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Introduction

Farmer and Johnson (2009) [22] have introduced the notion of Lipschitz p-summing and Lip-

schitz p-integral maps between pointed metric spaces and Banach spaces. They proved that

it is really a good generalization of the concept of linear p-summing operators [22, Theorem

2] and proved a nonlinear version of the domination /factorization theorem and also a non-

linear variant of Grotendieck’s theorem which is: if T is a Lipschitz operator from a metric

tree X into a Hilbert space H; then πL
1 (T) ≤ KGLip(T), where KG is the Grothendieck’s

constant. This class of Lipschitz operators marked the beginning of the theory of nonlinear

summability. Motivated by the importance of this theory, several authors, have developed

and studied many concepts relating to summability. Chen and Zheng introduced in [19]

(strongly) Lipschitz p-integral and p-nuclear operators. In [15] Chávez-Domínguez introduced

the notion of Lipschitz (r, p, q)-summing operators and Lipschitz (q, p)-mixing in [16]. Some pa-

pers in this domain are due to Yahi, Achour and Rueda [46] and Saadi [40]. Independently,

they introduced and studied the class of Lipschitz strongly p-summing operators. Also, Achour

et al. introduced (p, σ)-absolutely Lipschitz operators with an appropriate factorization in [8].

They characterized also those Lipschitz operators whose Lipschitz conjugates are absolutely

p-summing. Other Lipschitz versions of different types of summability of linear operators

were investigated also by many authors such as [18], [4], [41], [1] and [32].

The aim of this thesis is to generalize and to extend some other classes of linear operators

to nonlinear operators (Lipschitz). Among these classes, we studied the class of p-lattice

summing operators and the class of σ(p)-nuclear operators in the Lipschitz cases. These are

the main axes of this thesis.

In [47], Yannovskii introduced and studied the notion of 1-lattice summing linear oper-

ators. Nielson and Szulga in [37] and [44], extended this notion to p (1 ≤ p ≤ ∞). It was

extended later in [31], to the theory of operator spaces (or the non-commutative case) and to

sublinear operators in [6]. In the present thesis, we generalize this class of linear operators
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to Lipschitz operators. Also, we examine some connections with other classes of operators

cited previously. This is in a first part.

In a second part, we define and study a new concept of nuclear operators in the category

of Lipschitz operators, which we call Lipschitz σ(p)-nuclear operators (1 ≤ p < ∞). This con-

cept was introduced and developed by Botelho and Mujica [11] in the linear and multilinear

cases. Before this, Pietsch was introduced this notion (for p = 1) in his book [38]. We give

some characterizations of this concept in term of factorization and we prove that this space

of operators is a Banach Lipschitz ideal operators. We conclude by giving its dual.

This thesis is organized as follows.

In chapter 1, we recall some basic notions and terminologies which related to Banach

space theory and we introduce the main definitions and properties of the Lipschitz operators

theory that we will use later. Also, we give some basic classes of Lipschitz operators.

In chapter 2, we study the notion of Lipschitz p-lattice summing operators between a

pointed metric space X and a Banach lattice E, which extends the class of p-lattice sum-

ming operators. This generalization is a natural nonlinear analogous of the class of p-lattice

summing linear operators. We give some properties concerning this notion and we prove

certain characterizations of this type of operators. Finally, we try to give some properties in

connection with the category of Lipschitz p-summing operators.

In chapter 3, we introduce a new category of Lipschitz operators which called Lipschitz

σ-nuclear operators. At the beginning we give a reminder about the classes of σ-nuclear op-

erators. Then, we extend the last concept to Lipschitz case and we characterize this type of

operators by introducing an equivalent definition and factorization theorem. Furthermore,

we prove that the definition of Lipschitz σ-nuclear operators is a good generalization and

this space of operators is Banach Lipschitz operator ideals. Finally, we give another class of

Lipschitz operators which called Lipschitz σ-integral operators as generalization of σ-integral

operators and its factorization theorem.

In the last chapter, motivated by our definition of Lipschitz σ-nuclear operators, we de-

fine and study the Lipschitz σ(p)-nuclear operators for 1 ≤ p < ∞. Firstly, we recall some

basic definitions concerning "σ(p)-nuclear operators". We give some characterizations of

this concept in term of factorization, where we presented two factorization theorems and re-

lated properties. Among them : we prove that this space of operators is a Banach Lipschitz

operator ideals. We concluded this chapter by determining the duality of this space.
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Chapter 1

Preliminaries

This chapter deals with the Banach spaces and Lipschitz operators. First, we recall some

basic notions and terminologies which are related to Banach space theory, next, we introduce

the main definitions and properties of the Lipschitz operator theory that we will use later.

Finally, we give some basic classes of Lipschitz operators.

1.1 Banach space theory

1.1.1 Notations

Unless otherwise stated E, F, G and H will denote real Banach spaces. As customary, BE will

denote the closed unit ball of E and L(E, F) is the linear space of bounded linear maps from

E to F. For u ∈ L(E, F), we have

‖u‖ := sup
x∈BE

‖u(x)‖.

If F = R, denote L(E, R) = E∗ it is called the topological linear dual of E and its norm is

given by

‖x∗‖ := sup
x∈BE

‖〈x∗, x〉‖.

A linear operator u : E→ F is an isomorphism if it is a continuous bijection whose inverse

u−1 is also continuous. In such case the spaces E and F are said to be isomorphic. Such a

mapping u is an isometric isomorphism when ‖u(x)‖F = ‖x‖E for all x ∈ E.
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Given u ∈ L(E, F), we say that adjoint of u the operator u∗ ∈ L(F∗, E∗) defined by

u∗(y∗)(x) = y∗(u(x)),

for every y∗ ∈ F∗ and x ∈ E. We have

‖u∗‖ = ‖u‖.

Let 1 ≤ p < ∞. We denote by `p(E) the set of all p-summable sequences in E with the

natural norm

‖(ai)
∞
i=1‖p =

(
∞

∑
i=1
‖ai‖p

) 1
p

,

for a sequence of vectors (ai)i ⊂ E.

Also, we denote by `ω
p (E) the set of all weakly p-summable sequences in E with the norm

‖(ai)
∞
i=1‖ω

p = ωp((ai)
∞
i=1) = sup

a∗∈BE∗

(
∞

∑
i=1
|a∗(ai)|p

) 1
p

,

for a sequence of vectors (ai)i ⊂ E.

A sequence (ai)
∞
i=1 ∈ `ω

p (E) is unconditionally p-summable in E if

lim
m→∞

sup
a∗∈BE∗

(
∞

∑
i=m
|a∗(ai)|p

) 1
p

= 0.

We denote the set of all unconditionally p-summable sequences on E by `u
p(E).

Recall that, from [20], a sequence (ai)
∞
i=1 in E is called unconditionally summable if for each

bijective η : N → N the series ∑ aη(i) converges. This is easily seen to be equivalent to the

convergence of the net of finite sums ∑
i∈I

ai.

A. Defant and K. Floret in [20, Proposition 8.3] proved that (ai)
∞
i=1 is unconditionally

1-summable if and only if (ai)
∞
i=1 is unconditionally summable.

If p = ∞, we are restricted to the case of bounded sequences and in `∞(E) we use the

sup norm, i.e.,

‖(ai)
∞
i=1‖∞ := sup

1≤i≤∞
‖ai‖.
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Then the spaces `∞(E) and `ω
∞(E) coincide and

‖(ai)
∞
i=1‖∞ = ω∞((ai)

∞
i=1)

for all (ai)
∞
i=1 ∈ `∞(E).

A sequence (ei) with ei 6= 0 is called a hyperorthogonal basis of the Banach space F if its

linear span is dense and if |γi| ≤ |θi| implies

∥∥∥∥∥ n

∑
i=1

γiei

∥∥∥∥∥ ≤
∥∥∥∥∥ n

∑
i=1

θiei

∥∥∥∥∥ for n ≥ 1.

1.1.2 Basic classes of linear operators

Recall that, from [38], a linear operator u ∈ L(E, F) is said to have finite rank if u(E) is

a finite dimensional subspace of F. The class of all finite rank linear operators between

Banach spaces is denoted by L f (E, F). An operator has rank one if and only if has the form

x∗ ⊗ y : x 7→ 〈x∗, x〉y. Then if u ∈ L f (E, F) we have

u =
n

∑
i=1

x∗i ⊗ yi,

where (x∗i )
n
i=1 ⊂ E∗ and (yi)

n
i=1 ⊂ F.

An operator u ∈ L(E, F) is said to be approximable if is a limit of a sequence of finite rank

operators from E to F in the norm of L. We denote by L f (E, F) the class of all approximable

operators between E and F.

We say that an operator u ∈ L(E, F) is compact (weakly compact) operator, if the set

u(BE) is relatively compact (weakly compact) subset of F and denote byK(E, F) andW(E, F)

the classes of all compact and weakly compact operators from E to F, respectively.

Now, we recall Banach spaces, which have the approximation property.

Let 1 ≤ γ < ∞. We say that E has the γ-bounded approximation property if, for every compact

subset K ⊂ E and every ε > 0, there is a finite rank operator u ∈ L f (E, E) such that

‖x− u(x)‖ ≤ ε,

for all x ∈ K and ‖u‖ ≤ γ.

A Banach space is said to have the bounded approximation property if it has γ-bounded ap-

proximation property for some γ.

A Banach space is said to have the metric approximation property if it has 1-bounded approx-

imation property.
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Definition 1.1.1 (Operator ideals). An operator ideal I is a subclass of the class L of all continuous

linear operators between Banach spaces such that for all Banach spaces E and F its component

I(E, F) := L(E, F) ∩ I

satisfy

(i) I(E, F) is a vector subspace of L(E, F) which contains the mappings of the form x∗ ⊗ y where

x∗ ∈ E∗ and y ∈ F.

(ii) The ideal property: if v ∈ L(H, E), u ∈ I(E, F) and w ∈ L(F, G), then the composition

w ◦ u ◦ v ∈ I(H, G).

An operator ideal I is a normed (Banach) operator ideal if there is an application ‖ · ‖I : I → R+

which satisfies

(i’) (I(E, F), ‖ · ‖I) is a normed (Banach) spaces for all Banach spaces E and F.

(ii’) ‖idR‖I = 1.

(iii’) If v ∈ L(H, E), u ∈ I(E, F) and w ∈ L(F, G), then

‖w ◦ u ◦ v‖I ≤ ‖w‖‖u‖I‖v‖.

The ideal L f of finite rank linear operators is the smallest operator ideal and L is the

largest one (see [38]).

The operator ideal I is said to be closed if each I(E, F) is closed for the sup norm.

Proposition 1.1.2 ([38]). The classes K and W are closed Banach operator ideals, where the ideal

norm is the operator norm.

We now recall some definitions of summability in the linear case.

Let 1 ≤ p < ∞. We say that an operator u ∈ L(E, F) is p-summing if there is a constant

C ≥ 0 such that for finite sequence (ai)1≤i≤n ⊂ E we have

(
n

∑
i=1
‖u(ai)‖p

) 1
p

≤ C sup
a∗∈BE∗

(
n

∑
i=1
|a∗(ai)|p

) 1
p

. (1.1)

The space of all p-summing operators from E into F is denoted by Πp(E, F), which is a

Banach space under the norm

6



πp(u) := inf {C : C satisfies (1.1)} .

Recall that from [35], an operator u ∈ L(E, F) is absolutely τ(p)-summing if there exists

a positive constant C such that, for all n ∈N, (ai)1≤i≤n ⊂ E and
(
b∗i
)

1≤i≤n ⊂ F∗, we have

(
n

∑
i=1
|〈u (ai) , b∗i 〉|

p

) 1
p

≤ C sup
a∗∈BE∗

b∈BF

(
n

∑
i=1
|〈a∗, ai〉 〈b, b∗i 〉|

p

) 1
p

. (1.2)

We denote by Πτ(p)(E, F) the vector space of all τ (p)-summing operators u from E into

F, which is a Banach space if we consider the norm πτ(p) (u), the infimum of all C verifying

Inequality (1.2).

By [11], an operator u ∈ L(E, F∗) is said absolutely quasi-τ(p)-summing if there exists a

positive constant C such that, for all n ∈N, (ai)1≤i≤n ⊂ E and (bi)1≤i≤n ⊂ F, we have

(
n

∑
i=1
|〈u (ai) , bi〉|p

) 1
p

≤ C sup
a∗∈BE∗
b∗∈BF∗

(
n

∑
i=1
|〈a∗, ai〉 〈b∗, bi〉|p

) 1
p

. (1.3)

We denote by Πqτ(p)(E, F∗) the vector space of all quasi-τ (p)-summing operators u from

E into F∗, which is a Banach space if we consider the norm πqτ(p) (u), the infimum of all C

verifying Inequality (1.3).

It is straightforward that Πτ(p)(E, F∗) ⊆ Πqτ(p)(E, F∗) with πqτ(p) (T) ≤ πτ(p) (T) for

every F and Πτ(p)(E, F∗) = Πqτ(p)(E, F∗) isometrically for F reflexive, see [35].

1.1.3 Banach lattice spaces

We recall now some standard notations and some properties concerning Banach lattices.

Definition 1.1.3. A partially ordered Banach space E over the reals is called a Banach lattice provided

(i) x ≤ y implies x + z ≤ y + z, for every x, y, z ∈ E.

(ii) αx ≥ 0, for every x ≥ 0 in E and every non negative real α.

(iii) For all x, y ∈ E there are a least upper bound x ∨ y := sup{x, y} and a greatest lower bound

x ∧ y := − sup{−x,−y}.

(iv) ‖x‖ ≤ ‖y‖ whenever |x| ≤ |y|, where the absolute value |x| of x ∈ E is defined by |x| :=

sup{x,−x}.

7



Definition 1.1.4. Let E, F be two Banach lattices. A linear operator u : E −→ F is called positive

(u ≥ 0) if

|u (a)| ≤ u (|a|) for all a ∈ E.

We denote by L+(E, F) the set of all bounded positive operators.

Let n be a natural number. For a Banach lattice E and 1 ≤ p ≤ ∞, we let E
(

ln
p

)
the space

of sequences a = (a1, ..., an) ∈ En for which

‖a‖E(ln
p) =

∥∥∥∥∥
(

n
∑

i=1
|ai|p

) 1
p
∥∥∥∥∥ , if 1 ≤ p ≤ ∞

and

‖a‖E(ln
∞) =

∥∥∥∥max
1≤i≤n

|ai|
∥∥∥∥ , if p = ∞.

The space E
(

ln
p

)
equipped with the natural order

a ≤ b⇐⇒ ai ≤ bi, for all 1 ≤ i ≤ n

is a Banach lattice.

Let E be a Banach lattice then E∗ is a complete Banach lattice w.r.t the ordering≤ defined

by

a∗ ≥ 0⇐⇒ 〈a∗, a〉 ≥ 0 for all a ∈ E+. (1.4)

1.2 The space of Lipschitz operators

Unless otherwise stated X, Y, Z will always denote pointed metric spaces, i.e., with a distin-

guished element at all time denoted by 0.

The space Lip0(X, E) is the Banach space of Lipschitz functions T : X → E such that

T(0) = 0 with pointwise addition and the Lipschitz norm Lip(.) given by

Lip(T) = sup
x 6=y

{
‖T (x)− T (y)‖

d(x, y)

}
.

We denote the Lipschitz dual of X by X# = Lip0(X) = Lip0(X, R). The closed unit ball BX#

of X# is a compact Hausdorff space for the topology of pointwise convergence on X.

8



For a sequence (λi)i of real numbers and (xi)i , (yi)i of points in a metric space X, we

denote their "weak Lipschitz p-norm" by

ωL
p ((λi) , (xi), (yi)) = sup

f∈BX#

‖(λi ( f (xi)− f (yi)))i‖p .

1.2.1 Arens Eells space

A molecule on X is a real valued function m on X with finite support and satisfying

∑
x∈supp(m)

m (x) = 0.

Denote by M(X) the real linear space of molecules on X. The condition
n
∑

i=1
m (xi) = 0

ensures that m can be represented by

m =
n

∑
i=1

αimxiyi ,

where mxiyi = 1{xi} − 1{yi} (1{x} is the indicator function of the subset {x} of X). Put

‖m‖M(X) = inf

{
n

∑
i=1
|αi| d (xi, yi)

}
,

where the infimum is taken over all representations of m =
n
∑

i=1
αi

(
1{xi} − 1{yi}

)
. It follows

that ‖.‖M(X) is a norm on the vector spaceM(X).

Denote by Æ(X) the completion of the normed space (M(X), ‖·‖M(X)). This space was

first introduced by Arens and Eells in 1956 [9]. Originally, the basic idea goes back to Kan-

torovich [26]. The terminology Arens-Eells space Æ(X) is due to Weaver [45]. The applica-

tion iX : X −→ Æ (X) defined by

iX(x) = mx0 = 1{x} − 1{0} (1.5)

is an isometric embedding of X into Æ(X).

9



1.2.2 Properties

For more details on the basic theory of the spaces of Lipschitz operators and their preduals,

one can consult for example the papers of Godefroy and Kalton [25] or Weaver [45].

The following theorem due to [45, Theorem 2.2] is known as the linearization of Lipschitz

operators.

Theorem 1.2.1. Let T ∈ Lip0(X, E). Then there is a unique bounded linear operator TL ∈

L(Æ (X) , E) such that T = TL ◦ iX and ‖TL‖ = Lip(T) (iX : X −→ Æ (X) is defined as in

(1.5)).

The linear operator TL is called the linearization of T. We know from the above that every

molecule m is uniquely expressible in the form

m =
n
∑

i=1
αimxi0

where the points xi are all distinct and none equals to 0. Then, TL is defined by

TL(m) =
n

∑
i=1

αiT (xi) . (1.6)

The dual E∗ of E is naturally isometric to a subspace of Lip0(E). By [10, p. 37], there is

a norm one projection P : Lip0(E) −→ E∗. Sawashima in [42] defined the Lipschitz adjoint

(or dual) T# : Lip0(E) −→ Lip0(X) of a Lipschitz map T ∈ Lip0(X, E) by the formula

T# ( f ) = f ◦ T, f ∈ Lip0(E) .

He showed that T# is a continuous linear operator and

∥∥T#
∥∥ = Lip(T) =

∥∥T# |E∗
∥∥ .

We notice that Tt = T# |E∗ corresponds in a canonical way to the usual adjoint of the linear

operator attached to T by Theorem 1.2.1, i.e., T# |E∗∼= T∗L .

