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Introduction

Fractional calculus, whose origins trace back to a 1695 correspondence between Leibniz and
L’Hopital, has evolved into a rich and dynamic area of research. While initially perceived
as paradoxical, it now finds applications across various fields such as physics, biology, and
engineering. Despite its widespread use, the precise definition of a fractional derivative remains
under debate among researchers [1].

Although the foundational tools of fractional calculus have existed for centuries, the rigorous
study of fractional differential equations began more recently [3], [10], [9], [19]. In particular,
equations involving Riemann-Liouville operators play a significant role in modeling physical
phenomena [7], [8], [L6], [20], [23]. One of the earliest systematic studies was presented by
Joseph Liouville in 1832, laying essential groundwork for the field.

The Caputo derivative [3] has become especially prominent due to its physically meaningful
initial conditions and its property that the derivative of a constant is zero.

Fractional derivatives are applied in various domains, including viscoelasticity, neuroscience,
electrochemistry, control theory, porous media, and electromagnetism.

In parallel, Critical Point Theory and Variational Methods offer powerful tools for
analyzing nonlinear problems through functional minimization, intersecting with areas like
differential equations, calculus of variations, and mathematical physics.

Additionally, in 1845, Gustav Kirchhoff [2] formulated his famous circuit laws, forming a
bridge between electrical engineering and applied mathematics. These laws rely on principles
of differential equations, linear algebra, and complex analysis, and play a fundamental role in
analyzing both DC and AC electrical networks.

My mémoire consists of three chapters. In Chapter One, we provided an overview of frac-
tional integrals and fractional derivatives, highlighting their mathematical foundations. The
chapter included essential definitions and key properties that form the basis for the subsequent
theoretical developments and applications discussed in later chapters. In Chapter Two, we con-
sidered the p-Laplacian problem as an example to illustrate these concepts and explore their

practical applications. In Chapter Three, we generalized the results to the p-Kirchhoff case.



Chapter 1

Preliminaries

Introduction 1.1 In this chapter, we introduce the fundamental concepts relevant to our study.
In particular, we provide the definitions of the fractional integral and derivative operators-
namely, the Riemann-Liouville and Caputo operators—along with their main properties. In
addition, we define the space of absolutely continuous functions in which our problems are

studied, and present its fundamental properties.

1.1 Fractional calculus

In this section we introduce the definitions of the Riemann-Liouville fractional integrals and

fractional derivatives.

1.1.1 Riemann-Liouville fractional integrals

Let [a, b] be a finite interval on the real axis R. The Riemann-Liouville fractional integrals I, f
and I f of order a € R (a>0) are defined by:

(I& f)(x) = F(la) /j (xf_(?;ifa, (x >a,a>0). (1.1)
and
(I8 f)(x) = r(la) /: (tf_(iz)df_a, (x <ba>0). (1.2)

Here I'(a) is the Gamma function, defined by:
+o0
P(a) = / to-le~tdt, (a € C, Re(a) > 0). (1.3)
0
with: ¢ l=ela—l)Int,

Remark 1.1 When a=n € N, the definitions (1.1) and (1.2) coincide with the nth integrals
of the form:

t1

(" f) (@) = /jdtl [t /t F(t)dt
1 x

- =0 / (z — )" LF()dt (n € N) (1.4)

5
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and

1

i@ = [lan [Cdo [ g,
_ (n_ll)!/;(t _ ) (@)t (n € N). (1.5)

1.1.2 Riemann-Liouville Fractional derivatives
The Riemann-Louville fractional derivative D¢, y and Dy y of order o € R (a> 0) are defined
by:
e} d ! n—o
(Dapy)) = |- oLy y)(=)

- m<$>néx%,(n:[a]+l;x>a). (1.6)

and

o) = (5) et
- w<;;i>n/gjb%,(n:[a]+l;x<b). (1.7)

In particulare case, when @ = n € Ny, we have:
(Dayy)(x) = (Dy_y)(x) = y(x), (Dyyy)(x) =y (),

(Diy)(x) =y"™(2), (Dy_y)(z) = (=1)"y"(x),n e N.

Lemma 1.1 (a) The fractional integration operators 13, and Iy* with o > 0 are bounded in
L,(a,b) (1 <p<o0), and we have:

bh—a)®
112l < Kl 5 A1y < KIS win (K = §= 05 19

(b) If0 < a<1and1<p< 2 then the operators I, and I are bounded from Ly(a,b) into

Ly(a,b), where ¢ = £.

Proof. the assertion (a) was poved in Samko et al. [ [22] (theorem 2.6)], while the assertion is
known as the Hardy-Littlewood theorem, see [ [22] et al, (theorem 3.5)]. m

1.1.3 Space of absolutely continuous functions:

Definition 1.1 Let Q = [a,b],(—o0 < a < b < 00) be a finite interval of R and n € N.
AC(Q) be the space of functions f which are absolutely continuous on )(space of primitive
functions f); i.e. N

feAC) & fla) = c—i—/a o()dt (p € L(Q)). (1.9)

With: ¢ = f(a).

6 MERYEM Khaldoune
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Definition 1.2 For n € N*, we denot by AC"[a,b] the space of complex valued functions f(z)

which have continuous derivatives up to order (n — 1) and such that f™~Y(z) € AC(Q) :
CQ)={f:[a,b] — R,D"Vf(z) € AC[a,b],D = L}

In particular, if n = 1; we have AC'(Q) = AC(Q).

Lemma 1.2 Leta >0, andn = [o]+1. Ify € AC"[a,b], then the fractional derivatives DS,y

and Dy y exist almost everywhere on [a,b] and can be represented in the forms:

=R e ™)
Daiy)( Z T+ li _) o) (z —a) + F(nl— 2 /a (:By_ tgta)—;l (1.10)

— (k) _1\n b n
(Dy_y)( Z Tk _(Z)) (b—z)f 4 an 1_)a) /x (ty— m()?flirl’ (1.11)

respectively.

Corollary 1.1 If0 < a <1 and y € ACa, b], then:

D20 = | = (112
and

(D3 (@) = ml_a) - [ ] (113
Remark 1.2 The relations (1.12) and (1.13) were proved in Samko et al. [ [22] (Lemma 2.2
and 2.3)].

Lemma 1.3 Ifa >0, and f € L,(a,b) (1 <p < o0), then the following equalities:

(Dgy 1) () = f(x) and (DI )(x) = f(x), (> 0) (1.14)
hold almost every where on [a,b].

Property 1.1 Let « >0, m € N and D = d/dx.
(a)If the fractional derivatives (D¢, )(z) and (Dg{™)(z) exist, then:

(D™ Dgyy)(x) = (Dgi™y)(x). (1.15)
(b)If the fractional derivatives (D¢ )(z) and (Dg*™)(z) ewist, then:
(D" Dy _y)(x) = (=)™ (D= "y) (x). (1.16)

To present the next property, we use the spaces of functions I, (LP) and I (L?) defined for
a>0andl <p<oo by:

= ff =18 0,0 € LP(a,b) (1.17)
and

L' =f:f=1"¢,¢ € LP(a,b) (1.18)

respectively.

MERYEM Khaldoune 7
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Lemma 1.4 Let « > 0, n = [a] + 1 and let f,_o(x) = (I75°f)(x) be the fractional integral
(1.1) of order n — a.
(a) If 1 <p < oo and f eI (LP), then:

(Lo Day (@) = f(z). (1.19)
(b) If f € L'(a,b) and f,_o € AC"[a,b], then the equality:

(12,05 1)) = ) = Y =2 s a0 gy (1.20)

j=1 _j+1)

hold almost everywhere on |a, b].

