (0,+∞)) . Then, (H2) holds.

(H4) We have

∣∣∣t− 3
2 f (t, u)− t−

3
2 f (t, v)

∣∣∣ =

∣∣∣∣∣∣ exp (−t)

2
√

π
(

1 + t
1
2

) arctan (|u|)

− exp (−t)

2
√

π
(

1 + t
1
2

) arctan (|v|)

∣∣∣∣∣∣
=

exp (−t)

2
√

π
(

1 + t
1
2

) |arctan (|u|)− arctan (|v|)|

≤ exp (−t)

2
√

π
(

1 + t
1
2

) ||u| − |v||
≤ exp (−t)

2
√

π
(

1 + t
1
2

) |u− v| .

If we put q (t) = exp(−t)

2
√

π

(
1+t

1
2

) , then we obtain

q∗ =
∫ +∞

0

(
1 + t

1
2

) exp (−t)

2
√

π
(

1 + t
1
2

)dt =
1

2
√

π
< ∞.

Hence, the condition (H4) is satisfied.

Moreover, we have βq∗

Γ(δ) =
1

2Γ( 3
2 )

= 1
π < 1, and the condition (2.35) is satisfied. It follows from Theorem

(2.4) that the boundary value problem (2.39) has a unique solution u ∈ C∞.
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F R A C T I O N A L D I F F E R E N T I A L E Q U AT I O N O N T H E H A L F - L I N E

In this chapter, we discuss the existence and uniqueness of unbounded solution for boundary

value problem of nonlinear fractional differential equation involving Caputo-type Erdélyi–Kober

fractional differential operator on infinite interval

∗Dγ,δ
β u (t) + f (t, u (t)) = 0, t > 0, (3.1)

with the boundary conditions

lim
t→0

tβ(1+γ)u(k)(t) = 0, and lim
t→∞

tβ(1+γ)u(t) = ρu (1) , with k = 0, n− 2, (3.2)

where ∗Dγ,δ
β is the Caputo-type Erdélyi Kober fractional derivative operator of order δ, such

that n− 1 < δ ≤ n, −n < γ < 1− n, n ∈N, n ≥ 2, β > 0, 0 < ρ < 1, and f is a given function.

Throughout this chapter, we assume that the following conditions hold:

(C1) f : (0, ∞)×R −→ (0, ∞) is continuous.

(C2) There exist non negative functions a(t), b(t) ∈ L1 (0, ∞) such that∣∣∣tβ(1+γ)−1 f (t, u)
∣∣∣ ≤ a(t) |u|+ b(t), for any u ∈ R, t ∈ (0, ∞) ,

with ∫ ∞

0

(
1 + t−β(1+γ)

)
a (t) dt <

(1− ρ) Γ (δ)

β
, and

∫ ∞

0
b (t) dt < ∞.

(C3) There exists a positive function q (t) with

q∗ =
∫ +∞

0

(
1 + t−β(1+γ)

)
q (t) dt < ∞,

such that

tβ(γ+1)−1 | f (t, u)− f (t, v)| ≤ q (t) |u− v| ,

for all t ∈ (0, ∞) and u, v ∈ R.

44
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3.1 definition of integral solution

In this section, we established some important lemmas which play a key role in the proofs of the

existence results.

Lemma 3.1 Let n− 1 < δ ≤ n, −n < γ < 1− n, n ∈ N, n ≥ 2, β > 0. We give y ∈ C2
α, with∫ ∞

0 sβ(γ+1)−1y(s)ds < ∞, then the fractional differential equation:

∗Dγ,δ
β u (t) + y(t) = 0, t > 0, (3.3)

with the boundary conditions

lim
t→0

tβ(1+γ)u(k)(t) = 0, k = 0, n− 2, (3.4)

lim
t→∞

tβ(1+γ)u(t) = ρu (1) , 0 < ρ < 1, (3.5)

has a unique solution given by

u (t) =
∫ ∞

0
G (t, s) sβ(γ+1)−1y (s) ds, (3.6)

where

G (t, s) =



βt−β(γ+1)

(1−ρ)Γ(δ)

[
1− ρ

(
1− sβ

)δ−1
]
− βt−β(δ+γ)

Γ(δ)

(
tβ − sβ

)δ−1 , 0 < s ≤ min {t, 1} ,
β

(1−ρ)Γ(δ) t−β(γ+1)
[
1− ρ

(
1− sβ

)δ−1
]

, t ≤ s ≤ 1,
β

(1−ρ)Γ(δ) t−β(γ+1) − β
Γ(δ) t−β(δ+γ)

(
tβ − sβ

)δ−1 , 1 ≤ s ≤ t,
β

(1−ρ)Γ(δ) t−β(γ+1), s ≥ max {t, 1} ,

(3.7)

is called the Green function of boundary value problem (3.3)–(3.4)–(3.5).

Proof. Let n− 1 < δ ≤ n, with −n < γ < 1− n, n ∈N, n ≥ 2, and β > 0, it is easy to prove that

the operator Iγ,δ
β has the linearity property for all δ > 0. By applying Iγ,δ

β to equation (3.3) we

obtain

Iγ,δ
β

[
∗Dγ,δ

β u (t) + y(t)
]
= 0 ⇐⇒ Iγ,δ

β ∗Dγ,δ
β u (t) + Iγ,δ

β y(t) = 0. (3.8)

By using Lemma 1.5, for n− 1 < δ ≤ n, we can easily find that

Iγ,δ
β ∗Dγ,δ

β u (t) = u(t)− c0t−β(1+γ) + c1t−β(2+γ) + · · ·+ cn−1t−β(n+γ),

for some c0, c1, · · · cn−1 ∈ R. Thus (3.8) gives

u(t)− c0t−β(1+γ) − c1t−β(2+γ) + · · ·+ cn−1t−β(n+γ) + Iγ,δ
β y(t) = 0.
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Therefore, the unique solution of the problem (3.3)–(3.4)–(3.5) is given by

u (t) = c0t−β(1+γ) + c1t−β(2+γ) + · · ·+ cn−1t−β(n+γ) − Iγ,δ
β y(t). (3.9)

From the formula (1.26) of Lemma 1.5, it follows that

c0 = lim
t→0

tβ(1+γ)
n−1

∏
i=1

(
1 + γ + i +

1
β

t
d
dt

)
u (t)

= lim
t→0

tβ(1+γ)

 (2 + γ) (3 + γ) · · · (n + γ) u (t) + ξ1 (n, γ) 1
β tu′ (t) + · · ·

+ξn−2 (n, γ) 1
βn−2 tn−2u(n−2) (t) + 1

βn−1 tn−1u(n−1) (t)

 .

c1 = lim
t→0

tβ(2+γ)
n−1

∏
i=2

(
1 + γ + i +

1
β

t
d
dt

)
u (t)

= lim
t→0

tβ(2+γ)

 (3 + γ) · · · (n + γ) u (t) + ξ1 (n, γ) 1
β tu′ (t) + · · ·

+ξn−3 (n, γ) 1
βn−3 tn−3u(n−3) (t) + 1

βn−2 tn−2u(n−2) (t)

 .

...

cn−2 = lim
t→0

tβ(n−1+γ)
n−1

∏
i=n−1

(
1 + γ + i +

1
β

t
d
dt

)
u (t)

= lim
t→0

tβ(n−1+γ)

[
(n + γ) u (t) +

1
β

tu′ (t)
]

.

cn−1 = lim
t→0

tβ(n+γ)
n−1

∏
i=n

(
1 + γ + i +

1
β

t
d
dt

)
u (t) = lim

t→0
tβ(n+γ)u (t) .

with ξ1, · · · , ξn−2 ∈ R.

On one hand, the condition (3.4) implies that cn−1 = cn−2 = · · · = c1 = 0, which means that we

can rewrite (3.9) as

u (t) = c0t−β(1+γ) − Iγ,δ
β y(t). (3.10)

On the other hand, (3.10) with the condition (3.5) implies that

c0 − lim
t→∞

tβ(1+γ)Iγ,δ
β y(t) = ρu (1) ,

in particular, from (3.3) we get

lim
t→∞

tβ(1+γ)Iγ,δ
β y(t) = lim

t→∞

β

Γ (δ)
tβ(1−δ)

∫ t

0

(
tβ − sβ

)
sβ(γ+1)−1y(s)ds

= lim
t→∞

β

Γ (δ)

∫ t

0

(
1−

( s
t

)β
)

sβ(γ+1)−1y(s)ds

=
β

Γ (δ)

∫ ∞

0
sβ(γ+1)−1y(s)ds,

from (1.16) and (3.10), we can easily see that

ρu (1) = ρc0 −
ρβ

Γ (δ)

∫ 1

0

(
1− sβ

)
sβ(γ+1)−1y(s)ds,
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therefore

c0 =
β

(1− ρ) Γ (δ)

∫ ∞

0
sβ(γ+1)−1y(s)ds− ρβ

(1− ρ) Γ (δ)

∫ 1

0

(
1− sβ

)
sβ(γ+1)−1y(s)ds.

