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Notations

N: Set of natural numbers.
Z: Set of integer numbers.
Q: Set of rational numbers.
(a, b): The greatest common divisor of a and b.
φ(n): Euler’s function of n.
τ(n): The number of divisors of n.
σ(n): The sum of the divisors of n.
ω(n): The number of distinct prime factors of n.
Ω(n): The total number of prime factors of n.
ψ(n): Dedekind psi function of n.
a | b: a divides b.
a ∤ b: Means that b is not divisible by a.
qk ∥ n: It means that qk fully divides n, that is, qk divides n but qk+1 ∤ n.
Fn: Fermat number.
S := {n ∈ N : τ (n) = τ (φ (n))}.
S := {n ∈ N : τ (n2) = τ (φ (n))} .
Ek := {n ∈ Z+ : τ(kn) = φ(φ(n))}, k ∈ Z.
Lk := {n ∈ Z+ : τ(kn) < φ(φ(n))}, k ∈ Z.
Gk := {n ∈ Z+ : τ(kn) > φ(φ(n))}, k ∈ Z.
Ek := {n ∈ N : σ (n) = τ (k · φ (n2))} , k ∈ Z.
Lk := {n ∈ N : σ (n) < τ (k · φ (n2))} , k ∈ Z.
Gk := {n ∈ N : σ (n) > τ (k · φ (n2))} , k ∈ Z.

v



Introduction

A
n equation that is to be solved in integers is called a Diophantine equation.
For example

τ(n) = σ(n) + n or xyz + x2 + z3 = 8y7z2. (1)

Unaware of their name, we’ve all been manipulating Diophantine equations since we
were children. Over time, they have become increasingly complex and abstract. Some
of us have had to solve a problem of this type: find the radius of a circle such that the
difference between the perimeter of a circle and its area is equal to the number π. After
simplification, this problem is equivalent to solving the following equation:

x2 − 2x+ 1 = 0. (2)

Diophantine equations are named after the Greek mathematician Diophantus of Alexan-
dria, also known as Diophantus, who dedicated a series of works.
Diophantus of Alexandria (born probably between 200 and 214 A.D.; died aged 84 years,
probably between 284 and 298) was an Alexandrian mathematician, author of a series
of books entitled Arithmetica, many of which are now lost. His texts deal with solving
algebraic equations.

Historically, the first example of Diophantine equations is probably the Pythagorean
equation:

x2 + y2 = z2 (3)

which consists in finding the triangle whose sides are integers. After Diophantus, emi-
nent mathematicians responded to the call, either to formulate conjectures as those Pierre
Fermat, Catalan, etc., either to solve problems (conjectures) like those Euler, Gauss, de
Lagrange, Dedekind, etc.. to build what we have today as number theory.

Solving equations involving arithmetic functions is an interesting problem. In 1966
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Nicol [21] studied Diophantine equations of the form

c1f1(n) + c2f2(n) · · ·+ ckfk(n) = c, (4)

where c, c1, c2, · · · , ck ∈ Z and f1, f2, · · · , fk are arithmetic functions. He has observed that
many such equations of this type are exactly satisfied when n is prime.
As a continuation of this work, several authors have been treated particular cases of (4).
For more details, see [9, pages 78-80], [26, pages 108-118], [13, e.g., § B-13, §B-18].

In [4] D. Bellaouar, A. Boudaoud and R. Jakimczuk have been worked on Diophantine
equation containing the arithmetic functions τ(n) and φ(n), where these functions denote
the number of positive integers dividing the positive integer n and the Euler’s phi function
representing the numbers less than and prime to n, respectively. Their first goal is found
all natural numbers n ∈ N having the property that n and φ(n) have the same number
of positive divisors, i.e., τ(n) = τ(φ(n)). Moreover, the related inequalities are studied.
And there are many other papers in the literature dealing with Diophantine equations
involving the arithmetic functions. For example, in [15] it is shown that n = 2 is the only
known solution of the equation

φ(n) = σ(n)− n, (5)

where σ(n) denotes the sum of the positive divisors of n. And in [17], it is shown that the
equation

φ(n!) = a ·m! (6)

has only finitely many solutions (m,n), where a is any positive rational number.
Other similar problems have been discussed in publications such as Guy [13]; e.g.,§ B-38
φ(m) = σ(n), and § B-42, σ(φ(n)) = φ(σ(n)), φ(σ(n)) = n, φ(σ(n)) = φ(n).
Some such problems have been solved and are popular topics of discussion on many in-
ternet forums; e.g., τ(φ(n)) = φ(τ(n)) has infinitely many solutions [9, page 78].

In the same sense, the equation

τ(n) = φ(n) (7)

has only six solutions: 1, 3, 8, 10, 24 and 30, where φ(n) > τ(n) for n ≥ 31 due to Sándor
( [26], pages 110-111). See also [6, 12, 14].

However, many Diophantine equations containing arithmetic functions remain un-
solved to this day. We propose to solve a few of them. In this thesis, we have seek to
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prove that the Diophantine equation

τ(n2) = τ(φ(n)) (8)

has infinitely many integer solutions as well as we identify large families of solutions. The
first few terms of them are:

1, 5, 57, 74, 202, 292, 394, 514, 652, 1354, 2114, 2125, · · · ,

For this purpose, we define

S :=
{
n ∈ N : τ

(
n2
)
= τ (φ (n))

}
.

We have characterized the elements of S that have at most three distinct prime factors.
The problem is interesting because it can force us to solve some Diophantine equations
involving prime numbers. Note also that the proofs are all on the elementary side and
depend on long case by case analysis type arguments.

If n = qa11 q
a2
2 · · · qakk ∈ S, where q1 < q2 < · · · < qk are prime numbers and a1, a2, . . . , ak

are positive integers, then ak must be odd. In fact, since (q1 · · · qk−1(q1 − 1) · · · (qk − 1), qk) =

1 we conclude that

τ (φ(n)) = τ
(
qa1−1
1 qa2−1

2 · · · qak−1
k (q1 − 1)(q2 − 1) · · · (qk − 1)

)
ak,

and so ak must be odd since τ(n2) =
∏k

i=1(2ai + 1).
Now, let n as above and put

k∏
i=1

(qi − 1) = 2x1+x2+···+xk · qα
(2)
1 +α

(3)
1 +···+α

(k)
1

1 · · · qα
(k−1)
k−2 +α

(k)
k−2

k−2 · qα
(k)
k−1

k−1 ·m,

where x1, x2, . . . , xk,m ≥ 1 and α
(2)
1 , . . . , α

(k)
1 , α

(3)
2 , . . . , α

(k)
2 , . . . , α

(k−1)
k−2 , α

(k)
k−2, α

(k)
k−1 are non-

negative integers with (2q1q2 · · · qk−1,m) = 1. Thus in order to prove that n satisfies (8),
it suffices to confirm that the exponents of the prime factors of n and the above variables
satisfy the following Diophantine equation:

k∏
i=1

(2ai + 1) =

(
1 +

k∑
i=1

xi

)(
a1 +

k∑
i=2

α
(i)
1

)(
a2 +

k∑
i=3

α
(i)
2

)
· · ·
(
ak−1 + α

(k)
k−1

)
akτ (m) .

(9)
In particular, if k = 3 and n is odd then we need to solve the Diophantine equation

(2a+ 1) (2b+ 1) (2c+ 1) = (x1 + x2 + x3 + 1) (a1 + α1 + α2) (b+ α3) c · τ (m) ,

3



TABLE OF CONTENTS 4

where m,x1, x2, x3 ≥ 1 and α1, α2, α3 ≥ 0 with (2q1q2,m) = 1. This work was published in
the journal NNTMD [2].

As a second work, we first define for any positive integer k the following sets:

Ek = {n ∈ N : τ(kn) = φ(φ(n))},

Lk = {n ∈ N : τ(kn) < φ(φ(n))},

Gk = {n ∈ N : τ(kn) > φ(φ(n))}.

So, the main focus of this work is to examine the set Ek of solutions n of the equation
τ (kn) = φ (φ (n)) and related inequalities. In fact, we have characterized all the elements
of E1, L1 and G1, respectively. Then we have proved that the sets Gk and Ek are finite,
while Lk is infinite. Moreover, we have proved that if p is a prime number with p ≥ 23

and p ̸= 31, then Ep = {11, 13, 33, 34, 35, 39, 62, 63, 76, 88, 98, 102, 104, 105, 110, 130,
154, 186, 228, 234, 264, 280, 294, 312, 330, 390, 462, 504, 540, 630, 840}. This work has been
accepted for publication in Jordan Journal of Mathematics and Statistics.

The following text is also Another work has been submitted for publication.
Define for any positive integer k the following sets:

Ek :=
{
n ∈ N : σ (n) = τ

(
k · φ

(
n2
))}

,

Lk :=
{
n ∈ N : σ (n) < τ

(
k · φ

(
n2
))}

,

Gk :=
{
n ∈ N : σ (n) > τ

(
k · φ

(
n2
))}

.