In particular, If 0 < o < 1, then:

fi-a(a)

Loy Doy f)(x) = flz) - I(a) (z —a)*, (1.21)
Where fi_o(x) = (I.2*f)(x), while for « =n € N, the following equality holds:
n—1 r(k)
(12D ) = 1)~ - T D eyt (1.22)
k=0 I

Property 1.2 Let « > 0 and B > 0 be such thatn —1<a<n,m—-1<p<m. (n,m €N)
and a+ 3 < n, and let f € L'(a,b) and fn,_o € AC™[a,b]. Then we have the following index

rule: ,
(96 —a)m

(D3+Df+ )(z) = (D*TP f)(x g Dg+]f )(a+) m-

(1.23)

Lemma1.5Letoz>O,p21,qZ1>,and%—|—%§1+a(p7élcmdq7é

1 in the case when% + é =1+a)

(a)
If:p(x) € LP(a,b) and ¥(x) € Li|a, b

then:

[ ez ) @r = [ o) @) (1.24)

If: f(x) € L (L) and g(x) € I;. (L)
then: ,
[ #@(Dzg)wdr = [ o) (D3 1) )i (1.25)

Definition 1.3 Let 0 < a < 1 and 1 < p < o0o.The fractional derivative the space Eg*
defined by the closure of C§([0,T], RY) with respect to the norm

Huua,p:</ u(t ypdt+/ lo D2 u( \”dt) Nu € ESP. (1.26)

It is obvious that the fractional derivative space EG" is the space of functions u € LP([0,T], RN)
having an a-order fractional derivative D¢u € LP([0,T], RY) and u(0) = u(T) = 0, Further-

more, it is easy to verify that E;Y is a reflexive and separable Banach space.

8 MERYEM Khaldoune
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Proposition 1.1 Let 0 < o < 1 and 1 < p < oo.The fractional derivative space Ey* is a

reflexive and separable Banach space.

Proof. In fact , since LP([0,T], RV) is reflexive and separable, The Cartesian product space
L5([0, T, RY) = L¥([0, 7], RY) x L*([0, T}, RY)

is also a reflexive and separable Banach space with respect to the norm:

1
2 D
s = (Z o, ||fzp) , (1.27)
=1

where v = (vi,v9) € L5([0,T], RY).

Consider the space Q = (u, D§, u) : Vu € Ey", which is a closed subset of L5([0, T], RY) as Eg™*
is closed. There for, 2 is also a reflexive and separable Banach space with the norm (1.27) for
v = (v1,v9) € QL

We form the operator A : Eg"" — Q) as follows:

A:u— (u, Dy u),Yu € EgP.
It is obvious that
[ullap = [[Aul| Lz,

Which means that the operator A : u — (u, Df, ) is a isometric isomorphic mapping and the
space Ey* is isometric isomorphic to the space 2. Thus Ej is a reflexive and separable Banach

space, and this completes the proof. m

Lemma 1.6 (Kilbas et al [14]., 2006;Somko et al [23], 1993;Jiao & Zhou [12], 2011)
Let0O<a<landl <p<oo.
ta
I p < ——— » , tel0,T 1.28
6y fll v o) < ot 1)||f||L (o4, for t€[0,T] (1.28)

Proposition 1.2 Let 0 < o« < 1 and 1 < p < oo. For all u € EF?, if a > %, we have

I§ (D, u(t)) = u(t). Moreover, we can get that Eg? C Co([0,T], RY).

Remark 1.3 In the case that 1 — o > %, for any uw € Eg”*, we also have Dy (D u(t)) =
u(t). In fact, set f(t) = DS u(t). According to property, we only need to prove that f(0) =
[D§ - u(t)]=o = 0. Noting that 1 —a > ]l?, by using Holder inequality, Lemma 6 and the similar
method in the proof of [ [11],2004, LemmaT], we can obtain the desired result, i.e. f(0) = 0.
We skip the proof since it is similar to [ [11],2004, LemmaT7]

Proposition 1.3 Let 0 < a <1 and 1 < p < oc. ForallueEg’p,ifl—QZ% oroz>%we

have:
lullzr < = || DG, u (1.29)
Ul < ——~ ul| e, .
Y= Tla+1)oeE
1 1 1 .
If a > 5 and;—i-g— 1, then:
T 5 .
[ulfes < G, - (1.30)

L(a)((a—1)g +1)7

MERYEM Khaldoune 9
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Proof. In order to prove inequalities (1.29) and (1.30) we only need to prove that:
TO[

||](?+(D0+U)”LP = m

1 D5y ullze, (1.31)
forl—a>1ora>1 and
P P

o T
||IO+(D0+U)H<>0 < M) (@ — 1)+ 1)1 | D +U||Lp (1.32)
for o > % and %%— % = 1 according to Proposition (1.2) and Remark (1.3). Firstly, we not that
Dg u € LP([0,T), RY), the inequality (1.31) follows from (1.28) directly.
We ar now a position to prove (1.32). For o > %, choose q such that % + é =1.

Vu € Eg?, we have:

BADgu0)] = Fol [ (6= DR s
Fag U] €= 9 Dl e

T%%’Cﬁ*l N
1 ||D0+u||LP7
o) ((a—1)g+ 1)q

IN

IN

and this completes the poof. m

1.1.4 Caputo Fractional derivatives

Definition 1.4 The Caputo fractional derivatives *Dy,y and Dy y of order o € R(aw > 0)
are defined by:

(D) = (e (1) vl

B 1 vy (t)dt i Lr s a
= fo—a ) G (=l L) (1.33)

and

CDED) = 1o (o) )

_ =D /b y™(t)dt (

- I'(n—a) (t — x)o—ntl’

=[a] + 1z <b). (1.34)

The Riemann-Liouville fractional derivatives and the Caputo fractional derivatives are con-

nected with each other by the following relations.

Property 1.3 ([/5] [2])

Let n € Nandn—1 < a < n. If xis a function defined on [a,b] for which the Caputo
fractional derivatives DS, y(x) and Dy _y(x) of order o exist together with The Riemann-
Liouville fractional derivatives DY, y(x) and Dy y(x), then:

T —a+1)

CDaer( ) Daer( ) (lL’ - a)j*a’

10 MERYEM Khaldoune
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and
=1 0)
y (b) i
CDa_ ZE:DQ_ xr) — ,—b—ZL'Ja.

In particular, when 0 < a < 1 we get:

C (e} (07 y a —Q

De.yle) = Dila) = i s = o) (1.35)

Cc (0% (0% y b —

DE 9(o) = DE ylo) — s (b =) (1.36)

1.2 Differentiability on Banach space

Definition 1.5 Let E be a Banach space, 0 C E an open set, and let I : Q& — R be a
functional, we say that I is Gadteau differentiable (G-differentiable) at u € ), if there exists
A € E' (A linear and continuous), denoted by I.(u) such that, for allv € E,

lim I(u+tv) — I(u)

t—0

= (A, v), (1.37)

If I is Gateaux differentiable at u, there exists only one linear functional A € E' satisfying
(1.37). It is called the Gateauz differential of I at w and is denoted by I (u).

Definition 1.6 If the functional I is Gateauz differentiable at every u of an open set U C F,
we say that I is Gateauz differentiable on U. The map

I, . E— F
u— I (u)
is called the Gateaur derivative of I.
Example 1.1 Let 1 < p < oo, the functional

[:0°(Q) — R
(TS I(u):/|u|pda:
Q

1s Gateauz differentiable and we have
(Te(w),v) = p [ ul~2uvda.
Q

Example 1.2 Let Q C RN, N > 3, be an open set. Let f : R — R be a continuous function.

suppose that there exists o € [1,2%], 2* = % is be the critical Sobolev exponent, and there
exist a,b € R such that
If®)] <a+0bt|”t, VteR. (1.38)

We set F(t) = [¢ f(s) ds and we consider J : H}(2) — R defined by

Then J is is Gateaux differentiable and

o) 0) = | fu@)o() da.
1

MERYEM Khaldoune 1
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1.3 Fréchet differentiability
Definition 1.7 Let E be a Banach space, 0 C E an open set and let I : @ — R be a
functional, we say that I is Fréchet differentiable at u € S, if there exists A, € E' such that

I(u+wv)—1I(v)— A
Iol—0 o]

=0 (1.39)
Thus, for a Fréchet differentiable functional I, we have

I{u+v) = I(u) = Au(v) + o([[v])),

o(|[v[))

o]l

e

where lim”U”HO

If a functional I is differentiable at u, then A, is a unique.

Definition 1.8 Let I : Q0 — R be differentiable at uw € Q. The unique element A, such that
(1.39) holds is called the Fréchet differential of I at u, and is denoted by I'(u). Then we can

write
I(u+v) = I(u) = (I'(w),v) +of]lv])

as ||v]| — 0.
Definition 1.9 Let Q2 C E be an open set.
1. If the functional I is differentiable at every u € €2, we say that I is differentiable on ).

