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Notation

PDEs Partial Differential Equations.

ODEs Ordinary Differential Equations.

R Real numbers (—oo, 00) .
R+ Positive real numbers (0, 00) .
R™ Euclidean space of real numbers with dimension n.

C3 (0,00) The space of continuously differentiable functions on the open interval (0, co)

that vanish at the boundary.

Dfe Disease-free equilibrium point.

Eap Endemic equilibrium point.

Rb Basic reproduction number.

No Zero natural numbers {0,1,2,3,...}.
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Introduction

iffusion phenomena are fundamental processes observed in a wide range of scientific

domains. They govern the spread of substances, energy, or even information through
space and time. Examples include heat conduction in physics, mixing of chemical species,
gas transport in porous media, and the transmission of signals or nutrients in biological
systems. These processes also extend beyond the natural sciences, such as modeling the
spread of information in social networks. Due to their ubiquity and importance, diffusion
phenomena have inspired the development of sophisticated mathematical models, particu-
larly those based on nonlinear partial differential equations (PDEs), to better understand
their dynamics.

This thesis presents a detailed and in-depth study of a set of nonlinear partial dif-
ferential equations (PDEs) used to model diffusion phenomena in diverse physical and
biological contexts. The thesis is structured into four interrelated chapters, beginning
with foundational concepts and progressively moving toward more complex and realistic
models.

In the first chapter, we review the fundamental definitions and concepts related to
nonlinear diffusion equations, with a focus on important mathematical properties such
as Banach’s fixed point theorem, as discussed in several references, notably [12] and [?].
We also highlight the role of self-similarity, a key analytical tool in studying the solutions
of these equations, which facilitates the analysis by transforming PDEs into ordinary
differential equations, as illustrated in key references such as [5] and [6].

The second chapter is devoted to the study of the porous medium equation, which
models the diffusion of gas through porous materials (such as soil and rocks). This equation
is widely used in vital applications including environmental pollution control, oil recovery,
and drug delivery systems. It has attracted significant attention in previous studies,
particularly concerning the existence and uniqueness of compactly supported solutions, as
investigated by Gilding and Peletier in [11].

The third chapter focuses on a broader class of nonlinear diffusion equations, specifically
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Introduction

non-divergence form PDEs. These equations generalize the porous medium equation and
encompass the non-divergence formulations studied in reference [2] within a unified
framework. We discuss these models in terms of their structure, mathematical analysis,
and solution behavior.

Finally, in the fourth chapter, we shift from physical to biological models by employing
reaction-diffusion systems to simulate the spatiotemporal dynamics of disease transmission.
These models account for spatial variations in population density, geographical barriers,
and environmental factors, making them more realistic and accurate in describing epidemic

spread in heterogeneous environments.

Farida Bouzid 2 Mohamed Boudiaf University of M’sila



CHAPTER 1

PRELIMINARIES ON DIFFUSION

PROBLEMS

C@his chapter presents the key definitions related to diffusion phenomena, whether
from a physical or biological perspective, in addition to the definitions relevant
to the content presented in this thesis. These definitions are essential for understanding
the theoretical foundations and mathematical models that will be used in the subsequent

chapters to analyze diffusion phenomena.

1.1 Introduction to Partial Differential Equations (PDEs)

A PDE describes the relationship between a function and its partial derivatives. Such
equations are used to model various phenomena in physics, chemistry, and other sci-

ences. A PDE typically involves an unknown function u that depends on variables

r = (21,2,...,7,) € R” and can be expressed in the general form:
P ou  Ou 0*u 0%u o 0
T1, T, .., U, , e , e =0,
b Oy’ Oxy” """ Oxi’ 023" "7 O,

where

* u = u(x) is the unknown function.

o Ou Ou ' represent the first-order partial derivatives of u.
Ox1’ Oxa’

° 9%u 0%u
022 023"

. represent the second-order partial derivatives of u.

* Fis a function that defines the relationship between these terms.

Generalities on PDEs

The following concepts are fundamental to the study of PDEs and can be found in various

references such as [14] and [15].
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1.1. Introduction to Partial Differential Equations (PDEs)

Definition 1.1 (Linear PDE). A linear PDE involves partial derivatives of an unknown function,
where the relationship between these derivatives is linear. This means that the derivatives appear

only to the first degree, and there are no products or powers of the derivatives or the function itself.

Definition 1.2 (Nonlinear PDE). A nonlinear PDE is an equation that contains partial derivatives,
where the relationship between these derivatives is nonlinear. This includes equations with products

or powers of the derivatives or the function itself.

Example 1.1. Consider the following equations:

o = 5 =0, (linear PDE),
(%)2 + (3—;) =1, (nonlinear PDE).

First-Order PDEs

The most general form of a first-order linear PDE with two variables is:

ou ou

where A (z,y), B (z,y), C (z,y),and D (z,y) are functions.

Second-Order PDEs

A second-order linear PDE with constant coefficients can be written as:

82u+b82u N 82u+d@+ @
B2 0x0y CayQ ox eay

+ fu=y, (1.1)
where:

¢ The first three terms constitute the principal part of the equation.

® a,b,c d e, f,and g are either constants or functions of x and .

e The type of PDE (1.1) depends on the sign of the discriminant * — 4ac.

Classification of Second-Order PDEs
The equation is classified as

e Elliptic if b* — 4ac < 0.

e Hyperbolic if b* — 4ac > 0.

e Parabolic if b*> — 4ac = 0.
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1.2. Self-Similar Solutions in PDEs

Fixed Point Theorems

Fixed point theorems study mappings that take a set into itself and, under certain condi-
tions, guarantee the existence of a fixed point, an element z, such that f () = x. These
theorems have wide applications in analysis and topology [16]. For example, the fixed-point

theorem of Banachllis a fundamental result in this area.

Theorem 1.1 (Banach’s Fixed-Point Theorem [12]). Let X be a non-empty closed subset of a
Banach space E, and let M : X — X be a contraction mapping. Then M has a unique fixed point
in X.

1.2 Self-Similar Solutions in PDEs

Self-similar solutions are a special class of solutions to PDEs that maintain their shape
under appropriate rescaling of spatial and temporal variables. Such solutions can often be

expressed in the form
t) =t ’
u (ZE, ) =U <t_'8) )
where o and 3 are constants that determine the scaling behavior of the solution with respect

to time ¢, and ¢ () is the self-similar profile depending on the similarity variable & = xt 7.

Definition 1.3. A solution of a PDE is said to be self-similar if it is scale-invariant, meaning that

it satisfies the transformation

u(z,t) — a’u(a’r,a't), a>0.

Scale Invariance Condition

Definition 1.4. Let P (z,t,u,...) = 0 be a PDE. Then, P admits a self-similar solution if and
only if it is scale-invariant under the action of dilation. That is, if we apply the following change
of variables:

uw=a , =x=dar, t=a't,

where a > 0 and s, \, v are positive parameters, the equation transforms as:
P (asx, a't,a M, .. ) = 0.

Here s, vy, and X are the scaling exponents.

1Stefan Banach, born in 1892 in Poland, was a mathematician and a founder of functional analysis.
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1.2. Self-Similar Solutions in PDEs

Differentiation Rules

To verify similarity, we apply the following differentiation rule:

8(0,)\’&) _ )\—vau 0(a)‘u) _ A—sau

@t o 9(ax) oz

If we set a7t = 1, then

a*u(a’z, 1) — a*p (a’z),

from which we deduce

a=t7.
Thus, the self-similar solution takes the form
u(z,t) = t_TA(p (z&ir) :
This form of self-similar solution is called highly singular.

Example 1.2. Consider the heat equation:

%—?:%’ (m,t)ERXR+,
u(z,0) =wuy, x,up €R.

Applying the scaling transformation u (z,t) — a*u (a*x, a¥t), we obtain

0 (a*u) _ a)\—va_u and 0 (CLAUQ) _ ax-%@‘
8 (cﬂt) at 8 (asgj) 8952
Thus ,
ou 0“u
A=y 27 S A-2s7 7
C e T e

which implies
A=—y=A—-2s = v=2.
And this represents the scale invariance condition. For similarity, we assume a”t = 1, which gives
a=t>. Substituting, we find
u(x,t) = t_TAgo (t%sx> :
For the heat equation, 3 = L transforms the PDE into an ordinary differential equation (ODE) in

terms of the similarity variable § = -. The goal is to determine the profile o that is the solution of
the ODE and the exponents o and 3.

