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Notaions

q The conjugate of the number ¢ (1 < g < 00), that is % + 5 =1

X* The topological dual of X.

By The closed unit ball of X.

XA The characteristic function.

Z(w) The Banach function space (BFS) over pu.

Z(pn)* The topological dual of Z(pu).
The Ko6th dual of Z(u).
Z(u)p  The p-th power space of Z ().
Lo The space of classes of measurable function.
L*(m)  The space of m-integrable functions.

L(X;Y)  The sets of all continuous linear operators.
L,,(X;Y) The operator ideal of (p, ¢)-factorable operators.
F,(X;Y) The p-th power factorable operators.

Fpq(X:Y) The (p,q)-th power factorable operators.

Z(X,Y) The ideal of all linear operators.

II,(X,Y) The ideal of p-summing operators.
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Ky  The isometric embedding defined between Y and its bidual Y **.
i) The natural (and continuous) injection.

Ty The linear extension of T'.

[i]  The inclusion/ quotient map.

Z, The ideal of p-integral operators.

|m|  The variation a vector measure m .

|lm|| The semivariation of the vector measure m.
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Abstract |

( Abstract )

In this research, we studied some classes of linear operators ideals such as the class of
p-factorable operators, p-th power factorable operators, and the class of (p,q)-factorable
operators. The main aim of our work is to present the ideal of F,, ,-factorable operators which
introduced by Orlando GALDAMES-BRAVO. Some extrapolation theorems related to
this class are shown.

Keywords : (p,q)- factorable operator, p-th power factorable operator, vector measure,

p-summing operator.

Résumé

Dans ce mémoire, nous avons présenté quelques classes d’idéaux d’opérateurs linéaires tels
que la classe des opérateurs p-factorables, les opérateurs p-th power factorables, les opéra-
teures (p, q) factorables, L’objectif principal de notre travail est de présenter 'idéal des opéra-
teurs F, ,-factorables introduite par Orlando GALDAMES-BRAVO. Certains théorémes
d’extrapolation liés a cette classe sont présentés.

Mots clés: opératuer (p,q)- factorable , opératuer p-th power , espace mésuré vector,

opératuer p-summing sommant.
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Introduction

he ideal of p-factorable operators (denoted by L£,) was introduced by Kwapien [7, page
217]. A linear operator between two Banach spaces X and Y is called p—factorable if
there are a finite measure space (€2, X, 1) and operators R € L(X — L,(n)), S € L(L,(p) — Y™),

such that

X T Y by
Rl /
Lp

where ky is the cannonical injection of Y into Y**. We write

Yp(uy := inf | R[S,

where the infimum extends over all conceivable factorization of the form we have indicated. The
collection of all p-factorable operators from X into Y denoted by £,(X,Y)
From [3, Theorem 18.11], let X and Y be Banach spaces, and let p,q € [1,00) be such that

I/p+1/q>1,T € L(X,Y) is (p, q)-factorable if and only if there are a finite measure p, operators
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R € L(X,LY () and S € L(LP(u),Y*) such that ky oT = SoloR

J ]

L7 () (1)

where [ is the natural inclusion. The norm is given by a,,(T) := inf || R| ||| ||S||, where the
1 1
infimum is taken over all such factorizations . Recall that when — + — = 1 we have £, ,(X,Y) =

P g
L,(X,Y)

In [3] Maurey studied the class of operators that factor through L? spaces of a finite measure,
providing an extrapolation theorem for p-summing operators which establishes, in one of its ver-
sions, that IL,(X,Y) = IL.(X,Y) for every r € [1,p], provided that IL,(X,?) = IL.(X, {?) for some
1 <7 < p<ooand that X is a Banach space (see [1, Theorem 3.17]).

The aim of this memory is to present an extrapolation theorems for (p,q)-power factorable
operators, so our work based in the article of Orlando Galdames-Bravo (see["]), this memory
organized as follow

In the first chapter, we recall by some basic definitions concerning Banach function space,
linear operator ideals, p-factorable operators and (p, ¢)-factorable operators. The second chapter
is devoted to present the classes of p-th power factorable operator presented in the [9], definitions,
inclusion theorem for this class of operators are given.

The ideal of F, ,-factorable operators presented in the last chaptere. Some characterizations

and extrapolation theorems related to this class of operators are given.



CHAPTER 1

Preliminaries

n this chapter, we present some concepts which will use in the sequel of this Memory, as measure

spaces, Banach Lattice, Banach function spaces

1.1 Preliminaries on Measure space

Definition 1.1.1. [/, page 89] (Measure space (2,3, 1)) Let (2,3, u) denote a measure space,

i.e., ) is a set and

(i) ¥ is a Y-algebra in Q, i.e., 3 is a collection of subsets of ) such that:

(a) ¢ €%,
(b)) AEY = A°ey,

(c) U, An € Z whenever A, € X Vn,
(ii) w is a measure, i.e.,u: 3 — [0, 00][ satisfies

(a) u(¢) =0,
(b)) w(U,—,) = U —, u(A,) whenever (Ay) is a disjoint countable family of members of X.