Here we have found all the solutions n of the equation σ (n) = τ (k · φ (n2)). In effect, we
have characterized the elements ofE1, L1, G1, E2, L2, G2, E3, L3, andG3, and then we have
shown that Ek and Lk are finite, whileGk is infinite (k ≥ 1). Furthermore, we have proved
that if p is prime with p ≥ 13 and p ̸= 31, then Ep = {6, 14, 31, 33, 77} and if p ≥ 23, then
Lp = {1, 2, 3, 4, 5, 7, 9, 11, 13, 15, 17, 19, 21, 35} .

This thesis is divided into 5 chapters.
Chapter 01 presents some preliminaries on arithmetic functions, introduces the Dio-

phantine equations and the main elementary methods to solve them. These include the
factorization method, the use of inequalities, the parametric method and mathematical
induction.
Chapter 02 presents some new Diophantine equation involving arithmetic functions since
2019.
Chapter 03 presents a class of solutions that have at most three distinct prime factors of
the equation τ (n2) = τ (φ (n)), Moreover, it show that Dickson’s conjecture implies that

©2024, M’sila University Zahra Amroune
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τ (n2) = τ (φ (n)) infinitely often.
Chapter 04 and 05 present the same work as chapter 03, but here the sets of the solutions
of the Diophantine equations τ(kn) = φ(φ(n)) and σ(n) = τ(knφ(n)) are finite.

©2024, M’sila University Zahra Amroune



CHAPTER 1

PRELIMINARIES

I n this chapter, we first define some most basic arithmetic functions, we also introduce
the notion of Diophantine equations and their different types, finally we analyse the

various classical methods for solving them.

1.1 Arithmetic functions

In this section, we look at some of the most basic arithmetic functions using in the next
chapters.

Definition 1.1. An arithmetic function or a number-theoretic function is a real or complex
valued function defined on positive integers (or all integers).

Example 1.1. These are some examples of arithmetic functions.

• The identity function

In =

1, if n = 1,

0, otherwise.

• The unit function
u(n) = 1, n ≥ 1.

• The function N s(n) such that

N s(n) = ns, n ≥ 1, s ∈ N.

In the following we give tow important class of arithmetic functions which are: multi-
plicative functions and additive functions.

1.1.1 Multiplicative functions

Definition 1.2. An arithmetic function f which is not identically zero is said to be multi-
plicative if

f(mn) = f(m)f(n) (1.1)

6



1.1. ARITHMETIC FUNCTIONS 7

whenever (m,n) = 1. Moreover, if (1.1) holds for all m,n, then f is called completely
multiplicative.

Theorem 1.1. If f is multiplicative then f(1) = 1.

Proof. Since f is not identically zero, there exists n ∈ N such that f(n) ̸= 0. We have
f(n) = f(n)f(1) as f is multiplicative. Hence f(1) = 1.

Theorem 1.2. [22, page 250] If f is a multiplicative function, then the summatory function of f ,
namely, F (n) =

∑
d|n f(d), is also multiplicative.

In the following, we give some basic examples of multiplicative functions and discuss
some of their properties.

Divisor function τ .

Definition 1.3. The divisor function τ(n) is defined as the number of positive divisors of
n, i.e.,

τ(n) =
∑
d|n

1.

As a simple consequence we have the following

Corollary 1.1. The function τ is multiplicative.

Proof. According to theorem 1.2 and because the function f(n) = 1, n ≥ 1 is multiplica-
tive, we conclude that the function τ is multiplicative.

Theorem 1.3. If n = qa11 q
a2
2 · · · qakk , then

τ(n) =
k∏

i=1

(ai + 1).

Divisor sum function σ.

Definition 1.4. The divisor power sum function σs(n) (with s ∈ N) is defined as the sum
of s power of all positive divisors of n, i.e.,

σs(n) =
∑
d|n

ds.

we have the following corollary.

Corollary 1.2. The function σs, s ≥ 1 is multiplicative.

©2024, M’sila University Zahra Amroune



1.1. ARITHMETIC FUNCTIONS 8

Proof. According to theorem 1.2 and because the function f(n) = ns, n, s ≥ 1 is multi-
plicative, we conclude that the function τ is multiplicative.

Theorem 1.4. If n = qa11 q
a2
2 · · · qakk , then

σs(n) =
k∏

i=1

p
(ai+1)s
i − 1

psi − 1
.

We denote σ1 by σ. We say n ∈ N is a perfect number if σ(n) = 2n, which means the
number is equal to the sum of its proper divisors. For examples, 6 and 28.

Euler’s totient function φ.

Definition 1.5. The Euler totient function φ is defined as

φ(n) =
∑

1≤k≤n;(k,n)=1

1.

Note that φ(p) = p− 1 if p is prime.

Theorem 1.5. If n ≥ 1, then we have

φ(n) = n
∏
p|n

(1− 1

p
).

Proposition 1.1. We have
φ(n) =

∏
pa||n

(pa − pa−1)

Corollary 1.3. The function φ is multiplicative .

Example 1.2. For n = 66200, we obtain

φ(66200) = φ(23 · 52 · 331) = 22(2− 1)5(5− 1)(331− 1) = 26400.

Dedekind psi function ψ.

Definition 1.6. the Dedekind ψ function is the multiplicative function on the positive in-
tegers defined by

ψ(n) = n
∏
p|n

(1 +
1

p
).

Proposition 1.2. We have
ψ(n) =

∏
pa||n

(pa + pa−1).

Corollary 1.4. The function ψ is multiplicative .

©2024, M’sila University Zahra Amroune



1.1. ARITHMETIC FUNCTIONS 9

1.1.2 Additive functions

An arithmetic function f which is not identically zero is said to be additive if

f(mn) = f(m) + f(n) (1.2)

whenever (m,n) = 1. Moreover, if (1.2) holds for all m,n, then f is called completely
additive.

Omega function ω

Definition 1.7. The omega function ω(n) is defined as the number of distinct prime factors
of n, i.e., if n = pa11 p

a2
2 · · · pakk is the prime-power decomposition, then

ω(n) = k.

Corollary 1.5. The function ω is additive.

Omega function Ω

Definition 1.8. The Omega function Ω(n) is defined as the total number of prime factors
of n, i.e., if n = pa11 p

a2
2 · · · pakk is the prime-power decomposition, then

Ω(n) = a1 + a2 + · · ·+ ak.

Corollary 1.6. The function Ω is completely additive.

1.1.3 Some important inequalities of arithmetic functions

In our main results, we will use the following inequalities (for details, we refer the reader
to [9, Problem 522] and [26, pages 110, 116, 117, 183]). At first, for all positive integers m
and n we have

τ (n) ≤ 2
√
n (1.3)

and
τ (mn) ≤ τ (m) τ (n) . (1.4)

Moreover, if (m,n) > 1, then
τ (mn) < τ (m) τ (n) . (1.5)

If m divides n, then
τ (n) ≥ τ (m) . (1.6)

©2024, M’sila University Zahra Amroune



1.2. DIOPHANTINE EQUATIONS 10

Next, for n ̸= 2 and n ̸= 6, we have

φ(n) ≥
√
n. (1.7)

For all positive integers m and n, we also have

φ(mn) = φ(m)φ(n)
d

φ(d)
, (1.8)

where d = (m,n). From which it follows that

φ(m)φ(n) ≤ φ(mn) (1.9)

In particular, if d > 1 then (1.8) and (1.9) give us the inequality

φ(m)φ(n) < φ(mn). (1.10)

1.2 Diophantine Equations

Definition 1.9. A Diophantine equation is an equation of the form

f(x1, x2, · · · , xn) = 0 (1.11)

where f is an n-variable function with n ≥ 1. If f is a polynomial with integral coefficients,
then (1.11) is an algebraic Diophantine equation.

1.2.1 Diophantine Equations of Degree 1

Definition 1.10. Diophantine equations of degree 1 are Diophantine equations of the form

a1x1 + a2x2 + · · ·+ anxn = c, (1.12)

where a1, a2, · · · , an are integers.

We have the following theorem on the existence of solutions for Diophantine equations
of degree 1

Theorem 1.6. The equation (1.12) has a solution in integers x1, x2, · · · , xn if and only if the
greatest common divisor of a1, a2, · · · , an divides c i.e. (a1, a2, · · · , an) | c.

In the case of two unknowns, we have the following theorem:

©2024, M’sila University Zahra Amroune



1.2. DIOPHANTINE EQUATIONS 11

Theorem 1.7. If the linear equation
ax+ by = c (1.13)

admits α and β as solutions, then all integer solutions x and y of equation (1.13) are in the form:

x = α +
b

(a, b)
t, y = β − a

(a, b)
t, t ∈ Z (1.14)

Proof. It is easy to see that x and y given by expressions (1.14) satisfy equation (1.13) when
we consider that aα + bβ = c. Assume that x, y are arbitrary integral roots of of (1.13). In
this case, we have,

ax+ by = c = aα + bβ.