Hence, we can conclude that the unique solution of problem (3.3)–(3.4)–(3.5) is given by

u(t) =
β

(1− ρ) Γ (δ)
t−β(1+γ)

∫ ∞

0
sβ(γ+1)−1y(s)ds

− ρβ

(1− ρ) Γ (δ)
t−β(1+γ)

∫ 1

0

(
1− sβ

)
sβ(γ+1)−1y(s)ds

− β

Γ (δ)
t−β(γ+δ)

∫ t

0

(
tβ − sβ

)δ−1
sβ(γ+1)−1y (s) ds

=
∫ +∞

0
G (t, s) sβ(γ+1)−1y(s)ds.

Now, we give some properties of Green’s function (3.7).

Lemma 3.2 Let n− 1 < δ ≤ n, −n < γ < 1− n, n ∈ N, n ≥ 2, and β > 0. The function G (t, s) in

Lemma 3.1 satisfies the following conditions

1. G (t, s) ≥ 0, ∀t, s ∈ (0, ∞).

2. For all t ∈ (0, ∞) and s ∈
( 1

10 , ∞
)

, G (t, s) ≥ χt−β(γ+1), with

χ =


ρβ

10βΓ(δ−1) , n = 2,
ρβ

10βΓ(δ) , n > 2,

3. G(t,s)
1+t−β(1+γ) ≤

β
(1−ρ)Γ(δ) , ∀t, s ∈ (0, ∞) .

Proof. Let n− 1 < δ ≤ n, −n < γ < 1− n, n ∈N, n ≥ 2, and β > 0.

1. For s ≥ max {t, 1} . It is easy to check that G (t, s) ≥ 0.

For s ≤ min {t, 1}, it holds that

G (t, s) =
β

(1− ρ) Γ (δ)
t−β(γ+1) − β

Γ (δ)
t−β(δ+γ)

(
tβ − sβ

)δ−1

− ρβ

(1− ρ) Γ (δ)
t−β(γ+1)

(
1− sβ

)δ−1

=
β

(1− ρ) Γ (δ)
t−β(γ+1) − β

Γ (δ)
t−β(γ+1)

(
1− sβ

tβ

)δ−1

− ρβ

(1− ρ) Γ (δ)
t−β(γ+1)

(
1− sβ

)δ−1

≥ β

(1− ρ) Γ (δ)
t−β(γ+1) − β

Γ (δ)
t−β(γ+1) − ρβ

(1− ρ) Γ (δ)
t−β(γ+1) ≥ 0.
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For t ≤ s ≤ 1, it follows that

G (t, s) =
β

(1− ρ) Γ (δ)
t−β(γ+1) − ρβ

(1− ρ) Γ (δ)
t−β(γ+1)

(
1− sβ

)δ−1

≥ β

(1− ρ) Γ (δ)
t−β(γ+1) − ρβ

(1− ρ) Γ (δ)
t−β(γ+1)

≥ β

Γ (δ)
t−β(γ+1) ≥ 0.

For 1 ≤ s ≤ t, we have

G (t, s) =
β

(1− ρ) Γ (δ)
t−β(γ+1) − β

Γ (δ)
t−β(δ+γ)

(
tβ − sβ

)δ−1

≥ β

(1− ρ) Γ (δ)
t−β(γ+1) − β

Γ (δ)
t−β(γ+1)

≥ ρβ

(1− ρ) Γ (δ)
t−β(γ+1) ≥ 0.

2. For s ≥ max {t, 1} , we can easily see that

G (t, s) =
β

(1− ρ) Γ (δ)
t−β(γ+1) ≥ ρβ

10βΓ (δ)
t−β(γ+1).

For s ≤ min {t, 1} , it holds that

G (t, s) ≥ β

(1− ρ) Γ (δ)
t−β(γ+1) − β

Γ (δ)
t−β(γ+1)

− ρβ

(1− ρ) Γ (δ)
t−β(γ+1)

(
1− sβ

)δ−1

≥ ρβt−β(γ+1)

(1− ρ) Γ (δ)

[
1−

(
1− sβ

)δ−1
]

≥ ρβt−β(γ+1)

(1− ρ) Γ (δ)
(δ− 1)

∫ 1

1−sβ
uδ−2du

≥ ρβt−β(γ+1)

(1− ρ) Γ (δ− 1)
sβ.

If we choose s ∈
[ 1

10 , min {t, 1}
]
, we observe that G (t, s) ≥ ρβt−β(γ+1)

10βΓ(δ−1) .

For t ≤ s ≤ 1, then we will show that

G (t, s) ≥ β

Γ (δ)
t−β(γ+1) ≥ ρβ

10βΓ (δ)
t−β(γ+1).

For 1 ≤ s ≤ t, we get

G (t, s) ≥ ρβ

(1− ρ) Γ (δ)
t−β(γ+1) ≥ ρβ

10βΓ (δ)
t−β(γ+1).
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We notice that there are two cases to consider:

• First case: for n = 2, we obtain Γ (δ− 1) ≥ Γ (δ) , then it follows that

G (t, s) ≥ ρβ

10βΓ (δ− 1)
t−β(γ+1).

• Second case: since n > 2, we get Γ (δ) ≥ Γ (δ− 1) , then it holds that

G (t, s) ≥ ρβ

10βΓ (δ)
t−β(γ+1).

Finally, we conclude that

G (t, s) ≥ χt−β(γ+1).

3. For every t, s ∈ (0, ∞) , we know that G (t, s) ≤ β
(1−ρ)Γ(δ) t−β(γ+1), this implies that G(t,s)

1+t−β(1+γ) ≤
β

(1−ρ)Γ(δ) .

3.2 fundamental lemma

In this section, we give a significant lemmas that will be needed later in the existence and

uniqueness results.

Now, we define an integral operator A : C∞ → C∞ by

Au(t) =
∫ ∞

0
G (t, s) sβ(1+γ)−1 f (s, u(s))ds, (3.11)

where G(t, s) defined by (3.7) and C∞ defined by (2.11) .

Clearly, from Lemma 3.1, the fixed points of the operator A coincide with the solution of the

problem (3.1)–(3.2).

Lemma 3.3 If (C1)–(C2) hold, then A : C∞ → C∞ is completely continuous.

Proof. First, for all u ∈ C∞, we have

‖Au (t)‖∞ = sup
t∈(0,∞)

∣∣∣∣∫ ∞

0

G (t, s)
1 + t−β(1+γ)

sβ(γ+1)−1 f (s, u(s))ds
∣∣∣∣

≤ β

(1− ρ) Γ (δ)

∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds,
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together with conditions (C1) and (C2), then it follows that

β

(1− ρ) Γ (δ)

∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

≤ β

(1− ρ) Γ (δ)

∫ ∞

0
[a (s) |u (s)|+ b (s)] ds

≤ β

(1− ρ) Γ (δ)

∫ ∞

0

[
a (s)

(
1 + s−β(1+γ)

) |u (s)|
1 + s−β(1+γ)

+ b (s)
]

ds

≤ β

(1− ρ) Γ (δ)

[
‖u‖∞

∫ ∞

0

(
1 + s−β(1+γ)

)
a (s) ds +

∫ ∞

0
b (s) ds

]
≤ ‖u‖∞ +

β

(1− ρ) Γ (δ)

∫ ∞

0
b (s) ds < ∞.

Hence, A : C∞ → C∞ is well-defined.

Choose

k ≥
β
∫ ∞

0 b (s) ds

(1− ρ) Γ (δ)− β
∫ ∞

0

(
1 + s−β(1+γ)

)
a (s) ds

, (3.12)

and Ω = {u ∈ C∞, ‖u‖∞ ≤ k, k > 0}.

In what follows we divide the proof into several steps.

step 1: A : Ω→ C∞ is continuous.

Let (un)n∈N ∈ Ω be a convergent sequence to u in Ω. Lemma 3.2, we ensure that

‖Aun −Au‖∞ = sup
t∈[0,∞)

∣∣∣∣∫ ∞

0

G (t, s)
1 + t−β(1+γ)

sβ(γ+1)−1 [ f (s, un(s))− f (s, u(s))] ds
∣∣∣∣

≤ β

(1− ρ) Γ (δ)
sup

t∈[0,∞)

∣∣∣∣∫ ∞

0
sβ(γ+1)−1 f (s, un(s))ds

−
∫ ∞

0
sβ(γ+1)−1 f (s, u(s))ds

∣∣∣∣ .

Due to the condition (C2), we can write∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ≤ a (s) |u (s)|+ b (s)

≤ a (s)
(

1 + s−β(1+γ)
) |u(s)|

1 + s−β(1+γ)
+ b (s)

≤
(

1 + s−β(1+γ)
)

a (s) ‖u‖∞ + b (s)

≤ ka (s)
(

1 + s−β(1+γ)
)
+ b (s) .

