PEOPLE’S DEMOCRATIC REPUBLIC OF ALGERIA
MINISTRY OF HIGHER EDUCATION AND SCIENTIFIC RESEARCH
UNIVERSITY MOHAMED BOUDIAF OF M’SILA

———— Faculty of Mathematics and Informatics e
dlunall - Wb g 2800 dosly . dluuall - caludgs 2050 daols
Université Mohamed Boudiaf - Misila Department of Mathematics Université Mohamed Boudiaf - Msila
Order Num : ..........

THESIS

Presented to obtain the degree of Doctor

Specialty
Mathematics

Option
Pure Mathematics and Its Applications

By
NORELHOUDA BAKRI

Title

Closures and openings of ternary relations

Defended on 15 / 07 /2021 before the jury composed of :

Abdelaziz Amroune Prof. University of M’sila President
Lemnaouar Zedam Prof. University of M’sila Supervisor
Bernard De Baets Prof. University of Ghent, Belgium Co-Supervisor
Douadi Mihoubi Prof. University of M’sila Examiner
Moussa Benoumhani MC(A) University of M’sila Examiner
Omar Barkat MC(A) University Center of Barika  Examiner

Academic year : 2020/2021



M’SiLA UNIVERSITY
FAcuLTY OF MATHEMATICS AND
INFORMATICS

CLOSURES AND OPENINGS
OF TERNARY RELATIONS

NORELHOUDA BAKRI

THESIS SUBMITTED IN FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF
DOCTOR OF MATHEMATICS

ACADEMIC YEAR 2020-2021



Jury president: Prof. dr. Abdelaziz Amroune
Faculty of Mathematics and Informatics
Department of Mathematics

M’sila University-Algeria

Supervisor: Prof. dr. Lemnaouar Zedam
Faculty of Mathematics and Informatics
Department of Mathematics

M’sila University-Algeria

Co-Supervisor: Prof. dr. Bernard De Baets
Faculty of Bioscience Engineering
Department of Data Analysis and
Mathematical Modelling
Ghent University-Belgium

Examination committee: Prof. dr. Douadi Mihoubi
Faculty of Mathematics and Informatics
Department of Mathematics

M’sila University-Algeria

Dr. Moussa Benoumhani
Department of Mathematics

M’sila University-Algeria

Dr. Omar Barkat
Department of Mathematics

Barika University Center-Algeria



NORELHOUDA BAKRI

CLOSURES AND OPENINGS
OF TERNARY RELATIONS

Thesis submitted in fulfillment of the requirements for the degree of
Doctor of Mathematics

Academic year 2020-2021



Please refer to this work as follows:

Norelhouda Bakri (2021). Closures and Openings of Ternary Relations, Doc-
toral thesis, Faculty of Mathematics and Informatics, M’sila University, M’sila,
Algeria.

The author and the supervisors give the authorization to consult and to copy parts
of this work for personal use only. Every other use is subject to the copyright laws.
Permission to reproduce any material contained in this work should be obtained
from the author or the supervisors.



Acknowledgements

I acknowledge the presence of God who created me and gave me this rare privilege
to achieve my dream of attaining the highest qualification.

This thesis is an output of several years of research that was started at the
University of M’sila under the supervision of Prof. dr. Lemnaouar Zedam with
collaboration of Prof. dr. Bernard De Baets (Ghent University, Belgium).

I am highly indebted to my supervisors Prof. dr. Lemnaouar Zedam and Prof. dr.
Bernard De Baets, who supported me in all stages of this work. They always
gave me constant encouragement and advice, despite their busy agenda. Without
a coherent and illuminating instruction, this thesis would not have reached its
present form. I will never forget their guidance and the help they gave me even
during weekends, holidays and all other opportunities.

I sincerely thank the chairman of the jury committee, Prof. dr. Abdelaziz Amroune,
and the other jury members, Prof. dr. Douadi Mihoubi, Associate Prof. Moussa
Benoumhani and Associate Prof. Omar Barkat for agreeing to read the manuscript
and to participate in the defense of this thesis.

I extend my sincere thanks to all members of the Department of Mathematics.

Although it was a short scientific visit (3 months to the KERMIT research Unit,
Ghent University, Belgium), I wish also to express my profound appreciation to
my colleagues there for the friendly atmosphere.

Without the support of all members of my family, I would never finish this thesis.
My thanks go to my parents for their confidence and their love during all these
years. Their prayers, passionate encouragements and generosities have followed
me everywhere to give me a lot of power. I would especially like to express my
gratitude to my brothers and sisters, who has always supported me and helped
me overcoming the difficulties without complaining. I wish all of you a prosperous
life full of happiness and health.

M’sila, June 2021
Norelhouda BAKRI



Table of contents

Acknowledgements v
Introduction vii
1 Generalities on binary and ternary relations 1
1.1 Binary relations . . . . . . .. .. L o 1
1.1.1 Definitions and properties . . . . . ... ... ... .... 1
1.1.2  Closures of a binary relation . . . . . . .. ... ... ... 2
1.1.3 Openings of a binary relation . . . .. ... ... ... .. 4
1.2 Ternary relations . . . . . .. .. . oL )
1.2.1 Definitions and examples . . . . . . ... ... ... .. .. )
1.2.2  Ternary relations obtained by permutation . . . . . . . .. 7
1.2.3 Traces of ternary relations . . . . . . ... ... ... ... 9
2 Compositions of ternary relations 11
2.1 Compositions of relations . . . . . . .. ... ... 11
2.1.1 Composition of binary relations . . . . . .. ... ... .. 11
2.1.2  Compositions of ternary and binary relations . . . . . . . . 13
2.2 Binary projections and cylindrical extensions . . . . . .. .. ... 14
2.2.1 Binary projections of a ternary relation . . . . . . . .. .. 14
2.2.2  Cylindrical extensions of a binary relation . . . .. .. .. 16
2.3 Four-point compositions of ternary relations . . . . .. ... ... 18
2.3.1 Four-point compositions . . . . . . . ... ... ... ... 19
2.3.2  Properties of the four-point compositions of ternary relations 28

2.3.3 Interaction of the four-point compositions with basic set
operations and permutations . . . . . ... ... ... ... 31

2.3.4 Interaction of the four-point compositions with binary pro-
jections and cylindrical extensions . . . . . . . .. .. ... 34
2.3.5 Interaction of the four-point compositions with traces . . . 38
2.4 Five-point compositions of ternary relations . . . . ... .. ... 39
2.4.1 Five-point compositions . . . . ... .. ... ... ... 40

2.4.2 Properties of the five-point compositions of ternary relations 41
2.4.3 Interaction of the five-point compositions with basic set
operations and permutations . . . . . .. ... ... .. .. 43

Vi



TABLE OF CONTENTS

2.4.4 Interaction of the five-point compositions with binary pro-
jections and cylindrical extensions . . . . . . ... ... .. 48
2.4.5 Interaction of the five-point compositions with traces . . . 52
2.5 Subcompositions and supercompositions of ternary relations . .. 54
3 Transitivity of ternary relations 57
3.1 Transitivity properties of ternary relations in literature . . . . . . Y
3.2 Four-point transitivity properties . . . . . .. ... ... 58
3.2.1 Definitions and properties . . . . ... ... ... .. ... 58

3.2.2 Interaction of the four-point transitivity properties with
permutations . . . . .. ..o 59

3.2.3 Interaction of the four-point transitivity properties with
binary projections and cylindrical extensions . . . . . . . . 60
3.3  Five-point transitivity properties . . . . . ... ... ... 61
3.3.1 Definitions and properties . . . . .. ... ... ... ... 62

3.3.2 Interaction of the five-point transitivity properties with
permutations . . ... ..o Lo 63

3.3.3 Interaction of the five-point transitivity properties with
binary projections and cylindrical extensions . . . . . . .. 64
3.3.4 Interaction of the five-point transitivity properties with traces 65

3.4 Link between four-point transitivity and five-point transitivity
properties . . . ... oL 66
4 Closures and openings of ternary relations 68
4.1 Closures of a ternary relation . . . . . . .. .. ... ... .. .. 68
4.1.1 General results . . . . .. ... 68
4.1.2 Closures for some special properties of ternary relations . . 69
4.2 Transitive closures . . . . . .. ... 71
4.2.1 Four-point transitive closures . . . . ... ... ... ... 71
4.2.2  Five-point transitive closures . . . . . . . ... ... .. .. 74
4.3 Transitive closures of ternary relations on a finite set . . . . . . . 76
4.3.1 Four-point transitive closures on a finite set . . . . . . .. 76
4.3.2 Five-point transitive closures on a finiteset . . . . . . . .. 79
4.4  Openings of a ternary relation . . . . . . .. ... ... ... ... 84
441 General results . . . ... ... L 84
4.4.2 Openings for some special properties of ternary relations . 86
General conclusions and future research 88
Bibliography 89

Vil



Introduction

Relationships between the elements of a same set or between the elements of
different sets can be represented at a very basic level through the use of the
mathematical construct called relation. Relations come in many flavours, such as
binary or ternary, crisp or fuzzy, et cetera.

Surprisingly, in contrast to binary relations, ternary and, more generally, n-ary
relations, have received far less attention. However, in recent years, the interest in
ternary relations is on the rise, for instance in the theory of dependence spaces [50]
and (fuzzy) triadic formal concept analysis [16, 40, 46]. From a theoretical point of
view, ternary relations have been studied in algebra (e.g., in median algebras [5]),
group theory [21, 22], order theory (e.g., in the study of cyclic orders [19, 48])
and logic (e.g., in the Routley-Meyer semantics of relevant logic [12, 33, 51]).
Recently, betweenness relations, a specific type of ternary relation of geometric
origin, also came to play a pivotal role in models for decision making [55] and
aggregation [54]. Other instances of ternary relations can be found in biology
(e.g., modelling of phylogenies [62]), qualitative spatial reasoning [41] and string
matching [44]. Also, there are many different uses of ternary relations in the
field of information modelling (e.g., in the Resource Description Framework
(RDF) [59], entity-relationship or class diagrams [1] and the Ternary Relations
Model [58]).

Ternary relations can display various interesting properties, such as reflexivity,
symmetry, cyclicity and transitivity (see, e.g., [21, 50, 67, 73, 75]), some of which
do not exist in the binary case (such as cyclicity) or come in a multitude of
variations in the ternary case (such as transitivity). For instance, Pitcher and
Smiley [56] introduced several types of four-point transitivity and five-point
transitivity of betweenness relations. Additional types of four-point transitivity of
ternary relations were proposed by Novék and Novotny [48]. Recently, Zedam et
al. [71] characterized various properties of ternary relations using the notion of
traces of a ternary relation.

Transitivity is by far the most interesting property of (crisp and fuzzy) binary
relations, both in the case of finite universes (e.g. applications in fuzzy pref-
erence modelling and multi-criteria decision making [37]) and in the case of
infinite universes (e.g. indistinguishability relations or equality relations on the
real line [27, 42, 45, 66]). Note that transitivity of a fuzzy relation is usually
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understood as T-transitivity, with 7" a triangular norm [61] playing the role of
generalized conjunction. Thanks to the notion of composition of binary relations,
the transitivity of a binary relation can conveniently be expressed as a relational
inclusion.

The composition of two relations is one of the main concepts in relational calculus,
dating back to the nineteenth century (see, e.g., [52]). In the twentieth century,
Bandler and Kohout [7] introduced two additional relational compositions, arising
from the substitution of the underlying existential quantifier by the universal
quantifier. Some decades earlier, already in his seminal work on fuzzy sets [70],
Zadeh realized that also crisp relations (allowing to model relationship and non-
relationship only) lacked expressivity, giving rise to the study of fuzzy relations.
Goguen further generalized fuzzy relations to the lattice-theoretical framework [39].
This notion of a fuzzy relation spread very quickly and it is thus not surprising
that Bandler and Kohout presented fuzzy versions of their relational compositions
in tandem with the crisp versions. Some further modifications were suggested by
De Baets and Kerre [25]. More recently, Stépnicka and Holéapek [65] revisited the
fuzzy relational compositions by employing more general fuzzy quantifiers than
the existential and universal ones. Noteworthy is also the recent work on fuzzy
relations in the context of fuzzy class theory [13, 14].

In addition to the role of relational compositions in the study and characterization
of various properties of binary crisp or fuzzy relations [32, 36, 69], they also appear
in many branches of mathematics, for instance in the study of fuzzy relational
equations [24, 31], formal concept analysis [15, 38] and relation algebras (e.g., in
temporal and spatial reasoning [34]). Compositions of crisp and fuzzy relations
also appear in applications, for instance, in medical diagnosis [8], fuzzy inference
systems [63, 64] and relational databases [57].

Motivated by the usefulness of relational compositions of binary relations and
the importance of ternary relations, in this thesis we introduce several types of
composition of ternary relations considering four points (resp. considering five
points).

In practice, however, the transitivity of a binary relation is quite often violated,
even by decision makers who accept transitivity as a kind of consistency or
rationality condition. The question then arises how such violations can be repaired.
More generally, in case a binary relation R does not possess a desired property P,
the question arises whether it is possible to find (if it exists) the smallest binary
relation including R and possessing property P, which is called its P-closure; and,
dually, whether it is possible to find (if it exists) the greatest binary relation that



is included in R and possesses property P, which is called its P-opening. Such
closures and openings play an important role in many different mathematical
areas, such as geometry [68] and logic [47]; many computational areas, such as
database theory [30] and data analysis [35, 38]; and various applications such as
medical diagnosis [6, 9, 10] and handwriting classification [43]. General results
applicable to both crisp and fuzzy binary relations have been presented by Bandler
and Kohout [11]. More specific results dealing with the transitivity property can
be found in [28], for instance.

The main aim of the present thesis is to derive results similar to those of Bandler
and Kohout for the setting of ternary relations. For a given potential property
P of ternary relations, we will lay bare necessary and sufficient conditions for
the existence of a P-closure and/or P-opening. Although we will discuss various
properties, the main focus will be on the property of transitivity. As mentioned
earlier, for ternary relations there does not exist a single notion of transitivity, so
the results might depend on the notion considered, as will become clear later on.
Also, given the link between transitivity and relational composition, we will take
both points of view into account. In particular, we will study several new types
of transitivity of a ternary relation based on the types of composition of ternary
relations.

This dissertation is structured as follows.

o In Chapter 1, we provide generalities on binary relations and ternary relations
that we need throughout this thesis.

o In Chapter 2, we focus on the compositions of ternary relations. First,
we introduce several types of composition of ternary relations considering
four points, including three associative ones. Also, we introduce six types
of composition of ternary relations considering five points, including four
associative ones. These compositions are based on two types of composition
of a ternary relation with a binary relation recently introduced in [71]. We
investigate the most important properties of these compositions, paying
particular attention to show the link with the usual composition of binary
relations through the use of the operations of projection and cylindrical
extension. Also, we study the interaction of these compositions with the
basic set operations, permutations and traces of ternary relations. The link
between all these compositions is discussed. Moreover, we introduce the
subcompositions and supercompositions of ternary relations based on the
associative four-point compositions. Furthermore, we show some relational
inequalities based on these compositions.



o In Chapter 3, we focus on the transitivity of ternary relations. First,
we introduce several types of transitivity of a ternary relation based on
the compositions of ternary relations, and discuss the interaction of these
transitivity properties with the binary projections, cylindrical extensions
and traces. Also, the link between these transitivity properties is discussed.

o In Chapter 4, we focus on the closures and openings of ternary relations.
On the one hand, we study closures in general and apply the results to some
basic properties of ternary relations. On the other hand, we characterize
the closures for the transitivity properties, and discuss in particular the
interaction of these transitive closures with the binary projections and
cylindrical extensions. Next, we consider the setting of finite universes.
Moreover, we develop parallel results on openings.

o Finally, general conclusions and future research are drawn.

Most parts of results presented in this thesis have already been published or
submitted for publication in peer-reviewed international journals. Results included
in Chapter 2 have been described in [2] and those included in Chapters 3 and 4
have been described in [74].
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1 (Generalities on binary and ternary
relations

In this chapter, we recall the necessary basic properties and concepts of binary
relations as well as of ternary relations that will be needed throughout this
thesis.

1.1. Binary relations

In this section, we recall the basic definitions and properties of binary relations.
Also, we recall the closures and openings for theses properties of binary rela-
tions.

1.1.1. Definitions and properties

A binary relation R on a set X is a subset of X?, i.e., it is a set of couples
(x,y) € X?. Three special binary relations on X are the null relation Ox2 = 0,
the binary identity relation Ix2 = {(z,z) | * € X} and the universal binary
relation X?2.

Two elements = and y of a set X equipped with a binary relation R are called
comparable elements if it holds that (x,y) € R or (y,x) € R, otherwise, they
are called incomparable elements. A binary relation Ry on a set X is said to
be included in a binary relation Ry on the same set X, denoted by R; C R, if,
for any z,y € X, (x,y) € Ry implies that (z,y) € Rs. The intersection of two
binary relations R; and Ry on X is the binary relation R; N Ry on X defined as
RiNRy={(z,y) € X*| (z,y) € Ry A (z,y) € Ra}. If Ry N Ry = (), then Ry and
Ry are called disjoint relations. Also, the union of two binary relations R; and
Ry on X is the binary relation Ry U Ry on X defined as Ry U Ry = {(x,y) € X? |
(z,y) € Ry V (z,y) € Ry}. The composition of two relations Ry and Ry on X is
the relation Ry o Ry on X defined as:

Rio Ry = {(JI,Z) e X? | (Ely c X)((J},y) e RN (y,z) € Rg)}
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Let N* be the set of non-zero natural numbers. The n-th power R"™ of a binary
relation R on X is recursively defined as

R'=R and R'=R"'oR,
for any n € N* and n > 1.

For a given binary relation R on a set X, we denote the transpose (converse)
of R by R', ie., for any z,y € X, (z,y) € R' means that (y,z) € R. Also, we
denote the complement of R by R, i.e., for any =,y € X, (z,y) € R means that
(r,y) € R. We denote the dual of R by R% i.e., for any z,y € X, (z,y) € R?
means that (y,z) ¢ R.

A binary relation R on a set X is called:
(i
(i

) reflexive, if, for any x € X, it holds that (z,x) € R;
)

(iii) symmetric, if, for any =,y € X, it holds that (z,y) € R implies (y,z) € R;
)
)

irreflexive, if, for any x € X, it holds that (z,x) € R
(iv) asymmetric, if, for any x,y € X, it holds that (z,y) € R implies (y,x) € RS,
antisymmetric, if, for any z,y € X, it holds that (z,y) € RA (y,z) € R
implies z = y;

(v

(vi) transitive, if, for any z,y, z € X it holds that (z,y) € RA(y, z) € R implies
(x,z) € R;

(vii) complete, if, for any =,y € X, it holds that (z,y) € RV (y,z) € R.

A preorder is binary relation over a set X which is reflexive and transitive. A
partial order (order for short) is a binary relation on a set X that is reflexive,
antisymmetric and transitive, a set with an order relation is called an ordered set
(also called a poset). A total order is a partial order that satisfies the complete
condition. A tolerance is a binary relation on a set X that is reflexive and
symmetric. A binary relation on a set X is said to be an equivalence relation if is
it reflexive, symmetric and transitive.

1.1.2. Closures of a binary relation

Where P is any property which a binary relation R on a set X may have or fail
to have, the P-closure of R is defined to be the smallest relation S containing R
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and possessing P. Bandler and Kohout [11] have discussed the concept of closure
of a given binary relation with respect to a property P as follows.

Definition 1.1. If P is a property which a binary relation R on a set X may
have or fail to have, then a ternary relation S is the P-closure of R, written
S = PUR), if and only if S satisfies all of

(i) S has property P;
(ii) R C S;
(iii) If RC T and T has property P, then S CT.
It is clear that a P-closure, if it exists, must be unique.
Corollary 1.1. A binary relation R on a set X possesses property P if and only
if R= PR).

For many properties P, a P-closure exists for some binary relations but not for
others. Thus, all R that already possess P have a P-closure trivially (by the
above corollary), but this guarantees nothing for other R. The interesting closures
are those for properties where every R has a P-closure, because in these cases,
and of course only in these, there is a P-closure operator on the entire set of
binary relations on X. The following theorem states the conditions for this to
occur.

Theorem 1.1. A P-closure exists for all binary relations R on a set X if and

only if
(i) The universal relation X? possesses P;

(i) The intersection of every (non-empty) family of binary relations, each of
which possesses P, also possesses P.

Theorem 1.2. If P and P’ are properties for which closures exist (satisfying the
conditions of Theorem 1.1), and if P and P’ commute with each other, then

(P A P') also satisfies the conditions of Theorem 1.1, and has a closure given by

(P A Pl)cl — Pcl<Plcl) — Plcl(Pcl) ]

In [11], Bandler and Kohout gave a list of closures for the properties of a binary
relation as follows.

Theorem 1.3. Let R be a binary relation on a set X. It holds that:
(i) The reflexive closure of R is Ref(R) = RU Ix2;
(ii) The symmetric closure of R is Sym®(R) = RU RY;
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(iii) The transitive closure of R is Tt*(R) = U,>1 R";
(iv) The tolerance closure of R is

Tol®(R) = Ref(Sym“(R))
= Sym®(Ref(R));

(v) The preorder closure of R is

Pre?(R) = Ref(Tr"(R))
= Tr(Ref(R));

(vi) The equivalence closure of R is

Equ(R) = Tr(Tol?(R))
“(Sym® (Ref(R)))
4 (Ref(Sym®(R)))

ef ! (Tr' (Sym®(R))) .

r
r

T
T
Ri

The property of being complete fails to meet the second criterion of Theorem 1.1,
while asymmetry and antisymmetry fail to meet even the first.