(The members of ¥ are colled the measurable sets. Sometimes we shall write|A| instead

of n(A).

(i)  is X-finite, i.e., there exists a countable family () in X such that Q@ = |J,—, Q,and

1(,) < 00, Vn.



1.2. BANACH LATTICES 4

Remark 1.1.2. The sets E € ¥ with the property that (E) = 0 are called the null sets. We say
that a property holds a.e. (or for almost all x € Q) if it holds everywhere on S except on a null

set.

1.2 Banach lattices

Let recall some notations and results from [I1]. A Riesz space is a partially ordered real vector
space E which in addition is a lattice, i.e., any two elements x;y € E have a least upper bound,
denoted by xVy = sup{z,y} and a greatest lower bound, denoted by z Ay = inf{x,y}. For every
r€ E let 27 =2V0,27 =2 A0and |x|] =27 Va2~ be the positive part, the negative part and
the absolute value of z, respectively. We have the identities x = 2 + 2~ and = 2 + x. The set

E = {z;x > 0}, is called the positive cone of E and its elements are called positive .

Example 1.2.1. Let (2, %, ) be a measure space. Define C to be the set of all realvalued -
measurable functions on Q and order C by f < g if f(w) < g(w) for all w € Q and f,g € C.

Let B be the space of all equivalence classes of functions in C for the equivalence relation f= g if

f—g=0p-ac Oder Bby[f]<lgif f<g

Definition 1.2.2. (Banach Lattice) Let E be a Riesz space, A norm ||-|| on E is a lattice norm
whenever |x| < |y| implies ||z|| < ||ly|| Yx,y € E. A Riesz space equipped with a lattice norm is
known as a normed Riesz space. If a normed Riesz space is also norm complete, then it is referred

to as a Banach lattice.

1.3 Banach function space

e The space of classes of measurable function equal almost everywhere with respect to u is denoted
by Lo(u). Let A € ¥; hence x4 € L°(u1) denotes the characteristic function. A Banach function
space (BFS for short) over u is a Banach space Z(u) continuously embedded into L°(u) and

satisfying the following;:

RABIA BESMA



1.4. THE TOPOLOGICAL DUAL OF BANACH SPACE Z(u)* >

(i) (Ideal property). If g € Z(u) and | f| <|g| (f € L%(n)), then f € Z(u) and || f]| 7,y < llgll z¢,)-

(ii) For every A € ¥, x4 € Z(1).

1.4 The topological dual of Banach space Z(u)*

Definition 1.4.1. [9] The duality between a B.f.s.Z(u) and its (topological) dual space

Z(n)* = L(Z(n),C) is denoted by
(f.8)=¢&(f),  feZ(p), §€Z(p"
Then Z(u)* is equipped with the dual norm

||'HZ(,U,)*:gHsup{‘<f7£>|:fEBZ(u)}a geZ(:u)*

Note that [|-|| 5« is indeed a norm for which Z(p)* is complete because C is a Banach space and

because of the inequality

(SO < Mz €z F€2(), &€ Z(p)"

1.5 The Kothe dual space Z(p)

Definition 1.5.1. [9] The Kéthe dual of Z(1), also called the associate space of Z (), is the order

ideal of L°(11) defined by

Z(p) ={g€L°(w) g Z(n) C L'(w)}.

RABIA BESMA



1.6. LINEAR OPERATOR IDEALS 6

Since both Z(pn) and L'(p) are order ideals with xo € Z (), it follows that Z(p) C L' (). Given

g € Z(n)', the linear functional

€ f o /ngdu, f e Z(u)

is necessarily continuous, that is, £, € Z(pu)*. Indeed, the multiplication operator My : f — gf,
for f € Z(n), is a closed operator from Z(u) into L'(p) and hence, is continuous via the Closed
Graph Theorem. So, &, is continuous because it is the composition of My with the continuous linear
functional h — fQ hdu on L'(u). Next, observe that the linear map

g—&,  geZn).

Clearly, ||| 5.y is a lattice norm. Accordingly, (Z(p), [l 2¢uy) s a lattice normed function space

over (£, %, ).

Definition 1.5.2. e A BFS Z(u) is called o-order continuous or simply order continuous (OC
for short) if, for every sequence of functions (f;); € Z(u)* such that f; | 0, We have ||fi||z(u) 10
(note that o-OC and OC coincide in BEFS).

e A BFS Z(u) is called o-Fatou or simply Fatou if, for every sequence of functions (f;); € Z ()™
such that f; 1 f € L%(u) and sup; 1 fill ¢4y < 00, we have f € Z(pn) and || fill 7y T 1 fll 2()- The

main characterizations of these properties are that a BFS Z(u) is OC if and only if Z ()" = Z(p) ,

and it is Fatou if and only if Z(n)" = Z(p).