Farida Bouzid 6  Mohamed Boudiaf University of M’sila



1.3. Fundamentals in Mathematical Modeling

Types of Self-Similarity

In this thesis, we study the following three types of self-similar solutions:

¢ Type 1: Solutions that evolve over time with a self-similar scaling behavior:
uy (z,t) = (t+7)" fi(n), for n=(t+7)z, 7>0. (1.2)
¢ Type 2: Solutions that terminate at a finite time ¢t = 7 (if @ < 0, 7 represents the
blow-up time):
up (z,t) = (1 =) fo(n), for n=(r—t’z, 7>0. (1.3)

¢ Type 3: Solutions that exhibit exponential growth or propagation, often in the context

of unstable systems:

us (z,t) = e fs (), for n =z vr (1.4)

1.3 Fundamentals in Mathematical Modeling

Mathematical modeling transforms complex biological phenomena into mathematical
frameworks that facilitate their analysis and understanding. These models are used to study
disease spread, population growth, and biological interactions, contributing to prediction
and informed scientific decision-making. This topic has been extensively covered in many

references and studies, including [7] and [10].

Dynamical system

Dynamical system it is a mathematical framework used to describe the evolution of
a system over time according to a fixed set of rules. These rules are usually expressed

through various types of models.
Types of models
There are several types of models, but the most common ones are:

1. Deterministic Dynamical System: Where the system’s evolution is completely deter-

mined by fixed laws and initial conditions, with no randomness involved.
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1.3. Fundamentals in Mathematical Modeling

2. Stochastic Dynamical System: Contains random elements or noise that affect the

system’s evolution.

3. Continuous Dynamical System: Described by differential equations where time

changes continuously.
4. Discrete Dynamical System: Studied in discrete time steps using difference equa-
tions.
Applications of Mathematical Modeling in Biology

Mathematical modeling plays a vital role in biology by providing a structured way
to understand, analyze, and predict complex biological processes. Some key applications

include:

1. Epidemiology: Modeling the spread of infectious diseases (e.g., SIR, SEIR models) to

predict outbreaks, evaluate control strategies, and inform public health policies.

2. Population Dynamics: Studying growth, interactions, and competition between

species to understand ecosystem stability and biodiversity.

3. Genetics and Evolution: Modeling gene frequency changes, natural selection, and

evolutionary dynamics over generations.

4. Cell Biology: Analyzing cellular processes such as signaling pathways, metabolic

networks, and cell cycle regulation.

5. Neuroscience: Modeling neural networks and brain activity to understand informa-

tion processing and behavior.
6. Physiology: Simulating organ functions, such as heart rhythms or respiratory pro-
cesses, to assist in medical diagnosis and treatment planning.
Key Analytical Tools in Mathematical Biology

Mathematical biology relies on several essential analytical tools that help interpret and

predict the behavior of biological systems. Among the most fundamental are:

¢ Basic Reproduction Number (3b): A critical threshold quantity used in epidemiolog-

ical modeling. It represents the average number of secondary infections produced by
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1.3. Fundamentals in Mathematical Modeling

a single infected individual in a fully susceptible population. If Rb > 1, the disease
tends to spread; if 9ib < 1, the infection will likely die out.

¢ Equilibrium Points: These are states of the system where variables no longer change
over time. In biological models, equilibrium points often correspond to disease-free

or endemic steady states, depending on the nature of the model.

e Stability Analysis: Stability is determined by analyzing the system’s Jacobian matrix
at the equilibrium point. If all eigenvalues have negative real parts, the equilibrium
point is considered (asymptotically) stable. However, if at least one eigenvalue has a

positive real part, the equilibrium is unstable.
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CHAPTER 2

NONLINEAR DIFFUSION OF POROUS

MEDIUM EQUATION

Un this chapter, we study the porous medium equation. This nonlinear partial differential
equation models the diffusion of physical quantities, such as the one-dimensional gas

flow in a porous medium. The equation is given by

ou  O*u™
il 2.1)
where u > 0, z is the spatial variable, and ¢ represents time, while m > 1.
Remark 2.1. When m = 1, the equation reduces to the heat equation
ou_ o
ot Ox?
From (1.2)), we find the solution for u; :
8u1 . 8 @ B
= a(t+7)" filn) + Bx (t+ 7)1 fi(n)
= (t+7) " ah(n) + Bnfi(n)]. (22)
Also
Pup 0 (o
o2 Ox \ Ox
0 [0 am em P
a am m— /
= % (m(t—i-T) (t+7')6 1 lfl)
= () (m (m = 1) )
= (t4+7)" ()" (2.3)

From the equations (2.2) and (2.3), we obtain

gomF2Bmotl (gmyT — o 1 () + Bnfl (n) .
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2.1. Weak Solution with Compact Support

If we choose
a(m—1)+26+1=0,

we obtain
—1l—a(m-1)

B = =

We have
()" = afr (n) + Bnfi ().

Therefore, we substitute the terme /3 into the equation to get
1 /
() = afy (n) = 5 o (m = 1)+ 1] f{ ().

In the same way, from (1.3)) and (1.4), we solve u, and u3, and we get

(5" ) = —afa () + 5 [ (m — 1) + 1] nf (n)
and
(A5 1) = afy (n) — 50 m — 1) n ().

At the boundaries, we impose the conditions
fi(0)=U>0,  fi(ec)=0, i=1,23
Accordingly, the solutions u; (z, t) satisfy the boundary conditions
u, (0,t) = (t+7)°U,  u(0,8)=(t+7)"U,  u3(0,t) =™y
and
w; (z,t) — 0 as T — 00 i=1,2,3.

Thus, we observe from the previous cases that we can write all the equations in the present

form

{ (™" +pnf" =qf, 0<n < oo, 2.4

f0)=U, f(o0)=0,

in which, p and ¢ are arbitrary real constants.

2.1 Weak Solution with Compact Support

Definition 2.1 (Weak Solution [11]). A function f is called a weak solution with compact support

of the problem if

Farida Bouzid 11  Mohamed Boudiaf University of M’sila




2.1. Weak Solution with Compact Support

1. fis continuous, bounded, and nonnegative on [0, c0) .
2. f™ has a continuous derivative with respect to 1 on (0, 00) .

3. f satisfies the identity
/0 P [(f™) +pnf] dE + (p + q)/O pfd§ =0, Vo€ Cp(0,00).

Let f be a weak solution of the problem (2.4) and positive with compact support. Then,
we assume the existence of a positive constant a > 0, where f > 0 on the interval (0, ) and

f = 0 on the interval [a, 00) then (f™)’ (a) = 0 and we write:
fa)=(f")(a)=0

Lemma 2.1 ([11]). The existence of a nontrivial weak solution of with compact support implies
one of the following properties:

i. p=0andq > 0.
ii. p > 0, for any q.

Proof. Suppose [ is a nontrivial solution of (2.4) with compact support; then there exists
a > 0such that f > 0on (a —¢,a) and f = 0 on [a,0) for some e > 0 and f (a) = 0. Then
dno € (a — ¢,a) such that f’ (1y) < 0 because
f(@)~f(a—c)

a—(a—e¢)

ES M<O
3

f/(ﬁo) =

Integration of (2.4) on an interval (1, a), we get

[umy@des [Cer©de=a [ r©de
Therefore . .
(e (i@ - [ r©d) = [ reae
Consequently, we get

™Y () = pnf () + (p+q) / CFe)de. 2.5)

Then, at n = 7, the left part of equation (2.5) is positive, and in order to say that the right
part is positive, then we can not take p and p + ¢ both negative, and if p = 0, then ¢ > 0.
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2.1. Weak Solution with Compact Support

Suppose that p < 0. Then, from equation (2.5) we have p + ¢ > 0and ¢ > 0. And f' < 0Oon

(a — ¢, a) implies
Vn e (a—e,a), Y€€ (na), wehave [f(&) < f(n)

and we conclude
also

WA,
TLdE < a—m,
/n F =
from equation (2.5) we get

—mf" 2 () —pn < (p+q) (a—mn).

If we now let 7 tend to a, we obtain a contradiction. Then p > 0. [

Explicit Solution forp =0

From equation (2.5) we find

—(fm)/ZQ/ f(&d¢, for ¢>0.
n

We put
- [ @
n
also
h(a)=0, h'(n)=f(m), and &"(n)=f"(n).
Therefore

Ly —q/f

m ()" () 1" (n) = qh (n).