Lip0(E) T#
//

P
��

Lip0(X)

E∗
T∗L

88
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1.3 Some class of Lipschitz operators

Definition 1.3.1 (Composition ideals). Given an operator ideal I , a Lipschitz mapping T ∈

Lip0(X, E) belongs to the composition Lipschitz operator ideal I ◦Lip0, denoted T ∈ I ◦Lip0(X, E),

if there are a Banach space F, a Lipschitz operator S ∈ Lip0(X, F) and an operator u ∈ I(F, E) such

that T = u ◦ S. If (I , ‖ · ‖I) is a normed operator ideal we write ‖T‖I◦Lip0
= inf ‖u‖ILip(S),

where the infimum is taken over all u, S as above.

The following proposition and corollary are mentioned in [7].

Proposition 1.3.2. Let I be an operator ideal. The following are equivalent for T ∈ Lip0(X, E):

1. T ∈ I ◦ Lip0(X, E).

2. TL ∈ I(Æ(X), E).

If (I , ‖ · ‖I) is a normed operator ideal, then

‖T‖I◦Lip0
= ‖TL‖I .

Corollary 1.3.3. If I is a (normed, closed, Banach) operator ideal then, I ◦ Lip0 is a (respectively

normed, closed, Banach) Lipschitz operator ideal.

1.3.1 Lipschitz p-summing operators

Inspired by the useful concept of absolutely summing operators, Farmer and Johnson in-

troduced in [22] the following definition: a Lipschitz map T : X → E is called Lipschitz

p-summing (1 ≤ p < ∞) if there exists a positive constant C such that for all n ∈ N and all

x1, ..., xn, y1, ..., yn ∈ X and all non negative reals λ1, ..., λn we have∥∥∥∥(λ
1
p
i (T (xi)− T (yi))

)∥∥∥∥
p
≤ CωL

p

((
λ

1
p
i

)
i
, (xi)i, (yi)i

)
. (1.7)

The infimum of such constants verifying (1.7) is denoted by πL
p(T). This is a true generaliza-

tion of the concept of linear p-summing operators, since it is shown in [22, Theorem 2] that

the Lipschitz p-summing norm of a linear operator is the same as its p-summing norm. In

the sequel, it will be useful to note that the above definition is the same if we restrict to λi

= 1 (see [22] for an implicit proof).
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We shall give another equivalent definition in terms of Lipschitz tensor product. This

notion of tensor product between metric and Banach spaces; which is a nonlinear gener-

alization of linear tensor product, was introduced by Cabrera-Padilla et al. in [13]. The

Lipschitz tensor product X � E is defined as the vector subspace of Lip0(X, E∗)′ spanned by

the set {
δ(x,y) � a : (x, y) ∈ X2, a ∈ E

}
where

(
δ(x,y) � a

)
(g) = 〈g(x)− g(y), a〉, for any g ∈ Lip0(X, E∗) (whither δ(x,y)(g) =

g(x)− g(y)). The Lipschitz injective norm on X � E is defined for u =
n

∑
i=1

δ(xi,yi)
� ai by

ε(u) = sup

{∣∣∣∣∣ n

∑
i=1

( f (xi)− f (yi)) 〈ξ, ai〉
∣∣∣∣∣ : f ∈ BX# , ξ ∈ E∗

}
.

Remark 1.3.4. A Lipschitz map T : X → E is Lipschitz p-summing (1 ≤ p < ∞) if there exists a

positive constant C such that for all n ∈N and for all x1, ..., xn, y1, ..., yn ∈ X, we have for all linear

operator v : `n
p∗ −→ Æ (X), v (ei) = 1{xi}− 1{yi} (namely v =

n

∑
i=1

(
1{xi} − 1{yi}

)
� ai ∈ X � `n

p)

(
n

∑
i=1
‖TL (v (ei))‖p

) 1
p

≤ C ‖v‖

where ei denotes the unit vector basis of `n
p∗ and p∗ denotes the exponent conjugate to p (i.e., the one

that satisfies 1/p + 1/p∗ = 1).

We have

ε(v) = sup

{∣∣∣∣∣ n

∑
i=1

( f (xi)− f (yi)) 〈ξ, ai〉
∣∣∣∣∣ : f ∈ BX# , ξ ∈ `n

p∗

}

= sup

{∣∣∣∣∣ n

∑
i=1
〈ξ, ( f (xi)− f (yi)) ai〉

∣∣∣∣∣ : f ∈ BX# , ξ ∈ `n
p∗

}

= sup

{∣∣∣∣∣
〈

ξ,
n

∑
i=1

( f (xi)− f (yi)) ai

〉∣∣∣∣∣ : f ∈ BX# , ξ ∈ `n
p∗

}

= sup


(

n

∑
i=1
|( f (xi)− f (yi))|p

) 1
p

: f ∈ BX# .



‖v‖ = ε (v) = sup
‖ f ‖X#=1

(
n

∑
i=1
| f (xi)− f (yi)|p

) 1
p

. (1.8)
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Remark 1.3.4 is equivalent to

(
n

∑
i=1
‖T (xi)− T (yi)‖p

) 1
p

≤ C ‖w‖

where w : X# −→ `n
p be the linear operator defined by

w ( f ) = ( f (xi)− f (yi))1≤i≤n .

1.3.2 Lipschitz compact and weakly compact operators

We recall now the following, as announced in [23]. The Lipschitz image of a mapping T :

X → E is the set {
T (x)− T (y)

d (x, y)
: x, y ∈ X, x 6= y

}
.

An immediate consequence, T : X → E is a Lipschitz mapping if its Lipschitz image is a

bounded subset of E.

Definition 1.3.5 ([23]). Let T ∈ Lip0(X, E). We say that T is Lipschitz compact (Lipschitz weakly

compact) if its Lipschitz image is relatively compact (resp, relatively weakly compact) in E.

We denote by Lip0K(X, E) and Lip0W (X, E) the sets of Lipschitz compact operators and

Lipschitz weakly compact operators from X to E, respectively.

Remark 1.3.6.

1. Note that Lip0K(X, E) and Lip0W (X, E) are linear subspaces of Lip0(X, E).

2. If X is a Banach space and T ∈ L(X, E) is a compact operator (resp. weakly compact operator),

then T is a Lipschitz compact operator (resp. Lipschitz weakly compact operator) since the

Lipschitz image of T is justly T(SX).

The following result is proved in [23, Propositions 2.1 and 2.2].

Proposition 1.3.7. Let T ∈ Lip0(X, E) and TL its linearization (as in Theorem 1.2.1), then T

is Lipschitz compact (resp. Lipschitz weakly compact) if and only if TL is compact (resp. weakly

compact).
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1.3.3 Lipschitz finite-rank and approximable operators

Let us recall that if M is a set and E is a linear space, then a map f : M → E is said to have

finite dimensional rank if the linear hull of its image is a finite dimensional subspace of E

in whose case the rank of f , denoted by rank( f ), is defined as the dimension of lin( f (M)),

where lin( f (M)) is a linear hull of f (M).

The following definition was introduced by Vargas et al. in [23].

Definition 1.3.8. Let X be a pointed metric space and E a Banach space. A Lipschitz operator

T ∈ Lip0(X, E) has Lipschitz finite dimensional rank if the linear hull of its Lipschitz image is a

finite dimensional subspace of E. In that case we define the Lipschitz rank Lrank(T) of T to be the

dimension of this subspace.

Proposition 1.3.9. Consider T ∈ Lip0(X, E). The following are equivalent :

(i) T has finite dimensional Lipschitz rank.

(ii) T has finite dimensional rank.

(i) TL has finite rank.

In that case, lin(T(X)) = TL(Æ(X)) and Lrank(T) = rank(T) = rank(TL).

We denote by Lip0F (X, E) the set of all Lipschitz finite-rank operators from X to E. Note

that Lip0F (X, E) is a linear subspace of Lip0(X, E).

Definition 1.3.10. A Lipschitz operator T ∈ Lip0(X, E) is said to be approximable if it is the limit

of a sequence of Lipschitz finite rank operators from X to E in the Lipschitz norm.

We denote by Lip0F (X, E) the class of all approximable Lipschitz operators T ∈ Lip0(X, E)

which is a Lipschitz ideal (see [7]).

Note that, if X is Banach space and T is linear operator. T is in Lip0F (X, E) if and only if

T is in L f (X, E) (where L f (X, E) the space of all approximable operators from X to E).

The following result is due to [7, Corollary 2.4].

Proposition 1.3.11. T ∈ Lip0F (X, E) if and only if TL ∈ L f (Æ(X), E).
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Chapter 2

Lipschitz p-lattice summing operators

In this chapter, we study the notion of Lipschitz p-lattice summing operators between a

pointed metric space X and a Banach lattice E, which extends the class of p-lattice sum-

ming operators. This generalization is a natural nonlinear analogous of the class of p-lattice

summing linear operators. We give some properties concerning this notion and we prove

certain characterizations of this type of operators. Finally, we try to give some properties in

connection with the category of Lipschitz p-summing operators.

2.1 Some results of p-lattice summing operators

2.1.1 Definitions

The following definition was introduced and studied in linear case by Yanovskii in [47] for

p = 1 and generalized by Nielsen and Szulga in [37] and [44] for p > 1.

Definition 2.1.1. A linear operator T from a Banach space X to a Banach lattice E is called p-lattice

summing (for 1 ≤ p ≤ ∞) if there is a positive constant C so that for all finite sets {x1, x2, ..., xn} ⊂

X we have ∥∥∥∥∥∥
(

n

∑
i=1
|T(xi)|p

) 1
p
∥∥∥∥∥∥ ≤ C sup

x∗∈BX∗

(
n

∑
i=1
|〈x∗, xi〉|p

) 1
p

if p is finite and ∥∥∥∥∥ sup
1≤i≤n

|T(xi)|
∥∥∥∥∥ ≤ C sup

1≤i≤n
‖xi‖

if p is infinite.
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If T is p-lattice summing we denote by λp(T) the smallest constant C, which is a norm on

the space Λp(X, E) of all p-lattice summing operators from X to E turning it into a Banach

space.

Nielsen and Szulga in [37] also give us the following definition.

Definition 2.1.2. Consider X is a Banach space and E is a Banach lattice then a bounded linear

operator T : X −→ E is called order bounded if there exists an element a ∈ E+ such that

|T (x)| ≤ a ‖x‖ , for all x ∈ X. (2.1)

In this case, we define the order bounded norm ‖T‖m by

‖T‖m = inf {‖a‖ : a satisfies (2.1)}

which is by [36] a complete norm on B (X, E), the space of all order bounded operators from

X into E. By Schaefer [43], the m-tensor product X⊗̂mE is defined by the closure of X⊗ E in

B (X∗, E).

2.1.2 Properties

The proof of the following proposition is immediate so we omit it.

Proposition 2.1.3. T ∈ Λ∞(X, E) if and only if T is order bounded considered as a map into E∗∗,

and in that case λ∞(T) = ‖T‖m.

The following results are due [37].

Theorem 2.1.4. If 1 ≤ p ≤ ∞, then T in Λp(X, E) if and only if TS in Λ∞(`p∗ , E) for all S in

L(`p∗ , X) and in that case

λp(T) = sup{‖TS‖m, ‖S‖ ≤ 1}.

Theorem 2.1.5. Let p = 1, 2, then T in Λp(X, E) if and only if for every measure µ and every

positive operator S ∈ L+(E, L1(µ)) ST is p-summing. Further

λp(T) = sup{πp(ST), ‖S‖ ≤ 1}.

Remark 2.1.6 ([37]). Theorem 2.1.5 is not true for 1 < p < 2.
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Theorem 2.1.7 ([37]). (i) If T in Λ∞(X, E) then T in Λp(X, E) for all 1 ≤ p < ∞, and we have

λp(T) ≤ Cλ∞(T), 0 < C ≤ 1.

(ii) If T in Λp(X, E) then T in Λq(X, E) for all 1 ≤ p ≤ q ≤ 2, and we have

λq(T) ≤ Cλp(T), 0 < C ≤ 1.

(iii) If T in Λp(X, E) then T in Λ2(X, E) for all 1 ≤ p ≤ ∞, and we have

λ2(T) ≤ Cλp(T), 0 < C ≤ 1.

(iv) If T in Πp(X, E) then T in Λ2(X, E) for all 1 ≤ p < ∞, and we have

λ2(T) ≤ Cπp(T), 0 < C ≤ 1.

2.2 Lipschitz p-lattice summing operators

In this section we extend the notion of p-lattice summing operators and some results to the

theory of Lipschitz operators.

The following definition is due to [17], we can see also [2] for Lipschitz p-convex opera-

tors.

Definition 2.2.1. Let X be a arbitrary pointed metric space and let E be a Banach lattice. Consider

1 ≤ p ≤ ∞.

(i) A Lipschitz map T : X −→ E is called Lipschitz p-convex if there exists a positive constant C

such that for every n ∈N, for all x1, ..., xn; y1, ..., yn ∈ X and all non negative reals λ1, ..., λn,

we have

∥∥∥∥(λ
1
p
i (T (xi)− T (yi))

)∥∥∥∥
E(`n

p)
≤ C

(
n

∑
i=1

λid (xi, yi)
p

) 1
p

for 1 ≤ p < ∞ and
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∥∥∥∥∥ sup
1≤i≤n

λi |T (xi)− T (yi)|
∥∥∥∥∥ ≤ C sup

1≤i≤n
λid (xi, yi)

for p = ∞.

(ii) A Lipschitz map T : E −→ X is called Lipschitz p-concave if there exists a positive constant C

such that for every n ∈ N, for all a1, ..., an; b1, ..., bn ∈ E and all non negative reals λ1, ..., λn,

we have

(
n

∑
i=1

λid (T (ai) , T (bi))
p

) 1
p

≤ C
∥∥∥∥(λ

1
p
i (ai − bi)

)∥∥∥∥
E(`n

p)

for 1 ≤ p < ∞ and

sup
1≤i≤n

λid (T (ai) , T (bi)) ≤ C

∥∥∥∥∥ sup
1≤i≤n

λi |ai − bi|
∥∥∥∥∥

for p = ∞.

The smallest such constant C is called the Lipschitz p-convexity constant of T (resp. Lip-

schitz p-concavity constant of T) and is denoted by CL
p (T) (resp. ML

p(T)). We shall also

denote by CL
p (X, E) and ML

p(E, X) the sets of Lipschitz p-convex and Lipschitz p-concave

operators respectively.

Note that this is a generalization of the linear case: a linear map T : X → E from a Banach

space X to a Banach lattice E is p-convex if and only if, it is Lipschitz p-convex with the same

constant. The same for Lipschitz p-concave. Because the unit ball BX# is not involved.

We know also in [17, Theorem 3.3] that a Lipschitz map T : X → E is Lipschitz p-convex

if and only if, TL :Æ(X) → E is p-convex. Moreover, in this case the p-convexity constants

are the same.

If X is a Banach space, then Cp(X) = Cp(IdX) and Mp(X) = Mp(IdX).

Definition 2.2.2. An operator T : X −→ E is Lipschitz p-lattice (or order) summing if, there is a

positive constant C such that for every n in N, for all x1, ..., xn; y1, ..., yn in X and all non negative

reals λ1, ..., λn, we have

∥∥∥∥(λ
1
p
i (T (xi)− T (yi))

)
i

∥∥∥∥
E(`n

p)
≤ CωL

p

((
λ

1
p
i

)
i
, (xi)i, (yi)i

)
(2.2)
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if p is finite and

∥∥∥∥∥ sup
1≤i≤n

λi |T (xi)− T (yi)|
∥∥∥∥∥ ≤ C sup

1≤i≤n
λid (xi, yi) (2.3)

if p is infinite.

We denote by ΛL
p(X, E) the vector space of all Lipschitz p-lattice summing operators T from

X into E, which is a Banach space if we consider the norm λL
p (T), the infimum of all C

verifying (2.2) and (2.3).

Remark 2.2.3. If T is in ΛL
p(X, E), then T is Lipschitz p-convex and CL

p (T) ≤ λL
p (T) for p finite

and CL
∞(T) = λL

∞ (T).

Remark 2.2.4. If X is a Banach space and T is a bounded linear operator from X into E, then if T is

p-lattice summing then T is Lipschitz p-lattice summing and λL
p (T) ≤ λp (T) for all 1 ≤ p < ∞.

If p is infinite, we have λL
∞ (T) = λ∞ (T) = C∞(T).

We do not know if the converse is true, because the unit ball BX# is involved and we do not have a

factorization theorem.

Proposition 2.2.5. Consider T in Lip0(X, E), R in Lip0(Z, X) and ϕ in L(E, F)+. If T is Lipschitz

p-lattice summing, then ϕ ◦ T ◦ R is Lipschitz p-lattice summing (1 ≤ p ≤ ∞) and

λL
p(ϕ ◦ T ◦ R) ≤ ‖ϕ‖ λL

p(T)Lip (R) .

Proof. Let n ∈N, (zi)1≤i≤n ;
(

z
′
i

)
1≤i≤n

⊂ Z and (λi)1≤i≤n ⊂ R+. Thus

∥∥∥∥(λ
1
p
i ϕ ◦ T ◦ R (zi)− ϕ ◦ T ◦ R

(
z′i
))∥∥∥∥

F(`n
p)

=

∥∥∥∥(λ
1
p
i ϕ
(
T ◦ R (zi)− T ◦ R

(
z′i
)))∥∥∥∥

F(`n
p)

(by [29, p. 55]) ≤ ‖ϕ‖
∥∥∥∥(λ

1
p
i
(
T ◦ R (zi)− T ◦ R

(
z′i
)))∥∥∥∥

E(`n
p)

≤ ‖ϕ‖ λL
p(T) sup

f∈BX#

(
n

∑
i=1

λi
∣∣( f (R (zi))− f

(
R
(
z′i
)))∣∣p) 1

p

.

≤ ‖ϕ‖ λL
p(T)Lip (R) sup

f∈BX#

(
n

∑
i=1

λi

∣∣∣∣∣ f ◦ R (zi)

Lip (R)
−

f ◦ R
(
z′i
)

Lip (R)

∣∣∣∣∣
p) 1

p

.
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Since
f ◦ R

Lip (R)
∈ BZ# we obtain

∥∥∥∥∥∥
(

n

∑
i=1

λi

∣∣∣ϕ ◦ T ◦ R (zi)− ϕ ◦ T ◦ R
(

z
′
i

)∣∣∣p) 1
p
∥∥∥∥∥∥

F

≤ ‖ϕ‖ λL
p(T)Lip (R) sup

‖g‖Z#≤1

(
n

∑
i=1

λi

∣∣∣g (zi)− g
(

z
′
i

)∣∣∣p) 1
p

.

This implies that ϕ ◦ T ◦ R is Lipschitz p-lattice summing with

λL
p(ϕ ◦ T ◦ R) ≤ ‖ϕ‖ λL

p(T)Lip (R)

and this ends the proof.

Remark 2.2.6. Clearly the notion of Lipschitz p-lattice summing operators is not an ideal in Pietsch’s

sense but it is an ideal on left.

By Proposition 2.2.5, we have the following proposition. For the converse, we can see

[40, Remark 3.3].