2. The map I' : Q@ — E’ that sends u € Q to I'(u) € E' is called the Fréchet derivative of I.

Note that I' is in general a nonlinear map.

3. If the derivative I' is continuous from Q to E' we say that I is of class C' on Q and we

write I € C1(Q).
Remark 1.4 e Notice that I'(u) is defined on E, even if I is defined only in €.
o [f I is Fréchet differentiable at u € Q then I is continuous at u.

o [f I is Fréchet differentiable at u € ) then I is Gateaux differentiable at u € ) and
I'(u) = 15 (u).

The converse of the third point of Remark 1.4 is not always true but we have the following

result:

Proposition 1.4 Suppose that 2 C E is on open set, such that I G-differentiable in  and
that I, : Q € E — E' is continuous, then I is also Fréchet differentiable at u, and we have
Il = I'(u).

Remark 1.5 Calculating the Gateaux derivative and then proving its continuity is often tech-
nically easier than directly proving Fréchet differentiability. From this, we deduce that the

functional is of class C*.

12 MERYEM Khaldoune
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Example 1.3 We prove that the functional J : LP(2) — R (p > 1) defined by
u— J(u) = /Q |ulPdz.
is a Fréchet differentiable on LP(SY). Indeed; we already prove that J is G-differentiable, with
(JG(u),v) = p/ﬂ |ulP"tuv dx,  Yu,v € LP(Q). (1.40)

Example 1.4 Let Q C RY, N > 3, be an open set. Let f : R — R be a continuous function
satisfies the condition (1.38). We set F(t) = [5 f(s) ds and we consider J : H}(Q2) — R defined
by

J(u) = /Q F(u(z)) dx.
Then J is is Fréchet differentiable and

('(w).v) = [ flu)() da.

MERYEM Khaldoune 13



Chapter 2

Existence of weak solution for a fractional

p—Laplacian problem

Introduction 2.1 In this chapter, we present a fractional boundary value problem involving
left and right fractional derivative operators and the p-Laplacian. By applying critical point
theory, several results are obtained concerning the existence and characterization of the weak

solution to such a fractional boundary value problem.

2.1 Presentation of problem

we consider the following problem:

(Pl){ Dg_¢, (Dg,ult)) = f(t,u(t), te 0,7, (2.1)

u(0) =u(T) =0,

Where Df_ and D, are the left and right Riemann-Liouville fractional derivative of order

a € (0, 1] respectively, ¢, : R — R is the p-laplacian defined by:

Pp(s) = [s|P s if s #0, ¢,(0) =0, p>1,

and f:[0,7] x R — R satisfies the following condition:

(Hy) feC(]0,T] xR, R).

Note that p-laplacian ¢, introduce by Leibenson [1&] often occurs in non-Newtonian fluid the-
ory, nonlinear elastic mechanics, and so forth. Moreover, when p = 2, then nonlinear operator
D% _o, (DS‘ +> reduces to the linear operator D_Df, .

Now we present the rule for fractionl integration by parts, see lemma(1.5) .

14
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2.2 Fractional derivative space and variational structure

Definition 2.1 ([/7]) Let 0 < a <1 and 1 < p < co. The fractional derivative space Eg™ is
defined by:

Ey? = {ue L7 ([0, T],R) |*D§,u € L? ([0, T],R) , u(0) = u(T) = 0}
with the norm: )
lullap = (Il + 1D, |17) ", Vu € B3, (2:2)
Where: ||ullz» = (fy |u(t)|pdt)% is the norm of LP([0,T],R).

Remark 2.1 For any u € Eg*, according to (1.35) and (1.36) in view of u(0) = w(T) = 0, we
have: “D§, u(t) = D§, u(t), “Dg_u(t) = DF_u(t) for t € [0,T].

Let 0 <o <1and 1< p < oo. The fractional derivative space Ej*is a reflexive and separable
Banach space, see lemma proposition (1.1).
Recall that Let 0 < o« <1 and 1 < p < co. For u € Eg””, we have:

|wmmsrﬁf+UWDamu@ (2.3)
Moreover, if a > % and % + % =1, then:
a1
fulloo € ———— DG, ullr, (2.4

I(a)((or = 1)g + 1)
Where: ||ullo = 1%1% |u(t)| is the norm of C'([0,T],R).
telo,
Here, we also conclude that: EF"” — C([0,T],R). (see proposition(1.3))
Remark 2.2 According to (2.3), we know that the norm (2.2) is equivalent to the norm of the

form:
[ulla = [I°Dg ull o (2.5)

Hence, in what follows, we can consider Ey* whith the norm (2.5).

Proof.
We have:
lullf, = 1°Dayull e + [ull7e
> ||“Dgyullfs

= Hu“a,p > HC‘D8+U||LP.
Conversely, we obtain:

lulls, = <D ullf + llullf

< (C+1) |I°Dg,ullt,

= J[ullap < (C+ 1)7 [|I°Dg, ull s

= D ullr < l[ullay < (C +1)7 <D ull .

It follows that: the two norms are equivalent. m

MERYEM Khaldoune 15
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Lemma 2.1 ([/J]) Let0 < a <1 and 1< p < oco. Assume that o > ]% and the sequence {uy}
converges weakly to u in Ey*, that is, ugy—u. Then uy—su in C([0,T],R), that is:

luk — |l — 0, & —> o0.

Lemma 2.2 for v € Ej"" by Remak (2.1) and Definition of the Riemann-Louville fractional

derivative we have:

[ 1056, (Dgu()o(e)dt = [ 6, (D ut)) “Dgv(t)ar
Proof.
There is:

| D36, (D5, u(®) )Jo(t)dt = /0 (D56, (“Dgu(t))] olt)dt
=~ [ v [D5='6, (Dgu(n)]
_/ (D576, (*Dg,u(®))] v/ (t)dt.

Thus, from Lemma (1.5) and Definition of Caputo fractional derivatives we have:
[ [P0y (D) eyt = [ 6, Dgute) Do (1)

—/ Pp CD0+U ) Dy, v(t)dt.
u

So we can define the weak solutions of Problem (2.1). as follows.

Definition 2.2 By weak solution to Problem (2.1) we mean a function uw € Ey* such that,
f(,u() € LY ([0, T],R) and the following equation holds:

[ 6 Diut) Diyutorr = [ (e u(e)e(t)dn, Vo € B,

Next, we shall introduce a functional for Problem (2.1) on Eg*. Also, we will show that the
critical points of that functional are weak solutions of Problem (2.1).
Define the functional I : Eg* — R by:
1 /T T
I = /0 Dg, u(t)Pdt — /0 F(t,u(t))dt, (2.6)
Where F(t,s) = [y f(t,7)dT

Remark 2.3 By Lemma (2.1) we get that the functional u — [] F(t,u(t))dt is weakly con-
tinuous on EgP. Hence, as the sum of a convex continuous functional and a weakly continuous

one, I is a weakly lower semicontinuous functional on Eg* with o > %. Moreover, following
[21], we can show that I € C*(Ey?,R), and we have:

/ Gp(“DGyu(t)) Dy o(t)dt

—/0 F(t,u(t))o(t)dt, Yo € BSP. (2.7)

Remark 2.4 By Definition (2.2) and (2.7), if u € Eg* is a solution of the Euler equation
I'(u) = 0, then u is a weak solution of Problem (2.1).
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2.3 Existence of weak solutions of problem (2.1)

Definition 2.3 Let ¢ € CY(X,R). If any sequence {uy} C X for which {p(uy)} is bounded
and ¢'(ux) — 0 as k —> oo possesses a convergent subsequence , then we say that ¢ satisfies
the Palais-Smale condition (P.S.condition for short).

Theorem 2.1 , Let X be a real reflexive Banach space. If the functional ¢ : X — R is weakly

lower semicontinuous and coercive, that is, | %im ©(z) = +o0, then there exists zg € X such
Z||—>00

that v(zo) = ig}f{gp(z). Moreover, if ¢ is also Fréchet differentiable on X, then ¢'(z9) = 0.