If we multiply by A" and integrate, we obtain

Substituting h, we get

m Lo ©as = o [ nen e
[m—H W] = e,
("t = WD
v = [T
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2.1. Weak Solution with Compact Support

We put

we have

With integration from 7 to a

AR ) = Z(a—n)
~h(n) = {Z(mm—J;D(a—n)r_l,

we differentiate / and substitute Z by its value to get

1

(:—1)2 (a— n)2] o

2m

W (n) = [M} &

Finally, the result is as follows

_1
m—1

F0) = [% (o 77)2] . 26)

The solution to the problem (2.4), where f is a continuous and monotonic function with
respect to a, the equation f (a) = U is uniquely solvable for every U > 0. Let a (U) be its

solution. Then f (n) is the unique solution of problem (2.4).
We have f (a) = 0 and from the boundary conditions f (0) = U, Therefore

1
. 1 2 m—1
q(m ) a2

1) =U= 2m (m + 1)

Thus, we find

o (U) = \/Qm(m—i-l)Um_l.

q(m—1)*
The problem (2.4) admits a nontrivial weak solution of the second type of self-similar
1
solutions (see D , with compact support in the interval [0, a]. Here we get § = a = — T

and this holds when p = 0 and ¢ = —a > 0. Consequently, the solution takes the following

form:

1

m—1

2m (m+1
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2.1. Weak Solution with Compact Support

Lemma 2.2 ([T1])). Let b € (0, a), and let f be a positive solution of problem on [b,a).
i. Ifp+q>0,then f'(n) <0on[b,a).

ii. If p+ q < 0, and there exists an ny € [b,a) such that f' (ny) = 0, then f has a maximum at 7,

and ny < ’%a.
iii. If f is a positive solution of on [0,a), then

p+q>0 = f'(0)<0,
p+q=0 = f'(0)=0,
p+qg<0 = f(0)>0.

Proof. Starting from (2.5), we find that
i. If p+ ¢ > 0, thus we conclude — (f™)" () > 0 and as a result f’ () < 0 on [b, a).
ii. If p + ¢ < 0, notice that ¢ < 0 from which we get
m (m = 1) f"2 () [ ()" +mf™ " () /7 (0) + puf' (m) = af (n).
Suppose there exists 7y € [b, @) such that f’ (n9) = 0 where we have

mf™ () ' (n) = af (n),

therefore
f” (770) < 07

it follows that f has a maximum at 7y and f’ (n) < 0 where it gives us (2.5)

0zpnof(no)+(p+q)/af(§)df,

we have
fE<f(mw) on  [np,a),

also
(p+q)/af(€)d€ > (p+Q)/af(no)d€

> (p+Q)f(no)/ad£,

70
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2.2. Existence and Uniqueness of Solutions

we conclude that

IN
o

piof (mo) + (p+q) f (no) (a — o)
o+ (p+q) (@ —no)

IA
o

(p+q)a < qno

and we get

no < ma-

q
iii. Finally, if b = 0 then the interval becomes [0, a) and from (2.5), we find

— O =) [ FOde
0
Thus, it becomes easy to determine the sign of " at b = 0.

The proof is complete L

2.2 Existence and Uniqueness of Solutions

Lemma 2.3 ([11]). Let p > 0 and q be arbitrary. For any a > 0, there exists an € > 0 such that in
(a —e,a), problem has a unique positive solution.

Proof. We write (2.5) and find

—(f™ () =pnf )+ +aq) /af (€) d¢,

where . .
/ F(€)de = ] / EF(€) de,
hence
—(Y ) = pnf )+ (+a) ([sf]z— [ere dg)
= ol () —pnf (m) — anf () — (0 + 0) / Cef (e de,
then

™ (1) = anf () + (0 + ) / Cer () de.

We put the inverse function

n=g(f),
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2.2. Existence and Uniqueness of Solutions

when
n—a [f—0,
we have
0 d
im0 L = ag ()4 g /f () oo
af N [ ele)de
dg mfm=L(n) '
Therefore
dg _ mfm (n) .
A qg(N) f—(p+a) f] g(p)dp
By integrating from 0 to f, we get
/f @ _ /f mgpm_ldgp
o df 0 q9(0)e—(p+q) [ g@)dy
B B f mgom_ldcp
gif)—a = /0 a9 () —(p+q) | g (W) dy
Let now
T(f)=1-a"g(f),
then
9(f)=a—aTl(f)
and we substitute
f mgom_ldgo
—aT(f)—a =
=il (f)=e = [ ) e

~aT(f) =

we put

/f me™ tdp
o qla—aT (9)e—(p+q) ] (a—al () di’

©

q(a—aT(so))so—(mq)/ (a— aT (1)) dy

0

‘ ‘q<1_ww_<p+q>/0”<1_T<¢>>d¢]

’ "W_qm@)_<p+q>¢+<p+q>/o%<¢>d¢]

0 |-aoT (¢) = po+ (0 +0) /;T(@b) cw]

“a pso+qsoT(90)—(p+q)/0¢T(w)dw},
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2.2. Existence and Uniqueness of Solutions

then
y o me™ tdp
T(f) = /() —a [p¢+quT(go)—(p+Q)f0¢T(¢)d¢}
T() = 5 f i

@ Jo po+aeT (p) = (p+a) J§ T (W) dy
Let v > 0, and let X be the set of bounded functions 7" (f) defined on [0, 7] such that

p
(Ip| + [p +ql)

We denote by ||-|| the supremum norm on X. Then X is a Banach space. We define on X

0§T(f)§7=2

the operator
m [’ "Ny
a* Jo po+aeT () = (p+a) [ T (W) dy

A(T)(f) =
Suppose 7 € X. Then
pe +qoT () = pp — lal o ||T|

and
%)
—(P-HI)/O TW)dy > —p+qlelT],

hence

Vv

pe—lalel|Tl —Ip+qle|T|
o~ (gl +p+a) [IT])
e@—(a +lp+aql)7)

¢(r=3)

2—990
2 Y

pwqw(@)_(pw)/jnww

(AVARN VAR V]

v

then

A
|

AS)
;

=

<
<

Thus, A(T) is well defined on the whole of X. Clearly, if 7 € X, A(T) : [0,7] — R is

1

nonnegative and continuous. Moreover, there exists a v = [M} "1 < 0 such that if

2m
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2.2. Existence and Uniqueness of Solutions

1

v < [M} " and 1 € X, ||A(T)| < 7. Thus, if v < 7o, A is a map from X into X. Let

2m

now 11, Ty € X and let v < 7. Then

m [ P tdy
a Jo po+qeTi(p) — (p+q) [T (V) dy’

AT (f) =

also

in the same way with T,

_m f gom_ldgp
AL) (f)_a2 o e+ aeTs (@) — (p+q) f) T (¥) dy
and ey
4G (NS |55
we put
k(T)=p90+qs0T(90)—(p+Q)/o T (v)dy
Then
5 (Do) — k(1) = ‘PSOJrWTz @)= 0+0) [ T
— pp — qpTh (¢)+(p+Q)/O¢T1 <w>dw]
- ‘qso (T - Tue) ~ 6+ [ (o)~ T, (w))dw’
< lqlelTa(e) =T ()|l +lp+dale|Ta (@) = T1 (0)] -
Therefore
m 1 pm-1 m [ om1
Ay -am il = |5 [ -5 [
_|m /f o (I (T5) — & <T1>>‘
2/, K (T1) k (T2)
m [ k(1) = k(T3]
a* Jo (5¢) (5%)
Thus

A(Ty) (f) = A(T) () < A [ o™ %

g0 (T2 (0) = Ta () = (0 +9) Jy (T2 (@) — T1 () do| dp
A [T o3 (gl |1 T2 (9) — T1 (9)]
+lp+alelTa () — T (p)]) de

(Amaplpl) 7 gm=2ai0) |17, () = Th ().