So
a(x− α) = b(β − y). (1.15)

If d = (a, b), it follows that b
d

is a divisor of x − α. By definition, there exists an integer t
such that x− α = b

d
t.

To obtain the expression for y, simply replace the expression for x−α obtained previously
in equation (1.15). We obtain y − β = −a

d
t. So equation (1.13) has an infinite number of

integral solutions.

Euclid’s algorithm [22] can also be used to find the particulate solution to (1.13).

Example 1.3. If a = 21, b = 13, c = 1, Euclid’s algorithm is

21− 1 · 13 = 8,

13− 1 · 8 = 5,

8− 1 · 5 = 3

5− 1 · 3 = 2

3− 1 · 2 = 1.

By elimination, we obtain

8 · 5− 13 · 3 = 1.

21 · 5− 13 · 8 = 1.

and we have α = 5 and β = −8 as a particular solutions to the equation 21x + 13y = 1.
Since (a, b) = (21, 13) = 1, then all other solutions are are x = 5 + 13t, y = −8 + 21t, t ∈ Z.

Example 1.4. Let a = 7, b = 12 and c = 5. Euclid’s algorithm finds α = −1 and β = 1 as a
particular solution. Since (a, b) = (7, 12) = 1, then all other solutions are x = −1 + 12t, y =
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1 + 7t, t ∈ Z.

Let’s now turn to non-linear Diophantine equations, those in which some of the degree
greater than or equal to two.

1.2.2 Diophantine Equations of Degree 2

In this subsection, we’ll give some results on the Pythagorean equation and its generaliza-
tion to four unknowns.

Theorem 1.8. [3] The integral solutions of the equation

x2 + y2 = z2

are given by

x = k(m2 − n2), y = 2kmn, z = k(m2 + n2) with k,m, n ∈ Z. (1.16)

More generally, we have the following result:

Theorem 1.9. [3] All integer solutions x, y, z, t with y and z even of the equation

x2 + y2 + z2 = t2

are given by

x =
l2 +m2 − n2

n
, y = 2l, z = 2m, t =

l2 +m2 + n2

n
,

with l and m arbitrary positive integers and n any divisor of l2 +m2.

We continue this section by examining the Diophantine equation

x2 + axy + y2 = z2, (1.17)

where a is a given integer. The Pythagorean equation is a special case of this equation
(a = 0).

Theorem 1.10. [3] All integral solutions to (1.17) are given by

x = k(an2 − 2mn), y = k(m2 − n2), z = ±k(amn−m2 − n2),

where m,n ∈ Z are relatively prime and k ∈ Q such that (a2 − 4)k ∈ Z.
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The case a = 1 Equation (1.17) becomes

x2 + xy + y2 = z2, (1.18)

The solutions of (1.18) are given by [3]

x = k(2mn+ n2), y = k(m2 − n2) z = k(m2 +mn+ n2),

where m,n ∈ Z∗
+, m > n are relatively prime and k ∈ Q∗

+ such that 3k ∈ Z
The case a = −1 Equation (1.17) becomes

x2 − xy + y2 = z2, (1.19)

The solutions of (1.19) are given by [3] as follows:

x = k(2mn− n2), y = k(m2 − n2) , z = k(m2 −mn+ n2),

where m,n ∈ Z∗
+, m > n are relatively prime and k ∈ Q∗

+ such that 3k ∈ Z

1.2.3 Diophantine equations of degree greater than or equal to 3

In this subsection, we consider equations of degree greater than or equal to 3. Let’s start
with some equations of degree 3 and 4.

In [1] S. Alaca and K. S.Williams have used results from algebraic number theory to
determine all integer solutions x and y of y2 = x3 + k for certain classes of integers k.

The following theorem gives the conditions for solving the equation y2 = x3 + k.

Theorem 1.11. [1] Let k be an integer such that k < −1, k is square-free, k ≡ 2, 3 ( mod 4),
h(Q

√
k) ̸≡ 0 ( mod 3).

(a) If there is an integer a such that
k = 1− 3a2,

then the only integer solutions of y2 = x3 + k are

x = 4a2 − 1 and y = ±(3a− 8a3).

(b) If there is an integer a such that
k = −1− 3a2,
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then the only integer solutions of y2 = x3 + k are

x = 4a2 + 1 and y = ±(3a+ 8a3).

(c) If k ̸= ±1 − 3a2, for any integer a, then y2 = x3 + k has no integer solutions in integers x
and y.

Example 1.5. The integer k = −11 = 1 − 3 · 22 satisfies the conditions of theorem 1.11(a)
because h((Q

√
−11) = 1 see [1, table 07 page 325]. Then the only integer solutions to the

equation y2 = x3 − k are (15,±58).

In [19] Nagell have proved the following three theorems

Theorem 1.12. The Diophantine equation

x4 − y4 = z2 (1.20)

has no integer solutions x, y and z.

Theorem 1.13. The Diophantine equation:

x4 + y4 = 2z2

has no integer solutions x, y and z.

Theorem 1.14. The Diophantine equation:

x4 + y4 = pz2,

where p is a prime ≡ 3 (mode 8), has no solutions in natural numbers x, y and z.

Theorem 1.15. The Diophantine equation

2x4 − y4 = z2 (1.21)

has infinitely many solutions according to Nagell (Page 232, [19]).

For more examples of this type, see [1, 3, 18, 19]

1.2.4 Exponential Diophantine equations

are equations of the type

f(xm1
1 , xm2

2 , · · · , xmn
n ) = 0, (1.22)
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where f is a polynomial in n variables with integer coefficients, whose solutions are the
integers (x1, · · · , xn,m1, · · · ,mn).

Example 1.6. The Diophantine equation:

x2 + 1 = yn

has no solution for n > 1 and y > 1 (V. A. Lebesgues, 1850).

Example 1.7. The Diophantine equation:

x2 − 1 = yn

has no solution for n > 1 and y > 3 (Chao Ko, 1964).

1.3 Classical methods for solving Diophantine equations

We discuss different standard methods to solving Diophantine equations in this section.
Each situation is supported by examples.

1.3.1 The Factoring Method

Let’s solve an equation of the form f(x1, x2, · · · , xn) = 0. We rewrite this equation in its
equivalent form

f1(x1, x2, · · · , xn)f2(x1, x2, · · · , xn) · · · fk(x1, x2, · · · , xn) = a, (1.23)

with f1, f2, · · · , fk ∈ Z[X1, X2, · · · , Xn] and a ∈ Z. By decomposing a into a product of
prime factors we obtain the decomposition of a into k prime factors of integers a1, a2, · · · , ak.
Each of these factorizations gives a system of equations

f1(x1, x2, · · · , xn) = a1

f2(x1, x2, · · · , xn) = a2

· · ·

fk(x1, x2, · · · , xn) = ak.

Solving all these systems gives the set of solutions to equation (1.23). We illustrate this
method with a few examples.
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Example 1.8. Find all of the equation’s integral solutions.

(x2 + 9)(y2 + 4)− 2(6− xy)(2x− 3y) = 3(3 + 8xy).

Proof. Equation need to be written in the form

(xy − 6)2 + (2x− 3y)2 + 2(2x− 3y)(xy − 6) = 9,

This corresponds to
[xy − 6 + (2x− 3y)]2 = 9,

or
(x− 3)(y + 2) = ±3.

If (x− 3)(y + 2) = 3, We get the equation systemsx− 3 = 3

y + 2 = 1

x− 3 = −3

y + 2 = −1

x− 3 = 1

y + 2 = 3

x− 3 = −1

y + 2 = −3

yielding the solutions (6,−1), (0,−1), (4, 1) and (2, 5).
If (x− 3)(y + 2) = −3, We get the equation systemsx− 3 = 3

y + 2 = −1

x− 3 = −3

y + 2 = 1

x− 3 = 1

y + 2 = −3

x− 3 = −1

y + 2 = 3

yielding the solutions (6,−3), (0,−3), (4,−5) and (2, 1).
All eight pairs that we have found satisfy the given equation.

Example 1.9. [3, Exercise 05 page 12] Determining the solutions of the following Dio-
phantine equation

p− y4 = 4,

where p is prime
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Proof. Write the equation in the form

x = (y2 + 2)2 − (2y)2,

This corresponds to
x = [(y − 1)2 + 1][(y + 1)2 + 1].

If y ̸= ±1, x is the result of the product of two positive numbers > 1; hence it is not a
prime. The solutions are (5, 1) and (5,−1).

1.3.2 Solving using inequalities

This method consists in restricting the intervals in which the variables lie using appro-
priate inequalities. Generally, this process leads to only finitely many possibilities for all
variables or for some of them.

Example 1.10. [3, Exercise 01 page 17] Solve in positive integers the equation

3(xy + yz + zx) = 4xyz.

Proof. The equation is equivalent to

1

x
+

1

y
+

1

z
=

4

3
.

Assuming that x ≤ y ≤ z. Thus, it follows 3
x
≥ 4

3
i.e., x ≤ 9

4
. Consequently, x ∈ (1, 2). The

solutions (1, 4, 12), (1, 6, 6), and (2, 2, 3), as well as all of their permutations, are obtained
by analysing both of the cases.