1.1.3. Openings of a binary relation

Where P is any property which a binary relation R on X may have or fail to have,
the P-opening of R is defined to be the greatest relation @) that possesses P and
is contained in R. Bandler and Kohout [11] have discussed the concept of opening
of a given binary relation with respect to a property P as follows.

Definition 1.2. Where P is any property which a binary relation T on X may
have or fail to have, then a binary relation () is the P-opening of R, written

Q = P°°(R), if and only if Q satisfies all of
(i) Q has property P;
(i) Q C R;
(iii) If M C R and M possesses P, then M C Q.

It is clear that a P-opening, if it exists, must be unique.
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Corollary 1.2. A binary relation R possesses property P if and only if R =
P°?(R).

As with closures, openings are of interest chiefly for those properties P for which
every R has a P-opening, and where accordingly there is a P-opening operator
on the whole set of binary relations on X. Necessary and sufficient conditions for
this are as follows.

Theorem 1.4. A P-opening exists for all binary relations R on X if and only if
(i) The null relation Ox= = () possesses P;

(i) The union of every (non-empty) family of binary relations, each of which
possesses P, also possesses P.

Theorem 1.5. If P and P’ are properties for which openings exist (satisfying the
conditions of Theorem 1.4), and if P°? and PP commute with each other, then

(P A P') also satisfies the conditions of Theorem 1.4, and has an opening given by

(P/\ P/)Op — Pop(Plop) — Pl0p<Pop) .

In [11], Bandler and Kohout discuss the openings for the properties of a binary
relation as follows.

Theorem 1.6. Let R be a binary relation on a set X. It holds that the symmetric
opening of R is Sym°?(R) = RN R'.

It is clear that, of the fundamental properties of binary relations, only the symmetry
meets both criteria of Theorem 1.4. Reflexivity and being complete fail in the
first criterion, asymmetric, antisymmetry and transitivity fail in the second.

For more details on binary relations, we refer to [11, 17, 18, 23, 29, 60, 72].

1.2. Ternary relations

In this section, we recall the basic definitions and properties of ternary rela-
tions.

1.2.1. Definitions and examples

A ternary relation 7' on a set X is a subset of X3, i.e., it is a set of triplets
(z,y,2) € X3. Three special ternary relations on X are the null relation Oxs = (),
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the ternary identity relation Iys = {(z,z,x) | v € X} and the universal ternary
relation X3,

Example 1.1. Let T' be the ternary relation on N (N is the set of natural numbers
given as follows: (a,b,c) € T if a > b > c. Then, it is clear that (15,8,3) € T,
whereas (3,10,2) ¢ T.

Example 1.2. Given any set X whose elements are arranged on a circle, one
can define a ternary relation T on X, i.e., a subset of X3, by stipulating that
(z,y,z) € T holds if and only if the elements x, y and z are pairwise different
and when going from x to z in a clockwise direction one passes through y. For
example, if X ={1,2,3,4,5,6,7,8,9,10, 11,12} represents the hours on a clock
face, then (8,12,4) € T' holds and (12,8,4) € T' does not hold.

A ternary relation T} on a set X is said to be included in a ternary relation 75
on the same set X, denoted by T} C Ty, if, for any z,y,z € X, (z,y,2) € T1
implies that (z,y,z) € T,. The intersection of two ternary relations T} and Ty
on X is the ternary relation 7} N7y on X defined as Ty N Ty = {(z,y,2) € X? |
(x,y,2) € Th N (x,y,2) € To}. It Ty N'Ty =0, then Ty and Ty are called disjoint
ternary relations. Also, the union of two ternary relations 77 and T, on X is the
ternary relation Ty U Ty on X defined as Ty UTy = {(z,y,2) € X3 | (2,y,2) €
Ty V (z,y,2) € T}

Example 1.3.
(i) Let Ty and Ty be two ternary relations on X = {x1, 9, T3, T4, T5, T} given
by
T = {(56179627174)7 (33'1,303,332)7 (175,%1,366)},

T2 = {(1‘1, T2, :E4)7 (:Bla T3, $2)> ($5, Iy, xG)? ($67 Ze, 1‘3)} .

It is clear that Ty C T.

(ii) Let Ty and Ty be two ternary relations on X = {1, xe, 3, x4, x5} given by

T1 = {(xla T2, ‘T4)7 ('rla x3, x2)7 (‘T57 xy, 1.4)} 5

I; = {(xla L1, $2)7 (1'17 T2, 1’4)} .
One easily verifies that

ToNTy = {(z1,02,24)} ;

Tl U T2 — {($17 Il)xQ)y (xh Zo, '/1“4)7 (x17x37 x2>7 (l‘5,$1, $4)} .
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For a given ternary relation 7' on a set X, we denote the transpose of T by T,
ie., for any z,y,2 € X, (z,y,2) € T" means that (z,y,z) € T. Also, we denote
the complement of T by T¢, i.e., for any z,y,z € X, (z,y,2) € T means that
(x,y,2) € T. We denote the dual of T by T?, i.e., for any x,y,2 € X, (z,y,2) € T?
means that (z,y,z) € T.

1.2.2. Ternary relations obtained by permutation

A permutation o of a 3-element set U = {u, v, w} is a bijection from U to itself.
We use the shorthand notation o(u,v,w) instead of (o(u),o(v),o(w)). The six
permutations of U are given by:

oo(u, v, w) = (u,v,w), o(u,v,w) = (u,w,v), oo(u,v,w) = (v,u,w),

o3(u,v,w) = (v,w,u), oy(u,v,w)=(w,u,v), os(u,v,w)=(w,v,u).

For a ternary relation 7" on X and any of the above six permutations o, the
ternary relation 77 on X is defined as [71]:

77 ={o(z,y,2) € X° | (w,y,2) € T}.
Note that
T° ={(z,y,2) € X3 | J_l(x,y,z) €T},

with o; ' = o; for any i € {0,1,2,5} and 03! = 04. It is clear that 77 = T and
T95 =T".

Remark 1.1. For any family of ternary relations (T;)jec; on a set X and a
permutation o;, i € {0,...,5}, the following equalities hold:

(o) =g e (0) = 017
for any i € {0,...,5}.
Definition 1.3. [71] Let T be a ternary relation on a set X.
(i) The right-converse of T is the ternary relation T~ on X defined as T~ = T°;
(ii) The left-converse of T is the ternary relation T" on X defined as T" = T°%;
(iii) The right-rotation of T is the ternary relation T on X defined as T = T;
(iv) The left-rotation of T is the ternary relation T~ on X defined as T~ = T4,

Note that the table in the following proposition is the corrected version from [71].
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Proposition 1.1. Let T be a ternary relation on a set X. The composition table
for the considered permutations reads as follows: for given o; and o, it lists
(T70)s.

(o)) g1 09 03 (o] Oy
Ji

oo | T T T T T T
o TV T |\T | T | T | Tt
oy | TH|TH| T | TV T | T
o5 | TH|TO T T | T | T
oo T TH\T| T | T T
os | TH|T-|\TH| T | T T

A ternary relation T on a set X is called:

()
(i)

reflexive, if, for any x € X, it holds that (x,z,z) € T}

strongly reflexive, if, for any x,y, 2 € X with card{x,y, z} < 2, it holds that
(z,y,2) € T;

irreflexive, if, for any x € X it holds that (z,z,z) € T’

strongly irreflexive, if, for any z,y,z € X with card{z,y, z} < 2, it holds
that (z,y,2) € T}

symmetric, if, for any x,y, z € X, it holds that (z,y, z) € T implies (z,y, z) €
T, ie, T =T

strongly symmetric, if T =T for any i € {1,...,5};

asymmetric, if, for any x,y, z € X such that card{x,y, z} > 2, it holds that

strongly asymmetric, if, for any x,y, z € X such that card{z,y, z} > 2, it
holds that (x,y, z) € T implies o;(z,y,2) &€ T, for any ¢ € {1,...,5};

cyclic, if, for any x,y, z € X, it holds that (z,y, z) € T implies (y, z,z) € T}

complete, if, for any z,y,z € X such that card{x,y, 2z} > 2, it holds that
(2,y,2) €TV (2,y,2) € T;

strongly complete, if, for any x,y, 2 € X such that card{z,y, z} > 2, it holds
that o;(z,y,2) € T, for some i € {0, ...,5}.

It is clear that a ternary relation 7" on X is called:

(a)

left reflexive, if, for any x,y € X, it holds that (x,y,y) € T
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(b) middle reflexive, if, for any x,y € X, it holds that (z,y,x) € T}
(c) right reflexive, if, for any x,y € X, it holds that (x,z,y) € T.

A cyclic order is a ternary relation that is asymmetric, transitive and cyclic. A
ternary relation 7" on a set X is a betweenness relation if it satisfies the following
conditions:

(i) for any z,y,z € X, (z,y,2) € T if and only if (z,y,z) € T}
(ii) for any z,y,z € X, (z,y,2) € T and (z, z,y) € T if and only if y = z;
(iii) for any z,y,z,u € X, (z,y,u) € T and (z,u, z) € T implies (x,y,2) € T.

Also, a ternary relation 7' is said to be a strict order-betweenness relation if, for
any z,y,z € X, it holds that (z,y,z) € T'ifand only if x <y <z or z <y < x.
An order-betweenness relation is a ternary relation 71" such that for any x,y,z € X,
it holds that (z,y,2) € T'ifand only if xt <y < zor z <y < xz.

For more details on ternary relations, we refer to [3, 4, 20, 21, 22, 49, 50, 71].

1.2.3. Traces of ternary relations

In this section, we recall the definitions and properties of traces of a ternary
relation introduced in [71]. As in the binary case, these traces facilitate the study
and characterization of properties of a ternary relation. Interestingly, the traces
themselves turn out to be the greatest solutions of relational inequalities associated
with newly introduced compositions of ternary relations.

Definition 1.4. [71] Let T be a ternary relation on a set X.
(i) The left trace of T is the binary relation T on X defined as

T = {(z,y) € X* | (V(a,b) € X*)((x,a,b) € T = (y,a,b) € T)};

(i) The middle trace of T is the binary relation T™ on X defined as

T" = {(x,y) € X?| (¥(a,b) € X*)((a,z,b) € T = (a,y,b) € T)};

(7ii) The right trace of T is the binary relation T" on X defined as

T" = {(z,y) € X*| (V(a,b) € X*)((a,b,x) € T = (a,b,y) € T)}.
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The following result discusses the traces of some particular ternary relations.

Proposition 1.2. [71] Let T be a ternary relation on a set X. The following

statements hold:

(i) fT=X30rT =0, thenT' =T™ =T" = X?;
(i) If T = Ixs, then T* =Tm =T" = Ix> = {(z,2) | v € X};
(ii) If T* =Tm =T" = X2, thenT = X3 or T = ).

The following proposition discusses the traces of ternary relations obtained by

permutation.

Proposition 1.3. [71] Let T be a ternary relation on a set X. The left, middle
and right traces of the corresponding ternary relations obtained by permutation

are listed in the following table:

O O[O
T4 | T¢ T | Tm
™ | 7™ | Tt "
T | Tr T | ™
T 1Tm | 1" Tt
Tt | T | T™ | T

10



2 Compositions of ternary relations

The main aim of this chapter is to study the compositions of (crisp) ternary
relations. First, we introduce several types of composition of ternary relations con-
sidering four points (four-point compositions, for short), including three associative
ones. Also, we introduce six types of composition of ternary relations considering
five points (five-point compositions, for short), including four associative ones.
These compositions are based on two types of composition of a ternary relation
with a binary relation recently introduced in [71].

We study the properties of these compositions, in particular the link with the usual
composition of binary relations through the use of the operations of projection
and cylindrical extension. Note that these compositions will be play a key role in
the characterization of different types of transitivity of a ternary relation, as we
shall see in the next chapter of this thesis.

Also, we introduce the subcompositions and supercompositions of ternary relations
based on the associative four-point compositions. Furthermore, we show some
relational inequalities based on these compositions.

2.1. Compositions of relations

In contrast to binary relations, there is much less agreement in literature on
the definition of composition of ternary relations. Indeed, various alternative
definitions, each with its own motivation, have been proposed, for instance in [41].
In this section, we recall the definitions of the compositions of (binary and ternary)
relations.

2.1.1. Composition of binary relations

In the theory of binary relations, a major role is played by the composition of
relations, as it is the most important operation that allows to combine relations.
In this section, an explanation of the usual notion of composition of two binary
relations is given. One easily observes that there does not exist a single type of
composition of two binary relations. In the following, all the possible types of

11
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composition of two binary relations R and P are given as follows:

Roy P={(r,2) € X*| (3t € X)((w,t) € RA(t,2) € P)};

Roy P ={(r,2) € X*| (3t € X)((x,t) € RA(2,t) € P)};
RogP={(v,2) € X*| (3t € X)((t,x) € RA(t,2) € P)};
RosP={(x,2) € X*| (3t € X)((t,x) € RA(2,t) € P)};
Ros P={(x,2) € X*| (3t € X)((t,2) € RA (x,t) € P)};
Rog P={(x,2) € X*| (3t € X)((2,t) € RA (x,t) € P)};
Ro; P={(x,2) € X*| (3t € X)((t,2) € RA (t,z) € P)};
Rog P ={(z,2) € X*| (3t € X)((2,t) € RA(t,x) € P)}.

Only the two types of composition (o;, i € {1,2}) of binary relations are considered,
as the other types can be defined by using the same formulas based on the
commutativity of the conjunction and the notion of transpose. i.e.,

Ro;P=Po;, 4R, forany i€ {5,...,8},

Ro; P = R'o5_; P", for any i € {3,4}.
It is clear that associativity is the most important property of the compositions
of relations, then, among the two compositions (o;, i € {1,2}) of binary relations,
only the first composition oy is associative. In literature, the composition oy is

the usual type of composition of two binary relations R and P and it is denoted
by o, i.e.,

RoP={(x,2) € X*| (3t € X)((x,t) € RA(t,2) € P)}.

In [7], Bandler and Kohout have noticed that the above associative composition
R o S of the binary relations R and P can be defined or can be expressed as:

RoP={(x,2) € X*| ,RNP, # 0},

R ={y € x| (z,y) € R} is called the afterset of the element z € X and
P, ={y € X | (y,z) € P} is called the foreset of the element z € X.

Inspired by this style of the notation, these authors have introduced three new
compositions called: the subcomposition, the supercomposition and the square

12
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composition, which are defined, respectively, as

R« P {(z,2z) e X*| ,RC P,},
ReP ={(z,2) € X*| P.C ,R},
RoP ={(z,2)e X*| ,R=P.}.

In [26], De Baets and Kerre have shown that the above definitions are not
acceptable for empty foresets and aftersets, because R< P, R> P and R<¢ P can
contain a lot of unwanted couples. Therefore they have redefined them in the
following way

RaP ={(z,2) e X*|0+# ,RC P},
RoP ={(z,2) € X2|0+P,C R},
RoP ={(z,2) e X*|0+# ,R=P.}.

2.1.2. Compositions of ternary and binary relations

In this subsection, we recall the definition of two types of composition of a ternary
relation with a binary relation and vice versa. These compositions will turn out
to be intimately linked to the definition of composition of ternary relations.

Definition 2.1 ([71]). Let T' be a ternary relation and R be a binary relation on
a set X.

(i) The % -composition of T and R is the ternary relation T x R on X defined
as

TxR={(z,y,2) € X*| (3t € X)((z,y,t) € TA(t,2) € R)};

(i) The x-composition of R and T is the ternary relation R X T on X defined
as

RxT={(r,y,2) € X*| (3t € X)((x,t) € RA(t,y,2) €T)}.

The following proposition lists some properties of the compositions of a ternary
relation with a binary relation.

Proposition 2.1 ([71]). Let T, T\ and T be three ternary relations on a set X
and R, Ry and Ry be three binary relations on X. The following statements hold:

13
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(i) If Ry C Ry and Ty C Ty, then Ty X Ry C Ty X Ry and Ry x Ty C Ry X Ty;
(ii) (T x R)! = R" x T";
(iii) (RxT)'=T"'x R;
(iv) (MHUTy)x R=(T'x R)U(Tox R) and (T'NTy) x R = (Ty x R)N(Ty x R);
(v) (RIUR2)XT = (RyxT)U(RyXT) and (RiNRy)XT = (R xT)N(RyxT);
(vi) (T'x Ry) X Ry =T x (Ry0 Ry);
(vii) Ry X (Re xT) = (RyoRy) xT.

2.2. Binary projections and cylindrical extensions

In this section, we discuss some properties of the binary projections of a ternary
relation and the cylindrical extensions of a binary relation that will be needed

throughout this work.

2.2.1. Binary projections of a ternary relation

Definition 2.2. [71] Let T be a ternary relation on a set X.
(i) The left projection of T is the binary relation Py(T) on X defined as

PT) = {(z.y) € X* | (32 € X)((2,2,9) € T)};

(i) The middle projection of T is the binary relation P,,(T) on X defined as

Pou(T) = {(z,y) € X* | (3z € X)((2,2,y) € T)};

(iii) The right projection of T is the binary relation P.(T) on X defined as

P(T) = {(z,y) € X* | 3z € X)((z,y,2) € T)}.

For a ternary relation T, we write P(T) = Py(T) U P,,(T) U P.(T).

The following proposition is immediate.

Proposition 2.2. [71] Let T be a ternary relation on a set X. The left, middle
and right projections of its transpose T are listed in the following table:

14
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Bi() L) b ()
" (B(T)" | (Pu(T))" | (P(T))"

The following proposition shows the interaction of the projections of a ternary
relation with inclusion and basic set-theoretical operations.

Proposition 2.3. Let Ty and T, be two ternary relations on a set X. For any
X € {l,m,r}, the following statements hold:

(i) If Ty C Ty, then P\(Ty) C P\(T3);

(i) Py(Ty N'Ty) C P\(Th) N P\(T3);
(1ii) P\(Ty UTy) = P\(T1) U P\(T3).
Proof. We only give the proof for the case A = ¢, as the other cases can be proved
analogously.

(i) Suppose that T3 C Ty and let (z,y) € Pp(T1). Then there exists z € X such
that (z,z,y) € Ti. This implies that (z,z,y) € Ty. Hence, (z,y) € Pi(T3).
Thus, Py (T1) C Po(T3).

(ii) Let (z,y) € Py(T1NTy). Then there exists z € X such that (z,z,y) € T1NTs.
This implies that (z,z,y) € T} and (z,x,y) € Ty. Hence, (z,y) € P(T1) N
Pg(TQ). ThUS, Pg(Tl N Tg) g Pg(Tl) N Pg(Tg)

(iii) We easily verify that
P(TyUTy) = {(z,y) € X* | (3z € X)((z,2,y) € L UTy)}

={(z,y) € X*| 3z € X)((2,7,y) €TV (z,2,y) € T»)}
= Py(Ty) U P(T3) .

O

The following proposition shows the interaction of P(T") with inclusion and basic
set-theoretical operations.

Proposition 2.4. Let T7 and T, be two ternary relations on a set X. The
following statements hold:

(Z) ]le Q TQ, then P(Tl) g P(Tg),
(ii) P(TyNTy) C P(Ty) N P(Ty);
(iti) P(Ty UTy) = P(T}) U P(T3).

15
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Proof. (i) Suppose that T} C T5, Proposition 2.3 then guarantees that Py(7T})U
Pm(Tl) U pr(Tl) g Pg(Tg) U Pm(Tg) U PT(TQ) Thus, P(Tl) g P(TQ)

(ii) From Proposition 2.3, it follows that

P(TiNTy)=P(ThiNTy)UP,(Th NTe) U P.(Ty NT)
C (P(Th) N Py(T)) U (P, (Th) N Py (To)) U (P(Th) N P(T3)) .

The distributivity of N and U guarantees that

P(Ty N'Ty) C (Py(T}) U Po(Th) U B(T)) N (P(To) U Py (T3) U Po(Ty))
= P(T)) N P(Ty).

(iii) Also, from Proposition 2.3, we easily verify that

P(T1UTy) =P(T1UTy) UP,(TYUTy)UP.(Thy UTy)
= (Po(Th) U Py(T32)) U (Pn(Th) U Pp(T2)) U (P:(Th) U P (T3))
— (PUTY) U Po(T1) U Bo(TY)) U (B(T3) U Po(Ty) U Po(T3))
= P(Ty) U P(Ty).

2.2.2. Cylindrical extensions of a binary relation

Definition 2.3. [71] Let R be a binary relation on a set X.

(i) The left cylindrical extension of R is the ternary relation Cy(R) on X defined
as
Co(R) = {(w,y,2) € X° | (y,2) € R};

(i) The middle cylindrical extension of R is the ternary relation Cp,(R) on X
defined as
Cu(R) = {(z,y,2) € X* | (2,2) € R};

(iii) The right cylindrical extension of R is the ternary relation C.(R) on X
defined as
Co(R) = {(r,5,2) € X* | (r,9) € R}

The following proposition is immediate.