Theorem 2.2 (Mountain pass theorem [21]) Let X be a real Banach space, and ¢ € C*(X,R)
satisfy the P.S condition. Suppose that:

(C1) #(0) =0,

(Cy) there exist p > 0 and o > 0 such that p(z) > o for all z € X with ||z]| = p,

(C3) there exists z; € X with ||z1|| > p such that p(z1) < 0.

Then ¢ possesses a critical value ¢ > 0. Moreover, ¢ can be characterized as

c= inf max z),
geQ, 269([0,1])g0( )

Where Q = {g € C(]0,1], X)|g(0) =0,9(1) = 21} .

First, we use Theorem (2.1) to prove the existence of weak solutions of problem (2.1)

Theorem 2.3 Let % < a <1 and (H;) be satisfied. Assume that:
(Hy) there exist a € (0,(T(a+ 1))?/pT?) and b € L*([0,T],R"), such that:

|F(t,z)| < alz|’ +b(t), Yt € [0,T], z € R.
Then (2.1) has at least one weak solution that minimized I on Ey™*.

Proof. According to Proposition (1.1), Remark (2.3), and Theorem (2.1), we only need to

prove that the functional I is coercive.

For any u € Ey”, it follows from (H2) that:

) = S, = [ Fu(o)

1 T T

> ull, —a [ lu@)Pde— [ b
p ’ 0 0

This can be rewritten as:

1
I(u) = —|lullf, — allwllz — [[bllLr.

which, together with (2.3), implies:

1 aT P . 1
p‘<aw%+nwﬂ“ﬁup ol
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thus, noting that: a € (0, (I'(av + 1))?/pT?) ;we have:  lim I(u) = 400, which means

lulla,p—>o0
that [ is coercive.

I is weakly lower semicontinuous (w.l.s.c), that is:

Vu, € Eg? tu, = u=I(u) < lim infI(u,)

n—-—+o0o

let V(u,) C Ey” such that u, — u € E;?.We have: |[ulla, < lirg inf ||u||a,p, since for
n—-—+oo
any norm is w.l.s.c in Banach space.

Moreover, we have:
T T
/ F(t,un(t))dt —s / F(t,u(t))dt,
0 0

Indeed by Lemma (2.1) we have:
u, — u in C([0, T|R), and (u,) is uniformly bounded. The continuity of F' implies that:

F(t,u,(t)) — F(t,u(t))

On other hand:
|E(t, un(t))] < alug|? 4+ b(t) < aMP +b(t) € Ll,

By dominated convergence theorem, we get:

/OTF(t,un(t))dt — /OT F(t, u(t))dt.

u
Hence: we found, I(u) < grri inf I(u,) which means that I is w.l.s.c. In conclusion, I is

coercive, w.l.s.c and differentiable, then I has a least critical point which is a weak solution of
Problem (2.1).

By Theorem (2.2) in order to discuss the existence of mountain pass solutions of the
fractional boundary value Problem (2.1).

Theorem 2.4 Let ;1) < a <1 and (Hy) be satisfied. Assume that
(Hs3) There exist constants p € (0,1/p) and M > 0 such that:

0< F(t,z) < pxf(t,z), ¥t € 0,T], x € R with |z| > M,
(Hy) Fort € [0,T] and x € R, we have:

: F(t,z)  (T(a+1))P
|
|x\lgo Sup |z|P 2pTep

Then the fractional boundary value Problem (2.1) has at least one nontrivial weak solution on
EgP.

Remark 2.5 Since (t,x) — F(t,x) — pxf(t,z) is continuous on [0,T] X R, In particular, on
[0,T] x [-M, M] for any M > 0 fized, this function is bounded, that is, there exist C' > 0 such
that:

|F(t,z) — pxf(t,z)| < C, Y(t,x) € [0,T] x [-M, M].
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Then,
F(t,z) <pxf(t,x)+C, ¥(t,z) € [0,T] x [-M, M]. (2.8)

Thus, from (Hs3) we get:
F(t,z) <pzf(t,z)+C, t€0,T], z € R. (2.9)

Remark 2.6 By (H,), we have:

F
ve>030: | E8D il <e v <6
[P
F(t,z) (C(a+ 1))7
— &< < A S P
=1-¢< BT [ +¢< opTar ||
te[0,T], z € R, V|z| < . (2.10)

Proof. We will verify that I satisfies all the conditions of Theorem(2.2).
First, we show that I satisfies the P.S condition. Let {ux} C E" be a sequence such that:

[I(up)| < K, I'(up) — 0 as k — oo. (2.11)

Accoding to (2.7), we have:

() us) = [ 6 (D) “Dicun(t)de — [ f(t,w(0)ue(t)ar,
= [ I DO D)t~ [ 7t w0 (1)
_ / D2, wy(t)|Pdt — /0 U () us (1) dt
= gl — [ S el uslt).
which, together with (2.8), yields:
K > I(u)
— iz, — [ Pt us(e)
> sl — [ Gt 00yt~ CT
= (5 - ) By . ) —
Since:

(" (), e | < N (i)l —ag - Nkl
= =)~ - Nunllap < (I(uk), ur) < (ui) llsery - tkllap-

We have:

1 1
< —-—=—-—u>0.
p P
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Then:
1 » ,
Kz\5-n lukllep = " (wi) | vy lunllap — CT
Since: I'(ug) — 0, there exists Ny € N such that:
1
K={2-n luklep = Nurllap — CT, K > No.

By (2.11) we have:
' (ug) || (gery < 1, for k is big enough.

It follows from p € (0,1/p) that {ux} is bounded in EG”. Since Ej” is a reflexive space,

up to a subsequence, we can assume that v, — u in Eg*. Hence, we have:

u, — win C([0,T],R)
|lug — ul|oo —> 0 as k — +o0.

Consequently:

(I (up) = I"(w), g — u) = (I (un), e — w) = (I'(u), g — )
< () agllur = ullap = (I'(w), up — u)

— 0, k — oc.
Indeed;
I'(u) € (Eg?) = (I'(u),us) — (I'(w),u) & (I'(u), up —u) — 0.
and
1 (i) eyl = wllap < I (we) l-aq (1tkllap + llullap) — 0.

because: ||I'(uk)||—aq —> 0 and (||ukllap + |t]lap) < C (constant).
Moreover, Lemma (2.1) we obtain that u; is bounded in C([0,7],R) and ||uy — u|lcc —> 0 as
k — 0o0. Then we get:

/OT(f(t,uk(t)) — f(t,u(t)))(ur(t) — u(t))dt — 0, k — 0. (2.12)

Because:
[ 0) = F0 w0 ) — )it < o~ il [0 (0) — (8 (D)
Where: [Jug — s — 0, and [y f(t,ur(t)) — f(t,u(t))dt is bounded, that is:
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Then:
|f (@t u) — ftu)| < M
So:
T
/ ft,ug) — f(t,u)dt < MT < C (constant).
0
Note that:

(I (ur) = T'(u), ug — u) = /QMDMM» Sp(*DEu(t))) (“Dfun(t) = D ult)) dt
—/’ (t,ue()) = F(u(t))) (u(t) = u(t)) dt.
Thus, from (2.9) and (2.12) we have:

[ (60 D8y a0) = 6, D)) (D (t) = D)t — 0 (213)

as k — oo.