1.6 Linear operator ideals

Recall that a linear operator T' € £(X,Y) is said to have finite rank if 7'(X) is a finite dimensional

subspace of Y. The class of all finite rank linear operators between Banach spaces is denoted by

RABIA BESMA



1.6. LINEAR OPERATOR IDEALS 7

L;(X,Y). An operator has rank one if and only if has the form
TRy:xr— (r, ")y

ie. ifu e Ly(X,Y) we have
U= Z$j & Y;,
i=1
where (zf)!, C X* and (y;)I, C Y (see [10, Page 25]).

Definition 1.6.1. An operator ideal Z is a subclass of the class L of all continuous linear operators
between Banach spaces such that for all Banach spaces X and Y its components Z(X,Y) =
L(X,Y)NZ satisfy:

(i) Z(X,Y) is a linear subspace of L(X,Y") which contains the finite rank operators.

(ii) The ideal property: if v € L(G,X), u € Z(X,Y) and w € L(Y, H), then the composition
wowvouisinZ(G,H).

If ||.Il; : T — RY satisfies: (i") (Z(X,Y),||.|lz) s a normed (Banach) space for all Banach
spaces E and F.
(ii’) |lid |z = 1.
(iii’) If v e L(G, X)), u e Z(E,F) and w € L(Y, H).

lwowou]y < flwll{vflz [lu],

then (Z,||.||;) is called a normed (Banach) operator ideal.

The operator ideal Z is said to be closed if each Z(X,Y) is a closed subspace of £(X,Y") for the

sup norm.

Definition 1.6.2. (injective operator ideal)

A normed operator ideal (I, ||.||7) is said to be injective if for every metric injection i : Y — G

RABIA BESMA



1.7. IDEAL OF P-SUMMING LINEAR OPERATORS. 8

and every u € L(X,Y) it follows from iou € Z(X, Q) that u € Z(X,Y). Moreover
i oullz = lullz,

The ideal Ly of finite rank linear operators is the smallest operator ideal and £ the largest one

[10, Theorem 1.2.2].

1.7 Ideal of p-summing linear operators.

The theory of p-summing operators is based on a crucial criterion due to Pietsch [10]. We mention
that the linear p-summing operators are the starting point in the study of Lipschitz p-summing
mappings.

Let 1 < p < oo. A linear operator T': X — Y is said to be p-summing if there exists a constant

C' > 0 such that for all finite sequence (z;)1<;<,, in X

€l m=<1 \ ;=

(ZHT@»HP)psc sup <Z r£<xi>|p>p. L)

The infimum of all such constants C' > 0 is denoted by m,(7"). The collection of all p-summing

operators between X and Y is denoted by IL,(X,Y).

Theorem 1.7.1. [/, Page 39] If 1 < p < q < oo, then II,(X,Y) C I, (X,Y). Moreover,

(1) < mp(T) for every u € I1,(X,Y).

The following basic result about p-summing operators is due to A. Pietsch, and it characterizes

the p-summability by means of a domination theorem.

Theorem 1.7.2. (Pietsch Domination Theorem) [/, page 44]

Let 1 <p<ooandT € L(X,Y). Then T is p-summing if and only if there exist a constant C

RABIA BESMA



1.7. IDEAL OF P-SUMMING LINEAR OPERATORS. 9

and a reqular Borel probability measure pn on Bg« (with the weak star topology) so that

IT(@)] < © / (@, 2P du(z*), =€ E. (1.2)

BX*

In this case, my(T') is the least of all the constants C' such that (1.2) holds.

In order to adapt the previous result into a factorization theorem, we present basic examples

of p-summing linear operators.

Example 1.7.3. see [/, Example 2.9 (b),(d)]
(1) Let K be a compact Hausdorff space, let pu be a positive reqular Borel measure on K, and let

1 <p < oo. The canonical inclusion
JP : C(K> — LP(M)?

is p-summing with m,(J,) = ||J,|| = M(K)%.

(2) Let (2,5, 1) be a finite measure space and let 1 < p < oo. The formal inclusion map

Toop: Loo(p) — Lp(ﬂ)»

1
is p-summing, with m,(Isp) = p(2)7.
We denote by ix the isometric embedding X — C'(Bx-) given by ix(z) = (z,.).

Corollary 1.7.4. [/, page 45] (Pietsch Factorization Theorem,)
Let 1 <p<ooand T € L(X,Y). The following are equivalent
(i) T is p-summing.
(ii) There exist a reqular Borel probability measure 1 on Bx« (with the weak star topology), a

closed subspace X, of Ly(11) and a linear continuous operator u : X, — Y such that J,oix(X) C

X, anduwo J,oix(x) =T(z) forallz € E.

RABIA BESMA



1.8. EXTRAPOLATION THEOREM FOR P-SUMMING OPERATORS 10

In other words, if J, is the map ix(X) — X, induced by J,, then the following diagram commutes:

ix 4 T
Zx(X) — Xp
N N

C (Bx-)

In addition, we may choose i and T so that HTVH =m,(T).

1.8 Extrapolation theorem for p-summing operators

Theorem 1.8.1. [/, page70] Let 1 < r < p < oo, and let X be a Banach spaces such that
IL, (X, 1,) =11, (X, 1) .
Then, for every Banach space Y,

1L, (X,Y) =11, (X,Y).