Since the right hand side of the above inequality is in L1 (0, ∞) , and the function sβ(γ+1)−1 f (s, u(s))

is continuous, it follows that the Lebesgue dominated convergence Theorem (Theorem

12.12, page 199 in [13]) yields u→
∫ ∞

0 sβ(γ+1)−1 f (s, u(s))ds is continuous. Hence, it holds∫ ∞

0
sβ(γ+1)−1 f (s, un(s))ds→

∫ ∞

0
sβ(γ+1)−1 f (s, u(s))ds as n→ ∞.

Therefore ‖Aun −Au‖∞ → 0, as n→ ∞.
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step2: A (Ω) is relatively compact.

First, we show that A (Ω) is uniformly bounded. Let u ∈ Ω, from Lemma 3.2 and by the

condition (C2) and (3.12), it holds that

|Au (t)|
1 + t−β(1+γ)

=

∣∣∣∣∫ ∞

0

G (t, s)
1 + t−β(1+γ)

sβ(γ+1)−1 f (s, u(s))ds
∣∣∣∣

≤ β

(1− ρ) Γ (δ)

∫ ∞

0
[a (s) |u (s)|+ b (s)] ds

≤ β

(1− ρ) Γ (δ)

∫ ∞

0

[
a (s)

(
1 + s−β(1+γ)

) |u (s)|
1 + s−β(1+γ)

+ b (s)
]

ds

≤ β

(1− ρ) Γ (δ)

[
‖u‖∞

∫ ∞

0

(
1 + s−β(1+γ)

)
a (s) ds +

∫ ∞

0
b (s) ds

]
≤ k,

consequently

‖Au‖∞ ≤ k, for all u ∈ Ω. (3.13)

Hence, A (Ω) is uniformly bounded.

Let V =
{

Au
1+t−β(1+γ) |u ∈ Ω

}
.

Next, we show that V is equicontinuous on any compact interval of R+.

For all u ∈ Ω, t1, t2 ∈ [a, b] , 0 < a < b < ∞, and t1 ≤ t2, we obtain∣∣∣∣∣ Au (t2)

1 + t−β(1+γ)
2

− Au (t1)

1 + t−β(1+γ)
1

∣∣∣∣∣
≤

∫ ∞

0

∣∣∣∣∣ G (t2, s)

1 + t−β(1+γ)
2

− G (t1, s)

1 + t−β(1+γ)
1

∣∣∣∣∣ ∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

≤
∫ ∞

0

∣∣∣∣∣ G (t2, s)

1 + t−β(1+γ)
2

− G (t1, s)

1 + t−β(1+γ)
2

+
G (t1, s)

1 + t−β(1+γ)
2

− G (t1, s)

1 + t−β(1+γ)
1

∣∣∣∣∣
×
∣∣∣sβ(γ+1)−1 f (s, u(s))

∣∣∣ ds

≤
∫ ∞

0

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
∫ ∞

0

G (t1, s)
(

t−β(1+γ)
2 − t−β(1+γ)

1

)
(

1 + t−β(1+γ)
2

) (
1 + t−β(1+γ)

1

) ∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds.

It remain to show that the right hand side of the above inequality tends to zero, there are

three cases to consider
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case 1: t1 ≤ t2 ≤ 1∫ ∞

0

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

≤
∫ t1

0

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
∫ t2

t1

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
∫ 1

t2

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
∫ ∞

1

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds.

In addition, from (3.7) we can also rewrite the last one as∫ ∞

0

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

≤ β

(1− ρ) Γ (δ)

∫ t1

0

1

1 + t−β(1+γ)
2

∣∣∣∣[t−β(1+γ)
2 − t−β(1+γ)

1

] [
1− ρ

(
1− sβ

)δ−1
]

− (1− ρ)

[
t−β(δ+γ)
2

(
tβ
2 − sβ

)δ−1
− t−β(δ+γ)

1

(
tβ
1 − sβ

)δ−1
]∣∣∣∣

×
[

a (s)
(

1 + s−β(1+γ)
)

k + b (s)
]

ds

+
β

(1− ρ) Γ (δ)

∫ t2

t1

1

1 + t−β(1+γ)
2

∣∣∣∣[t−β(1+γ)
2 − t−β(1+γ)

1

] [
1− ρ

(
1− sβ

)δ−1
]

− (1− ρ) t−β(δ+γ)
2

(
tβ
2 − sβ

)δ−1
∣∣∣∣× [a (s)

(
1 + s−β(1+γ)

)
k + b (s)

]
ds

+
β

(1− ρ) Γ (δ)

∫ 1

t2

∣∣∣[t−β(1+γ)
2 − t−β(1+γ)

1

] [
1− ρ

(
1− sβ

)δ−1
]∣∣∣

1 + t−β(1+γ)
2

×
[

a (s)
(

1 + s−β(1+γ)
)

k + b (s)
]

ds

+
β

(1− ρ) Γ (δ)

∫ ∞

1

t−β(1+γ)
2 − t−β(1+γ)

1

1 + t−β(1+γ)
2

[
a (s)

(
1 + s−β(1+γ)

)
k + b (s)

]
ds,

as t1 → t2, for all u ∈ Ω the right hand side of the above inequality tends to zero.
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case 2: t1 ≤ 1 ≤ t2

Similarly, from (3.7) and with a simple computation we find∫ ∞

0

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

≤ β

(1− ρ) Γ (δ)

∫ t1

0

1

1 + t−β(1+γ)
2

∣∣∣∣[t−β(1+γ)
2 − t−β(1+γ)

1

] [
1− ρ

(
1− sβ

)δ−1
]

− (1− ρ)

[
t−β(δ+γ)
2

(
tβ
2 − sβ

)δ−1
− t−β(δ+γ)

1

(
tβ
1 − sβ

)δ−1
]∣∣∣∣

×
[

a (s)
(

1 + s−β(1+γ)
)

k + b (s)
]

ds

+
β

(1− ρ) Γ (δ)

∫ 1

t1

1

1 + t−β(1+γ)
2

∣∣∣∣[t−β(1+γ)
2 − t−β(1+γ)

1

] [
1− ρ

(
1− sβ

)δ−1
]

− (1− ρ) t−β(δ+γ)
2

(
tβ
2 − sβ

)δ−1
∣∣∣∣× [a (s)

(
1 + s−β(1+γ)

)
k + b (s)

]
ds

+
β

(1− ρ) Γ (δ)

∫ t2

1

∣∣∣∣[t−β(1+γ)
2 − t−β(1+γ)

1

]
− (1− ρ) t−β(δ+γ)

2

(
tβ
2 − sβ

)δ−1
∣∣∣∣

1 + t−β(1+γ)
2

×
[

a (s)
(

1 + s−β(1+γ)
)

k + b (s)
]

ds

+
β

(1− ρ) Γ (δ)

∫ ∞

t2

t−β(1+γ)
2 − t−β(1+γ)

1

1 + t−β(1+γ)
2

[
a (s)

(
1 + s−β(1+γ)

)
k + b (s)

]
ds,

as t1 → t2, for all u ∈ Ω the right hand side of the above inequality tends to zero.
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case 3: 1 ≤ t1 ≤ t2

In this case due to (3.7), we will show that∫ ∞

0

|G (t2, s)− G (t1, s)|
1 + t−β(1+γ)

2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

≤ β

(1− ρ) Γ (δ)

∫ 1

0

1

1 + t−β(1+γ)
2

∣∣∣∣[t−β(1+γ)
2 − t−β(1+γ)

1

] [
1− ρ

(
1− sβ

)δ−1
]

− (1− ρ)

[
t−β(δ+γ)
2

(
tβ
2 − sβ

)δ−1
− t−β(δ+γ)

1

(
tβ
1 − sβ

)δ−1
]∣∣∣∣

×
[

a (s)
(

1 + s−β(1+γ)
)

k + b (s)
]

ds

+
β

(1− ρ) Γ (δ)

∫ t1

1

1

1 + t−β(1+γ)
2

∣∣∣[t−β(1+γ)
2 − t−β(1+γ)

1

]
− (1− ρ)

[
t−β(δ+γ)
2

(
tβ
2 − sβ

)δ−1
− t−β(δ+γ)

1

(
tβ
1 − sβ

)δ−1
]∣∣∣∣

×
[

a (s)
(

1 + s−β(1+γ)
)

k + b (s)
]

ds

+
β

(1− ρ) Γ (δ)

∫ t2

t1

∣∣∣∣[t−β(1+γ)
2 − t−β(1+γ)

1

]
− (1− ρ) t−β(δ+γ)

2

(
tβ
2 − sβ

)δ−1
∣∣∣∣

1 + t−β(1+γ)
2

×
[

a (s)
(

1 + s−β(1+γ)
)

k + b (s)
]

ds

+
β

(1− ρ) Γ (δ)

∫ ∞

t2

t−β(1+γ)
2 − t−β(1+γ)

1

1 + t−β(1+γ)
2

[
a (s)

(
1 + s−β(1+γ)

)
k + b (s)

]
ds,

as t1 → t2, for all u ∈ Ω the right hand side of the above inequality tends to zero.