Using the following elementary inequalities (see[22]):

Let 2,y € RY and (.,.) the standard scalar prodact in R. Then:

) ) CP|‘T - y|p7 lfp > 27
(|22 — [yl y, v —y) >

lz—y|?

| .
pr, 1f1<p<2

With:
= ‘D, uk(t),
y = °Dg,u(t).
We obtain that there exist ¢q, o > 0 such that:
(/(@#wa<» $p(*DEu(t))) (*Dfy un(t) —° D, ult))dt

0
C1 fo

“Di,ur(t) = Dgyu(t)|” dt, ifp>2,

v

“Dg,up(t) = Dy, ult)| 2

(I Dgyun(t)| + [<Dgu(t)])*
When 1 < p < 2, using Hélder inequahty, we get:

T ‘CD3+uk( ) —¢ Dg u(t )‘2
- </° ([°D§yur(t)| + DGy u(t)])>P

2—p
2

¢ J& dt, ifl<p<2.

c p
D0+uk( ) = Dg,ult )‘ dt

SIS

‘D u(t )‘ +

DG, ult )Dpdt>
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Thus, noting that (s; + s9)? < 2771(s] + s3) where s1,55 > 0, v > 1, we have:

I
2-p
< ca(llurllfy + [lullé,,) 2

/T “Dg, ui(t) — D, u(t)]” :
o (“Dg,un(®)] + D u() )7

c p
Dy up(t) = Dgyu(t )’ dt

dt

Where: c¢3 = 27~D(@=P)/2 which, together with (2.14), implies:

/0 <¢p( D ug(t)) — ¢p(“Doyu(t ))) (°Dg,ug(t) = DS, u(t))dt

> excy (Junlls, + ull2,)7 g —ul2,, 1<p<2. (2.15)

m

When p > 2, by (2.14) we get:

[ (000 DR ukl0)) = 0y Diu(t) € Dn(t) = D)

> cil|ur —ullh,, p=2. (2.16)

It follows from (2.13), (2.15), and (2.16) that:
lluk, — ullap — 0, & —> o0,

that is, {ux} converges strongly to u € Eg™”. It follows that I satisfies the C; condition.
Now we show that I satisfies the geometry conditions of mountain pass theorem.

Let p = H@Ue=Detl 5~  and o = pP/2p > 0. Then, by (2.4) we have;

1
T % ,
lufleo < rllullap =0, ue Eg” with ||ullap = p,
Pla)((a = 1)g+ 1)

Which, together with (2.3) and (2.10), implies:

1 T
1) =l = [ F(tu(t)di
1 (Dla+ 1)y (1
> p _ M\ T p
>l — 5 | ol
1
> ult, = 5ol
1
:%Hu”g,p

=0, Yu € Ey? with : ||ullap = p-

Hence, condition C5 in Theorem (2.2) is satisfied.
By (Hsj) there exists ¢4,¢5 > 0: F(t,z) > c4\x|i —¢5,Vt € 10, T],Vz € R. Indeed;we have:
Proof.

0< F(t,x) < pxf(t,z) Vt € [0,T], z € Rwith: |z| > M,
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/I f(t’x)dt> 1

M F(t,z)  — Jm px
So:
F(t,x) ||
| |
“‘F(t,m‘ =
Then: e M
F(t,z) > ( — )\xﬁ Vt € [0,T]
Mu
c 1
F(t,x) > —[x|»
F(t,z) > cilz|¥
where:
c
Cy = T
M e

The same result holds over the domain [z, —M].

and we have:

|F(t,z)] < ¢
= —c < F(t,z)
|F(t, ) — calz|¥| > —cs
= F(t,2) > cala|# — s, t €]0,T], 2 € R, (2.17)

For any u € Ej"\{0}, £ € R, noting that u € (0,1/p), using (2.17) we get:

1 » T
I(gu) =~ llullt,, — [ F(t, €u(t)) di

¥4 T 1
< pHu!|§7p—c4/0 \€u(t)|# dt + csT
é'p

l l
= —lullf, — calrllull”y + 5T — —oo
LE
,§ — oo.
Because:
1
~>p.
I
u
Thus, for & large enough and taking e = &yu, we have I(e) < 0. Therefore, condition (C3) in
Theorem(2.2) is also satisfied.
finally, noting that I(0) = 0, we get the existence of a critical point u such that I(u) > o > 0.

Hence, u is a nontrivial weak solution of Problem (2.1).
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Chapter 3

Existence results for:a class of fractional

p-kirchhofl problem

Introduction 3.1 In this chapter, we investigate a fractional boundary value problem that
involves both left- and right-sided fractional derivative operators, in addition to a p-Kirchhoff-
type operator, subject to various boundary conditions. By employing critical point theory, we
establish results concerning the existence of weak solutions to the proposed fractional boundary

value problem.

3.1 Fractional p-kirchhoff problem

3.1.1 Presentation of problem

We consider the following problem:

(p2>{ i‘f(HDS;UHIi ) T ¢p< 0+u( )) = f(t,u(t)), t e [O,T],

0) = u(T) =0, (3.1)

Where: M : RY — R* is given by: M(t) = a + bt’~! with: a,b > 0, 6 > 1. and f :
[0,7] x R — R satisfies the following condition:
(Hy) f € C(0,T] x R,R),

Here, the integral by part version with the presence of kirchhoff term:

Lemma 3.1 For any u,v € Ey’*, we have:
T
|1 (105 ulty,) D5, (D u(t)) vit)at
= M (10,0l [ 6, (Du(0))” Diy oty

So we can define the weak solution of Problem (3.1).

Definition 3.1 We say that u € Eg"" is a weak solution of Problem (3.1) if and only if:

(a+ bl Dg,uli ") / 0y (“Diul®) Div(t)dt = [ " u®)o(t)dt.
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for any v € Ey*.
We consider the associated functional J : Ej"” — R defined by::

T
J(u) = *HCDQ ul[Z HCD&UH% — | F(tu(t))dt.
po 0
Clearly J is well defined and differentiable on Ej* and we have:

(J'(u),v) = (a+0b°Dgulfs ") / 6y (D u(t))” D v(t)dt — /OT Ft,u®)vt)dt, (3.2)

Vo € Eg?.

3.1.2 Existence of weak solutions of problem (3.1)

Theorem 3.1 Let % < a <1 and (Hy) be satisfied. Assume that:
(H) there exist € € (0,bI (o + 1)P? /pdT %) and X € L'([0,T],RT) such that:

|E(t,2)] < €lz[? +A(t), Yt € [0,T], z€R.

Proof. We apply Theorem (2.1):
J is coercive:
For u € Eg"", it follows from (H}) that:

szﬂwp+wa—ff@WWt
po‘p”’po

a

> 2l + o el = €l — 7]

By (2.3) we have:

a b 0 grev? 0
J(u) = ];HU”Z,;; + ZTQHU’HI;,;) - WIIUII’;,p — [[AllLs
b gron
= e —||U )\ 1
(35~ Ty ) Tl + Sl = AL
Since: £ € (0, %), we have:
b Tap9
S >0

Then:

| (b
o T = lim <p€ - W) lulle, = oo
Thus, J is coercive.
We now proceed to the next step, since J is w.l.s.c .
Assume that u, — u € E;’. We have: [[ul|q,, < im inf [|u||q,p, since any norm is w.l.s.c in

Banach space.
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Moreover we have: [ F(t,u,(t))dt — [ F(t,u(t))dt and by Lemma (2.1) we have:
u, — u € C([0, T],R) and (u,) is uniformly bounded, we get: F(t,u,(t)) — F(t,u(t))

|F(t, un)| < Elunl™ + A(t) < EMP 4+ X(t) € LY,
With M? = C.
By D.C.T, we get:
T T
/F@%@W—%/Fﬁmmﬁ
0 0

Hence, we deduce that: J(u) < ngmﬂo inf J(u,), which means that J is w.Ls.c.

In conclusion: J is coercive, w.l.s.c and diff, then J has at least critical point which is a weak
solution of Problem (3.1) m

Using Theorem (2.2) we discuss the existence of mountain pass solutions of the fractional

boundary value Problem (3.1).

Theorem 3.2 Let % < a <1 and (Hy) be satisfied. Assume that
(HY) there exist constants p € (0,1/pf) and M > 0 such that:

0< F(t,x) < pzxf(t,z), Vt € [0,T], = € R with |x| > M,

(H}) fort €1]0,T) and x € R, we have:

: F(t,z) (T(a+ 1))
|xlllgosup |z |P? 2pOTpd

Then the fractional boundary value Problem (3.1) has at least one nontrivial weak solution on
EgP.

Proof. We will verify that J satisfies all the conditions of Theorem(2.2).
Firstly, we show that J satisfies the P.S condition. Since F'(t,x)— px f(t,x) is continuous, there
exists C' € Rt (see Remark (2.5) ) such that:

F(t,z) <pxf(t,z)+C, t€[0,T], z € R. (3.3)
Let {ux} C Eg" be such that:
|J(u)| < K, J'(ur) — 0 as k — .