1.3.3 The parametric method

In many situations the integral solutions to a Diophantine equation

f(x1, x2, · · · , xn) = 0

can be represented in parametric form as follows :

x1 = g1(k1, · · · , kl), x2 = g2(k1, · · · , kl), · · · , xn = gn(k1, · · · , kl),

where g1, g2, · · · , gn are integer functions of l-variable and k1, k2, · · · , kl ∈ Z. The set of
solutions to some Diophantine equations might have multiple parametric representations.
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For most Diophantine equations it is not possible to find all solutions explicitly. In
many such cases the parametric method provides a proof of the existence of infinitely
many solutions.

Example 1.11. [3, Example 03 page 22] Determine all the positive integer triplets (x, y, z)
such that :

1

x
+

1

y
=

1

z
.

Proof. The equation is equivalent to :

z =
xy

x+ y
.

Let d = (x, y). Then x = dm, y = dn, where (m,n) = 1. It follows that the (mn,m+ n) = 1.
Hence

z =
dmn

m+ n
,

which implies (m+ n)|d, i.e., d = k(m+ n), k ∈ Z+.
The possible solutions to the equation are represented by

x = km(m+ n), y = kn(m+ n), z = kmn,

where k,m, n ∈ Z+.

1.3.4 Method of mathematical induction

A strong and elegant approach for proving a proposition dependent on positive integers
is mathematical induction.
Let (P (n))n≥0 be a sequence of propositions. The method of mathematical induction as-
sists us in proving that P (n) is true for all n ≥ n0, where n0 is a given positive integer.

• Mathematical induction (weak form) : [3] Assume that :

• P (n0) is true;

• For all k ≥ n0, P (k) is true implies P (k + 1) is true.

Then P (n) is true for all n ≥ n0.

• Mathematical induction (with s step) : [3] Let s be a fixed positive integer. Assume
that :

• P (n0), P (n0 + 1), · · · , P (n0 + s− 1) are true;

• For all k ≥ n0, P (k) is true implies P (k + s) is true.
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Then P (n) is true for all n ≥ n0.

• Mathematical induction (strong form) : [3] Assume that :

• P (n0) is true;

• For all k ≥ n0, P (m) is true for all m with n0 ≤ m ≤ k implies P (k + 1) is true.

Then P (n) is true for all n ≥ n0.

This method is widely used in various fields of mathematics, including number theory.
The following example is intended to show how mathematical induction works in the

study of Diophantine equations.

Example 1.12. [3, Exercise 02 page 45] Show that the following problem can be solved in
integers for all positive integer n:

x2 + xy + y2 = 7n.

Proof. If n = 1, we have the solution x1 = 2, y1 = 1. Assume that there exist positive
integers xn, yn satisfying

x2n + xnyn + y2n = 7n.

and define
xn+1 = 2xn − yn, yn+1 = xn + 3yn.

Therefore
x2n+1 + xn+1yn+1 + y2n+1 = 7(x2n + xnyn + y2n) = 7 · 7n = 7n+1.

1.3.5 The modular arithmetic method

In many situations, simple modular arithmetic considerations are employed in proving
that certain Diophantine equations are not solvable or in reducing the range of their pos-
sible solutions.

Example 1.13. [3] Demonstrate that the equation

(x+ 1)2 + (x+ 2)2 + · · ·+ (x+ 2001)2 = y2

has no solution.
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Proof. Let x = z − 1001. The previous equation becomes

(z − 1000)2 + · · ·+ (z − 1)2 + z2 + (z + 1)2 + · · ·+ (z + 1000)2 = y2,

or
2001z2 + 2(12 + 22 + · · ·+ 10002) = y2.

It therefore follows that

2001z2 + 2
1000 · 1001 · 2001

6
= y2,

or equivalent,
2001z2 + 1000 · 1001 · 667 = y2.

The term on the left-hand side is congruent to 2 (mod 3), so it’s not a perfect square.
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CHAPTER 2

NEW DIOPHANTINE EQUATIONS

INVOLVING ARITHMETIC FUNCTIONS

I n this chapter, we present some Diophantine equations involving arithmetic functions.
In a some new papers (since 2019). One of the most important mathematicians to have

worked on this type of equation is Sándor, in addition to other works, we will discuss the
most important aspects of his recent works.

2.1 Notes on the equation τ (n) = τ (φ (n)) and related in-

equalities

In this section, we show some notes on the equation τ (n) = τ (φ (n)). Several results on
the related inequalities are also shown; All of these results are in the paper of D. Bellaouar,
A. Boudaoud and R. Jakimczuk [4](2023).

Define
S := {n ∈ N : τ (n) = τ (φ (n))},

S+ := {n ∈ N : τ (n) > τ (φ (n))},

and
S− := {n ∈ N : τ (n) < τ (φ (n))},

where τ(n) is the number of positive integers function, and φ (n)is Euler’s function.
Let p be a prime number. Then it is easy to see that p ∈ S if and only if p = 3 and p ∈ S+

if and only if p = 2. Hence S and S+ are nonempty and S− has infinite number of elements.
Recall that an integer of the form Fn = 22

n
+ 1 is called a Fermat number. The numbers

F0 = 3, F1 = 5, F2 = 17, F3 = 257 and F4 = 65537 are the only known Fermat primes. If
Ft is a Fermat prime, then τ (Ft) = 2, whereas τ (φ (Ft)) = 2t + 1. Thus all Fermat primes
excluding F0 = 3 belong to S−. A prime p is said to be a Sophie Germain prime [11] if 2p+ 1

is also a prime, in which case, this last prime is called a safe prime. It has been conjectured
that there are infinitely many Sophie Germain primes, but this remains unproved [16]. So,
if 2p + 1 is a safe prime with p ≥ 3, then τ (φ (2p+ 1)) − τ (2p+ 1) = 2. Hence all safe

21
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primes belong to S−. Moreover, if n = 2a for some a ≥ 1, then τ (2a) − τ (φ (2a)) = 1.
Consequently, S+ is also an infinite set. A natural question: Does S also contain infinite
number of elements?

Define for any k ≥ 1 the subsets Sk ⊆ S, S+
k ⊆ S+ and S−

k ⊆ S− as follows:

Sk = S ∩Wk, S+
k = S+ ∩Wk and S−

k = S− ∩Wk,

where Wk = {n ∈ N : ω(n) = k} . For more results on the set Wk, we refer to [5].

2.1.1 On the solutions of τ (n) = τ (φ (n))

We see that the first elements of S are:

1, 3, 14, 15, 22, 28, 44, 46, 50, 56, 68, 70, 78, 88, · · · .

Also, the first few odd elements of S are:

3, 15, 255, 65535, 77805, 161595, 331695, 575025, 664335, · · · .

Proposition 2.1. Let k ≥ 2 and let q1 < q2 < · · · < qk be primes. Consider the number
n = qa11 q

a2
2 · · · qakk , where a1, a2, · · · , ak are positive integers with ak ≥ 2. If n ∈ Sk, then

ak |
k−1∏
i=1

(ai + 1). (2.1)

Remark 2.1. Note that (2.1) is not a sufficient condition for a number n to be in Sk. In fact,
n1 = 2 · 32 and n2 = 3 · 52 are the smallest natural numbers that satisfy (2.1) for k = 2,
where τ (n1) > τ (φ (n1)) and τ (n2) < τ (φ (n2)).

Corollary 2.1. Let k, r, n ≥ 2. Then nr /∈ Sk. That is, the set Sk does not contain perfect
powers. In particular, no square satisfies τ(n) = τ (φ(n)).

Remark 2.2. Let n = qa11 · · · qakk , where q1, · · · , qk are distinct primes and a1, · · · , ak are
positive integers (k ≥ 2). For each even r ≥ 2 we can also prove that nr /∈ Sk. In
fact, if nr ∈ Sk, then

∏k
i=1 (rai + 1) = τ

(
qra1−1
1 · · · qrak−1−1

k−1 (q1 − 1) · · · (qk − 1)
)
rak, and

so rak|
∏k−1

i=1 (rai + 1). This is also a contradiction since rak is even and rai + 1 is odd for
i = 1, · · · , k − 1.

Next, we see all the elements of S1 and S2.

Theorem 2.1. The only elements of S1 are: 1 and 3 and the only elements of S2 are: 15, 22i−2Fi,
where Fi is a Fermat prime with i ≥ 2, 2aq, where a ≥ 1 and q ≥ 7 is a safe prime, and
2(2

i−1)j−1F j
i , where Fi is a Fermat prime with i ≥ 1 and j ≥ 2.
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let n be an odd square-free integer such ω (n) ≤ 5. In the following corollary, we see
that if n ∈ S, then all the prime factors of n are Fermat primes.

Corollary 2.2. In fact, we have

(i) If n = q, where q ≥ 3 is prime, then τ (n) /τ (φ (n)) ̸= 1 except for q = F0.