Proposition 2.2.7. Consider 1 ≤ p < ∞. Let T : X −→ E be a Lipschitz map and TL its lineariza-

tion. If TL is p-lattice summing, then T is Lipschitz p-lattice summing. The converse is false.

Proof. Assume that TL is p-lattice summing, then by Remark 2.2.4 it is Lipschitz p-lattice

summing from Æ(X) to E. We know that T = TL ◦ iX where iX ∈ Lip0(X, Æ(X)), so T is

Lipschitz p-lattice summing.

Proposition 2.2.8. Let T be in Lip0(X, E), then T is in ΛL
∞(X, E) if, and only if, TL is in Λ∞(Æ (X) , E)

and λ∞ (TL) = λL
∞ (T).

Proof. Suppose that TL is in Λ∞(Æ(X) , E). Then, for every n ∈N, for all x1, ..., xn, y1, ..., yn ∈

X and all non negative reals λ1, ..., λn, we have

20



∥∥∥∥∥ sup
1≤i≤n

λi |T (xi)− T (yi)|
∥∥∥∥∥ =

∥∥∥∥∥ sup
1≤i≤n

λi
∣∣TL

(
mxi0

)
− TL

(
myi0

)∣∣∥∥∥∥∥
=

∥∥∥∥∥ sup
1≤i≤n

λi
∣∣TL

(
mxiyi

)∣∣∥∥∥∥∥
=

∥∥∥∥∥ sup
1≤i≤n

∣∣TL
(
λimxiyi

)∣∣∥∥∥∥∥
≤ λ∞ (TL) sup

1≤i≤n
λid (xi, yi) .

This gives that T is in ΛL
∞(X, E) and λL

∞ (T) ≤ λ∞ (TL).

For the converse, suppose that T is in ΛL
∞(X, E). This yields by Remark 2.2.3 that, T is in

CL
∞(X, E) and CL

∞(T) = λL
∞ (T). By [17, Theorem 3.3], TL is in C∞(Æ (X) , E) and hence is in

Λ∞(Æ (X) , E).

Proposition 2.2.9. Let T be in Lip0(X, E). If
(
Tt)∗ ∈ Λp(

(
X#)∗ , E∗∗) then, T ∈ ΛL

p(X, E).

Proof. Suppose that
(
Tt)∗ is in Λp(

(
X#)∗ , E∗∗). Then , (TL)

∗∗ is in Λp(
(
X#)∗ , E∗∗) and by

[39] the operator TL is in Λp(Æ(X) , E). So we conclude by Proposition 2.2.7, that T ∈

ΛL
p(X, E).

Remark 2.2.10. By Proposition 2.2.8, the converse is true for p = ∞. But it is not valid for 1 ≤

p < ∞ by Proposition 2.2.7.

Now, we give our main result.

Theorem 2.2.11. Let T : X −→ E be a Lipschitz operator such that T(0) = 0 and 1 ≤ p < ∞.

Then, we have the following properties for a positive constant C.

(i) If the operator T ∈ ΛL
p(X, E) with λL

p (T) ≤ C, u ∈ L(`n
p∗ , Æ (X)), then for all n ∈ N and

(xi)1≤i≤n , (yi)1≤i≤n ⊂ X the operator TLu is in Λ∞(`n
p∗ , E) and

λ∞(TLu) ≤ C ‖u‖ ,

where u (ei) = mxiyi , ((ei)1≤i≤n denote the unit vector basis of `n
p∗).

(ii) If λ∞(TLu) ≤ C ‖u‖ for all n ∈ N and all u ∈ L(`n
p∗ , Æ (X)) then, the operator T is in

ΛL
p(X, E) and λL

p (T) ≤ C ‖u‖ .
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Proof.

(i) Suppose that T is in ΛL
p(X, E). Let n be in N and (xi)1≤i≤n , (yi)1≤i≤n ⊂ X. Consider

u (ei) = mxiyi , where (ei)1≤i≤n denote the unit vector basis of `n
p∗ . By (1.8), we have

‖u‖ = sup
‖ f ‖X#=1

(
n

∑
i=1
| f (xi)− f (yi)|p

) 1
p

and for α ∈ `n
p∗

|TLu (α)| =

∣∣∣∣∣TLu

(
n

∑
i=1

αiei

)∣∣∣∣∣
=

∣∣∣∣∣ n

∑
i=1

αiTL
(
mxi0 −myi0

)∣∣∣∣∣
=

∣∣∣∣∣ n

∑
i=1

αi (T (xi)− T (yi))

∣∣∣∣∣
([29, Part II, page 42]) ≤

(
n

∑
i=1
|T (xi)− T (yi)|p

) 1
p
(

n

∑
i=1
|αi|p

∗
) 1

p∗

≤
(

n

∑
i=1
|T (xi)− T (yi)|p

) 1
p

‖α‖`n
p∗

.

By [37, Proposition 1.2 and Theorem 1.3], we have

λ∞(TLu) ≤

∥∥∥∥∥∥
(

n

∑
i=1
|T (xi)− T (yi)|p

) 1
p
∥∥∥∥∥∥

≤ λL
p (T) ‖u‖

≤ C ‖u‖ .

This implies that TLu is in Λ∞(`n
p∗ , E) and λ∞(TLu) ≤ C ‖u‖.

(ii) Suppose that λ∞(TLu) ≤ C ‖u‖ for all n ∈ N and all u ∈ L(`n
p∗ , Æ (X)). This implies

by [37, Theorem 1.3] that λp (TL) ≤ C ‖u‖ and by Proposition 2.2.5, we have λL
p (T) ≤

C ‖u‖ .

22



Theorem 2.2.12. Let X be a pointed metric space and E be a Banach lattice. Consider T in Lip0 (X, E).

If the operator T is in ΛL
∞(X, E), then T is in ΛL

p(X, E) for 1 ≤ p ≤ ∞.

Proof. Suppose that T is in ΛL
∞(X, E). This implies by Proposition 2.2.8 that TL is in Λ∞(Æ(X), E).

We observe by [37, Theorem 1.5] that Λ∞(Æ(X), E) is a subspace of Λp(Æ(X), E). Therefore

TL ∈ Λp(Æ(X), E) and consequently by Proposition 2.2.7, we conclude that T ∈ ΛL
p(X, E).

2.2.1 Lipschitz factorable p-lattice summing operators

We give now the following definition to have an equivalent relation between the operator T

and its linearization TL. In a way, it is the reciprocal of Proposition 2.2.7.

Definition 2.2.13. Let 1 ≤ p < ∞ and T : X −→ E is Lipschitz map from pointed metric

space X into Banach space E. We say that T is Lipschitz factorable p-lattice summing if, there

exists a positive constant C such that for all n, m ∈ N, (xij)i,j; (yij)i,j ∈ X and all reals (λij)i,j,

(1 ≤ i ≤ n, 1 ≤ j ≤ m), we have

∥∥∥∥∥∥
(

n

∑
i=1

∣∣∣∣∣ m

∑
j=1

λij
(
T
(
xij
)
− T

(
yij
))∣∣∣∣∣

p) 1
p
∥∥∥∥∥∥ ≤ C sup

f∈BX#

(
n

∑
i=1

∣∣∣∣∣ m

∑
j=1

λij
(

f
(
xij
)
− f

(
yij
))∣∣∣∣∣

p) 1
p

. (2.4)

The class of all Lipschitz factorable p-lattice summing operators is denoted by ΛL, f
p (X, E). In this

case, we define λ
L, f
p (T) as the infimum of all constants C verifying (2.4).

Remark 2.2.14. Every Lipschitz factorable p-lattice summing operator is Lipschitz p-lattice sum-

ming operator, i.e., ΛL, f
p (X, E) ⊂ ΛL

p(X, E), and λL
p(T) ≤ λ

L, f
p (T) (we take m = 1).

Theorem 2.2.15. Let X be a pointed metric space and E be a Banach lattice. Consider T in Lip0(X, E).

Then T is Lipschitz factorable p-lattice summing if, and only if, TL is p-lattice summing, and we have

λ
L, f
p (T) = λp(TL).

Proof. Let n, m be in N, for (xij)i,j; (yij)i,j in X and (λij)i,j in R, (1 ≤ i ≤ n, 1 ≤ j ≤ m), we

have
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∥∥∥∥∥∥
(

n

∑
i=1

∣∣∣∣∣ m

∑
j=1

λij(T(xij)− T(yij))

∣∣∣∣∣
p) 1

p
∥∥∥∥∥∥ =

∥∥∥∥∥∥
(

n

∑
i=1

∣∣∣∣∣ m

∑
j=1

λijTL(mxijyij)

∣∣∣∣∣
p) 1

p
∥∥∥∥∥∥

=

∥∥∥∥∥∥
(

n

∑
i=1

TL

(
m

∑
j=1

λijmxijyij

)p) 1
p
∥∥∥∥∥∥

=

∥∥∥∥∥∥
(

n

∑
i=1
|TL(mi)|p

) 1
p
∥∥∥∥∥∥

≤ λp(TL) sup
ξ∈BÆ(X)∗

(
n

∑
i=1
|ξ(mi)|p

) 1
p

≤ λp(TL) sup
ξ∈BÆ(X)∗

(
n

∑
i=1

∣∣∣∣∣ξ
(

m

∑
j=1

λijmxijyij

)∣∣∣∣∣
p) 1

p

≤ λp(TL) sup
ξ∈BÆ(X)∗

(
n

∑
i=1

∣∣∣∣∣ m

∑
j=1

λijξ(mxijyij)

∣∣∣∣∣
p) 1

p

≤ λp(TL) sup
f∈BX#

(
n

∑
i=1

∣∣∣∣∣ m

∑
j=1

λij( f (xij)− f (yij))

∣∣∣∣∣
p) 1

p

.

This gives that T is Lipschitz factorable p-lattice summing and λ
L, f
p (T) ≤ λp(TL). Following

the inverse schema, we will have the reciprocal.

We give here a characterization of Lipschitz factorable p-lattice summing operators.

Proposition 2.2.16. Let 1 ≤ p ≤ ∞. Then T ∈ ΛL, f
p (X, E) if and only if, TLu ∈ Λ∞(`n

p∗ , E) for

all n ∈N and u ∈ L(`n
p∗ ,Æ(X)). In this case we have

λ
L, f
p (T) = sup

{
λ∞(TLu) : n ∈N and u ∈ L(`n

p∗ , Æ(X))
}

.

Proof. Consider T ∈ ΛL, f
p (X, E). This means that TL ∈ Λp(Æ(X), E). As TL is linear operator

and according Nielsen-Szulga theorem [37, Theorem 1.3], we have TLu ∈ Λ∞(`n
p∗ , E) for all

u ∈ L(`n
p∗ ,Æ(X)) and

λ
L, f
p (T) = λp(TL) = sup

{
λ∞(TLu) : n ∈N and u ∈ L(`n

p∗ , Æ(X))
}

.

We conclude by Theorem 2.2.15.
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2.2.2 Lipschitz p-regular operators

Let now T : E −→ F be a Lipschitz operators between Banach lattices E, F. We say that T is

Lipschitz p-regular, (1 ≤ p ≤ ∞) and we write T ∈ ρL
p (E, F), if there is a positive constant C

such that for every n in N, for all x1, ..., xn; y1, ..., yn in X and all non negative reals λ1, ..., λn,

we have

∥∥∥∥(λ
1
p
i (T (xi)− T (yi))

)∥∥∥∥
F(`n

p)
≤ C

∥∥∥∥(λ
1
p
i (xi − yi)

)∥∥∥∥
E(`n

p)

for p finite and

∥∥∥∥∥ sup
1≤i≤n

λi |T (xi)− T (yi)|
∥∥∥∥∥ ≤ C

∥∥∥∥∥ sup
1≤i≤n

λi |xi − yi|
∥∥∥∥∥

for p is infinite.

The best possible constant will be denoted by ρL
p (T).

If T is linear then the notions of regular and Lipschitz regular coincide with ρp(T) =

ρL
p(T). It was proved by Krivine in [28] (see also [29]) that every bounded linear operator

is 2-regular and every positive linear operator is p-regular for, 1 ≤ p ≤ ∞. In general, the

Lipschitz operators are not 2-regular, we can see [5].

Remark 2.2.17. Let T : X −→ E be a Lipschitz p-lattice summing operator. If R : E −→ F is

p-regular, then R ◦ T is Lipschitz p-lattice summing and

λL
p (R ◦ T) ≤ ρL

p (R) λL
p (T) .

Proposition 2.2.18. Let E, F, E1, F1 be Banach lattices and 1 ≤ p ≤ ∞. Consider a Lipschitz p-

regular operator T : E −→ F, a positive linear bounded operator u : F −→ F1 and a Lipschitz

operator R : E1 −→ E. Then, u ◦ T ◦ R is Lipschitz p-regular and

ρL
p(u ◦ T ◦ R) ≤ ‖u‖ ρL

p(T)Lip (R) .
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Proof. Since u is positive, we have

(
n

∑
i=1

λi |(uTR (ai)− uTR (bi))|p
) 1

p

=

(
n

∑
i=1

∣∣∣∣u(λ
1
p
i (TR (ai)− TR (bi))

)∣∣∣∣p
) 1

p

= sup
(αi)∈B`n

p∗

u

(
n

∑
i=1

λ
1
p
i (TR (ai)− TR (bi)) αi

)

≤ u

 sup
(αi)∈B`n

p∗

n

∑
i=1

λ
1
p
i (TR (ai)− TR (bi)) αi


≤ u

( n

∑
i=1

λi |TR (ai)− TR (bi)|p
) 1

p
 .

This yields∥∥∥∥(λ
1
p
i uTR (ai)− uTR (bi)

)∥∥∥∥
F1(`n

p)
=

∥∥∥∥u
(

λ
1
p
i (TR (ai)− TR (bi))

)∥∥∥∥
F1(`n

p)

(by [29, p. 55]) ≤ ‖u‖
∥∥∥∥(λ

1
p
i (TR (ai)− TR (bi))

)∥∥∥∥
F(`n

p)

≤ ‖u‖ ρL
p(T)

∥∥∥∥(λ
1
p
i (R (ai)− R (bi))

)∥∥∥∥
E(`n

p)

≤ ‖u‖ ρL
p(T)Lip (R)

∥∥∥∥(λ
1
p
i (ai − bi)

)∥∥∥∥
E1(`n

p)

and thus the announced result is obtained.

Remark 2.2.19. Let E, F, F1 be Banach lattices and 1 ≤ p ≤ ∞.

1. Consider a Lipschitz p-regular operator T : E −→ F and a Lipschitz p-concave operator

R : F −→ F1. Then, R ◦ T is Lipschitz p-concave and

Mp
Lip(R ◦ T) ≤ Mp

Lip (R) ρL
p(T).
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Indeed,∥∥∥∥(λ
1
p
i (R ◦ T (ai)− R ◦ T (bi))

)∥∥∥∥
`n

p(F1)

≤ Mp
Lip (R)

∥∥∥∥(λ
1
p
i (T (ai)− T (bi))

)∥∥∥∥
F(`n

p)

≤ Mp
Lip (R) ρL

p(T)
∥∥∥∥(λ

1
p
i (ai − bi)

)∥∥∥∥
E(`n

p)
.

2. Consider a Lipschitz p-regular operator T : E −→ F and a Lipschitz p-convex operator S :

E1 −→ E. Then, T ◦ S is Lipschitz p-convex and

Cp
Lip(T ◦ S) ≤ Cp

Lip (S) ρL
p(T).

3. If p = 2 and R is a bounded linear operator, we have

ρL
2 (T ◦ R) ≤ KGρL

2 (T) ‖R‖ ;

because every bounded linear operator R is 2-regular and ρ2(R) ≤ KG ‖R‖ (where KG is the

universal Grothendieck constant).

2.2.3 Lipschitz order bounded operators

Now, we define the Lipschitz order bounded operator.

Definition 2.2.20. An operator T in Lip0 (X, E) is called Lipschitz order bounded if there exists an

element a in E+ such that

|T (x)− T (y)| ≤ ad (x, y) , for all x, y ∈ X. (2.5)

The space of such operators is denoted by Lip0 (X, E). We let

Lip (T) = inf {‖a‖ : a satisfies (2.5)}

or

Lip (T) =

∥∥∥∥∥sup
x 6=y

|T (x)− T (y)|
d (x, y)

∥∥∥∥∥ (2.6)

which exists by (1.4); because T is order bounded as a map into E∗∗ (also we can take E a

complete Banach lattice). We have also
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Lip (T) ≤ Lip (T) . (2.7)

Indeed, we have for all x, y ∈ X

|T (x)− T (y)|
d (x, y)

≤ sup
x 6=y

|T (x)− T (y)|
d (x, y)

and consequently

‖T (x)− T (y)‖
d (x, y)

≤
∥∥∥∥∥sup

x 6=y

|T (x)− T (y)|
d (x, y)

∥∥∥∥∥
for all x, y ∈ X. By taking the sup, we obtain by (2.6) that Lip (T) ≤ Lip (T). It is clear that

Lip0 (X, E) is a vector space and that Lip (.) is a norm on Lip0 (X, E). Let us prove that the

space Lip0 (X, E) equipped with the norm Lip (.) is a Banach space. By (2.7) and [21, Lemma

3.100], it is enough to prove that if (Tn)n≥1 ⊂ Lip0 (X, E) such that
+∞

∑
n=1

Lip (Tn) < +∞, then

the operator T =
n

∑
i=1

Tn is in Lip0 (X, E) and Lip (T) ≤
+∞

∑
n=1

Lip (Tn). In this case

Lip (T) = inf

{
+∞

∑
n=1

Lip (Tn)

}
where the infimum is taken over all series in Lip0 (X, E) summing up to T. Consider ε > 0

and choose a sequence (an) ⊂ E+ such that

‖an‖ ≤ Lip (Tn) +
ε

2n , for n ≥ 1.

Then
+∞

∑
n=1
‖an‖ ≤

+∞

∑
n=1

Lip (Tn) + ε and hence from [21, Lemma 3.100] again , we can find

a ∈ E+, such that

‖a‖ ≤
+∞

∑
n=1

Lip (Tn) + ε.

We have Lip (T) ≤
+∞
∑

n=1
Lip (Tn) + ε. As ε is arbitrary, this proves the statement.

The following theorem is among our main results.

Theorem 2.2.21. Let X be a pointed metric space and E be a Banach lattice. Consider T in Lip0 (X, E) .

Then T is Lipschitz order bounded if, and only if, TL is order bounded and ‖TL‖m = Lip (T).

Proof. Suppose that TL is order bounded. Then there is a in E such that
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|TL (m)| ≤ a ‖m‖ for all m ∈ M (X) .