IN

IN
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2.2. Existence and Uniqueness of Solutions

Consequently,

AT (F) - AD) (f)] < 2mldl+lpta) /™

IN

IT2 (p) = Ta (9)]

p*a*(m — 1)
4m (|q| + |p +q|)y™ !
p2a2 (m — 1) |T5 (p) = T1 (0)]] -

_1
Hence, if we take v < [W] " we will find 4m(‘§2‘:2"(’:1‘ﬂ)17)m71 < 1. Therefore, we

conclude that A is a contraction on X. Thus, by the Banach contraction mapping principle
[12], A has a unique fixed point in X, and (2.4) has a unique solution. O

Explicit Solution forp+ ¢ =0
From equation we find
= (™' = pnf ()

—mf™ () f'(n) = pnf(n)

"n) =

m m—1 a P rio7a
7 Lf (f)}n = 3 €]
r = [P @)
we put
f0)=U= {p(”;n; %2} o
then

2mUm—1
)

The blem admits a nontrivial weak solution of the first type of self-similar solutions

1
(see , with compact support in the interval [0, a|. Here we get § = o = e this
m

1
holds when p + ¢ = 0, where p = —f = T Consequently, the solution takes the

m +
following form:

1

—1 2] m-1

U(I,t):(t—f—T)a{M<a—l’(t+7)ﬁ>:| .
2m

Based on these results, we performed a numerical simulation to solve the equation, which

takes the following form:
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2.3. Boundedness of the Solution

coooo
s QOO
OSSO

w
n
T
ks ot

Solution u(z, t)
T

(a) 2D Plot of the explicit solution u(x, t) for different values of .

(b) 3D Plot of the explicit solution u(x, t)

Figure 2.1: (a) and (b) represent the explicit solution u(z, t) for the case p + ¢ = 0, when

m = 2.

2.3 Boundedness of the Solution

Lemma 2.4 ([11]). Let b € [0, a) and let f be a positive solution of (2.4) on (b, a) then, if p > 0

1

(m—1)a? m—1

sup f(n) < max {p, 2p + q}

(b,a) 2m
Proof. We have
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2.3. Boundedness of the Solution

i. Assume that p + ¢ > 0; then by lemma 2, f’ () < 0 on (b, a). Using this in we obtain

—(F™Y (1) = pf (1 p+q/f

We have f’ (n) < Oon (b,a), thus

£ < f)
1)
f(n) =1
ICH
/n f (77)d5 = "
dividing by f (n) , we obtain
—mfm? "(n) = a&
S ) f (n) p77+(p+q)/77 f(n)dg’

hence

—mf" 2 () f (n) < pn+(p+q) (a—n)

(p+q)a—qn.

IN

The integration from 7 to a gives us

— [Imfr () (&) de = = [P (O] (p+q)a [ dE—q [’ Ede

n

IN

< (p+qala—n) =L@ -7
< [p+9a—L(a—n)](a—n),
then
m m—1 q q
— < -2 — <n<
——/ (n)_[pa+qa 5 277](@ n, b<n<a,
hence
m—1 m — 1 q
< =
?;f))f ) = — [pa+2a]a
m —1a?
—— (2 .
- 2(29+Q>

ii. Assume that p + g < 0; then it follows from (2.5)) that

—(f™ () <pnf(n),

dividing by f (n)
—mf"* () ' (n) < pn,
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2.4. Main Results

we integrate from 7 to a to obtain

= JymfE (O dE = g2 T ) < p f, dg
< Bl
Consequently,
mom— D/o o b<p<
—— /" ) <5 (¢ =), n<a
Thus
-1
sup fm () < —a’.
sup ) s =g
The proof is complete O

2.4 Main Results

Lemma 2.5 ([11]). Let f be the positive solution of problem in a left neighborhood of n = a.
Assume that p > 0. then:

i if2p+q>0,f(n)>00n[0,a).
ii. if2p+q =20, f(n) > 00n (0,a)and f (0) = 0.
iti. if 2p + q < 0, there exists an n* € (0, a) such that f (n) > 0on (n*,a) and f (n*) = 0.
Proof. Integration of from 7 to a gives
a—m’d: ’ dé + (p+ aatdt
| @d=r [ g@acrora [ [ o

or

fm<n>:p/asf<5>ds+<p+q>/a/:f<t>dtds.

Using integration by parts leads us to write
) = v [ ©dcrora [ €-nr©d
n n
= dé+ (2p + - dg.
p [ s o) [ 6o g @

Thus, the lemma is now established. ]
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2.4. Main Results

Explicit Solution for2p+ ¢ =0

We have .
o =mm | 1@
we put .
hn)=—[ f(&)ds,
also 7’
h(a)=0, W (n)=f(m), and 1" (n)=[f" (1)
Therefore
(R)™ = —pnh(n)
W(n) = —pmnrhi ()
W (n)hw () = —pmp,

by integrating from 7 to 0, we find

/:h%s)h?i ©d = —p° /na&idf

m=—1 (m — 1)pm m41 m+1
h m f— ( m — m ) 5
(n) 1\ n
then m
1 m—1
(m - 1)pm m+1 m+1
h p— ( m —_— m > 5
(1) e G 7
we have
W n)=fm),
hence
1
m m—1 w 1
W) = m | (m—1)p (amT;Ll_nmgl) (m—1)p™ (m+1)nm
" m— 1 m+1 m—+1 m
m—1 1 1 L m+1 m+1 m1_1
then

- 1 m m m—1
f(77):77% [M <CLT+1—77 il>] , foranya > 0.

Farida Bouzid 24 Mohamed Boudiaf University of M’sila



2.4. Main Results

1 1
(see , with compact support in the interval [0, a]. Here we geta = —— and § = ——.
m

The problem admits a nontrivial weak solution of the first type of self-similar solutions
i 2m

1
this holds when 2p + ¢ = 0, where p = — 3 = o Thus, the solution:
m
1
1 = - ]. m m (m+1) m—1
u(x,t):xﬁ(t+7)5l+a [p(mm——i—l) (a#—x#(t—l—ﬂﬂ o )] :

Based on these results, we performed a numerical simulation to solve the equation, which

takes the following form:

04—

—1t=0.00
—1=0.10
0.35— —1t=0.20
=H:
03 : s L =U.
: 025(—
=l
= o2
g
=
= o5
)
01
0.05
o I I I | I \
0 05 1 15 2 25 3 35
Space z

(a) 2D Plot of the explicit solution u(z, t) for different values of ¢.

(b) 3D Plot of the explicit solution u(z, t).

Figure 2.2: (a) and (b) represent the explicit solution u(x, t) for the case 2p + ¢ = 0, when

m = 2.
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2.4. Main Results

Theorem 2.1. Both conditions (i) and (ii) are satisfied.

i. If U = 0, then for every a > 0, there exists a nontrivial weak solution with compact support for
problem which is positive in (0, a) if and only if p > 0 and 2p + q = 0.

ii. Assume that U > 0. Then, there exists a unique weak solution for a (U) > 0 such that
f (n;a(U)) has compact support for problem (2.4). In which, f is positive on (0, a) if and
only if p > 0 and 2p + q > 0. In both cases, the solution is bounded and unique.

Proof. By Lemma [2.1] the necessary condition for the existence of such a solution is that
p > 0 forany m > 1.
For p = 0 and ¢ > 0, we already gave the solution (2.6 of (2.5) which is:

1

m—1

g (m—1)*

2
—(a— 0<n<a.

f(n;a)Zl

This solution is continuous and satisfies for every U > 0, that f (0;a) = U and f (a;a) = 0,

. _ 2m (m+ 1) Um1
(U) \/ Jm_1%

In the following, for the case p # 0, we put p > 0 for any m > 1.

where

We already proved in Lemma the local existence of a positive solution in the left
neighborhood of = a of problem (2.4). This local solution is unique and can be continued
back to n = 0 as positive solution with f (0) > 0 if and only if 2p + ¢ > 0, according to
Lemma Thus the boundary condition at n = 0 is satisfied if we can find an a > 0 such
that

f(0;a)="U. (2.7)

We distinguish two cases:

i. U = 0. Then by Lemma[2.5} the equation can only be satisfied if 2p+¢ = 0. Moreover,
is then satisfied for any a > 0.

ii. U > 0. It follows from Lemma 2.5/ that now a necessary condition for (2.7) to have a
solution is that 2p + ¢ > 0. To prove that it is also sufficient, we use an observation
due to Barenblat{l|[1]. Let f (n; a) be a solution of problem (2.4) on (0, a). Then for any

!Grigory Berneblatt, born in 1927, A prominent Russian scientist in fluid mechanics, mathematical

physics, and applied engineering, known for self-similar solutions and dimensional analysis.
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2.4. Main Results

p > 0, the function um;flf (un; pa) is a solution of problem 1} on (0,pa). If p=at,
then

anif(0;1) = U (2.8)

Because f (0;1) > 0 in the cases 2p + ¢ > 0, we obtain a unique solution a = a (U) of

(2.8). Thus, the function f (1;a (U)) is a unique solution of (2.4), with the property

{f(n)>0 on [0,a),
f(n)=0 on [a,00).