1.9 p-factorable operators

Definition 1.9.1. ([7, page 217]) A linear operator between two Banach spaces X and Y is
called p—factorable if there are a finite measure space (€2, X, 1) and operators R € L(X — L,(n)),

S e L(L,(n) = Y*), such that

RABIA BESMA



1.10. (P,Q)-FACTORABLE OPERATORS 11

X r Y Y,
Lp

where ky is the cannonical injection of Y into Y**. We write
Yoy = Inf || R][[[ S]],

where the infimum extends over all conceivable factorization of the form we have indicated. The

collection of all p-factorable operators from X into Y denoted by L,(X,Y)

1.10 (p, q)-factorable operators

Definition 1.10.1. (/3, Theorem 18.11]) Let X and Y be Banach spaces, and let p,q € [1,00) be
such that 1/p+1/q > 1,T € L(X,Y) is (p, q)-factorable if and only if there are a finite measure

1, operators R € L(X, LY (1)) and S € L(LP(n),Y**) such that ky oT = SoloR

) AN VS O Ve
Rl I
L7 () L (1)

where I is the natural inclusion. The norm is given by
pg(T) = anf | R [IT]IS]],

1 1
where the infimum is taken over all such factorizations . Recall that when — 4+ — = 1 we have
P q

ﬁp,Q<X7 Y) - Ep(X, Y)

Remark 1.10.2. We have that L, s C L, , is satisfied when 1 <r < p < oo and1l < s < q<

RABIA BESMA



1.10. (P,Q)-FACTORABLE OPERATORS 12

0o. The ideal of p-integral operators, denoted by [I,,1,|, is characterized by the (p,1)-factorable

operators, that is, T, = L,1. Recall that every p-integrable operator is p-summing.

RABIA BESMA



CHAPTER 2

p-th power factorable operators

he aim of this chapter is to relate the factorization results for p-th power factorable oper-

ators.

2.1 p-th power of a Banach function space:

Definition 2.1.1. [9, Page 39] Let 0 < p < oo, and let Z(u) be a BFS. The p-th power space

(sometimes called the (1/p)-th power space ) of Z(u) is the space

2wy = {f € L) : 117 € Z(w) }

equipped with the norm ||f||Z(#)[p] = H|f|l/p

p
, ez )
” f € Z(w)y

The term "p-th power” is derived from the fact that
fl € Z(n) <= |fI" € Z()y) provided f e L),

Lemma 2.1.2. [9, Lemma 2.21] Let (Z(n), |||l 5(,)) be a BES based on (2,3, ) and K =1 be a

constant satisfying

LA+ Follzgy < KUz + 1Follzg)s Fisfo € Z(w).

(1) If the norm of Z(u) is o-OC, then the norm of Z(u)p) is also o-OC for every 0 < p < oco.

13



2.2. P-TH POWER FACTORABLE OPERATORS 14

1) If 0 < p < q < o0, then Z(u), € Z(u)q and the natural inclusion map is continuous.
[Pl [a]

Indeed,

1020, < K Ixal s Iz, F € 200

In particular, Z(p) C Z(p)p) for 1 <p < oo and Z(p)p € Z(p) for 0 <p < 1.

Remark 2.1.3. [9] Even when Z(u) is a BFS, the space Z(w)p may only be a normed function
space (for some p). For instance, if Z(u) := L*([0,,1]) and 1 < p < oo, then Z () = LY?(]0,1])
with 0 < (1/p) < 1 and so is a non-normable BFS, whereas for 0 < p < 1 we see that Z () =

LY?(]0,1]) with 0 < (1/p) < oc is actually a BFS.

2.2 p-th power factorable operators

Definition 2.2.1. [0] Let Z(u) be an OC BFS, 1 < p < 0o and E be a Banach space. A continuous
linear operator T' : Z(u) — E is called p-th power factorable if there exists a continuous linear
operator Ty, + Z () — E such that

T =T oip)

In other words, Ty, is an E-valued continuous linear extension of T' to the Banach function space

Z(p)p (in which Z(p) is always dense). Hence, the following diagram commutes:

Z(n) L E, (2.1)

Z (1))

where i) : Z(p) — Z (1) denotes the natural (and continuous) injection.

Lemma 2.2.2. [0] Let Z(u) be a o-order continuous BFS and E be a Banach space. Suppose that

1 < p<oo. Then a continuous linear operator T : Z(u) — E is p-th power factorable if and only

RABIA BESMA



2.2. P-TH POWER FACTORABLE OPERATORS 15

if there is a constant C' > 0 such that

ITDlls < C 1z, = €151

CFEZ() S 2y (2:2)

p
Z(p)

Proof. Let T be p-th power factorable. Let f € Z(u), in which case ip(f) = f. Since T}y :

Z () — E is continuous:

1Tl = H(T[p] © Z[P})(f)HE < HT[P]” ’ Hi[p](f)HZ(N)[p]

= 1T 112,y = 1T - |11

p
Z(u)

In other words, (2.2) holds with C':= ||T},||. For the converse implication see (9, page 39]). [

Remark 2.2.3. [, Page 211] In the above definition, the extension Ty, of a pth power factorable
operator T : Z () — E to Z(u)p) is unique because iy is continuous and if)(Z (1)) is dense in
Z (). 1t is clear that the collection of all E-valued, pth power factorable operators on Z (i) equals

the set

L2y, B) 0 i) = {S 0y : S € LIZ()p, B) } -

In particular, for p =1, the collection of all E-valued, 1-th power factorable operators on Z () is
exactly L(Z(u), E).