This implies for all x, y ∈ X

∣∣TL
(
mxy

)∣∣ ≤ a
∥∥mxy

∥∥
and hence

|T (x)− T (y)| ≤ ad (x, y)

by [45, Lemma 3.5] and (1.6).

For the converse, suppose that T is Lipschitz order bounded. So there is a in E such that for

all x, y in X, we have |T (x)− T (y)| ≤ ad (x, y) . Let m be inM (X). For ε > 0, consider a

representation of m =
n

∑
i=1

αimxiyi such that
n

∑
i=1
|αi| d (xi, yi) < ‖m‖+ ε. We have

|TL (m)| =

∣∣∣∣∣TL

(
n

∑
i=1

αimxiyi

)∣∣∣∣∣
=

∣∣∣∣∣ n

∑
i=1

αi (T (xi)− T (yi))

∣∣∣∣∣
≤ a

n

∑
i=1
|αi| d(xi, yi)

≤ a (‖m‖+ ε)

and this for all ε > 0. Thus |TL (m)| ≤ a ‖m‖ for all m inM (X) and by continuity |TL (m)| ≤

a ‖m‖ for all m in Æ(X).

The following corollary is immediate.

Corollary 2.2.22. Consider T in Lip0 (X, E) . Then T is Lipschitz order bounded if, and only if,(
Tt)∗ is order bounded and

∥∥∥(Tt)∗∥∥∥
m
= Lip (T).

Remark 2.2.23. If w : E −→ F is a positive linear operator, then w ◦ T is order bounded. Indeed,

consider x, y in X and a in E+ such that |T (x)− T (y)| ≤ ad (x, y). We have

|w ◦ T (x)− w ◦ T (y)| = |w (T (x)− T (y))|

≤ w (|T (x)− T (y)|)

≤ w (a) d (x, y) .
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As w is positive, then w (a) ∈ F+ and this implies that w ◦ T is order bounded.

We regard now the norm Lip as Lipschitz tensor product.

Definition 2.2.24. Let X be a pointed metric space and E be a Banach lattice. The space X# � E is

defined as the linear subspace of (X � E∗)′ spanned by the set

{
f � a : f ∈ X#, a ∈ E

}
.

This space is called the associated Lipschitz tensor product of X, E∗. For this concept, we

can also consult [24].

The Lipschitz operators of finite rank from X into E are majorizing; that is X# � E ⊂

Lip0 (X, E). Indeed, consider T =
n
∑

i=1
fi � ai in X# � E. We have

|T (x)− T (y)| =

∣∣∣∣∣ n

∑
i=1

( fi (x)− fi (y)) ai

∣∣∣∣∣
≤

n

∑
i=1
| fi (x)− fi (y)| |ai|

≤
(

n

∑
i=1

Lip ( fi) |ai|
)

d (x, y) .

This implies that X# � E is in Lip0 (X, E) and suggests us the following definition.

Definition 2.2.25. The Lip-tensor product X#�̂LipE is the closure of X# � E in Lip0 (X, E).

The following proposition generalizes, Proposition 1.2 of [37].

Proposition 2.2.26. Consider T in Lip0(X, E). The operator T is in ΛL
∞(X, E) if, and only if, T is

in Lip0 (X, E). In this case, λL
∞(T) = Lip (T) = λ∞(TL) = ‖TL‖m.

Proof. Suppose that T is in Lip0 (X, E). For ε > 0, there is a in E+ such that for all x, y in X,

we have

|T (x)− T (y)| ≤ ad (x, y)

with Lip (T) ≤ ‖e‖ ≤ (1 + ε)Lip (T) . This implies that, for every n in N, all x1, ..., xn; y1, ..., yn

in X and all non negative reals λ1, ..., λn, we have

sup
1≤i≤n

λi |T (xi)− T (yi)| ≤ a sup
1≤i≤n

λid (xi, yi)
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and hence

∥∥∥∥∥ sup
1≤i≤n

λi |T (xi)− T (yi)|
∥∥∥∥∥ ≤ ‖a‖ sup

1≤i≤n
λid (xi, yi)

≤ (1 + ε)Lip (T) sup
1≤i≤n

λid (xi, yi) .

As ε is arbitrary, then λL
∞(T) ≤ Lip (T).

Consider now T in ΛL
∞(X, E). By Proposition 2.2.8, this gives that TL is in Λ∞(Æ(X) , E)

and consequently for all x1, ..., xn; y1, ..., yn in X, we have

∥∥∥∥∥ sup
1≤i≤n

∣∣TL
(
mxiyi

)∣∣∥∥∥∥∥ ≤ λ∞(T) sup
1≤i≤n

∥∥mxiyi

∥∥ .

By [43, Proposition 3.4], there exists a in E+, ‖a‖ ≤ λ∞(T) such that for each x, y in X, one

has

∣∣∣∣∣TL

(
mxy∥∥mxy

∥∥
)∣∣∣∣∣ ≤ a. We conclude that for all x, y ∈ X, |T (x)− T (y)| ≤ ad (x, y) and

thus by (2.5), T is Lipschitz order bounded and Lip (T) ≤ λL
∞(T).

Corollary 2.2.27. The Lip-tensor product X#�̂LipE is a subspace of ΛL
p(X, E) for all 1 ≤ p ≤ ∞.

Proof. We have by definition X#�̂LipE ⊂ Lip0(X, E) and by Proposition 2.2.26 Lip0(X, E) =

ΛL
∞(X, E) with λL

∞(T) = Lip (T). If T is in ΛL
∞(X, E) then TL is in Λ∞(Æ (X) , E) which is

included in Λp(Æ (X) , E) by [37, Theorem 1.5(i)] and consequently T ∈ ΛL
p(X, E).

Lemma 2.2.28. Let X be a pointed metric space and E be a Banach lattice. Consider T in Lip0(X, E).

Then, T is Lipschitz order bounded operator if, and only if, there are a compact Haussdorff space K

and operators A ∈ Lip0(X, C(K)) and B ∈ L+(C(K), E) so that Lip(A) ≤ 1, ‖B‖m = Lip(T)

and T = B ◦ A.

Proof. Let T ∈ Lip0(X, E). This means by Theorem 2.2.21 that TL is order bounded operator.

Then, by a classical result we can find a compact Hausdorff space K and operators u ∈

L(Æ (X) , C(K)) and B ∈ L+(C(K), E) so that ‖u‖ ≤ 1, ‖B‖m = ‖TL‖m, TL = B ◦ u and the
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following diagram is commutative

X

A

��

T //

iX

''

E

Æ(X)

u

��

TL

77

C(K)

B

DD

Note that A = u ◦ iX ∈ Lip0(X, C(K)) and Lip(A) ≤ 1. Indeed,

Lip(A) = Lip(u ◦ iX) ≤ ‖u‖ ≤ 1.

Conversely, suppose that A ∈ Lip0(X, C(K)) and B ∈ L+(C(K), E) such that T = B ◦ A.

Let x, y ∈ X and a ∈ E+. We have

|T (x)− T (y) | = |B ◦ A (x)− B ◦ A (y) |

= |B (A (x)− A (y)) |

≤ a ‖A (x)− A (y)‖

≤ aLip(A)d (x, y) .

This implies that T ∈ Lip0(X, E).

We give the following extension theorem.

Theorem 2.2.29. Let X0 be a subspace of a pointed metric space X which contained the distinguished

element and E be a Banach lattice space. Then, each operator T in Lip0(X0, E) admits a Lipschitz

order bounded extension T̃ : X −→ E, with Lip(T̃) = Lip(T).

Proof. Consider T in Lip0(X0, E). By Lemma 2.2.28, T has the following factorization

X0
T //

A ""

E

C(K)
B

==

where A ∈ Lip0(X0, C(K)) and B ∈ L+(C(K), E) such that Lip(A) ≤ 1, ‖B‖m = Lip(T).

By the non linear Hahn-Banach theorem [10, Proposition 1.2], A admits an extension Ã ∈
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Lip0(X, C(K)) with Lip(Ã) = Lip(A). Hence, T admits an extension T̃ such that T̃ = B ◦ Ã.

We deduce from Lemma 2.2.28, that T̃ is Lipschitz order bounded operator with

Lip(T̃) ≤ ‖B‖m Lip(Ã) = Lip(T)Lip(A) ≤ Lip(T).

For the reverse inequality, note that T = T̃ ◦ i (i : X0 −→ X is the natural isometric embed-

ding) and hence *

Lip(T) = Lip(T̃ ◦ i) ≤ Lip(T̃).

2.3 Relationships between Lipschitz p-lattice summing and

Lipschitz p-summing operators

In this section, we try to make the connection between Lipschitz p-lattice summing and

Lipschitz p-summing operators.

Theorem 2.3.1. Consider 1 ≤ p < ∞. Let T : X −→ E be a Lipschitz map. If T is in ΛL
p(X, E),

then for all Lipschitz p-concave operator S : E −→ F, S ◦ T is Lipschitz p-summing and

πL
p (ST) ≤ ML

p(S)λ
L
p(T).

Proof. Let T be in ΛL
p(X, E) and consider S : E −→ F a Lipschitz p-concave operator. We

have for every n in N, all (xi) , (yi) ⊂ X and all non negative reals λ1, ..., λn∥∥∥∥∥
(

λ
1
p
i (ST (xi)− ST (yi))

)
1≤i≤n

∥∥∥∥∥
`n

p(F)

≤ ML
p(S)

∥∥∥∥∥
(

λ
1
p
i (T (xi)− T (yi))

)
1≤i≤n

∥∥∥∥∥
E(`n

p)

≤ ML
p(S)λL

p(T)ωL
p

((
λ

1
p
i

)
, (xi), (yi)

)
.

This implies that S ◦ T is Lipschitz p-summing and πL
p (ST) ≤ ML

p(S)λL
p(T).

Proposition 2.3.2. Consider 1 ≤ p < ∞. Let T : X −→ E be a Lipschitz map. If T is in ΛL
p(X, E),

then for all p-concave space F and all positive bounded linear operator ϕ : E −→ F, ϕ ◦ T is in
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ΠL
p (X, F) and

πL
p (ϕT) ≤ ‖ϕ‖Mp (F) λL

p(T).

Proof. We have for every n in N, all (xi) , (yi) ⊂ X and all non negative reals λ1, ..., λn

∥∥∥∥∥
(

λ
1
p
i (ϕT (xi)− ϕT (yi))

)
1≤i≤n

∥∥∥∥∥
`n

p(F)

≤ Mp (F)

∥∥∥∥∥∥
(

n

∑
i=1

λ
1
p
i |ϕT (xi)− ϕT (yi)|p

) 1
p
∥∥∥∥∥∥

(Proposition 2.2.5) ≤ ‖ϕ‖Mp (F)

∥∥∥∥∥∥
(

n

∑
i=1

λ
1
p
i |T (xi)− T (yi)|p

) 1
p
∥∥∥∥∥∥

≤ ‖ϕ‖Mp (F) λL
p(T)ω

L
p

((
λ

1
p
i

)
, (xi)i, (yi)i

)
.

This implies that ϕ ◦ T is Lipschitz p-summing and πL
p (ϕT) ≤ ‖ϕ‖Mp (F) λL

p(T).

Corollary 2.3.3. Let X be a pointed metric space and E be a p-concave Banach lattice. Then, every

Lipschitz p-lattice summing operator T from X into E is Lipschitz p-summing and

πL
p (T) ≤ Mp (E) λL

p(T).

Theorem 2.3.4. Let X be a pointed metric space and let E be a Banach lattice. Consider T : X −→ E

a Lipschitz map. If the operator T is in ΠL
p(X, E), then for all Lipschitz p-convex S : E −→ F, we

have S ◦ T is in ΛL
p(X, F) and

λL
p(S ◦ T) ≤ CL

p (S)πL
p(T).

Proof. As F is p-convex, we have for every n in N, all (xi) , (yi) ⊂ X and all non negative

reals λ1, ..., λn∥∥∥∥∥∥
(

n

∑
i=1

λi |ST (xi)− ST (yi)|p
) 1

p
∥∥∥∥∥∥

F

≤ CL
p (S)

(
n

∑
i=1

λi ‖T (xi)− T (yi)‖
p
F

) 1
p

(Proposition 2.2.5) ≤ CL
p (S)

(
n

∑
i=1

λi ‖T (xi)− T (yi)‖
p
E

) 1
p

≤ CL
p (S)πL

p(T)ω
L
p

((
λ

1
p
i

)
, (xi), (yi)

)
.

This implies that S ◦ T is Lipschitz p-lattice summing and λL
p(S ◦ T) ≤ CL

p (S)πL
p(T).
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Corollary 2.3.5. Let X be a pointed metric space and E be a p-convex Banach lattice. Then, every

Lipschitz p-summing operator T from X into E is Lipschitz p-lattice summing and

λL
p(T) ≤ Cp (E)πL

p (T) .

Corollary 2.3.6. If E = F = Lp (Ω, µ) and S =IdLp(Ω,µ) then, ΠL
p(X, Lp (Ω, µ)) = ΛL

p(X, Lp (Ω, µ))

and πL
p (T) = λL

p(T).

Proof. This comes from the fact that Lp (Ω, µ) is p-convex and p-concave with CL
p
(

Lp (Ω, µ)
)
=

ML
p
(

Lp (Ω, µ)
)
= 1.

Remark 2.3.7. Let T : X −→ E, S : Z −→ X and R : E −→ F be Lipschitz maps. Then

(i) If T is Lipschitz p- lattice summing operator and S is Lipschitz p-summing, then T ◦ S is

Lipschitz p-lattice summing and

λL
p(T ◦ S) ≤ λL

p(T)π
L
p (S) .

(ii) If T is p-regular and R is Lipschitz p-summing, then R ◦ T is Lipschitz p-summing and

πL
p (R ◦ T) ≤ ρL

p(T)π
L
p (R) .
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Chapter 3

Characterization of Lipschitz σ-nuclear

operators

In this chapter, we introduce a new category of Lipschitz operators which called Lipschitz

σ-nuclear operators. At the beginning we give a reminder about the classes of σ-nuclear op-

erators. Then, we extend this concept to Lipschitz case and we characterize this type of

operators by introducing an equivalent definition and factorization theorem. Furthermore,

we prove that the definition of Lipschitz σ-nuclear operators is a good generalization and

this space of operators is Banach Lipschitz operator ideals. Finally, we give another class of

Lipschitz operators which called Lipschitz σ-integral operators as generalization of σ-integral

operators and its factorization theorem.

3.1 Linear σ-nuclear operators

In this section, we recall the notion of σ-nuclear for linear case as σ-nuclear operators which

introduced by A. Pietsch [38] and σ(p)-nuclear operators for linear and multilinear opera-

tors which introduced by X. Mujica in her thesis [34].

The following definition is mentioned in [38].

Definition 3.1.1. Let E, F be a Banach spaces and T : E −→ F be a bounded linear operator. We

say that T is σ-nuclear operator if T =
∞

∑
i=1

a∗i ⊗ bi with (a∗i )
∞
i=1 ⊂ E∗ and (bi)

∞
i=1 ⊂ F such that the

family (a∗i ⊗ bi)
∞
i=1 is unconditionally summable in the operator norm.

The set of all σ-nuclear operators is denoted by Nσ (E, F) and the σ-nuclear norm is
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denoted by ησ (T) and it is defined by

ησ(T) := inf sup

{
∞

∑
i=1
|a∗i (a)b∗(bi)|, a ∈ BE, b∗ ∈ BF∗

}
,

where the infimum is taken over all σ-nuclear representations.

The following definition is an equivalent definition for σ-nuclear operators given by G.

Botelho and X. Mujica in their article [11, Proposition 2.1].

Definition 3.1.2. We say that a bounded linear operator T : E −→ F is σ-nuclear operator if there

exist (λi)
∞
i=1 ∈ `∞, (a∗i )

∞
i=1 ⊂ E∗ and (bi)

∞
i=1 ⊂ F such that T =

∞

∑
i=1

λia∗i ⊗ bi,

sup
a∈BE

b∗∈BF∗

∞

∑
i=1
|a∗i (a)b∗(bi)| < ∞

and

lim
m→∞

sup
a∈BE

b∗∈BF∗

∞

∑
i=m
|a∗i (a)b∗(bi)| = 0.

The σ-nuclear norm defined in this case as follows

ησ(T) := inf sup

{
‖(λi)

∞
i=1‖∞

∞

∑
i=1
|a∗i (a)b∗(bi)|, a ∈ BE, b∗ ∈ BF∗

}
.

Example 3.1.3. Let E be a Banach space and (ai)
∞
i=1 ⊂ E. We construct the spaces U and V as

follows

U :=
{
(αi)

∞
i=1 ⊂ C : (αiβ

−2
i ai)

∞
i=1 ∈ `u

p(E)
}

(3.1)

with the norm

‖(αi)
∞
i=1‖U := sup

a∗∈BE∗

(
∞

∑
i=1

β
−2p
i |αia∗(ai)|p

) 1
p

,

where (βi)
∞
i=1 is decreasing sequence in c0 such that 0 ≤ βi ≤ 1.

V :=
{
(γi)

∞
i=1 ⊂ C : (γiai)

∞
i=1 ∈ `u

p(E)
}

(3.2)

37



with the norm

‖(γi)
∞
i=1‖V := sup

a∗∈BE∗

(
∞

∑
i=1
|γia∗(ai)|p

) 1
p

.

Then (U , ‖ · ‖U ) and (V , ‖ · ‖V ) are Banach spaces and the sequences (ei)
∞
i=1 and (vi)

∞
i=1 of

standard unit vectors form a hyperorthogonal bases in U and V , respectively.

Define a diagonal operator

D : U −→ V , D((αi)
∞
i=1) = (β−1

i αi)
∞
i=1 (3.3)

for all (αi)
∞
i=1 ∈ U . We have

‖(β−1
i αi)

∞
i=1‖V = sup

a∗∈BE∗

(
∞

∑
i=1
|β−1

i αia∗(ai)|p
) 1

p

≤ sup
a∗∈BE∗

(
∞

∑
i=1

β
−2p
i |αia∗(ai)|p

) 1
p

= ‖(αi)
∞
i=1‖U .

Hence, D is well defined and it has a σ-nuclear representation

D =
∞

∑
i=1

β−1
i e∗i ⊗ vi,

where each e∗i ∈ U ∗ is the i-th coordinate functional.

For every (αk)
∞
k=1 ∈ BU and ω∗ ∈ BV∗ , we have

∞

∑
i=1

∣∣∣β−1
i e∗i ((αk)

∞
k=1)ω

∗(vi)
∣∣∣ =

∞

∑
i=1

∣∣∣β−1
i αiω

∗(vi)
∣∣∣

=
∞

∑
i=1

ζiβ
−1
i αiω

∗(vi), (|ζ| = 1)

≤
∥∥∥∥∥ ∞

∑
i=1

ζiβ
−1
i αivi

∥∥∥∥∥
V

= sup
a∗∈BE∗

(
∞

∑
i=1

β
−p
i |αia∗(ai)|p

) 1
p

≤ sup
a∗∈BE∗

(
∞

∑
i=1

β
−2p
i |αia∗(ai)|p

) 1
p

= ‖(αk)
∞
k=1‖U ≤ 1.
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So,

sup
(αk)

∞
k=1∈BU

ω∗∈BW∗

∞

∑
i=1

∣∣∣β−1
i e∗i ((αk)

∞
k=1)ω

∗(vi)
∣∣∣ < ∞.