Analogously, we can obtain

∫ ∞

0

G (t1, s)
(

t−β(1+γ)
2 − t−β(1+γ)

1

)
(

1 + t−β(1+γ)
2

) (
1 + t−β(1+γ)

1

) sβ(γ+1)−1 | f (s, u(s))| ds→ 0,

uniformly as t1 → t2 for all u ∈ Ω.

Hence, V is locally equicontinuous on (0, ∞) .

Finally, we show that V is equiconvergent at ∞. We know that

Au(t) =
βt−β(1+γ)

(1− ρ) Γ (δ)

∫ ∞

0
sβ(γ+1)−1 f (s, u(s))ds

−βt−β(γ+δ)

Γ (δ)

∫ t

0

(
tβ − sβ

)δ−1
sβ(γ+1)−1 f (s, u(s))ds

− ρβ

(1− ρ) Γ (δ)
t−β(γ+δ)

∫ 1

0

(
1− sβ

)δ−1
sβ(γ+1)−1 f (s, u(s))ds. (3.14)

Observing that for any u ∈ Ω, the condition (C2) gives∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds ≤ k

∫ ∞

0

(
1 + s−β(1+γ)

)
a(s)ds +

∫ ∞

0
b(s)ds < ∞,



3.2 fundamental lemma 55

and for a given ε > 0. There exists a constant L > 0 such that∫ ∞

L

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds < ε. (3.15)

On one hand, since

lim
t→+∞

t−β(1+γ)

1 + t−β(1+γ)
= 1.

There exists a constant T1 > 0 such that for any t1, t2 ≥ T1, we get∣∣∣∣∣ t−β(1+γ)
2

1 + t−β(1+γ)
2

−
t−β(1+γ)
1

1 + t−β(1+γ)
1

∣∣∣∣∣ ≤
∣∣∣∣∣1− t−β(1+γ)

1

1 + t−β(1+γ)
1

∣∣∣∣∣+
∣∣∣∣∣1− t−β(1+γ)

2

1 + t−β(1+γ)
2

∣∣∣∣∣ < ε, (3.16)

similarly

lim
t→+∞

t−β(δ+γ)
(
tβ − sβ

)δ−1

1 + t−β(1+γ)
= 1,

so there exists a constant T2 > L > 0, such that for any t1, t2 ≥ T2, and 0 < s ≤ L, it holds

that ∣∣∣∣∣∣∣
t−β(δ+γ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

−
t−β(δ+γ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣1−
t−β(δ+γ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣1−

t−β(δ+γ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣1−
t−β(δ+γ)
1

(
tβ
1 − Lβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣1−

t−β(δ+γ)
2

(
tβ
2 − Lβ

)δ−1

1 + t−β(1+γ)
2

∣∣∣∣∣∣∣ < ε. (3.17)

On the other hand

lim
t→+∞

t−β(δ+γ)
(
1− sβ

)δ−1

1 + t−β(1+γ)
= 0.

There exists a constant T3 > 1, such that for any t1, t2 ≥ T3, and 0 < s ≤ 1, it follows that∣∣∣∣∣ t
−β(δ+γ)
2

(
1− sβ

)δ−1

1 + t−β(1+γ)
2

−
t−β(δ+γ)
1

(
1− sβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣∣∣ < ε. (3.18)
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Now, if we choose T > max {T1, T2, T3} , for all t1, t2 ≥ T, and due to (3.14), we obtain∣∣∣∣∣ Au (t2)

1 + t−β(1+γ)
2

− Au (t1)

1 + t−β(1+γ)
1

∣∣∣∣∣
≤ β

(1− ρ) Γ (δ)

∣∣∣∣∣ t−β(1+γ)
2

1 + t−β(1+γ)
2

−
t−β(1+γ)
1

1 + t−β(1+γ)
1

∣∣∣∣∣
∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
β

Γ (δ)

∣∣∣∣∣∣∣
∫ t2

0

t−β(γ+δ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

sβ(γ+1)−1 f (s, u(s))ds

−
∫ t1

0

t−β(γ+δ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

sβ(γ+1)−1 f (s, u(s))ds

∣∣∣∣∣∣∣
+

ρβ

(1− ρ) Γ (δ)

∣∣∣∣∣
∫ 1

0

[
t−β(γ+δ)
2

(
1− sβ

)δ−1

1 + t−β(1+γ)
2

−
t−β(γ+δ)
1

(
1− sβ

)δ−1

1 + t−β(1+γ)
1

]
× sβ(γ+1)−1 f (s, u(s))ds

∣∣∣ .

In addition, we recall that

β

Γ (δ)

∣∣∣∣∣∣∣
∫ t2

0

t−β(γ+δ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

sβ(γ+1)−1 f (s, u(s))ds

−
∫ t1

0

t−β(γ+δ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

sβ(γ+1)−1 f (s, u(s))ds

∣∣∣∣∣∣∣
≤ β

Γ (δ)

∫ L

0

∣∣∣∣∣∣∣
t−β(γ+δ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

−
t−β(γ+δ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣∣∣∣∣
∣∣∣sβ(γ+1)−1 f (s, u(s))

∣∣∣ ds

+
β

Γ (δ)

∫ t2

L

t−β(γ+δ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
β

Γ (δ)

∫ t1

L

t−β(γ+δ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds,
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this means that∣∣∣∣∣ Au (t2)

1 + t−β(1+γ)
2

− Au (t1)

1 + t−β(1+γ)
1

∣∣∣∣∣
≤ β

(1− ρ) Γ (δ)

∣∣∣∣∣ t−β(1+γ)
2

1 + t−β(1+γ)
2

−
t−β(1+γ)
1

1 + t−β(1+γ)
1

∣∣∣∣∣
∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
β

Γ (δ)

∫ L

0

∣∣∣∣∣∣∣
t−β(γ+δ)
2

(
tβ
2 − sβ

)δ−1

1 + t−β(1+γ)
2

−
t−β(γ+δ)
1

(
tβ
1 − sβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣∣∣∣∣
∣∣∣sβ(γ+1)−1 f (s, u(s))

∣∣∣ ds

+
β

Γ (δ)

∫ t2

L

t−β(γ+δ)
2

(
tβ
2 − Lβ

)δ−1

1 + t−β(1+γ)
2

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
β

Γ (δ)

∫ t1

L

t−β(γ+δ)
1

(
tβ
1 − Lβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
ρβ

(1− ρ) Γ (δ)

∫ 1

0

∣∣∣∣∣ t
−β(γ+δ)
2

(
1− sβ

)δ−1

1 + t−β(1+γ)
2

−
t−β(γ+δ)
1

(
1− sβ

)δ−1

1 + t−β(1+γ)
1

∣∣∣∣∣ ∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds.

From (3.15), (3.16), (3.17), (3.18), and for t1, t2 → ∞, we get∣∣∣∣∣ Au (t2)

1 + t−β(1+γ)
2

− Au (t1)

1 + t−β(1+γ)
1

∣∣∣∣∣
≤ β

(1− ρ) Γ (δ)
ε
∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
β

Γ (δ)
ε
∫ L

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
β

Γ (δ)

∫ ∞

L

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds +

β

Γ (δ)

∫ ∞

L

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
ρβ

(1− ρ) Γ (δ)
ε
∫ 1

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

<
β

(1− ρ) Γ (δ)
ε
∫ ∞

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds +

β

Γ (δ)
ε
∫ L

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

+
ρβ

(1− ρ) Γ (δ)
ε
∫ 1

0

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds +

2β

Γ (δ)
ε.

Hence, V is equiconvergente at ∞, consequently, Lemma 2.3 yields that A (Ω) is relatively

compact. Therefore, A : C∞ → C∞ is completely continuous.
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3.3 existence of unbounded solution

First, we will prove the first following existence result, we use Schauder’s fixed point theorem.

Theorem 3.1 Assume that the hypotheses (C1)–(C2) and (3.12) hold, then the fractional boundary value

problem (3.1)–(3.2) has at least one solution u ∈ Ω.

Proof. Let u ∈ Ω. From Lemma 3.3 we have A : Ω → C∞ is continuous, and (3.13) implies

that A (Ω) ⊂ Ω, which means that A : Ω→ Ω is continuous. Moreover, Lemma 3.3 gives A (Ω)

is relatively compact.

Hence, all conditions of Theorem 1.4 hold. Thus, the problem (3.1)–(3.2) has at least one solution

u ∈ Ω.

Our next existence result is based on the Leray–Schauder nonlinear alternative fixed point

theorem.

Theorem 3.2 Assume that the hypotheses (C1)–(C2) and the relation (3.12) hold, then the fractional

boundary value problem (3.1)–(3.2) has at least one solution u ∈ Ω.

Proof. From Lemma 3.3, we know that A is a completely continuous operator. Now we apply

the nonlinear alternative of leray–Schauder to prove that A has at least one nontrivial solution in

Ω.