Lemma 2.2.4. [0] Let Z(u) be a o-order continuous BFS and E be a Banach space. Suppose that
l<p<ooandT:Z(u) — E is a p-th power factorable operator. Given any Banach space G
and S € L(E,G), the composition SoT : Z(u) — G is also a p-th power factorable operator and

(SOT)[p] = SoTy.

Proof. Since T' admits the unique continuous linear extension Ty, : Z(u)p — £, the operator
S oTy : Z(pw)p — R is also a continuous linear extension of S o T to Z(u)y). So, S oT is p-th

power factorable and (S o Ty, = S o Ty,

RABIA BESMA



2.3. VECTOR MEASURES AND INTEGRATION OPERATORS 16

Let X be a Banach space, the class of all p-th power factorable operators in £(Z(u), X) is
denoted by F,(Z(1),Y’), and we denote by Fg“* (X, Z (1)) the class of all operators R € L(X, Z (1))

such that R* € F (Z(u)*, X*).

Remark 2.2.5. We say that S € L(Z (), Y ™) is p-th power factorable if and only if there is

some K > 0 such that ||Sf]

yor < K||f||Z(N)[p] for all f € Z(u) or, equivalently, |{f, S*y*™*)| <

K[yl yoys

f“Z(u)[] for every y** € (Y**)* and every f € Z(u). Now assume that Z (i) has
an OC dual space. Then given R € L(X,Z(u)), we say that R* is q-th power factorable if and

only if there is some K > 0 such that |(Rz,g)| < K ||z|| HgH(Z(M)/)[q] for every x € X and every

g€ Z(n) = Z(p)".

Remark 2.2.6. [9] Given 1 < p < 00, the collection of all p-th power factorable operators from
a o-order continuous BFS. Z(u) into a Banach space E is a linear subspace of L(Z(u), E). In
fact, if T, S € L(Z(n), E) are p-th power factorable and a,b € C, then (aT + bS) is p-th power

factorable and (aT + bS)) = aljy,) + bSy,).

2.3 Vector Measures and Integration Operators

Definition 2.3.1. [9] Let (£2,%) be a Measurable space, and let m : ¥ — E be a vector measure,
that is, it is a o-additive set function. The variation measure of m, denoted by |m|: ¥ — [0, o0],

is defined as for scalar measures. Given x* € E*, let (m,x*) : ¥ — C denote the scalar measure

(m,z*) : A= (m,z") (A) = (m(A),x"), AeX, 2" e E*

its variation measure |(m,z*)| : ¥ — [0, 00) is necessarily finite. The semivariation ||m|| of m is

the set function defined by

lm[| (A) == sup [{m,27)|(A),  AeX

T*EBpx*
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2.3. VECTOR MEASURES AND INTEGRATION OPERATORS 17

Definition 2.3.2. (The space of m-integrable functions:) The space L°(m) is the space of
|m|| almost everywhere classes of real function, where |m|| is the semi-variation of m. We say

that a function f € L°(m) is m-integrable (or f € L*(m) ) if it satisfies the following.
(i) For each x* € X*, f € L'(|(m,z*)]).

(ii) There exists xo € E such that

<mwwzxyﬂwmww

for every x* € E*.

Remark 2.3.3. L'(m) is Banach space and its norm define by

HﬂpmyZSw(éUMUmf%

z*EBpx*

Definition 2.3.4. [0] (Integration operator) Let (Q2,%) be a measurable space and E be a
complex Banach space. Let m : ¥ — E be a vector measure. Associated with m is the integration

operator I, : L'(m) — E defined by

muw=KQWm f € L(m);

it is clearly linear and continuous. Moreover, its operator norm || L, || = 1.

Remark 2.3.5. Let u finite scalar measure and 0 < p < oo. Z(u) be a Banach function space
and Z(p)yy its p-th power space of Z(p). L'(m) is a BES over (m,x*) and LP(m) := L*(m)n ).
T : Z(u) — Y linear operator, Z(u) order continuous, T always factors through L'(mr), where

mp(A) :=T(xa) and sometimes T factors through L (mz).
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CHAPTER 3

Extrapolation theorems for

(p, q)-factorable operators

n this chapter, we present the class of F, ,-factorable operators, some characterizations and
properties of this class are given. This part based on the article of of Orlando Galdames-

Bravo (see[5])

3.1 Factorization through p-th power factorable operators

Definition 3.1.1. Let 1 < p,q < oo, Let X and Y be Banach spaces, and let T € L(X,Y). We
say that T is F, ,-factorable if there exist a finite measure p, an OC and Fatou BFS Z(u) with OC

dual space, and two operators R € Fg'*'(X, Z(p)) and S € Fp(Z (1), Y**) such that Ky oT = SoR

XLy Bye
k /
Z(u)
We denote by F,,(X,Y) the class of all F, 4-factorable operators in L(X,Y), endowed with the

norm defined as g, o(T) = inf ||S|| ||R||, where the infimum is taken over all operators R and S

as in the definition above.