On the other hand, for all m ∈N and using the same steps as above, we get

∞

∑
i=m

∣∣∣β−1
i e∗i ((αk)

∞
k=1)ω

∗(vi)
∣∣∣ ≤ βm‖(αk)

∞
k=1‖U ≤ βm.

Then,

lim
m→∞

sup
(αk)

∞
k=1∈BU

ω∗∈BW∗

∞

∑
i=m

∣∣∣β−1
i e∗i ((αk)

∞
k=1)ω

∗(vi)
∣∣∣ ≤ lim

m→∞
βm = 0.

Consequently, D ∈ Nσ(U ,V) and ησ(D) ≤ 1.

3.2 Lipschitz σ-nuclear operators

In this section, we introduce the class of Lipschitz σ-nuclear operators as generalization of

σ-nuclear operators which mentioned in previous section. Furthermore, we present some

results that shows that it is indeed a generalization of σ-nuclear operators which presented

by G. Botelho and X. Mujica [11, Proposition 2.1].

3.2.1 Definitions

Now, we introduce the notion of σ-nuclear operators in Lipschitz case.

Definition 3.2.1. Let X be a pointed metric space and E be a Banach space. Consider T ∈ Lip0(X, E),

we say that T is Lipschitz σ-nuclear operator if there are sequences ( fi)
∞
i=1 in X# and (ai)

∞
i=1 in E

such that T =
∞

∑
i=1

fi ⊗ ai and the sequence ( fi ⊗ ai)
∞
i=1 is unconditionally summable in Lip0(X, E).

The set of all Lipschitz σ-nuclear operators is denoted by N L
σ (X, E) and the Lipschitz

σ-nuclear norm is denoted by ηL
σ (T) and it is defined by

ηL
σ (T) = inf

 sup
x 6=y

a∗∈BE∗

∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣
 ,
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where the infimum is taken over all Lipschitz σ-nuclear representations of T.

Recall that for Banach space Z, a subset M of the dual unit ball BZ∗ is said to be norming,

if

‖z‖ = sup
z∗∈M

|z∗(z)|

for all z ∈ Z.

Lemma 3.2.2. A Lipschitz operator T ∈ Lip0(X, E) is Lipschitz σ-nuclear if and only if there are

sequences (λi)
∞
i=1 ∈ `∞, ( fi)

∞
i=1 ⊂ X# and (ai)

∞
i=1 ⊂ E such that T =

∞

∑
i=1

λi fi ⊗ ai,

sup
x 6=y

a∗∈BE∗

∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣ < ∞

and

lim
m−→∞

sup
x 6=y

a∗∈BE∗

∞

∑
i=m

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣ = 0.

In this case,

ηL
σ (T) = ηL

σ(1) (T) := inf


∥∥(λi)

∞
i=1

∥∥
∞ sup

x 6=y
a∗∈BE∗

∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣
 ,

where the infimum is taken over all Lipschitz σ(1)-nuclear representations of T.

Proof. By [20], a sequence (zi)
∞
i=1 is unconditionally summable in Banach space Z if and only

if

sup
ϕ∈M

∞

∑
i=1
|ϕ(zi)| < ∞

and

lim
m→∞

sup
ϕ∈M

∞

∑
i=m
|ϕ(zi)| = 0,

for some norming set M ⊆ BZ∗ .

Let x, y ∈ X and a∗ ∈ BE∗ with x 6= y, define the map

ϕδxy,a∗ : Lip0(X, E)→ K, ϕδxy,a∗(T) := a∗
(

T(x)− T(y)
d(x, y)

)
,
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where δxy ∈ (X#)∗ defined by, δxy(g) :=
g(x)− g(y)

d(x, y)
, for all g ∈ X#

We can easily to prove that ϕδxy,a∗ is a continuous linear form and ‖ϕδxy,a∗‖ ≤ 1. Then, the

set

M =
{

ϕδxy,a∗ , δxy ∈ B(X#)∗ , a∗ ∈ BE∗
}

is subset of B(Lip0(X,E))
∗ .

Let us check that M is norming. Give ϕ ∈ M, we have

sup
ϕ∈M
|ϕ(T)| = sup

ϕδxy ,a∗∈M
|ϕδxy,a∗(T)|

= sup
x 6=y

a∗∈BE∗

∣∣∣∣a∗ (T(x)− T(y)
d(x, y)

)∣∣∣∣
= sup

x 6=y

∥∥∥∥T(x)− T(y)
d(x, y)

∥∥∥∥
= Lip(T).

For Z = Lip0(X, E) and (zi)
∞
i=1 = ( fi ⊗ ai)

∞
i=1 ⊂ Z. We take ϕ ∈ M

|ϕ( fi ⊗ ai)| =
∣∣∣ϕδxy,a∗( fi ⊗ ai)

∣∣∣
=

∣∣∣∣a∗ ( fi(x)− fi(y)
d(x, y)

ai

)∣∣∣∣
=

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗(ai)

∣∣∣∣
for x, y ∈ X with x 6= y, a∗ ∈ E∗.

Since ( fi ⊗ ai)
∞
i=1 is unconditionally summable sequence in Lip0(X, E), that equivalently

with

sup
ϕ∈D

∞

∑
i=1
|ϕ( fi ⊗ ai)| = sup

x 6=y
a∗∈BE∗

∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣ < ∞

and

lim
m→∞

sup
ϕ∈D

∞

∑
i=m
|ϕ( fi ⊗ ai)| = lim

m→∞
sup
x 6=y

a∗∈BE∗

∞

∑
i=m

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣ = 0.
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Now, consider T =
∞

∑
i=1

fi ⊗ ai =
∞

∑
i=1

λi fi ⊗ ai with λi = 1, we have

ηL
σ(1)(T) = inf


∥∥(λi)

∞
i=1

∥∥
∞ sup

x 6=y
a∗∈BE∗

∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣


≤ inf

 sup
x 6=y

a∗∈BE∗

∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣
 = ηL

σ(T).

On the other hand, let T =
∞

∑
i=1

λi fi ⊗ ai =
∞

∑
i=1

fi ⊗ bi where bi = λiai, we have

ηL
σ(T) = inf

 sup
x 6=y

a∗∈BE∗

∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (bi)

∣∣∣∣


= inf

 sup
x 6=y

a∗∈BE∗

∞

∑
i=1
|λi|

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣


≤ inf

‖(λi)
∞
i=1‖∞ sup

x 6=y
a∗∈BE∗

∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣
 = ηL

σ(1)(T).

Motivated by Lemma 3.2.2, we characterize the Definition 3.2.1 as follows.

Definition 3.2.3. We say that a Lipschitz operator T from a pointed metric space X to a Banach

space E is Lipschitz σ-nuclear if there are sequences (λi)
∞
i=1 ∈ `∞, ( fi)

∞
i=1 ⊂ X# and (ai)

∞
i=1 ⊂ E

such that T =
∞

∑
i=1

λi fi ⊗ ai,

sup
x 6=y

a∗∈BE∗

∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣ < ∞

and

lim
m−→∞

sup
x 6=y

a∗∈BE∗

∞

∑
i=m

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣ = 0.
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In this case, the Lipschitz σ-nuclear norm becomes defined as

ηL
σ (T) = inf


∥∥(λi)

∞
i=1

∥∥
∞ sup

x 6=y
a∗∈BE∗

∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣
 ,

where the infimum is taken over all Lipschitz σ-nuclear representations of T.

3.2.2 Factorization theorem and some results

The Lipschitz σ-nuclear operator can be factorized as the following theorem, for the proof,

we use the same techniques of [38, Theorem 23.2.5] and [34].

Theorem 3.2.4. An operator T ∈ N L
σ (X, E) if and only if, the following diagram is commutes

X T //

A ��

E

F
B

??

where, A ∈ Lip0F (X, F), B ∈ L f (F, E) and F is a Banach space having a hyperorthogonal basis

(ei)
∞
i=1. And we have ηL

σ (T) = inf Lip (A) . ‖B‖ where the infimum is taken over all possible

factorizations.

Proof. ⇒) Consider ε > 0, T ∈ N L
σ (X, E) and let

∞

∑
i=1

λi fi ⊗ ai be a representation of T, such

that

sup
x 6=y

a∗∈BE∗

∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣ ≤ (1 + ε) ‖(λi)
∞
i=1‖−1

∞ ηL
σ (T) .

We have for all x, y ∈ X with x 6= y and a∗ ∈ E∗,

∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

‖a∗‖

∣∣∣∣ ≤ sup
x 6=y

a∗∈BE∗

∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣
≤ (1 + ε) ‖(λi)

∞
i=1‖−1

∞ ηL
σ (T) ,

it follows that

∞

∑
i=1
|( fi (x)− fi (y)) a∗ (ai)| ≤ (1 + ε) ‖(λi)

∞
i=1‖−1

∞ ηL
σ (T) d (x, y) ‖a∗‖ .
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We put |( fi (x)− fi (y)) a∗ (ai)| = |αi|, obvious that (αi)
∞
i=1 ∈ `1. By Lemma 8.6.4 in [38],

there exists a decreasing sequence ($i)
∞
i=1 ∈ c0 with 0 ≤ $i ≤ 1 such that

∞

∑
i=1

$−1
i |αi| ≤ (1 + ε)

∞

∑
i=1
|αi|.

We conclude that

∞

∑
i=1

$−1
i |( fi (x)− fi (y)) a∗ (ai)| ≤ (1 + ε)

∞

∑
i=1
|( fi (x)− fi (y)) a∗ (ai)|

≤ (1 + ε)2 ‖(λi)
∞
i=1‖−1

∞ ηL
σ (T) d (x, y) ‖a∗‖ .

We can consider $i = β2
i , where (βi) ∈ c0 such that 1 ≥ β1 ≥ β2 ≥ ... ≥ 0. Thus,

∞

∑
i=1

β−2
i |( fi (x)− fi (y)) a∗ (ai)| ≤ (1 + ε)2 ‖(λi)

∞
i=1‖−1

∞ ηL
σ (T) d (x, y) ‖a∗‖ .

Let

F :=
{

t = (τi)
∞
i=1 ∈ C : (τiβ

−1
i ai)

∞
i=1 is unconditionally summable

}
and

‖t‖F := sup
a∗∈BE∗

∞

∑
i=1
|β−1

i τia∗(ai)|.

Then (F, ‖ · ‖F) is a Banach space and the sequence (ei)
∞
i=1 of standard unit vectors forms a

hyperorthogonal basis in F. Indeed, let |γi| ≤ |θi|, we have∥∥∥∥∥ n

∑
i=1

γiei

∥∥∥∥∥
F

= ‖(γi)
n
i=1‖F

= sup
a∗∈BE∗

n

∑
i=1

∣∣∣γiβ
−1
i a∗ (ai)

∣∣∣
≤ sup

a∗∈BE∗

n

∑
i=1

∣∣∣θiβ
−1
i a∗ (ai)

∣∣∣
= ‖(θi)

n
i=1‖F =

∥∥∥∥∥ n

∑
i=1

θiei

∥∥∥∥∥
F

,

for all n ∈N.

Define A ∈ Lip0(X, F) and B ∈ L (F, E) by

A (x) = fi (x) , for x ∈ X, fi ∈ X#
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and

B(t) = B ((τi)
∞
i=1) = B

(
∞

∑
i=1

τiei

)
=

∞

∑
i=1

τiB(ei) =
∞

∑
i=1

λiτiai,

for t ∈ F and (λi)
∞
i=1 ∈ `∞.

Hence, it follows that

B ◦ A(x) = B(( fi(x))∞
i=1) =

∞

∑
i=1

λi fi(x)ai = Tx.

Usually, we take Pm : F → F such that Pm((ξi)
∞
i=1) := (ξi)

m
i=1. Then

‖(A− Pm A)x− (A− Pm A)y‖F =
∥∥( fi(x)− fi(y))∞

i=m+1
∥∥

F

= sup
a∗∈BE∗

∞

∑
i=m+1

β−1
i |( fi(x)− fi(y))a∗(ai)|

= sup
a∗∈BE∗

∞

∑
i=m+1

βiβ
−2
i |( fi(x)− fi(y))a∗(ai)|

≤ βm+1 sup
a∗∈BE∗

∞

∑
i=m+1

β−2
i |( fi(x)− fi(y))a∗(ai)|

≤ βm+1(1 + ε)2‖(λi)
∞
i=1‖−1

∞ ηL
σ(T)d(x, y)

and

‖(B− BPm)t‖ =

∥∥∥∥∥ ∞

∑
i=m+1

λiτiai

∥∥∥∥∥
= sup

a∗∈BE∗

∞

∑
i=m+1

|λiτia∗(ai)|

≤ ‖(λi)
∞
i=1‖∞ sup

a∗∈BE∗

∞

∑
i=m+1

|τia∗(ai)|

≤ ‖(λi)
∞
i=1‖∞ sup

a∗∈BE∗

∞

∑
i=m+1

βiβ
−1
i |τia∗(ai)|

≤ βm+1‖(λi)
∞
i=1‖∞ sup

a∗∈BE∗

∞

∑
i=m+1

|τiβ
−1
i a∗(ai)|

≤ βm+1‖(λi)
∞
i=1‖∞‖t‖F.

Hence
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Lip(A− Pm A) ≤ βm+1(1 + ε)2‖(λi)
∞
i=1‖−1

∞ ηL
σ(T)

and

‖B− BPm‖ ≤ βm+1‖(λi)
∞
i=1‖∞.

So, A ∈ Lip0F (X, F) and B ∈ L f (F, E) with

Lip(A) ≤ (1 + ε)2‖(λi)
∞
i=1‖−1

∞ ηL
σ(T) and ‖B‖ ≤ ‖(λi)

∞
i=1‖∞.

It follows that Lip(A)‖B‖ ≤ (1 + ε)2ηL
σ(T). Then, ηL

σ(T) = inf Lip(A)‖B‖ where the infi-

mum is taken over all possible factorizations.

⇐) Assume that T have the precedent factorization. Consider A ∈ Lip0F (X, F), B ∈

L f (F, E) and F is Banach space having a hyperorthogonal basis.

Let (ei)
∞
i=1 be a hyperorthogonal basis of F and (vi) ∈ F∗ be a sequence of corresponding

coordinate functionals, we have

A (x) =
∞

∑
i=1

vi (A (x)) ei =
∞

∑
i=1

Atvi (x) ei.

By composing with B, we get

T (x) = B ◦ A (x) = B

(
∞

∑
i=1

Atvi (x) ei

)
=

∞

∑
i=1

Atvi (x) B (ei) .

Therefore, considering fi = Atvi ∈ X# , as there are (λi)
∞
i=1 ∈ `∞ \ {0} and (ai)

∞
i=1 ∈ E such

that B(ei) = λiai. Then T has the representation

T = ∑∞
i=1 λi fi ⊗ ai.

In order to show that T is Lipschitz σ-nuclear operator. We have

sup
x 6=y

a∗∈BE∗

m

∑
i=1

∣∣∣∣ fi (x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣ = sup
x 6=y

a∗∈BE∗

m

∑
i=1

∣∣∣∣∣Atvi
(
x)− Atvi(y

)
d(x, y)

a∗
(

B(ei)

λi

)∣∣∣∣∣
≤ ‖(λi)

∞
i=1‖−1

∞ sup
x 6=y

a∗∈BE∗

m

∑
i=1

∣∣∣∣vi (Ax)− vi(Ay)
d(x, y)

a∗ (B(ei))

∣∣∣∣
= ‖(λi)

∞
i=1‖−1

∞ sup
x 6=y

a∗∈BE∗

m

∑
i=1

∣∣∣∣vi

(
Ax− Ay
d(x, y)

)
a∗ (B(ei))

∣∣∣∣
= ‖(λi)

∞
i=1‖−1

∞ sup
u∈ImLip(A)

a∗∈BE∗

m

∑
i=1
|vi (u) a∗ (B(ei))| .
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Let εi = ±1, we have to estimate the latter expression. Observe that

sup
u∈ImLip(A)

a∗∈BE∗

m

∑
i=1
|vi (u) a∗ (B(ei))| = sup

u∈ImLip(A)
a∗∈BE∗

∣∣∣∣∣ m

∑
i=1

εivi (u) a∗ (B(ei))

∣∣∣∣∣
= sup

u∈ImLip(A)
a∗∈BE∗

∣∣∣∣∣a∗
(

B

(
m

∑
i=1

εivi (u) ei

))∣∣∣∣∣
(by Hahn-Banach) = sup

u∈ImLip(A)

∥∥∥∥∥B

(
m

∑
i=1

εivi (u) ei

)∥∥∥∥∥
≤ ‖B‖ sup

u∈ImLip(A)

∥∥∥∥∥ m

∑
i=1

εivi (u) ei

∥∥∥∥∥ .

Since (ei)i is hyperorthogonal basis and |εi| = 1, for all i ≥ 1, then

sup
u∈ImLip(A)

∥∥∥∥∥ m

∑
i=1

εivi (u) ei

∥∥∥∥∥ ≤ sup
u∈ImLip(A)

∥∥∥∥∥ m

∑
i=1

vi (u) ei

∥∥∥∥∥ .

Therefore

sup
x 6=y

a∗∈BE∗

m

∑
i=1

∣∣∣∣ fi (x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣ ≤ ‖(λi)
∞
i=1‖−1

∞ ‖B‖ sup
u∈ImLip(A)

∥∥∥∥∥ m

∑
i=1

vi (u) ei

∥∥∥∥∥
≤ ‖(λi)

∞
i=1‖−1

∞ ‖B‖ sup
u∈ImLip(A)

‖Pm(u)‖ ,

where (Pm)m the sequence of canonical projections, Pm(u) =
m

∑
i=1

vi(u)ei.

Thanks to [33, Corollary 26.3 (a)], there is a constant C ≥ 1 such that ‖Pm(u)‖ ≤ C‖u‖. It

follows that

sup
x 6=y

a∗∈BE∗

m

∑
i=1

∣∣∣∣ fi (x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣ ≤ C‖(λi)
∞
i=1‖−1

∞ ‖B‖ sup
u∈ImLip(A)

‖u‖

= C‖(λi)
∞
i=1‖−1

∞ ‖B‖ sup
x 6=y

‖A(x)− A(y)‖
d(x, y)

= C‖(λi)
∞
i=1‖−1

∞ ‖B‖Lip(A) < ∞.
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Now we will prove that

lim
m−→∞

sup
x 6=y

a∗∈BE∗

∞

∑
i=m

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣ = 0.