Let u ∈ ∂Ω, such that u = λAu, λ ∈ (0, 1) , from (3.13) we obtain

‖u‖∞ = λ ‖Au‖∞ ≤ ‖Au‖∞ ≤
βk

(1− ρ) Γ (δ)

∫ ∞

0

(
1 + s−β(1+γ)

)
a(s)ds

+
β

(1− ρ) Γ (δ)

∫ ∞

0
b(s)ds,

so

k ≤ βk
(1− ρ) Γ (δ)

∫ ∞

0

(
1 + s−β(1+γ)

)
a(s)ds +

β

(1− ρ) Γ (δ)

∫ ∞

0
b(s)ds,

hence

k ≤
β
∫ ∞

0 b (s) ds

(1− ρ) Γ (δ)− β
∫ ∞

0

(
1 + s−β(1+γ)

)
a (s) ds

,

which contradicts with (3.12). By theorem 1.3 and lemma 3.3, the boundary value problem

(3.1)–(3.2) has at least one solution u ∈ Ω.
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3.4 uniqueness of unbounded solution

The last result of the existence are based on Banach contraction principle theorem.

Theorem 3.3 Assume that the hypotheses (C1)–(C2)–(C3) hold. Then the problem (3.1)–(3.2) has a

unique solution u ∈ C∞ if

q∗β
(1− ρ) Γ (δ)

< 1. (3.19)

Proof. Assume that q∗β
(1−ρ)Γ(δ) < 1. We shall show that the operator A defined by (3.11) is a

contraction mapping.

Let u, v ∈ C∞, from Lemma 3.2 with the condition (C3), we can obtain that∣∣∣∣Au(t)−Av(t)
1 + t−β(1+γ)

∣∣∣∣ =
∫ ∞

0

G (t, s)
1 + t−β(1+γ)

sβ(γ+1)−1 | f (s, u(s))− f (s, v(s))| ds

≤ β

(1− ρ) Γ (δ)

∫ ∞

0
sβ(γ+1)−1 | f (s, u(s))− f (s, v(s))| ds

≤ β

(1− ρ) Γ (δ)

∫ ∞

0
q (s) |u− v| ds

≤ β

(1− ρ) Γ (δ)

∫ ∞

0
q (s)

(
1 + s−β(1+γ)

) ∣∣∣∣ u− v
1 + s−β(1+γ)

∣∣∣∣ ds,

this implies that

‖A (u)−A (v)‖∞ ≤ β

(1− ρ) Γ (δ)
‖u− v‖∞

∫ ∞

0
q (s)

(
1 + s−β(1+γ)

)
ds

≤ βq∗

(1− ρ) Γ (δ)
‖u− v‖∞ .

It follows from the assumption (3.19) and the preceding estimate that A is a contraction mapping.

Applying Banach’s fixed point theorem 1.5, the operator A has a fixed point which corresponds

to the unique solution of the problem (3.1)–(3.2).

Remark 3.1 If
∫ ∞

0 sβ(γ+1)−1 f (s, u(s))ds < ∞, then with lemma 3.2 every solution of the problem

(3.1)–(3.2) is unbounded. Indeed

u (t) =
∫ ∞

0
G (t, s) sβ(γ+1)−1 f (s, u(s))ds

≥
∫ ∞

1
10

G (t, s) sβ(γ+1)−1 f (s, u(s))ds

≥ χt−β(γ+1)
∫ ∞

1
10

sβ(γ+1)−1 f (s, u(s))ds.
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3.5 illustrative examples

In this section, we present some examples to illustrate the usefulness of our main results.

Example 3.1 Consider the following boundary value problem of nonlinear Caputo-type Erdélyi–Kober

fractional differential equations D
− 3

2 , 3
2

1 u (t) + t
3
2 ln(1+|u(t)|)

30(1+t2)
+ t

3
2 |u(t)|

60 exp(
√

t)
+ t

3
2 exp (−t) = 0, t > 0,

limt→0 t−
1
2 u (t) = 0, limt→∞ t−

1
2 u(t) = 1

2 u(1),
(3.20)

here,

f (t, u) =
t

3
2 ln (1 + |u (t)|)

30 (1 + t2)
+

t
3
2 |u|

60 exp
(√

t
) + t

3
2 exp (−t) ,

and δ = 3
2 , γ = − 3

2 , β = 1, and ρ = 1
2 , n = 2.

(C1) Clearly f ∈ C ((0, ∞)×R, (0, ∞)) , for any (t, u) ∈ (0, ∞)×R.

(C2) Obviously

t−
3
2 f (t, u) =

ln (1 + |u|)
30 (1 + t2)

+
|u|

60 exp
(√

t
) + exp (−t)

≤

 1
30 (1 + t2)

+
1

60 exp
(√

t
)
 |u|+ exp (−t) .

With a simple computation we find that∫ ∞

0

(
1 +
√

t
) 1

30 (1 + t2)
+

1

60 exp
(√

t
)
 dt

=

(
1 +
√

2
)

π

60
≈ 0.22 <

1
2

Γ
(

3
2

)
=

1
4
√

π ≈ 0.44,

and ∫ ∞

0
exp (−t) dt = 1 < ∞.

Thus the hypothesis (C2) is satisfied.

If we choose k = 5, we show k ≥ 1
1
4
√

π− 1
60 π(

√
2+1)

≈ 3.15. Therefore, (3.12) is satisfied. Hence, all

conditions of theorem 3.1 and theorem 3.2 hold. Thus, the problem (3.20) has at least one solution in Ω.

Example 3.2 Consider the following boundary value problem of nonlinear Caputo-type Erdélyi–Kober

fractional differential equations
D−

3
2 , 3

2
1 u (t) + t

3
2 exp(−t)

2
√

π

(
1+t

1
2

) arctan (|u|) = 0, t > 0,

limt→0 t−
1
2 u (t) = 0, limt→∞ t−

1
2 u(t) = 1

2 u(1),

(3.21)
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here,

f (t, u) =
t

3
2 exp (−t)

2
√

π
(

1 + t
1
2

) arctan (|u|) ,

and n = 2, β = 1, ρ = 1
2 , γ = − 3

2 , and δ = 3
2 .

(C1) Clearly f ∈ C ((0, ∞)×R, (0, ∞)) , for any (t, u) ∈ (0, ∞)×R.

(C2) Obviously

t−
3
2 f (t, u) =

exp (−t)

2
√

π
(

1 + t
1
2

) arctan (|u|)

≤ exp (−t)

2
√

π
(

1 + t
1
2

) |u| .
with the aid of simple computation we find that∫ ∞

0

(
1 +
√

t
) exp (−t)

2
√

π
(

1 + t
1
2

)dt =
1

2
√

π
≈ 0.282,

and 1
2 Γ
( 3

2

)
= 1

4
√

π ≈ 0.44. Then (C2) holds.

(C3) We have∣∣∣t− 3
2 f (t, u)− t−

3
2 f (t, v)

∣∣∣ =

∣∣∣∣∣∣ exp (−t)

2
√

π
(

1 + t
1
2

) arctan (|u|)− exp (−t)

2
√

π
(

1 + t
1
2

) arctan (|v|)

∣∣∣∣∣∣
=

exp (−t)

2
√

π
(

1 + t
1
2

) |arctan (|u|)− arctan (|v|)|

≤ exp (−t)

2
√

π
(

1 + t
1
2

) ||u| − |v||
≤ exp (−t)

2
√

π
(

1 + t
1
2

) |u− v| .

If we put q (t) = exp(−t)

2
√

π

(
1+t

1
2

) , then we obtain

q∗ =
∫ +∞

0

(
1 + t

1
2

) exp (−t)

2
√

π
(

1 + t
1
2

)dt =
1

2
√

π
< ∞.

Hence, the condition (C3) is satisfied.

Moreover, we have

βq∗

(1− ρ) Γ (δ)
=

1
Γ
( 3

2

)√
π

=
2
π

< 1,

then the condition (3.19) is satisfied. It follows from Theorem 3.3 that the boundary value problem (3.21)

has a unique solution u ∈ C∞.
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B O U N D E D S O L U T I O N F O R B V P O F D I F F E R E N T I A L E Q U AT I O N S

I N V O LV I N G E – K F R A C T I O N A L D E R I VAT I V E O N U N B O U N D E D

D O M A I N

This chapter is an article accepted in: Annals of the University of Craiova–Mathematics and

Computer Science series, (see [59]).

The aim of this chapter is to study the existence of bounded solution for the boundary value

problem of nonlinear fractional differential equation involving Erdélyi–Kober differential operator

on unbounded domain

Dγ,δ
β u (t) + f (t, u (t)) = 0, t ∈ J = (0, ∞) , (4.1)

with the boundary conditions

lim
t→0

tβ(1+γ) dk

dt(k)
Iγ+δ,m−δu(t) = 0, with k = 0, m− 2, u (t) bounded on J, (4.2)

where Dγ,δ
β denotes the Erdélyi–Kober fractional derivative operator of order δ and Iδ+γ,m−δ is

the Erdélyi–Kober fractional integral of order m− δ, with m− 1 < δ ≤ m, −m < γ < 1−m, m ∈

N, m ≥ 2, β > 0 and f is a given function required to satisfy the following conditions:

(D1) f : J ×R −→ [0, ∞) is continuous.