16
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Proposition 2.5. [71] Let R be a binary relation on a set X. The left, middle
and right cylindrical extensions of its transpose R, its complement RS and its
dual R? are listed in the following table:

Ce(.) C(.) G ()

R (Cr(R)" | (Cu(R))" | (Cu(R))’
R | (Co(R))S | (C(R)) | (Cr(R))

R | (C(R))? | (Cu(R))? | (Ce(R))

The following proposition shows the interaction of the cylindrical extensions of a
binary relation with inclusion and set-theoretical operations.

c
d

Proposition 2.6. Let Ry and Ry be two binary relations on a set X. For any
X € {l,m,r}, the following statements hold:

(i) If Ry C Ry, then C\(I) C C\(Ry);
(it) Cx(R1 N Ry) = Cy(R1) N Cr(Ry);
(117) C\(R1 U Rs) = C\(R1) U C\(Ry).
Proof. We only give the proof for the case A = ¢, as the other cases can be proved
analogously.

(i) Suppose that Ry C Ry. Let (x,y, z) € Cy(Ry), then it holds that (y, z) € R;.
Since Ry C Ry, it follows that (y,2) € Rye. Hence, (z,y,2) € Cy(R2).

(ii) We easily verify that

Og(Rl N Rg) {(J},y, Z) € X3 | (y,Z) e RN RQ}
{(x7y7 Z) € X3 | (y72> € Rl A (y7 Z) € RQ}
{(z,y,2) € X? | (z,y,2) € Co(Ry) A (3,y,2) € Co(Ry)}

Co(R1) N Cy(Ry) .

(iii) The proof is analogous to that of (ii).
[l

The following proposition shows that any binary relation coincides with binary
projections of its cylindrical extensions and any ternary relation is included in the
cylindrical extensions of its projections.

Proposition 2.7. Let T be a ternary relation and R be a binary relation on a
set X. For any A € {{,m,r}, the following statements hold:

17
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(i) R = P\(C\(R));

(i) T C C\(P\(T)).
Proof. We only give the proof for the case A\ = £, as the other cases can be proved
analogously.

(i) We easily verify that

PUCu(R)) = {(,y) € X* | (3= € X)((z.2.) € C(R))} = R.

z) € T, then it holds that (y,z) € Py(T). Hence, (x,y,2) €

(ii) Let (z,y,
)). Thus, T' C Cyo(Py(T)).

t
Co(Py
[l

Remark 2.1. The following example shows that in Proposition 2.7 (ii) the
equality does not hold in general. Indeed, let T be the ternary relation on
X = {x1, 29, x3,24} given by:

T = {($1,331,1’2)a (131,352,333)}-

It holds that
P€<T) = {(371, x2)7 (3527333)} )

and thus

Co(P(T)) = {(z1, 21, 22), (22, 1, T2), (w3, 21, T2), (X4, X1, T2), (1, T2, X3), (T2, T2, X3),

(.I'S, X2, x3)7 ($47 X2, x3)} .

It is clear that Co(Py(T)) € T.

2.3. Four-point compositions of ternary relations

In this section, we introduce several types of four-point composition of ternary
relations. Also, we investigate their properties and interactions with basic set op-
erations, permutations, binary projections, cylindrical extensions and traces.

18
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2.3.1. Four-point compositions

In this subsection, we introduce the compositions of ternary relations considering
four points. Using the same reasoning of constructing the above compositions of
binary relations, one easily finds all the four-point compositions of two ternary
relations 7" and S. This reasoning yields 216 four-point compositions of ternary

relations.

To, S
T oy S
T oz S
T o, S
T o5 S
T og S
T o; S
T og S
T og S
T oS
Toy1 S
T oS
T o138
Toyu S
T o5 S
T oS
T o7 S
T oS
T o9 S
T o099 S
T oy S
T o9y S
T o093 S
T o9y S
T o095 S
T o096 S

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
={

(,y,2
(z,y,2
(z,y,2
(,y,2
(2, y,2
(z,y,2
(z,y,2
(,y,2
(2, 9,2
(z,y,2
(z,y,2
(,y,2
(z,y,2
(z,y,2
(2, 9,2
(z,y,2
(z,y,2
(29,2
(2,9, 2
(z,y,2
(,y,2
(2, y,2
(,y,2
(,y,2
(z,y,2
(z,y,2

eX3|(FteX
eX3|(FteX
eX3|(FteX

eX3|(FeX
eX3|(FteX
eX3|(FteX
eX3|(FeX
eX3|(FteX
eX3|(FteX
eX3|(FeX
eX?|(FteX
eX3|(TteX
eX3|(FeX
eX?|(FteX
eX3|(TteXx
eX?|(FeX
eX?|(FeX
eX3|(AteXx
eX3|(FeX
eX3|(FteX
eX3|(AteXx
eX3|(FteX
eX3|(FteX
eX3|(FteX
eX3|(FteX
eX3|(FteX

(

(

(

eTA(z,t,2)
eT A (z,2,1)
x,, )ET/\ t,x,z)
z,y,t) € T A (t,2,2)
z,y,t) € T A (z,2,t)
x, v, )ET/\ z,t, 1)

eT A y,t,z)
ceTN(y,z,t
eT N (zty
eT A z,y,)

x,t,z) € TN y,t,z)
x,t,z) €T A (y,2,t)
r,t,z) €T N(z,t,y
2) €T N (z,y,t
x,t,z ceT N (x,y,t
x,z,t) € T N (x,y,t
yr,2) €T N (x,y,t

~ T+

yz,x) €T N (x,y,t
eT A (x,y,t
z,t,x) € TN (x,y,t
t,y,z) €T A (z,y,t)
t,2,y) €T A (2,y,1)
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T oy S ={(x,y,
TogwS ={(r,y,2) e X?|(FteX
ToyS ={(r,y,2) e X3 (FteX
TozS ={(z,y,
Toz S ={(z,y,2) € X3 | (3teX
Toz S ={(z,y,
Tozs S ={(zr,y,2) e X?|(FteX
Toz S ={(z,y,2) € X3 | (3teX
T oz S ={(z,y,
TozS ={(r,y,2) e X?|(FteX
Toz; S ={(v,y,2) e X3 | (FteX
Tozs S ={(x,vy,
T oz S ={(z,vy,
ToyS ={(v,y,2) e X3|(FteX
ToynS ={(x,vy,
TopS ={(zy,
ToyuS ={
ToyuS ={(z,y,
ToyS ={(v,y,2) e X?|(FteX
TouS ={(v,y,2)e X?|(FteX
Toy S ={(x,y,
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TowsS ={(r,y,2) e X3 | (FteX
TogS ={(r,y,2) € X3 | (HeX
TowS ={(z,y,2) e X3| (3teX
eXY|(Ftex

)

)

)

ToS ={(r,y,2) € X3| (3t € X)((2,9,t) € TA(t,2,2)
)

z,t,y) € TA(t,z,2)

t,y,z) € TN (t, z,x)

y,t,2) € TN (L z,x)

t,y,x) € TN (2, t,x

t,y,x) € TN (t,z,x
t,y,x) € TN (z,2,t

t,y,x) € TN (x, z,t

t,by,x) €T N (t,z, 2
t,y,z) € T N (x,

t,y,z) € T N (z,

t,z
Yy, t
t,y,x) €T A (y, 2,
t,y,z) € T A (z,
t,y,xz) € T N (¢,

l\z H—

<
N ”n ”n ?n 10 &1 &1 &1 &1 &»1n 10 . »n 10 \n »1n Ty &1y &1 &1n &»n o &»n ”10 »n &0 10 &1n &1n vy &1 »n Oin

e U  — e U U T e s = s = — — Y~
wa\—«—lw—*wa*—«—/w-*wa\—«—/w-«wwwwwwwwwwwwwwwwwwwwwwww

Y)
Y)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
t)
Y)
Y)
)

T01915 —{l'y, ty? ET/\ yaaz
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Tows S ={(r,y,2) € X*| Gt € X)((t,9,2) € T A (1,3,2) € )}
T o3 S ={(z,y,2) € X?| (3t € X)((2,t,2) € T A (z,y,t) € S)};
ToisS ={(z,y,2) € X3| (3t € X)((2,t,2) € TA(y,2,t) € S)};
Tois S ={(r,y,2) € X3| (3t € X)((2,t,z) €T A (z,t,y) €9)};
T oS ={(z,y,2) € X?| (3t € X)((2,t,2) € T A (t,z,y) € S)};
Toiwr S ={(z,y,2) € X3| (3t € X)((2,t,2) € TA(y,t,2) € S)};
TosS ={(r,y,2) € X3| (3t € X)((2,t,z) €T A (t,y,2) €9)};
T o199 S ={(z,y,2) € X3| (3t € X)((2,t,z) € T A (t,y,x) € S)};
T og0 S ={(z,y,2) € X?| (3t € X)((t,2,2) € T A (t,y,x) €9)};
Tos1 S ={(z,y,2) € X?| (3t € X)((2,z,t) € T A (t,y,x) € S)};
Toxe S ={(z,y,2) € X3| (3t € X)((x,2,t) €T A(t,y,x) € S)};
Toxs S ={(z,y,2) € X*| (3t € X)((t,x,2) €T A (t,y,x) € )}
T ooy S ={(z,y,2) € X?| (3t € X)((z,t,2) € T A(t,y,x) € S)};
Toxs S ={(z,9,2) € X*| (It € X)((z,9,1) € TN (t,y,2) € )}
Toxs S ={(z,9,2) € X*| (3t € X)((y,2,1) €T A (t,y,2) € )}
Toyr S ={(z,y,2) € X?[ (3t € X)((2,t,y) T A(t,y,x) € 5)};
Toxs S ={(z,9,2) € X*| (It € X)((t,2,9) € TN (t,y,2) € )}
Toxg S ={(z,9,2) € X*| (3t € X)((y,t,2) €T A (t,y,2) € )}
ToneS ={(x,y,2) € X?[ (3t € X)((t,y,2) ET A (t,y,x) € 5)};
Too1 S ={(z,y,2) € X*| (3t € X)((2,y,t) € T N (2,t,x) € S)};
T oy S ={(z,y,2) € X3| (3t € X)((y,2,t) € T A (z,t,x) € S)};
TogzS ={(r,y,2) € X3 | (3t € X)((2,t,y) € TN (2,t,x) €9)};
TooS ={(z,y,2) € X?| (3t € X)((t,2,y) €T A (2,t,x) € S)};
Togs S ={(z,y,2) € X3| (3t € X)((y,t,2) € T A (z,t,x) € S)};
TogeS ={(z,y,2) € X?| (3t e X)((t,y,2) € TA(2,t,z) €S)}.

Note that the oj-composition is defined in [41]. In the following, we discuss the
associativity of only the following eighteen four-point compositions of ternary
relations, as all the other compositions can be defined by using the same formulas
based on the commutativity of the conjunction and permutations.

Tor S ={(z,y,2) € X3| (3t e X)((z,y,t) €T A (x,t,z) € S)};
ToyS ={(z,y,2) € X3| (3t € X)((z,y,t) € TN (z,2,t) € 5)};
To3S ={(z,y,2) € X3 | (3t e X)((x,y,t) € TA(t,x,2) €9)};
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ToysS ={(z,y,2) € X3 | (3t € X)((z,y,t) €T A(t,z,x) € S)};
TosS ={(z,y,2) € X?| (3t € X)((z,y,t) € T A (z,2,t) € 9)};
TogS ={(r,y,2) € X3| (3t e X)((z,y,t) € TN (2,t,z) €5)};
Tor§ ={(r,y,2) € X*| Gt € X)(#9,) € T A (1,3,2) € )}
TosS ={(z,y,2) € X°| (Bt € X)((w,y,t) €T A(t z,y) € 5)};
TogS ={(r,y,2) € X°[ (Bt € X)((w,y,t) €T A (y.1,2) € )};
TopS ={(r,y,2) € X3| (3t e X)((x,y,t) € TN (y,z2,t) € S)};
TonS ={(z,y,2) € X3| (3t € X)((w,y,t) € T A (2,t,y) €S)};
TowS ={(r,y,2) € X3| (3t € X)((z,y,t) € T A (z,y,t) € 5)};
Topi3S ={(z,y,2) € X?| (3t € X)((z,t,2) € T N(t,y,2) € 9)};
TouS ={(z,y,2) € X3| (3t € X)((z,t,2) € TN (t,z,y) €5)};
Toi S ={(v,y,2) € X?| (3t € X)((z,t,2) € T A (y,t,2) € 5)};
TowS ={(zr,y,2) € X?| (3t e X)((z,t,2) € T N(y,z,t) €9)};
Toir S ={(z,y,2) € X3| (3t € X)((w,t,2) € T N (2,t,y) €5)};
TowS ={(z,y,2) € X3 | (3t € X)((x,t,2) €T N (2,y,t) € 5)}.

Also, note that these 18 compositions we choosed are different from each others,
which means that, for any o,,0, € {1...,18}, there does not exist j € {0,...,5}
such that T o, S =T o, 5.

Proposition 2.8. Let T and S be two ternary relations on a set X. It is clear
that by using the commutativity of the conjunction and permutations, one easily
defines all the rest of 216 four-point compositions of ternary relations. i.e.,

To;S=S8o0;_135T, forany i€ {19,...,36},
1—1
36 -

To;S=T%0;moeass S, for anyi € {37,...,216}, and j = |

Proof. In the following, we show how to find o;,-composition, for a given i €
{1,...,216}. Indeed, let i = 60, one easily verifies that

1

60—1 0
T ogy S = TS ©60 mod 36 st
=T%" O94 S,

From the above formula of o;-composition, it is clear that 77 o9y S = S9! 06 T,
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Hence

T ogy S = S 05 T*
={(z,y,2) € X* | (3t € X)((z,y,t) € ST A (2, t,x) € T")}
={(z,y,2) € X* | (3t € X)((z,t,y) € SA(z,2,t) €T)}
={(z,y,2) € X* | (3t € X)((z,2,t) € T A (z,t,y) € 9)}.

Therefore, ogy-composition can be written in a unique way. A similar example
can be given for the other compositions.

Also, we show how to find i € {1,...,216}, for a given o;-composition. Indeed,
let T and S be two ternary relations on a set X, and let o;-composition defined
as follows:

To;S={(x,y,2) € X*| 3t € X)((y,2,t) € TA(t,2,2) € S)}.
One easily verifies that

To;S={(x,y,2) € X*| (3t € X)((x,9,t) € T A (2,t,2) € §7)}
= T2 05 5.

Hence, one easily finds that 2 = [*Z] which yields that 73 < i < 108 and
¢ mod 36 = 6 which yields that ¢« = 78. Therefore

TO78 S = {(JZ,y,Z) S X3 | (Elt S X)((y,l',t) €T A (t,Z,I’) € S)}
A similar example can be given for the other compositions. O

The following example shows that the four-point compositions introduced are
different.

Example 2.1. Let Ty and Ty be two ternary relations on X = {x1, 9, x3, T4, T5, T6}
given by

T1 = {((L’l, ZT9, ZE3), (Il, Xy, ZE5)} >

T2 - {(xb X3, .1'4), (xla Ts, ‘CCS)a (xla Te, l’g), (:CE'); Xy, xﬁ)} .

One easily verifies that

Tl 01 T2 = {(xlvx% x4)7 (1'1,33471'3)} )

Ty 09 Ty = {(21, %2, %5), (T1, T2, 76) },
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Tl O3 T2 - {(331,1'4,1‘6)} :

A similar example can be given for the other compositions .

2.3.2. Properties of the four-point compositions of ternary
relations

In the following, we express the associativity of the four-point compositions of
ternary relations.

Proposition 2.9. Among the above 18 four-point compositions of ternary rela-
tions, only the compositions o1,07 and o3 are associative, i.e., for any ternary
relations T1, Ty and T3 on a set X, it holds that

(T1 O; TQ) O; T3 = T1 O; (T2 O, T3),
with i € {1,7,13}.

Proof. We only give the proof for the case ¢ = 1, as the other cases can be proved
analogously.

(Tl o1 TQ) 01 T3 = (l‘,y7 € X3 | (Elt € X)((fﬁ,y,t) < T1 o1 TQ VAN (I’,tZ) € T3)}

2)
(z,y,2) € X? | (3t,s € X)((2,y,8) € Ty A (z,5,t) € ToA
)

{
{

(x,t,2) € T3)}

{(z,y,2) € X3 | (3s € X)((z,y,s) € Ty A(x,8,2) € Tyo; T3)}
{(z,y,2) € X* | (x,y,2) € Ty o1 (Tr 01 T3)}
T o4 (TQ 01 T3)'

O
Remark 2.2. One easily gives counterexamples that the rest of the remaining
15 compositions are not associative. For instance, the following example shows
that oy is mot associative. Indeed, let T, Ty and T3 be the ternary relations on
X = {x1, 29, x3, 24} given by:

Tl == {(l’hxg,l'g)},
Ty = {(x1,21,23), (21,24, 72) },

T3 = {(xh Ty, $1), (I2, T3, 302)}
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One easily verifies that

(Tl 09 T2) 09 T3 = {(xla 952>$4)},
Tl O9 (T2 O9 T3> = @

It is clear that
(Tl O2 TQ) 09 T3 7é T oy (T2 O2 T3)-

Remark 2.3. It is clear that by using the commutativity of the conjunction, one
proves that the following compositions are also associative.

ToywS =50,T;
T oy S =5o07T,;
Tong :S013T.

Note that throughout this work, the associative four-point compositions oy, o7
and oy3 will be denoted by ¢;,¢9 and ¢3 respectively. Thus, the associative
compositions of two ternary relations 7" and S are defined as

To S ={(z,y,2) € X3| (3t € X)((x,y,t) € TA(x,t,2) € 9)};
ToyS ={(z,y,2) € X3| (Tt € X)(z,y,t) € TA(t,y,2) €S)};
To3S ={(z,y,2) € X3| (3t € X)((x,t,2) €T A(t,y,2) €9)}.

Note that the (n,i)-th powers 7™ of a ternary relation 7" on X are recursively
defined as TH% = T and T™% = T" 1 o; T, for any n € N*, n > 1 and
ie{l1,2,3}.

Remark 2.4. In the binary case, it is clear that any reflexive binary relation
is included in its powers. In the following, for i € {1,2,3}, we show that any
reflexive ternary relation is not necessarily included in its o;-powers. Indeed, let T
be the reflexive ternary relation on X = {x1,x9, 3,24} given by:

T = {(z1, 21, 21), (21, T2, T3), (T2, T2, T2), (T1, 73, 4), (T3, T3, 73), (T4, T4, T4) }.
One easily computes the o1-powers of T':

T27<>1 - {(x17x17'r1)7 (xlu x2,$4), (.TQ, X, .CUQ), (x37x37 x3)7 (x47'r47 1'4)},
T3701 = {(xlwxlyxl)v (an .1'2,172), (273, €3, Qfg), (33'4,1'4, IE4)},

T4’01 — {(I17 xy, x1>7 (CCQ, T, LUQ), ('r?)u €3, '/L‘3)) (.ZU47 Ty, x4>}
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It is clear that T € T, for n € N*. With a similar example, one easily proves
the other cases.

The following proposition shows that any left (resp. middle and right) reflexive
ternary relation is included in its o1-powers (resp. oo-powers and o3-powers). The
proof is straightforward.

Proposition 2.10. Let T be a ternary relation on a set X. The following
implications hold:

(i) The left reflexivity of T implies that T C T™, for any n € N*;
(i) The middle reflexivity of T implies that T C 1™, for any n € N*;
(iii) The right reflexivity of T implies that T"C T™%, for any n € N*.

The following proposition identifies the neutral element of the ¢;-compositions of
two ternary relations, with ¢ € {1,2,3}. The proof is straightforward.

Proposition 2.11. Let T' be a ternary relation on a set X.

(i) The neutral element of the oy-composition is B, = {(x,y,y) € X3 | x,y €
X}, d.e.,
T<>1 E[ = EgOlT:T.

(ii) The neutral element of the oy-composition is E,, = {(x,y,x) € X3 | 2,y €
X}, e,
TOQEm :EmOQT:T.

(iii) The neutral element of the o3-composition is E, = {(x,z,y) € X3 | z,y €
X}, de.,
TOgEr:ETO;gT:T.
Remark 2.5. [t is clear that a given ternary relation T on a set X is strongly
reflexive if and only if | JEx C T, for A € {{,m,r}.
A

Inspired by the reasoning in the case of the composition of binary relations, the
above associative compositions of ternary relations can be rewritten as follows.
First, we need to recall the 1-ary projections of a given ternary relation.

Definition 2.4. Let T' be a ternary relation on a set X. The afterset 5, T, the
middleset T, and the foreset Ty, of the elements x,y € X are defined as:

oI ={tex]|(x,y,t) €T}
Jdy ={tez|(z,ty) €T}
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T, ={tea|(tay) €T}

Having in mind the above sets, the four-point compositions of ternary relations
can be written as follows.

Proposition 2.12. Let T' and S be two ternary relations on a set X. The
four-point compositions of T' and S can be written as:

TorS ={(z,y,2) € X? | 5, TN ,S. #0};
TOQS :{(.I',y,Z>GX3’ nyTﬁSyZ#@};
TosS ={(x,y,2) € X?| ., T.NS,. #0}

Remark 2.6. (i) Note that the above sets can be used to express all the above
18 compositions.