Example 3.1.2. [0] [Hardy type operators] Let s > 0 and consider the Kernel operator Hs with

18



3.1. FACTORIZATION THROUGH P-TH POWER FACTORABLE OPERATORS 19

1
Kernel function K(x,y) := —Xi0.) (y)dy, i.e.

H)o) = [ Koty = [ Lroneaws == [ oy

Note that by Hélder’s inequality the operator Hy : L*[0,1] — L*[0,1] is always well defined and
continuous for 1 < v < u when s < 1/v — 1/u (in fact, it is continuous in more cases, see for
instance [2, Theorem3.10]). Under these restrictions for u,v and s we can consider the following

factorization. For f(x) = x_g and the volterra operator V : L*[0,1] — L"[0, 1], we can write

Hy=M;oV:L*[0,1] Y LU0, 1 — 2~ 170, 1].

It is known that V is p-th power factorable for all 1 < p < w (see [9, Example 5.9]). On the
other hand, notice that (My) = M; : L’ 0,1] — L [0,1] and for g € L*[0,1] we have that
M¢(g) € L*[0,1]. Take then an index 1 < t < v’ such that s < 1/u’ — 1/v" (note that these
requirements are compatible with the restrictions on the indexes written above). Then a direct
computation using Hoélder’s inequality gives the continuity of the map My : v L“,,z'.e. (Mf)l

is t-th power factorable. Consequently, Hy is (p,t)-th factorable for all 1 < p < u.

Remark 3.1.3. Suppose that T € L(X,Y) factors through a BFS. Then T is F ;-factorable since
every continuous operator (between the suitable spaces) is 1st power factorable. Observe that we
do not need an extension to the 1-st power space, so we do not need the order continuity or Fatou
condition. For example, the class of the Fi 1-factorable operators includes all the p-factorable and
p-integrable operators for every p € [1,00). The Fatou condition is required to obtain a commutative
diagram as in the following remark. For instance, F,1-factorization does not require the BES in

the factorization to be Fatou.

Remark 3.1.4. From the canonical factorizations of p-th power factorable operators(see[?, Section

5.2]) , and taking into account the fact that Z(u) and Z(u)* are OC and Z(u) is Fatou, we deduce
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3.1. FACTORIZATION THROUGH P-TH POWER FACTORABLE OPERATORS 20

the following two factorization schemes:

R* Ok?X \ /
/C;. Z

where jig and iy are continuous inclusions. Observe that the order continuity of Z(u) and

Z(p)* implies that Z(u)* = Z(p) and also Z(u)™ = (Z(u)*)* = (Z(p)')* = Z(w)". Thus, Fatou
and reflexive are the same for Z (). This allows us to identify the operator R with the composition

R* o Kx. In consequence, the diagram makes sense. Moreover, if Z(u) is OC, then so is Z(j),

(see[V, Lemma 2.21]). Thus ((Z(1)*)i0)* = (Z (1) )q) -

The factorization scheme above is equivalent to the following one

k‘y oT

Yo (3.2)
V \ / Tlms
LMmpe )" [a(mp ) — 2 LP(mg) 2> L' (myg)

where v, denotes the canonical inclusion. Recall that every p-th power factorable operator is

r-th power factorable for every r € [1,p]. As a result, T factors through L™ (mr) for r € [1,p].

Theorem 3.1.5. [7] Let 1 < p,q < oo, and let Xy, X, Yy, and Y be Banach spaces. Then we have

the following:

(i) Fpo(X,Y) is a linear subspace of L(X,Y') containing all the finite-rank operators of L(X,Y).
Moreover, ¢,, is a Banach space norm on F,,(X,Y), and |T| < @,q(T) for all T €
Fpq(X,Y).

(i) The composition of an F, ,-factorable operator with any operator is F,,-factorable. More
formally, if T € F,,(X,Y),G € L(Xo,X) and F € L(Y,Y)), then FTG € F,,(X,Y) and

@pﬂ(FTG} < |F| SDP,q(T) 1G]]
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The following proposition is an immediate consequence of the definition. It establishes the first

inclusion property for F, ,-factorable operators.

Proposition 3.1.6. Let 1 <r<p<ooandl < s < qg<oo. Let X and Y be Banach spaces.

Then Fpo(X,Y) C F (X, Y), and @, s(T) < pp4(T) for every T € F, ,(X,Y).