(D2) There exist ψ(t) ∈ C ((0, ∞) , (0, ∞)) , and ω(t) : (0, ∞) → (0, ∞) continuous and non-

decreasing such that∣∣∣tβ(1+γ)−1 f (t, u)
∣∣∣ ≤ ψ(t)ω(|u|) on (0, ∞)×R.

62
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In this chapter, we assume that Tn ∈ J, n ∈ N∗, such that 0 < T1 < T2 < ... < Tn < ... with

Tn → ∞ as n→ ∞.

In the sequel we set Jn = (0, Tn] .

In this chapter, we use the space Cl (0, ∞) to study the problem (4.1)-(4.2) , which is denoted

by

Cl (0, ∞) =

u

∣∣∣∣∣∣ u is a continuous function on (0,+∞) such that

limt→0 u(t) and limt→+∞ u(t) exist

 ,

from [14],[64], Cl (0, ∞) is a Banach space with the norm

‖u‖Cl(0,∞) = sup
t∈(0,∞)

|u(t)| ,

furthermore

Cl (0, Tn] =

u

∣∣∣∣∣∣ u is a continuous function on (0, Tn] such that

limt→0 u(t) exists

 .

It is easily seen that Cl (0, Tn] is a Banach space with the norm

‖u‖Cl(0,Tn]
= sup

0<t≤Tn

|u(t)| .

4.1 finite interval problem

To present existence theory for the problem (4.1) -(4.2) we begin with the following existence

principle for the problem on the finite interval.

Fix n ∈ N∗, for m = {2, 3, . . .} , with m− 1 < δ ≤ m, −m < γ < 1−m, β > 0, we consider the

following boundary value problem
Dγ,δ

β u (t) + f (t, u (t)) = 0, t ∈ Jn,

limt→0 tβ(1+γ) dk

dt(k)
Iγ+δ,m−δu(t) = 0, with k = 0, m− 2,

u(Tn) = 0.

(4.3)

Based on the previous lemma, we will define the integral solution of the finite interval problem

(4.3).
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Lemma 4.1 Let m− 1 < δ ≤ m, −m < γ < 1−m, m ≥ 2, β > 0 and y ∈ C2
α, then the fractional

differential equation

Dγ,δ
β u (t) + y(t) = 0, t ∈ Jn, (4.4)

with the conditions

lim
t→0

tβ(1+γ) dk

dt(k)
Iγ+δ,m−δu(t) = 0, with k = 0, m− 2, (4.5)

u(Tn) = 0, n ∈N∗ is fixed. (4.6)

has a unique solution given by

u (t) =
∫ Tn

0
Gn (t, s) sβ(γ+1)−1y (s) ds, (4.7)

where

Gn (t, s) =


β

Γ(δ)

[
t−β(γ+1)

(
1−

(
s

Tn

)β
)δ−1

− t−β(δ+γ)
(
tβ − sβ

)δ−1
]

, 0 < s ≤ t ≤ Tn,

β
Γ(δ) t−β(γ+1)

(
1−

(
s

Tn

)β
)δ−1

, 0 < t ≤ s ≤ Tn,

(4.8)

is called the Green function of boundary value problem (4.4)-(4.5)-(4.6).

Proof. Let m− 1 < δ ≤ m, with −m < γ < 1−m, and β > 0; it is easy to prove that the operator

Iγ,δ
β has the linearity property for all δ > 0. By applying Iγ,δ

β to equation (4.4) we obtain

Iγ,δ
β Dγ,δ

β u (t) + Iγ,δ
β y(t) = 0. (4.9)

By using Lemma 1.5, for m− 1 < δ ≤ m, we can easily find that

Iγ,δ
β Dγ,δ

β u (t) = u(t)− c0t−β(1+γ) + c1t−β(2+γ) + · · ·+ cm−1t−β(m+γ),

for some constants c0, c1, · · · cm−1 ∈ R. Thus, (4.9) gives

u(t)− c0t−β(1+γ) − c1t−β(2+γ) + · · ·+ cm−1t−β(m+γ) + Iγ,δ
β y(t) = 0,

which means that

u (t) = c0t−β(1+γ) + c1t−β(2+γ) + · · ·+ cm−1t−β(m+γ) − Iγ,δ
β y(t). (4.10)
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From the formula (1.26) of Lemma 1.5, it follows that

c0 = lim
t→0

tβ(1+γ)
m−1

∏
i=1

(
1 + γ + i +

1
β

t
d
dt

)(
Iδ+γ,m−δu

)
(t)

= lim
t→0

tβ(1+γ)



(2 + γ) (3 + γ) · · · (m + γ)
(

Iδ+γ,m−δu
)
(t)

+ξ1 (n, γ) 1
β t d

dt

(
Iδ+γ,m−δu

)
(t) + · · ·

+ξm−2 (m, γ) 1
βm−2 tm−2 d(m−2)

dt(m−2)

(
Iδ+γ,m−δu

)
(t)

+ 1
βm−1 tm−1 d(m−1)

dt(m−1)

(
Iδ+γ,m−δu

)
(t) ,

with, ξ1, · · · , ξm−2 ∈ R


c1 = lim

t→0
tβ(2+γ)

m−1

∏
i=2

(
1 + γ + i +

1
β

t
d
dt

)(
Iδ+γ,m−δu

)
(t)

= lim
t→0

tβ(2+γ)



(3 + γ) · · · (m + γ)
(

Iδ+γ,m−δu
)
(t)

+ξ1 (m, γ) 1
β t d

dt

(
Iδ+γ,m−δu

)
(t) + · · ·

+ξm−3 (m, γ) 1
βm−3 tm−3 d(m−3)

dt(m−3)

(
Iδ+γ,m−δu

)
(t)

+ 1
βm−2 tm−2 d(m−2)

dt(m−2)

(
Iδ+γ,m−δu

)
(t) ,

with, ξ1, · · · , ξm−3 ∈ R


;

...

cm−2 = lim
t→0

tβ(m−1+γ)
m−1

∏
i=m−1

(
1 + γ + i +

1
β

t
d
dt

)(
Iδ+γ,m−δu

)
(t)

= lim
t→0

tβ(m−1+γ)

[
(m + γ)

(
Iδ+γ,m−δu

)
(t) +

1
β

t
d
dt

(
Iδ+γ,m−δu

)
(t)
]

;

cm−1 = lim
t→0

tβ(m+γ)
m−1

∏
i=m

(
1 + γ + i +

1
β

t
d
dt

)(
Iδ+γ,m−δu

)
(t)

= lim
t→0

tβ(m+γ)
(

Iδ+γ,m−δu
)
(t) .

The boundary condition (4.5) implies that cm−1 = cm−2 = · · · = c1 = 0, which means that we

can rewrite the integral equation (4.10) as

u (t) = c0t−β(1+γ) − Iγ,δ
β y(t),

in view of the boundary condition (4.6) we conclude that

c0T−β(1+γ)
n − Iγ,δ

β y(Tn) = 0.
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Consequently, we find that

c0 =
βT−β(γ+δ)

n

Γ (δ) T−β(1+γ)
n

∫ Tn

0

(
Tβ

n − sβ
)δ−1

sβ(γ+1)−1y(s)ds

=
β

Γ (δ)

∫ Tn

0
T−β(δ−1)

n

(
Tβ

n − sβ
)δ−1

sβ(γ+1)−1y(s)ds

=
β

Γ (δ)

∫ Tn

0

(
1−

(
s

Tn

)β
)δ−1

sβ(γ+1)−1y(s)ds,

and therefore, the unique solution of the problem (4.4)-(4.5)-(4.6) is given by

u(t) =
β

Γ (δ)

 t−β(1+γ)
∫ Tn

0

(
1−

(
s

Tn

)β
)δ−1

sβ(γ+1)−1y(s)ds

−t−β(γ+δ)
∫ t

0

(
tβ − sβ

)δ−1 sβ(γ+1)−1y (s) ds


=

∫ Tn

0
Gn (t, s) sβ(γ+1)−1y(s)ds.

Now, we present some notations and some properties of Green’s function that form the basis of

our main work.

Remark 4.1 For m− 1 < δ ≤ m, −m < γ < 1−m, and β > 0 the following conditions is hold

1. For all ∀t, s ∈ (0, ∞) , the function Gn (t, s) ≥ 0.

2. For each n > 0, the function t ∈ Jn →
∫ Tn

0 |Gn (t, s)| ds is continuous and bounded on Jn.

We now turn to the question of existence for the problem (4.3) .

Define an integral operator A : Cl (0, Tn]→ Cl (0, Tn] by

Au(t) =
∫ Tn

0
Gn (t, s) sβ(1+γ)−1 f (s, u(s))ds, t ∈ Jn, (4.11)

where Gn(t, s) defined by (4.8) .