(ii) If n = q1q2, where q1, q2 are prime numbers with q1 < q2, then τ (n) /τ (φ (n)) ̸= 1

except for (q1, q2) = (F0, F1) .

(iii) If n = q1q2q3, where q1, q2, q3 are prime numbers with q1 < q2 < q3, then τ (n) /τ (φ (n)) ̸=
1 except for (q1, q2, q3) = (F0, F1, F2).

(iv) If n = q1q2q3q4, where q1, · · · , q4 are prime numbers with q1 < · · · < q4, then τ (n) /τ (φ (n)) ̸=
1 except for (q1, q2, q3, q4) = (F0, F1, F2, F3).

(v) If n = q1q2q3q4q5, where q1, · · · , q5 are primes with q1 < · · · < q5, then τ (n) /τ (φ (n)) ̸=
1 except for (q1, q2, q3, q4, q5) = (F0, F1, F2, F3, F4).

We remark that the result in the above corollary is not true whenever ω (n) ≥ 6. For
example, the number n = 2250885 = 3 · 5 · 7 · 13 · 17 · 97 ∈ S6, which is odd and square-free;
but not all the prime factors of n are Fermat primes.

Now, we show the solutions n of the equation τ (n) = τ (φ (n)), where n has three or
more distinct prime factors.

First, assume that n = paqbrc ∈ S3, where p, q, r are distinct primes with 2 ≤ p < q < r

and a, b, c ≥ 1.

Proposition 2.2. The only square-free solutions of the form pqr are:

• n = F0F1F2.

• n = 2 · 3 · (4p+ 1), where p is a prime such that 4p+ 1 is also prime.

• n = 2 · 5 · (2p+ 1), where p is a prime such that 2p+ 1 is also prime.

Proposition 2.3. The only possible solutions of the form 2a · q · r, where a ≥ 2 and 3 ≤ q < r are:

• n = 23(x+y)−4 (2xp+ 1) (2yp+ 1), where 2xp+ 1 and 2yp+ 1 are odd primes with x < y.

• n = 23(x+y)−4 (2x + 1) (2yp2 + 1), where 2x+1 and 2yp2+1 are odd primes with 2x < 2yp2.

• n = 23(x+y)−4 (2xp2 + 1) (2y + 1), where 2y+1 and 2xp2+1 are odd primes with 2xp2 < 2y.

• n = 2x+y−2 (2x + 1) (2yp+ 1) , where 2x + 1 and 2yp+ 1 are odd primes with 2x < 2yp.
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• n = 2x+y−2 (2xp+ 1) (2y + 1) , where 2y + 1 and 2xp+ 1 are odd primes with 2xp < 2y.

• n = 2(x+y−4)/3 (2x + 1) (2y + 1), where 2x + 1 and 2y + 1 are Fermat primes with x < y.

Proposition 2.4. The only possible solutions of the form 2 · qb · r, where b ≥ 2 and 3 ≤ q < r are:

• n = 2 · 32 · 17.

• n = 2 · 3b · 13.

• n = 2 · 5b · 11.

• n = 2 · 32 · (2p+ 1), where p ≥ 5 is a prime such 2p+ 1 is also prime.

• n = 2 (2x + 1)b
(
2y (2x + 1)t + 1

)
, where b (4− x− y − 1) = (x+ y + 1) t− 4.

• n = 2 · 33t−4 · (2 · 3t + 1), where 2 · 3t + 1 is prime.

Proposition 2.5. The only possible solutions of the form 2 · q · rc, where c ≥ 2 and 3 ≤ q < r are:

• n = 2 · 3 · 172.

• n = 2 · 3 · (2p+ 1)2, where p is a prime such that 2p+ 1 is also prime.

Proposition 2.6. The only possible solutions of the form n = 2aqbr, where a, b ≥ 2 and 3 ≤ q < r

are:

• n = 2i(x+y−1)−1 (2xp+ 1)i (2y + 1), where i ≥ 2, 2xp + 1 and 2y + 1 are odd primes with
2xp < 2y.

• n = 2i(x+y−1)−1 (2x + 1)i (2yp+ 1), where i ≥ 2, 2xp + 1 and 2y + 1 are odd primes with
2x < 2yp.

• n = 2a (2x + 1)b (2y + 1), where 2x + 1 and 2y + 1 are Fermat primes with x < y.

• n = 2a (2x + 1)b (2yqt + 1) , where 2x + 1 and 2yqt + 1 are odd primes with 2x < 2yqt.

Proposition 2.7. The only possible solutions of the form n = 2qbrc, where b, c ≥ 2 and 3 ≤ q < r

are:

• n = 2F 3
0F

2
1 .

• n = 2F 2
0F

3
1 .

• n = 2 · 3b · 72 (b ≥ 2).

Proposition 2.8. The only possible solutions of the form n = 2a · q · rc, where a, c ≥ 2 and
3 ≤ q < r are:
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• n = 2a · Fi · F c
j

• n = 2a (2x + 1) (2yp+ 1)c, where 2x + 1 and 2yp+ 1 are odd primes with 2x < 2yp.

• n = 2a (2xp+ 1) (2y + 1)c , where 2xp+ 1 and 2y + 1 are odd primes with 2xp < 2y.

Proposition 2.9. The only possible solutions of the form n = 2a · qb · rc, where a, b, c ≥ 2 and
3 ≤ q < r are:

• n = 28(x+y)−9 (2x + 1)2 (2yp+ 1)2, where 2x +1 and 2yp+1 are odd primes with 2x < 2yp.

• n = 28(x+y)−9 (2xp+ 1)2 (2y + 1)2, where 2xp+1 and 2y +1 are odd primes with 2xp < 2y.

• n = 2a (2x + 1)b (2y + 1)c , where 2x + 1 and 2y + 1 are odd primes with x < y.

• n = 2a (2x + 1)b
(
2y (2x + 1)t + 1

)c
, where 2x + 1 and 2y (2x + 1)t + 1 are odd primes.

Theorem 2.2. n = F0F1F2 is the only odd solution of the equation τ (n) = τ (φ (n)), where n has
three distinct prime factors.

Next, we see an example to show that there are infinitely many positive integers n such
that n ∈ Sk, where 2 ≤ k ≤ 7.

Example 2.1. Each of the following cases provides an infinite family of solutions.

1. For every a ≥ 2, n = 2a−1 · 5a ∈ S2.

2. For every b ≥ 1, n = 2 · 3b · 72 ∈ S3.

3. For every b ≥ 1, n = 2 · 3b · 7 · 11 ∈ S4.

4. For every c ≥ 1, n = 2·3·5c·7·41 ∈ S5 and for every b ≥ 1, n = 2·3b·7·17·(2p+ 1) ∈ S5,
where p ≥ 5 is a prime such that 2p+ 1 is also prime.

5. For every b ≥ 1, n = 2 · 3b · 7 · 17 · 257 · (2p+ 1) ∈ S6, where p ≥ 5 is a prime such that
2p+ 1 is also prime.

6. For every b ≥ 1, n = 2 · 3b · 7 · 17 · 257 · 65537 · (2p+ 1) ∈ S7, where p ≥ 5 is a prime
such that 2p+ 1 is also prime.

Corollary 2.3. Let k ≥ 2. Assume that there exist infinitely many Sophie Germain primes
(or equivalently infinitely many safe primes), then there are infinitely many even positive
integers n such that n ∈ Sk+2.

Corollary 2.4. Assume that 2 ≤ k ≤ 7. The Sophie Germain prime conjecture implies that
there exist infinitely many square-free numbers n such that n ∈ Sk.
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proof. This follows immediately from the fact that S contains the following numbers:

1. n = 2 · (2p+ 1), where p ≥ 3 is a prime such that 2p+ 1 is also prime.

2. n = 2 · 5 · (2p+ 1), where p ≥ 3 is a prime such that 2p+ 1 is also prime.

3. n = 2 · 5 · 17 · (2p+ 1), where p ≥ 3 is a prime such that 2p+ 1 is also prime.

4. n = 2 · 3 · 17 · (2p+ 1) (2q + 1), where p, q are odd distinct primes such that 2p+1 and
2q + 1 are also primes.

5. n = 2 · 5 · 17 · 257 · 65537 · (2p+ 1), where p ≥ 3 is a prime such that 2p + 1 is also
prime.

6. n = 2 · 3 · 17 · 257 · 65537 · (2p+ 1) (2q + 1), where p, q are odd distinct primes such
that 2p+ 1 and 2q + 1 are also primes.

Remark 2.3. Assume that there are infinitely many safe primes and there are infinitely
many primes of the form 4p + 1, where p is also prime. Then there are infinitely many
square-free numbers n such that n ∈ S9. Indeed, if p, q, r, s and ω are distinct odd primes
such that 2p+ 1, 2q + 1, 4r + 1, 4s+ 1 and 4ω + 1 are also primes, then clearly

n = 2 · 3 · 5 · 17 · (2p+ 1) (2q + 1) (4r + 1) (4s+ 1) (4ω + 1) ∈ S9.