According to (3.2), we have:

= (a+ bllul 4 / Sy ("D ui(t)) D un(t)dt — /0 Ut w8t
(-t sl [ DGOt — [0, welt)us(t),
= (a+ bl [240) lull?, /ftw ))ug(t)dt,

T
= allugl?,, + blluxl[2, — /0 St un(t) Jur (t)dt. (3.4)
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which, together with (2.8), yields:

b 0 T
= el + gl = [ ()
b 0 T
> sl + -l — [ ue)y(t)dt — OT

From the equation (3.4), we find that:

T
—u/o F(tu(t))u(t)dt = p( " (ur), we) — palluelle, — pbllur e,

Hence:
a b
K> ]glluklli,p + FQHWH% + I (wi) ) — pallugllh, — pbllugl%, — CT
1 » 1 0 ,
=al, k][5, + 0 M [ukl[trp + p(J (), ur) — CT
1 » 1 0 ,
zal,—m Jukl[6,, +0 Pty luklley = wll " (wo)llggvy llunllap — CT
1 p 1 b
>a Z; —H ”uk”a,p +b E - ||uk?||a,p - ||uk||06,17 —CT
Because:
pullJ ()l gory — 0, as k — +oo.
Since:
0<pu< p%, we deduce that (u,) is bounded in Ej"*, because if (u,) do not bounded, for a

subsequence (u,, ) such that ||u,, | — +o00, so we get:

) 1 1
(5= By 4 (g = ) Bl = ol = O = 4o

l[ugllev,p =400

Which is contradiction, therefore (u,) is bounded.

It follows from u € (0,1/pf) that {u} is bounded in EF*. Since Ey? is a reflexive space,

up to a subsequence, we can assume that u, — u in Ey*. Hence, we have:

ur — win C([0,T],R)
lluk — tlloo —> 0 as k — +o0.

and

(T (uk) = J'(w), g = u) = (' (un), ur — w) = (J'(u), v — u)
< T (w)ll—agllun = wllap = (J'(w), ux — u) — 0,

as k — oo.

Because:
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J'(u) € Eg®t = (J'(u),ur) — (J'(u),u) < (J'(u), ur —u) — 0.
and

1T (wr) 1-aqllun = wllap < 1" (ur)l-aq ([sllap + [ellap) — 0

Because: ||J'(ug)||—a,q — 0 and (||uglap + [[ullap) < C ((ug) is bounded in Ey™?).
Moreover, Lemma (2.1) leads to (uy) is bounded in C([0,7],R) and ||uy — ¢|lcc —> 0 as

k — oo. Let us consider the sequence:

P, = (J(upn), u,) + /OTf(t,un(t))un(t)dt — (S (uy),u) — /OT f (it un(t))u(t)dt, (3.5)
we have:

lim P, =0. (3.6)

n—>-+400

Indeed:

(J (un), un) < | (up)||[|un|| — 0, because : J'(u,) — 0 in Eg?, and ||u,|| < C,
(J (), w) < ||J (un)||||u]] — 0, because : J'(u,) — 0.

and:
[ oyt — [ s u)uc
/OTf(t,un(t))u(t)dt — /OTf(t,U(t))u(t)dt

as n — 0.

Indeed, since u,, — u in Eg™”, by using the compact embbeding Eg*” << C([0,T], R) we have:

u, — uin C([0,T],R). (3.7)

By using (H;) we deduce that:

Ftun(t)) — f(t u(t))

Hence:
(it wn(0)un(t) — f(t, u(t))u(t), for anyt e [0,T)]. (3.8)

on other hand, from (3.7), we can see that:
lun (t)] < M, ¥Vt € [0,T).
Then:

(8 un(t))] < sup |f(ty)] < C.

te[0,T], ye[—M,M]
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Thanks the continuous of f(.,.), we deduce that:

|f(tun ()] Jun(t)] < C.M € LY(0,T) (3.9)
from (3.8) and (3.9) and applying D.C.T, we get:
T T
[t u®yundt — [ f(tu)u(er
0 0
By the almost the same method we can prove that:
T T
| @y dt— [ u®)ut)d
0 0

finally we get: (3.6).

On other hand, by direct calculation, we get:

T
Py = (a blunllZ ) [ 60Dt () D un(t)dt — o+ Wluall26) [ 6, D (0 D )

(-t blluallZ) [ 60 D)) (+Diamn(t) — D) .

Let us consider the sequence:
Ky == (a+b]u,|257) / Op(* D u(t))* D un(t)dt + (a+ bl 270 full?,  (3.10)

we know that, u,, — u in Eg**, then ||u,|| is bounded, so, passing to a subsequence if : necessary,

we have:

lunllP — to € R

Since: M : Rt — R™ is continuous, we get:
M ([[uall?) — M(to)

Since: ¢,(°Dg,u(t)) € L¥(0,T), and u, — u, we have:

[ (D) Diun(t)it — [ 6, D ult)) D utt)de = s,

So:
(a + blun [5G ) Jo &p(Dg u(t) Dy un (t)dt — M(to)|[unll% .
(-4 bllunl20-0) 2, —> M(to) a2,

We conclude that:
lim K, =0. (3.11)

n—>-—+00
From (3.6) and (3.11) we have:
lim P,+ K, =0.

n—>-4o0o
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But, by simple calculating, we get:

Py + Ky (a + bl |25 ) / Op(“ DGy un(t)) (CDo+un( ) = Dgult )) dt
a4 bl |2970) [ 6, Dgu(t)) D (1)t
¥ )

(a-+ bllun 297 [ 0, D) D )

= (-t bl 297 [ 0y (“Diunlt) = 6y Diule))) (D un(t) = Diyu(t)) de

>a+ / Op (“Deun(t) = 6,(“Dfu(t))) (“Deun(t) = Du(t)) dt

“Dgyun(t) = D u(t)|” dt, ifp>2,

C1 fo

D un(t) = Dy ult )‘2 (3.12)

(D un(t)] + [Dg u(t)])*

dt, if1<p<?2.

Co foT

The same analytical steps previously applied to the relation (2.14), It follows that:
|un, — ullap —> 0, n — 00,

that is, u, converges strongly to u in Ey*. Consequently, J satisfies the cerami condition.
Now we show that J satisfies the geometry conditions of mountain pass theorem.
By applying the same argument as in the condition (2.10) can be expressed in this form:

[(a+1))P°

F(t,z) < ( g Tort |z|”?, for t €[0,T] and x € R, V|z| < J. (3.13)
p Q

Let o/ = M )((;a 11)7:1)1/q(5’ >0 and o' = (2b — 1)p""? /pf > 0. Then, by(2.4) we have:

T3 ,
[ul|oo < lullap =0, w e B¢ with |ulla, = ¢,

Pla)((a=1)g+ 1)

Which, together with (2.3) and (3.13), implies:

a

b T
J(u) = = ||ul? —P"—/Fttdt
(w) = lhull, + gl — [ F(t,u)
a b T (T(a + 1))
>l + gl — [ e

P 2pHT Pt
a b (T(a+1))P? (T
> —|lull?, + —[Jul[2, — —/ t)|PPdt
> Ll + gl = S [ lutt)
a b (T(a+ 1))¥? 0
> = p _ p 2 S S b
> 2lull, + gl — ol

We know:
Tap@

ullf < ((T))”@H ull%?,
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It follows that:

a 9 )
J(u) > Y;HUII *QHUHZ,p—QTQIIUIIZ,p

a b 1
= Lty + (55— o) Il
(25 ) e,

=0 >0, Yue Ey? with ||ullap,=/p"

v

Since: b > 1.
Hence, condition Cy in Theorem (2.2) is satisfied.

By(H}) and following the same steps in (2.3) we can prove the following inequality:
F(t,z) > c4|x|i —c5 t€[0,T],z € R.

For any u € Ey"\{0}, ¢’ € RT, noting that p € (0,1/ph), we get:

b T
T(E) = SNl + leultt, — [ Feun)dr

< Yl - Zied? — ey [ @I dt - esT
= ||£uHa,p+ Hf uHa,p €4 0 |§u< )’H + 65
CLS’ 5'9 T
[ullf,, ul2’, — s [Jul] "y + 5T — —o0
po Le
, as & — o0.
Because:
1
— > pb
1
| ]

Thus, for & large enough and taking e = {ju, we have J(e) < 0. Therefore, condition (C3)
in Theorem(2.2) is also satisfied.
Finally, noting that J(0) = 0, we get the existence of critical point u such that J(u) > ¢’ > 0.