Hence the theorem.
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CHAPTER 3

NONLINEAR DIFFUSION EQUATION NOT

IN DIVERGENCE FORM

Un this chapter, we discuss a class of nonlinear diffusion equations that model diffusion
processes in heterogeneous media. These equations are used to describe phenomena
such as fluid flow and heat transfer in non-uniform materials. The general form of the
equation is

du O*u™ o O%u
E = f (U) 02 + cu @, m > 1, (31)

where u > 0, z is the spatial variable and ¢ represents time. Also, f is a function that can
be chosen. The second term represents an additional effect of nonlinear diffusion, which
may account for phenomena such as diffusion in media with varying resistance; it will be

written for f =0and c =1 as

ou . 0%u

ot " Oa?
The global existence and blow-up of generalized self-similar solutions for this equation
have been studied by Basti et al. in [2]. Equation (3.1) is a representation of a large number

of diffusion equations. For f = 1 and ¢ = 0, (3.1) becomes the porous medium equation

ou _ 0?u™
ot ox?’
which is studied in the second chapter. If we choose f (u) = v and ¢ = —1 the nonlinear

diffusion equation (3.1) becomes

2, m 2
%:u%—um%7 m > 1. (3.2)
This equation yields a solution with a self-similar structure, where the diffusion evolves
according to a power law dependent on m. The parameter m > 1 governs the diffusion
speed and the solution’s nature, reflecting a nonlinear interaction between the two terms of

the equation.
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3. Nonlinear Ditfusion Equation Not in Divergence Form

We equip equation with the following boundary conditions:

B o Jdu 8 .\ _ s\ _
u(0,t) = (t+71)"U, %<a(t+7) 7t>—u<a(t+7) ,t>—0, V7 >0, and t > 0.

From the types mentioned in the last part of the first chapter (part[1.2), we use with
a slight modification on the first type (we use —f instead of 3); Thus

u(z,t) = (t+7)"f(n), for n=(t+7)"x

Using the same method as in chapter 2, we can find a solution v where

o of () — B ()
and -
T )y ()
Also , )
w0 T (g O () )~ £ ) £ ).
hence

(t+ 1) af () = Bnf ()] = (E+ )2 )" £ () = £ () £ ()] -
The condition related to similarity is

am+1)—2—a+1=0,

then
am +1
="
Consequently,
af ()= Bnf ()= ™ m)" fn) =@ " ().
We know that

af ()= Bnf () = m@m—1) ") (f ) +mf™ () £ () — ™ () £ ()
= m(m—1) "7 () (f )"+ (m—1) f" () £ ()
= (m=1) [mf" ) (F )+ £ () £ ()]

As
(™ ) £ () = mf ™ () (F () + 7 () S ().
then
(m = 1) (f™ () f' () = af () = Buf' (n). (3.3)
The solution of must satisfies the following conditions:
[(0)=U0, f>0on (0,a), f'(a) = f(a)=0. (34)
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3.1. Existence of Weak Solution with Compact Support

3.1 Existence of Weak Solution with Compact Support

Lemma 3.1. The function f is to be a nontrivial weak solution of problem (3.3)—(B.4) with compact

support, which implies one of the following properties:
i. f>0form > 1.
ii. f=0and a > 0.

Proof. Suppose f is a nontrivial solution of (3.3) with compact support; then there exists
a > 0suchthat f >0on (a —¢,a) and f = 0 on [a,o0) for some ¢ > 0 and f (a) = 0. Then

Jny € (a — €, a) such that f' (1) < 0. Integration of (3.3) on an interval (7, a) gives

<m—1>/;<fm<5>f/<§>>’df /f ) dé 5/51‘
- ) ) = / rede-s (ier / e dc)
- a/n f(&)d£+5nf(n)+ﬁ/n 1€ de

then
—(m—1) ™ () I () = Buf (n a+ﬁ/f (3.5)

Hence, we begin verifying the previous cases where we have
i. Let us consider § < 0 for m > 1 wheren € (a — €,a) and we set (a + ) > 0

Vne(a—ea), VEe(na), wehave f(§)<f(n)

and we conclude
also

from equation (3.5) we find

—(m—=1)f"" () f' (n) = Bn < (a+B) (a—n).

If » — a in the last equation, we notice that the left part is positive while the right

part tends towards zero, which is a contradiction, implying that 5 > 0 for m > 1.
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3.1. Existence of Weak Solution with Compact Support

ii. we set § = 0 and a > 0, we obtain
—(m=1) " () £ (1) = a / fie
Hence, it is satisfied for o > 0.

The proof is complete. L
Lemma 3.2. For any m > 1 and any a > 0, the problem (3.3)~(3.4) has a unique positive solution.

Proof. We have

—<m—1>fm<n>f’<n>=ﬁnf<n>+<a+ﬁ>/af<@d¢

where
| r@de=ies - [ er s
thus
- D)) ) = Bt )+ (at B) ( /éf da)
= Bnf () — (o + B)nf () a+5/5f ) de.
then

(m— 1) f™ () f (1) = anf (n a+5/5f

We put the inverse function

G(f)=mn,
when
n—a, f—0

By substituting it, we get

d 0 d

m=1) ") 5 = G S+ ) [ G G

& aG() f )+ (a+8) [ Clp)dp

aG (m —1) f (n)
Therefore

G (m—1) f™ (n)

df  aG(f) f(n) — (a+8) ] G(p)dp
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3.1. Existence of Weak Solution with Compact Support

By integrating from 0 to f, we get

/fﬁ _ /f (m —1) p"dyp

o & T Sy aG@e—(atB) TG W) du
R (m — 1) p"dy

Glf)—a = / G (P) o —(a+h) 7 C)db

We put

D(f)=1-a"'G(f),
then

G(f)=a—aD(f),

By substituting it, we find

., R (m—1)p™dy
a—ab{f)—a = /0 ala—aD(p)p—(a+p) [ (a—aD¥))dy
. [ (m — 1) p™dy
b = /0 a(a—aD ()¢ —(a+ ) [y (a—aD(¥))dy
_ /f (m —1) p"de '
o ala(l=D(p)e—(a+p) [ (1—-D())dy]
Divide by a to obtain
1 (m — 1) p™dp
D(f) g2 0 [a(—l—l—D(go))gp—i—(oz—{—ﬁ)fow(l—D(zﬁ))dib]
17 (m —1) p™dep
a2 ), —ag0+aD(ga)go+(oz+5)fo¢‘w—(Oé—i‘ﬁ)fowDW)dlﬁ
_ i/f (m—1)¢p"dp
a® Jo —ap+aD(p)p+ap+ Be—(a+ ) [ D¥)d
1 [/ (m —1) e™dp

a? Jo aD (@) ¢+ o~ (a+p) [ D (W) di’
Let 6 > 0, and let X be the set of bounded functions D (f) defined on [0, ] such that

B
(Il + [+ B1)°

OSD(f)§T=2

We denote by ||-|| the supremum norm on X. Then X is a Banach space. We define on X

the operator

1 (m —1) p"dyp
M(D)(”‘az/o D () e+ o — (ot 5) D) d
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3.1. Existence of Weak Solution with Compact Support

Let D € X we have

ﬁD(so)waso—(wm/:D(wdw

v

By —lal e [D ()]l = la+ f] |!D(<p)||/O di)

> Be—(laf+]a+B)elID (o)
> [ = (laf +|a+p]) 7]
p
> 90|:5_(|O‘|+|O‘+ﬁ|)2<|a|_’_|a+ﬁ|):|
2,
Therefore
L [f(m—1)¢mdyp
L A P
2(m—1) [/ i
T /Ow tdy
< 2(m—1) fm™
- a’fm
2(m—1)6m
a?fm

Thus, M (D) is well defined on the whole of X. Moreover, there exists a §y > 0 such that if
d <o, ||M (D)|| < 6. Letnow Dy, Dy € X and let 6 < §y.Then

i —
vy - [ YRS (m ~ 1) g"dy

a? o+ B — (a+ B) [7 Dy () dp
" M (D ><f>:i/f (m — 1) p"dy
? a2 Jo aDs () ¢+ Bp — (a+B) [T Ds (1) dpy’
We put
S(D) :aD«o)som@—(aw)/o D () di.
Then

1S(D2) = S(D1)| =

am(w)ww—<a+ﬁ>/:z>l<w>dw

—aDg(go)go—ﬁgoJr(oz+5)/0¢D2(w)dw'
= |ap (D2 (¢) — D1(p)) + (a+ B) ¢ (D2 () — D1 (p))]
< lal@||D2(¢) = D1 ()|l + o+ Ble || D2 () — D1 ()]
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3.2. Explicit Solutions

Therefore

|M (D1) (f) = M (D2) (f)|

Consequently,

|M (D1) (f) = M (D2) (f)]

a?Bmr

Hence, if we take § < [

2(m—1)

1/f(m—1>somdso_; f(m—l)somdso‘
0 S(Dr) a? Jo S(Ds)

/f (m —1)¢™ (S(Dy) — S(Dy)) dyp
0 S(D1)S(Dy)
/f @™ (S(Dy) — S(D1)) de
0 (59) (59)

a2
(m—1)
a2

m— f
e AT LA ENET

tlat AP (@) - Dy (@)
(“m‘”('o"*'“ﬁ') / fsom—l) 1D2 () — Dy ()]

a?B%m

(=R 2 I 1 o) - D
- a?32m

4(m — 1) (Jo] + | + B)) &
< ( mr JEACEENET

—D (e +|a+B)o™
aB?m

< 1. Therefore, we conclude that

1
} " we get 4

M is a contraction on X. Thus, by Banach contraction mapping principle [12], M has a

unique fixed point in X, and (3.3)) has a unique solution.