We have

sup
x 6=y

a∗∈BE∗

∞

∑
i=m+1

∣∣∣∣ fi (x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣ = sup
x 6=y

a∗∈BE∗

∞

∑
i=m+1

∣∣∣∣∣Atvi
(
x)− Atvi(y

)
d(x, y)

a∗
(

B(ei)

λi

)∣∣∣∣∣
≤ ‖(λi)

∞
i=1‖−1

∞ sup
x 6=y

a∗∈BE∗

∞

∑
i=m+1

∣∣∣∣vi (Ax)− vi(Ay)
d(x, y)

a∗ (B(ei))

∣∣∣∣
= ‖(λi)

∞
i=1‖−1

∞ sup
x 6=y

a∗∈BE∗

∞

∑
i=m+1

∣∣∣∣vi

(
Ax− Ay
d(x, y)

)
a∗ (B(ei))

∣∣∣∣
= ‖(λi)

∞
i=1‖−1

∞ sup
u∈ImLip(A)

a∗∈BE∗

∞

∑
i=m+1

|vi (u) a∗ (B(ei))|

≤ ‖(λi)
∞
i=1‖−1

∞ sup
u∈ImLip(A)

a∗∈BE∗

∞

∑
i=m+1

|vi (u) a∗ (B(ei))| .

Let εi = ±1, we have to estimate the latter expression. Observe that

sup
u∈ImLip(A)

a∗∈BE∗

∞

∑
i=m+1

|vi (u) a∗ (B(ei))| = sup
u∈ImLip(A)

a∗∈BE∗

∣∣∣∣∣ ∞

∑
i=m+1

εivi (u) a∗ (B(ei))

∣∣∣∣∣
= sup

u∈ImLip(A)
a∗∈BE∗

∣∣∣∣∣a∗
(

B

(
∞

∑
i=m+1

εivi (u) ei

))∣∣∣∣∣
= sup

u∈ImLip(A)

∥∥∥∥∥B

(
∞

∑
i=m+1

εivi (u) ei

)∥∥∥∥∥
≤ ‖B‖ sup

u∈ImLip(A)

∥∥∥∥∥ ∞

∑
i=m+1

εivi (u) ei

∥∥∥∥∥ .

Since (ei)i is hyperorthogonal basis and |εi| = 1, for all i ≥ 1, then

sup
u∈ImLip(A)

∥∥∥∥∥ ∞

∑
i=m+1

εivi (u) ei

∥∥∥∥∥ ≤ sup
u∈ImLip(A)

∥∥∥∥∥ ∞

∑
i=m+1

vi (u) ei

∥∥∥∥∥ .
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Therefore

sup
x 6=y

a∗∈BE∗

∞

∑
i=m+1

∣∣∣∣ fi (x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣ ≤ ‖(λi)
∞
i=1‖−1

∞ ‖B‖ sup
u∈ImLip(A)

∥∥∥∥∥ ∞

∑
i=m+1

vi (u) ei

∥∥∥∥∥
≤ ‖(λi)

∞
i=1‖−1

∞ ‖B‖ sup
u∈ImLip(A)

‖u− Pm(u)‖ ,

We know that every Lipschitz approximable operators are Lipschitz compact operators

[23], it follows that ImLip(A) is compact in F. We have by [33, Corollary 26.3 (b)] the se-

quence (Pm) converges to the identity uniformly on ImLip(A), i.e.

lim
m→∞

sup
u∈ImLip(A)

‖u− Pm(u)‖ = 0.

Consequently,

lim
m−→∞

sup
x 6=y

a∗∈BE∗

∞

∑
i=m

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣ = 0.

This proves that T is Lipschitz σ-nuclear operator.

Proposition 3.2.5. If X is Banach space and T is bounded linear operator, then T is Lipschitz σ-

nuclear if and only if it is σ-nuclear operator, with

ηL
σ(T) = ησ(T).

Proof. Let T be a bounded linear operator. If T ∈ N L
σ (X, E), then the operator A which

mentioned in Theorem 3.2.4 is linear. So, T admits the same factorization of Nσ(X, E).

The other side of the proof is obvious.

Proposition 3.2.6. An operator T ∈ N L
σ (X, E) if and only if, its linearization TL ∈ Nσ (Æ(X), E),

with

ηL
σ(T) = ησ(TL).

Proof. Suppose that T ∈ N L
σ (X, E), then T = B ◦ A such that A ∈ Lip0F (X, F), B ∈ L f (F, E)

and F is a Banach space having a hyperorthogonal basis.

We have

TL = (B ◦ A)L = B ◦ AL.

Since A ∈ Lip0F (X, F) then AL ∈ L f (Æ(X), F), so TL ∈ Nσ (Æ(X), E).
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Conversely, let TL ∈ Nσ (Æ(X), E) then TL = B ◦ U such that U ∈ L f (Æ(X), F) and

B ∈ L f (F, E).

We have

T = TL ◦ iX = B ◦U ◦ iX = B ◦ A,

where A = U ◦ iX ∈ Lip0F (X, F). Therefore, T ∈ N L
σ (X, E).

Observe that N L
σ can be written as the composition of Nσ and Lip0;

(
N L

σ = Nσ ◦ Lip0
)
.

Indeed, let X be a pointed metric space and E be a Banach space. Take T ∈ N L
σ (X, E), we

have from Proposition 3.2.6 its linearization TL ∈ Nσ(Æ(X), E) and iX ∈ Lip0(X, Æ(X)),

where T = TL ◦ iX. Moreover, ηL
σ(T) = ησ(TL).

Proposition 3.2.7. The class of Lipschitz σ-nuclear operators is a Banach Lipschitz operator ideal.

Proof. From the fact that (Nσ, ησ(·)) is a Banach operator ideal (see [11]), then
(
N L

σ , ηL
σ

)
is a

Banach Lipschitz operator ideal.

3.3 Lipschitz σ-integral operators

The maximal hull of a Banach Lipschitz operator ideal was introduced by M. Cabrera-Padilla

et al [14] by extending that of the linear case (see [20, Definition 17.2]).

Let ILip be a Banach Lipschitz operator ideal. The maximal hull of ILip denoted by Imax
Lip

is the biggest Banach Lipschitz operator ideal that satisfies ILip(X0, N) = Imax
Lip (X0, N) iso-

metrically, for every finite metric space X0 and any finite dimensional space N (see [14,

Definition 2.5]).

A. Pietsch in [38, 23.3], introduced the ideal of σ-integral operators Jσ, which is the max-

imal hull of the ideal of σ-nuclear operatorsNσ (Jσ = Nmax
σ ). Motivated by Theorem 3.10 in

[3], we can define the notion of Lipschitz σ-integral operators as the following definition.

Definition 3.3.1. Let X be a pointed metric space and E be a Banach space. The class of all Lipschitz

σ-integral operators between X and E is the maximal hull of Lipschitz σ-nuclear operators, i.e.,

JL
σ(X, E) := (N L

σ (X, E))max.
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Observe that JL
σ have the composition ideal. Indeed,

JL
σ = (N L

σ )
max = (Nσ ◦ Lipo)

max = (Nσ)
max ◦ Lipo = Jσ ◦ Lipo.

The following theorem is immediate from [38, Theorem 23.3.4] and the composition ideal

of JL
σ.

Theorem 3.3.2. A Lipschitz operator T ∈ Lip0(X, E) is Lipschitz σ-integral if and only if there is a

commutative diagram

X
KET //

A
&&

E∗∗

V
B

77

such that A ∈ Lip0(X, V), B ∈ L(V, E∗∗) and V is some (order complete) Banach lattice.

In this case,

ιL
σ(T) = inf ‖B‖Lip(A),

where the infimum is taken over all possible factorizations.
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Chapter 4

Lipschitz σ (p)-nuclear operators

In this chapter, we introduce the notion of Lipschitz σ (p)-nuclear operators as a general-

ization of σ (p)-nuclear linear operators introduced by X. Mujica and G. Botelho [11] which

generalised σ-nuclear linear operators introduced by A. Pietsch in[38] to multilinear case for

p > 1.

4.1 Definitions

Firstly, we remind definition of σ(p)-nuclear operators mentioned in [34, 11].

Definition 4.1.1. Let E, F be a Banach spaces. An operator T ∈ L(E, F) is called σ(p)-nuclear if

there are sequences (λi)
∞
i=1 ∈ `p∗ , (a∗i )

∞
i=1 ⊂ E∗ and (bi)

∞
i=1 ⊂ F, such that T =

∞

∑
i=1

λia∗i ⊗ bi,

sup
a∈BE

b∗∈BF∗

(
∞

∑
i=1
|a∗i (a)b∗(bi)|p

) 1
p

< ∞

and

lim
m→∞

sup
a∈BE

b∗∈BF∗

(
∞

∑
i=m
|a∗i (a)b∗(bi)|p

) 1
p

= 0,

The set of all σ(p)-nuclear operators is denoted by Nσ(p) (E, F) and the σ(p)-nuclear
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norm is denoted by ησ(p) (T) and it is defined by

ησ(p)(T) := inf

‖(λi)
∞
i=1‖p∗ sup

a∈BE
b∗∈BF∗

(
∞

∑
i=1
|a∗i (a)b∗(bi)|p

) 1
p

 ,

where the infimum is taken over all σ(p)-nuclear representations.

Let us introduce the class of Lipschitz σ(p)-nuclear operators.

Definition 4.1.2. We say that a Lipschitz operator T from a pointed metric space X to a Banach space

E is Lipschitz σ (p)-nuclear if there are sequences (λi)
∞
i=1 ∈ `p∗ , ( fi)

∞
i=1 ⊂ X# and (ai)

∞
i=1 ⊂ E such

that T =
∞

∑
i=1

λi fi ⊗ ai,

sup
x 6=y

a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣p
) 1

p

< ∞

and

lim
m−→∞

sup
x 6=y

a∗∈BE∗

(
∞

∑
i=m

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣p
) 1

p

= 0.

The set of all Lipschitz σ (p)-nuclear operators is denoted by N L
σ(p) (X, E) and the Lips-

chitz σ (p)-nuclear norm is denoted by ηL
σ(p) (T) and it is defined by

ηL
σ(p) (T) = inf


∥∥(λi)

∞
i=1

∥∥
p∗ sup

x 6=y
a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣p
) 1

p

 ,

where the infimum is taken over all Lipschitz σ (p)-nuclear representations of T.

Proposition 4.1.3. Let X be a pointed metric space and E be a Banach space. Then

N L
σ(p) (X, E) ⊂ N L

σ (X, E) .

Proof. Give T ∈ N L
σ(p) (X, E). We have T =

∞

∑
i=1

λi fi ⊗ ai =
∞

∑
i=1

fi ⊗ bi, where bi = λiai ∈ E,

note that T have a Lipschitz σ-nuclear representation. Thanks to Hölder’s inequality, we

have
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sup
x 6=y

a∗∈BE∗

∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (bi)

∣∣∣∣ = sup
x 6=y

a∗∈BE∗

∞

∑
i=1
|λi|

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣
≤ ‖(λi)

∞
i=1‖p∗ sup

x 6=y
a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

< ∞

and

lim
m−→∞

sup
x 6=y

a∗∈BE∗

∞

∑
i=m

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (bi)

∣∣∣∣ = lim
m−→∞

sup
x 6=y

a∗∈BE∗

∞

∑
i=m
|λi|

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣
≤ ‖(λi)

∞
i=1‖p∗ lim

m−→∞
sup
x 6=y

a∗∈BE∗

(
∞

∑
i=m

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

= 0.

So, T is Lipschitz σ-nuclear operator, with

ηL
σ(T) = inf

 sup
x 6=y

a∗∈BE∗

∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (bi)

∣∣∣∣


≤ inf

‖(λi)
∞
i=1‖p∗ sup

x 6=y
a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

 = ηL
σ(p)(T).

4.2 Factorization theorems

The Lipschitz σ(p)-nuclear can be factorized as the following theorem, for its proof, we use

also the same techniques of [38, Theorem 23.2.5] and [34].

Theorem 4.2.1. An operator T ∈ N L
σ(p) (X, E) if and only if, the following diagram is commutes

X T //

A ��

E

F
B

??
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where, A ∈ Lip0F (X, F), B diagonal and F is a Banach space having a hyperorthogonal basis (ei)
∞
i=1,

with B(ei) = λiai, (λi)
∞
i=1 ∈ `p∗ and ai ∈ E such that (τiai)

∞
i=1 ∈ `u

p(E) for (τi)
∞
i=1 =

∞

∑
i=1

τiei ∈ F.

And we have

ηL
σ(p) (T) = inf Lip (A) ‖B‖

where the infimum is taken over all possible factorizations.

Proof. Consider ε > 0, T ∈ N L
σ(p)(X, E) and let

∞

∑
i=1

λi fi ⊗ ai be a representation of T, such

that ∥∥(λi)
∞
i=1

∥∥
p∗ sup

x 6=y
a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

≤ (1 + ε) ηL
σ(p) (T) .

We have for all x, y ∈ X with x 6= y and a∗ ∈ E∗,

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

‖a∗‖

∣∣∣∣p
) 1

p

≤ sup
x 6=y

a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

≤
∥∥(λi)

∞
i=1

∥∥−1
p∗ (1 + ε) ηL

σ(p) (T) ,

it follows that

∞

∑
i=1
|( fi (x)− fi (y)) a∗ (ai)|p ≤

(
(1 + ε)

∥∥(λi)
∞
i=1

∥∥−1
p∗ ηL

σ(p) (T) d (x, y) ‖a∗‖
)p

.

We put |( fi (x)− fi (y)) a∗ (ai)|p = |αi|, obvious that (αi)
∞
i=1 ∈ `1. By Lemma 8.6.4 in [38],

there exists a decreasing sequence ($i)
∞
i=1 ∈ c0 with 0 ≤ $i ≤ 1 such that

∞

∑
i=1

$−1
i |αi| ≤ (1 + ε)

∞

∑
i=1
|αi|.

We conclude that

∞

∑
i=1

$−1
i |( fi (x)− fi (y)) a∗ (ai)|p ≤ (1 + ε)

∞

∑
i=1
|( fi (x)− fi (y)) a∗ (ai)|p

≤ (1 + ε)
(
(1 + ε)

∥∥(λi)
∞
i=1

∥∥−1
p∗ ηL

σ(p) (T) d (x, y) ‖a∗‖
)p

.
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So,

(
∞

∑
i=1

$−1
i |( fi (x)− fi (y)) a∗ (ai)|p

) 1
p

≤ (1 + ε)
1
p (1 + ε)

∥∥(λi)
∞
i=1

∥∥−1
p∗ ηL

σ(p) (T) d (x, y) ‖a∗‖

≤ (1 + ε)2 ∥∥(λi)
∞
i=1

∥∥−1
p∗ ηL

σ(p) (T) d (x, y) ‖a∗‖ .

We can consider $i = β
2p
i , where (βi) ∈ c0 such that 1 ≥ β1 ≥ β2 ≥ ... ≥ 0. Thus,

(
∞

∑
i=1

β
−2p
i |( fi (x)− fi (y)) a∗ (ai)|p

) 1
p

≤ (1 + ε)2 ∥∥(λi)
∞
i=1

∥∥−1
p∗ ηL

σ(p) (T) d (x, y) ‖a∗‖ .

Let

F :=
{

t = (τi)
∞
i=1 ∈ C : (τiβ

−1
i ai)

∞
i=1 is unconditionally p-summable

}
and

‖t‖F := sup
a∗∈BE∗

(
∞

∑
i=1
|β−1

i τia∗(ai)|p
) 1

p

.

Then (F, ‖ · ‖F) is a Banach space and the sequence (ei)
∞
i=1 of standard unit vectors forms a

hyperorthogonal basis in F. Indeed, let |γi| ≤ |θi|, we have∥∥∥∥∥ n

∑
i=1

γiei

∥∥∥∥∥
F

= ‖(γi)
n
i=1‖F

= sup
a∗∈BE∗

(
n

∑
i=1

∣∣∣γiβ
−1
i a∗ (ai)

∣∣∣p) 1
p

(∣∣∣γiβ
−1
i a∗ (ai)

∣∣∣ ≤ ∣∣∣θiβ
−1
i a∗ (ai)

∣∣∣) ≤ sup
a∗∈BE∗

(
n

∑
i=1

∣∣∣θiβ
−1
i a∗ (ai)

∣∣∣p) 1
p

= ‖(θi)
n
i=1‖F =

∥∥∥∥∥ n

∑
i=1

θiei

∥∥∥∥∥
F

,

for all n ∈N.

Define A ∈ Lip0(X, F) by

A (x) = fi (x) , for x ∈ X, fi ∈ X#.
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Usually, we take Pm : F → F such that Pm((ξi)
∞
i=1) := (ξi)

m
i=1. Then

‖(A− Pm A)x− (A− Pm A)y‖F =
∥∥( fi(x)− fi(y))∞

i=m+1
∥∥

F

= sup
a∗∈BE∗

(
∞

∑
i=m+1

β
−p
i |( fi(x)− fi(y))a∗(ai)|p

) 1
p

= sup
a∗∈BE∗

(
∞

∑
i=m+1

β
p
i β
−2p
i |( fi(x)− fi(y))a∗(ai)|p

) 1
p

≤ βm+1 sup
a∗∈BE∗

(
∞

∑
i=m+1

β
−2p
i |( fi(x)− fi(y))a∗(ai)|p

) 1
p

≤ βm+1(1 + ε)2‖ (λi)
∞
i=1 ‖

−1
p∗ ηL

σ(p)(T)d(x, y)

Hence Lip(A− Pm A) ≤ βm+1(1 + ε)2‖(λi)
∞
i=1‖

−1
p∗ ηL

σ(p)(T).

So A ∈ Lip0F (X, F) with

Lip(A) ≤ (1 + ε)2‖(λi)
∞
i=1‖

−1
p∗ ηL

σ(p)(T).

Now, we define B ∈ L(F, E) as follows

B(t) = B ((τi)
∞
i=1) = B

(
∞

∑
i=1

τiei

)
=

∞

∑
i=1

τiB(ei) =
∞

∑
i=1

λiτiai.

Observe that B is diagonal and we have

‖B(t)‖ =

∥∥∥∥∥ ∞

∑
i=1

λiτiai

∥∥∥∥∥ = sup
a∗∈BE∗

∞

∑
i=1
|λiτia∗(ai)|

≤ ‖(λi)
∞
i=1‖p∗ sup

a∗∈BE∗

(
∞

∑
i=1
|τia∗(ai)|p

) 1
p

≤ ‖(λi)
∞
i=1‖p∗ sup

a∗∈BE∗

(
∞

∑
i=1

β
p
i β
−p
i |τia∗(ai)|p

) 1
p

≤ ‖(λi)
∞
i=1‖p∗β1 sup

a∗∈BE∗

(
∞

∑
i=1
|τiβ

−1
i a∗(ai)|p

) 1
p

≤ ‖(λi)
∞
i=1‖p∗‖t‖F.