(i) The above reasoning can be also used to define all the (n + 1)-point compo-
sitions of two n-ary relations and also the reasoning to get the associative
ones.

2.3.3. Interaction of the four-point compositions with ba-
sic set operations and permutations

In this subsection, we study the interaction of the four-point compositions of
ternary relations with basic set operations and permutations. First, the following
proposition shows the interaction of the ¢;-compositions with inclusion and set-
theoretical operations, for any ¢ € {1,2,3}.

Proposition 2.13. Let T}, 15, Sy, So and S be ternary relations on a set X. For
any i € {1,2,3}, the following statements hold:

(Z) ]le - T2 and Sl - SQ, then T1 <4 Sl - TQ <4 SQ,'

(ZZ) (Tl N Tz) <4 S = (Tl &4 S) N (TQ &4 S) and S<>i (Tl ng) = (SOZ Tl) N (Sol TQ),'
(ZZZ) (Tl UTQ) <4 S = (Tl <4 S) U (TQ <4 S) and SOZ' (T1 UTQ) = (SO,L Tl) U (SOZ TQ)
Proof. We only give the proof for the ¢;-composition and property (i), as the
other results can be proved similarly. Suppose that T3 C T, and S; C S,.
Let (z,y,z) € T} o1 Sy, then there exists ¢ € X such that (z,y,t) € T; and

(x,t,z) € Sy. Since T} C Ty and Sy C Sy, it follows that (z,y, z) € Ty 01 Sy. Thus,
T1 o1 Sl QTQ o1 S2. O
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The following proposition shows the interaction of the ¢;-compositions of ternary
relations with permutations, for any i € {1, 2, 3}.

Proposition 2.14. Let T and S be two ternary relations on a set X. The following
equalities hold:

(i) (a) (To1 ) =8 o1 T;
(b) (T oy S)'=T" 0357,
(c) (To3S) ' =T" 0,5
(i) (a) (To1 S)" =T" 0y S";
(b) (Tox S)" =T" 018",
(c) (To3S8) =S"o3Th.
(iii) (a) (To1 S)" =T" o3 ST,
(b) (T oy S)t =St o, TF;
(c) (To3S)T =St oy TTH.
(iv) (a) (To1S)” =80T ;
(h) (Toy S)~ = S 03 T~
(c) (To3S)”" =T 0,5
(v) (a) (T o1 8) =S"e3T";
(h) (T o, S) = "o
(c) (To3S) =580 T

Proof. (i) We only prove that (T o1 S)" = S™ o, T, as the other cases are
analogous.

(T o1 S)"

(2,9,2) € X* | (2,2,y) € T oy S}

(z,9.2) € X*| TN .8, # 0}

(2,9,2) € X* | (Gt € X)((z,2,t) €T A (2,t,y) € S)}
(z,y,2)

( )

T, Y, 2 €X3|(EItEX)((x,y,t)ESA/\(x,t,z)€T4)}
Ty, 2 €X3|(:E,y,z)65_'<>1T4}
Yoy T

I
CQ — = A A
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(ii) We only prove that (T o; S)" = T" o, S, as the other cases are analogous.
(T<>1 ) {:Uy,z €X3|(y,l',Z)ET<>13}

(2,9, 2)
(2.9,2) € X*| TN ,S. #0}

(v,9,2) € X* | (3t € X)((y,,t) € T A (y,t,2) € S)}
(2,9, 2)

( )

r.y.2) € X*| 3t € X)((z.y.t) € T A(t,y,2) € 5}
r,y,2) € X? | (2,y,2) €T oy SF}
<>2 S'_.

{
{
{
{

(iii) We only prove that (T ¢1 S)™ = T% 03 S, as the other cases are analogous.
(T o, S)* {xy,z EX?’\(z,x,y)ETolS}

(2,9, 2)
(2.y,2) € X* | TN .S, #0}

(v,9,2) € X* | (Gt € X)((,2,1) €T A (2,t,y) € 5)}
(z,y,2)

(2,9, 2)

r,y,2) € XP | (At e X)((x,t,2) €TT A (t,y,2) € S*)}
z,y,2) € X2 | (2,y, 2) €T+<>35+}
<>3S+.

I
—~ N NS

|
’ﬂ

(iv) We only prove that (7'¢; S)~ = S~ o9 T, as the other cases are analogous.
(To1 S)” {a:y, €X3|(y,z,x)ET<>lS}

(z,y,2)
(2,y.2) € X* | . TN S, # 0}

(x,9,2) € X*| (3t € X)((y, 5,t) € T A (y,t,2) € S)}
(z,y,2)

( )

7,y,2) € X* | (Bt € X)((w,9,1) € S~ A(ty,2) €T}
€ X?| (z,y,2) €S o T_}

T,Y,%

T o T

{
{
{
{

(v) We only prove that (T' ¢y S)! = S* o3 T", as the other cases are analogous.

(To, S) = {(x,y,z) € X?|(z,y,7) €T o S}
={(z.y.2) € X*| , TN .S, £ 0}
={(z,y,2) € X*| (Bt € X)((2,5,1) €T A (2,t,2) € 5)}
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={(@,9,2) € X* | (At € X)((x,1,2) € 5" A (ty.2) € T)}
={(2,9,2) € X*| (v,y,2) € S' 05 T"}
= St <3 Tt.

Proposition 2.14 leads to the following result.

Corollary 2.1. Let T be a ternary relation on a set X. The following equalities
hold:

(i) (a) (T)" = (T7)™;
(b) (T7e2)™ = (T7)™*,
(¢) (Tme2)" = (T7)"e
(i) (a) (T™)" = (T")"2;
(b) (T"e2)" = (T,
(¢) (Tm)" = (")
(iii) () (T™1)" = (T7)™;
(b) (Tme2)" = (T
(¢) (Tmoe)" = (TF)™
(i) (a) (T")" = (T7)";
(b) (T™2)" = (T7)™*;
(¢c) (T™)" = (T7)"
(v) (a) (T™)" = (T)"%;
(b) (Tm2)" = (T")™e;
(c) (To)t = (1)

2.3.4. Interaction of the four-point compositions with bi-
nary projections and cylindrical extensions

In this subsection, we study the interaction of the four-point compositions of
ternary relations with binary projections and cylindrical extensions. The following
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proposition investigates the projections of the four-point compositions of ternary
relations in terms of the compositions of their binary projections.

Proposition 2.15. Let T' and S be two ternary relations on a set X. The
following table shows the inclusion of the left, middle and right projections of
the compositions (T ©; S) of ternary relations in the compositions of their binary
projections, for any i € {1,2,3}.

C, . PTOJ. PIJ(') Pm(-) PT(')
omp.
To S Py(T) o Py(S) P, (T) o Py(S) —
ToyS | PAT) 0 Pu(S) | Pu(T) o Pu(S), B(T) 0 Pi(S) | Pu(T) o P(S)
T<>3S - Pr(T)OPm(S) PT(T)OB(S)

Proof. We only prove that Py(T o S) C Py(T) o P(S), as the other cases
are analogous. Let (x,y) € Py(T o1 S). Then there exists z,t € X such that
(z,z,t) € T and (2,t,y) € S. This implies that (x,t) € P(T) and (t,y) € Py(5).
Hence, (z,y) € Pi(T) o Py(S). Thus, Py(T o1 S) C Py(T) o Py(S5). O

Remark 2.7. The following example shows that the projections of the ©1-compo-
sition of two ternary relations are not equal to the composition of their binary
projections. Indeed, let T and S be the ternary relations on X = {1, x9, 3,74}
given by:

T = {@17 T, $2)7 ($17$2, 953)},
S = {(%; T2, 1’4)> ($27$4, xl); (1337$27 Iz)}
It holds that
T<>1 S = {(I1,$1,$4)},

and thus
Py(T 01 8) = {(z1,74)},

Pm(T 1 S) = {(ZE17$4)}.
Further, it holds that

P(.) Pu(.) P()
{(z1,22), (79, 73)} {(z1,22), (71, 73)} {(z1,71), (21, 22)}

S (w2, @2), (w2, 24), (w4, 1)} | {(21,24), (22, 21), (03, 22)} | {21, 32), (T2, 24), (23, 72)}

N

and
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o Py(5) Pn(S) P(S)
P(T) | {(z1,22), (1, 2a)} | {(21, 210), (@2, 22)} | {(21, 7)), (22, 22) }
Pn(T) | {(21,22), (z1,24) } | {(z1,210), (w1, 22)} | {(21, 22), (21, 74) }
P(T) | {(z1, @), (w1, 20)} | {1, 21), (z1,20)} | {(21,22), (21, 24)}

It is clear that

Pg(TOl S) 7é Pg(T) @) Pg(S),
B(T 01 5) # Pn(T) 0 Py(5).

In a similar way, one proves the other cases.

The following proposition expresses the cylindrical extensions of the composition

of binary relations in terms of the four-point compositions of their cylindrical

extensions.

Proposition 2.16. Let Ry and Ry be two binary relations on a set X. The left,

middle and right cylindrical extensions of the composition Ry o Ry are listed in
the following table:

Cyl. ext. o) i) )
Comp.
Cg(Rl) &1 C[(RQ) Cm(Rl) 1 C((Rg)
Rio Ry Co(Ry1) 02 Cru(R2) | Cr(Ry) 02 Cr(R2) | Cri(Ry) 0 Cr(R2)
Cr(R1) 03 Cin(R2) | Cr(Ry) 03 Cr(Ra)

Proof. We only prove that Cy(R; o Ry) = Cy(R1) ¢1 Cy(R3), as the other cases

are analogous.

Cg(Rl (¢] Rg)

{
{
{
{

z,Y,
z,Y,

z,Y,

(2,9, 2)
(z,y,2)
(z,y,2)
(2,9, 2)

€ X°| (y,2) € Rio Ry}
€EX?| (3te X)((y,t) € Ry A(t,2) € Ry)}

e X?| (3t e X)((z,y,t) € Co(Ry) A (2,t,2) € Co(Ry))}
€ X3 | (1,y,2) € Cy(Ry) 01 Co(Ra)}

Co(Ry) 01 Co(R2).

O

Remark 2.8. The following example shows that the left cylindrical extension of

the composition of two binary relations is not equal to the o3-composition of any

of their cylindrical extensions. Indeed, let Ry and Ry be the binary relations on

X = {mx1, 29,23} given by:

Ry = {(z1,22)},
Ry = {(w2, 73), (73, 3)}.
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It holds that

and thus

Ry 0 Ry = {(1,23)},

C'e(R1 o R2) = {(561, 9517373)7 (372, 55'1,953)7 (5173, T, 953)}
Further, it holds that

C(() C’m() Cf()
R {($17$1,x2)7($2,$17$2), {(x17x17'r2)7($17x27w2)> {(1}1,1’27$1),(£L‘17.’E2,$2)7
' (w3, 21, 22)} (w1, 23,22)} (w1, 29, 23)}
{(Il7$27x3)7(x17x37x3)7 {($2,$17$3),(I2,l’2,$3), {(12,1'371171),(1,'27::63,1'2)7
Ry (96273627963)7 (-”L‘z,fﬂ3~,$3)7 (~”L’27-T37$3)7 (fE3>~”L'1-,fE3)> (-’E27-”L’37-T3), (13796371'1)7
(z3, T2, 23), (23, T3, 73) } (3,2, 73), (73,73, 73)} (23,73, 02), (73,73, 73) }
and
o3 Ci(Ro) C(R2) Cr(Ry)
Co(Ry) 0 0 0
Crn(R1) 0 0 {(z1, 23, 22) }
Co(R) | (1,02, 2), (@, gyag)y | (02078 (Pl | g, (2 75, 72),
(55173337353)} (Il,$37$3)}

It is clear that for any A\, Ay € {€,m,r} it holds that
Co(Ri 0 Ry) # Oy, (Ry) 03 Oy, (Rz).

In a similar way, one proves the other case.

The following proposition expresses the compositions of a ternary relation with a bi-
nary relation introduced in [71] in terms of the associative four-point compositions
of ternary relations.

Proposition 2.17. Let T' be a ternary relation and R be a binary relation on a
set X. The following equalities hold:

(i) T x R=T o1 Cy(R);

(i1) T x R=T o3 Cp,(R);
(v) RxT =Cy(R)o T;
(vi) RxT = Cy(R) o3 T.

Proof. We only give the proof for the first equality, as the other equalities can be
proved analogously.

TxR={(z,y,2) € X*| (3t € X)((w,y,t) € TA(t,2) € R)}
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={(z,9,2) € X*| (3t € X)((z,y,t) € T A (z,t,2) € Co(R))}
=T Cg(R)

2.3.5. Interaction of the four-point compositions with traces

In the following, we study the interaction of the four-point compositions of ternary
relations with left, middle and right traces.

Proposition 2.18. Let T' and S be two ternary relations on a set X. The
following inclusions hold:

(i) T C (T o: Y, for any i € {2,3};
(it) T™ C (T o1 S)™;
(iii) S™ C (T o3 S)™;
(iv) ST C (T ¢; S)", for any i € {1,2}.
Proof. We only give the proof for first inclusion and ¢+ = 2, as the other inclusions
can be proved analogously. Let (x,y) € T and (z,a,b) € T o5 S. Then there
exists t € X such that (z,a,t) € T and (¢,a,b) € S. Since (z,y) € T*, it follows

that (y,a,t) € T. This implies that (y,a,b) € T oy S. Hence, (z,7) € (T o3 S)*.
Thus, T C (T o, S)*. O

Next, we will show that the traces of a ternary relation are the greatest binary
relations that satisfy some relational inclusions. First, we need to recall the
following two theorems.

Theorem 2.1. [71] Let T be a ternary relation on a set X. It holds that
(i) T* is the greatest binary relation R that satisfies Rt x T C T';

(i) T is the greatest binary relation R that satisfies T x R C T.
Theorem 2.2. [71] Let T be a ternary relation on a set X. It holds that

(TY'xT=TxT" =T.

The following result shows that the traces of a ternary relation are the greatest
binary relations that satisfy the following relational inclusions corresponding to
the relational compositions introduced above.
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Proposition 2.19. Let T' be a ternary relation on a set X. It holds that
(i) T* is the greatest binary relation R that satisfies the following inclusions:
(a) Co(RY) 0 T CT;
(b) C.(R") o3 T CT.
(i) T™ is the greatest binary relation R that satisfies the following inclusions:
(a) Co(RN) o1 T C T,
(b) Tos Cr(R) CT.
(iii) T" is the greatest binary relation R that satisfies the following inclusions:
(a) To1 Co(R)CT;
(b) T oy Cp(R) CT.
Proof. We only give the proof for the inclusion (i) (a), as the other inclusions
can be proved analogously. Note that Proposition 2.17 implies that Rt x T =
C(RY) 09 T. Theorem 2.1 guarantees that T* is the greatest binary relation R

that satisfies R xT C R. Hence, T* is the greatest binary relation R that satisfies
Cn(RY) oy T CT. O

Combining Proposition 2.17 and Theorem 2.2 leads to the following result.

Corollary 2.2. Let T be a ternary relation on a set X. The following equalities
hold:

(i) T o, C(T7) = T;
(i7) T o9 Cy(T7)
(iii) T o3 C,(T™)
(iv) Co((T™)) 0, T =T}
(v) Cu((T*)") 02 T =T
(vi) Co((TY)) 03 T =T

)

T
T

)

2.4. Five-point compositions of ternary relations

In this section, based on the compositions of a ternary relation with a binary
relation introduced by Zedam et al. [71], we introduce several types of composition
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of ternary relations considering five points through the use of the binary projections.
Also, we investigate their properties and interactions with basic set operations,
permutations, binary projections, cylindrical extensions and traces.

2.4.1. Five-point compositions

Based on the compositions of a ternary relation with a binary relation, we introduce
six types of five-point composition of ternary relations through the use of the
binary projections.

Definition 2.5. Let T and S be two ternary relations on a set X. The o;-
compositions of T and S, with i € {1,...,6}, are defined as

(i) TSo1 S =T x P(S) = {(z,y,2) € X*| (A, s € X)((w,y.t) €T A (s,1,2) €
(i) Tsjjiq =T x Pp(S) = {(z,y,2) € X*| 3t,5 € X)((z,5,t) ET A (t,5,2) €
(iii) T;)::s* =T w P(S) = {(z,5,2) € X3 | Bt,s € X)((w,y.) ETA(t,2,5) €
(iv) T;)ji? = PT) xS ={(z.y,2) € X*| (3,5 € X)((s,2,t) € T A (t,y,2) €
(v) Tsjjjs = Po(T) % S ={(z,y,2) € X*| (3t,5 € X)((z,5,1) €T A(t,y,2) €
(vi) T;j%; = P(T) xS ={(z,y,2) € X*| (Bt s € X)((z,5,) €T A(5,y,2) €

Next, we introduce a composition that is composed of all of the above six five-point
compositions.

Definition 2.6. Let T and S be two ternary relations on a set X. The o-
composition of T and S is defined as

ToS=(TxP(S)U(P(T) % S).

6
Clearly, it holds that T'o S = U To;S.

i=1
The following example shows that the compositions introduced are different.
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Example 2.2. Let T and S be the ternary relations on X = {1, x9, 3,24} given
by:

T = {($1,.T1,$’2), (1'1,1'2,1}3)},

— {('Tlv T, l‘l)v (.ZCQ, Ty, wl)a (l‘37 T, $2)} .

One easily verifies that

Toy S={(x1,21,22)},

T oy S ={(x1,71,21), (1,72, 72) },
T o3 S = {(x1,71,24), (21,29, 2) },
T oy S ={(r1,24,71), (T2, 22, 72)},
T o5 S = {(x1,24,21), (1,72, 72) },
T og S = {(z1,21,21), (x1,24,21)},

and

T o S = {(xlaxlbxl)a (.1'2,1'2,.772), (x17x27x2)7 (xbxl;xl)a (1’1,1’1,332), (xlaxlwxll)} .

2.4.2. Properties of the five-point compositions of ternary
relations

In this subsection, we investigate some properties of the five-point compositions
of ternary relations. First of all, we show that four of these compositions are
associative.

Proposition 2.20. The compositions o; , with i € {1,2,5,6}, are associative, i.e.,
for any ternary relations Ty, Ty and T3 on a set X, it holds that
(Tl 0; Tg) O; T3 — T1 O; (TQ O; Tg) .

Proof. We only give the proof for the case ¢ = 1, as the other cases can be proved
analogously.

(Tyo1 Ty) oy Ty = {(w,y,2) € X* | (3,5 € X)((z,y,t) € Ty oy To A (s,t,2) € T3)}
= {(v,y,2) € X* | (3t,5,m,n € X)((z,y,m) € Ty A (n,m,t) €
Ty A (s, t,2) € T3)}
={(z,9,2) € X*| 3m,n € X)((z,y,m) € Ty A (n,m, z) €
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15 04 Ts)}
= {(I,y,Z) € X3 | (ZL’,y7Z> € Tl 01 (TQ 01 TS)}
= T1 o1 (TQ 01 Tg) .

]

In the following example, we show that the compositions o3 and o4 are not
associative.

Example 2.3. Let Ty, Ty and Ty be the ternary relations on X = {x, x9, 3,24}
given by:

Tl = {(xla Jfl,l'g), (xlu fL’2,$3)} )
T2 = {(371, x17$1)7 (.’13'2, l’4,$1), (3:37 T2, x2>} 5

T3 = {(w1, 21, 71), (T4, T4, T2), (T2, T3, 71) } .
One easily verifies that

(T} 03 Tp) 03 Ty = {(x1, w1, x4), (X1, 2, 23) },
Ty o3 (Ty 03 T3) = {(x1, 21, 24), (1, 22, 22) },
(T 04 Ty) 04 Ty = {( ), (2,23, 21)},
Ty o4 (Ty 04 T3) = {(x1, 23, 71)} .

4

1 X
Ty4,T1,T1

It is clear that
(Tl O3 Tg) O3 T3 7é T1 O3 (TQ O3 Tg) cmd (Tl Oy Tg) Oy T3 7é T1 Oy (TQ Oy T3) .
Obviously, since o3 and o4 are not associative, the composition o is not associative

as well.

The following proposition shows that the ternary identity relation Iys is a right
neutral element of three of the five-point compositions of ternary relations, while
it is a left neutral element of the other compositions. The proof of this proposition
is straightforward.

Proposition 2.21. Let T' be a ternary relation on a set X. It holds that
(i) To;Ixs =T, for anyi € {1,2,3};
(ii) Ixs o; T =T, for any i € {4,5,6}.

Next, we give a counterexample showing that Iyxs is not a left (resp. right)
neutral element of the o;-composition, for any i € {1,2,3} (resp. for any i €
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{4,5,6}).

Example 2.4. Let T' be the ternary relation on X = {x1,xq, 3,24} given by:

T = {(231,1‘1,332), (l’l,IQ,Ig)} :

One easily verifies that

TO5[)(3:{Z' X2,T2),(L1,T3,T3

Y

Ixs o0 T = {(x1, 21, 22), (x2, 2, 23)},
Ix3 00T = {(fl? Ty, X 2),($ L1, T 5)},
Iys 03T = {(x1,21,21), (x1,71,22) },
T oy Ixs = {(x1, %2, 22), (x2,x3,23)},
( 2), ( 3)}
( ) ( )}

T og Ixs = { X1,%1,21),\T1,T2, T2

It is clear that
]XSOlT%T7I)(3OQT7AT and ]XSOgT%T,

TO4])(37AT7TO5]X37£T and TO6])(37'£T,
and

IXSOT#TOI)(B%T.