Hence, u is a nontrivial weak solution of Problem (3.1).

3.2 Fractional p-kirchhoff problem with R.B condition

3.2.1 Presentation of problem

We consider the following nonlinear problem:

(P { M (IID§. ullty) Df-p (Dgyut)) = f(t,u(t), € [0,T],
u

0) — (D) 2, (3.14)

Where: M : RT — R* is a continuous function satisfies the following condition:
(M) There exists n > 0 such that:

M(T)>mn, forallt>0,
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(Ms) There exists pq > 0 such that:
M(t) > pgtM(t), Vt > 0.
Where: M(t) = [ M(s)ds

Definition 3.2 we say that u € Eg" is a weak solution of problem (Ps) if and only if:

M (lllz,) [ 6 (D) Doyt = [ F(eue)ote)ar,

Vv e EgP.
We consider the associated functional: J; : Ey”” — R defined by:

D) = 5 (Jallz,) = [ Pt u(e)i

With: M (o) = [ M(s)ds, F(t,0) = [ f(t, s)ds.
Clearly J; is well defined and differentiable on E§*” and we have:

— M (Jlulz,) / by (D3 u(t)) <D, v(t)dt - /0 Tf(t,uu))v(t)dt (3.15)

u is a weak solution of (P3), so u is a critical point of J;.

3.2.2 Existence of weak solutions of problem (3.14)

The main result of this part is:

Theorem 3.3 Let l < a <1 and (H,) be satisfied. Assume that:
(HY) there exist o’ € (0, s (;:f; ) and V' € L'[(0,T),R"] such that:

|F(t,z)| < d|z]P +V(t), Vt €[0,T], = € R.
Then, Problem (P3) has at least a nontrivial solution.

Proof. J; is coercive:
Using (HY) and (2.3) we have:

Tta) = 3 () = [ Pt ()t
H1 p _ /
> Pl M) — o [ ol - [ v

N
> 7||u||£,p — d[|ull7e — ([0 1

N ! rer /
> e —a— ullP = Ik
> Rl ~ o gl — 191

N1 p Tep ) /
B —|lb
p ¢ (F'(a + 1))17] [llép = 10|
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as:
g < M lla 1P
j% Tep
Now passing to the limit:
1 i / Tep
lim  Ji(u) = im _a ull?. = +o0.
g, 1) ||u||a,p—>ool P F(a—i—l)l’] lullep

Thus, J; is coercive.
Let (u,) C Ey® such that u, — n in Ey”. By dominated convergence theorem, we can show
that

T T
/ F(t, un(t))dt —s / F(t,u(t))dt
0 0
we know that:

||U||0<,p < nlrﬂoo inf ||U||oc,p

Since: M is increasing:

M([ullop) < lim_inf ¥1(|jula)

Hence:
Ji(u) < lim inf Jy(u)

n—-—+00
In conclusion: Jj is coercive, weakly lower semicontinuous, differentiable, there J; has a least
critical point which is a weak solution of Problem (3.14). m
New, we use Theorem (2.2) to discuss the existence of mountain pass solutions of the fractional
boundary value Problem (3.14).

Theorem 3.4 Assume that % <a<l, 0<m <pand(Hy), (M), (My), satisfied. Assume
that:
(HY) Jps € (O, %) and M > 0 such that:

F(t,x) < poxf(t,z), Vvt € [0,T], v € R with |z| > M,

(HY) fort €1]0,T) and x € R we have:

F(t I 1))P
i oy F:2) _ 0(T(a+ 1)
[u|—0 |z|P 2pTer

Proof. We will verify that .J; satisfies all the conditions of Theorem(2.2).
Firstly, we show that .J; satisfies the P.S condition. Since F(t,x) — pxf(t,x) is continuous,

there exists C' € RT see Remark (2.5) to show (HY) it’s the same work. and we conclude that:
F(t,z) < pozf(t,x)+C, t €[0,T], z € R, (3.16)
Let {ux} C E5"" be such that:
|1 (ug)| < K, Ji(ug) — 0 as k — oo.

Using (M), (M) and accoding to (3.15), we get:
, T
(i) ue) = M () el = [ (8 ue(®)un(t)dt
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which, together with (3.16), yields:

= 1 (k) ~ [ F G el
> LA (el el = [ 500 )0 - O

M1
M (lunll® ) Meakll2, + 1o (5 (), ) = oM (ugli2,) 2, — CT

v

1
= o (Juelz,) e, (pl - M2> (] () ) — OT

Mo < &a (N? € <O7 ul))
p p

1
K = M (uxll?,) el <p - uz> = a2l 1 (u) | gory ko — CT

we have:
then:

Since: J{(ux) — 0, there exists Ny € N such that:
H1
2 M (o) ol (2 = ) = oy - €T
> (’; - M2> el — Nl — CT, Vi > Ny

It follows from ps € (0, py1/p) that {u} is bounded in Eg™”. Since EG™" is a reflexive space, up

to a subsequence, we can assume that u; — u in E°P. Hence, we have:
) 0 3

ur — win C([0,T],R)
lluk — tlloo —> 0 as k — +o0.

and
(1 (ur) = ' (w), up — ) = (J{(up), wp — w) — (Ji(w), up —u)

< () |- agllun = llap = (J7(w), ur — u)

— 0, as k — oo.

Moreover, Lemma (2.1) we leads that (uy) is bounded in C([0,7],R) and [Jux — u||oc — 0 as

k — oo. Then, let us consider the sequence:

Py = () + [ S wnDun (00t = (Tiw)w) = [ fltun(o)utrde, (3.7

We have:
lim P, =0.

n——+oo

Because:

(J1(un), un) < ||J7(un)||||unl] — 0, because : Ji(u,) — 0 in Eg*, and ||u,| < C,
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(J1(un),u) < |7 (un)|l|lu]] — 0, because : Ji(u,) — 0.

and:

/()Tf(t,un(t))un(t)dt — /OT F(t, u(t))u(t)dt.
/OT ft un(t))u(t)dt — /OT Flt,u(t))u(t)dt.

on other hand , by simple calculating we get:

Py =M ([[unl?,) lunl?, = M (lunl2, / Gp(“Dfyun (1)) Dgu(t)dt

Let us consider:
K= =0 () [ 0Dt Dgun 03t + M () a2, (3.18)

We know that M ([[un2,,,) — M(to) > 0 since u, — u € Eg* and ¢,(°Dg,u(t)) € L¥1(0,T),

we have:

[ (DRt Diunt)it — [ 6y D ult)) D utt)ae = I,

So,
lim K} =0 (3.19)
Hence
P+ K, = M ([Ju,]lf, ) [unllf, ||un|| / ¢p(“ Doy un(t)) Dy u(t)dt
- Hun\lﬁp)/ ¢p(“Dyyu(t)) Doy un(t)dt + M (HunHZ,p)/ ¢p(“Dyyu(t)) Dy u(t)dt

Juall) [ 00D u0) (“Diunt) — Dgu(t))
JuallZ,) [ 6 (“Diyomn(t) = “Diyu®) (“Dun(t) — Diu(t))

>0 [ 6y (Diteun(t) — D) (D (6) ~ D) di

M (

M (
= M (Junlly) [ 00D 0n(6)) (D (6) = D))
M (

M

C1 foT

“Dgyun(t) —° Dy, u(t)|” dt, if p>2,

>

“Dfyy un(t) = DGy u(t)
(|Dgyua(t)] + [<Dgu(t)])*

dt, if1<p<?2.

