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Introduction

Farmer and Johnson (2009) [22] have introduced the notion of Lipschitz p-summing and Lip-
schitz p-integral maps between pointed metric spaces and Banach spaces. They proved that
it is really a good generalization of the concept of linear p-summing operators [22, Theorem
2] and proved a nonlinear version of the domination /factorization theorem and also a non-
linear variant of Grotendieck’s theorem which is: if T is a Lipschitz operator from a metric
tree X into a Hilbert space H; then 7l (T) < KgLip(T), where K is the Grothendieck’s
constant. This class of Lipschitz operators marked the beginning of the theory of nonlinear
summability. Motivated by the importance of this theory, several authors, have developed
and studied many concepts relating to summability. Chen and Zheng introduced in [19]
(strongly) Lipschitz p-integral and p-nuclear operators. In [15] Chavez-Dominguez introduced
the notion of Lipschitz (r, p, q)-summing operators and Lipschitz (g, p)-mixing in [16]. Some pa-
pers in this domain are due to Yahi, Achour and Rueda [46] and Saadi [40]. Independently;,
they introduced and studied the class of Lipschitz strongly p-summing operators. Also, Achour
et al. introduced (p, 0)-absolutely Lipschitz operators with an appropriate factorization in [8].
They characterized also those Lipschitz operators whose Lipschitz conjugates are absolutely
p-summing. Other Lipschitz versions of different types of summability of linear operators
were investigated also by many authors such as [18], [4], [41], [1] and [32].

The aim of this thesis is to generalize and to extend some other classes of linear operators
to nonlinear operators (Lipschitz). Among these classes, we studied the class of p-lattice
summing operators and the class of o(p)-nuclear operators in the Lipschitz cases. These are
the main axes of this thesis.

In [47], Yannovskii introduced and studied the notion of 1-lattice summing linear oper-
ators. Nielson and Szulga in [37] and [44], extended this notion to p (1 < p < o). It was
extended later in [31], to the theory of operator spaces (or the non-commutative case) and to

sublinear operators in [6]. In the present thesis, we generalize this class of linear operators



to Lipschitz operators. Also, we examine some connections with other classes of operators
cited previously. This is in a first part.

In a second part, we define and study a new concept of nuclear operators in the category
of Lipschitz operators, which we call Lipschitz o(p)-nuclear operators (1 < p < o0). This con-
cept was introduced and developed by Botelho and Mujica [11] in the linear and multilinear
cases. Before this, Pietsch was introduced this notion (for p = 1) in his book [38]. We give
some characterizations of this concept in term of factorization and we prove that this space
of operators is a Banach Lipschitz ideal operators. We conclude by giving its dual.

This thesis is organized as follows.

In chapter 1, we recall some basic notions and terminologies which related to Banach
space theory and we introduce the main definitions and properties of the Lipschitz operators
theory that we will use later. Also, we give some basic classes of Lipschitz operators.

In chapter 2, we study the notion of Lipschitz p-lattice summing operators between a
pointed metric space X and a Banach lattice E, which extends the class of p-lattice sum-
ming operators. This generalization is a natural nonlinear analogous of the class of p-lattice
summing linear operators. We give some properties concerning this notion and we prove
certain characterizations of this type of operators. Finally, we try to give some properties in
connection with the category of Lipschitz p-summing operators.

In chapter 3, we introduce a new category of Lipschitz operators which called Lipschitz
o-nuclear operators. At the beginning we give a reminder about the classes of o-nuclear op-
erators. Then, we extend the last concept to Lipschitz case and we characterize this type of
operators by introducing an equivalent definition and factorization theorem. Furthermore,
we prove that the definition of Lipschitz c-nuclear operators is a good generalization and
this space of operators is Banach Lipschitz operator ideals. Finally, we give another class of
Lipschitz operators which called Lipschitz c-integral operators as generalization of o-integral
operators and its factorization theorem.

In the last chapter, motivated by our definition of Lipschitz o-nuclear operators, we de-
fine and study the Lipschitz o(p)-nuclear operators for 1 < p < oo. Firstly, we recall some
basic definitions concerning "o (p)-nuclear operators". We give some characterizations of
this concept in term of factorization, where we presented two factorization theorems and re-
lated properties. Among them : we prove that this space of operators is a Banach Lipschitz

operator ideals. We concluded this chapter by determining the duality of this space.



Chapter 1

Preliminaries

This chapter deals with the Banach spaces and Lipschitz operators. First, we recall some
basic notions and terminologies which are related to Banach space theory, next, we introduce
the main definitions and properties of the Lipschitz operator theory that we will use later.

Finally, we give some basic classes of Lipschitz operators.

1.1 Banach space theory

1.1.1 Notations

Unless otherwise stated E, F, G and H will denote real Banach spaces. As customary, Bg will
denote the closed unit ball of E and L(E, F) is the linear space of bounded linear maps from

EtoF. Foru € L(E,F), we have

lull == sup [[u(x)]-
x€Bg
If F =R, denote L(E,R) = E* it s called the topological linear dual of E and its norm is
given by

[*[:= sup [[{(x*, x)].
XEBE

A linear operator u : E — F is an isomorphism if it is a continuous bijection whose inverse
u~!is also continuous. In such case the spaces E and F are said to be isomorphic. Such a

mapping u is an isometric isomorphism when ||u(x)||p = ||x||g for all x € E.



Given u € L(E,F), we say that adjoint of u the operator u* € L(F*, E*) defined by

for every y* € F* and x € E. We have
™|l = {fae]]-

Let 1 < p < co. We denote by £,(E) the set of all p-summable sequences in E with the

1(a)iZallp = (Z azl’”)1

for a sequence of vectors (a;); C E.

natural norm

Also, we denote by ¢4/ (E) the set of all weakly p-summable sequences in E with the norm

==

a* GBE* =1

1(a)iZ1 [y = wp((ai)iZy) = sup <Z|a ) ,

for a sequence of vectors (a;); C E.

A sequence (a;)i2, € £ (E) is unconditionally p-summable in E if

1
0 p
lim sup la*(a;)|P] =0.
M= 1% Bpx <1:Zm l
We denote the set of all unconditionally p-summable sequences on E by £3(E).
Recall that, from [20], a sequence (4;)%° ; in E is called unconditionally summable if for each

bijective 7 : N — IN the series Za y converges. This is easily seen to be equivalent to the

convergence of the net of finite sums Z a;.
icl
A. Defant and K. Floret in [20, Proposition 8.3] proved that (a;)$*; is unconditionally

1-summable if and only if (4;)? ; is unconditionally summable.
If p = oo, we are restricted to the case of bounded sequences and in /s (E) we use the
sup norm, i.e.,

1(@1)iZ1 lleo = sup [|a.

1<i<co



Then the spaces /o (E) and ¢ (E) coincide and

1(@:)iZ1 |0 = weo((ai)i21)

forall (a;), € leo(E).
A sequence (¢;) with e; # 0 is called a hyperorthogonal basis of the Banach space F if its

n n
Y viei ) bie

i=1 i=1

linear span is dense and if |;| < |6;| implies < forn > 1.

1.1.2 Basic classes of linear operators

Recall that, from [38]], a linear operator u € L(E,F) is said to have finite rank if u(E) is
a finite dimensional subspace of F. The class of all finite rank linear operators between
Banach spaces is denoted by L¢(E, F). An operator has rank one if and only if has the form
X*@y:x— (x*,x)y. Thenif u € L(E, F) we have

n
u=) x oy
i=1

where (x7)? ; C E*and (y;)!, C F.

An operator u € L(E, F) is said to be approximable if is a limit of a sequence of finite rank
operators from E to F in the norm of £. We denote by m the class of all approximable
operators between E and F.

We say that an operator u € L(E,F) is compact (weakly compact) operator, if the set
u(Bg) is relatively compact (weakly compact) subset of F and denote by KC(E, F) and W(E, F)
the classes of all compact and weakly compact operators from E to F, respectively.

Now, we recall Banach spaces, which have the approximation property.

Let 1 < 7 < co. We say that E has the y-bounded approximation property if, for every compact
subset K C E and every & > 0, there is a finite rank operator u € L¢(E, E) such that

lx —u()[l < e

forall x € Kand ||u| <.

A Banach space is said to have the bounded approximation property if it has y-bounded ap-
proximation property for some 7.

A Banach space is said to have the metric approximation property if it has 1-bounded approx-

imation property.



Definition 1.1.1 (Operator ideals). An operator ideal Z is a subclass of the class L of all continuous

linear operators between Banach spaces such that for all Banach spaces E and F its component
I(E,F):=L(E,F)NZ

satisfy
(i) Z(E, F) is a vector subspace of L(E, F) which contains the mappings of the form x* & y where
x*€ E*andy € F.
(ii) The ideal property: if v € L(H,E),u € Z(E,F) and w € L(F,G), then the composition
wouov € I(H,G).

An operator ideal T is a normed (Banach) operator ideal if there is an application || - |7 : Z — R*

which satisfies

(i) (Z(E,F),| - ||z) is a normed (Banach) spaces for all Banach spaces E and F.
(ii') ||idr[lz = 1.

(iii’) Ifv e L(H,E),u € Z(E,F)and w € L(F,G), then

lwouovlz < flwlllulzllv

The ideal L of finite rank linear operators is the smallest operator ideal and L is the
largest one (see [38]]).
The operator ideal 7 is said to be closed if each Z(E, F) is closed for the sup norm.

Proposition 1.1.2 ([38]). The classes KC and WV are closed Banach operator ideals, where the ideal

norm is the operator norm.

We now recall some definitions of summability in the linear case.
Let1 < p < oo. We say that an operator u € L(E, F) is p-summing if there is a constant

C > 0 such that for finite sequence (4;)1<j<, C E we have

(ZHMW)H’”) < C sup ( \a*(ai)l”> : (1.1)
i=1 i=1

lZ*GBE*

The space of all p-summing operators from E into F is denoted by II,(E, F), which is a

Banach space under the norm



(1) :=inf{C : C satisfies (L.I)} .

Recall that from [35], an operator u € L(E, F) is absolutely 7(p)-summing if there exists

a positive constant C such that, for all n € N, (4;),<;<,, C E and (b}) C F*, we have

1<i<n
1 1
n Iz n P
<Z|<u(ai),b2‘>|”) < C sup ( |(a”, a;) <b,b2‘>|”) - (1.2)
i=1 a*belle* i=1
<BF

We denote by I, (E, F) the vector space of all T (p)-summing operators u from E into
F, which is a Banach space if we consider the norm 7t;(,) (1), the infimum of all C verifying
Inequality (1.2).

By [11]], an operator u € L(E, F*) is said absolutely quasi-7(p)-summing if there exists a

positive constant C such that, foralln € N, (4;);;<,, C E and (};);<;<,, C F, we have

=

(ZKu(ﬂi),biH”) < C sup ( [(a”, a;) <b*,bi>|*’> : (1.3)
i=1 a*€Bpx \i=1

We denote by I, (E, F*) the vector space of all quasi-T (p)-summing operators u from

E into F*, which is a Banach space if we consider the norm 77,(,) (), the infimum of all C

verifying Inequality (T.3).
It is straightforward that T1;(,)(E, F*) C Tl () (E, F*) with 757, (T) < 71 (T) for

every F and Il (E, F*) =11 E, F*) isometrically for F reflexive, see [35].

qr(p)(

1.1.3 Banach lattice spaces

We recall now some standard notations and some properties concerning Banach lattices.
Definition 1.1.3. A partially ordered Banach space E over the reals is called a Banach lattice provided
(i) x < yimplies x +z <y + z, for every x,y,z € E.
(ii) ax > 0, for every x > 0 in E and every non negative real .

(iii) Forall x,y € E there are a least upper bound x \/ y := sup{x, y} and a greatest lower bound

x ANy := —sup{—x, —y}.

(iv) ||x|| < ||ly|| whenever |x| < |y|, where the absolute value |x| of x € E is defined by |x| :=

sup{x, —x}.



Definition 1.1.4. Let E, F be two Banach lattices. A linear operator u : E — F is called positive
(u>0)if

\u(a)| < u(la|) foralla € E.

We denote by L (E, F) the set of all bounded positive operators.
Let n be a natural number. For a Banach lattice Eand 1 < p < oo, welet E <lg> the space

of sequences a = (ay, ...,a,) € E" for which

1
n ] .
”aHE(lg) = ‘ (21 |ﬂj|p> , if1 < p < oo
1=
and
lallgy) = fgfg;lail , ifp=oco.

The space E (l;,’) equipped with the natural order
a<b<=a;<b;, foralll<i<n

is a Banach lattice.
Let E be a Banach lattice then E* is a complete Banach lattice w.r.t the ordering < defined
by
a*>0<«<= (a*,a) >0 foralla € E,. (1.4)

1.2 The space of Lipschitz operators

Unless otherwise stated X, Y, Z will always denote pointed metric spaces, i.e., with a distin-
guished element at all time denoted by 0.

The space Lip,(X, E) is the Banach space of Lipschitz functions T : X — E such that
T(0) = 0 with pointwise addition and the Lipschitz norm Lip(.) given by

{||T(x)—T(y)||}_

Lip(T) = sup TCRN)

X7y

We denote the Lipschitz dual of X by X* = Lip,(X) = Lip,(X, R). The closed unit ball By

of X* is a compact Hausdorff space for the topology of pointwise convergence on X.