In the following proposition, we show that the empty relation () is an absorb-
ing element of the five-point compositions of ternary relations. The proof is
straightforward.

Proposition 2.22. Let T be a ternary relation on a set X. It holds that
T o, Q):@ OZ‘T:@,

forany i€ {1,...,6}, and hence also To ) =0 oT = 0.

2.4.3. Interaction of the five-point compositions with basic
set operations and permutations

In this subsection, we study the interaction of the five-point compositions of
ternary relations with basic set operations and permutations. First, the following
proposition shows the interaction of the o;-compositions with inclusion and set-
theoretical operations, for any ¢ € {1,...,6}.
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Proposition 2.23. Let T, Ty, S, So and S be ternary relations on a set X. For
any i € {1,...,6}, the following statements hold:

(i) If Ty C Ty and S; C Sy, then Ty 0; S1 C Ty 0; So;
(ZZ) (T1 ﬂTQ) O; S = (Tl O, S) N (TQ O; S) and SOZ' (Tl ﬂTg) = (S O, Tl) N (S O; TQ),'
(HZ) (Tl UTQ) O, S = (Tl O; S) U (TQ O; S) and S O; (Tl UTQ) = (S O; Tl) U (S O, TQ)
Proof. We only give the proof for the o;-composition and property (i) as the other
results are analogous. Suppose that 73 C Ty and S; C Sy. Let (z,y, 2) € Ty 01 S,
then it holds that (z,y,z) € T} x P;(S1). Then there exists t € X such that

(x,y,t) € T} and (t,z) € Py(S1). Since T} C Ty and S; C Ss, it follows that
(x,y,2) € Ty X Py(Sy). Hence, (z,y,z) € Ty 01 S3. Thus, T7 01 .51 C Ty 01 Sy, O

The following proposition shows the interaction of the o-composition with inclusion
and set-theoretical operations.

Proposition 2.24. Let T, Ty, Si, Sy and S be ternary relations on a set X.
The following statements hold:

(Z) [le g T2 and Sl g SQ, then T1 OSl g TQ @) SQ,’
(ZZ) (TlﬁTg)oSQ (TloS)ﬂ(TQOS);
(ZZZ) (T1UT2)OSQ (TloS)U(TgoS).

Proof. (i) Suppose that 73 C Ty and S; C Sy. Let (z,y,2) € T} 0 Sy, then
6
it holds that (x,y,2) € | JTi o; S1. Then there exists j € {1,...,6} such

i=1
that (z,y,2) € Th 0; S1. Since T C T5 and S; C 9y, it follows from

Proposition 2.23 that T; 0; Sy C Ty 0; Ss. Hence, (z,y, z) € Ty 0; Sy. Thus,
(x,y,2) € Ty 0 5,.
6
(ii) Let (z,y,2) € (Th NTy) o S. It holds that (z,y,2) € U(Tl N1T3) o; S.

i=1
Then there exists j € {1,...,6} such that (z,y,2) € (11 NT,) o; S. From
Propos1t10n 2.23, it follows that (z, y, z) € (Ty 0; S)N (T3 0; S), and, hence,

(x,y,2) € UTlo S and (z,y,2) € UTQO S. Hence, (z,y,2) € (T105)N
(T2 OS) ThUS (Tl QTQ) oS C (Tl OS) (TQOS)

(iii) The proof is analogous to that of (ii).
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The following example shows that the equality in properties (ii) and (iii) of
Proposition 2.24 does not hold in general.

Example 2.5. Let Ty, Ty and T3 be the ternary relations on X = {xy, x2, 3,24}
given by:

Tl - {(Ilﬂ xlvx2)7 (xlu $2,$3)} ’
T2 = {(xb 3171,.1'1), <x27 x4,x1), (*1'37 T2, x2>} 5

T3 = {<951, Ty, Iz), ($4, Ty, 5132), ($2, T3, 901)} .

One easily verifies that

(Th N T3) o Ty = {(z1, x1, 1), (T1, 21, T2), (T1, T4, 1), (T1, T1,T4) },
(11 o Ty) N (T30 T3) = {(z1, 21, 1), (w1, 21, T2), (21, T4, 1), (X1, T1, T4), (T2, T2, T2) } .
It is clear that (Ty N'T3) 0o Ty # (T1 0 To) N (T3 0 Ty).

In the following, we investigate the interaction of the five-point compositions with
permutations.

Proposition 2.25. Let T' and S be two ternary relations on a set X. The

following equalities hold:

(i) (T o; S)" =T 0;S™, for anyi € {4,5,6};
(ii) (T o; S)" =T" 0; S, for any i € {1,2,3};
(iii) (T 0; S)T = (St o7 TH", for any i € {1,...,6};
(iv) (T o; )" =St o0, 4 TF, for any i € {5,6};
(v) (T 0; )™ = (Sto;_; TH), for anyi € {1,...,6};
(vi) (T 0; S)” =87 0;44 T, for any i € {1,2};
(vii) (T 0; S)t = St o7_; T, for any i € {1,...,6}.

Proof. (i) We only prove that (T o4 S)" =T o4 S7, as the other cases can be
proved analogously.

x,z,y) €T oy S}

z,2,y) € Py(T) x S}

Jt € X)((x,t) € P(T) A (t, 2,y) € S)}

3t € X)((x,1) € PAT) A (t,,2) € S7)}

o~ o~ o~ o~

45



CHAPTER 2. COMPOSITIONS OF TERNARY RELATIONS

={(z,y,2) € X* | (2,y,2) € P(T) x 57}
:TO4 S_'.

(i) We only prove that (7o, S)" = T" o; S, as the other cases can be proved
analogously.

(Tol )

(v,y,2) € X*| (y,2,2) € T oy S}

(v,9,2) € X* | (y,7,2) € T x Py(S)}
(v,9,2) € X*| (Bt € X)((y,2,t) € T A(t,2) € Pu(S))}
(2,9, 2) (

< 2) (

v,y,2) € X*| (3t € X)((w,y,t) € T" A (t,2) € Pi(S))}
€ X* | (z,y,2) € T" x Py(S)}

I
e W e N e g Y St

T, Y,%z
01 S

I
~

(iii) We only prove that (T oy S)T = (S 0s T%)", as the other cases can be proved
analogously.

TOl

F={(w,y.2) € X*| (z,2,9) €T o, S}

{(x y,2) € X? | Zl’y)GTKPg(S)}

{(w,y,2) € X*| (Bt € X)((z,2,t) € T A (t,y) € Pu(S))}
{(@,y,2) € X*| Bt € X)((y,1) € P(S) A (t,2,2) € T}
{(,y,2)
{(z,9,2)

r,y,2) € X | (y,1,2) € P(S") Tt}
7,y,2) € X*| (2,y,2) € (S 06 T")"}
(St Og Tt)

| (
| (
| (
| (
| (
| (

(iv) We only prove that (T o5 S)*™ = ST o; T, as the other cases can be proved

analogously.
(T o5 8)" = {(z,y,2) € X*| (w,y,2) € (T 05 5)"}
={(z,y,2) € X*| (2,2,y) € T o5 S}
={(z,y,2) € X* | (3,5 € X)((2,5,t) € T A (t,z,y) € 9)}
={(z,y,2) € X’ | 3t,s € X)((w,y,t) € ST A (s,t,2) € TT)}
=Sto,TT
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(v) We only prove that (T o1 S)™ = (St og T%)™, as the other cases can be proved

analogously.
(To18)” ={(w.,2) € X*| (y,2,7) € T o S}
={(2.,5,2) € X*| (y,2,7) € T x P(S)}
={(z,5,2) € X*| (3t € X)((y,2,1) € T A (t,2) € Pu(S))}
={(2,9,2) € X*| (3t € X)((w,) € P(S) A (t,2,9) € T}
={(z,9,2) € X*| (2,2,9) € P.(S") x T"}
={(z,5,2) € X*| (,9,2) € (" 06 T")"}

(St Og Tt)A.

(vi) We only prove that (T oy S)™ =S~ o5 T, as the other cases can be proved

analogously.
(T o1 8)” ={(z,y,2) € X*| (2,9, 2) € (T 01 )7}
={(z,y,2) € X*| (y,2,7) € T o S}
={(z,y,2) € X* | (3,5 € X)((y,2,t) €T A (s,t,2) € 9)}
={(z,y,2) € X*| 3t,s € X)((w,5,t) € S™ A(t,y,2) € T)}
=S o5 T~

(vii) We only prove that (T oy S)' = 5% o5 T", as the other cases can be proved
analogously.

(T oy S) = (T x Py(S))
= (P(S))' = T
=P (S") xT"
= Stog T".

Corollary 2.3. Let T be a ternary relation on a set X. It holds that:
(i) (T = (TN T for any i € {1,2};
(ii) (T7)™°i = (T™=4)=, for any i € {5,6};

(iii) (TH)™°i = (T, for any i € {1,2,5,6}.
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In the following proposition, we investigate the interaction of the o-composition
with permutations.

Proposition 2.26. Let T' and S be two ternary relations on a set X. The
following equalities hold:

(i) (To S)* = (S0 T');
(i) (To5)~ = (§' o Tt
(iii) (T 0 S)! = StoT".

Proof. We only prove (i), as the other cases are analogous. From Remark 1.1
and Proposition 2.25, it follows that

(StO7_Z-Tt)'_ — (U Sto7_iTt)}— — (StoTt)}—

=1 =1

Coa

6
(ToS)* U To;S)" = [ J(To:9)*
=1

=1

]

2.4.4. Interaction of the five-point compositions with bi-
nary projections and cylindrical extensions

In this subsection, we study the interaction of the five-point compositions of
ternary relations with binary projections and cylindrical extensions.

First, the following proposition investigates the projections of the five-point
compositions of ternary relations in terms of the compositions of their binary
projections.

Proposition 2.27. Let T and S be two ternary relations on a set X. The left,
middle and right projections of the compositions (T o; S), for any i € {1,...,6},
are listed in the following table:

=" RO Pal) P()
To S Py(T) o Py(S) | Pu(T) o Py(S) —
ToyS Py(T) o Pu(S) | Pu(T) o Pp(S) —

T oz S Py(T)o P.(S) | Pn(T)o P.(5) —

ToyS - Py(T) 0 Pn(S) | PuT) o P(S)
Tos8 — P (T) o Ppu(S) | Pn(T) 0 P(S)
Tog S — P.(T)o P,(S) | P-(T)o P.(S)
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Proof. We only prove that Py(T o1 S) = Py(T) o P(S), as the other cases are
analogous.

Py(T o1 S) = Jz € X)((z,z,y) € T oy 5)}

3z € X)((z,2,y) € T x Py(9))}

Jz,t € X)((z,2,t) € T A (t,y) € Py(S))}
3t € X)((x,t) € P(T) A (t,y) € Pi(S))}

t
z,y) € Py(T) o P(S)}

Il
el e N N S eN
N N N N N
8
NSNS AN N
— N N N N
m
S
/\/\:/\/‘\

]

Remark 2.9. The following example shows that the left projection of the o4-
composition of two ternary relations is not equal to the composition of any of
their binary projections. Indeed, let T and S be the ternary relations on X =

{1, 9, 23,24} given by:

T = {(21,21,22), (21,22, 23)} ,

= {(z1, 21, 21), (22, 24, 21), (3, T2, 22) } .
It holds that
ToyS= {(951,334, 351), (96’279027352)} )
and thus
Py(T 04 S) = {(x4,21), (x2,22) } .
Further, it holds that
Py()) Pn(.) P.(.)

{(z1, 22), (w2, 73) } {(z1, 22), (z1,23)} {(z1,21), (z1,22)}
S | (@, @), (w2, 22), (xg,20) } | {(w1,21), (T2, 21), (23, 22) } | {(21, 1), (T2, T4), (w3, 2) }

~

and

o Py(5) Pn(S) P.(S)
(1) {(z1,22)} {(z1,21), (%2, 22)} | {(21,24), (:
P (T) {(z1,22)} {(z1,21), (z1,22)} | {(21,22), (21, 24)}
P(T) | {(z1,21), (21, 22) } {(z1, 21)} {(@1, 21), (

It is clear that for any A\, Ao € {€,m,r} it holds that

Pg(T Oy S) 7& PM(T) o P)\Q(S) .

In a similar way, one can easily prove the other cases.
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In the following, we investigate the interaction of the five-point compositions of
ternary relations with left, middle and right cylindrical extensions of a binary
relation. First, we need the following proposition which expresses the composi-
tions of a ternary relation with a binary relation in terms of the six five-point
compositions of ternary relations.

Proposition 2.28. Let T' be a ternary relation and R be a binary relation on a
set X. The following equalities hold:

(i) Tx R=T o, Cy(R);
(it) T x R =T oy C,,(R);
(iii) T x R =T o3 Cy(R);
(iv) RXT =Cy(R) oy T;
(v) RxT =Cy(R) o5 T;
(vi) Rx T = C,(R)ogT.

Proof. We only give the proof for the first equality, as the other equalities can
be proved analogously.

Tx R={(z,y,2) € X°| (3t € X)((z,y,t) € TA(t,2) € R)}
={(z,y,2) € X*| (3,5 € X)((w,y,t) € T A (s,t,2) € Cy(R))}
:T01 Cg(R)

]

The following proposition investigates the cylindrical extensions of the composition
of binary relations in terms of the five-point compositions of their cylindrical
extensions.

Proposition 2.29. Let R, and Ry be two binary relations on a set X. The left,
middle and right cylindrical extensions of the composition Ry o Ry are listed in
the following table:

Cyl. ext. ) i) a0
Co(Ry) 01 Ce(Ra) | Cr(Rr) o1 Cp(Ra)
CZ(Rl) 02 Cm(RZ) Cm(R1) O2 Cm(RZ)
Ryio Ry Co(Ry) 03 Cr(R) | Ciu(Ry) 03 Cr(Ry)

Ce(Pq) 04 Cm(RQ) CZ(RI) O4 Cr(R2)
Crn(R1) 05 Cr(Ra) | Crn(Ra) 05 Cr(R2)
Cr(Ry) 06 Crn(R2) | Cr(Ry) 06 Cr(Ra)

Comp.
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Proof. We only prove that Cy(R; o Ry) = Cy(R1) o1 Cy(R3), as the other cases
can be proved analogously.

Ce(Ryo Ry) = {(#,y,2) € X° | (y,2) € Rio Ry}
={(z,y,2) € X* | (3t € X)((y,t) € Ry A (t,2) € Ry)}
={(z,y,2) € X* | (3,5 € X)((w,y,t) € Cy(Ry) A (5,t,2) € Cy(Ry))}
={(z,y,2) € X° | (2,9,2) € Co(R1) o1 Ce(Ry)}
= Cy(Ry) 01 Cy(Ry) .

O

Remark 2.10. The following example shows that the left cylindrical extension of
the composition of two binary relations is not equal to the o4-composition of any
of their cylindrical extensions. Indeed, let Ry and Ry be the binary relations on

X = {mx1, 29,23} given by:

Rl - {(xth)}’
Ry = {(22, 72), (73, 21)} .
It holds that
R1 o RQ = {(LUI, $2)},

and thus
CZ(RI o RQ) - {(xlu xl)xQ)y (x27 Xy, .7;2), (x37x17 IQ)} .

Further, it holds that

Ci() Cm() C.(.)
R, {(x1, 1, %2), (T2, T1, Ta), {(z1, x1, x2), (21, T2, T2), {(x1, 2, 1), (21, T2, T2),
(3,21, 22)} (1, 23,22)} (1,22, 23)}
{(x1, x, a), (21, 23, 21), {(z2, 21, x2), (T2, T2, T2), {(x2, %2, 1), (T2, T2, T2),
Ry ($2,$27$2)7($2,$3-,$1), ($2,$3,$2),($3,$1,1’1), (1’2,$2,$3),(I3,I17I1)7
(x5, 9, T2), (T3, %3, 21)} (3,2, 1), (T3, T3,21) } (x3, 1, 22), (T3, 21, 23) }

and
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04 Ci(Ry) Crn(Ry) C\(Rp)
Ce(Rl) {(1173527362),(%,333,11)} {(117$1,$2)7($171ﬂ2~,$2)7 {($17$27$1)7($1,$27$2),
(I17$3>I2)} (xhx?vxii)}
{(9617$1,$2)7 (171795275172)7 {($1,9€27$1)7 (561,1327952)7
{(x1, x2, 2), (21, T3, 1), (21, 23, Ta), (T2, T1, Ta), (21, 9, x3), (T2, T2, 1),
Cr(R1) (22, T2, T2), (T2, T3, 1), (22, T2, x2), (T2, T3, Ta), (22, T2, T2), (T2, T2, T3),
(3,2, a), (T3, T3,21)} (3,21, T2), (T3, T2, Ta), (x5, 9, 1), (T3, T2, Ta),
(153717637172)} ($3,$27~’C3)}
{(z2, 1, 1), (T2, 71, X2), {(z2, 21, 21), (T2, 1, X2),
Cr(R1) | {(wa, ma, x2), (v, x5, 1)} (@9, T2, 1), (T2, T2, T2), (22, 1, x3), (T2, T2, 1),
(95279637361)7 ($27$37$2)} (9E2~,$279€2)~, (1’27362,353)}

It is clear that for any A\, Ao € {€,m,r} it holds that
Cg(Rl o RQ) # C/\l (Rl) Oy C)\2<R2) .

In a similar way, one can easily prove the other cases.

2.4.5. Interaction of the five-point compositions with traces

The following proposition shows the interaction of the five-point compositions of
ternary relations with left, middle and right traces.

Proposition 2.30. Let T' and S be two ternary relations on a set X. The
following inclusions hold:

(i) T C (T o; ), for any i € {1,2,3,5,6};

(ii) T™ C (T o; S)™, for any i € {1,2,3};

(iii) S™ C (T 0; S)™, for any i € {4,5,6};

(iv) T" C (T 0; S)", for any i € {1,2,4,5,6}.
Proof. We only give the proof for the first inclusion and ¢+ = 1, as the other
inclusions can be proved analogously. Let (x,y) € T and (z,a,b) € T o, S.
Then there exists t,s € X such that (z,a,t) € T and (s,t,b) € S. Since

(z,y) € T*, it follows that (y,a,t) € T. This implies that (y,a,b) € T o, S. Hence,
([E,y) € (T o1 S)f ThUS, TK g (T o1 S)@ ]

The following result shows that the traces of a ternary relation are the greatest
binary relations that satisfy the following relational inclusions corresponding to
the relational five-point compositions introduced above.
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Proposition 2.31. Let T' be a ternary relation on a set X. It holds that
(i) T* is the greatest binary relation R that satisfies the following inclusions:
(a) Co(R')os T C T
(b) Cou(RY) 05T C T
(c) C.(RY)og T CT.
(ii) T" is the greatest binary relation R that satisfies the following inclusions:
(a) T oy Cy(R)CT;
(b) T oy Cp(R) C T
(C) T O3 CT(R) g T.
Proof. We only give the proof for the inclusion (i) (a), as the other inclusions
can be proved analogously. Note that Proposition 2.28 implies that Cy(R") o, T =
R! x T. Theorem 2.1 guarantees that T is the greatest binary relation R that
satisfies R' x T C R. Hence, T" is the greatest binary relation R that satisfies
Cg(Rt) Oy T g T D
Combining Proposition 2.28 and Theorem 2.2 leads to the following result.

Corollary 2.4. Let T be a ternary relation on a set X. The following equalities
hold:

(i) T oy Cu(T7) = T;
(i) T oy Coi(TT) =T;
(iii) T o3 C.(T7) =T}
(iv) Co((TH)) oy T =T}
(v) Cn((T)) 05 T =T
(vi) Co((T*)") os T =T.
Along the same lines of Proposition 2.31, we obtain the following equivalences.

Proposition 2.32. Let T' and S be two ternary relations on a set X. The
following equivalences hold:

(i) T oy S CT if and only if S C Cyo(T7);
(ii) T oo S C T if and only if S C Cp,(T7);
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(iii) T o3 S C T if and only if S C C.(T");
(iv) S oy T C T if and only if S C Cy((TH)");
(v) SosT C T if and only if S C C,,((TH);
(vi) So¢T C T if and only if S C C.((T*)?).

Proof. We only prove the first equivalence, as the other equivalences can be
proved analogously. Suppose that T o; S C T, then we need to prove that
S C Cy(T7). From Proposition 2.28, it follows that 7' 0.5 = T 0oy Cy(Py(S)). Since
Toy S C T, it follows that T'oy Cy(F(S5)) € T'. We know from Proposition 2.31 (ii)
that 7" is the greatest binary relation R that satisfies T o Cy(R) C T', and, hence,
P(S) € T7, which implies that Cy(F;(S)) C Cy(T"). Proposition 2.7 guarantees
that S C Cyp(P(S)). Thus, S C Cy(T"). Conversely, assume that S C Cy(T").
From Proposition 2.23, it follows that T oy S C T oy Cy(T"). Proposition 2.31
guarantees that T oy Cy(T") C T. Since T01 S C T o1 Cyp(T7) and T o1 Co(T7) C T,
it follows that 7oy S C T. O

2.5. Subcompositions and supercompositions of
ternary relations

Inspired by the notions of afterset and foreset, Bandler and Kohout in [7] have intro-
duced several new compositions of relations called subcomposition and supercom-
position. In this section, we introduce the subcompositions and supercompositions
of ternary relations based on the associative four-point compositions. Furthermore,
we show some relational inequalities based on these compositions.