3.2 Explicit Solutions

Explicit Solution for o + 3 =0

From equation (3.5), we have

—(m—=1) f™(n) f' (n) = Bnf (n),

]

then
= (m=1)f"" () £ (n) = Bn.
By integrating the last equation from 7 to a, we get
my__ Pm 2 _ 2
hence )
_ pm 2 oo |"
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3.2. Explicit Solutions

Using the boundary conditions, we obtain

2(m—1)Um
pm

in which problem (3.3)-(3.4) admits a nontrivial weak solution with compact support [0, ]

when a = — (. Therefore

u(x,t) = )P —Bm a2——x2 ;.
( 775) (t‘|‘ ) [2<m_1) ( (t—{—T)%)]

Based on these results, we performed a numerical simulation to solve the equation, which

a(U) =

takes the following form:

6—

ek
IRl
COCoo)
o i=oo|
ScotS

Solution u(z, t)

Space x

(a) 2D Plot of the explicit solution u(x, t) for different values of .

(b) 3D Plot of the explicit solution u(z,t).

Figure 3.1: (a) and (b) represent the explicit solution u(x, t) for the case a + 3 = 0, when

m=2
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3.2. Explicit Solutions

Explicit Solution for 8 = 0

From equation (3.5), we have

—wm—nf%mfonzgfv@wg

If we put
hon = [ 1©de
then, '
W(n)=f), and h"(n)=f"(n),
hence

—(m —1) (W' ()™ 1" (n) = —ah(n).

If we multiply by 2’ and integrate, we obtain

—m—n/?w@W“MQM&nﬂ/%@mmma

then 1
, | (m+2)|™2 - ;
v = |2 e )
Hence -
Fm m
—h(n)z{mw(a—n)} ,
where

1
m

F= |5, (@

m—1)(m+ 2)

Using the boundary conditions, we obtain

a(U):\/Q(m_n(mm)U@

am?

in which problem (3.3)-(3.4) admits a nontrivial weak solution with compact support [0, a]
when = 0. Therefore

3=

ozm2

2(m —1) (m + 2)

u(z,t)=(t+7)" [ (a —x)°
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CHAPTER 4

INTRODUCTION TO MATHEMATICAL

MODELING OF EPIDEMICS

C@he application of PDEs constitutes a robust mathematical framework for analyzing
spatiotemporal disease transmission dynamics. Unlike conventional compartmen-
tal models (e.g., SIRS, SEIR) based on ODEs that assume homogeneous mixing, PDE
formulations explicitly account for spatial heterogeneities in population distributions,
geographical barriers, and environmental variations.

This investigation employs reaction-diffusion systems to model the spatiotemporal
evolution of susceptible, infected, and recovered population densities. We conduct compar-
ative analysis of two principal epidemiological frameworks: The SEIR model considering
individuals in the exposed or latent stage, and the canonical SIRS model, utilizing PDE
methodology to capture realistic disease spread patterns across heterogeneous environ-

ments with varying population densities and mobility patterns.

4.1 PDE-based SIRS Model

The SIRS model describes the spatial-temporal spread of an infectious disease in a pop-
ulation. It assumes recovered individuals can lose immunity and become susceptible
again. Let S (z,t), I (z,t), and R (z,t) € R* denote the population densities of susceptible,
infected, and recovered individuals, respectively, at spatial location z € 2 C R" and time

t > 0. It can be represented by the following chart:
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4.1. PDE-based SIRS Model

0
v , .S'_I I |
S(x,t) N 14 . Rx,t)
Susceptible Recovered

Figure 4.1: SIRS Model

The system of equations for the model is shown below:

98 = DgAS — 831 + SR,

E:

& = D/AI+ 85—,
9% — DRAR+~I — R,
with initial conditions:
S(z,0) = So(z), I(x,0)=Iy(z), R(z,0)= Ro(x), forall z €.

where

¢ A is the Laplace operator (e.g., Au = V?u),

e Dg, D;, Dp are diffusion coefficients,

¢ [ is the transmission rate,

* ~ is the recovery rate,

* ¢ is the immunity loss rate.

When neglecting spatial effects (assuming spatial homogeneity) and eliminating diffu-
sion terms (AS = Al = AR = 0), the system transitions from PDE:s to the classical ODEs

framework used in traditional epidemiological models. The model then takes the form:

dS _ _ pSI

7 =B +OR,
al _
dt

%:71—53.

%_W/Ia

In analyzing the classical SIRS model, we observe a fundamental conservation property
where the total population (N = S+ I + R) remains constant. This can be rigorously proved

by summing the three governing equations:

as dI dR

ST S
E—FE—F% = _BW+5R+6W_71+71_5R

=0
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4.1. PDE-based SIRS Model

and thus
dN

o= 0.
Hence, N is constant.
Given the population conservation (N = S + I + R constant), we normalize the model
using population fractions:
5@
N

(1)
Ta

E®)

S(t) = T(t) = .

R(t) =
Substitution into the original equations yields the dimensionless system:

4 = —BST + 0R,
4L — BST — 11,
%3 =L — 0R.
This normalized form preserves the original dynamics while simplifying mathematical

analysis.

The Equilibrium Points

We now study the equilibrium points, starting with

Disease-Free Equilibrium

e If 7 =0, we have

45 _ _8ST+6R =0,

L — ST — 4T =0,

at
%:71'—572:0,

hence ®fe = (S, Zo, Ro) = (S0, 0,0) = (1,0,0).
Endemic Equilibrium
e If 7 > 0, we have
BS*IT* —~I" = 0
" (pS" =) = 0,
hence
5= %
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4.1. PDE-based SIRS Model

And
YL* — dR* =0,
thus
* fY *
R = =T*.
)

From the normalization condition N = 1, we derive:

S"+T"+R =1,

then
¥ = 1 -8 —-R*
Yo
1— 21— 11%,
)
Therefore
1-2
"= —2.
1+7
Thus
— (8", T = (1,77, 117).
e (7R = (3.7 37)

Basic Reproduction Number

To calculate the basic reproduction number $3b, we use the SIRS model with one infected

compartment Z:
f=v=BSML(t)=L(t).
Accordingly,
f=BSMI{), v=9L().
Here, f is the rate of appearance of new infections, and v is the rate of other transitions. The

new infection matrix F and transition matrix V are assessed at the disease-free equilibrium

point, as follows:

. d
F= B ()T (1) o V= gz 1) o

hence

It follows that
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4.1. PDE-based SIRS Model

then
/y )
thus
Rb = é
fy

We can rewrite Z* of the endemic equilibrium point as follows

_ B B\
1" = y
B

13 3(2+1)
therefore
. J(Rb—1)
 ORb+
and

= A = | = .
The endemic equilibrium point exists when $ib > 1.

Stability Analysis of the Equilibrium Points

The system’s Jacobian matrix is

O(—BSI+6R) O(—BSI+SR) O(—BSI+IR)

S oz oR
J = I(BST—I) I(BST—T) 0(BST—I)
o) oz OR
O(YI—R) O(vI—6R) O(vI—6R)
S oz oR
Then
—6L —pBS )
J = 6L pBS—~ O
0 ~y —0

¢ At the disease-free equilibrium point Dfe, we have

0 —-p 0
Jfofe = 0 B—v 0
0 7 —0

The stability of the Dfe depends on the eigenvalues of the Jacobian matrix. Solving

thecharacteristic equation det (Jose — A X Idsx3) = 0. The characteristic equation is by

calculating:
—A - J
0 B—9—2A 0 = 0.
0 v —0—A
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4.1. PDE-based SIRS Model

Thus

“AB =7y =N (=0 =] =0,
hence

Ao (5 (2-1)-x) o
Thus

A+ (7 (96— 1) — \) = 0.