For a sequence (A;); of real numbers and (x;); , (y;); of points in a metric space X, we

denote their "weak Lipschitz p-norm" by

wy (M), (x0), (y) = sup [[(A; (f(xi) = f(ya)))ill, -

fEBX#
1.2.1 Arens Eells space

A molecule on X is a real valued function m on X with finite support and satisfying

Y, m(x)=0.

xesupp(m)

n
Denote by M(X) the real linear space of molecules on X. The condition ) m (x;) = 0
i=1
ensures that m can be represented by

n
m = Z KilMlyy;,
i=1

where myy, = 11,y — 1y, (1) is the indicator function of the subset {x} of X). Put
n
I pxe) = 0 3 Y Jeil d (xi, 1) ¢
i=1

where the infimum is taken over all representations of m = iil o; (1 (xy — 1 {]/i}) . It follows
that [|.|| y¢(x) is a norm on the vector space M(X).

Denote by Z(X) the completion of the normed space (M (X), ||-[| (x))- This space was
tirst introduced by Arens and Eells in 1956 [9]. Originally, the basic idea goes back to Kan-
torovich [26]. The terminology Arens-Eells space Z(X) is due to Weaver [45]. The applica-

tionix : X — & (X) defined by

lx(x) = Myp = l{x} — 1{0} (1.5)

is an isometric embedding of X into £(X).



1.2.2 Properties

For more details on the basic theory of the spaces of Lipschitz operators and their preduals,
one can consult for example the papers of Godefroy and Kalton [25] or Weaver [45]].
The following theorem due to [45, Theorem 2.2] is known as the linearization of Lipschitz

operators.

Theorem 1.2.1. Let T € Lipy,(X,E). Then there is a unique bounded linear operator Ty, €
L(ZE(X),E) such that T = Ty oix and ||TL|| = Lip(T) (ix : X — Z (X) is defined as in
5.

The linear operator T, is called the linearization of T. We know from the above that every

molecule m is uniquely expressible in the form
n
m = Z ‘Ximxio
i=1

where the points x; are all distinct and none equals to 0. Then, T, is defined by

n
Tu(m) =) oT (%) (1.6)
i=1
The dual E* of E is naturally isometric to a subspace of Lip,(E). By [10, p. 37], there is
a norm one projection P : Lip,(E) — E*. Sawashima in [42] defined the Lipschitz adjoint

(or dual) T* : Lip,(E) —> Lip,(X) of a Lipschitz map T € Lip,(X, E) by the formula

T*(f)=foT,  feLipy(E).
He showed that T* is a continuous linear operator and

| T#|| = Lip(T) = ||T* |-

We notice that T' = T*
operator attached to T by Theorem ie., T |2 T},

g+ corresponds in a canonical way to the usual adjoint of the linear

. # .
Lipy(E) —— Lipy(X)

?
Ty
E*

10



1.3 Some class of Lipschitz operators

Definition 1.3.1 (Composition ideals). Given an operator ideal T, a Lipschitz mapping T €
Lip, (X, E) belongs to the composition Lipschitz operator ideal Z o Lip ), denoted T € T oLip,(X, E),
if there are a Banach space F, a Lipschitz operator S € Lip,(X, F) and an operator u € Z(F,E) such
that T = uoS. If (Z,| - |7) is a normed operator ideal we write ||T||zoLip, = inf [|ul|zLip(S),

where the infimum is taken over all u, S as above.
The following proposition and corollary are mentioned in [7].

Proposition 1.3.2. Let T be an operator ideal. The following are equivalent for T € Lip,(X, E):
1. T € ToLipy(X,E).
2. Tp €e Z(£(X),E).

If (Z,| - ||z) is a normed operator ideal, then

1Tl zoLip, = I TLIIZ-

Corollary 1.3.3. If 7 is a (normed, closed, Banach) operator ideal then, I o Lip,, is a (respectively

normed, closed, Banach) Lipschitz operator ideal.

1.3.1 Lipschitz p-summing operators

Inspired by the useful concept of absolutely summing operators, Farmer and Johnson in-
troduced in [22] the following definition: a Lipschitz map T : X — E is called Lipschitz
p-summing (1 < p < o) if there exists a positive constant C such that for all # € IN and all

X1, s Xn, Y1, -, ¥Yn € X and all non negative reals A, ..., A, we have

(3 )

1
< Cwy (()‘ip) (%), (yi)i) : (1.7)
p i
The infimum of such constants verifying 1i is denoted by n;%(T). This is a true generaliza-
tion of the concept of linear p-summing operators, since it is shown in [22, Theorem 2] that
the Lipschitz p-summing norm of a linear operator is the same as its p-summing norm. In
the sequel, it will be useful to note that the above definition is the same if we restrict to A;

=1 (see [22] for an implicit proof).

11



We shall give another equivalent definition in terms of Lipschitz tensor product. This
notion of tensor product between metric and Banach spaces; which is a nonlinear gener-
alization of linear tensor product, was introduced by Cabrera-Padilla et al. in [13]. The
Lipschitz tensor product X X E is defined as the vector subspace of Lipy(X, E*)’ spanned by
the set

{(5(,(,]/) Xa:(x,y)eX? ac E}

where (5( )ﬁa) (8) = (g(x) —g(y),a), for any g € Lipy(X,E*) (whither 6,,)(g) =

g(x) — g(y)). The Lipschitz injective norm on X X E is defined for u = Z O(x,y,) K a; by

i=

n

Yo (f(xi) = f(yi) (Eai)

i=1

e(u) = sup {

:feBX#,éeE*}.

Remark 1.3.4. A Lipschitz map T : X — E is Lipschitz p-summing (1 < p < oo) if there exists a

positive constant C such that for alln € N and for all x1, ..., Xn, Y1,...,yn € X, we have for all linear
n

operator v : £, — A (X), v (e;) = 1y — 1,y (namely v = Y. (1{xi} - 1{%}) Xa; € XX {)

i=1

1
p
(ZIITL (ei) ||p> < Cllof

where e; denotes the unit vector basis of £}, and p* denotes the exponent conjugate to p (i.e., the one

that satisfies 1/p +1/p* = 1).

We have

m
—~
(o]
~—
I
w
c
o
=
—
-
—~
R
N
-
~~
SN—
N—
—
YR
S
~—

:fEBx#, CEKZ*}

-
I
Juy

1=
—
™
—
-
—~
Ra
N
-
~~
=
SN—
N—
S
N

I
W
c

o

ZfEBx#, CEEZ*}

-
I
—_

™
™=

/\
[
[uy
—
-
—~
Re
N
|
-
~~
=
N
N—
2
\/

ZfEBx#, CEEZ*}

I
9]
c

S

I
»n
c
o
—_—— —— —N— ——

< N
[N

(f (x:) —f(yz'))|p> p L f € Bx#.}

lol =€(o) = sup (Z

f (xi) — f (%)I”) : (1.8)
I fllxe=1

[
—_

12



Remark is equivalent to

(21 1T () - T(yi>w> < C |

where w : X* — {}, be the linear operator defined by
w(f) = (f (xi) —f(?/i))lgign-

1.3.2 Lipschitz compact and weakly compact operators

We recall now the following, as announced in [23]. The Lipschitz image of a mapping T :

T(x)=T(y)
{W.x,ye){,x#y}.

An immediate consequence, T : X — E is a Lipschitz mapping if its Lipschitz image is a

X — E is the set

bounded subset of E.

Definition 1.3.5 ([23])). Let T € Lip,(X, E). We say that T is Lipschitz compact (Lipschitz weakly

compact) if its Lipschitz image is relatively compact (resp, relatively weakly compact) in E.

We denote by Lip,, (X, E) and Lip,,,(X, E) the sets of Lipschitz compact operators and

Lipschitz weakly compact operators from X to E, respectively.
Remark 1.3.6.
1. Note that Lip - (X, E) and Lip (X, E) are linear subspaces of Lip,(X, E).

2. If X is a Banach space and T € L(X, E) is a compact operator (resp. weakly compact operator),
then T is a Lipschitz compact operator (resp. Lipschitz weakly compact operator) since the

Lipschitz image of T is justly T(Sx).
The following result is proved in [23| Propositions 2.1 and 2.2].

Proposition 1.3.7. Let T € Lipy(X, E) and Ty, its linearization (as in Theorem , then T
is Lipschitz compact (resp. Lipschitz weakly compact) if and only if Ty is compact (resp. weakly

compact).

13



1.3.3 Lipschitz finite-rank and approximable operators

Let us recall that if M is a set and E is a linear space, then a map f : M — E is said to have
finite dimensional rank if the linear hull of its image is a finite dimensional subspace of E
in whose case the rank of f, denoted by rank(f), is defined as the dimension of lin(f(M)),

where lin(f(M)) is a linear hull of f(M).
The following definition was introduced by Vargas et al. in [23]].

Definition 1.3.8. Let X be a pointed metric space and E a Banach space. A Lipschitz operator
T € Lip,y(X, E) has Lipschitz finite dimensional rank if the linear hull of its Lipschitz image is a
finite dimensional subspace of E. In that case we define the Lipschitz rank Lrank(T) of T to be the

dimension of this subspace.

Proposition 1.3.9. Consider T € Lip(X, E). The following are equivalent :
(i) T has finite dimensional Lipschitz rank.
(ii) T has finite dimensional rank.
(i) Ty has finite rank.

In that case, lin(T (X)) = TL(&£(X)) and Lrank(T) = rank(T) = rank(Tr).

We denote by Lip, (X, E) the set of all Lipschitz finite-rank operators from X to E. Note
that Lip, (X, E) is a linear subspace of Lip(X, E).

Definition 1.3.10. A Lipschitz operator T € Lip,(X, E) is said to be approximable if it is the limit

of a sequence of Lipschitz finite rank operators from X to E in the Lipschitz norm.

We denote by Lip,, (X, E) the class of all approximable Lipschitz operators T € Lip,(X, E)
which is a Lipschitz ideal (see [7]).
Note that, if X is Banach space and T is linear operator. T is in Lip, (X, E) if and only if

Tisin L;(X,E) (where L¢(X, E) the space of all approximable operators from X to E).
The following result is due to [7, Corollary 2.4].

Proposition 1.3.11. T € Lip, (X, E) ifand only if T, € L¢(/£(X), E).
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Chapter 2

Lipschitz p-lattice summing operators

In this chapter, we study the notion of Lipschitz p-lattice summing operators between a
pointed metric space X and a Banach lattice E, which extends the class of p-lattice sum-
ming operators. This generalization is a natural nonlinear analogous of the class of p-lattice
summing linear operators. We give some properties concerning this notion and we prove
certain characterizations of this type of operators. Finally, we try to give some properties in

connection with the category of Lipschitz p-summing operators.

2.1 Some results of p-lattice summing operators

2.1.1 Definitions

The following definition was introduced and studied in linear case by Yanovskii in [47] for

p = 1 and generalized by Nielsen and Szulga in [37] and [44] for p > 1.

Definition 2.1.1. A linear operator T from a Banach space X to a Banach lattice E is called p-lattice

summing (for 1 < p < oo) if there is a positive constant C so that for all finite sets {x1, x2, ..., xn} C

X we have ) )
n P n P
Y IT(x)P) || <C sup (%, x) |
i=1 x*eByx \i=1
if p is finite and
sup |T(x;)||| < C sup ||xi]
1<i<n 1<i<n
if p is infinite.
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If T is p-lattice summing we denote by A, (T) the smallest constant C, which is a norm on
the space A, (X, E) of all p-lattice summing operators from X to E turning it into a Banach
space.

Nielsen and Szulga in [37] also give us the following definition.

Definition 2.1.2. Consider X is a Banach space and E is a Banach lattice then a bounded linear

operator T : X — E is called order bounded if there exists an element a € E such that

IT(x)| <allx||, forallx e X. (2.1)

In this case, we define the order bounded norm ||T||,, by

IT||,, = inf{||a| : a satisfies @.I) }
which is by [36] a complete norm on B (X, E), the space of all order bounded operators from
X into E. By Schaefer [43], the m-tensor product X®,E is defined by the closure of X ® E in
B (X", E).
2.1.2 Properties

The proof of the following proposition is immediate so we omit it.

Proposition 2.1.3. T € A (X, E) if and only if T is order bounded considered as a map into E**,
and in that case Ao (T) = || T|| -

The following results are due [37].

Theorem 2.1.4. If 1 < p < oo, then T in Ap(X,E) if and only if TS in Ae(€y+,E) for all S in
L (L, X) and in that case
Ap(T) = sup{[|TS[lm, [|S] <1}

Theorem 2.1.5. Let p = 1,2, then T in Ap(X, E) if and only if for every measure y and every
positive operator S € L (E, L1(u)) ST is p-summing. Further

Ap(T) = sup{7,(ST), IS < 1}.

Remark 2.1.6 ([37]). Theorem [2.1.5)is not true for 1 < p < 2.
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Theorem 2.1.7 ([37]). (i) If T in Aeo(X, E) then T in Ap(X, E) forall 1 < p < oo, and we have

Ap(T) < CAw(T), 0<C<1.