So, ‖B‖ ≤ ‖(λi)
∞
i=1‖p∗ .
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Hence, it follows that

B ◦ A(x) = B( fi(x)) =
∞

∑
i=1

λi fi(x)ai = Tx

and Lip(A)‖B‖ ≤ (1 + ε)2ηL
σ(p)(T). Then, ηL

σ(p)(T) = inf Lip(A)‖B‖ where the infimum is

taken over all possible factorizations.

Conversely, assume that T have the precedent factorization. Consider A ∈ Lip0F (X, F), B ∈

L(F, E) diagonal and F is Banach space having a hyperorthogonal basis.

Let (ei)
∞
i=1 be a hyperorthogonal basis of F and (vi) ∈ F∗ be a sequence of corresponding

coordinate functionals, we have

A (x) =
∞

∑
i=1

vi (A (x)) ei =
∞

∑
i=1

Atvi (x) ei.

By composing with B, we get

T (x) = B ◦ A (x) = B

(
∞

∑
i=1

Atvi (x) ei

)
=

∞

∑
i=1

Atvi (x) B (ei) .

Therefore, considering fi = Atvi ∈ X# , as B(ei) = λiai, (λi)
∞
i=1 ∈ `p∗ and (ai)

∞
i=1 ∈ E. So

T has the representation

T =
∞

∑
i=1

λi fi ⊗ ai.

We prove that T is Lipschitz σ(p)-nuclear operator.

Since
(

fi(x)− fi(y)
d(x, y)

ai

)∞

i=1
∈ `u

p(E), then

sup
a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣p
) 1

p

< ∞

and

lim
m−→∞

sup
a∗∈BE∗

(
∞

∑
i=m

∣∣∣( fi(x)− fi(y)
d(x,y)

)
a∗ (ai)

∣∣∣p) 1
p

= 0,

for all x, y ∈ X with x 6= y.
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This implies

sup
x 6=y

a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣p
) 1

p

< ∞

and

lim
m−→∞

sup
x 6=y

a∗∈BE∗

(
∞

∑
i=m

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗ (ai)

∣∣∣∣p
) 1

p

= 0.

So, T ∈ N L
σ(p)(X, E).

The following theorem generalizes Theorem 1 of [27].

Theorem 4.2.2. Let X be a pointed metric space, E be a Banach space and let T : X → E be a

Lipschitz map. Then the following statements are equivalent.

(a) T ∈ N L
σ(p)(X, E).

(b) For the Banach spaces U and V defined by (3.1) and (3.2) respectively, and the diagonal operator

D defined by (3.3), there exist a Lipschitz operator R ∈ N L
σ (X, Z) and a linear operator

S ∈ Nσ(p)(W, E) with ησ(p)(S) ≤ ‖(λi)
∞
i=1‖p∗ such that the following diagram commutes.

X T //

R
��

E

U
D
// V

S

OO

In this case,

ηL
σ(p)(T) = inf ‖(λi)

∞
i=1‖p∗η

L
σ(R),

where the infimum is taken over all such factorization of T in (b).

Proof. Consider T ∈ N L
σ(p)(X, E) and ε > 0 be given. Then, there exist ( fi)

∞
i=1 ⊂ X#, (ai)

∞
i=1 ⊂

E and (λi)
∞
i=1 ∈ `p∗ such that

T =
∞

∑
i=1

λi fi ⊗ ai

and

‖(λi)
∞
i=1‖p∗ sup

x 6=y
a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

≤ (1 + ε)ηL
(p)(T).
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We have for all x, y ∈ X with x 6= y and a∗ ∈ E∗,

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

‖a∗‖

∣∣∣∣p
) 1

p

≤ sup
x 6=y

a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

≤
∥∥(λi)

∞
i=1

∥∥−1
p∗ (1 + ε) ηL

σ(p) (T) ,

it follows that

∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p ≤ ((1 + ε)
∥∥(λi)

∞
i=1

∥∥−1
p∗ ηL

σ(p) (T) ‖a
∗‖
)p

.

We put
∣∣∣∣ fi(x)− fi(y)

d(x, y)
a∗ (ai)

∣∣∣∣p = |αi|, obvious that (αi)
∞
i=1 ∈ `1. By [38, Lemma 8.6.4], there

exists a decreasing sequence ($i)
∞
i=1 ∈ c0 with 0 ≤ $i ≤ 1 such that

∞

∑
i=1

$−1
i |αi| ≤ (1 + ε)

∞

∑
i=1
|αi|.

We conclude that

∞

∑
i=1

$−1
i

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p ≤ (1 + ε)
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p .

So,

(
∞

∑
i=1

$−1
i

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

≤ (1 + ε)
1
p

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

≤ (1 + ε)

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

We can consider $i = β
2p
i , where (βi) ∈ c0 such that 1 ≥ β1 ≥ β2 ≥ ... ≥ 0. Thus,

sup
x 6=y

a∗∈BE∗

(
∞

∑
i=1

β
−2p
i

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

≤ (1 + ε) sup
x 6=y

a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

.

Define
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R : X → U , R(x) = ( fi(x))∞
i=1 =

∞

∑
i=1

fi(x)ei

Observe that R to have a Lipschitz σ-nuclear representation R =
∞

∑
i=1

fi ⊗ ei, for x 6= y and

z∗ ∈ U ∗ we have

∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

z∗(ei)

∣∣∣∣ =
∞

∑
i=1

ζi
fi(x)− fi(y)

d(x, y)
z∗(ei)(|ζi| = 1)

≤ ‖z∗‖
∥∥∥∥∥ ∞

∑
i=1

ζi
fi(x)− fi(y)

d(x, y)
ei

∥∥∥∥∥
U

= ‖z∗‖ sup
a∗∈BE∗

(
∞

∑
i=1

β
−2p
i

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗(ai)

∣∣∣∣p
) 1

p

≤ (1 + ε)‖z∗‖ sup
a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗(ai)

∣∣∣∣p
) 1

p

.

It follows that

sup
x 6=y

z∗∈BU∗

∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

z∗(ei)

∣∣∣∣ ≤ (1 + ε) sup
x 6=y

a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

< ∞.

On the other hand, for all m ∈N and using the same steps as previous, we get

lim
m→∞

sup
x 6=y

z∗∈BU∗

∞

∑
i=m

∣∣∣∣ fi(x)− fi(y)
d(x, y)

z∗(ei)

∣∣∣∣ ≤ (1 + ε) lim
m→∞

sup
x 6=y

a∗∈BE∗

(
∞

∑
i=m

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

= 0.

Hence R ∈ N L
σ (X,U ) and

ηL
σ(R) ≤ (1 + ε) sup

x 6=y
a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

.

Now, define

S : V → E, S((γk)
∞
k=1) =

∞

∑
i=1

λiβiγiai =
∞

∑
i=1

λiβiv∗i ((γk)
∞
k=1)ai,

where each v∗i ∈ V∗ is the i-th coordinate functional.
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We note that S =
∞

∑
i=1

λiβiv∗i ⊗ ai, we have

sup
γ∈BV
a∗∈BE∗

(
∞

∑
i=1
|βiv∗i ((γk)

∞
k=1)a∗(ai)|p

) 1
p

= sup
γ∈BV
a∗∈BE∗

(
∞

∑
i=1
|βiγia∗(ai)|p

) 1
p

≤ sup
γ∈BV
a∗∈BE∗

(
∞

∑
i=1
|γia∗(ai)|p

) 1
p

≤ sup
γ∈BV

‖(γi)
∞
i=1‖V ≤ 1 < ∞

and

lim
m→∞

sup
γ∈BV
a∗∈BE∗

(
∞

∑
i=m
|βiv∗i ((γk)

∞
k=1)a∗(ai)|p

) 1
p

= lim
m→∞

sup
γ∈BV
a∗∈BE∗

(
∞

∑
i=m
|βiγia∗(ai)|p

) 1
p

≤ lim
m→∞

βm sup
γ∈BV
a∗∈BE∗

(
∞

∑
i=m
|γia∗(ai)|p

) 1
p

≤ lim
m→∞

βm sup
γ∈BV

‖(γi)
∞
i=1‖V

≤ lim
m→∞

βm = 0.

Hence S ∈ Nσ(p)(V , E) and

ησ(p)(S) ≤ ‖(λi)
∞
i=1‖p∗ sup

γ∈BV
a∗∈BE∗

(
∞

∑
i=1
|βiv∗i ((γk)

∞
k=1)a∗(ai)|p

) 1
p

≤ ‖(λi)
∞
i=1‖p∗ .

Clearly, T = S ◦ D ◦ R and

inf ‖(λi)
∞
i=1‖p∗η

L
σ(R) ≤ ‖(λi)

∞
i=1‖p∗η

L
σ(R)

≤ (1 + ε) ‖(λi)
∞
i=1‖p∗ sup

x 6=y
a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

≤ (1 + ε)2ηL
σ(p)(T).
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Since ε > 0 was arbitrary, then

inf ‖(λi)
∞
i=1‖p∗η

L
σ(R) ≤ ηL

σ(p)(T).

Conversely, given ε > 0 and let T = SDR such that, R ∈ N L
σ (X,U ) and S ∈ Nσ(p)(V , E)

with ησ(p)(S) ≤ ‖(λi)
∞
i=1‖p∗ .

Since S ∈ Nσ(p)(V , E) then, by [34, Theorem 1.6.2] it holds that

V S //

A ��

E

F
B

??

where, A ∈ L f (V , F), B ∈ L(F, E) diagonal and F is a Banach space having a hyperorthogo-

nal basis, with B(ei) = λiai such that (τiai)
∞
i=1 ∈ `u

p(E) for τi =
∞

∑
i=1

τiei ∈ F. Moreover,

‖A‖‖B‖ ≤ (1 + ε)ησ(p)(S).

Obviously, A ◦ D ◦ R ∈ Lip0F (X, F) and

Lip(ADR) ≤ ‖A‖‖D‖Lip(R)

≤ ησ(D)ηL
σ(R)‖A‖ ≤ ηL

σ(R)‖A‖.

Observe that T admits a factorization as Theorem 4.2.1, so T ∈ N L
σ(p)(X, E) with

ηL
σ(p)(T) = inf Lip(ADR)‖B‖

≤ inf ηL
σ(R)‖A‖‖B‖

≤ (1 + ε) inf ηL
σ(R)ησ(p)(S)

≤ (1 + ε) inf ‖(λi)
∞
i=1‖p∗η

L
σ(R).

Since, ε was arbitrary, then

ηL
σ(p)(T) ≤ inf ‖(λi)

∞
i=1‖p∗η

L
σ(R),

where the infimum is taken over all such factorization of T.
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4.3 Further results

Proposition 4.3.1. If X is Banach space and T is bounded linear operator, then T is Lipschitz σ(p)-

nuclear if and only if it is σ(p)-nuclear operator, with

ηL
σ(p)(T) = ησ(p)(T).

Proof. Let T be a bounded linear operator. If T ∈ N L
σ(p)(X, E), then the operator A which

mentioned in Theorem 4.2.1 is linear. So, T admits the same factorization of Nσ(p)(X, E).

The other side of the proof is obvious.

Proposition 4.3.2. An operator T ∈ N L
σ(p) (X, E) if, and only if its linearization TL ∈ Nσ(p) (Æ(X), E),

with

ηL
σ(p)(T) = ησ(p)(TL).

Proof. Suppose that T ∈ N L
σ(p) (X, E), then T = B ◦ A such that A ∈ Lip0F (X, F) and B ∈

L(E, F) diagonal and F is a Banach space having a hyperorthogonal basis, with B(ei) = λiai,

(λi)
∞
i=1 ∈ `p∗ and ai ∈ E such that (τiai)

∞
i=1 ∈ `u

p(E) for (τi)
∞
i=1 = ∑∞

i=1 τiei ∈ F.

We have

TL = (B ◦ A)L = B ◦ AL.

Since A ∈ Lip0F (X, F) then AL ∈ L f (Æ(X), F), so TL ∈ Nσ(p) (Æ(X), E).

Conversely, let TL ∈ Nσ(p) (Æ(X), E) then TL = B ◦U such that U ∈ L f (Æ(X), F) and

B ∈ L f (E, F).

We have

T = TL ◦ iX = B ◦U ◦ iX = B ◦ A,

where A = U ◦ iX ∈ Lip0F (X, F).

Observe thatN L
σ(p) can be written as the composition ofNσ(p) and Lip0;

(
N L

σ(p) = Nσ(p) ◦ Lip0

)
.

Indeed, let X be a pointed metric space and E be a Banach space. Take T ∈ N L
σ(p)(X, E), we

have from Proposition 4.3.2 its linearization TL ∈ Nσ(p)(Æ(X), E) and iX ∈ Lip0(X, Æ(X)),

where T = TL ◦ iX. Moreover, ηL
σ(p)(T) = ησ(p)(TL).

Proposition 4.3.3.
(
N L

σ(p), ηL
σ(p)

)
is a Banach Lipschitz operator ideal.

Proof. From the fact that
(
Nσ(p), ησ(p)(·)

)
is a Banach operator ideal (see [11]), then

(
N L

σ(p), ηL
σ(p)

)
is a Banach Lipschitz operator ideal.
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4.4 The dual space of N L
σ(p)

Since
(
N L

σ(p), ηL
σ(p)

)
is a Banach Lipschitz operator ideal, we have Lip0F (X, E) ⊆ N L

σ(p)(X, E)

and

ηL
σ(p)(λ f ⊗ a) = |λ|Lip( f )‖a‖,

for all λ ∈ K, f ∈ X#, a ∈ E. Using partial sums of σ(p)-nuclear representations it is easy to

see that Lip0F (X, E) is ηL
σ(p)(·)-dense in N L

σ(p)(X, E). For A ∈ Lip0F (X, E), define

ηL
σ(p) f (A) = inf


∥∥(λi)

m
i=1

∥∥
p∗ sup

x 6=y
a∗∈BE∗

(
m

∑
i=1

∣∣∣∣( fi (x)− fi (y)
d(x, y)

)
a∗ (ai)

∣∣∣∣p
) 1

p

 ,

where the infimum runs over all finite representations A =
m

∑
i=1

λi fi ⊗ ai. It is easy to check

that ηL
σ(p) f (·) is a norm on Lip0F (X, E) such that Lip(·) ≤ ηL

σ(p) f (·). It follows that ηL
σ(p) f (·)

is a complete norm on Lip0F (X, E). It is clear that ηL
σ(p) (·) ≤ ηL

σ(p) f (·). For further use, we

shall establish conditions under which the equality holds.

Lemma 4.4.1. If the norms ηL
σ(p) (·) and ηL

σ(p) f (·) are equivalent on Lip0F (X, E), then they coin-

cide on this space.

Proof. By assumption there is a constant c > 0 such that ηL
σ(p) f (·) ≤ cηL

σ(p)(·) on Lip0F (X, E).

Given a Lipschitz operator T ∈ Lip0F (X, E) and ε > 0, take an infinite Lipschitz σ(p)-

nuclear representation T =
∞

∑
i=1

λi fi ⊗ ai, such that

∥∥(λi)
∞
i=1

∥∥
p∗ sup

x 6=y
a∗∈BE∗

(
∞

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

≤
(

1 +
ε

2

)
ηL

σ(p) (T) .

In particular, by the definition of ηL
σ(p) f (·). But Tm−1 =

m−1

∑
i=1

λi fi ⊗ ai, we get

ηL
σ(p) f (Tm−1) ≤

∥∥∥(λi)
m−1
i=1

∥∥∥
p∗

sup
x 6=y

a∗∈BE∗

(
m−1

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

≤
(

1 +
ε

2

)
ηL

σ(p) (T) .
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Since

lim
m→∞

sup
x 6=y

a∗∈BE∗

(
∞

∑
i=m

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

= 0,

by the definition of ηL
σ(p)(·), for a sufficiently large m ∈N we get

ηL
σ(p)(T − Tm−1) ≤

∥∥(λi)
∞
i=m
∥∥

p∗ sup
x 6=y

a∗∈BE∗

(
∞

∑
i=m

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

≤
∥∥(λi)

∞
i=1

∥∥
p∗ sup

x 6=y
a∗∈BE∗

(
∞

∑
i=m

∣∣∣∣ fi(x)− fi(y)
d(x, y)

a∗ (ai)

∣∣∣∣p
) 1

p

≤ ε

2c
ηL

σ(p)(T).

It follows that

ηL
σ(p) f (T) ≤ ηL

σ(p) f (Tm−1) + ηL
σ(p) f (T − Tm−1)

≤
(

1 +
ε

2

)
ηL

σ(p)(T) + cηL
σ(p)(T − Tm−1)

≤
(

1 +
ε

2

)
ηL

σ(p)(T) +
ε

2
ηL

σ(p)(T) = (1 + ε)ηL
σ(p)(T).

And as this holds for every ε > 0, the result follows.

Lemma 4.4.2. If T ∈ N L
σ(p)(X, E) and R ∈ Lip0F (Z, X), then

ηL
σ(p) f (T ◦ R) ≤ ηL

σ(p) (T)Lip(R).

Proof. We have the following diagram

Z R //

iZ
��

X T //

iX
��

E

Æ(Z)
R̂
//Æ(X)

TL

77

From the above diagram we can obvious that (T ◦ R)L = TL ◦ R̂. Since T ∈ N L
σ(p)(X, E) and

R ∈ Lip0F (Z, X), then TL ∈ Nσ(p)(Æ(X), E), R̂ ∈ L f (Æ(Z), Æ(X)) and (T ◦ R)L = TL ◦ R̂ ∈
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Nσ(p)(Æ(Z), E), such that ησ(p)(TL) = ηL
σ(p)(T), ‖R̂‖ = Lip(R) and we have

ηL
σ(p) f (T ◦ R) = ησ(p) f ((T ◦ R)L)

= ησ(p) f (TL ◦ R̂)

(By [11, Lemma 2.5]) ≤ ησ(p)(TL)‖R̂‖

= ηL
σ(p)(T)Lip(R).

Proposition 4.4.3. If X# have the bounded approximation property, then ηL
σ(p) f (·) = ηL

σ(p)(·) on

Lip0F (X, E) regardless of the Banach space E.

Proof. Let γ ≥ 1 be such that X# has the γ-bounded approximation property. Given T ∈

Lip0F (X, E) and ε > 0. So, TL ∈ L f (Æ(X), E). Since Æ(X)∗ = X# have the bounded ap-

proximation property, we can apply [38, Lemma 10.2.6] for TL, then there is an operator

B ∈ L f (Æ(X), Æ(X)) such that ‖B‖ ≤ (1 + ε)γ and TL ◦ B = TL.