Finally, we see some examples to show that Sk contains large odd numbers for some
k ≥ 4.

Example 2.2. Let l be a positive integer and let 2t + 1 be a Fermat prime. Assume that
2ri (2t + 1)

si + 1 are different primes for some positive integers ri, si (i = 1, . . . , l), where

l∑
i=1

ri = 2l − t− 2. (2.2)

If we put n = (2t + 1)(
2l−1)(

∑l
i=1 si)−2l∏l

i=1 (2
ri (2t + 1)

si + 1), then n ∈ Sl+1. In fact, we see
that

τ(n) =

((
2l − 1

)( l∑
i=1

si

)
− 2l + 1

)
2l =

(
2l − 1

)(
−1 +

l∑
i=1

si

)
2l,

and φ(n) = (2t + 1)(
2l−1)(

∑l
i=1 si)−2l−1+

∑l
i=1 si 2t+

∑l
i=1 ri . It follows from (2.2) that

τ (φ(n)) =

((
2l − 1

)( l∑
i=1

si

)
− 2l +

l∑
i=1

si

)(
t+ 1 + 2l − t− 2

)
= τ(n).
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As an application, if t = 1, l = 3, r1 = r2 = 2 and r3 = 1, then from above

n = 37(s1+s2+s3)−8
(
22 · 3s1 + 1

) (
22 · 3s2 + 1

)
(2 · 3s3 + 1) ,

where 22 · 3s1 + 1, 22 · 3s2 + 1 and 2 · 3s3 + 1 are distinct primes. Thus, if s1 = s3 = 1 and
s2 = 2, then n = 320 · 7 · 13 · 37, which is odd and has four distinct prime factors.

Example 2.3. Let p be an odd prime. We put p − 1 = 2t
∏h

i=1 q
ei
i , where q1, q2, · · · , qh are

odd primes and t, e1, e2, · · · , eh are positive integers (h ≥ 1). Let l be a positive integer and
assume that r1, · · · , rl are positive, not necessarily different integers such that

∏h
i=1(ei +1)

divides 2l − 1 and
l∑

i=1

ri =
2l − 1∏h

i=1(ei + 1)
− t− 1. (2.3)

Assume further that s1, · · · , sl are arbitrary positive, not necessarily different integers for
which 2r1ps1 + 1, · · · , 2rlpsl + 1 are different primes. If we put

n = p(2
l−1)(

∑l
i=1 si)−2l

l∏
i=1

(2ripsi + 1) , (2.4)

then n ∈ Sl+1. As an application, we let p = 37, i.e., p − 1 = 36 = 22 · 32 and choose l = 6.
Consequently, equation (2.3) becomes

∑6
i=1 ri = 26−1

3
− 2 − 1 = 18. For example, if we

choose r1 = r2 = r3 = 2 and r4 = r5 = r6 = 4, then by (2.4)

n = 3763(
∑6

i=1 si)−64
6∏

i=1

(2ri · 37si + 1) ,

where 22 · 37s1 + 1, 22 · 37s2 + 1, 22 · 37s3 + 1, (24 · 37s4 + 1), 24 · 37s5 + 1 and 24 · 37s6 + 1 are
distinct primes. For s1 = s4 = 1, s2 = 2, s3 = 3, s5 = 4 and s6 = 5 we obtain the primes
149, 593, 5477, 202613, 29986577 and 1109503313, in which case n = 37944 · 149 · 593 · 5477 ·
202613 · 29986577 · 1109503313, which is odd and has seven distinct prime factors.

2.1.2 On the inequality τ (n) > τ (φ (n))

The first terms of S+ are:

2, 4, 6, 8, 10, 12, 16, 18, 20, 24, 30, 32, 36, 40, 42, 48, · · ·

We can easily verify the following particular cases:

(a) Let Fi be a Fermat prime with i ≥ 1. Then 2aFi ∈ S+
2 if and only if a ≥ 2i − 1.
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(b) n = 36+2a · 5 · 7 · 19 ∈ S+
4 , for a ≥ 1.

(c) n = 3a · 5 · 7 · 19 · 31 ∈ S+
5 , for a ≥ 21.

(d) n = 3a · 5 · 7 · 19 · 31 · 97 ∈ S+
6 , for a ≥ 12.

(e) n = 5a · 11 · 31 · 41 · 61 · 101 · 251 ∈ S+
7 , for a ≥ 12.

(f ) n = 5a · 11 · 41 · 61 · 101 · 251 ∈ S+
6 , for a ≥ 21.

Remark 2.4. The numbers 69615, 208845, 233415, 305235, 440895, 454545, 484785, 626535,
700245, 915705, 995085 are the only odd positive integers ≤ 106 that belong to S+. It seems
that the prime factorization of an odd integer n ∈ S+ is a product of primorials. That is,
915705 = 34 · 5 · 7 · 17 · 19, 995085 = 37 · 5 · 7 · 13, · · · , etc.

The following result is a generalization of the above cases: (a), (b), (c) and (e).

Proposition 2.10. Let q1, q2, · · · , qk be distinct primes such that

τ

(
(q1 − 1) (q2 − 1) · · · (qk − 1)

qt1

)
≤ 2k−1, (2.5)

where k ≥ 3 and t is the largest nonnegative integer for which qt1 divides (q1 − 1) (q2 − 1) · · · (qk − 1).
Then there exists a real number R such that n = qa1q2 · · · qk ∈ S+

k for every a ≥ R.

Remark 2.5. In view of (2.5), one can prove that k = 1 if and only t = 0, and so n = 2a ∈ S+
1

for every a ≥ 1. Moreover, if k = 2, then by (2.5), τ ((q1 − 1) (q2 − 1) /qt1) ≤ 2. In the case
when τ ((q1 − 1) (q2 − 1) /qt1) = 1, we must have q1 = 2 and q2 is a Fermat prime. This
applies to the particular case (a) as above. However, if τ ((q1 − 1) (q2 − 1) /qt1) = 2, then
q1 = 2 and q2 is a prime of the form 2xp+1, where p is also prime. In this case, n = 2aq2 /∈ S+

2

for every a ≥ 1.

Proposition 2.11. For every k ≥ 1, there exists a positive integer n such that n ∈ S+
k .

In the following result we see that if n ∈ S+ is odd, then n must have at least four
prime factors, i.e., ω (n) ≥ 4. Note that n = 484785 = 36 · 5 · 7 · 19 is the smallest odd
element of S+.

Proposition 2.12. Let n be an odd positive integer. If n ∈ S+, then ω (n) ≥ 4.

Now, let k ≥ 1 and let n ∈ S+
k . Does τ (φ (n)) properly divide τ (n)? Let us define the

subset dS+
k ⊆ S+

k as follows:

dS+
k :=

{
n ∈ S+

k : τ (φ (n)) |τ (n) , where n ̸= 2
}

.

In the following result we determine the elements of dS+
1 and dS+

2 . In fact, we have

Theorem 2.3. dS+
1 = {∅} and dS+

2 = {2a · 3, a ≥ 1}.
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2.1.3 On the inequality τ (n) < τ (φ (n))

Note that the first terms of S− are:

5, 7, 9, 11, 13, 17, 19, 21, 23, 25, 26, 27, 29, 31, 33, 34, 35, 37, 38, 39, 41, 43, 45, 47, 49, · · ·

We can easily verify the following statements:

1. The set {123553 + a, for a = 1, · · · , 52} consists of a sequence of consecutive integers
whose members are all in S−.

2. Let p be an odd prime. For every a ≥ 2, pa ∈ S−
1 .

3. If n = 2apb with a ≥ 1, b ≥ 2 and p is a safe prime with p ̸= 5, then n ∈ S−
2 .

4. Let p be a safe prime, and let q be an odd prime with p ̸= q. For every a ≥ 1, pqa ∈ S−
2 .

5. Let q1, · · · , qk be distinct safe primes for some k ≥ 2. For every a ≥ 1, 2aq1q2 · · · qk ∈
S−
k .

Lemma 2.1. Let k ≥ 1. There exist infinitely many k-tuples (q1, · · · , qk) of distinct odd primes
such that

ω (q1 · · · qk(q1 − 1) · · · (qk − 1)) ≥ 2k + 1. (2.6)

Theorem 2.4. Let k ≥ 1. There are infinitely many odd positive integers n such that n ∈ S−
k .

Theorem 2.5. Let k ≥ 1 and let (q1, · · · , qk) be any k-tuple of distinct odd primes. There are
infinitely many k-tuples (a1, . . . , ak) of positive integers such that for n = qa11 · · · qakk we have
n ∈ S−

k .

Lemma 2.2. Let k ≥ 1. There exist infinitely many k-tuples (q1, · · · , qk) of distinct primes with
q1 = 2 such that

ω (q1 · · · qk(q2 − 1) · · · (qk − 1)) ≥ 2k − 1. (2.7)

Proposition 2.13. Let k ≥ 3. There are infinitely many even positive integers n such that n ∈ S−
k .

The following result is similar to that of Theorem 2.5.