(ii) If T in Ap(X,E) then T in Ag(X, E) forall 1 < p < g < 2, and we have

Ag(T) <CAH(T), 0<C<1

(iii) If T in Ap(X,E) then T in Ap(X, E) forall 1 < p < oo, and we have

A (T) <CAH(T), 0<C<1

(iv) If T in11,(X, E) then T in Ao(X, E) forall 1 < p < oo, and we have

A(T) < Crp(T), 0<C<L

2.2 Lipschitz p-lattice summing operators

In this section we extend the notion of p-lattice summing operators and some results to the
theory of Lipschitz operators.
The following definition is due to [17], we can see also [2] for Lipschitz p-convex opera-

tors.

Definition 2.2.1. Let X be a arbitrary pointed metric space and let E be a Banach lattice. Consider

1<p<co

(i) A Lipschitz map T : X — E is called Lipschitz p-convex if there exists a positive constant C
such that for everyn € IN, forall xq, ..., Xn; Y1, ..., Yn € X and all non negative reals Ay, ..., Ay,

we have

=

Aid (xi,}/z')p>

1

<c
E(8) i

forl < p < coand
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sup A [T (x;) = T (vi)|

1<i<n

< C sup Aid (x;,y;)

1<i<n

for p = oo.

(ii) A Lipschitzmap T : E — X is called Lipschitz p-concave if there exists a positive constant C
such that for every n € IN, for all ay, ..., a,; b1, ..., by € E and all non negative reals A1, ..., Ay,

we have

1

(i_ffid Ww)f(b»)?) C<c| (3 - w)

forl < p < coand

for p = oo.

The smallest such constant C is called the Lipschitz p-convexity constant of T (resp. Lip-
schitz p-concavity constant of T) and is denoted by C]r;(T) (resp. M]F;(T)). We shall also
denote by CI];(X, E) and MI;;(E, X) the sets of Lipschitz p-convex and Lipschitz p-concave
operators respectively.

Note that this is a generalization of the linear case: a linear map T : X — E from a Banach
space X to a Banach lattice E is p-convex if and only if, it is Lipschitz p-convex with the same
constant. The same for Lipschitz p-concave. Because the unit ball By# is not involved.

We know also in [17, Theorem 3.3] that a Lipschitz map T : X — E is Lipschitz p-convex
if and only if, Ty :&£(X) — E is p-convex. Moreover, in this case the p-convexity constants
are the same.

If X is a Banach space, then C,(X) = Cp(Idx) and M, (X) = M, (Idx).

Definition 2.2.2. An operator T : X — E is Lipschitz p-lattice (or order) summing if, there is a
positive constant C such that for every n in IN, for all x1, ..., Xn; Y1, ..., Yn in X and all non negative

reals A1, ..., Ay, we have

|(3 T -T)

< Cwy, <<A}> L (x)i, (yi)i) (2.2)

i i

E(%)
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if p is finite and

<C sup Aid (x,',yz-) (2.3)

1<i<n

sup A; [T (x;) = T (v;)]

1<i<n

if p is infinite.
We denote by A% (X, E) the vector space of all Lipschitz p-lattice summing operators T from

X into E, which is a Banach space if we consider the norm /\Ir; (T), the infimum of all C
verifying and (2.3).

Remark 2.2.3. If T is in Ay (X, E), then T is Lipschitz p-convex and C;(T) < Ay (T) for p finite
and CL(T) = AL (T).

Remark 2.2.4. If X is a Banach space and T is a bounded linear operator from X into E, then if T is
p-lattice summing then T is Lipschitz p-lattice summing and )\I’; (T) < Ap(T) forall1 < p < oo,
If p is infinite, we have A% (T) = Ao (T) = Coo(T).

We do not know if the converse is true, because the unit ball Bys is involved and we do not have a

factorization theorem.
Proposition 2.2.5. Consider T in Lip,(X, E), R in Lip,(Z, X) and ¢ in L(E, F) . If T is Lipschitz
p-lattice summing, then ¢ o T o R is Lipschitz p-lattice summing (1 < p < o) and

Ap(@oToR) < |l A;(T)Lip (R).

Proof. Letn € N, (zi)1<j<y; (zi) C Zand (A)1<;<, C Ry. Thus

1<i<n

H(A;l“(poTOR(zi)—(poToR(z;)>

()
- |(otrer@-TorEp) (1)
by Ep.55) < [l | (3 (ToR(z)~ToR () "

SIS

< ol AT sup (fAi}(f(R(zi))—f(R &)

=
=

< [l@ll A;(T)Lip (R) sup (

fGBx# i=1
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Since

B btai
Lip (R) € by+ we obtain

(zi)—q)oToR<Z;~>

< ¢l Ap(T)Lip (R) sup (
”gHz#<1

This implies that ¢ o T o R is Lipschitz p-lattice summing with
As(poToR) < gl Ay(T)Lip (R)

and this ends the proof. O

Remark 2.2.6. Clearly the notion of Lipschitz p-lattice summing operators is not an ideal in Pietsch’s

sense but it is an ideal on left.

By Proposition we have the following proposition. For the converse, we can see

[40, Remark 3.3].

Proposition 2.2.7. Consider 1 < p < oo. Let T : X — E be a Lipschitz map and Ty its lineariza-

tion. If Ty, is p-lattice summing, then T is Lipschitz p-lattice summing. The converse is false.

Proof. Assume that Tj is p-lattice summing, then by Remark it is Lipschitz p-lattice
summing from Z(X) to E. We know that T = Tj o ix where ix € Lipy(X, &£ (X)), so T is

Lipschitz p-lattice summing. O

Proposition 2.2.8. Let T be in Lipo(X, E), then T isin AL (X, E) if, and only if, Ty is in Ae (£ (X) , E)
and Ao (Ty) = AL (T).

Proof. Suppose that Ty is in A« (Z(X), E). Then, forevery n € N, for all x1, ..., X4, Y1, ..., Yn €

X and all non negative reals Ay, ..., A;, we have
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sup 41T (55) — T (55 H = | sup s T (1110) = T (1g0)| H

1<i<n 1<i<n

= sup A; |TL (mxiyi)

1<i<n

= || sup |Ty (Ainmyy,)
1<i<n
< A (Tr) sup Aid (x5, y;) .

1<i<n

This gives that T is in AL (X, E) and AL (T) < Aeo (T1).

For the converse, suppose that T is in A%o(X, E). This yields by Remarkthat, T isin
CL(X,E) and CL(T) = AL (T). By [17, Theorem 3.3], Ty is in Coo(Z (X), E) and hence is in
Aw(Z (X),E). O

Proposition 2.2.9. Let T be in Lipo(X, E). If (T*)" € A, ((X*)", E**) then, T € AL(X, E).

Proof. Suppose that (T*)" is in A,((X*)",E**). Then, (Tp)™ is in A,((X*)",E**) and by
[39] the operator Ty, is in Ap(Z&£(X),E). So we conclude by Proposition m that T €
AL(X,E). O

Remark 2.2.10. By Proposition the converse is true for p = oo. But it is not valid for 1 <
p < oo by Proposition[2.2.7]

Now, we give our main result.

Theorem 2.2.11. Let T : X — E be a Lipschitz operator such that T(0) = 0and 1 < p < oo.

Then, we have the following properties for a positive constant C.

(i) If the operator T € Ay(X, E) with Ay (T) < C, u € L({}., Z (X)), then for all n € N and
(X1)1<i<n - Wi)1<i<n C X the operator Tyu is in Aeo(Cy., E) and

Aco(Tru) < Cllulf,

where 1 (e;) = My, ((€1)1<;<, denote the unit vector basis of £.).

(i) If Aeo(TLut) < Cllu| for alln € N and all u € L(£5., & (X)) then, the operator T is in
AF(X,E) and Ay (T) < Clul|.
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Proof.

(i) Suppose that T is in AI;;(X, E). Let n be in N and (x;)y<;<,, (¥i)1<j<, C X. Consider
u (e;) = my,y,, where (e;);;-, denote the unit vector basis of (5. By (1.8), we have

Jull = sup ( "1 f (%) —f(yi)|p>p

I fllge=1 \i=

and fora € 6’;,*

i=1
1 1
n P [ n P
([29] Part II, page 42]) < (Z T (x;) — T (y;)|" (Z |a; [P >
i=1 i=1

==

< (imxi) “T)” | Jal

AL
P
By [37, Proposition 1.2 and Theorem 1.3], we have

Aoo(TLu) < <i|T(xi)—T(yi)|p>p

i=1

IA

A (T) |lu]

< Clul.

This implies that Tpu is in Aco (£}, E) and Aeo(Tru) < Clluf.

(ii) Suppose that Aeo(Tru) < C|[u| foralln € N and all u € L(£5., & (X)). This implies
by [37, Theorem 1.3] that A, (T1,) < C ||u|| and by Proposition|2.2.5, we have /\]’; (T) <
Cull-
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Theorem 2.2.12. Let X be a pointed metric space and E be a Banach lattice. Consider T in Lip, (X, E).
If the operator T is in AL (X, E), then T is in AII;(X, E)for1 < p < oco.

Proof. Suppose that Tisin AL (X, E). This implies by Propositionthat Ty isin A (Z(X), E).
We observe by [37, Theorem 1.5] that A (Z&£(X), E) is a subspace of A, (Z&(X), E). Therefore
Ty, € Ap(£(X),E) and consequently by Proposition [2.2.7, we conclude that T € A%(X, E).

[]

2.2.1 Lipschitz factorable p-lattice summing operators

We give now the following definition to have an equivalent relation between the operator T

and its linearization Ti.. In a way, it is the reciprocal of Proposition 2.2.7]

Definition 2.2.13. Let 1 < p < coand T : X — E is Lipschitz map from pointed metric
space X into Banach space E. We say that T is Lipschitz factorable p-lattice summing if, there
exists a positive constant C such that for all n,m € IN, (x;;)i; (vij)ij € X and all reals (Aj;); ),

N , N
) < C sup (Z ) . (24)
feByw \i=1

The class of all Lipschitz factorable p-lattice summing operators is denoted by Alrj’f (X,E). In this
case, we define )\I,j’f (T) as the infimum of all constants C verifying .

(1<i<mn1<j<m), wehave

<=

i A (T (xij) = T (vij)) Y A (f (xij) = f (vi)

j=1

Remark 2.2.14. Every Lipschitz factorable p-lattice summing operator is Lipschitz p-lattice sum-

ming operatot, i.e., A]rj’f(X,E) C AI];(X,E), and /\];;(T) < )LI;;’f(T) (we take m = 1).

Theorem 2.2.15. Let X be a pointed metric space and E be a Banach lattice. Consider T in Lipy (X, E).

Then T is Lipschitz factorable p-lattice summing if, and only if, Ty is p-lattice summing, and we have
L,
A (T) = Ap(T).

PFOOf. Let n,m be in N, for (xi]')i,]'; (yl])lf] in X and ()\i]')i,j in ]R, (1 < i < n,l < ] < m), we

have
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1
n p
< Ap(TL) sup <Z|C(mi)|p>
GeBr(x) \i=1
n
< Ap(TL) sup (Z (Z)‘umxu%]> )
C€Bgx)x \i=1
Y p
< Ay(TL) sup (Z Z)\ch:,‘ mxl]y”)
CE€Bgx)x \i=1|j=

This gives that T is Lipschitz factorable p-lattice summing and /\],;’f (T) < Ap(Ty). Following

the inverse schema, we will have the reciprocal.

We give here a characterization of Lipschitz factorable p-lattice summing operators.

Proposition 2.2.16. Let 1 < p < oo. Then T € A;’f(X,E) if and only if, Tuu € Neo({}y, E) for

(X)). In this case we have

alln € Nand u € L(0y., £

)\]l;,f(T) — sup {/\OO(TLM) ne N al’ld u e E(EZ*IE(X))} .

Proof. Consider T € A],;’f (X, E). This means that T, € A,(&(X),E). As Ty is linear operator
and according Nielsen-Szulga theorem [37, Theorem 1.3], we have Ty u € Aoo(ég*, E) for all
ue E(K’;*,ZE X

AL (T) = Ap(TL) = sup {AOO(TLu) ‘neNandu € E(K’;*,}E(X))} .

We conclude by Theorem
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2.2.2 Lipschitz p-regular operators

Letnow T : E — F be a Lipschitz operators between Banach lattices E, F. We say that T is
Lipschitz p-regqular, (1 < p < c0) and we write T € pI;; (E, F), if there is a positive constant C
such that for every n in N, for all xy, ..., x4; 1, ..., ¥» in X and all non negative reals Ay, ..., Ay,

we have

for p finite and

sup A; [T (%) — T (vi)|

1<i<n

< C| sup A; |x; — i

1<i<n

for p is infinite.

The best possible constant will be denoted by pI;; (T).

If T is linear then the notions of regular and Lipschitz regular coincide with p,(T) =
pIr;(T). It was proved by Krivine in [28] (see also [29]) that every bounded linear operator
is 2-regular and every positive linear operator is p-regular for, 1 < p < oco. In general, the

Lipschitz operators are not 2-regular, we can see [5].

Remark 2.2.17. Let T : X — E be a Lipschitz p-lattice summing operator. If R : E — F is
p-regular, then R o T is Lipschitz p-lattice summing and

Ay (RoT) < py (R) Ay (T).