Co foT

we follow the same steps previously applied to the relation (2.14), we have:

|lun — ulla,p, — 0, n — o0,
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that is, u,, converges strongly to u in Ey"", and J; satisfies cerami condition.
Now we show that .J; satisfies the geometry conditions of mountain pass theorem.
By applying the same argument as in the Remark (2.6), it follows that the equation (2.10) can

be expressed in this form:

(C(a+ 1))

opTar 2P, fort €[0,T] and v € R, V|z| < J¢. (3.21)

F(t,x) <n

Let p" = F(a)((?;ll)?;l)l/q 8" > 0 and o” = p"Pn/2p > 0. Then, by(2.4) we have:

1
T %
lulloo < rl[tllap = 0", ue Eg? with |ullap = p",
Pla)((a = 1)g+1)s

Which, together with (2.3) and (3.21), implies:

1
p

) = 8 (Julg,) ~ [ FG ()

By (Ms), (M;) we have:

ﬂYa-%lﬂp‘|p

1
Ji(u) > =M b oy~ v
w2 (llulz,) lulz, —n oper Ul

n n
> Lge — 2L fql1P
> pI|UI|a,p 2p|IUI|a,p

1 "
=~ (n=3) I,

Ui
= g, lules

//

=0" >0, Yu € Eg” with ||ula, = p

Hence, condition Cy in Theorem (2.2) is satisfied.
By (HY) the same steps as before are followed (see (2.3) ) to prove the following relation:

F(t,z) > c4|:c]£ —c5, t €0, T),2 € R.
For any u € Ey"\{0}, ¢ € RT, noting that puy € (0, u1/p), we get:
T(E") = N (l"ulz,) ~ [ F(€u(t))d
p o
Notice that (Ms) implies that for any ¢ > ¢¢, we have:

t M t
/ A(s) ds < i 1ds
e M(s) p1 Jeo S
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_ . i
M(t) < Ctir,  with: C = (gi)
(50)u1
Then, we get:
Jle") < SN (lgmln,) — e [ €7t dt + 5T
1) < » §ulln,y) —ca ; u cs
C A a1 L
< 2N ulldp — sl |fu]) 2, + 5T
L#H2
//O Bl 1
= G, — Bl + 6T — —o0
LHQ
L& — 0.
[ |

Thus, taking &/ large enough and letting e = {[u, we have J(e) < 0. Therefore, condition
(C3) in Theorem (2.2) is also satisfied.
Noting that J;(0) = 0, we get the existence of a critical point u such that J;(u) > ¢” > 0.

Hence, u is a nontrivial weak solution of Problem (3.14).

3.3 Multiplicity of solutions

3.3.1 Presentation of problem

We consider the following problem:

(2 { M (D5 ullyy) D5y (D u(t)) = f(t,u(t)), t € [0.7) (3.22)

u(0) =u(T) =0,

Where: M : R™ — R™* is a continuous function satisfies the following hypotheses from M and
f:
(1) There exist positive constants A, B and 6 > 0 such that, for all ¢ > 0,

At? < M(t) < B,
(2) There exist positive constants @1, @2, and g such that:
Q" < f(z,t) < Qut™ "

(3) for all u € Ey* positive, and for all ¢ € [0, T] where: ¢ € (p,p* = N]\%) and 0 > q/p,

Definition 3.3 we say that u € ES" is a weak solution of problem (Py) if and only if:

T

M (Jlullz,) /0 ", (“Dg,u(t)) “Dg,v(t)dt = /D F(t, u(®)o(t)dt,
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Vv € EgP.
Let us go back to the problem (Py). For this, we consider the functional Jy : Eg*Y — R, defined
by:

) = 1 (lP) = [ Plt,u(o)de,

With: M (o) = [ M(s)ds, F(t,0) = [ f(t, s)ds.

Clearly J; is well defined and differentiable on Ej** and we have:

T

(Jo(w),v) = M ([[ull?,) [ /0 T|CD6‘+u(t>|p-2. CD8‘+u(t).CD8‘+v(t)dt] — /0 Ft,u(t))o(t)dt

T

= (Jult,) [ 6y (D5 u0) Do)t — [ u(e)e(e)d (3.23)

u is a weak solution of (Fy), so u is a critical point of Js.

Theorem 3.5 Assume that (1), (2) and (3) then (Py) has infinitely many solutions.

3.3.2 Krasnoselskii genus

We will start by considering some basic notions on the Krasnoselskii genus that we will use in

the proof of our main result.

Definition 3.4 Let A € A. The Krasnoselskii genus v(A) of A is defined as being the least
positive integer k such that there is an odd mapping ¢ € C(A,RF) satisfying o(x) # 0 for all
x € A. If such a k does not exist, we set y(A) = co. Furthermore, by definition, v()) = 0.

Theorem 3.6 Let E = RY, and let O be the boundary of an open, symmetric, and bounded
subset Q C RN with 0 € Q. Then,

v(0€2) = N.

Corollary 3.1
Y(SYT) = N.

As a consequence of this , if E/ is an infinite-dimension and separable , and S is the unit sphere
in E, then
7(8) = oo.

Theorem 3.7 Let J € CY(X,R) be a functional satisfying the Palais—Smale condition. Fur-

thermore let us Suppose that:
(i) J is bounded from below and even;
(i1) there is a compact set K € A such that v(K) =k and

sup J(z) < J(0).

rzeK
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Then J possesses at least k pairs of distinct critical points, and their corresponding critical

values are less than J(0).
In the proof of theorem (3.5) we shall need the following technical results:

Lemma 3.2 J; is bounded from below.

Proof. Using (1) and (2) we get:

) = (i) = [ ettt

1 fl T .
> [T AW dt - [ Qolulrtat
p 0 0

T
lullp = ¢ [ fulat

p()
()

[l —

T4 .
(F(Oé + 1))q |uHo¢,P

We know that:
+1>0> 2L,
p
So, Jy is bounded from below. m

Lemma 3.3 J; satisfies the (P.S) condition.

We can prove that J; is satisfies the (P.S) condition, by the same method with previouse section.
Moreover, Jy is even because f is odd (F(z,.) is even), and J, € C.

Proof. of Theorem (3.5).

Let us consider {eq, e, ...}, a Schauder basis of Ej*”, and for each k € N consider:

Xy, = span{ey, ea,..., e},

the subspace of E"" generated by the k vectors ey, e, ..., ey.
Note that X < L9(Q2), for all 1 < ¢ < p*, with continuous embeddings. Thus, the norms
of Eg’" and L(Q) are equivalent on X;. Hence, there exists a positive constant C'(k), which

depends on k, such that:

- lzae) = ||||Egp mn Xg.

Hence:
—ullpay < =C(k)||ullgo»,

for all u € Xj;. We now use (1) and (2) to conclude that:

1~ n [T "
Jo = M(Jul) = [ Pt u(t)) de

B T
[P — il / |u(t)|dt
q Jo

“p@+1)
B p(6+1) C(k)Ql q
< e - S0
_ q B p(0+1)—q C(k)Ql‘|
— |y fuppose - CO
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Let R be a positive constant such that:

B C(k)Q:
Rp(9+1) <
p(0+1)—q q

Thus, for all 0 < r < R, and considering K =u € X : ||u| = r, we get:

" rd B wlp@+—a _ C(k)Q1> q (
D) < (p(QH)H jpo+ 19 < g

g Ck)@
—|uPO+Y q—) < 0=J(0).
S ; O
which implies:

sup Jo(u) < 0= J(0).

K

Since X and R* are isomorphic, and K and S*~! are homeomorphic, we conclude that
v(K) = k.

Moreover, from condition (3), the functional J; is even. By applying Clarke’s theorem, we
deduce that J; has at least k pairs of different critical points.

Since k is arbitrary, we obtain infinitely many critical points of J,. =
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Conclusion

This mémoire has investigated the existence of weak solutions for a class of fractional p-Kirchhoff
type differential equations. Employing variational methods and critical point theory within the
framework of fractional calculus, we have rigorously established existence results for fractional
p-Laplacian problems.

These findings contribute significantly to the theoretical understanding of nonlinear and
nonlocal fractional models, which are increasingly instrumental in describing complex physical
and engineering systems exhibiting anomalous diffusion and memory effects.

Future research directions include exploring the uniqueness and regularity of solutions, ex-
tending the analysis to more general nonlinear fractional equations, and developing efficient

numerical methods to facilitate practical applications.
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Abstract

This mémoire investigates the existence and multiplicity of solutions for a class of nonlinear
fractional differential equations of Kirchhoff type involving the fractional p-Laplacian operator.
The study is conducted within a variational framework, relying on tools from critical point

theory and nonlinear analysis.
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