Definition 2.7. Let T and S be two ternary relations on a set X. The subcom-
positions and supercompositions of T and S are defined as follows:

(i) (a) T S={(z,y,
(b) TDlS:{'rayv

(z,y,2) € X* | 5T C 25}
(2,9, 2)
(ii) (a) T < S ={(z,y.2)
(2., 2)
(2., 2)
(2,9, 2)

€ X?| 5T 2 2S:}

€ X?| T C Sy.};
(b) Ty S ={(z,y,2) € X?| ., 7 D S,.};
(iii) (a) T <3S = {(x,vy,

(b) TDSSZ{%%

e X?| ,T.CS,.};
eX?|.T.28,.}
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The compositions <; are called subcompositions and the compositions >; are called
supercompositions, for i € {1,2,3}. It is clear that

i) (a) T< S={(z,y,2) € X3| (Vt € X)((w,y,t) € T = (x,t,2) € 9)};
(b) Ty S ={(z,y,2) € X3 | (Vt € X)((z,y,t) € T < (x,t,2) € S)};
(i) (a) T< S ={(z,y,2) € X3 | (Vt € X)((w,y,t) €T = (t,y,2) € 9)};
(b) Tee S ={(z,y,2) € X? | (Vt € X)((z,y,t) €T < (t,y,2) € 9)};
(iii) (a) T<3 S ={(z,y,2) € X? | (Vt € X)((z,t,2) €T = (t,y,2) € S)};
(b) T3S ={(z,y,2) € X?| (Vt € X)((w,t,2) €T < (t,y,2) € 5)}.

In the following, we show some relational inequalities based on the above (<;,>;)-
compositions of ternary relations, for i € {1,2,3}.

Theorem 2.3. Let R, S and T be three ternary relations on a set X. It holds
that

(i) RoySCT = RCT> S« SCR'aT;
(ii) Roe SCT <= RC Ty S'<— SCR' T

(iii) Ros S CT <= RCTp3S < SCR «3T.

Proof. We only give the proof for the first equivalence, as the other equivalences
can be proved analogously. Suppose that R ¢y S CT. Then, for any z,y,z € X,
it holds that

(x,y,2) € Roy S = (v,y,2) € T.

Then there exists ¢ € X such that
(x,y,t) € RN (z,t,2) € S = (z,y,2) € T.
This implies that
(x,y,t) € R= ((x,t,2) € S = (x,y,2) € T).
It is clear that
(z,y,t) € R= ((z,2,t) € S7 = (x,y,2) € T).

Hence, (z,y,t) € R implies that (z,y,t) € T>;S™. Thus, R C T>; S™. Conversely,
suppose that R C T'>; S™. Let (z,y,2) € Ro1 .S, then there exists ¢t € X such that
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(x,y,t) € Rand (x,t,2) € S. Since R C T'>y S7, it follows that (z,y,t) € T>; S™
and (z,t,z) € S. Then, for any s € X, it holds that

(z,t,s) € S = (z,y,5) € T) A (2,t,2) € S.

It is clear that (z,y,z) € T. Thus, Ro1 .S C T. Therefore, Ro; S CT <= R C
T[>1 S_|. ]
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3 Transitivity of ternary relations

Transitivity is by far the most interesting property of (crisp and fuzzy) binary
relations. While the transitivity property of a binary relation is quite standard,
it comes in a multitude of variations in the ternary case. Also, the fact that the
transitivity property can conveniently be expressed as a relational inclusion using
the notion of composition, leads us to introduce several notions of four-point (resp.
five-point) transitivity properties.

In this chapter, we discuss the four-point (resp. five-point) transitivity of a ternary
relation from the point of view of four-point (resp. five-point) compositions of
ternary relations and investigate their properties and interactions with binary
projections, cylindrical extensions and traces.

3.1. Transitivity properties of ternary relations

in literature

While the definitions of reflexivity and symmetry are quite standard, various
notions of transitivity of ternary relations have been proposed in literature. For in-
stance, Pitcher and Smiley [56] introduced several four-point transitivity properties
of betweenness relations. Explicitly, a ternary relation 7" on X is called

(i) ti-transitive, if, for any z,y, z,t € X, it holds that (¢,z,y) € T and (t,y, z) €
T imply (z,y,2) € T}
(ii) to-transitive, if, for any z,y, z,t € X, it holds that (z,y,t) € T and (x,t, z) €
T imply (z,y,2) € T;
(iii) ts-transitive, if, for any x,y, z,t € X such that y # t, it holds that (z,y,t) € T
and (y,t,z) € T imply (z,y,2) € T.

Note that to-transitivity is also used by Pérez-Fernandez and De Baets [54] as the
end-point transitivity condition of a betweenness relation. Novak and Novotny [48]
introduced several other four-point transitivity properties: a ternary relation 7'
on X is called

(iv) ty-transitive, if, for any z,y, z,t € X, it holds that (z,y,t) € T and (y, z,t) €
T imply (z,y,2) € T}
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(v) ts-transitive, if, for any x,y, z,t € X, it holds that (z,t,2) € T and (t,y, 2) €
T imply (z,y,2) € T}

(vi) te-transitive, if, for any x,y, z,t € X, it holds that (z,y,t) € T and (t,y, 2) €
T imply (z,y,2) € T.

It is clear that these six types of transitivity correspond to six types of composition
of ternary relations, e.g.

To, S={(z,y,2) € X*| (3t e X)((t,v,y) €T A (t,y,2) €9)}.

Note that only the o, -compositions with ¢ € {2,5,6} are associative.

The transitivity of a binary relation R can be concisely written as Ro R C R,
with o the usual composition of binary relations. Obviously, for the above types
of transitivity of ternary relations it holds by definition of the compositions that a
ternary relation 7" is o;,-transitive if and only if 7o, T C T', for any i € {1,...,6}.
Conversely, with each of the several types of composition of ternary relations
introduced in Chapter 2, we can associate two types of transitivity, four-point
transitivity and five-point transitivity.

3.2. Four-point transitivity properties

In this section, we discuss the four-point transitivity properties of ternary relations
from the point of view of associative four-point compositions of ternary relations
and investigate their properties and interactions with binary projections, cylindrical
extensions and traces.

3.2.1. Definitions and properties

Definition 3.1. Let T' be a ternary relation on a set X. For anyi € {1,2,3}, T
is called ©;-transitive if T o; T C T

The following proposition shows, for any i € {1,2,3}, that the powers of a ¢;-
transitive ternary relation are included in this ternary relation. The proof is
straightforward.

Proposition 3.1. Let T be a ternary relation on a set X. For any i € {1,2,3},
T is o;-transitive if and only if T™* C T, for any n € N*.

Combining Propositions 2.10 and 3.1 leads to the following result.
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Corollary 3.1. Let T be a ternary relation on a set X. The following equivalences
hold:

(i) The left reflexivity of T implies that T is o1 -transitive if and only if T =T,
for any n € N*;

(i) The middle reflexivity of T implies that T is oo-transitive if and only if
T2 =T, for any n € N*;

(7ii) The right reflexivity of T implies that T is os-transitive if and only if
T =T, for any n € N*.

The following proposition shows, for any i € {1,2,3}, the equivalence between
the o;-transitivity of a ternary relation and that of its powers. The proof is
straightforward.

Proposition 3.2. Let T be a ternary relation on a set X. For any i € {1,2,3},
it holds that T is o;-transitive if and only if T™% is o;-transitive, for any n € N*.

The following proposition shows that, for any i € {1,2,3}, o;-transitivity is
preserved under intersection.

Proposition 3.3. Let (T}),c; be a family of ternary relations on a set X. For
any i € {1,2,3}, the o;-transitivity of (T}),es tmplies the o;-transitivity of ,ﬂJTj-
je

Proof. To prove that 'ﬂJTj is o;-transitive, it suffices to prove that ﬂJTj o DJT]- C
J€ Jje je

.ﬂjTj. Suppose that (Tj);es is o;-transitive, i.e., T; ¢; T; C Ty, for any i € {1,2, 3}.

VIS

This implies that jQJ<TJ 0; Tj) C ]QJT] It is clear that jQJT] 04 ]QJT] C jQJ(TJ 0; Tj),

for any ¢ € {1,2,3}, and hence N T;o; N T; C NT};. Hence, N Tj is o;-transitive,
jer jed jed jed

for any ¢ € {1,2,3}. O

3.2.2. Interaction of the four-point transitivity properties
with permutations

In this subsection, we study the interaction of the four-point transitivity properties
with permutations.

Proposition 3.4. Let T be a ternary relation on a set X. The following state-
ments hold:

(i) (a) T is oi-transitive if and only if T~ is o -transitive;

(b) T is oy-transitive if and only if T is o3-transitive.
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(ii) (a) T is oi-transitive if and only if T" is oy-transitive;
(b) T is os-transitive if and only if T" is o3-transitive.
(iii) (a) The o1-transitivity of T implies the os-transitivity of T ;
(b) The oq-transitivity of T implies the o1 -transitivity of T ;
(¢) The os-transitivity of T implies the oo-transitivity of T .
(iv) (a) The o1-transitivity of T implies the oo-transitivity of T~ ;
(b) The oy-transitivity of T' implies the o3-transitivity of T~ ;
(c) The o3-transitivity of T' implies the o1-transitivity of T~ .
(v) (a) T is o1-transitive if and only if T* is o3-transitive;
(b) T is oo-transitive if and only if T is oo-transitive.
Proof. We only give the proof for the first statement, as the other statements
are analogous. Suppose that T is oj-transitive. Let x,y,z,t € X such that
(z,y,t) € T" and (z,t,2) € T". This implies that (z,2,t) € T and (z,t,y) € T.
Since T' is o;-transitive, it follows that (z, z,y) € T. Hence, (x,y,2) € T". Thus,
T is o;-transitive. Conversely, suppose that T is o-transitive. Let z,y,2,t € X
such that (z,y,t) € T and (x,t,2) € T. This implies that (z,z,t) € T and

(z,t,y) € T7. Since T is o -transitive, it follows that (z,z,y) € T". Hence,
(x,y,z) € T. Thus, T is o1-transitive. ]

3.2.3. Interaction of the four-point transitivity properties
with binary projections and cylindrical extensions

In this subsection, we study the interaction of the four-point transitivity properties
with binary projections and cylindrical extensions. The following proposition
shows, for any ¢ € {1,2,3}, that for a given ¢;-transitive ternary relation, the
transitivity of its binary projections does not hold in general. The proof is
straightforward and follows from Proposition 2.15.

Proposition 3.5. Let T' be a ternary relation on a set X. For any i € {1,2,3},
if T is o;-transitive then, for any A € {{,m,r}, the transitivity of P\(T') does not
hold in general.

Remark 3.1. The following example shows that for a given ternary relation T,
if T is o1-transitive then, for any X\ € {€,m,r}, the transitivity of P\(T) does not
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hold in general. Indeed, let T be the following ©1-transitive ternary relation on
X = {$1,.T2, €3, 1'4}.'

T = {(x1,21,22), (x1, 21, T3), (T1, T2, T3), (T4, T3, 1) }.

It holds that

Py(T) = {(z1, 72), (21, 73), (T2, 73), (23, 71) },
Pm(T) = (xlaIQ)v ($1, x3)7 (:134,1‘1)},
PT) = {(z1,21), (71, T2), (¥4, 23) } .

It is clear that the projections Py(T), P, (T) and P.(T) are not transitive. A
similar example can be given for the other transitivity properties.

In the following proposition, we show that the transitivity of a given binary relation
is equivalent with ¢;-transitivity of an appropriate cylindrical extension.

Proposition 3.6. Let R be a binary relation on a set X. The following equiva-
lences hold:

(i) R is transitive if and only if Co(R) is o1-transitive;
(ii) R is transitive if and only if Cy,(R) is oo-transitive;

(iii) R is transitive if and only if C,.(R) is o3-transitive.

Proof. We only give the proof for the first equivalence, as the other equivalences
are analogous. Suppose that R is transitive, i.e., RoR C R. From Proposition 2.16,
it is clear that Cy(Ro R) = Cy(R) 01 C¢(R) C Cy(R). Thus, Cy(R) is o;-transitive.
Conversely, suppose that Cy(R) is ¢;-transitive, then it holds that Cy(R)o1 Cy(R) C
Cy(R). This implies that Py(Cy(R) oy Co(R)) C Py(Cy(R)). Proposition 2.15
guarantees that Py(Cy(R)) o Py(Cy(R)) C Py(Ce(R)). Since R coincides with
binary projections of its cylindrical extensions, it follows that R o R C R. Thus,
R is transitive. O

3.3. Five-point transitivity properties

In this section, we discuss the five-point transitivity properties of ternary relations
from the point of view of five-point compositions of ternary relations and investigate
their properties and interactions with binary projections, cylindrical extensions
and traces.
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3.3.1. Definitions and properties

Definition 3.2. Let T be a ternary relation on a set X. For any i € {1,...,6},
T is called o;-transitive if T o; T C T

As in the binary case, the following propositions show, for the associative com-
positions, that the powers of a o;-transitive ternary relation are included in this
ternary relation and that any reflexive ternary relation is included in its powers.
The proof are straightforward.

Proposition 3.7. Let T be a ternary relation on a set X. For anyi € {1,2,5,6},
it holds that T is o;-transitive if and only if T™° C T, for any n € N* .

Proposition 3.8. Let T be a ternary relation on a set X. For anyi € {1,2,5,6},
if T is reflexive, then it holds that T' C T™°, for any n € N*.

Combining Propositions 3.7 and 3.8 leads to the following corollary.

Corollary 3.2. Let T be a reflexive ternary relation on a set X. For any
i € {1,2,5,6}, it holds that T is o;-transitive if and only if T™° = T, for any
n € N*.
Remark 3.2. One easily verifies that for the non-associative compositions (i €
{3,4}), the above results also hold when considering either the left or the right
powers.

The following proposition shows, for the associative compositions, the equivalence
between the o;-transitivity of a ternary relation and that of its powers. The proof
is straightforward.

Proposition 3.9. Let T be a ternary relation on a set X. For anyi € {1,2,5,6},
it holds that T is o;-transitive if and only if T™ is o;-transitive, for any n € N*.

Remark 3.3. Similarly, one easily verifies the equivalence between the o;-transiti-
vity of a ternary relation T and that of its left or right (n,i)-th powers for the
non-associative compositions. For any i € {3,4}, the following statements are
equivalent:

(i) T is o;-transitive;
(ii) * T™° is o;-transitive, for any n € N*;
(iii) " T™% is o;-transitive, for any n € N*.

The following proposition shows that for any i € {1,...,6}, o;-transitivity is
preserved under intersection.
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Proposition 3.10. Let (Tj),ecs be a family of ternary relations on a set X. For
any i € {1,...,6}, the o;-transitivity of (1});es implies the o;-transitivity of QJTJ
j

Proof. To prove that IOJTJ- is o;-transitive, it suffices to prove that ﬂJY’j 0; .ﬂJj—jj C
J€ JjE€ je

‘ﬂJTj. Suppose that (T}) ;e is o;-transitive, i.e., Tjo,T; C T;, forany i € {1,...,6}.
je

This implies that jQJ(T] 0;T;) C jQJTJ It is clear that jQJTJ o,jQJT] C jQJ(TJ 0; T}),
for any ¢« € {1,...,6}, and hence NTj o, NT; C NT,. Hence, NTj is o;-

jed jeJ jed jet

transitive, for any ¢ € {1,...,6}. O

3.3.2. Interaction of the five-point transitivity properties
with permutations

In this subsection, we investigate the o;-transitivity of the permutations of a
ternary relation 7', for i € {1,...,6}.

Proposition 3.11. Let T' be a ternary relation on a set X. It holds that
(i) T is o;-transitive if and only if T is o;_y-transitive, for i € {5,6};
(ii) T is o;-transitive if and only if T~ is o, 4-transitive, for i € {1,2};
(iii) T is o;-transitive if and only if T" is o7_;-transitive, fori € {1,...,6}.
Proof. (i) We only give the proof for the case i = 5, as the other cases can be
proved similarly. It is clear that T is os-transitive if and only if T o5 T C T'.

Hence, (T'osT)" C T™". From Proposition 2.25, it follows that T+ o; T+ C T,
Hence, T is o4- transitive.

(ii) We only give the proof for the case i = 1, as the other cases can be proved
similarly. It is clear that T" is oj-transitive if and only if 7oy T" C T'. Hence,
(T'oy T)~ C T~. From Proposition 2.25, it follows that T~ o5 T— C T
Hence, T~ is o5- transitive.

(iii) We only give the proof for the case ¢ = 1, as the other cases can be proved
similarly. It is clear that T is oj-transitive if and only if 7oy T' C T'. Hence,
(T oy T)t C T*. From Proposition 2.25, it follows that T" og T* C T". Hence,
T is og- transitive.

]
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3.3.3. Interaction of the five-point transitivity properties
with binary projections and cylindrical extensions

In this subsection, we study the interaction of the five-point transitivity properties
with binary projections and cylindrical extensions.

The following proposition expresses the interaction of the o;-transitivity of a
ternary relation with transitivity of its binary projections.

Proposition 3.12. Let T be a ternary relation on a set X. The following
implications hold:

(i) The oi-transitivity of T implies the transitivity of P,(T);
(ii) The os-transitivity of T implies the transitivity of Py, (T);
(7ii) The os-transitivity of T implies the transitivity of Py (T');
(iv) The og-transitivity of T implies the transitivity of P,(T).
Proof. We only give the proof for the first implication, as the other implications
can be proved similarly. Suppose that T' is oq-transitive. From Proposition 2.27 ,

it is clear that Py(T' 01 T) = Py(T) o P,(T). The oy-transitivity of 7" guarantees that
Py(T o1 T) C Py(T). Hence, Py(T) o Py(T) C Py(T). Thus, P,(T) is transitive. [

Remark 3.4. The following example shows that for a given ternary relation T,
if T is og-transitive then, for any X\ € {€,m,r}, the transitivity of P\(T) does not
hold in general. Indeed, let T be the following oz-transitive ternary relation on
X = {x1, 29, T3, 4,25}

T = {(.1'1,1‘2,1‘3), ($1,$2,x4), ($1,$3,$2), (1’3,1'4,.1'5)} .

It holds that

It is clear that the projections Py(T), P,,(T) and P.(T) are not transitive. A
similar example can be given for the o4-transitive relation .
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The following proposition shows, for the associative compositions, that the tran-
sitivity of a given binary relation is equivalent with the o;-transitivity of an
appropriate cylindrical extension.

Proposition 3.13. Let R be a binary relation on a set X. The following equiva-
lences hold:

(i) R is transitive if and only if Co(R) is oi-transitive;
(7i) R is transitive if and only if Cy,(R) is og-transitive;
(7ii) R is transitive if and only if C,,(R) is os-transitive;
(iv) R is transitive if and only if C.(R) is og-transitive.
Proof. We only give the proof for the first equivalence, as the other equivalences
can be proved similarly. Suppose that R is transitive, i.e., Ro R C R. From
Proposition 2.29, it is clear that Cy(RoR) = Cy(R) o1 Cy(R) C Cy(R). Thus, Cy(R)
is oj-transitive. Conversely, suppose that Cy(R) is oj-transitive, then it holds
that Cy(R) o1 Cy(R) C Cy(R). This implies that Py(Cy(R) o1 Cy(R)) C Py(Cy(R)).
Proposition 2.27 guarantees that P,(Cy(R)) o Po(Ce(R)) C Py(Cy(R)). Since R

coincides with the binary projections of its cylindrical extensions, it follows that
Ro R C R. Thus, R is transitive. O]

Remark 3.5. From Proposition 2.29, it is clear that there exists no X\ € {{, m,r}
such that

CA(R) O3 C,\(R) = C)\(R) or C’)\(R) Oy C)\(R) = CA(R) .

Hence, if R is transitive, then, for any i € {3,4} and X € {{,m,r}, the o;-
transitivity of Cx(R) does not hold in general.

3.3.4. Interaction of the five-point transitivity properties
with traces

The following proposition investigates the interaction of the five-point transitivity

properties with left, middle and right traces.

Proposition 3.14. Let T be a ternary relation on a set X. The following
equivalences hold:

(i) T is oy-transitive if and only if T C C,(T");
(ii) T is og-transitive if and only if T C C,,(T7);
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(iii) T is oz-transitive if and only if T C C,.(T");
(iv) T is og-transitive if and only if T C Co((T%));
(v) T is os-transitive if and only if T C C,,,((T*)!);
(vi) T is og-transitive if and only if T C C,.((T*)").
Proof. We only give the proof for the first equivalence, as the other equivalences
can be proved analogously. Suppose that 7" is oj-transitive and let (x,y,z) € T
and (a,b,y) € T. Since T is oj-transitive, it follows that (a,b,z) € T. Hence,
(y,z) € T". Thus, (z,y,2) € Co(T"). Therefore, T'C Cy(T"). Conversely, suppose
that 7' C Cy(T"). From Proposition 2.23, it follows that T o; T C T oy Cy(TT).