Proposition 2.2.18. Let E, F, Eq, F; be Banach lattices and 1 < p < oco. Consider a Lipschitz p-
reqular operator T : E — F, a positive linear bounded operator u : F — F; and a Lipschitz

operator R : Ey — E. Then, u o T o R is Lipschitz p-regular and

py(oToR) < |uf p(T)Lip (R).
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Proof. Since u is positive, we have

u | sup Z/\’l’ (TR (a;) — TR (b;)) «;

u ((fmm () - TR <bi>*’>p) .
i=1

o (3] (TR (@) - TR (&) )

IN

IN

This yields

H (/\Z.’l’uTR (a;) — uTR (bl-))

Fi(£)

‘ (A} (TR (a;) ~ TR (b»))

R ()

(by [29, p- 55]) < |[u]

F(4)
1
<l b (W (R (@) - R @)
E(¢5)
1
<l oip () | (4] (0 —1) )
Ex(45)
and thus the announced result is obtained. O

Remark 2.2.19. Let E, F, F; be Banach lattices and 1 < p < oo.
1. Consider a Lipschitz p-reqular operator T : E — F and a Lipschitz p-concave operator
R :F — Fy. Then, R o T is Lipschitz p-concave and

MP

Lip(RoT) < Myy, (R) py(T).

Lip
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Indeed,

H (A; (RoT(a;) —RoT (bz‘))>

< M )| (W @) -7 )

< Mfip (R) p%(T) H <A;’ (a; — bi))

05(Fy)

F(¢)

E(tp)

2. Consider a Lipschitz p-reqular operator T : E — F and a Lipschitz p-convex operator S :

E;y — E. Then, T o S is Lipschitz p-convex and

Clo(ToS) < Chyy (S) P (T).

3. If p = 2 and R is a bounded linear operator, we have
7(ToR) < Kop3(T) |IR]|;
(%) > KGO s

because every bounded linear operator R is 2-reqular and p2(R) < Kg ||R|| (where K is the

universal Grothendieck constant).

2.2.3 Lipschitz order bounded operators

Now, we define the Lipschitz order bounded operator.

Definition 2.2.20. An operator T in Lip, (X, E) is called Lipschitz order bounded if there exists an

element a in E such that

|IT(x)—T(y)| <ad(x,y), foralxyeX. (2.5)

The space of such operators is denoted by Lip, (X, E). We let

Lip (T) = inf {||a|| : a satisfies 2.5)}

or

Lip(T) =

wry 4

supl L) ;’yT)(y)! H (2.6)

which exists by (1.4); because T is order bounded as a map into E** (also we can take E a

complete Banach lattice). We have also
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Lip (T) < Lip (T). 2.7)

and consequently

IT@ =TI _ | [T =T
iy [ Ay H

for all x,y € X. By taking the sup, we obtain by that Lip (T) < Lip (T). Itis clear that

Lipg (X, E) is a vector space and that £ip (.) is a norm on £Lip, (X, E). Let us prove that the
space Lipg (X, E) equipped with the norm Lip (.) is a Banach space. By 2.7) and [21, Lemma

3.100], it is enough to prove that if (T;),~; C Lipg (X, E) such that Z Lip (Ty) < +o0, then

n=1

the operator T = Z Ty isin Lipy (X, E) and Lip (T) < Z Lip (Ty,). In this case
i=1 n=1

ﬁMﬂ:M{f&MM}

n=1
where the infimum is taken over all series in £ipy (X, E) summing up to T. Consider € > 0

and choose a sequence (a,) C E; such that

€
lan|| < Lip (Ty) + o forn > 1.

Then Z llan] < Z Lip (T,) + € and hence from [21, Lemma 3.100] again , we can find

ac E+, such that

—+o0o
lall < ) Lip (Tu) +e
n=1

We have Lip (T) < 2 Lip (Ty) + €. As € is arbitrary, this proves the statement.
=1

The following theorem is among our main results.

Theorem 2.2.21. Let X be a pointed metric space and E be a Banach lattice. Consider T in Lip,, (X, E) .
Then T is Lipschitz order bounded if, and only if, Ty, is order bounded and ||Ti||,, = Lip (T).

Proof. Suppose that Ty, is order bounded. Then there is 4 in E such that
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|Ty (m)| < al||m| forallm e M (X).

This implies for all x,y € X

| To (mxy) | < a [y |

and hence

T (x) =T (y)| < ad(x,y)

by [45, Lemma 3.5] and (1.6).

For the converse, suppose that T is Lipschitz order bounded. So there is a in E such that for

all x,y in X, we have |T (x) — T (y)| < ad (x,y) . Let m be in M (X). For € > 0, consider a
n n

representation of m = Y a;my,, such that Y _ |a;| d (x;,y;) < ||m]|| + €. We have
i=1 i=1

ITL (m)| = TL (i aimxl.yl,) ‘

i=1

o (T (x) - T(yo)'

< a) |ald(xi,yi)
i=1

< a(|lml[+e)

and this foralle > 0. Thus |T (m)| < a ||m|| for all m in M (X) and by continuity | Ty (m)| <
a||m|| for all m in ZE(X). O
The following corollary is immediate.

Corollary 2.2.22. Consider T in Lip, (X,E). Then T is Lipschitz order bounded if, and only if,
(T*)" is order bounded and H (TH)"|| = Lip(T).
m

Remark 2.2.23. If w : E — F is a positive linear operator, then w o T is order bounded. Indeed,

consider x,y in X and a in E such that |T (x) — T (v)| < ad (x,y). We have

[woT (x) —woT(y)] = [w(T(x)=TI(y))
< w(|T(x)=T(y))
< w(a)d(xy)
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As w is positive, then w (a) € Fy and this implies that w o T is order bounded.
We regard now the norm £ip as Lipschitz tensor product.

Definition 2.2.24. Let X be a pointed metric space and E be a Banach lattice. The space X* ® E is
defined as the linear subspace of (X X E*) spanned by the set

{f&a:fex#,aeE}.

This space is called the associated Lipschitz tensor product of X, E*. For this concept, we
can also consult [24].
The Lipschitz operators of finite rank from X into E are majorizing; that is X* ®m E C

n
Lipy (X, E). Indeed, consider T = ¥ f;Xa; in X* @ E. We have
=

1

n

; (fi (¥) = fi () ai

Y fi (%) = fi ()] lai

i=1

< (éup () |al-|> a(xy).

Tx) =TI =

IN

This implies that X* @ E is in £ip, (X, E) and suggests us the following definition.
Definition 2.2.25. The Lip-tensor product X*@ e, E is the closure of X* @ E in Lipy (X, E).
The following proposition generalizes, Proposition 1.2 of [37].

Proposition 2.2.26. Consider T in Lipg(X, E). The operator T is in AL (X, E) if, and only if, T is
in Lipo (X, E). In this case, A5 (T) = Lip (T) = Aeo(TL) = || TL]|,,,-

Proof. Suppose that T is in £ipy (X, E). For € > 0, there is a in E such that for all x,y in X,

we have

T (x) =T (y)] < ad(x,y)

with Lip (T) < |le|| < (1+¢€) Lip (T) . This implies that, for every nin IN, all x4, ..., Xu; Y1, ..., Yn

in X and all non negative reals Ay, ..., A;;,, we have

sup A [T (x;) — T (yi)| < asup Aid (x4, ;)

1<i<n 1<i<n
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and hence

sup A; [T (x;) — T (y;)]

1<i<n 1<i<n

‘ < |a|| sup Aid (x;,y;)

< (1+¢€)Lip(T) sup Aid (x4, ;) -

1<i<n
As e is arbitrary, then AL (T) < Lip (T).
Consider now T in AL (X, E). By Proposition this gives that Ty is in A« (&£(X), E)

and consequently for all x1, ..., x; y1,...,y» in X, we have

< Aw(T) sup meiyi

1<i<n

sup ’ T (mxi}/i)

1<i<n

By [43, Proposition 3.4], there exists a in E, ||a]| < Aw(T) such that for each x,y in X, one

has (T, ﬁ) < a. We conclude that for all x,y € X, |T (x) — T (y)| < ad (x,y) and
thus by (2.5), T is Lipschitz order bounded and £ip (T) < AL (T). O

Corollary 2.2.27. The Lip-tensor product X*& e, E is a subspace of AIF;(X, E)foralll < p < oo.

Proof. We have by definition X*& g, E C Lipo(X, E) and by Proposition Lipg(X,E) =
AL (X, E) with AL(T) = Lip (T). If T is in AL (X, E) then Ty is in Aw(Z (X), E) which is
included in A (Z (X), E) by [87, Theorem 1.5(i)] and consequently T € Ay (X, E). O

Lemma 2.2.28. Let X be a pointed metric space and E be a Banach lattice. Consider T in Lipy(X, E).
Then, T is Lipschitz order bounded operator if, and only if, there are a compact Haussdorff space K
and operators A € Lipg(X,C(K)) and B € L,(C(K),E) so that Lip(A) < 1, ||B||,, = Lip(T)
and T = Bo A.

Proof. Let T € Lipy(X, E). This means by Theorem that T is order bounded operator.
Then, by a classical result we can find a compact Hausdorff space K and operators u €

L(Z(X),C(K)) and B € £4(C(K),E) so that [u]] <1, [Bll,, = |Tll,, T = Bou and the
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following diagram is commutative

X L E
A(X)
A B
C(K)

Note that A = u o iy € Lip,(X,C(K)) and Lip(A) < 1. Indeed,

Lip(A) = Lip(uoiyx) < ||ul]| < 1.

Conversely, suppose that A € Lip,(X,C(K)) and B € £, (C(K),E) such that T = Bo A.
Letx,y € Xand a € E,. We have

T(x)-T()| = [BoA(x)—BoA(y)|
= [B(A(x)-A(y))|
< allA(x) - Al
< aLip(A)d (x,y).
This implies that T € Lipg(X, E). O

We give the following extension theorem.

Theorem 2.2.29. Let X be a subspace of a pointed metric space X which contained the distinguished
element and E be a Banach lattice space. Then, each operator T in Lipy(Xo, E) admits a Lipschitz

order bounded extension T : X — E, with £ip(T) = Lip(T).

Proof. Consider T in Lipy(Xp, E). By Lemma[2.2.28, T has the following factorization

Xo T E
SN A
C(K)

where A € Lip,(Xop,C(K)) and B € L(C(K),E) such that Lip(A) < 1, ||B||,, = Lip(T).

By the non linear Hahn-Banach theorem [10, Proposition 1.2], A admits an extension A €
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Lip,(X, C(K)) with Lip(A) = Lip(A). Hence, T admits an extension T such that T = B o A.
We deduce from Lemma [2.2.28) that T is Lipschitz order bounded operator with

2ip(T) < |B,, Lip(A) = Sip(T)Lip(A) < Sip(T).

For the reverse inequality, note that T = T oi (i : Xy — X is the natural isometric embed-
ding) and hence *
Lip(T) = Lip(T o) < Lip(T).

2.3 Relationships between Lipschitz p-lattice summing and

Lipschitz p-summing operators

In this section, we try to make the connection between Lipschitz p-lattice summing and

Lipschitz p-summing operators.

Theorem 2.3.1. Consider 1 < p < co. Let T : X — E be a Lipschitz map. If T is in Ay(X, E),

then for all Lipschitz p-concave operator S : E — F, S o T is Lipschitz p-summing and
7y (ST) < My (S)AL(T).

Proof. Let T be in A%(X, E) and consider S : E — F a Lipschitz p-concave operator. We

have for every ninIN, all (x;), (y;) C X and all non negative reals A, ..., A,

<<
1_1_n EZ(F)

H (4] (ST (x) = ST () )
ML

IN

5(5)

~

1
< My gk ( (4] 50, 0).
This implies that S o T is Lipschitz p-summing and 7'[1’; (ST) < MI;;(S )AI;;(T). O

Proposition 2.3.2. Consider 1 < p < co. Let T : X — E be a Lipschitz map. If T is in AIF;(X, E),

then for all p-concave space F and all positive bounded linear operator ¢ : E — F, ¢ o T is in
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115 (X, F) and
Ty (9T) < |l@l| My (F) A (T).

Proof. We have for every nin N, all (x;), (y;) C X and all non negative reals Ay, ..., A,

1
P

(4] 0T ()~ o7 () ) < M, (F)

(iﬁ T (x1) — T <yi>\’9>

<<
1_1_7’! EZ(F)

==

n 1
(Proposition.2.5) < |l¢[| M, (F) (ZM’\U%)—N%)I”)
i=1

< ol (B a5rIs (A7) i ).

This implies that ¢ o T is Lipschitz p-summing and n;; (¢T) < |l@|| M, (F) /\Ir;(T). O

Corollary 2.3.3. Let X be a pointed metric space and E be a p-concave Banach lattice. Then, every
Lipschitz p-lattice summing operator T from X into E is Lipschitz p-summing and
- (T) < M, (E) AL(T)
p =P p )
Theorem 2.3.4. Let X be a pointed metric space and let E be a Banach lattice. Consider T : X — E
a Lipschitz map. If the operator T is in HIF;(X, E), then for all Lipschitz p-convex S : E — F, we
have So T isin AI];(X,F) and

Ay (SoT) < Cy (S) my(T).