If Rb = g < 1, then all the eigenvalues are negative, therefore the disease-free

equilibrium is stable when 93b < 1.

¢ At the endemic equilibrium point &qp, we get

oy(Rb—1)
e V0

oy(Mb—1)
o 000

0 v =0

Jé‘qp =

Lety = %";1), then

the characteristic polynomial is given by

PA) = (=0 =N[-A(=6 =N +7[ (=0 = A)] + 6 [¢]
= (== A) (OA+N?) + 99 (=6 — \) + ¢y,

by simplifying, we find
PN\ =-2Q()\), with QN =N+@+)A+¢(0+7).

All the eigenvalues are negative because all the coefficients of () (\) are positive. we
note that
(v +06)>0, and (6 +7) > 0.

oy(Rb—1)
5ty

1. Therefore, the €qp is locally asymptotically stable when 53ib > 1.

Since ) > 0 or ¢y > —§, we choose 1) > 0, where ¢ = > 0 if and only if b >
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4.2. Applications with Numerical Results

4.2 Applications with Numerical Results

Within the framework of studying epidemic spread dynamics, we conduct a numerical
simulation of the SIR (Susceptible-Infected-Recovered) model for a closed population
with constant size N = 1000 individuals. The simulation is initialized with the following
conditions: a single infected case I (0) = 1, zero recovered cases at baseline R (0) = 0,

resulting in an initial susceptible population
S(0)=N—1(0)—R(0)=2999.

This simulation utilizes a set of epidemiological parameters governing model interactions,
whose values and corresponding biological interpretations are detailed in the accompany-

ing table

Table 4.1: Initial and Model Parameters for the SIR Epidemiological Model

Parameter Interpretation Assumed Value Unit
S(0) Initial number of susceptible individuals 999 individuals
1(0) Initial number of infected individuals 1 individuals
R(0) Initial number of recovered individuals 0 individuals
o) Transmission rate 0.3 @
0 Recovery rate 0.1 e

Accordingly, the basic reproduction number 2ib is calculated based on the data provided
in the table.

Based on these results, we performed a numerical simulation of the model, as follows:
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Figure 4.2: SIR Model Dynamics

From Figure we observe that the number of susceptibles starts high and then
gradually decreases as they move to the infected group. The number of infected individuals
rises to a peak and then decreases as they transition to the recovered group. The number of
recovered individuals starts from zero and increases over time. The graph shows a single
peak of infection followed by a stabilization period and a continuous decline in the number
of susceptibles.

By introducing the waning immunity parameter § = 0.02 into the classical SIR model,
the system transitions to an SIRS model that captures the dynamics of diseases with
temporary immunity. This parameter represents the rate at which recovered individuals R
revert to the susceptible population S due to loss of acquired immunity.

To examine this model’s behavior, we conducted numerical simulations under these

specifications, with the results presented as follows:
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Figure 4.3: SIRS Model Dynamics

From Figure we observe that the number of susceptibles starts high and then
gradually decreases, with some fluctuations due to individuals recovering and returning
to the susceptible group due to the effect of §. The number of infected individuals rises
to a peak and then decreases due to recovery, while the number of recovered individuals
gradually increases. However, some individuals return to the susceptible group because of

9, leading to fluctuations in the population of the different groups.

4.3 PDE-based SEIR Model

The Partial Differential Equation-Based SEIR Model extends the classical SEIR framework
by incorporating partial differential equations to account for spatial dynamics and het-
erogeneous disease transmission patterns, thereby enhancing the predictive accuracy of
disease spread across populations and diverse environments. It can be represented by the

following chart:
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4.3. PDE-based SEIR Model

S(x,t) ‘ v l R(x,t)

Susceptible Recovered

i

SI
AA/—T l” &

E(x,t)
Exposed

|u

Figure 4.4: SEIR Model

The system of equations for the model is shown below:

)
98 = DsAS+ AN — (B4 —v—p) S,
98 = DpAE+ B3 — (0 + ) E,

Y = DIN[+0E—(y+)],

9% — DRAR +vS +~I — uR.

\ Ot

with initial conditions:
S(z,0) = So(z), I(x,0)=Iy(z), R(z,0)= Ro(x), forall =z €.
Here
¢ Sis the susceptible individuals.
¢ [ is the exposed individuals.
* [ expresses the infected individuals.
* R presents the recovered individuals.
e A is the birth rate.
¢ [ is the infection transmission rate.
* v is represents the vaccination rate,
¢ o is shows the transition rate from F to .

* 1 is presents the recovery rate.
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4.3. PDE-based SEIR Model

* 4 is expresses the death rate.
¢ N is the total population.

When neglecting spatial effects (assuming spatial homogeneity) and eliminating diffu-
sion terms (AS = Al = AR = 0), the system transitions from PDE:s to the classical ODEs

framework used in traditional epidemiological models. The model then takes the form:

45 = AN — (B£ +v+p) S,
@ =65 —(0+p)E,
G=0E—(v+ul,
%zuS%—’y[—uR.

\
Summing all equations, we obtain

dN

= A-pNO).

Consequently,
N () < Noexp (A — w)T).

Where T is the maximum time in our study to the model and N, is the initial total popula-
tion at ¢ = 0. Then, N is bounded.

In the subsequent sections of this study, we assume the existence of a positive constant
N < Ngexp (A — )T,

for which the total population N remains fixed throughout our study, which can be ex-
pressed as N (t) = N, for any ¢ € [0,7]. This assumption is made to normalize the SEIR

model. Therefore, we put:

S(t)zﬁ, S(t):ET(t), T="1" R(t):RT(t).
Then we obtain
B —AN—(BT+v+p)S,
& = BST — (0 + p) &,
G =08 —(v+uT,
IR — 8 + 9T — uR.

\ dt
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4.3. PDE-based SEIR Model

Basic Reproduction Number

The SEIR model consists of two infection components, £ and Z, therefore

P ( 582—(0+u)5,>
S\ -G+

f:<531) U:< (0+u)& )
Z o ) —0E+(v+m)T )

At the disease-free equilibrium, we compute the infection matrix 7 and transition matrix V

0 BS 0
0 O -0 Yt p

1
po :( otV )
o 1
(c+u)(v+n)  v+u

We have Rb = p (FV™'), then

1
o 1 ’
0 0 G o S

Accordingly,

as follows

It follows that

therefore
_ BSea _ BSo
MRb = (e+mw)(y+w)  ytp :
0 0
thus
Rb — ﬂSOO'
(0 +p) (v +n)
By substitution, we obtain
b — BAo

(v+p) (o +p) (v +p)
The Equilibrium Points

Disease-Free Equilibrium

e [f7 =& =0,wehave
0O=A—(v+pn)S,
0=vS — uR.
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4.3. PDE-based SEIR Model

Using these equations, we deduce

A Av

Sy = Roy= ———r.
CTotp Y p(u+ )

Thus

A Av
Dfe = (So, €0, Lo, Ro) = (m70’0’ m> '

Endemic equilibruim
e If7 >0and & > 0, we have

(0=A— (BT +v+pu)S,
0=BST— (0 +p)&,
0=0&—(y+n)I,

\ 0=vS +Z — pR.

From the equation

0=0—(y+pn)Z and 0=vS+~Z — uR,

we deduce

7o 7 g pe_VUsy 7 g

v+ n f (Y + p)

we have

A=(BL+v+p)S+BST— (0 +p)E=0,
we obtain

S A o+ Mg*_
v+u vt p

This finally gives us

0=BST — (0 + p)€E.