Clearly, from Lemma 4.1, the fixed points of the operator A coincide with the solutions of the

problem (4.3) .

We put

G̃n = sup
{∫ Tn

0
|Gn (t, s)| ds, t ∈ Jn

}
. ψ∗n = sup {ψ (s) , s ∈ Jn} , n > 0.
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Lemma 4.2 If (D1)-(D2) hold, Then A : Cl (0, Tn]→ Cl (0, Tn] is completely continuous.

Proof. First, for u ∈ Cl (0, Tn] we have

‖Au (t)‖Cl(0,Tn]
= sup

0<t≤Tn

|Au (t)| = sup
0<t≤Tn

∣∣∣∣∫ Tn

0
Gn (t, s) sβ(γ+1)−1 f (s, u(s))ds

∣∣∣∣
≤ sup

0<t≤Tn

∫ Tn

0
|Gn (t, s)|

∣∣∣sβ(γ+1)−1 f (s, u(s))ds
∣∣∣

together with conditions (D1) and (D2), it then follows that

sup
0<t≤Tn

∫ Tn

0
|Gn (t, s)|

∣∣∣sβ(γ+1)−1 f (s, u(s))ds
∣∣∣

≤ sup
0<t≤Tn

∫ Tn

0
|Gn (t, s)|ψ(s)ω (|u(s)|) ds

≤ ψ∗nω
(
‖u‖Cl(0,Tn]

) ∫ Tn

0
|Gn (t, s)| ds

≤ ψ∗nω
(
‖u‖Cl(0,Tn]

)
G̃n < ∞.

Hence, A : Cl (0, Tn]→ Cl (0, Tn] is well-defined.

Choose

M ≥ ψ∗nω (M) G̃n, (4.12)

and let

Ω =
{

u ∈ Cl (0, Tn] , ‖u‖Cl(0,Tn]
≤ M, M > 0

}
.

In what follows we divide the proof into several steps.

step 1: A : Ω→ Cl (0, Tn] is continuous.

Let
(
uq
)

q∈N
∈ Ω be a convergent sequence to u in Ω; from Lemma 4.1 we obtain that

∥∥Auq −Au
∥∥

Cl(0,Tn]
= sup

0<t≤Tn

∣∣∣∣∫ Tn

0
Gn (t, s) sβ(γ+1)−1 [ f (s, uq(s))− f (s, u(s))

]
ds
∣∣∣∣

≤ sup
0<t≤Tn

∣∣∣∣∣∣ β

Γ (δ)
t−β(γ+1)

∫ Tn

0

(
1−

(
s

Tn

)β
)δ−1

sβ(γ+1)−1

×
[

f (s, uq(s))− f (s, u(s))
]

ds
∣∣

≤ sup
0<t≤Tn

β

Γ (δ)
t−β(γ+1)

∣∣∣∣∣∣
∫ Tn

0

(
1−

(
s

Tn

)β
)δ−1

sβ(γ+1)−1

× f (s, uq(s))ds−
∫ Tn

0

(
1−

(
s

Tn

)β
)δ−1

sβ(γ+1)−1 f (s, u(s))ds

∣∣∣∣∣∣ .
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Due to the condition (D2), we get∣∣∣∣∣∣
(

1−
(

s
Tn

)β
)δ−1

sβ(γ+1)−1 f (s, u(s))

∣∣∣∣∣∣ ≤
(

1−
(

s
Tn

)β
)δ−1

ψ(s)ω (|u(s)|)

≤
(

1−
(

s
Tn

)β
)δ−1

ψ(s)ω (‖u‖)

≤ ω (M)

(
1−

(
s

Tn

)β
)δ−1

ψ(s).

Since the right hand side of the above inequality is in L1 (0, ∞) and the function(
1−

(
s

Tn

)β
)δ−1

sβ(γ+1)−1 f (s, u(s)), is continuous, it follows that the Lebesgue dominated

convergence theorem (theorem 12.12, page 199 in [13]) yields

u→
∫ Tn

0

(
1−

(
s

Tn

)β
)δ−1

sβ(γ+1)−1 f (s, u(s))ds is continuous. Hence, it holds that

∫ Tn

0

(
1−

(
s

Tn

)β
)δ−1

sβ(γ+1)−1 f (s, uq(s))ds

→
∫ Tn

0

(
1−

(
s

Tn

)β
)δ−1

sβ(γ+1)−1 f (s, u(s))ds as q→ ∞.

Therefore,
∥∥Auq −Au

∥∥
Cl(0,Tn]

→ 0, as q→ ∞.

step 2: A (Ω) is relatively compact.

First, we show that A (Ω) is uniformly bounded. Let u ∈ Ω; by the condition (D2), we

obtain

‖Au (t)‖Cl(0,Tn]
= sup

0<t≤Tn

|Au (t)| = sup
0<t≤Tn

∣∣∣∣∫ Tn

0
Gn (t, s) sβ(γ+1)−1 f (s, u(s))ds

∣∣∣∣
≤ sup

0<t≤Tn

∫ Tn

0
|Gn (t, s)|

∣∣∣sβ(γ+1)−1 f (s, u(s))ds
∣∣∣

≤ ψ∗nω
(
‖u‖Cl(0,Tn]

) ∫ Tn

0
|Gn (t, s)| ds

≤ ψ∗nω (M) G̃n

hence, A (Ω) is uniformly bounded.

Next, we show that A (Ω) is equicontinuous on Jn.

For all u ∈ Ω, t1, t2 ∈ Jn, and t1 ≤ t2, we can find

|Au (t2)−Au (t1)| ≤
∫ Tn

0
|Gn (t2, s)− Gn (t1, s)|

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

≤ ψ∗nω (M)
∫ Tn

0
|Gn (t2, s)− Gn (t1, s)| ds→ 0, uniformly as t1 → t2.
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Hence, A (Ω) is locally equicontinuous on Jn. Consequently, A (Ω) is relatively compact.

Therefore, A : Cl (0, Tn]→ Cl (0, Tn] is completely continuous.

Now, to prove the existence result for the problem (4.3) , we use the fixed point theorem of

schauder’s

Theorem 4.1 Assume that the hypotheses (D1)-(D2) hold, and that there exicts M ∈ R satisfied (4.12) ,

then the fractional boundary value problem (4.3) has at least one solution u ∈ Ω.

Proof. From the proof of Lemma 4.2, we know that A is a completely continuous operator.

Also we have A (Ω) ⊂ Ω because of

‖Au (t)‖Cl(0,Tn]
= sup

0<t≤Tn

|Au (t)| = sup
0<t≤Tn

∣∣∣∣∫ Tn

0
Gn (t, s) sβ(γ+1)−1 f (s, u(s))ds

∣∣∣∣
≤ sup

0<t≤Tn

∫ Tn

0
|Gn (t, s)|

∣∣∣sβ(γ+1)−1 f (s, u(s))ds
∣∣∣

≤ ψ∗nω
(
‖u‖Cl(0,Tn]

) ∫ Tn

0
|Gn (t, s)| ds

≤ ψ∗nω (M) G̃n ≤ M.

Hence, by Theorem 1.4 the boundary value problem (4.3) has at least one solution u in Ω such

that

|u (t)| ≤ M, for each t ∈ Jn.

4.2 semi-infinite interval problem

The ideas in the previous part together with a diagonalization argument enable us to treat the

problem (4.1)-(4.2) defined on semi-infinite interval.

Theorem 4.2 Assume that the hypotheses (D1)-(D2) hold and that there exits M ∈ R satisfying (4.12) .

Then the fractional boundary value problem (4.1)-(4.2) has at least one solution u on J

Proof. The proof will be given in tow parts

part 1 : From Theorem 4.1, for all n ∈N∗ we show that the following boundary value problems
Dγ,δ

β u (t) + f (t, u (t)) = 0, t ∈ Jn,

limt→0 tβ(1+γ) dk

dt(k)
Iγ+δ,m−δu(t) = 0, with k = 0, m− 2,

u(Tn) = 0.
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have a solution un ∈ Cl (Jn, R) verifies that for each t ∈ Jn, |un (t)| ≤ M, with

un (t) =
∫ Tn

0
Gn (t, s) sβ(γ+1)−1y (s) ds,

where, Gn(t, s) defined by (4.8) .

part 2 : Diagonalization argument

Define

vn(t) =

 un (t) , t ∈ (0, Tn] ,

0, t ∈ [Tn, ∞) .

Then vn is in Cl (0, ∞) with ‖vn(t)‖Cl(0,∞) ≤ M, t ∈ (0, ∞).

Let S =
{
(vn)n∈N∗

}
. For t ∈ (0, T1] , we have

|vn(t)| ≤ |un (t)| ≤ M, ∀n ∈N∗,

which means that, for all t ∈ (0, T1] ; (vn)n∈N∗ is bounded. Furthermore for all t1, t2 ∈

(0, T1] , ∀n ∈N∗, we have

|vn(t2)− vn(t1)| ≤ |un(t2)− un(t1)|

≤
∫ T1

0
|G1 (t2, s)− G1 (t1, s)|

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

≤ ψ∗1ω (M)
∫ T1

0
|G1 (t2, s)− G1 (t1, s)| ds→ 0 for t1 → t2.