Proof. As F is p-convex, we have for every n in IN, all (x;), (y;) C X and all non negative

reals Ay, ..., Ay

=
==

IN

(é?\i ST (xi) = ST (]/i)|p>

Ch(S) (éx\i IT (xi) =T (]/i)%)

F

SIS

(Proposition2.25) < Cj (5S) (Zl Ai||T (x;) — T(%‘)HZ)
=

< CH(S) mh(T)wh <<A’1’> ,(xi), (yi)) :
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Corollary 2.3.5. Let X be a pointed metric space and E be a p-convex Banach lattice. Then, every

Lipschitz p-summing operator T from X into E is Lipschitz p-lattice summing and
Ay (T) < Cp (E) 7, (T)

Corollary 2.3.6. IfE = F = L, (Q, p) and S =Idy () ) then, TT5(X, Ly (Q, 1)) = Ap(X, Lp (O, 1))
and 7t (T) = Ay(T).

Proof. This comes from the fact that L, (€}, i) is p-convex and p-concave with C],; (Ly (O p)) =
MY (Ly (O p) = 1. 0

Remark 2.3.7. Let T: X — E,S : Z — X and R : E — F be Lipschitz maps. Then

(i) If T is Lipschitz p- lattice summing operator and S is Lipschitz p-summing, then T o S is

Lipschitz p-lattice summing and

Ap(ToS) < Ay(T)my (S).

(ii) If T is p-regular and R is Lipschitz p-summing, then R o T is Lipschitz p-summing and

nlp‘ (RoT) < pII;(T)r(;; (R).
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Chapter 3

Characterization of Lipschitz c-nuclear

operators

In this chapter, we introduce a new category of Lipschitz operators which called Lipschitz
o-nuclear operators. At the beginning we give a reminder about the classes of o-nuclear op-
erators. Then, we extend this concept to Lipschitz case and we characterize this type of
operators by introducing an equivalent definition and factorization theorem. Furthermore,
we prove that the definition of Lipschitz c-nuclear operators is a good generalization and
this space of operators is Banach Lipschitz operator ideals. Finally, we give another class of
Lipschitz operators which called Lipschitz o-integral operators as generalization of r-integral

operators and its factorization theorem.

3.1 Linear c-nuclear operators

In this section, we recall the notion of c-nuclear for linear case as o-nuclear operators which
introduced by A. Pietsch [38] and o (p)-nuclear operators for linear and multilinear opera-
tors which introduced by X. Mujica in her thesis [34].

The following definition is mentioned in [38].
Definition 3.1.1. Let E, F be a Banach spaces and T : E — F be a bounded linear operator. We
say that T is o-nuclear operator if T = i a; @ by with (a}), C E* and (b;)$2, C F such that the

i=1
family (a ® b;)$2 , is unconditionally summable in the operator norm.

The set of all o-nuclear operators is denoted by N, (E,F) and the o-nuclear norm is
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denoted by 7, (T) and it is defined by

o(T) := infsup {Z |a; (a)b*(b;)|, a € Bg,b* € BF*} ,

i=1

where the infimum is taken over all c-nuclear representations.

The following definition is an equivalent definition for c-nuclear operators given by G.

Botelho and X. Mujica in their article [11, Proposition 2.1].

Definition 3.1.2. We say that a bounded linear operator T : E — F is o-nuclear operator if there

exist (A;)°, € loo, (a7)32 C E* and (b;)°, C F such that T = Z/\ a; ® b,
i=1

sup Z |aj (a)b*(b;)| < o0
a€Bg i=
b* By

and

lim sup \a (a)b*(b;)| = 0.
Aim, sup Zm |
b*€Brx

The o-nuclear norm defined in this case as follows

ne(T) = infsup{H(/\i)filHoo Y |aj (a)b*(b;)|, a€ Bgb* e BF*} .
=1

[e0]

Example 3.1.3. Let E be a Banach space and (a;)?, C E. We construct the spaces U and V as

follows

U= {(@)2) € C: (wi2a)2y € L4(E) | (3.1)

with the norm

=

IZ*GBE* i=1

I(@i)iZqlles == sup (iﬁiz’%a*(ai)l’”) ,

where (B;)52, is decreasing sequence in co such that 0 < p; < 1.

Vi= {1 c C: (yia)2y € G(E) | (32)
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with the norm

[(vi)iZally :== sup (il%a*(am”)p.

Il*EBE* i=1
Then (U, || - |lzr) and (V,|| - ||v) are Banach spaces and the sequences (e;)$> and (v;)$2, of
standard unit vectors form a hyperorthogonal bases in U and V), respectively.

Define a diagonal operator
D:U—V, D((@)2)= (B a)%, (3.3)

for all (a;)32, € U. We have

<=

187 ai)24lly = sup (ilﬁ?laia*(ai)l’”>

Q*EBE* i=1

=

< sup (iﬁizP\aiﬂ*(ﬂi)!p> = || ()21 |-

Q*EBE* =1

Hence, D is well defined and it has a o-nuclear representation

—1 %
161 ei ®Ui,

™

Il
e

D=

1

where each e € U™ is the i-th coordinate functional.

For every (ax)>., € By and w* € By-, we have

o0

Biter ((a)y)w* (v;)

i=1 =

- f; i e (), (18] = 1)

=1

oo
< | LG
=1
1
00 P
= sup Z Plaja*(a)|?
a*EBE* =1
1
v
< sup B2 |wa* (a;) |
ﬂ*GBE*

= ()i 1||u<1
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So,

IXk s 1) *(UZ')) < ©0.
(ak)k 1€By i=1

On the other hand, for all m € IN and using the same steps as above, we get

B; le e; ((ax)pq)w™ (v;)

< Bmll(ax)izrller < B

1=m
Then,
lim sup ) B ef ()i )@ (v)| < lim B = 0.
(“k)kzleBu 1=m

Consequently, D € Ny(U,V) and n,(D) < 1.

3.2 Lipschitz o-nuclear operators

In this section, we introduce the class of Lipschitz o-nuclear operators as generalization of
oc-nuclear operators which mentioned in previous section. Furthermore, we present some
results that shows that it is indeed a generalization of o-nuclear operators which presented

by G. Botelho and X. Mujica [11, Proposition 2.1].

3.2.1 Definitions

Now, we introduce the notion of o-nuclear operators in Lipschitz case.

Definition 3.2.1. Let X be a pointed metric space and E be a Banach space. Consider T € Lipy(X, E),

we say that T is Lipschitz o-nuclear operator if there are sequences (f;)%> in X* and (a;)° in E

such that T = Z fi ® a; and the sequence (f; ® a;)$°, is unconditionally summable in Lip,(X, E).
i=1

The set of all Lipschitz o-nuclear operators is denoted by N} (X, E) and the Lipschitz

o-nuclear norm is denoted by 5L (T) and it is defined by

175 (T) =inf < sup Z <(—’;>(y)) a* (a;)

x;éyz 1
a EBE*

7
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where the infimum is taken over all Lipschitz c-nuclear representations of T.

Recall that for Banach space Z, a subset M of the dual unit ball Bz is said to be norming,
if

|zll = sup [z"(z)]
z*eM

forallz € Z.

Lemma 3.2.2. A Lipschitz operator T € Lip,(X, E) is Lipschitz o-nuclear if and only if there are
sequences (A;)iey € Leo, (fi)ioq C X* and (a;);oy C Esuchthat T =Y Aif; ® a;,
i=1

RO FWN
;#5; < d(x,y) )a (@) <
and
N R A PN
"11%""3#5{5( ) @] =0
In this case,

1 (T) = k) (7)e= i ¢ A2l sup 1| (25 ) o ) ¢

XFY (= 4

where the infimum is taken over all Lipschitz o (1)-nuclear representations of T.

Proof. By [20], a sequence (z;)?° ; is unconditionally summable in Banach space Z if and only
if

sup ), |¢(z;)| < oo
peEMi=1

and

lim sup Y |¢(z)]| =0,

for some norming set M C By-.

Let x,y € X and a* € Bg: with x # y, define the map
Pspar 1 Lipg(X,E) = K, @p,q(T) :=0" (
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where 6, € (X*)* defined by, 6y, () := g(xd)(x——yg)(]/)/ forall g € X*

We can easily to prove that ¢;,, .+ is a continuous linear form and ||@s,,.+|| < 1. Then, the

set

M = {q)(sxy,a*, 595]/ < B(X#)*’a* e BE*}

is subset of B( Lipy (X, E))

Let us check that M is norming. Give ¢ € M, we have

sup [¢(T)| = sup |@s,,q+(T)|
gUGM ¢5xy,ﬂ*€M
~ sup | (TE=T))
xXF£Y d(x,y)
a*€Bpx
— sup T(X)—T(y)H
x#y d(x/y)
— Lip(T).

For Z = Lip,(X,E) and (z;)*; = (fi ® ;)52 C Z. We take p € M

lp(fi®a)| = |@sya(fi ®ai)
_ (fz(x)( f;( )az)‘
_ (fl(d)(x,yf;( ))a* 2)

for x,y € X with x # y,a* € E*.

Since (f; ® a;)$ ; is unconditionally summable sequence in Lip (X, E), that equivalently

with
su 3 ®a)| = su o | (filx) = fiy)\ ., ~
sap Yol ) 3#51__21( ) 0 ) <
and
m su a: —1mu fl()f()ﬂ*ﬂ:
Jimy sup 3 g )| = | i*;?m (9L i 3| o
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Now, consider T = Zfl ®a; = Z Aifi ® a; with A; =1, we have

i=1 i=1
. 00 > i\X) — Ji *
775(1)(T) = inf q [[(A)i24 ]| iiplzl (%)a (a;)
a*EB]E/*_
< inf{ su y <fl(x)_fi(y)>a* ai)| p =ne(T
x#};i; i) (ai)| ¢ = 17(T)
a*eBE*
On the other hand, let T = ZAifi@)ai: Z fi ® b; where b; = Aja;, we have
i=1 i=1
HT) = inf{ su 3 (M)a* b;
70(T) x#};i}; ixy) (bi)
\u*EBE*
, & fz(x)—fi(y)) ]
= inf{ su A a (a
x¢§;| il ( a(x,y) (a;)
\a*EBE*
: 00 = fz(x)—fi(y)) ] L
< inf Ai)ieq |l SU a* (a; =1, (T
< IOl ) (P20 @) = k()
a*€Bpx

Motivated by Lemma we characterize the Definition as follows.

Definition 3.2.3. We say that a Lipschitz operator T from a pointed metric space X to a Banach
space E is Lipschitz o-nuclear if there are sequences (A;)ieq € leo, (fi)iey C X* and (a;);o; C E

such that T = Z Aifi ® aj,
i=1

S EWY
L (M) ] <
and
SR A |
e (G e KGR



In this case, the Lipschitz c-nuclear norm becomes defined as

g (T) = inf ¢ [[(A)i24]| SUPZ
x#y i=1
ﬂGBE*

4

()

where the infimum is taken over all Lipschitz c-nuclear representations of T.

3.2.2 Factorization theorem and some results

The Lipschitz c-nuclear operator can be factorized as the following theorem, for the proof,

we use the same techniques of [38, Theorem 23.2.5] and [34].

Theorem 3.2.4. An operator T € N} (X, E) if and only if, the following diagram is commutes
X—7"  ——E
N
F

where, A € Lipyz(X,F),B € L¢(F,E) and F is a Banach space having a hyperorthogonal basis

(€,)%2,. And we have n% (T) = infLip (A). | B|| where the infimum is taken over all possible
factorizations.
Proof. =) Consider ¢ > 0, T € NF(X,E) and let ) _ A;f; ® a; be a representation of T, such

i=1
that

< (149 (A2 lIS 0 (T).

We have for all x,y € X with x # yand a* € E*,

S50 fW e @) S A L
LI iy el S ;25121 iy

< (1+e) (A2 lltne (T),

it follows that

i [(fi () = fi () a* ()| < (1 +e) [(A)E24 ]IS e (T)d (x,y) [la” ]l

i=1
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We put |(fi (x) — fi (v)) a* (a;)| = |a;|, obvious that (a;)>; € ¢;. By Lemma 8.6.4 in [38],

there exists a decreasing sequence (0;)$°; € ¢o with 0 < ¢; < 1 such that

ierw <(1+e) i .
We conclude that
i@?l\(ﬂ(ﬂ—fi(y))a*(ﬂi)\ < (1+e) il! ) a* ()]

< (e l(A)Eall<tns (T)d (x,y) a”]| -

We can consider ¢; = B?, where (B;) € cg such that1 > B; > B, > ... > 0. Thus,

iﬁiZ [(fi (0) = fi () a* (a)] < (L+)* (A4l g (T) d (x,y) [la*]]-

Let
F:= {t = (1) € C: (5;8; 'a;){, is unconditionally summable}
and
It]lF := sup Z B ima* (a;)].
a*E€Bpx j—
Then (F, || - ||r) is a Banach space and the sequence (e;)$ ; of standard unit vectors forms a

hyperorthogonal basis in F. Indeed, let |y;| < |6;|, we have

eill = [(vi)alle

F
= supz

a* GBE* =

Yip

; i—la* (ai)

Q*EBE* i=1

= [6:)illr =

4

F

forall n € IN.
Define A € Lip(X,F) and B € L (F,E) by

A(x) = fi(x), forx € X, f; € X*
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and

B(t) = B((1:)Z1) =B <i Tiez’) = iTiB(ei) - iAiTiﬂi,

i=1 i=1
fort € Fand (4){2; € {w.