By substituting into the equation, we have

oo Wty +p) (M —1)
po ’
then, we can conclude that
P G DICR)
Bo ’

and

qup = (S*,S*,I*,R*) = (8*75*7 Lg*, ES* + Lg*) .
THu T p (v + p)
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4.3. PDE-based SEIR Model

Stability Analysis of the Equilibrium Points

The system’s Jacobian matrix is

—(BL+v+p) 0 —BSy 0

J_ BL —(o+mn)  BS 0
0 o —(y+p) O

v 0 gl —

* At the disease-free equilibrium point Dfe, we have

—(v+p) 0 - 0

Joe = 0 —(o+p) 2 0
0 o —(y+p) O

v 0 gl —p

The stability of the Dfe depends on the eigenvalues of the Jacobian matrix. Solving

thecharacteristic equation det (Jose — A X Idsx3) = 0. The characteristic equation is by

calculating:
—BA
—(v+p)— X 0 v+p 0
BA
0 —(orm-r L
0 R R W
v 0 2} —# = A
Hence
BAU]
V0 —p =N (=p =N |(—o—p =N (=y—pu—N) — -
(cv=n= N =0 o= =W -y - 22
Therefore
, ) BAc
(o= p =N (== [N+ 2u+o+N)A+ (1 +W+’M+W)_U+M o

from the term Rb, we obtain

(o =p =) (=N [N+ Q2u+o+7) A+ (0 +p) (y+p) (1-9R6)] =0,
we put
A=—(w+up), A=-p and Q) = N+2u+oc+) A (o +p) (v +pu) (1 —NR0).

If Rb < 1, all the coefficients of () (\) are positive. Therefore, all the roots of ) (\) are
negative reals or complexes of negative real parts, then the disease-free equilibrium

is stable when 93b < 1.
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4.4. Applications with Numerical Results

¢ Following the same aforementioned approach, we conclude that the endemic equi-
librium €&gqp is locally asymptotically stable when the basic reproduction number

satisfies Rb > 1.

4.4 Applications with Numerical Results

In this study, we analyze the dynamics of epidemic spread through a numerical simu-
lation of the SEIR model (Susceptible-Exposed-Infectious—Recovered) within a closed
and constant-size population of N = 1000. The simulation begins with specific initial
conditions: ten infectious cases I (0) = 10, ten individuals in the exposed compartment
E (0) = 10, and no individuals in the recovered compartment R (0) = 0, which implies that

the initial number of susceptible individuals is
S(0) = N — E(0) — I(0) — R(0) = 980.

The simulation is based on a set of epidemiological parameters, the precise values and

biological interpretations of which are presented in Table

Table 4.2: Initial and Model Parameters for the SEIR Epidemiological Model

Parameter Interpretation Value Reference Unit

A Recruitment rate 0.0224 [22] —
S(0) Initial susceptible individuals 999  Assumed individuals
1(0) Initial infected individuals 10 Assumed individuals
R(0) Initial recovered individuals 0 Assumed individuals
E(0) Initial Exposed individuals 10 Assumed individuals
B Transmission rate 0.5  Assumed —

v Recovery rate 0.1  Assumed =

v Vaccination rate 0.01  Assumed ﬁl;e

o Transition rate (E to I) 0.2 Assumed ﬁ

w Natural death rate 0.0224 [22] —

Accordingly, the basic reproduction number b is calculated based on the data provided
in the table.

Based on these results, we performed a numerical simulation of the model, as follows:
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Figure 4.5: SEIR Model Dynamics

From Figure 4.5, we observe that the number of susceptible individuals is initially high
and gradually decreases without reaching zero. The exposed group increases rapidly until
peaking, then declines. Infected individuals start low, reach a peak later, and then decrease
due to recovery or death. Meanwhile, the number of recovered individuals gradually
increases through recovery or immunization and stabilizes at a high level.

By introducing the waning immunity parameter 6 = 0.02 into the classical SEIR model,
the system transitions to an SEIRS model, which captures the dynamics of diseases with
temporary immunity. This parameter represents the rate at which recovered individuals R
revert to the susceptible population S due to the loss of acquired immunity. To analyze the
model’s behavior, we conducted numerical simulations under the specified parameters,

and the results are presented as follows:
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Figure 4.6: SEIRS Model Dynamics

From Figure we observe that immunity loss leads to a lack of permanent stability
across the population groups: the number of susceptibles decreases and then rises again,
while exposed and infected individuals show fluctuations indicating repeated waves
of infection. The recovered population increases initially, then gradually declines as
individuals return to the susceptible class. This behavior reflects the continued spread of

the disease due to the absence of lasting immunity.

4.5 Diffusion Equilibrium with Spatial Variation

In spatial epidemiological models, the movement of individuals within the geographic
domain is taken into account, which necessitates the inclusion of diffusion terms in the
equations, thereby transforming the system into a reaction-diffusion model. This fun-
damentally alters the analytical approach, particularly in the computation of the basic
reproduction number Rb.

To compute 2Rb in the SEIR model, we should mention that

98 — DEAE+ B3 — (0 + 1) E,
Y =DIAT+0E—(y+p)I.
To solve equations involving the Laplacian A, we utilize spatial field expansions based on

the eigenfunctions of the operator —A, namely

—Adr = \pOr, for k=0,1,...,n € Ng.
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4.5. Diffusion Equilibrium with Spatial Variation

where

* )\ are the eigenvalues of the Laplacian operator —A.

* ¢y, are the corresponding eigenfunctions (or spatial modes) of the Laplacian.

As shown in the following graph, the Laplacian eigenvalues \; increase with the mode

number k:

Figure 4.7: Eigenvalues )\, vs Mode Number

The variables F and I are expanded using spectral decomposition at S = S, as follows

)=> ex(t)r(x), and I(x,1) sz

where
* ¢4 (t) and i (¢) are the temporal coefficients.

Assuming that Dy = D; = D, we substitute into the equation for E to obtain

deZt( o ( :_Dzek ) Ae@r (2 +5 Zlk — (o4 p) Zek

k=0

Since ¢y, () is mdependent of time, then

d
62< ) *ﬁ—zk( )= (DXe+ 0+ p)ep ().
Similarly, we obtain
diy, (t) ,
di zaek(t)—(D)\k+’y+,u)zk(t).

We can write the system in matrix form as follows

i(ek(t)>:(—(D)\k+a—l—u) B )(ek(t)>
dt \ iy (1) o — DNy +m) ) i) )
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Conclusion

Calculation of 26”°” for each mode

For our system, we have

F_ 0 B% Cye D\, +0+u 0 |
0 0 —c DX+ +
Therefore

0 B2 D) 0
Ro"PE = p (FV7) = ! ( 5N>< kY H )

(D\p+a+p)(D\e +v+u) \ 0 0 o DM\, + 0+ p

Then
B ¥
RpPPE — (DAg+o+u)(DA\p+y+p)  DAp+y+u
0 0
hence s
RpPPE — BRo '
(DA 40+ p) (DA + 7+ 1)
Thus
e
mbPDE = ma N .
. ((D)\k +o+u) (DX + v+ )

Since )y = 0 (the spatially constant eigenmode) and )\, > 0 for £ > 1, the maximum is

achieved at k = 0. Hence
poSy

mbPDE — ]
N (o +p) (v +p)
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Conclusion

his thesis constituted a systematic study of a class of nonlinear partial differential
equations used to model diffusion phenomena in both physical and biological
contexts. The focus was placed on the fundamental mathematical properties of these
equations, highlighting their complexity compared to linear models, both in terms of
theoretical analysis and numerical treatment.

The results obtained showed that nonlinear models were capable of accurately captur-
ing phenomena characterized by irregular or density-dependent diffusion, as observed
in practical applications such as heat transfer in heterogeneous media or the spread of
infectious diseases in spatially structured populations. The analyses enabled a deeper
understanding of the solution dynamics and their long-term behavior, while also providing
robust mathematical tools to investigate stability and convergence.

Based on these findings, this work laid a solid foundation for future research that
may aim to extend the models to higher spatial dimensions, incorporate more complex
boundary conditions, or introduce additional interactive mechanisms. Future directions
could also involve bridging the gap between rigorous theoretical analysis and efficient
numerical schemes to ensure both accuracy and computational feasibility in simulations.

Thus, this thesis contributed to clarifying the potential of nonlinear partial differen-
tial equations in describing diffusion-driven phenomena, while emphasizing the need
for continued development and deeper investigation of these models within a rigorous

mathematical framework.
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Abstract: L
1] This thesis aims to study and analyze nonlinear partial differentialﬁ
¥ equations used in modeling diffusion phenomena in physical and biological /
<@systems. The focus is placed on the porous medium equation, non-divergence ¢

% The results demonstrate the ability of these models to provide accurate A
\ descriptions of the complex dynamics of natural systems in heterogeneous /

Key words : Nonlinear partial differential equations, diffusion

£ problems, self-similar solutions, existence and uniqueness, biological systems,
% equilibrium points, basic reproduction number.
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