Proposition 2.31 guarantees that 7oy Cyo(T") C T. Hence, T oy T CT. Thus, T
is oj-transitive. ]

Combining Proposition 3.14 and the fact that any binary relation coincides with the
binary projection of its cylindrical extensions leads to the following corollary.

Corollary 3.3. Let T be a ternary relation on a set X. The following equivalences
hold:

(i) T is oy-transitive if and only if Py(T) CT";
(ii) T is og-transitive if and only if P, (T) CT";
(iii) T is oz-transitive if and only if P.(T) CT";
(iv) T is os-transitive if and only if P,(T) C (T*)*;
(v) T is os-transitive if and only if P,(T) C (T*)!;
(vi) T is og-transitive if and only if P,(T) C (T*)t.

3.4. Link between four-point transitivity and five-
point transitivity properties

The following proposition discusses the link between the associative four-point
transitivity properties and the associative five-point transitivity properties of a
given ternary relation.

Proposition 3.15. Let T' be a ternary relation on a set X. It holds that

(i) The oy-transitivity of T implies the o1-transitivity of T';
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(ii) The os-transitivity of T implies the oo-transitivity of T';
(7ii) The os-transitivity of T implies the oo-transitivity of T,
w) The og-transitivity of T implies the os-transitivity of T'.
Y Y
Proof. (i) Suppose that T is oj-transitive. Let z,y,z,t € X such that

(r,y,t) € T and (x,t,z) € T. Since T is oj-transitive, it follows that
(x,y,2) € T. Hence, T is oj-transitive.

(ii)-(iv) Analogous to that of (i).
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4 Closures and openings of
ternary relations

In this chapter, we study the problem of closing or opening a ternary relation
with respect to various relational properties, with a focus on the many transitivity
properties that have been proposed for ternary relations over the past years. In
particular, we consider the transitivity properties corresponding to the four-point
compositions and five-point compositions of ternary relations making a careful
distinction between the associative ones and the non-associative ones.

4.1. Closures of a ternary relation

For a property P which a ternary relation 7" on a set X may have or fail to
have, the P-closure of T' is defined to be the smallest relation S containing 7" and
possessing P. In this section, we investigate the closures for various properties of
a ternary relation.

4.1.1. General results
In this subsection, all the results are obtained in the same way as Bandler and

Kohout [11] did for binary relations.

Definition 4.1. If P is a property which a ternary relation T on a set X may
have or fail to have, then a ternary relation S s the P-closure of T, written

S = PUNT), if and only if S satisfies all of

(i) S possesses property P;

(ii) T C S;
(i5i) If T CT" and T possesses property P, then S CT".
It is clear that a P-closure, if it exists, must be unique.

Corollary 4.1. A ternary relation T on a set X possesses property P if and only
if T = PNT) .

68



CHAPTER 4. CLOSURES AND OPENINGS OF TERNARY RELATIONS

For many properties P, a P-closure exists for some ternary relations but not for
others. The interesting properties P are those for which every ternary relation has
a P-closure. The following theorem states the conditions for this to occur.

Theorem 4.1. A P-closure exists for all ternary relations T on a set X if and
only if
(i) The universal relation X* possesses P;

(ii) The intersection of every (non-empty) family of ternary relations, each of
which possesses P, also possesses P.

This characterization can be rephrased in the following corollary.

Corollary 4.2. Let T be a ternary relation on a set X, then

PNT)=({S|T CSAS has property P}.

An example of a property P for which a P-closure does not exist in general is the
completeness property. Indeed, this property is not preserved under intersection.
Even more, there does not exist any non-complete ternary relation 7' that can be
closed for completeness.

Theorem 4.2. If P and P’ are properties for which closures exist (satisfying the
conditions of Theorem 4.1), and if P and P’ commute with each other, then

(P A P') also satisfies the conditions of Theorem j.1, and has a closure given by

(P A Pl)cl — Pcl(Plcl) — PICI(PCI) )

4.1.2. Closures for some special properties of ternary rela-
tions

Bandler and Kohout [11] studied the closures for some special properties of binary
relations, such as the symmetric closure, transitive closure, preorder closure and
equivalence closure. In the following proposition, we follow the same direction
and express the closures of a ternary relation for the reflexivity, symmetry, strong
symmetry and cyclicity properties. Note that these properties are all preserved
under intersection and that the universal relation X3 possesses all of them. Hence,
the closures for these properties always exist.

First, we need to give the following result that expresses the relationships be-
tween the properties of a ternary relation (symmetry and cyclicity) and those
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of its permutations (transpose, right rotation and left rotation). The proof is
straightforward.

Proposition 4.1. For a given ternary relation T, it holds that
(i) T is symmetric if and only if T = T*;
(ii) T is cyclic if and only if T =TT =T".

Proposition 4.2. Let T' be a ternary relation on a set X. It holds that:
(i) The reflexive closure is Ref(T) = T U Ixs;

(ii) The symmetric closure is Sym®(T) =T UT*;
(iii) The strongly symmetric closure is SSym®(T) = D T%;
i=0
(iv) The cyclic closure is Cyc(T) =T UTHUT".
Proof. Items (i) and (ii) are immediate.

5 5

(iii) To prove that SSym®(T") = | J T, it suffices to prove that | J 77 is the
i=0 i=0

smallest strongly symmetric ternary relation containing 7'. First, it is clear

5 5

that T' C U T?. From Remark 1.1, it follows that U T is strongly
=0 =0

symmetric. Next, if 7" C S and S is strongly symmetric, then for any
5 5

i €{0,...,5}, it holds that 77 C 5. Hence, | JT7 C | J S”. Since S is
i=0 i=0
strongly symmetric, it follows from Corollary 4.1 that SSym®(S) = S. Thus,
5 5

J 77 C S. Therefore, SSym®(T) = | J T .

i=0 =0

(iv) We show that Cyc?(T) = TUTT UT~. First, we need to prove that
TUTHTUT™ is cyclic. In view of Proposition 4.1, it suffices to prove that
TUTTUT - =(TUTTuUT )" =(T'uTtUT ). From Proposition 1.1
and Remark 1.1, it indeed follows that

(TUTTUTH Y =TTuU(TH" U (T )*
=TTuT UT
=TUuTtuT"

and
(TUTYUT ) =T U(TH) u(T")"
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=T"UTUT"
=TUTruT .

Furthermore, it is clear that TU T U T~ is the smallest cyclic ternary
relation containing T". Thus, Cyc(T) =T UTT UT".

]

4.2. Transitive closures

In this section, we focus on one of the most important types of closure, the
transitive closures of a ternary relation. From a practical point of view, the
important question often arises whether it is possible to find (if it exists), for a
given type of transitivity, the smallest transitive ternary relation including a given
ternary relation.

4.2.1. Four-point transitive closures

In this subsection, we characterize the four-point transitive closures of a ternary
relation. Note that, for any i € {1,2, 3}, the ¢;-transitive closure always exist, as
the universal relation X3 is ¢o;-transitive and intersection preserves o;-transitivity.
Since ¢;-composition is associative, for any i € {1,2,3}, the o;-transitive closure
of a ternary relation can be written as the union of powers. First we give the
following proposition, the proof of which is straightforward.

Proposition 4.3. Let T and S be two ternary relations on a set X. If T C S,
then it holds that T™% C S™%  for any i € {1,2,3}.

In the following result, we characterize the four-point transitive closures of a
ternary relation.

Theorem 4.3. Let T be a ternary relation on a set X. It holds that the ©;-
transitive closure of T is TrS(T) = | J T™*, for any i € {1,2,3}.

n>1

Proof. Let i € {1,2,3}. First, we prove that |J 7™ C Tr(T). Since
n>1

T C Trg(T), it follows from Proposition 4.3 that 77 C (TS (T))™, for any

i € {1,2,3}. Since Trd(T) is o;-transitive, it follows from Proposition 3.1 that

(Txg(T))™ C TeS(T), for any 7 € {1,2,3}, and hence, T C Trs (T).
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Conversely, to prove that Trd (T') C [ J 7™, it suffices to prove that

n>1

M = U T™° is o;-transitive. We only give the prove for ¢+ = 1, as the other cases
n>1
can be proved analogously. Let (z,y, z) € Mo; M, then there exist ¢ € X such that

(x,y,t) € M and (x,t,z) € M. Hence, there exist m;, my € N* such that (z,y,t) €
T and (z,t, z) € T™>°1. It then follows that (x,y, z) € T™° o) T™>* which
implies that (x,y,z) € T™*™21 and, hence, (x,y,z) € M. Thus, M is ¢;-
transitive. Since Trg (T') is the smallest o1-transitive ternary relation including
T, it follows that Trg (T) C | J T™°. Therefore, Trs(T) = [ J T™, for any

n>1 n>1

i€ {1,2,3}. O

In the following, we investigate the interaction of the four-point transitive closures
with the permutations.

Proposition 4.4. Let T be a ternary relation on a set X. The following equalities

hold:
(i) (a) Teg (T) = (TS (T));
(b) TS, (T7) = (Tag, (7))
(¢) Trg, (T7) = (Tag, (1))
(i) (a) Teg, (T7) = (Trg, (T))";
(b) TS, (T7) = (Tug, (T)"
(¢) Trg, (T7) = (Tag,(T))"
(iii)  (a) Tog, (T™) = (Teg, (T)
(b) TrS, (T*) = (Txg (T))*;
(¢) Trg,(T) = (Tug, (T)*
(iv) (a) Teg, (T7) = (Teg, ()
(b) TS, (T7) = (Txg, (1)~
(¢) Trg, (T7) = (Teg,(T)"
(v) (a) T (T*) = (Tr(T))";
(b) Trg, (T') = (Txg, (T)";
(¢) T, (T*) = (Txg, (1))’
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Proof. We only give the proof for the first equality, as the other equalities can
be proved analogously. From Remark 1.1, Corollary 2.1 and Theorem 4.3, it holds
that:

Trgl1 (T%) — U (T4 n,o1 __ U Tn <>1 U Tn <>1 Trcl (T»%

n>1 n>1 n>1

O

The following proposition shows that the left, middle and right projections of
the four-point transitive closures of a given ternary relation are included in the
transitive closures of the binary projections of this ternary relation.

Proposition 4.5. Let T be a ternary relation on a set X . The following inclusions
hold:

(i) P (T)) € T (Py(T));
(i7) Pm(TrgIQ(T)) C TrY( P, (T));
(iii) P,(Te(T)) € T (P(T)).

Proof. We only give the proof for the first inclusion, as the other inclusions can
be proved analogously. From Proposition 2.15 and Theorem 4.3, it follows that:

Py(Tig, (T)) = Po(J ) = J PUT™") € U (PT))" € T (P(T)).

n>1 n>1 n>1

]

Remark 4.1. The binary projections of the ©;-transitive closure of a ternary
relation T' on X are in general included but not equal to the transitive closure of
the corresponding projection of T, for any i € {1,2,3}. This will be illustrated
later in Example 4.5.

The following proposition expresses the left, middle and right cylindrical extensions
of the transitive closure of a given binary relation in terms of the four-point
transitive closures of the cylindrical extensions of this relation.

Proposition 4.6. Let R be a binary relation on a set X. The following equalities
hold:

(i) C(T¥(R)) = Tes, (Cu(R));
(i1) Con(T\(R)) = Trz;wm(R));
(i) C,(Tx(R)) = e, (G, (R)).
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Proof. We only prove that Co(Tr(R)) = Trd (Cy(R)), as the other equalities
can be proved analogously. From Proposition 2.16, it follows that:

Co(Tr(R)) = Co(U B") = U Cu(R") = U (Ce(R)"* = Tx5, (Co(R)).

n>1 n>1 n>1

4.2.2. Five-point transitive closures

In this subsection, we characterize the five-point transitive closures of a ternary
relation. Note that, for any ¢ € {1,...,6}, the o;-transitive closure always exists, as
the universal relation X3 is o;-transitive and intersection preserves o;-transitivity.
As in the binary case, the transitive closure of a ternary relation can be written
as the union of powers. However, this only holds for the associative five-point
compositions. First, we give the following proposition, the proof of which is
straightforward.

Proposition 4.7. Let T and S be two ternary relations on a set X. If T C S,
then it holds that T C S™° for any i € {1,2,5,6}.

In the following theorem, we characterize the five-point transitive closures of a
ternary relation.

Theorem 4.4. Let T be a ternary relation on a set X. It holds that the o;-
transitive closure of T is TeL(T) = | J T™, for any i € {1,2,5,6}.

n>1

Proof. Let i € {1,2,5,6}. First, we prove that |J 7™ C Trgli(T). Since
n>1

T C Tr¢(T), it follows from Proposition 4.7 that T™° C (Tr¢(T))™*. Since

Tr (T) is o;-transitive, it follows from Proposition 3.7 that (Tr (T))™° C Tre(T),

and hence, T™° C Tre(T).

Conversely, to prove that Trgli(T ) C U T it suffices to prove that S = U e

n> n>
is o;-transitive. We only give the pr06f1 for i = 1, as the other cases can be})lroved
analogously. Let (z,y,2) € Soy S, then there exist ¢, s € X such that (z,y,t) € S
and (s,t,z) € S. Hence, there exist ng, mg € N* such that (z,y,t) € T"°! and
(s,t,z) € T™°1 . It then follows that (z,y,z) € T"0° oy T™0° which implies
that (z,y,z) € Tt and, hence, (z,y,z) € S. Thus, S is o;-transitive. Since
Tr (T) is the smallest oj-transitive ternary relation including 7', it follows that
Tlrgl1 (T)C | 1.

n>1

74



CHAPTER 4. CLOSURES AND OPENINGS OF TERNARY RELATIONS

Therefore, Trgli(T) = U T™° for any i € {1,2,5,6}. H

n>1
Remark 4.2. It is clear that we cannot compute the og-transitive (resp. o4-
transitive) closure of a ternary relation T as the union of powers of T, since the
notion of oz-powers (resp. og-powers) of T cannot be defined unambiguously.

The following proposition shows the interaction of the five-point transitive closures
with permutations.

Proposition 4.8. Let T' be a ternary relation on a set X. It holds that:

(i) Trgli(TJf) = (TrglM(T))jL, for any i € {1,2};
(it) Teg(T7) = (Tag_, (1))~ for any i € {5,6};

(iii) Te(T*) = (Tvsl_(T))*, for any i € {1,2,5,6}.

O7—i

Proof. We only give the proof for the first equality, as the other equalities can be
proved analogously. For any i € {1,2}, it follows from Remark 1.1, Corollary 2.3
and Theorem 4.4 that

Teg (T7) = (@)™ = Y (T = (U 7o) = (Thg,(T)

Oitd
n>1 n>1 n>1

]

In the following, we investigate the left, middle and right projections of the
five-point transitive closures of a given ternary relation in terms of the transitive
closures of the binary projections of this ternary relation.

Proposition 4.9. Let T be a ternary relation on a set X. The following equalities
hold:

(i) Pu(Teg, (T))
(ii) Pu(Tr(T)) = Po(Teé(T)) = e (P (T));
(iii) Pr(Teg,(T)) = Tr(P(T)).

Tl (P(T));

Proof. We only give the proof for the first equality, as the other equalities can
be proved analogously. From Proposition 2.27 and Theorem 4.4, it follows that:

PTEN(T)) = P T7) = U PUT™) =  (PUT))" = T (PUT)).

n>1 n>1 n>1
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Remark 4.3. For the non-associative composition oz (resp. o4), the binary pro-
jections of the og-transitive (resp. og-transitive) closure of a ternary relation T
are in general not equal to the transitive closure of any projection of T'. This will
be illustrated later in Example /J.0.

In the following, we express the left, middle and right cylindrical extensions of the
transitive closure of a given binary relation in terms of the five-point transitive
closures of the cylindrical extensions of this relation.

Proposition 4.10. Let R be a binary relation on a set X. The following equalities
hold:

(i) CU(T9(R)) = Tos! (Cu(R));
(ii) Cp(TrY(R)) = Trglz(Cm(R)) = Trgls(Cm(R));
(iii) C,(Te(R)) = To<! (C,(R)).

Proof. We only prove that Co(Tr?(R)) = Tr& (Cy(R)), as the other equalities
can be proved analogously. From Proposition 2.29, it follows that:

Ce(Ti(R)) = Co(J B") = U Cu(®B") = J (Ce(R)™ = Txg, (Cu(R)) -

n>1 n>1 n>1
O

Remark 4.4. For the non-associative composition og (resp. o4), the cylindrical
extensions of the transitive closure of a binary relation R are in general not equal
to the og-transitive (resp. oy-transitive) closure of any cylindrical extension of R.
This will be illustrated later in Example 4.7.

4.3. Transitive closures of ternary relations on a
finite set

In this section, we characterize the transitive closures of a ternary relation on a
finite set, and provide some examples.

4.3.1. Four-point transitive closures on a finite set

In this subsection, we characterize the four-point transitive closures on a finite
set, and provide some examples.
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Proposition 4.11. Let T be a ternary relation on a finite set X with cardinality
n. For anyi € {1,2,3}, the o;-transitive closure of T is given by:

e (T) = | TH.
k=1

Proof. We only give the proof for the case ¢ = 1, as the other cases can be proved

analogously. From Theorem 4.3, we know that Trél (T') = | J T"°'. We will now
k>1
show that the powers with £ > n do not bring along any new triplets.

Let (z,y,2) € X3. If (z,y,2) € T**', then there exists t; € X such that
(v,y,t1) € T and (x,t1,2) € T. Similarly, if (z,y,z) € T>°, then there exist
t1,ta € X such that (x,y,t;) € T, (x,t1,t2) € T and (z,ty,2) € T. More
generally, denote to := y. If (x,y,2) € T**1, then there exist (¢;)¥7} € X such
that (x,t;,t;0q) € T, forany i = 0,...,k— 1, and (z,t,_1,2) € T. In other words,
if (x,y,2) € T, then there exists a path of length k — 1 in X starting in y and
ending in t;_1, such that (z,y,t;) € T and (z,t5_1,2) € T.

Hence, since the cardinality of X equals n, it holds in case k > n that such a path
must contain at least one cycle. By deleting subcycles, this path can be reduced
to either

(a) a cycle-free path of length [ (I < n — 1), implying that (x,y,2) € T'T1°1;

(b) a single cycle of length n, i.e., t, = to, implying that (z,t,,z) = (z,to, 2) =
(v,y,2) € T\

This analysis show that the cases £ > n do not need to be considered. O

The following example illustrates the ¢;-transitive closures of a ternary relation
on a finite set, for any ¢ € {1, 2, 3}.

Example 4.1. Let T' be the ternary relation on X = {x1,xq, 3,24} given by:
T - {(,Tl, Za, $4), ('Th Ly, Jfg), ($2, T, I4)7 (.CC4, T, IQ)}
One easily computes the o1-powers of T':

T2’<>1 = {(Il,xg,.xg), (I‘4,I2,x2>}7
T = {(x4, T2, 2) },

}
T4’01 = {(174, X9, ZL‘Q)}
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Thus

4
Tr<c>11 (T) = U Tn’<>1 = {($1,$27I3), (x1,$2,x4)7 <I17x47$3)7 ('r27x17x4>7 ($4,I2,x2)}.

k=1

In a similar way, one computes the transitive closures of T corresponding to the
other associative compositions as a union of powers:

Tr<C>12 {(mlv T, x?)a (xl) T2, .1'4), (xla Ty, ‘T3)7 <x27 I, %4), (l.47 L2, 1.2)}7
TS (1) = {(z1, 21, 24), (21, T2, 24), (21, T4y 3), (Ta, T1, T4), (T2, T2, T4), (T4, T2, 2) -

The following proposition shows how to compute the o -transitive (resp. ©o-
transitive and og-transitive) closure of a left-(resp. middle- and right-) reflexive
ternary relation on a finite set. The proof is straightforward and follows from
Propositions 2.10 and 4.11.

Proposition 4.12. Let T be a ternary relation on a finite set X with cardinality
n. The following implications hold:

(i) The left reflexivity of T implies TrS (T) = T**', where k < n and T*** is
the first power satisfying T"*1 = Tkt

i e middle reflexivity of T implies Tr =T%°2 where k <n an ©2
i) The middl wity of T implies TrS (T) = T2, where k < d Tk
is the first power satisfying T*°* = Tk+1°2 .

(iii) The right reflexivity of T implies Tlrgl3 (T) = T, where k < n and TF is
the first power satisfying T"° = T*+1es,

The following example illustrates the ¢oj-transitive closures of a left reflexive
ternary relation on a finite set.