Hence, it follows that

Bo A(x) = B((fi(x ZAzfz =

Usually, we take Py, : F — F such that P, ((¢;)52,) := (i) Then

I(A = PuA)x = (A= PuA)yllp = [|(fi(x) = i) Zsll
= sup ) B Y(filx) — fily))a*(a)]

a*E€Bgx i=m—+1

= sup Y BB — fi))at(a)]

H*GBE* i=m+1

Busr sup Y. B2(fi(x) — Fiy))a* ()]

Q*GBE* i=m-+1

Bu1(1+ &1 (A) 2 |5 7 (T)d (x, y)

IN

IN

and
0
I(B=BPu)t| = | Y, Amai
i=m+1
()
= sup ), |Amat(a)l
H*EBE*i:m+1
[eS)
< [(A)Zlle sup Y [ma(a))]
a*EBE*i:m+1
= 1
< )24l sup Y. BB Hmat(ai)|
Q*GBE*i m-+1
< Bum+1ll(A)21 ]l sup Z TiB; a” (a;)]
a GBE*I m+1
< Bl (M) lleolE| -
Hence
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Lip(A — PuA) < Bur1(1+€)?[[(A)324 <M (T)
and

1B = BPul| < Bl (Ai)iZ1 [leo-

So, A € Lipyz(X,F) and B € Lf(F, E) with
Lip(A) < (1+ )| (A)Z4 |51 (T) and [ Bl < [1(A1)224]|eo-

It follows that Lip(A)||B|| < (1 + &)?5L(T). Then, L(T) = infLip(A)||B|| where the infi-
mum is taken over all possible factorizations.

<) Assume that T have the precedent factorization. Consider A € Lip,r(X,F),B €

L¢(F,E) and F is Banach space having a hyperorthogonal basis.
Let (¢;);-, be a hyperorthogonal basis of F and (v;) € F* be a sequence of corresponding

coordinate functionals, we have
zﬂﬂzﬂ%@hﬁaziﬁwma
By composing with B, we get -
T(x)=BoA(x)=B8B (i Alv; (x) ei> = iAtvi (x) B (¢;).
i=1 i=1
Therefore, considering f; = A'v; € X", as there are (1;)%2; € ls \ {0} and (4;)%2, € E such
that B(e;) = A;a;. Then T has the representation
T=Y2,Mifi®a;.

In order to show that T is Lipschitz c-nuclear operator. We have

i () = fily) .,
A e

a*€Bpx a*€Bpx

(o (Ax) — oi(Ay)
S /\i ?i 001 su vl( l
e

Al (3;)(;;)“01'(]%) o+ (Bgzi)) '

o (B(e)

H*EBE*
m Ax — Ay
= [[(A)24]|<! su v-(—)a* B(e; ‘
Il sup 1o () (B
a*€Bpx

m
= (M)l sup Y [oi (u)a* (B(e))] -
u€lmyip(A) i=1
a*EBE*
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Let e; = 1, we have to estimate the latter expression. Observe that

sup Z|Uz (e;))] =  sup 28 vi ( ez))‘
uEIlep( A) i= MEImLip(A) =
a*€Bpx a*€Bpx

m
= sup |a" (B (Z €;v; (u) e,-)) |
uelmLip(A) i=1

a*€Bpx
m
(by Hahn-Banach) = sup B Zsivi (u) e
MEImLip(A) =1
m
< |IBll sup |} ewi(u)e
ueImLip(A) i=1

Since (e;); is hyperorthogonal basis and |¢;| = 1, for all i > 1, then

m m
sup |[Y v (u)el| < sup ||)_vi(u)e
u€lmyipay ||i=1 u€lmyip(a) ||i=1
Therefore

filx) = fily) . -
sup 3 (S =W )| < el s Yo
xéy i=1 ’y MGImLip(A) =1
a*e E*

< NADZASTBI sup [[Pw(u)ll,

uEImLip(A)

where (P, )m the sequence of canonical projections, Py, (u E v;i(u

Thanks to [33, Corollary 26.3 (a)], there is a constant C > 1 such that || Py (u)|| < Cllu||. Tt
follows that

[92]
c
£
=
\,.\
Q\_/
*
s
IN

N v ClANZlS 1Bl sup  [uf
x;éy i=1 (x’y) ! uEImLip(A)

— e |11 su [4() — Al
= ClODE=" Bl sup =5 s

= ClADZ IS BILip(A) < co.
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Now we will prove that

lim su 3 (M)a* a;)| = 0.
P —— x#l;) i; d(x,y) (a;)
a*EBE*
We have
o £ (x § > | Alv; (x) — Alvi(y) , [ Ble;
sup ) fl(d)(x f)l(y)a (@) = sup ), l(d(x ) % ( ;-l))
XFY i=m+1 Y XAy i=m+1 'Y i
u*eBE* a*eBE*
_ o |vi (Ax) — vi(Ay)
< (M) ]S sup a* (B(e;))
= xXF#Y z';ﬂ d(x,y)
a*EBE*
_ = Ax — Ay
= AR su o () o )
L PR LA )
H*EBE*
= [(A)R4lst sup Y Joi(u)a* (B(e))|
ueImLip(A) i=m+1
a*GBE*
< J(A)Ralls" sup Y [oi (u)a* (Bler))].

MGImLip (A) i=m+1
H*EBE*

Let ¢; = 1, we have to estimate the latter expression. Observe that

(o] 0]
sup ), [vi(u)a"(B(er)| = sup | ) evi(u)a’ (B(ei))‘
u€lmypy(p) i=m+1 u€limg;p ay li=m+1
a*E€Bpx a*€Bpx

= sup |a* (B( Y e (u)ei>>‘
uelmyiy, 4y i=m+1

a*€Bpx
(o)
= sup B( Y. e (u)ei> ‘
uelmyiy a) i=m+1
[e )
< |B|| sup Y. evi(u)e.
ueImLip<A) i=m+1

Since (e;); is hyperorthogonal basis and |¢;| = 1, for all i > 1, then

(o) (0]
sup Y evj(u)eil| < sup Y vi(u)ell.
uEImLip(A) i=m+1 MEImLip(A) i=m+1
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Therefore

i v; (1) e;

i=m+1

sup 3 RO g | < a1 Bl sup

x?éy l:m+1 ,y) MGImLip(A)
a*E€Bpx

< ADEAISTBI sup  lu—Pu(u)],

uEImLip(A)

We know that every Lipschitz approximable operators are Lipschitz compact operators
[23], it follows that Imypi,(A) is compact in F. We have by [33) Corollary 26.3 (b)] the se-

quence (P;,) converges to the identity uniformly on Imy,(A), i.e.

lim sup ||ju—Pn(u)|| =0.

m—00

ueImLip(A)
Consequently,
lim sup ) (fl—(x) _fl(y)) a* (a;)| =0.
m—>00 X#£Y i=m d(x, ]/)
a*€Bpx
This proves that T is Lipschitz c-nuclear operator. O

Proposition 3.2.5. If X is Banach space and T is bounded linear operator, then T is Lipschitz o-

nuclear if and only if it is o-nuclear operator, with

1e(T) = 15(T).

Proof. Let T be a bounded linear operator. If T € N!(X,E), then the operator A which
mentioned in Theorem is linear. So, T admits the same factorization of N, (X, E).
The other side of the proof is obvious. O

Proposition 3.2.6. An operator T € N} (X, E) if and only if, its linearization T, € N, (Z£(X),E),
with

16 (T) = 10(TL).
Proof. Suppose that T € N} (X, E), then T = Bo A such that A € Lip,~(X,F), B € m
and F is a Banach space having a hyperorthogonal basis.

We have
T = (BoA)L =Bo Ap.

Since A € Lipyz(X, F) then Ay € L¢ (&(X),F),so T € Ny (£(X),E).
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Conversely, let T, € N (&(X),E) then T, = Bo U such that U € L (&(X),F) and

B e Lf(P,E).
We have
T=T,oix =BolUoix =BoA,
where A = U oix € Lipy (X, F). Therefore, T € N} (X, E). O

Observe that VL' can be written as the composition of N and Lip,; (VL = N o Lip,).
Indeed, let X be a pointed metric space and E be a Banach space. Take T € NL(X, E), we
have from Proposition its linearization T; € N,(Z£(X),E) and ix € Lip,(X, Z(X)),
where T = T o ix. Moreover, 15(T) = 1,(Tp).

Proposition 3.2.7. The class of Lipschitz c-nuclear operators is a Banach Lipschitz operator ideal.

Proof. From the fact that (N, 17,(+)) is a Banach operator ideal (see [11]), then (N, 7L) isa
Banach Lipschitz operator ideal. O

3.3 Lipschitz c-integral operators

The maximal hull of a Banach Lipschitz operator ideal was introduced by M. Cabrera-Padilla
et al [14] by extending that of the linear case (see [20| Definition 17.2]).

Let Zpip be a Banach Lipschitz operator ideal. The maximal hull of 7, denoted by I["figx
is the biggest Banach Lipschitz operator ideal that satisfies Zpip(Xo, N) = I (Xo, N) iso-
metrically, for every finite metric space Xy and any finite dimensional space N (see [14,

Definition 2.5]).

A. Pietsch in [38, 23.3], introduced the ideal of c-integral operators J,, which is the max-
imal hull of the ideal of o-nuclear operators Ny (J, = N"¥). Motivated by Theorem 3.10 in

[3], we can define the notion of Lipschitz o-integral operators as the following definition.

Definition 3.3.1. Let X be a pointed metric space and E be a Banach space. The class of all Lipschitz

o-integral operators between X and E is the maximal hull of Lipschitz o-nuclear operators, i.e.,

Jo(X, E) = (Ny (X, E))"™.
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Observe that J g have the composition ideal. Indeed,
3L = (WE)™ = (N o Lip,)™ = (Ny)"™ oLip, = Jo o Lip,,

The following theorem is immediate from [38, Theorem 23.3.4] and the composition ideal

of JL.

Theorem 3.3.2. A Lipschitz operator T € Lip,(X, E) is Lipschitz o-integral if and only if there is a

commutative diagram

KeT

T,

1%

X E**

such that A € Lipy(X, V), B € L(V,E**) and V is some (order complete) Banach lattice.

In this case,

15(T) = inf ||B||Lip(A),

where the infimum is taken over all possible factorizations.
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Chapter 4

Lipschitz o (p)-nuclear operators

In this chapter, we introduce the notion of Lipschitz o (p)-nuclear operators as a general-
ization of o (p)-nuclear linear operators introduced by X. Mujica and G. Botelho [11]] which
generalised o-nuclear linear operators introduced by A. Pietsch in[38] to multilinear case for

p>1

4.1 Definitions

Firstly, we remind definition of o (p)-nuclear operators mentioned in [34} 11].

Definition 4.1.1. Let E, F be a Banach spaces. An operator T € L(E,F) is called o(p)-nuclear if

there are sequences (A;), € p+, (aF), C E* and (b)), C F, such that T =Y _ Aja; @ b,
i=1

1
o) 4
sup (Da:‘(a)b*(biw) < oo
a€Bg \i=1

b*EBF*

and

1

00 p

lim su ()b ()P | =0,

m—o0 aelg; (z:zm ! !
b*GBF*

The set of all o(p)-nuclear operators is denoted by N, (E, F) and the o(p)-nuclear
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norm is denoted by 74, (T) and it is defined by

a€BE
b*EBF*

1
p
No(p)(T) := inf ¢ [[(A1)iZ1 [ p sup (Z)M ) :

where the infimum is taken over all o(p)-nuclear representations.

Let us introduce the class of Lipschitz ¢(p)-nuclear operators.

Definition 4.1.2. We say that a Lipschitz operator T from a pointed metric space X to a Banach space
E is Lipschitz o (p)-nuclear if there are sequences (A;); 1 € Ly, (fi)ioq C X" and (a;);, C E such

that T = 2 )\zfz & a;,
i=1

and

<fi(3;)(x_, ;;-(y)) o (a)

1
P\ »
>=0.

The set of all Lipschitz o (p)-nuclear operators is denoted by N UL(p) (X, E) and the Lips-

(e°]

lim sup Z

m—s00 x;«éy =
a €BE*

chitz o (p)-nuclear norm is denoted by 175(’7) (T) and it is defined by

(e9)

=1||p+ SUP Z

x#y  \i=1
a*€Bpx

’75(;;) (T) = inf H(Az

where the infimum is taken over all Lipschitz ¢ (p)-nuclear representations of T.

Proposition 4.1.3. Let X be a pointed metric space and E be a Banach space. Then
Ny (X,E) C NF (X,E).

Proof. Give T € /\/L (X E). Wehave T = ZAlfl ®a; = Zfl ® b;, where b; = Aja; € E,
i=1 i=
note that T have a Llpschltz c-nuclear representation. Thanks to Holder’s inequality, we

have
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filx) = fily) . filx) = fily) .
su =22 0% (b)) = su Al |—F——%a" (a;
xﬁg gy J;“ TEE
a GBE* a GBE*
1
| i) = fily) o P
< Ai)i + SU a* (a; < 00
a eBE*
and
filx) = fily) . filx) = fily) .
lim su —a b; = lim su A —a a;
m—=00 x;Ji 122% ‘i(x3ly) ( ) m— x;Ji 1§;%| | (35:V) ( )
a EBE* a EBE*
o | filx) = fily) .
< A; « lim su oY |
> ||( )1 1||l7 m—s00 x;éIy) (1—2141 d(x,y)
a GBE*
So, T is Lipschitz o-nuclear operator, with
LTy = inf{ su fl—fl()a* b;
770'( ) x;ély); (x’y) ( i)
\a EBE*
4 p l
: 00 o | fix) — fily) . ’ L
< inf < |[(A7)j=1 ]|+ su a* (a; =1, (T).
I3 sup <i_1 o e @) 1 (T)
a*EBE*

4.2 Factorization theorems

The Lipschitz o(p)-nuclear can be factorized as the following theorem, for its proof, we use

also the same techniques of [38, Theorem 23.2.5] and [34].