Theorem 2.6. Let k ≥ 3 and let (q1, q2, · · · , qk) be any k-tuple of distinct primes with q1 = 2.
There are infinitely many k-tuples (a1, . . . , ak) of positive integers such that for n = qa11 · · · qakk we
have n ∈ S−

k .

In the next theorem, we see a sequence (nk)k≥1 ⊂ Wk such that

lim
k→∞

τ(nk)

τ(φ(nk))
= 0.

Consequently, there exists a positive integer k0 such that if k ≥ k0, then nk ∈ S−
k .
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Theorem 2.7. Let 2 ≤ q1 < q2 < q3 < · · · be any sequence of primes. Let (ai)i≥1 be an infinite
sequence of positive integers such that

∑∞
i=1 1/ai is convergent. Let (nk)k≥1 be the sequence of

positive integers defined by nk =
∏k

i=1 q
ai
i (k ≥ 1). Then

lim
k→∞

τ(nk)

τ(φ(nk))
= 0. (2.8)

Theorem 2.8. There are infinitely many positive integers n such that (n, n2) ∈ S−
k ×S−

k for some
k ≥ 3.

2.2 On certain equations and inequalities involving the arith-

metical functions φ(n) and τ (n)

In this section, we show some important results on Diophantine equations and inequal-
ities involving the arithmetic functions φ(n) and τ(n), namely sándor’s papers [31], [32]
and [35].

2.2.1 On the equation φ(n) + τ(n) = n

and related inequalities

Theorem 2.9. n = 8 and n = 9 are the only solutions to the equation

φ(n) + τ(n) = n. (2.9)

In [29], we have this inequality

φ(n) + τ(n) ≤ n, (2.10)

for any n ̸= 4 different from prime.

Remark 2.6. From Theorem 2.9 and relation (2.10) it follows that

φ(n) + τ(n) < n, (2.11)

for any n ̸= 4, 8, 9 and n being composite.

Remark 2.7. Thus, for any n ≥ 1262 composite, we get the following refinement of (2.10):

φ(n) ≤ n−
√
n < n− τ(n). (2.12)
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Proposition 2.14. The equation
φ(n) + ω(n) = n (2.13)

has the only solutions as n = prime.

Other similar equations and inequalities are studied in [30] and [25].

2.2.2 The equations φ(n) + τ(n) =
n

2
and φ(n) + τ 2(n) = 2n.

The aim of the paper is to study certain new equations, the first one being

φ(n) + τ(n) =
n

2
(2.14)

and the related inequalities.

Theorem 2.10. n = 72 is the only solution to the equation (2.14).

Theorem 2.11. The inequality
φ(n) + τ(n) >

n

2
(2.15)

is hold if we have one of these cases:

• n = 18, 30, 36, 50.

• n = 2k (k ≥ 1).

• n = 2m · p (m = 1, 2, 3, 4), p is odd prime.

If n is even and does not belong to the president cases, then we have

φ(n) + τ(n) <
n

2
. (2.16)

Theorem 2.12. n = 3, 10, 40, 84 are the only solutions to the equation

φ(n) + τ 2(n) = 2n. (2.17)

2.2.3 The equations φ(n) + 2τ(n) = f(n) and 2φ(n) + τ(n) = f(n) .

Theorem 2.13. n = 3, and n = 4 are the only solutions to the equation

φ(n) + 2τ(n) = 2n. (2.18)

The equation
2φ(n) + τ(n) = 2n. (2.19)

has the only solutions as n = primes.
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Theorem 2.14. n = 18 and n = 8 · p (p ≥ 3 is prime) are the solutions to the equation

2φ(n) + τ(n) = n. (2.20)

Theorem 2.15. n = 14, 18, 20, 24 are the solutions to the equation

φ(n) + 2τ(n) = n. (2.21)

Theorem 2.16. The equation

(φ(n))φ(n) + (τ(n))τ(n) = nn (2.22)

has no solutions.
n = 2 is the only solution to the equation

(φ(n))φ(n) · (τ(n))τ(n) = nn (2.23)

Theorem 2.17. n = 68, 128, 384, 864 are the solutions to the equation

φ(n) + (τ(n))2 = n. (2.24)

Theorem 2.18. The equation
φ(n) + τ(n) =

n

4
(2.25)

has all solutions of the form n = 4m, where m is an even number with ω(m) ≥ 4.

Theorem 2.19. Let the equation
φ(4n+ τ(4n)) = n. (2.26)

we have n = 22 · 32 · 5 · 11, n = 22 · 3 · 52 · 13 and n = 23 · 32 · 5 · 13 are all solutions to (2.26) of
the type n = 2a · 3b · 5c · p, where p ≥ 7 is a prime.

A solution with ω(n) = 5 is n = 24 · 3 · 5 · 17 · 251.

2.3 On certain rational perfect numbers

In this section, we show some important results on Diophantine equations and inequali-
ties involving the arithmetic functions σ(n), ψ(n) and φ(n), namely sándor’s papers [33]
and [34].
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2.3.1 The equation σ(n) = k+1
k n+ a .

We see equations of type

σ(n) =
k + 1

k
n+ a, (2.27)

where a ∈ {0, 1, 2, 3}, k and n are positive integers, while σ(n) denotes the sum of divisors
of n.

The equation (2.27), where k = 1 and a = 1, has a long history in mathematics, as these
are the famous perfect numbers n for which σ(n) = 2n i.e., k = 1 and a = 0. (see, [23, 24]).

A similar equation has been considered in [27, 28].

Theorem 2.20. If the equation (2.27) with a = 0 is solvable, then we must have n = k = p, where
p is a prime number.

Theorem 2.21. If the equation (2.27) with a = 1 is solvable, then k must be a prime (k = p) and
n = p2.

Remark 2.8. Particularly, when k = 2, we get that only solution of (2.27) with a = 1 is
n = 4.

Theorem 2.22. Equation (2.27) with a = 2 is solvable only if n = k = 4.

Theorem 2.23. All solutions of Equation (2.27) with a = 3 are n = 9 and n = 2q, where q ≥ 3 is
an arbitrary prime.

Theorem 2.24. The equation

σ(n) =
k + 1

k
n+ r, (2.28)

where r is a given positive integer can have at most a finite number of solutions n, and/or an infinite
number solutions of type n = q ·N , where q is an arbitrary prime, and N can take at most a finite
number of values.

2.3.2 The equations ψ(n) = k+1
k n+ a and The equation φ(n) = k+1

k n− a .

In this subsection, we see equations of type ψ(n) = k+1
k
n + a, a ∈ {0, 1, 2, 3}, and φ(n) =

k+1
k
n − a, a ∈ {0, 1, 2, 3}, where ψ(n) and φ(n) denote the Dedekind, respectively Euler’s,

arithmetical functions.

Theorem 2.25. The equation

ψ(n) =
k + 1

k
n (2.29)

is solvable only if k = p = prime and n = ps+1 (s ≥ 0 integer).
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Theorem 2.26. The equation

ψ(n) =
k + 1

k
n+ 1 (2.30)

is solvable for k > 1 only if n = k = 4.

Theorem 2.27. The equation

ψ(n) =
k + 1

k
n+ 2 (2.31)

is solvable for k > 1 only if k = 4 and n = 8 or n = k = 9.

Theorem 2.28. The equation

ψ(n) =
k + 1

k
n+ 3 (2.32)

is solvable for k > 1 only if n = k = 8 and n = 18, k = 2.

Theorem 2.29. The equation

φ(n) =
k + 1

k
n (2.33)

is solvable for k > 1 only if k = p = prime and n = ps+1 (s ≥ 0 arbitrary integer).

Theorem 2.30. The equation

φ(n) =
k + 1

k
n− 1 (2.34)

is solvable only if k = 4 and n = 2p, where p ≥ 3 is a prime.

Theorem 2.31. The equation

φ(n) =
k + 1

k
n− 2 (2.35)

is solvable for k > 1 only if k = 4 and n = 8 or n = k = 9 or n = 4 · p (p ≥ 3 prime), k = 2 or
n = 3 · p (p ≥ 5prime), k = 3.

Theorem 2.32. n = k = 6 is the only solution to equation

φ(n) =
k + 1

k
n− 3. (2.36)
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CHAPTER 3

A CLASS OF SOLUTIONS OF THE

EQUATION τ
(
n2
)
= τ (φ (n))

I n this chapter we present some notes on the equation τ (n2) = τ (φ (n)). In fact,
we characterize a class of solutions that have at most three distinct prime factors.

Moreover, we show that the assumption of the truth of Dickson’s conjecture implies that
τ (n2) = τ (φ (n)) infinitely often.

First we define the set of solution S

S :=
{
n ∈ N : τ

(
n2
)
= τ (φ (n))

}
.

If n is a prime power, namely n = pa with p ≥ 2 and a ≥ 1, then n ∈ S implies
(2a+ 1) = τ (p− 1) a. But the last equation is only true for a = 1 and p = 5. Hence, n = 5.