Proof. We just prove the norm equality. Let ¢ > 0 and T" € F, ,(X,Y"). Hence there exist a finite
measure £, a Fatou and OC BFS with OC dual space Z(u), and two operators R € F"/(X, Z (1))
and S € Fp(Z(p),Y™*) such that Ky oT = So R. On the one hand, we know that S = Sy o) =
Sip © 1fp and also that R* = RFS} o Jls] = qu} © jig- On the other hand, from the diagram abov, we

can choose R and S so that

0pa(T) +e = IRINIS] = || Riy o dig || || Sia) © it

= || Ry o dia || | Bim 0 itm|| = rs(T),

obtaining the inequality from the arbitrary choice of £ > 0. ]

As we have seen in the preliminary section, several characterizations of p-th power factorable
operators exist. We present below some of these characterizations in order to provide some new

ones for F, ,-factorable operators.

Proposition 3.1.7. Let 1 < p,q < oo, let X and Y be Banach spaces, and let T € L(X,Y). Then

the following statements are equivalent.
(i) T € Fp(X,Y).

(ii) There ezist a finite measure p, an OC and Fatou BFS Z(u), with OC dual space, and two
operators F' € L(X,((Z(1)')iq) and G € L(Z (1)), Y™) such that Iy oT = Goipo(jig) o F,
where iy and jig are the inclusions into the p-th and g-th power spaces of Z(p) and Z(u)',

respectively.
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(iii) There ezist a finite measure p, an OC and Fatou BFS Z(u), with OC dual space, and two

operators R € L(X,Z(u)) and S € L(Z(u), Y™ ) such that Ky oT = S o R and the diagram

Ky

X .y« Y
l TG
LY (mpg-)* il LP(mys)

commutes, where F' and G are bounded operators, H = [i] o [j|*, and [i] and [j] denote the
inclusion/quotient maps.
Proof. (i) = (ii): This is clear from diagram (3.1).
(11) = (4i1): We use the characterization of p-th power factorable operator given in [0, Lemma
3.3] to obtain the factorization

Iy, oK [ I,
T : X Rx X Lq<mR*>* [] Z(,LL) S Y**

where [j] and [¢] are not inclusions necessarily.
(4i1) = (i): By hypothesis, it follows that Z(u) < LP(mg) and Z (i) < Li(mg.). Hence, the

characterization in [0, Lemma 3.3] again implies (i) O

Note that characterization (ii) of the above proposition coincides with the characterization of
(p, q)-factorable operators when we take Z(u) := L°(u) for a suitable ¢ € [1,00) (see[3, Theo-

rem18.11]).

Theorem 3.1.8. Let 1 < p,q < oo, let X and Y be Banach spaces such that Y and Y™ are

reflexive, and let T € F(X,Y). Then the following two statements are equivalent.
(1)) T € Fqo(X,Y).

(ii) There exist a finite measure p, an OC and Fatou BFS Z(u), with OC dual space, a constant

K >0, and operators R € L(X,Z(un)) ans S € L(Z(u),Y™) such that Ky oT = S o R and

(T, y7)] < K (lellx 1057 0 Koy )yl gy, ) 19" Iy 1R 0, )
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for every v € X, y* € Y* and every 6 € (0,1). The (i)= (ii).
If in (i1) we have that R(X) is dense in Z(u) and S* o Ky« (Y™) is dence in Z(u)', then
Proof. (i)==(ii): Let z € X and y* € Y*. From the factorization Ky o T = S o R, the charac-

terization of s-th power factorable operators given in Remark (2.2.5), and taking into account the

fact that y* = (K*y o Ky )y*, by reflexivity of ¥ and Y*, we get:

(T, y")| = [(Tz, (K*y 0 Ky )y")| = [{(Ky o Tz, Kypy™)|
= [(Rz, (5" o Ky-)y")|" [{Rz, S*(Ky-y"))[™"

6
Sk (”xHX I6s* OKY*)Z/*H(Z(M)’)WJ) (Hy*HY* HRH:HZ(u)m) ’

)1_6 and for every 0 € (0,1).

)" (155 15

(ii)== (i):This follows from the next property of the exponential map. We claim that 0 < a <

for some K > (HRE‘Q]

b - =0 for every 6 € (0,1) implies that a < b and a < c.

% is a decreasing function of . Hence, by continuity

Assume that b < ¢, thus a < ¢. Moreover, b%-¢!~
of such a function, we have that a < inf{b9 7?0 e (0, 1)} = b. Analgously, we get the same
result assuming that ¢ < b. By applying this property, the characterization given in Remark (2.2.5),
and the density hypothesis, we obtain our result. Let ¢ > 0, and fix f € Z(u)" and z* € X*. By
density of (5™ o Ky«)(Y™), there exists some yj € Y™ such that [|f — (S*(Ky+))ygll 7.,y < €/2-

Thus, there exists some Ky > 0 such that :

[(Ra, /)| < [(Re, (S* 0 Ky-)yi)| + |(Re, f — (57 0 Ky-)yi)]
< Ko ll2llx (/24 18" 0 Ky )95 |z,
< Kollzllx <€/2 (S 0 Ky — fH(Z(u)’)[q] + HfH(Z(u)’)[cA)

< Ko ||z <5 + HfH(Z(u)’)[qJ) '
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Since e > 0 is arbitrary for a fixed f € Z(u)’, we have that R* is ¢-th power factorable. To show that
S is p-th power factorable, we just take into account the fact that (K*y o Ky« )y* =y* € Y* =Y**

and proceed in an analogous way. 0

Proposition 3.1.9. Let 1 < p,q < oo. Let X and Y be Banach spaces such that'Y is reflexive.
Then F,,(X,Y) = FZ;“Z(X, Y).