Theorem 4.2.1. An operator T € N UL( n)

X T E

N A

F
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where, A € m, B diagonal and F is a Banach space having a hyperorthogonal basis (€)1,
with B(e;) = Aaj, (Ai)52q € Lp+ and a; € E such that (t;a;)5°, € E“( ) for (1)2, = Z Tie; € F.
And we have

1L, (T) = infLip (4) | B]

where the infimum is taken over all possible factorizations.

Proof. Considere > 0, T € N UL( ») (X,E) and let ) A;f; @ a; be a representation of T, such
i=1
that

o | filx) = fily) .
y+ SUp (Z %a (a;)

X7y \i=1
u*eBE*

| (A)i24

N
) < (149 1) (7).

We have for all x,y € X with x # y and a* € E*,

1
0 p o . _
(Z ) < sup (Z S
i=1 x#y  \i=1

it follows that

fi(x) = fily) a* (ai) |V
d(x,y) e

(ee]

Y1) = fiw)a* @) < ((+e) ||

i=1

_ % p
21 k) (D d Gy la])

We put |(f; (x) — fi (v)) a* (a;)|V = |a;|, obvious that (a;), € ¢;. By Lemma 8.6.4 in [38],

there exists a decreasing sequence (0;)$°; € ¢o with 0 < ¢; < 1 such that

Yoo ai < (1+e) ) Jayl.
i=1 i=1

We conclude that

ze ~fiw)a @) < a+aimmw—ﬁw»fwmp
ik (Md () fla)
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So,

3

(, o i ()~ i) (a»V’) < e o) [ ) (T ) e

< (e[|

o ey (T d (x,y) (o]

We can consider ¢; = 5?’7, where (B;) € cp such that1 > B1 > B, > ... > 0. Thus,

=

<§ﬁi2p|(fi (x) = fi (v)) a* (m)l”) < (14 (|2, 1k (T d (x,y) a7

Let
F:= {t = (1) € C: (1:8; 'a;){; is unconditionally p-summable}

and

[t]|F := sup (iw:lw*(mﬂp) :

a*€Bpx \i=1
Then (F, || - ||r) is a Banach space and the sequence (e;)$ ; of standard unit vectors forms a

hyperorthogonal basis in F. Indeed, let |y;| < |6;|, we have

= l(vi)italle
F

n
Z Yi€i
i=1

= sup (i iy a* (a;) p>P

H*GBE* i=1

< 10,8, 'a* (a;)

> < sup (nl‘eiﬁi—la*(ai)

Q*GBE*

7B a* ()

(

= [[(8)izllr =

4

F

n
Y e
i=1

for all n € IN.
Define A € Lipy(X, F) by

A(x) = fi(x), forx € X, f; € X",
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Usually, we take Py, : F — F such that P,;((¢;)52,) := (i), Then

1A= Pud)x — (A—Pud)yly = [[(F() — i)l
= sup ( Y B "|<ﬁ<x>—fi<y>>a*<ai>|*7>p
a*€Bpx \i=m+1
= sup ( Y B 2’9\(ﬁ<x>—ﬂ<y>>a*<aiw>p
a*€Bpx \i=m+1

IN

Pm+1 sup < i ﬁfZPI(ﬁ(X)—fi(y))a*(ﬂi)\’”>

a*€Bpx \i=m+1

Bt (1+ €)% (A1)i24

IN

,;*1’75(;;) (T)d(x,y)

Hence Lip(A = Py A) < Bsa (1+ €21 (A, 0L, (T).
So A € Lipyz(X, F) with

Lip(A) < (1 "‘5)2”(Ai)?i1||;*l’7£(p)<T)-

Now, we define B € L(F, E) as follows

B(t) = B((1)2y) = B (il rie,-) _ iaB(a) - iwi.

Observe that B is diagonal and we have

IB® = ||} Aiwai|| = sup Y [Ama*(a;)]
i— a*€Bpx i—1
1
00 p
< [[(A)Zallpr sup (ZIW*(%’)V’)
Q*EBE* i=1
1
P
< [[(A)Zallpe sup <Zﬁp P lma( )|P>
(Z*EBE* i=1
1
P

< [[(A)iZallp+Br sup < \Tiﬁilﬂ*(ﬂi)!p>
ﬂ*EBE* i=1

< [[AD)Zallp- [l
So, [[Bll < [[(Ai)iZ [l
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Hence, it follows that
Bo A(x) = B(fi(x)) = Z/\ifi(x)ﬂi =Tx
i=1

and Lip(A)||B|| < (1+ s)zng(p)(T). Then, ng(p)(T) = infLip(A)||B|| where the infimum is
taken over all possible factorizations.

Conversely, assume that T have the precedent factorization. Consider A € m, B e
L(F, E) diagonal and F is Banach space having a hyperorthogonal basis.

Let (e;):~, be a hyperorthogonal basis of F and (v;) € F* be a sequence of corresponding

coordinate functionals, we have

A =Y o (AE) e =Y Ay ()6
i=1

i=1
By composing with B, we get

T(x) =BoA(x —B<2Atv, >:2Atvi(x)B(ei).

Therefore, considering f; = Alv; € X*, as B(e;) = Ajaj, ()% € £y and (a;)3, € E. So

T has the representation
T = Z Al_fl & a;.
i=1

We prove that T is Lipschitz o(p)-nuclear operator.

ince fz(x)_fz(]/) ) > u en
> ( d(x,y) al)i_leﬁp(E),th

sup
a GBE*

1
mli—n>100 sup (Zi‘( dxy >a* (ai) p>p =0,

tlEB*

(ﬂ D50 1

and

for all x,y € X with x # y.
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This implies

= d(x,y)
a GBE*

and )

o | [ fi(x) —ﬂ(y)) N

lim su a” (a; =0.
MR sty (z; ( d(x,y) (#)
a EBE*

So,TE/\/'UL(p)(X,E). O

The following theorem generalizes Theorem 1 of [27].

Theorem 4.2.2. Let X be a pointed metric space, E be a Banach space and let T : X — E be a

Lipschitz map. Then the following statements are equivalent.
L
(a) T € Ng(p)(X,E).

(b) For the Banach spaces U and V defined by and respectively, and the diagonal operator
D defined by , there exist a Lipschitz operator R € NE(X,Z) and a linear operator
S € Ny(p)(W, E) with 15,0 (S) < [|(A:)i24 ]| p+ such that the following diagram commutes.

T

X——E
J
U—7-v

In this case,
Mo (T) = inf [[(A)24 15 (R),

where the infimum is taken over all such factorization of T in (b).

Proof. Consider T € NUL(p)(X, E) and e > 0be given. Then, there exist (f;)%>, C X*, (a;)%, C
Eand (A;){2, € £y such that

T:i)\ifi@)ai
=1
and )
_ P\ »
[ sup (Z ) = 9 g () ) < (14 )l (T)
x#y 1 /y)

a EBE*
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We have for all x,y € X with x # yand a* € E*,

00 (y)a*(ai) p % w 0 fi(x)_fi(]/)a* N p %
(Zl iy ol ) = (21 iy ”)
< @ le (1+€) 150 (T),
it follows that
< ) [P ] *
; HE 00 @) < (a+e Aozl vy (01071

d(x,y)

exists a decreasing sequence (0;)°; € co with 0 < ¢; < 1 such that

We put = |a;|, obvious that («;)$>; € ¢1. By [38, Lemma 8.6.4], there

Y0 el < (1+e) ) Jal.
i=1 i=1

We conclude that
| filx) = fily) o L |F = filx) = fily) |
ZQ ! (—,y)ﬂ (a;)] < (1+€)i§ iy " (ai)| -
So,
@) LY V(S - A [P
(ZQ 1 (,]/) S TUI 0% () ) < (1+¢) (i_l Wa (a;) )
© i~ £l L P)
< (1+4¢) (1_21 A7) a* (a;) >

We can consider ¢; = ,B?p, where (B;) € cg such that1 > B > B, > ... > 0. Thus,

up (Zﬁ—zp £i2) = Fi) g+ 01 P)” (1+¢) sup (f fil0) = F0) (1 P)ﬁ
x;gy i=1 (x'y) x;lé;y =1 y)

Define

60



R:X =, RE) = ()2 = Y e

Observe that R to have a Lipschitz c-nuclear representation R = ) _ f; ® ¢;, for x # y and
i=1
z* € U* we have

gl £ - A
< | S |
o © o3 = i) )
= |z Ha*sélli* (i;ﬁi ! iy " (a:) )
| £(x) — £, P\ 7
< (o)l sup (g W) ) .
It follows that
S W), e (S AW LY
}5; el stre o (2 iy " ) -

On the other hand, for all m € IN and using the same steps as previous, we get

m s B[O £, (A0 s P
e L e s 00 o (e wl) <o

Hence R € NE(X,U) and

7y (R) < (14¢) sup (
X7y

a EBE*

N o

Now, define

5:V—E S((’)’k k= 1 ZAﬁz%az Z/\;Bz 'Yk k= 1)”1/
where each v} € V* is the i-th coordinate functional.
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We note that S = Z AiBivi ® a;, we have

i=1

1 1
o) 14 (o) p
sup <ZIﬁivf((vk)?—l)ﬂ*(ai)l”) = sup <Z|ﬁma*(ai)|”>
YEBy \i=1 7E€By \i=1
a*E€Bpx a*€Bpx
1
00 p
< sup <Z|%ﬂ*(ﬂz’)|p)
Y€By \i=1
a*EBE*
< sup [[(73)i24lly £ 1< o0
YEByY
and
1
o0 P o)
lim sup (2 |ﬁivz‘<<fyk>z°_1>a*<ai>|P> — lim sup (2 Brvia® (a)”
m—»o0 A m—o0 A
’)/EBV i=m ’YGBV i=m
a GBE* a GBE*
< lim By, sup |yia*
a*GBE*
< lim By sup [[(7:)Z4lly
YEBy
< lim B, =0.
m—r00

Hence S € Ny, (V,

77(7(]0)(5)

Clearly,

inf || (A:)Z |+ ’70( )

E) and

1(A1)iZs [l sup (Zlﬁz

’YGBV i=1
a EBE*

1A Za [

T=SoDoRand

||(/\i)?il||p*’7§(R)

e . SU - fl(x)_fl(y)a* a:
W+l sup (Zl e @)
(1+e2gk, (7).
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Since € > 0 was arbitrary, then

inf || (A1) [l 176 (R) < 175, (T)-

Conversely, given ¢ > 0 and let T = SDR such that, R € N (X,U) and S € Ny, (V, E)
with 75, (S) < [[(A1)Z4 [l -

Since S € Na(p) (V, E) then, by [34, Theorem 1.6.2] it holds that
S E
A
F

where, A € L¢(V,F),B € L(F,E) diagonal and F is a Banach space having a hyperorthogo-

Y,

nal basis, with B(e;) = A;a; such that (7ja;)§2, € ¢;(E) for 7; = Y _ Tie; € F. Moreover,
i=1

IATIBI < (T + €)175(p) (S)-
Obviously, Ao D o R € Lip, (X, F) and

Lip(ADR) < [ A]|D||Lip(R)

< 1e(D)s (R Al < 17 (R)[| Al

Observe that T admits a factorization as Theorem4.2.1,s0 T € N OL( p) (X, E) with

inf Lip(ADR)||B||

=
S
=
—~
)ﬂ
~
IA

inf 17, (R) || All[| B
(1 + &) inf 177 (R)17y(p) (S)
(1+e)inf[[(A)24] 175 (R)-

IN

IN

Since, € was arbitrary, then

775(,9) (T) <inf[[(A:)52,

p*’?é(R)r

where the infimum is taken over all such factorization of T. O
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4.3 Further results

Proposition 4.3.1. If X is Banach space and T is bounded linear operator, then T is Lipschitz o (p)-

nuclear if and only if it is o (p)-nuclear operator, with

ﬂg(p) (T) = No(p) (T)

Proof. Let T be a bounded linear operator. If T € N UL( ») (X, E), then the operator A which
mentioned in Theorem is linear. So, T admits the same factorization of N, (X, E).

The other side of the proof is obvious. O

Proposition 4.3.2. An operator T & j\/'UL(p) (X, E) if, and only if its linearization T, € Ny, (£(X),E),
with
Ny (T) = 1) (T1)-

Proof. Suppose that T € /\/UL(F,) (X,E), then T = Bo A such that A € Lip,-(X,F) and B €
L(E, F) diagonal and F is a Banach space having a hyperorthogonal basis, with B(e;) = A;a;,
(Ai)72, € £y and a; € E such that (1a;)72 € (5(E) for (1)i2; = Y72, ie; € F.
We have
T = (BoA)L =Bo Ap.