Example 4.2. Let T be the left reflexive ternary relation on X = {x1,xq, 23}
given by:

T - {(‘/El"rhxl)a (.Il,fL'Q,IQ), (3317132,(173)7 <I17x37$1)7 (I’l,l‘g,l’g), ($27IIJI1)7

(w2, 2, 2), (T2, T3, 73), (T3, T1, 71), (T3, T2, T2), (73, 3, T3) }.
One easily computes the o1-powers of T':

T* = {(351, xy, 1’1), (-Tl, X2, 96’1), (1’17 T2, 352), (3317 T2, 353), (ﬂUl, xs3, $1)> (351, x3, 5753)7

(an X1, xl)) (LEQ; X2, :L‘2>7 (x27 xs, 1'3), (:L‘37 X1, xl)v (I’g, X2, $2)7 (1737 xs, [[‘3)},

T3701 — {(xla xy, xl)? (.ﬁUl, T, xl)a (l‘l, T, I'Q), (I17 T, ZU3), (xlu xs, .Tl), (xla x3, I'g),
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(1'2, xlwxl)) (’I?a X2, xZ)) (1'2,5173, 1’3), (Z'g,.flfl,l'l), (l’g, 1'2,372), (1'3, €3, 1'3)},
Since T?°1 = T3°1 it follows that
Tr<C>11 (T) = T2701 = {(l‘l,xl,iﬁl), (l’l, fle,ZCl), ('Ilv T2, 112), (3:1,1’2, x3)a (1:1,1'3,1’1),

(Il, T3, $3), ($2, L1, 5191)7 ($2, T2, I2), ($27 €3, $3>, (903, T1, $1)7

(:cg, T, 372), ($37 T3, 5133)}

In a similar way, one computes the oo-transitive (resp. o3-transitive) closures of a
given middle (resp. right) reflexive ternary relation T .

The following example shows that, for any ¢ € {1,2,3}, the binary projections
of the ¢;-transitive closure of a ternary relation T on X are not equal to the
transitive closure of the corresponding projection of 7" in general.

Example 4.3. Let T' be the ternary relation on X = {x1,xq,x3, 24} given by:

T= {('rla T2, .1:3), (xlv T3, LE’4), (.1:37 Ty, xZ)}

One easily computes the o1-transitive closure of T':

Trgll (T) - {(.131, T, x3)7 (x17 T, .T4), (xlu X3, x4)7 (.T3, Xy, .1:2)}

Hence
Py(TxS (T)) = { (2, m3), (22, 24), (23, 74), (24, 2) }.

Further, one easily verifies that

TeS (Po(T)) = {(x2, 2), (w2, 23), (w2, T4), (23, 22), (23, 73), (w3, 24), (T4, T2),

(-1'4, 1‘3), (:K4, $4)}

It is clear that
Py(TeS (T)) # Te (Py(T)).

A similar example can be given for the other transitive closures.

4.3.2. Five-point transitive closures on a finite set

In this subsection, we characterize the five-point transitive closures of a ternary
relation on a finite set, and provide some examples.

Proposition 4.13. Let T be a ternary relation on a finite set X with cardinality n.
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For any i € {1,2,5,6}, the o;-transitive closure of T' is given by:

n2

Te(T) = |J TF° .

07,
k=1

Proof. We only give the proof for the case 1 = 1, as the other cases can be proved

analogously. From Theorem 4.4, we know that Trél (T') = | J T%°'. We will now
k>1
show that the powers with & > n? do not bring along any new triplets.

Let (z,y,2) € X3, If (x,y,2) € T*°!, then there exists ({1,s1) € X? such that
(v,y,t1) € T and (s1,t1,2) € T. Similarly, if (z,y,2) € T>°!, then there exist
(t1,51), (t2, 89) € X? such that (z,y,t;) € T, (s1,t1,ta) € T and (sa,t9,2) €
T. More generally, denote (to,sq) = (y,x). If (z,y,2) € T"°, then there
exist ((t;,5;))fy € X? such that (s;, t;,t;41) € T, for any i = 0,...,k — 1, and
(Sk—1,tk_1,2) € T. In other words, if (z,y, z) € T*°!, then there exists a path of
length k£ — 1 in X? (i.e., containing k vertices and k — 1 edges) starting in (y, x)
and ending in (tx_1, sx_1), such that (z,y,t1) € T and (sg_1,tx-1,2) € T.

Hence, since the cardinality of X? equals n?, it holds in case k& > n? that such
a path must contain at least one cycle. By deleting subcycles, this path can be
reduced to either

(a) a cycle-free path of length [ (I < n?— 1), implying that (x,y,2) € T'*1e1;

(b) asingle cycle of length n?, i.e., (t,2, s,2) = (to, So), implying that (s,2,t,2,z) =
(s0,t0,2) = (x,y,2) € T.

This analysis show that the cases k > n? do not need to be considered. O]

The following example illustrates the o;-transitive closures of a ternary relation
on a finite set, for any ¢ € {1,...,6}.

Example 4.4. Let T' be the ternary relation on X = {x1,xq, 23,24} given by:
T = {(z1, 71, 72), (T2, T4, 71), (¥3, T2, 73) } .
One easily computes the o-powers of T':

T2 = {(21, 21, 3), (T2, %4, 22) }
T3 = {(z2, 24, 23)}
T4701 — @
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Thus

3

Trgll (T) = U Tn’01 = {(Il,ﬂ?l,l’g), (Z‘l,l‘l,fﬂg), (x27'r47x1>7 (x27x47'r2)7
k=1

(.TQ, Ly, x3)7 (‘7’.37 X2, x3>} .

In a similar way, one computes the transitive closures of T corresponding to the
other associative five-point compositions as a union of powers:

TI‘EIZ (T) — {(xlv Ty, Il)u (l’l, x1, LUQ), (IQJ Ty, '/1“1)7 (xQJ Ly, .7:2), ('/1“37 T, Ig)} )
TI“EL(T) = {(1’1,331, iU2)a (96’17954,351), (562, 5131,332)7 (352, T4, 1’1) (353,332, 1’3)} )

Tl"glﬁ (T) — {(xla xy, 1:2); (1'2, Ty, xl)v (Jfg, T, .',C3)7 ('I37 Ly, :L‘l)} .

For the non-associative compositions (i € {3,4}), one computes in an iterative
manner the smallest o;-transitive ternary relation containing T without computing
a union of powers:

(T) {(xla Xy, 372), (xl) xy, .1'4), (x27 Ty, *Tl)’ (.1'3, T2, x2)7 (*1.37 T2, .I'g), ('x?n T2, 513'4)} )
(T) = {(xla L1, x2)a (1’1, T2, 1'3)7 (xla Ty, le)v (.172, T, .1’3), (J:Qv Ly, 1'1), (l'g, T2, .’L’g),

(ZU47 T, x2)7 (‘7"47 T, I‘3), (x47 Xy, xl)} .

cl
Trg,
cl
Trg .

The following proposition shows how to compute the o;-transitive closure of a
reflexive ternary relation on a finite set, for any i € {1,2,5,6}. The proof is
straightforward and follows from Propositions 3.8 and 4.13.

Proposition 4.14. Let T be a reflexive ternary relation on a finite set X with

cardinality n. For any i € {1,2,5,6}, the o;-transitive closure of T is given by:

TrS(T) = T

04

where k < n? and T*° is the first power satisfying TF° = Tk+1ei,

The following example illustrates the o;-transitive closures of a reflexive ternary
relation on a finite set, for any i € {1,...,6}.

Example 4.5. Let T be the reflexive ternary relation on X = {x1,x9, o3, x4}
given by:

T = {(xla Ty, xl)v (x27 I, l’g), (:C27 X2, 56'2), (l’g, T3, 373), (:C47 T3, .1'2), (l’4, T4, x4)} .
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One easily computes the oi-powers of T':

T%° = {(x1, 21, 11), (01, 21, 3), (T2, 71, T2), (T2, 71, 3), (T2, Ta, T2), (T3, T3, T2),
(23,23, x3), (T4, T3, T2), (T4, 24, 24)},

T30 = {(zy, 11, 71), (21, 21, 12), (21, 21, T3), (T2, T1, Ta), (T2, 71, T3), (T2, T2, 2),
(w3, 73, 72), (T3, T3, 73), (T4, T3, T2), (T4, 4, CE4)} )

T4 = {(zy, 21, 71), (21, 21, 12), (21, T1, T3), (22, T1, Ta), (2, 21, T3), (72, T2, T2),

(373, xs3, 962)7 (1’3, I3, 363), (9647 T3, 372), (554, L4, 374)} .

Since T>°1 = T*°1 it follows that

Trgﬁ(T) = T3’01 = {(‘rhxl; xl); (.1:1,3717 I2)7 (:Clu 1217373)7 <I27 xl,Q:Q), ('T27 Z, x3>7

($2, X2, 962), (373, xs, 1152), (963, T3, 553), (1154, x3, 332), (£E4, Ty, 934)} .

In a similar way, one computes the transitive closures of T corresponding to the
other associative five-point compositions

Trgg(T) =T = {(21, 21, 71), (¥2, 21, T3), (T2, Ta, T2), (T2, T2, 3), (T3, T3, 73),
(154, T3, T32), (374, r3,73), (T4, Ts, 552), (74, 14, -T4)} )

TrZIS(T) =T = {(x1, 21, 71), (22, 21, T3), (T2, Ta, T2), (T2, T3, 3), (T3, T3, T3),
(x4, 21, x3), (4, T2, T2), (T4, T3, T2), (T4, T3, T3), (T4, 4, 24)},

Trglfi(T) = T2 = {(z1,21,21), (T2, 21, 1), (T2, T1, T3), (T2, T, T2), (73, T3, T3),

(334, xs3, IQ)? ($47 xs, CC3), (I4, Ty, $4)} .

For the non-associative compositions (i € {3,4}), one computes the smallest
o;-transitive ternary relation containing T without computing a union of powers:

TI'EI?J(T) = {(x17$17 xl)a (1'2,371,1'3), (an .1'2,371), (1'27 x27'x2)> (3737 €3, fL‘g), ($4,$3, ml)a
(ZU47 xs3, x2)7 (‘/L‘47 Ty, I‘3), (Jf4, Xy, x4)} )
TrgL(T) = {(xlaxla xl)a (xl)xlaxi’))a (xla 1'2,.1'2), (xla x37'x3)7 (3327 L1, $3>7 ('x27x27 33'2),

(w3, 21, x3), (23, T2, T2), (X3, T3, T3), (X4, T3, Ta), (T4, Tg, T4) } .

Proposition 4.9 shows that, for any ¢ € {1,2,5,6}, the binary projections of the
o,~transitive closure of a ternary relation 7" on X coincide with the transitive
closure of the corresponding projection of 7. The following example shows that
this does not hold for i € {3, 4}.
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Example 4.6. Let T' be the ternary relation on X = {1, xq,x3, 24} given by:

T = {(x1, 22, 23), (23,21, 22) } .

One easily computes the og-transitive and os-transitive closures of T':

Trgl3 (T) = {(1’1, X2, xl)v (xla X2, $2)7 (xla X2, .Z'g), (':E37 X1, x?)} )
Trglél (T) — {(Il) xy, .TQ), (xlu T, .'L'3)7 ('r27 xy, .TQ), (.’L’g, Z, IQ)} .
Thus
Bi(.) Pl P()

el {(x17I2)7(I2711)7 {(xlvxl)v(‘r17x2)v 21, T), (23, 1)
R IR ) M T )

el 21, %), (o, T: {(@1,22), (21, 73), {(z1,21), (21, 72),
T 04<T) {( ) )7( ) 3)} (x27$2)’ ($3l'2)} (l'27$1)7 (x37‘r1)}

Further, one easily verifies that

Py(.) Pl P(.)
T | {(z1,22), (22, 23)} | {(21,73), (w3, 72)} | {(21,22), (w3, 71)}
Hence
P (T) Pu(T) P.(T)
Tel(.) {(z1, 22), (21, 73), {(x1, x2), (z1, 23), {(x1,12), (w3, 21),
(72, 73)} (z3,72)} (z3,72)}

It is clear that
PA(TEN (1)) # T (PA(T)), for any A € {6, m, 7}

and
Py(Ted (1)) # Te(PA(T)), for any A € {€,m,r}.

Proposition 4.10 shows that any cylindrical extension of the transitive closure of a
binary relation R on X coincides with the o;-transitive closure, for an appropriate
i € {1,2,5,6}, of the same cylindrical extension of R. The following example
shows that no such result holds for i € {3,4}.

Example 4.7. Let R be the binary relation on X = {x1, x4, x3} given by:

R = {(21,13), (x3,72)} .

One easily verifies that Tr(R) = {(z1, 22), (x1,73), (z3,72)}. Thus
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Cé(') Cm(‘) CT(-)
{(z1, 21, x2), (21, 21, T3), {(x1, 21, ®a), (21, 21, 23), {(x1, 9, 1), (x1, T2, T2),
(%1, 3, T2), (T2, T1, Ta), (1, T2, ®a), (21, T2, X3), (21, T, x3), (T1, X3, 1),
TrY(R) (29, 21, 23), (T2, T3, T2), (1, 23, T2), (21, T3, T3), (21, x3, 22), (x1, T3, T3),
(x5, 1, 2), (3,21, T3), (3,21, ®a), (T3, T2, Ta), (x5, 9, 1), (T3, T2, Ta),

(.’E37.Z'3,.’E2)} (.’Eg,.Eg,l‘g)} (.’L’g,.’bg,.’ﬂg)}

Further, one easily verifies that

C(.) Cnl(.) Ci(.)
{(z1, 21, 23), (71, T3, T2), {(z1, 21, 23), (71, 72, T3), {(z1, 23, 21), (71, T3, T2),
R (1271‘17563)7 (1271‘37132)7 (9017137133)7 (!E37$171‘2)7 ($1,90375L“3)7 (9037!1727%)7
(z3, 21, 73), (3, 73, 72) } (3, 22, 2), (w3, 73, T2) } (w3, T, 22), (23, T2, 73) }
Hence
Cy(R) Cn(R) C.(R)
r1,X3,21), (L1,X3,T2),
e en22), (o, ), {((L 73-- 7/L’ )) ((1 ’L 77 ))
(Il J‘Q,’L’Q)7(I17Z‘27Z‘5) L1, L3, L3/, \ L2, L2, L1
{(951,5517453),(9517953,552)7 (w2, T2, T2), (T2, 3, 71),
Trcl ( ) (.Z’ (I x3,T 2)7 (I X3, 1’3),
o4\ 27I1,$3)7(1’27I37I2)7 (I27x37$2)7(x27x3713)7
. (z2, 21, 2)7(1 T, T3),
(9E37ll717 13), (x37 963,152)} (137 T2, 1“1)7 (17%, Z2, 962)7
(E Z3,T 2) (I 2)7 . - S
(1‘5 To .TQ) (Id 3 IQ)} (137'E27'Lf§)7 (*L37J’37*El)7
b)
Y ’ ’ (:537x3,x2)7(x3,:r37x3)}

It is clear that
CA(Tr (1)) # ThE, (CA(R)), Jor any A € {¢,m, 7}

A similar example can be given for the os-transitive closure.

4.4. Openings of a ternary relation

While the P-closure of a given ternary relation is the smallest relation containing
this ternary relation and possessing a property P, the P-opening of a ternary
relation is the greatest relation that possesses P and is contained in this ternary
relation.

4.4.1. General results

In this subsection, the results are obtained in the same way as in [11] and
Subsection 4.1.
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Definition 4.2. If P is a property which a ternary relation T on X may have or
fail to have, then a ternary relation Q is the P-opening of T, written Q) = P°P(T),
if and only if Q) satisfies all of

(i) Q possesses property P;

(it) Q CT;
(iii) If T" C T and T" possesses P, then T' C Q.
The uniqueness of the P-opening, if it exists, is clear.

Corollary 4.3. A ternary relation T on a set X possesses property P if and only
if T = P°°(T).

As with closures, openings are of interest for those properties P for which every
ternary relation T has a P-opening. The following theorem states the conditions
for this to occur.

Theorem 4.5. A P-opening exists for all ternary relations T on X if and only if
(i) The null relation Oxs = () possesses P;

(i) The union of every (non-empty) family of ternary relations, each of which
possesses P, also possesses P.

This characterization can be rephrased in the following corollary.

Corollary 4.4. Let T be a ternary relation on a set X, then

PP(T) = J{S|SCTAS has property P}.

An example of a property P for which a P-opening does not exist in general is
again the completeness property. Indeed, the null relation does not have this
property. Obviously, there does not exist any non-complete ternary relation 7'
that can be opened for completeness.

Theorem 4.6. If P and P’ are properties for which openings exist (satisfying the
conditions of Theorem 4.5), and if P°® and P'°? commute with each other, then
(P A P') also satisfies the conditions of Theorem 4.5, and has an opening given by

(P /\ P/>Op — Pop(Plop) — Plop<Pop) )
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4.4.2. Openings for some special properties of ternary re-
lations

From the properties of ternary relations listed in Chapter 1, only symmetry, strong
symmetry and cyclicity meet both criteria of Theorem 4.5, while reflexivity fails
for the first criterion and o;-transitivity fails for the second, for any i € {1,...,6}.
The following proposition expresses the symmetric opening, strongly symmetric
opening and cyclic opening of a ternary relation.

Proposition 4.15. Let T' be a ternary relation on a set X. It holds that:

(i) The symmetric opening is Sym®(T) =T NT*;
5
(ii) The strongly symmetric opening is SSym®?(T) = (| T ;
i=0
(iii) The cyclic opening is Cyc®®(T) =T NT+NT".

Proof. (i) To prove that Sym°?(T") = T'NT", it suffices to prove that TN T*
is the greatest symmetric ternary relation contained in T'. First, it is clear
that TNT! C T. From Proposition 4.1, it follows that 7'N 7" is symmetric.
Next, if M C T and M is symmetric, then it holds that M C T*. Hence,
MNM!CTNTt Since M is symmetric, it follows from Corollary 4.3 that
Sym°P(M) = M. Thus, M C T NT". Therefore, Sym®(T) =T NT".

5 5
(ii) To prove that SSym°P(T") = ()T, it suffices to prove that (|7 is the
i=0 1=0
greatest strongly symmetric ternary relation contained in 7. First, it is
5 5

clear that ﬂ T CT. From Remark 1.1, it follows that ﬂ T is strongly
i=0 i=0

symmetric. Next, if M C T and M is strongly symmetric, then for any

5 5

i € {0,...,5}, it holds that M° C T. Hence, (| M C () T. Since M
i=0 i=0
is strongly symmetric, it follows from Corollary 4.3 that SSym°P(M) = M.
5 5

Thus, M C () T7. Therefore, SSym®(T') = (T .
i=0 i=0
(ili) We show that Cyc®®(T) = TNT+t NT~. First, we need to prove that
TNT*TNT~ is cyclic. In view of Proposition 4.1, it suffices to prove that
T'NT NT-=(TNT*NT )" =T NTT*NT")". From Proposition 1.1
and Remark 1.1, it indeed follows that

(TNT*NTHtY=T"n(TH" " n(T)*
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=T7T"'NnTNnT
=TNTrNT~

and

(TNT NT )" =T n(TH) Nn(T")"
=T NTNT*
=TNT"NT" .
Furthermore, it is clear that T NT"T N1~ is the greatest cyclic ternary
relation contained in 7. Thus, Cyc®(T) =T NTTNT".

]
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General conclusions and future research

In this work, we have extended the composition of binary relations to the setting of
ternary relations. First, we have introduced several types of four points composition
of ternary relations, including three associative ones. Also, we have introduced
six types of five points composition of ternary relations, including four associative
ones; these compositions are based on the composition of a ternary relation with
a binary relation and vice versa, and we have investigated their properties in
detail. Moreover, we have studied the interaction of these compositions with the
binary projections of ternary relations, cylindrical extensions of binary relations
and traces of ternary relations.

These compositions of ternary relations facilitated our study of the different
notions of transitivity of a ternary relation, among others. More precisely, we
have discussed the four-point (resp. five-point) transitivity of a ternary relation
from the point of view of four-point (resp. five-point) compositions of ternary
relations, and we have investigated their properties and interactions with binary
projections, cylindrical extensions and traces.

Throughout this thesis, we have studied closures and openings of ternary relations
for some basic properties. More specifically, we have paid particular attention to
the transitive closures of a ternary relation and we have provided several examples
in the finite case.

Given the importance of fuzzy relations, as amply illustrated in the introduction
for binary relations, future efforts will be directed to the study of fuzzy ternary
relations as well. We anticipate that it will be interesting to extend the closures
and openings of ternary relations to the fuzzy setting.
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Fermetures et ouvertures de relations ternaires

Résumé: Etonnamment, contrairement aux relations binaires, les relations ternaires et, plus
généralement, les relations n-aires, ont recu beaucoup moins d'attention. Cependant, ces
dernieres années, l'intérét pour les relations ternaires est en hausse.

Dans cette these, nous avons généralisé la notion de composition de relation binaire au cadre
ternaire. Nous avons étudié tous les types possibles de compositions de relations ternaires a
quatre et cing points, et nous avons porté une attention particuliere aux compositions
associatives. De plus, nous avons étudié les fermetures et ouvertures de leurs propriétés
intéressantes.

Mots-clés : Relation binaire; Relation ternaire; Compositions relationnelles; Transitivité;
Fermeture; Ouverture.

Closures and openings of ternary relations

Abstract: Surprisingly, in contrast to binary relations, ternary and, more generally, n-ary
relations, have received far less attention. However, in recent years, the interest in ternary
relations is on the rise.

In this thesis, we have generalized the notion of composition of binary relation to the ternary
setting. We have studied all possible types of four- and five-point compositions of ternary
relations, and we have paid particular attention to the associative ones. Further, we have
studied the closures and openings of their interesting properties.

Keywords: Binary relation; Ternary relation; Relational compositions; Transitivity; Closure;
opening.