Proof. Let X and Y be Banach spaces, and let 7" € F, ,(X,Y’). Then there exist a finite measure

p and an OC and Fatou BFS Z (i), with OC dual space, such that

KxeoT*:Y* = (=) Z(p) —& X+

for some operators R and S, where Kx« o R* is ¢g-th power factorable. Now, taking into account
the fact that Y is reflexive and Z(u) is so (thanks to the order continuity and Fatou properties),
we have that S** = S, hence it is p-th power factorable. This means that 7" € F,,(Y™*, X*). The
conditions on Z(u)" also hold, because it is OC and the dual Z(u)” = Z(u) is so by hypothesis.
Moreover, Z(p)" is also Fatou since (Z(u)")" = (Z(n)") = Z(p) and Z(u)” is also OC since it
coincides with Z(u). With this and by the same process, we obtain the other inclusion. The

equality of norms is trivially fulfilled. Il

Remark 3.1.10. As we have seen, there are several situations where we need reflexivity properties
of the range or its dual. This is due to the definition of F, ,-factorable operator, in which we have
included a factorization through an operator S € F,(Z(w),Y™*). This bidual as a range space has
a main role in the following section, in which we relate this class with the class of (p, q)-factorable

operators.

3.2 Extrapolation theorems

In the beginning of this Chapter, we presented the ideal of F,, ,-factorable operators. We now show

that every F, ,-factorable operator between finite-dimensional Banach spaces is 1-summing. From
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the characterization of (p,q)-factorable operators by means of the embedding LY (p) — LP(u),
it is not hard to show the first inclusion relation between such operators and the F, ,-factorable

operators.

Proposition 3.2.1. Let 1 < p,q,7,s < 0o such that 1/(pr)+1/(¢gs) > 1. Let X and Y be Banach
spaces. Then L, ,(X,Y) C F.o(X,Y) and @5 < apq. In particular, if 1/p* + 1/¢*> > 1, then

L,,(X,)Y)CF.(X,Y).

Proof. Let T € £, ,(X,Y). Then there exists a probability measure p such that:

T:X Ho So Y o#*

)

L7 (1) L7 (1)

where [ is the canonical inclusion. Choosing any ¢ € [pr, (¢s)’], we have the factorization for such

an inclusion map:

12 13

I L9 () L () Le(p)¢ Ll () L2 (p).

Since L*Y(u) = L*(u)p), we have that R := Iy 0 I; o Ry € F*!(X, L°(y)) and S := Syo I, 0 I3 €

Fr(Le(p), Y**) (see[9, Lemmab.4]). Let € > 0, and choose Ry and Sy so that

apq(T) +& = [[Soll [|1]] ]| Foll
= [1Sol[ Il Za o L5 [|12 o L[} [| Rol

Z Qs (T)

The equality of the norms of the inclusion maps is given by the choice of u as a probability

measure. ]
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With this inclusion property and conditions for compactness of the operators involved, we can
obtain some extrapolation results. For example, when the operators is over finite-dimensional Ba-

nach spaces, such operators are actually absolutely summing.

Proposition 3.2.2. Let 1 < p,q < oo be such that 1/p+1/q > 1, and let E and F be finite-

dimensional spaces. Then F,,(E, F) CII;(E,F) and m < @4

Proof. Let T € F,4(E, F). Hance there exist a BFS Z(u) and two operators R € F“!(E, Z (1))
and S € F,(Z(n), F) such that T'= S o R. Observe that the vector measures mp- and mg take

values in the finite-dimensional spaces E* and F, respectively. This implies that LI(mpg:)* =

qu<|mpb*

) and LP(mg) = LP(|mg|) order isomorphically (see, e.g.,[9, Remark 3.17]). In conse-
quence, taking into account diagram (3.2) and Maurey’s factorization theorem(see, e.g.,[3, the-
orem 18.9]), there exists a probability measure po such that 7' factors through the embedding
L>®(uo) < L*(po); that is, T € £11(E, F) = T,(E,F) CII(E,F). Let € > 0, and take R and S

as above, that satisfies (3.2) and also

epa(T) +€ = @1a(T) +e = [[SIHIRI = ]I 177

G | T,

= [ Lns L IFIIH NG

*
|

> | fons o FIl 11| |G o I

mp*

> a1 (T) =i (T) = m(T),

Where L*°(|mp-

) —C L°(ug) =T L'(po) —*F LY(|ms|). Recall (see Proposition 3.1.6, [3,

Theorem 18.9]) that |[[i][| = IS/ [[7]I| = [|1&]], and [[Lms || = [[Zmp. || = 1. -
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