Since A € Lipyz(X, F) then Ay € L¢ (&(X), F), so Tp. € Ny (E(X), E).
Conversely, let T;, € Ny, (&(X), E) then Ty, = Bo U such that U € Ly (&£(X),F) and

B e ﬁf(E,F).
We have
T = TLOiX:BOUOiX:BOA,
where A = U oix € Lipy (X, F). O

Observe that N aL(p) can be written as the composition of N, and Lip; (N U_L( p) = No(p) © Lip0> :
Indeed, let X be a pointed metric space and E be a Banach space. Take T € N UL( ) (X,E), we
have from Propositionits linearization T, € N, (&(X), E) and ix € Lipy(X, Z£(X)),
where T = T o ix. Moreover, q{;(p)(T) = No(p)(TL)-

Proposition 4.3.3. <N UL(p), 175(117)) is a Banach Lipschitz operator ideal.

Proof. From the fact that </\/’U(p), No(p) ()> is a Banach operator ideal (see [11]]), then (./\/’UL(p), 17(1;(]9))

is a Banach Lipschitz operator ideal.
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44 The dual space of N ,

Since (N UL(p), 175(;7)> is a Banach Lipschitz operator ideal, we have Lip, (X, E) C N, UL( 5) (X,E)

and

M5 (Af @ a) = |A|Lip(f) all,

forall A € K, f € X*,a € E. Using partial sums of ¢(p)-nuclear representations it is easy to

see that Lip (X, E) is 175(10) (-)-dense in ./\/'UL(p) (X,E). For A € Lip, (X, E), define
1
fi(x)—fi as
d(x, ’
m

where the infimum runs over all finite representations A = Z Aifi ® a;. It is easy to check
i=1
that n(lf‘(p)f (+) is anorm on Lip, (X, E) such that Lip(-) < n(lf‘(p)f (+). It follows that né‘(p)f (+)

m
=1

S =

(y)> o (@)

Napyf (A) = inf S [[(A0)7 ]| sup <i

a*EBE*

is a complete norm on Lip (X, E). It is clear that 17(1;(’0) () < nt

o(p)f (). For further use, we

shall establish conditions under which the equality holds.

Lemma 4.4.1. If the norms 175( p) () and 175( o) (") are equivalent on Lip,z(X, E), then they coin-

cide on this space.

Proof. By assumption there is a constant ¢ > 0 such that Wg(p)f(') < cng(p) (-) onLipy (X, E).
Given a Lipschitz operator T € Lip,z(X,E) and ¢ > 0, take an infinite Lipschitz o(p)-

nuclear representation T = Z Aifi ® aj, such that

i=1
1
S o | fit) = fiw) .o (P)T €\ L
Ai)iiqll,. su =20 (a; <14z T).
||( 1)1_1 p x;éIy) (; d(x,y) ( 1) ( 2) '70(;9) ( )
a*E€Bpx
m—1
In particular, by the definition of 17(1;(19) f() But T,,—1 = ) _ Aifi ® a;, we get

i=1

m—1
m—1 i
ey (o) < [ 011 | sup (Z T

a*€Bpx




Since

e (50 ) 7Y
oy (B[ e ) -

by the definition of ng(p) (+), for a sufficiently large m € IN we get

© . P\ 7
. T— Ty < Ao . Su fl(x)_fz(y)a* a;
et Vo= 10, ty i;ﬂ iy
a*EBE*
1
00 > | filx) = fily) o T
< (A1) ||+ su a* (a:
>~ H( z)z 1 p x;éIy) (1:2711 d(x,y) ( 1)
a*eBE*
€ L
< Z_CUU(p)(T)
It follows that
Ug(p)f(T) < na(p)f(Tm—l) + Ua(p)f(T - Tm_l)
3
< (145) 1)) + ety (T = Tuo)
€ €
= (1 - §> ”é(P)(T) + Eﬂg(p)(T) =1+ g)n([;(p)(T)'
And as this holds for every € > 0, the result follows. n

Lemma4.4.2. IfT € /\/’UL(p)(X, E) and R € Lip,r(Z, X), then

Ty (T R) <15, (T) Lip(R).

Proof. We have the following diagram

From the above diagram we can obvious that (T o R); = T o R. Since T € N, UL( ) (X,E) and
R € Lipyz(Z, X), then T € Ny, (&(X),E),R € L(&(Z), (X)) and (ToR), =TroR €
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No(p)(£(Z), E), such that 17,(,) (TL) = ng(p)(T), |R|| = Lip(R) and we have
M (TOR) = tops((ToR)L)
= To(p)f(TLoR)

(By [T, Lemma 2.5]) < #,(,)(T1)|IR]|

Ne(p) (T)Lip(R).

O

Proposition 4.4.3. If X* have the bounded approximation property, then ’75(;;) f() = ’75(;7) (+) on
Lip, (X, E) regardless of the Banach space E.

Proof. Let v > 1 be such that X* has the y-bounded approximation property. Given T €
Lipy(X,E) and ¢ > 0. So, T; € L¢(&(X),E). Since £(X)* = X* have the bounded ap-
proximation property, we can apply [38, Lemma 10.2.6] for T7, then there is an operator
B € L¢(A(X), A (X)) such that [|B|| < (1+¢)yand Tpo B = Tf.

Obvious that B is linearization of Lipschitz operator A : X — X such that Lip(A) = ||B|| <
(14 ¢)7y, thus A € Lip, (X, X) and we have

(TOA)L:TLOB:TL i.e., ToA=T.
Consequently, By Lemma we have

Ug(p)f(T) = Ug(p)f(T 0A) < '75(,9>(T)Lip(A) <1+ 5)7’75@)@)-

Letting ¢ — 0 we get ng(p)f(T) < ’y;yf;(p) (T). The result follows from Lemma |4.4.1 O

Our aim is to represent bounded linear functionals on the space N UL(p) (X, E) of Lipschitz
o(p)-nuclear operators. Since this space contains the Lipschitz operators, the Borel trans-
form

B: wj(p)(x,g),qg(p)(-)]’ — L(X* E),

B(o)(f)(a) = ¢(f @a),

is a well defined linear operator. The question is to identify the range of B and a norm on it

that makes B an isometric isomorphism.
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Now, we proceed to show that bounded linear functionals on the space of Lipschitz o (p)-
nuclear operators are represented by quasi-7(p)-summing operators via the Borel transform.
Let us justify an equality we shall use soon: iterating the well known equality

1
P)P

filx) = fily)
Cd(xy)

sup (ilfsxy(fz)’p> p (i

5xy€B(X#)* =1

for ()52, C X*, it follows that

=
SN—
=
N—
<=

m
sup (Z 63y (fi)a
(sxyeB(X#)* i=1

u*EBE*

(Ha ™)

= sup (Z
x#y i=1

a GBE*

for (f;)%2, C X*and (4;)®, C E.

Theorem 4.4.4. If X* have the bounded approximation property, then the spaces [N’ UL(p) (X,E)] and

() (X*, E*) are isometrically isomorphic via the Borel transform, regardless of the Banach space

E.

Proof. Given ¢ € [N;(p)(X,E)]/, let us denote B(¢) by S,. In order to prove that S, €
() (X%, E¥), letm €N, fi, ..., fu € X*, a1, .., am € E, be given. By duality (£})* = /}. and

the Hahn-Banach Theorem, there are scalars ¢, ..., &, such that || (¢;)!" ;|| ,» = 1 and

==

(fi ®a;)|.

(Llothear)’ = |Leotron)

So,

(tsmor)) =~ (Emsonr) - |o(Eeson)
< qurwné(p)( zﬁwz)

< Il s (f

i=1
a GBE*

(B0 50) (s

==

m
= |loll sup ( |‘5xy(fi)a*(ai)|p>/
(sxyeB(X#>* i=1
u*eBE*

68



proving that S, is quasi-7(p)-summing and [|S¢||sr(,) < [[@]|-

Conversely, given S € T1,(,) (X", E*), define
Ts: X* x E — K, Ts(f,a) := S(f)(a).

It is plain that T is linear. So, having in mind that X* ® E = Lip, (X, E), by the universal
property of the tensor product there exists a linear operator 7Ts : Lip, (X, E) — K such
that

Ts(f ®@a) = Ts(f,a) = S(f)(a),
for all f € X* a € E. Now we shall prove that 7Ts is continuous with respect to the norm
ﬂg(p) (). Givene > 0and A € Lip, (X, E), by definition of the norm Wg(p)f(') we can choose

m
a representation A = Z Aifi ® a;, such that
i=1

=
N——
<=
IA

m
[(A)iZ1llp+ sup (Z
x#y  \i=1

u*€BE*

(fi(ﬂ(;)(x— ﬁ(y)> o (a1)

(1 + e)ﬂg(p)f(A)

Therefore,

[ Ts(A)| = |Ts (i)‘ifi@ai>|
iz

= i/\is(fi)(ai)
< Al (DSﬁ )

1
m P
< D) llpe - [ISllge(py - sup <Z Sy (fi)a" )
5xyEB(X#>* 1
u*EBE*

- qt(p) i)i=1llp* "
S]] (ANl - sup | )
xAy \i=l

a*EBE*

< HSHqT(p)(l + S)ﬂg(p)f(A)-

(ﬁ(?;)(x— fi(y)) 7 (a1)

As this holds for arbitrary e > 0 and the space X* have the bounded approximation property,
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by Proposition we conclude that

ITs(A)] < 1Sllge(p) “ Moy (A) = 15 (A).

So, Ts € [Lipof(X,E),ng(p)(-)]/ and [|7s|| < [[S]lgr(p)- As Lipgr(X, E) is né(p)(-)-dense in

N UL(p) (X, E), there is a unique norm-preserving continuous linear extension ¢gs of 7Ts to the

whole of NUL(p) (X, E). Inparticular, [|s|| < [[S|¢(,) and for A = Y Aifi®a; € NUL(p) (X,E),
i=1

¢s(A) = @s <i Aifi ®ai>
i—1

Aigs(fi @ a;)

e

N
I
—

I
™2

AiTs(fi @ a;)

01

=) AiS(fi)(ai).

~
I
[y

From the expression above it follows easily that correspondences ¢ — S, and S — @g are
each other’s inverse in the sense that ¢5, = ¢ and Sy; = S for ¢ € [ N(TL(p)( X, E)]/ and
S¢€ qu(p)<X#/ E*)' The equahty HSq)HqT(p) = Hq)” Completes the proof, ]

Corollary 4.4.5. If X* have the bounded approximation property and E is reflexive, then the spaces
NV UL( 9) (X,E)] and Iy (X*, E*) are isometrically isomorphic via the Borel transform.

4.5 o(p)-integral mappings: some possible directions for in-

vestigation

Thanks to the idea of extending the maximal hull of Banach Lipschitz operator ideal was
introduced by Cabrera-Padilla et al in their paper [14] and developed by Achour et al [3] for
the composition Banach Lipschitz operator ideal, we were able to extend c-integral opera-
tors to the nonlinear setting as presented at the end of Chapter 3. Based on the definition
of o(p)-nuclear operators that Botelho and Mujica gave us in their works [11] 34], as well
as the definition of Lipschitz o(p)-nuclear operators that we mentioned in this chapter, we

inspired another possible generalizations for c-integral operators as follows.
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e Let E and F be a Banach spaces. The ideal of o(p)-integral operators between E and F

is the maximal hull of ¢ (p)-nuclear operators, i.e.,
Jo(p)(E, F) := (Ny(p) (E, F))"™.

e Let X be a pointed metric space and E be a Banach space. The ideal of Lipschitz o(p)-
integral operators between X and E is the maximal hull of Lipschitz o(p)-nuclear op-
erators, i.e.,

Ly (XE) = (ML (X,E))™ = (N o Lip,)™
= (Na(p))max © Lipo = Sa(p) o Lipo

e Forn € N. Let Ey, ..., E, and F be a Banach spaces. The ideal of n-linear o (p)-integral
operators between E; X --- X E, and F is the maximal hull of n-linear ¢(p)-nuclear

operators, i.e.,

30(;7)(]51 X oo X En/P) = (NO'(p)(El X X En,F))m“x_
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Résumé: Récemment, Beaucoup classes des opérateurs linéaires
ont été développées et étudiées dans le cas non-linéaire par plusieurs
auteurs. Le but de notre these est la généralisation et I'extension des
nouvelles classes d’opérateurs linéaires aux opérateurs non linéaires
(Lipschitz). Parmi ces classes, nous avons étudié la classe des opéra-
teurs p-lattice sommants et la classe des opérateurs o(p)-nucléaires
dans le cas de Lipschitz. Tels sont les axes principaux de cette these.

Mots-clés: Les opérateurs Lipschitiziens, espace de Arens-
Eells, les opérateurs Lipschitz p-lattice sommants, les opérateurs Lip-
schitz o(p)-nucléaires, les opérateurs quasi-7(p)-sommants.

Abstract: Recently, many classes of linear operators have been
developed and studied in the nonlinear setting by several authors.
The aim of our thesis is the generalization and extension of new
classes of linear operators to nonlinear operators (Lipschitz). Among
these classes, we studied the class of p-lattice summing operators and
the class of o(p)-nuclear operators in the Lipschitz cases. These are
the main axes of this thesis.

Keywords: Lipschitz operator, Arens-Eells space, Lipschitz
p-lattice summing operators, Lipschitz o(p)-nuclear operators, quasi-
7(p)-summing operators.
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