It holds that, for all t ∈ (0, T1] ; (vn)n∈N∗ is equicontinous. Thus, S =
{
(vn)n∈N∗

}
is

relatively compact on (0, T1] . Let N1 = N∗ − {1} . For all (vn)n∈N∗ ∈ S, the Arzela-Ascoli

Theorem 1.1, guarantees that there is a sub-sequence (vn)n∈N1 and a function z1 in Cl (0, T1]

such that (vn)n∈N1 → z1 uniformly on (0, T1] as n→ ∞.

Let S1 =
{
(vn)n∈N1

}
. For t ∈ (0, T2] , we have

|vn(t)| ≤ |un (t)| ≤ M, ∀n ∈N1,

which means that for all t ∈ (0, T2] , (vn)n∈N1 is bounded. Furthermore for all t1, t2 ∈ (0, T2] ,

n ∈N∗, we have

|vn(t2)− vn(t1)| ≤ |un(t2)− un(t1)|

≤
∫ T2

0
|G2 (t2, s)− G2 (t1, s)|

∣∣∣sβ(γ+1)−1 f (s, u(s))
∣∣∣ ds

≤ ψ∗2ω (M)
∫ T2

0
|G2 (t2, s)− G2 (t1, s)| ds→ 0 for t1 → t2.
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It holds that, for all t ∈ (0, T2] , (vn)n∈N1 is equicontinous. Thus, S1 =
{
(vn)n∈N1

}
is

relatively compact on (0, T2] .

Let N2=N1 − {2} . For all (vn)n∈N1 ∈ S, the Arzela-Ascoli Theorem 1.1, guarantees that

there is a sub-sequence (vn)n∈N2 and a function z2 in Cl (0, T2] such that (vn)n∈N2 → z2

uniformly on (0, T2] as n → ∞. Note that z2 = z1 on (0, T1] since N2 ⊂ N1. Proceed

inductively to obtain for q ∈ {3, 4, · · · } there is a sub-sequence (vn)n∈Nq with Nq ⊂ N∗

and Nq ⊂ Nq−1 and a function zq in Cl
(
0, Tq

]
such that (vn)n∈Nq → zq as n → ∞. Also

zq = zq−1 on
(
0, Tq−1

]
.

Define a function u as follows

u (t) =

 zq (t) , t ∈
(
0, Tq

]
,

0, t ∈
[
Tq, ∞

)
.

Then u ∈ Cl (0, ∞) , limt→0 tβ(1+γ) dk

dt(k)
Iγ+δ,n−δu(t) = 0, with k = 0, m− 2, m ≥ 2, and

|u (t)| ≤ M, for t ∈ (0, ∞) . Again fix t ∈ (0, ∞) and let q ∈ N∗ with t ≤ Tq. Then for

n ∈Nq we have

vn (t) =
∫ Tq

0
Gq (t, s) sβ(γ+1)−1 f (s, vn(s))ds.

Passing to limit, as n→ ∞ through Nq (using [25], p. 38 or [28], p. 35) we obtain

zq (t) =
∫ Tq

0
Gq (t, s) sβ(γ+1)−1 f (s, zq(s))ds.

Thus

u (t) =
∫ Tq

0
Gq (t, s) sβ(γ+1)−1 f (s, u(s))ds,

which implies limt→0 tβ(1+γ) dk

dt(k)
Iγ+δ,n−δu(t) = 0, with k = 0, m− 2, u ∈ Cl (0, ∞) and

Dγ,δ
β u (t) + f (t, u (t)) = 0, t ∈ J = (0, ∞) .

4.3 an example

Consider the following boundary value problem
D−

3
2 , 3

2
1 u (t) + t

3
2

√∣∣∣∣ u

1+t
1
2

∣∣∣∣e−t = 0, t > 0,

limt→0 t−
1
2 dk

dt(k)
I0,m− 1

2
1 u (t) = 0, with k = 0, m− 2, u (t) bounded in J.

(4.13)
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Here, f (t, u) = t
3
2

√∣∣∣∣ u

1+t
1
2

∣∣∣∣e−t, δ = 3
2 , γ = − 3

2 , and β = 1.

(D1) It is easy to show that the function f is continuous for any (t, u) ∈ (0, ∞)×R.

(D2) From the expression of the function f , it follows that

F(t, u) = tβ(1+γ)−1 f
(

t,
(

1 + t−β(1+γ)
)

u
)
=
√
|u|e−t.

If we choose ω (u) =
√

u, ψ (t) = e−t, then we obtain

|F(t, u)| ≤ ψ(t)ω(|u|), on (0, ∞)×R,

with ω ∈ C ((0, ∞) , (0, ∞)) non-decreasing and ψ ∈ L1 (0, ∞). Then, the condition (D2) holds.

On the other hand, we show that

i)ψ∗n = supt∈(0,Tn]
ψ(t) = 1.

ii)G̃n = supt∈(0,Tn]

∫ Tn
0 |Gn (t, s)| ds; we have to consider tow cases

case 1: for s ≤ t, we have

G̃n = sup
t∈(0,Tn]

β

Γ (δ)

∫ Tn

0

∣∣∣∣∣∣t−β(γ+1)

(
1−

(
s

Tn

)β
)δ−1

− t−β(δ+γ)
(

tβ − sβ
)δ−1

∣∣∣∣∣∣ ds

= sup
t∈(0,Tn]

∫ Tn

0

∣∣∣∣∣t 1
2

(
1− s

Tn

) 1
2

− (t− s)
1
2

∣∣∣∣∣ ds

≤ sup
t∈(0,Tn]

t
1
2

∫ Tn

0

∣∣∣∣∣
(

1− s
Tn

) 1
2
∣∣∣∣∣ ds + sup

t∈(0,Tn]

∫ Tn

0

∣∣∣(t− s)
1
2

∣∣∣ ds

≤ sup
t∈(0,Tn]

t
1
2

∫ Tn

0

(
1− s

Tn

) 1
2

ds + sup
t∈(0,Tn]

∫ Tn

0
(t− s)

1
2 ds

≤ sup
t∈(0,Tn]

[
2
3

t
1
2 Tn −

2
3
(t− Tn)

3
2 +

2
3

t
3
2

]
≤ sup

t∈(0,Tn]

2
3

t
1
2 Tn − inf

t∈(0,Tn]

2
3
(t− Tn)

3
2 + sup

t∈(0,Tn]

2
3

t
3
2

≤ 2T
3
2

n ;
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case 2: for t ≤ s, we have

G̃n = sup
t∈(0,Tn]

β

Γ (δ)

∫ Tn

0

∣∣∣∣∣∣t−β(γ+1)

(
1−

(
s

Tn

)β
)δ−1

∣∣∣∣∣∣ ds

= sup
t∈(0,Tn]

t
1
2

∫ Tn

0

(
1− s

Tn

) 1
2

ds

= sup
t∈(0,Tn]

2
3

t
1
2 Tn

=
2
3

T
3
2

n

≤ 2T
3
2

n .

Now, if we choose M ≥ 4T3
n , then we get

ψ∗nω (M) G̃n = 2T
3
2

n
√

M ≤ M;

therefore, (4.12) is satisfied. Hence, all the conditions of Theorem 4.2 hold, witch means that the

boundary value problem (4.13) has at least one solution.



5
G E N E R A L C O N C L U S I O N S

This thesis devoted to study the existence and uniqueness solutions for certain classes of fractional

order differential equations.

In the first chapter, we recall the history of fractional calculus and we present some functional

spaces. Then, we expose the theory of fractional derivation: different types of fractional derivation

(Riemann–Liouville, Caputo, Erdélyi–Kober, Caputo Erdélyi–Kober), Mellin transformation, Euler

and Beta functions.

The second and the third chapter of this thesis are dedicated to the question of existence and

uniqueness of a positive (respectively unbounded) solution of nonlinear fractional differential

equation in the sense of Erdélyi–Kober derivative (respectively Caputo Erdélyi–Kober derivative)

with boundary conditions on infinite interval in special Banach spaces . These results were

obtained by using the Banach contraction principle, Guo–Krasnoselskii, Schauders and nonlinear

alternative Leray–Schauders fixed point theorem. We gave in each chapter some examples to

illustrate the applicability of our results.

In the last chapter, a different criterion presented for the study of the existence and uniqueness

of bounded solution of nonlinear fractional differential equation on the half line. This criterion

based on the Schauders fixed point theorem combined with diagonalization argument method.

Also, the main result strengthened through an example.

This work opens the way for other developments on fractional differential equations. In

particular, we can offer the following perspectives:

• The search for numerical methods of resolution of fractional differential equations involving

Erdélyi–Kober derivative.

• The search for methods of resolution of partial differential equations of fractional order in

the sense of Erdélyi–Kober and caputo Erdélyi–Kober derivative.

These perspectives are possible directions for future works.
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