Obvious that B is linearization of Lipschitz operator A : X −→ X such that Lip(A) = ‖B‖ ≤

(1 + ε)γ, thus A ∈ Lip0F (X, X) and we have

(T ◦ A)L = TL ◦ B = TL i.e., T ◦ A = T.

Consequently, By Lemma 4.4.2 we have

ηL
σ(p) f (T) = ηL

σ(p) f (T ◦ A) ≤ ηL
σ(p)(T)Lip(A) ≤ (1 + ε)γηL

σ(p)(T).

Letting ε→ 0 we get ηL
σ(p) f (T) ≤ γηL

σ(p)(T). The result follows from Lemma 4.4.1.

Our aim is to represent bounded linear functionals on the spaceN L
σ(p)(X, E) of Lipschitz

σ(p)-nuclear operators. Since this space contains the Lipschitz operators, the Borel trans-

form

B : [N L
σ(p)(X, E), ηL

σ(p)(·)]
′ −→ L(X#, E∗),

B(ϕ)( f )(a) := ϕ( f ⊗ a),

is a well defined linear operator. The question is to identify the range of B and a norm on it

that makes B an isometric isomorphism.
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Now, we proceed to show that bounded linear functionals on the space of Lipschitz σ(p)-

nuclear operators are represented by quasi-τ(p)-summing operators via the Borel transform.

Let us justify an equality we shall use soon: iterating the well known equality

sup
δxy∈B

(X#)∗

(
m

∑
i=1
|δxy( fi)|p

) 1
p

= sup
x 6=y

(
m

∑
i=1

∣∣∣∣ fi(x)− fi(y)
d(x, y)

∣∣∣∣p
) 1

p

,

for ( fi)
∞
i=1 ⊂ X#, it follows that

sup
δxy∈B

(X#)∗
a∗∈BE∗

(
m

∑
i=1
|δxy( fi)a∗(ai)|p

) 1
p

= sup
x 6=y

a∗∈BE∗

(
m

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗(ai)

∣∣∣∣p
) 1

p

,

for ( fi)
∞
i=1 ⊂ X# and (ai)

∞
i=1 ⊂ E.

Theorem 4.4.4. If X# have the bounded approximation property, then the spaces [N L
σ(p)(X, E)]

′
and

Πqτ(p)(X#, E∗) are isometrically isomorphic via the Borel transform, regardless of the Banach space

E.

Proof. Given ϕ ∈ [N L
σ(p)(X, E)]

′
, let us denote B(ϕ) by Sϕ. In order to prove that Sϕ ∈

Πqτ(p)(X#, E∗), let m ∈N, f1, ..., fm ∈ X#, a1, ..., am ∈ E, be given. By duality (`m
p )
∗ = `m

p∗ and

the Hahn-Banach Theorem, there are scalars ε1, ..., εm such that ‖(εi)
m
i=1‖p∗ = 1 and

( m

∑
i=1
|ϕ( fi ⊗ ai)|p

) 1
p

=
∣∣∣ m

∑
i=1

εi ϕ( fi ⊗ ai)
∣∣∣ = ∣∣∣ m

∑
i=1

εi ϕ( fi ⊗ ai)
∣∣∣.

So,

(
m

∑
i=1
|Sϕ( fi)(ai)|p

) 1
p

=

(
m

∑
i=1
|ϕ( fi ⊗ ai)|p

) 1
p

=

∣∣∣∣∣ϕ
(

m

∑
i=1

εi fi ⊗ ai

)∣∣∣∣∣
≤ ‖ϕ‖ · ηL

σ(p)

(
m

∑
i=1

εi fi ⊗ ai

)

≤ ‖ϕ‖‖(εi)
m
i=1‖p∗ sup

x 6=y
a∗∈BE∗

(
m

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗(ai)

∣∣∣∣p
) 1

p

= ‖ϕ‖ sup
δxy∈B

(X#)∗
a∗∈BE∗

(
m

∑
i=1
|δxy( fi)a∗(ai)|p

) 1
p

,
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proving that Sϕ is quasi-τ(p)-summing and ‖Sϕ‖qτ(p) ≤ ‖ϕ‖.

Conversely, given S ∈ Πqτ(p)(X#, E∗), define

TS : X# × E −→ K, TS( f , a) := S( f )(a).

It is plain that TS is linear. So, having in mind that X# ⊗ E = Lip0F (X, E), by the universal

property of the tensor product there exists a linear operator TS : Lip0F (X, E) −→ K such

that

TS( f ⊗ a) = TS( f , a) = S( f )(a),

for all f ∈ X#, a ∈ E. Now we shall prove that TS is continuous with respect to the norm

ηL
σ(p)(·). Given ε > 0 and A ∈ Lip0F (X, E), by definition of the norm ηL

σ(p) f (·) we can choose

a representation A =
m

∑
i=1

λi fi ⊗ ai, such that

‖(λi)
m
i=1‖p∗ sup

x 6=y
a∗∈BE∗

(
m

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗(ai)

∣∣∣∣p
) 1

p

≤ (1 + ε)ηL
σ(p) f (A).

Therefore,

|TS(A)| =
∣∣∣∣∣TS

(
m

∑
i=1

λi fi ⊗ ai

)∣∣∣∣∣
=

∣∣∣∣∣ m

∑
i=1

λiS( fi)(ai)

∣∣∣∣∣
≤ ‖(λi)

m
i=1‖p∗ ·

(
m

∑
i=1
|S( fi)(ai)|p

) 1
p

≤ ‖(λi)
m
i=1‖p∗ · ‖S‖qτ(p) · sup

δxy∈B
(X#)∗

a∗∈BE∗

(
m

∑
i=1
|δxy( fi)a∗(ai)|p

) 1
p

= ‖S‖qτ(p) · ‖(λi)
m
i=1‖p∗ · sup

x 6=y
a∗∈BE∗

(
m

∑
i=1

∣∣∣∣( fi(x)− fi(y)
d(x, y)

)
a∗(ai)

∣∣∣∣p
) 1

p

≤ ‖S‖qτ(p)(1 + ε)ηL
σ(p) f (A).

As this holds for arbitrary ε > 0 and the space X# have the bounded approximation property,
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by Proposition 4.4.3 we conclude that

|TS(A)| ≤ ‖S‖qτ(p) · ηL
σ(p) f (A) = ηL

σ(p)(A).

So, TS ∈ [Lip0F (X, E), ηL
σ(p)(·)]

′
and ‖TS‖ ≤ ‖S‖qτ(p). As Lip0F (X, E) is ηL

σ(p)(·)-dense in

N L
σ(p)(X, E), there is a unique norm-preserving continuous linear extension ϕS of TS to the

whole ofN L
σ(p)(X, E). In particular, ‖ϕS‖ ≤ ‖S‖qτ(p) and for A =

∞

∑
i=1

λi fi⊗ ai ∈ N L
σ(p)(X, E),

ϕS(A) = ϕS

(
∞

∑
i=1

λi fi ⊗ ai

)

=
∞

∑
i=1

λi ϕS( fi ⊗ ai)

=
∞

∑
i=1

λiTS( fi ⊗ ai)

=
∞

∑
i=1

λiS( fi)(ai).

From the expression above it follows easily that correspondences ϕ 7→ Sϕ and S 7→ ϕS are

each other’s inverse in the sense that ϕSϕ
= ϕ and SϕS = S for ϕ ∈ [N L

σ(p)(X, E)]
′

and

S ∈ Πqτ(p)(X#, E∗). The equality ‖Sϕ‖qτ(p) = ‖ϕ‖ completes the proof.

Corollary 4.4.5. If X# have the bounded approximation property and E is reflexive, then the spaces

[N L
σ(p)(X, E)]

′
and Πτ(p)(X#, E∗) are isometrically isomorphic via the Borel transform.

4.5 σ(p)-integral mappings: some possible directions for in-

vestigation

Thanks to the idea of extending the maximal hull of Banach Lipschitz operator ideal was

introduced by Cabrera-Padilla et al in their paper [14] and developed by Achour et al [3] for

the composition Banach Lipschitz operator ideal, we were able to extend σ-integral opera-

tors to the nonlinear setting as presented at the end of Chapter 3. Based on the definition

of σ(p)-nuclear operators that Botelho and Mujica gave us in their works [11, 34], as well

as the definition of Lipschitz σ(p)-nuclear operators that we mentioned in this chapter, we

inspired another possible generalizations for σ-integral operators as follows.
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• Let E and F be a Banach spaces. The ideal of σ(p)-integral operators between E and F

is the maximal hull of σ(p)-nuclear operators, i.e.,

Jσ(p)(E, F) := (Nσ(p)(E, F))max.

• Let X be a pointed metric space and E be a Banach space. The ideal of Lipschitz σ(p)-

integral operators between X and E is the maximal hull of Lipschitz σ(p)-nuclear op-

erators, i.e.,

JL
σ(p)(X, E) = (N L

σ(p)(X, E))max = (Nσ(p) ◦ Lipo)
max

= (Nσ(p))
max ◦ Lipo = Jσ(p) ◦ Lipo

• For n ∈ N. Let E1, ..., En and F be a Banach spaces. The ideal of n-linear σ(p)-integral

operators between E1 × · · · × En and F is the maximal hull of n-linear σ(p)-nuclear

operators, i.e.,

Jσ(p)(E1 × · · · × En, F) := (Nσ(p)(E1 × · · · × En, F))max.
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Universităţii Oradea Fasc. Matematica, Tom XIV (2007), 237-250.

[7] D.ACHOUR, P. RUEDA, E.A. SÁNCHEZ-PÉREZ AND R.YAHI, Lipschitz operator ideals

and the approximation property, J. Math. Anal. Appl. 436 (2016), 217-236.

[8] D.ACHOUR, P. RUEDA, AND R.YAHI, (p, σ)-absolutely Lipschitz operators, Ann. Funct.

Anal. 8(1) (2017), 38-50.

[9] R.-F. ARENS AND J. EELS, On embedding uniform and topological spaces, Pacific J. Math 6

(1956), 397-403.

[10] Y. BENYAMINI AND J. LINDENSTRAUSS, Geometric Nonlinear Functional Analysis, Amer.

Math. Soc. Providence. 48, 2000.

72



[11] G. BOTELHO, X. MUJICA, Spaces of σ(p)-nuclear linear and multilinear operators on Banach

spaces and their duals, linear Algebra and its Applications. 519 (2017), 219-237.

[12] G. BOTELHO, D. PELLEGRINO AND P. RUEDA, A unified Pietsch Domination Theorem, J.

Math. Anal. Appl. 365 (2010), 269-276.

[13] M. G. CABRERA-PADILLA, J.-A. CHÁVEZ-DOMÍNGUEZ, A. JIMÉNEZ-VARGAS AND M.

VILLEGAS-VALLECILLOS, Lipschitz tensor product, Khayyam J. Math. 1(2) (2015), 185-

218.

[14] M. CABRERA-PADILLA, A. CHÀVEZ-DOMÌNGUEZ, A. JIMÉNEZ-VARGAS AND M.

VILLEGAS-VALLECILLOS, Maximal Banach ideals of Lipschitz maps, Ann. Funct. Anal.

7(2016), 593-608.

[15] J. A. CHÁVEZ-DOMÍNGUEZ, Duality for Lipschitz p-summing operators, J. Funct. Anal.

261 (2) (2011), 387-407.

[16] J. A. CHÁVEZ-DOMÍNGUEZ, Lipschitz (q, p)-mixing operators, Proc. Amer. Math. Soc. 140

(2012), 3101-3115.

[17] J. A. CHÁVEZ-DOMÍNGUEZ, Lipschitz p-convex and q-concave maps, Preprint.

[18] D. CHEN AND B. ZHENG, Remarks on Lipschitz p-summing operators, Proceedings of the

American Mathematical Society. 139 (8) (2011), 2891-2898.

[19] D. CHEN AND B. ZHENG, Lipschitz p-integral operators and Lipschitz p-nuclear operators,

Nonlinear Analysis. 75 (2012), 5270-5282.

[20] A. DEFANT AND K. FLORET, Tensor Norms and Operator Ideals, North-Holland Math.

Stud. 176, North-Holland Publishing Co., Amsterdam, (1993).

[21] M. FABIAN, P. HABALA, P. HÁJEK, V. MONTESINOS AND V. ZIZLER, Banach space the-

ory, Springer, (2011).

[22] J.-D. FARMER AND W.-B. JOHNSON, Lipschitz p-summing operators, Proc. Amer. Math.

Soc. 137(9) (2009), 2989-2995.

[23] A. JIMÉNEZ-VARGAS, J.-M. SEPULCRE, MOISÉS VILLEGAS-VALLECILLOS, Lipschitz

compact operators, J. Math. Anal. Appl. 415(2) (2014), 889-901.

73



[24] J.-A. JOHNSON, Banach spaces of Lipschitz functions and vector-valued Lipschitz functions,

Trans. Amer. Math. Soc. 148 (1970), 147-169.

[25] N.-J. KALTON AND G. GODEFROY, Lipschitz-free Banach spaces, Studia Math. 159 (2003),

121-141.

[26] L.-V. KANTOROVICH, On the translocation of masses, Dokl. Akad. Nauk SSSR. 37 (1942),

227-229.

[27] J.M. KIM, K.Y. LEE, The Ideal of σ-Nuclear Operators and Its Associated Tensor Norm, Math-

ematics. 8(7) (2020), 1192.

[28] J.-L. KRIVINE, Théorèmes de factorisation dans les espaces réticulés, Séminaire Maurey-

Schwartz 1973–1974: Espaces Lp, applications radonifiantes et géométrie des espaces

de Banach, Exp. Nos. 22 et 23, Centre de Math., Ecole Polytech., Paris, 1974.

[29] J. LINDENSTRAUSS AND L. TZAFRIRI, Classical Banach Spaces I and II. Springer, Berlin,

1996.

[30] A. MAAMRA, L. MEZRAG AND A. TALLAB, Lipschitz p-lattice summing operators, Ad-

vances in Operator Theory. 6 (2021), 67.

[31] L. MEZRAG, Little G. T. for lp-lattice summing operators. Serdica. Math. J. 32 (2006), 39-56.

[32] L. MEZRAG AND A. TALLAB, On Lipschitz τ(p)-summing operators, Colloq. Math. 147(1)

(2017), 95-114.

[33] J. MUJICA, Complex analysis in Banach Spaces, North-Holland Mathematics Studies, 1986.

[34] X. MUJICA, Apicações τ(p; q)-somantes e σ(p)-nucleares, Tese de Doutorado, Universi-

dade Estadual de Campinas, 2006.

[35] X. MUJICA, τ(p; q)-summing mappings and the domination theorem, Portugal. Math. (N.

S.) 65 (2) (2008), 211-226.

[36] N.-J. NIELSON, On Banach ideals determined by Banach lattices and their applications, Dis-

sertationes Math. (Rozprawy Math.) CIX (1973), 1-62.

[37] N.-J. NIELSEN, J. SZULGA, p-lattice summing operators, Math. Nachr. 119 (1984), 219-230.

74



[38] A. PIETSCH, Operator ideals. North-Holland Math. Library 20, North Holland Publish-

ing Co., Amsterdam 1980.

[39] B.-P. POMARES, Biduals of p-lattice summing operators, Extracta Mathematicae. 1(3)

(1986), 136-138.

[40] K. SAADI, Some Properties for Lipschitz strongly p-summing operators, J. Math. Anal. App.

423 (2015), 1410-1426.

[41] K. SAADI, On the composition ideals of Lipschitz mappings, Banach J. Math. Anal. 11 (2017),

825-840.

[42] I. SAWASHIMA, Methods of Lipschitz duals, in Lecture Notes Ec. Math. Sust. 419, Springer

Verlag (1975), 247-259.

[43] H.-H. SCHAEFER, Banach lattices and positive operators, Grundlehner der Mathematis-

chen Weissenschaften 215, Springer-Verlag, Berlin-Hidelberg-New York, 1974.

[44] J. SZULGA, On lattice summing operators, Proc. Amer. Math. Soc. 87(2) (1983), 258-262.

[45] N. WEAVER, Lipschitz algebras, 2nd ed., World Scientific Publishing Co., River Edge, NJ,

2018.

[46] R. YAHI, D. ACHOUR AND P. RUEDA, Absolutely summing Lipschitz conjugates, Mediterr.

J. Math. 13 (2016), 1949-1961.

[47] L.-P. YANOVSKII, On summing and lattice summing operators and characterizations of AL-

spaces, Sibirskii Mat. Zh. 20(2) (1979), 401-408 (in Russian).

75



الخطية المؤثرات فئات من العديد دراسة و تطوير تم الأخيرة، الآونة في الملخص:
هو رسالتنا من الهدف الباحثين. من الـكثير طرف من خطية الغير المؤثرات حالة خاصةإلى بصفة و خطية الغير المؤثرات إلى الخطية المؤثرات من فئاتجديدة توسيع و تعميم
المؤثرات فئة و الجمعية المؤثراتp−شبكية فئة درسنا الفئات، هذه بين من ية. الليبشيتز
الأطروحة. لهذه الرئيسية المحاور هي هذه ية. الليبشيتز الحالات في ية σ(p)−نوو

ية الليبشيتز المؤثرات آرنس−آلس، فضاء ية، الليبشيتز المؤثرات المفتاحية: الكلمات
τ−جمعية. (p)− شبه المؤثرات ية، σ(p)−نوو ية الليبشيتز المؤثرات الجمعية، p−شبكية

Résumé: Récemment, Beaucoup classes des opérateurs linéaires
ont été développées et étudiées dans le cas non-linéaire par plusieurs
auteurs. Le but de notre thèse est la généralisation et l’extension des
nouvelles classes d’opérateurs linéaires aux opérateurs non linéaires
(Lipschitz). Parmi ces classes, nous avons étudié la classe des opéra-
teurs p-lattice sommants et la classe des opérateurs σ(p)-nucléaires
dans le cas de Lipschitz. Tels sont les axes principaux de cette thèse.

Mots-clés: Les opérateurs Lipschitiziens, espace de Arens-
Eells, les opérateurs Lipschitz p-lattice sommants, les opérateurs Lip-
schitz σ(p)-nucléaires, les opérateurs quasi-τ (p)-sommants.

Abstract: Recently, many classes of linear operators have been
developed and studied in the nonlinear setting by several authors.
The aim of our thesis is the generalization and extension of new
classes of linear operators to nonlinear operators (Lipschitz). Among
these classes, we studied the class of p-lattice summing operators and
the class of σ(p)-nuclear operators in the Lipschitz cases. These are
the main axes of this thesis.

Keywords: Lipschitz operator, Arens-Eells space, Lipschitz
p-lattice summing operators, Lipschitz σ(p)-nuclear operators, quasi-
τ (p)-summing operators.
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