3.1 Solutions having two distinct prime factors

Assume that n = qa1q
b
2 ∈ S, where q1, q2 are distinct primes with 2 ≤ q1 < q2 and a, b ≥ 1.

Since ((q1 − 1) (q2 − 1) , q2) = 1, we obtain

(2a+ 1) (2b+ 1) = τ
(
(q1 − 1) (q2 − 1) qa−1

1

)
b. (3.1)

3.1.1 n is square-free

We have the following result:

Proposition 3.1. The only square-free solutions of the form q1q2 are:

i) n = 3 · 19.

ii) n = 2F3, where F3 = 257.

iii) n = 2 (4p2 + 1), where p and 4p2 + 1 are simultaneously primes.

35
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We need the following lemma.

Lemma 3.1. Let p be a prime number with p ≥ 5. Then the number 2p2a+1 is composite for every
a ≥ 1. In particular, if p ≡ 1(mod 3), then the number 2pa + 1 is composite for every a ≥ 2.

proof. First, it is clear that if p = 3k+1 with k ≥ 2, then 2p2a+1 = 2 (3k + 1)2a+1 ≡ 0(mod

3). That is, 2p2a + 1 is a multiple of 3. But, if p = 3k + 2 for some k ≥ 1, then p = 3k′ − 1

with k′ = k + 1 and so

2p2a + 1 = 2 (3k′ − 1)
2a
+ 1 = 2

[
2n∑
i=0

(−1)2n−i

(
i

2n

)
(3k′)

i

]
+ 1 ≡ 0(mod 3),

which is also a multiple of 3. By the same way, if a ≥ 2 and p ≡ 1(mod 3), then 2pa + 1 is a
multiple of 3. This completes the proof.

Remark 3.1. Let p be a prime number with p ≥ 5 and let a ≥ 1. Similar to what we have
shown in Lemma 3.1, if r is odd then the number 2rp2a + 1 is composite. However, if r is
odd and p ≡ 1(mod 3), then the number 2rpa + 1 is also composite.

Proof of Proposition 3.1. Suppose that n = pq, where p and q are odd primes with p < q. By
(3.1), we have

9 = τ ((p− 1) (q − 1)) . (3.2)

We put p− 1 = 2sm1 and q− 1 = 2s
′
m2, where m1,m2 are odd and s, s′ ≥ 1. From (3.2), we

obtain 9 = (s+ s′ + 1) τ (m1m2). We distinguish the following cases:

Case 1. s + s′ = 2 and τ (m1m2) = 3. That is, s = s′ = 1 and m1m2 = r2 for some prime
r ≥ 3. On the other hand, since p < q we conclude that m1 = 1 and m2 = r2. Hence, p = 3

and q = 2r2 + 1. But, by Lemma 3.1, the number 2r2 + 1 is a multiple of 3 for r ≥ 5, in
which case n = 3 · 19 is the only solution of this form.

Case 2. s + s′ = 8 and τ (m1m2) = 1. That is, m1 = m2 = 1. Therefore, p and q are Fermat
primes and hence s, s′ are powers of 2. This case is not valid since p < q.

Now, assume that n = 2q with q ≥ 3 is prime. By (3.1), 9 = τ (q − 1) from which it
follows that q − 1 is either 28 or 22p2 for some prime p ≥ 3.
Hence, n = 2 · 257 = 2F3 or n = 2 (4p2 + 1) with p and 4p2 + 1 are simultaneously primes.
For example p = 3, 5 · · ·

This completes the proof.

3.1.2 n is not square-free with n odd

Assume that n is odd. We have the following results:
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Proposition 3.2. Let n = qa1q2, where 3 ≤ q1 < q2 and a ≥ 2. If n ∈ S, then n is one of the
numbers:

• n = F 3
1F2.

• n = 35t−3 (23 · 3t + 1), where t ≥ 2 and 23 · 3t + 1 is prime.

• n = 55t−3 (22 · 5t + 1), where t ≥ 2 and 22 · 5t + 1 is prime.

• n = 3t−1 (2 · 3t + 1), where t ≥ 4 and 2 · 3t + 1 is prime.

proof. By (3.1), we have

3 (2a+ 1) = τ
(
(q1 − 1) (q2 − 1) qa−1

1

)
. (3.3)

There are two cases:
Case 1. (q2 − 1, q1) = 1. We put q1 − 1 = 2sm1 and q2 − 1 = 2s

′
m2, where (2,m1m2) = 1 and

s, s′ ≥ 1. From (3.3), we have 3 = a (τ (m1m2) (s+ s′ + 1)− 6). Since a ≥ 2, it follows that
a = 3 and s+ s′ = 6.
Hence, m1 = m2 = 1 and so we must have s = 2 and s′ = 4.
That is, q1 = 5 and q2 = 17, in which case n = 53 · 17.

Case 2. (q2 − 1, q1) = q1. As above, we put q1 − 1 = 2sm1 and q2 − 1 = 2s
′
qt1m2, where

(2,m1m2) = 1 and s, s′, t ≥ 1. By (3.3) we have

3 (2a+ 1) = τ (m1m2) (s+ s′ + 1) (a+ t) . (3.4)

It is clear that τ (m1m2) cannot be ≥ 3, otherwise

3 (2a+ 1) ≥ 3 (a+ t) (s+ s′ + 1) ≥ 9 (a+ 1) > 6a+ 3,

a contradiction. Moreover, if τ (m1m2) = 2, then the right-hand side of (3.4) is even, while
its left-hand side is odd, also a contradiction. Therefore, τ (m1m2) = 1 and so by (3.4) once
again, 3 (2a+ 1) = (2i + s′ + 1) (a+ t) for some i ≥ 0. Note also that 2i + s′ + 1 cannot be
≥ 6, otherwise 3 (2a+ 1) ≥ 6 (a+ t) > 6a+ 3, a contradiction.
Consequently, we have either 2i + s′ = 4 or 2i + s′ = 2

(i) 2i + s′ = 4. There are two possibilities:

• i = 0 and s′ = 3. It follows that a = 5t − 3, q1 = 3 and q2 = 23 · 3t + 1, thus
n = 35t−3 (23 · 3t + 1), where 23 · 3t + 1 is prime.
For example, for t = 2, we get n = 37 · 73.
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• i = 1 and s′ = 2. That is, a = 5t − 3, q1 = 5 and q2 = 22 · 5t + 1, thus
n = 55t−3 (22 · 5t + 1), where 22 · 5t + 1 is prime.
For example, for t = 2, we have n = 57 · 101.

(ii) 2i + s′ = 2. That is, i = 0, s′ = 1 and so a = t − 1. Hence, q1 = 3 and q2 = 2 · 3t + 1.
Consequently, n = 3t−1 (2 · 3t + 1), where (2 · 3t + 1) is prime.
For example, for t = 4, we have n = 33 · 163.

This completes the proof.

Proposition 3.3. The number n = F1F
3
2 is the only solution of the form q1q

b
2, where 3 ≤ q1 < q2

and b ≥ 2.

proof. Assume that n = q1q
b
2 ∈ S, where 3 ≤ q1 < q2 and b ≥ 2. Applying (3.1), we obtain

3 (2b+ 1) = τ ((q1 − 1) (q2 − 1)) b,

from which it follows that

b (τ ((q1 − 1) (q2 − 1))− 6) = 3,

and so
τ ((q1 − 1) (q2 − 1)) = 7 and b = 3.

Or, equivalently,
(q1 − 1) (q2 − 1) = 26.

Thus, q1 = 5 and q2 = 17, in which case n = 5 · 173.

Theorem 3.1. Let n = qa1q
b
2, where 3 ≤ q1 < q2 and a, b ≥ 2. If n ∈ S, then n = 3a (2 · 3t + 1)

b,
where 2 · 3t + 1 is prime and ab+ 2a+ 2b+ 1 = 3bt.

proof. By (3.1), we have

(2a+ 1) (2b+ 1) = τ
(
(q1 − 1) (q2 − 1) qa−1

1

)
b. (3.5)

There are two cases:
Case 1. (q2 − 1, q1) = 1. We put q1 − 1 = 2xm1 and q2 − 1 = 2ym2, where x, y ≥ 1 and
(2,m1m2) = 1. It then follows from (3.5) that

(2a+ 1) (2b+ 1) = (x+ y + 1) τ (m1m2) ab. (3.6)

It is clear that τ (m1m2) cannot be ≥ 3. Otherwise, (x+ y + 1) a ≥ 3a > 2a + 1 and
τ (m1m2) b ≥ 3b > 2b + 1, a contradiction. Moreover, if τ (m1m2) = 2, then the right-
hand side of (3.6) is even, while its left-hand side is odd, also a contradiction. Therefore,
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m1 = m2 = 1 and so by (3.6) once again, (2a+ 1) (2b+ 1) = (2j + 2i + 1) ab for some
j > i ≥ 0 . Note also that 2j + 2i + 1 cannot be ≥ 6, and hence i = 0 and j = 1. That is,

(2a+ 1) (2b+ 1) = 4ab,

which is impossible.

Case 2. (q2 − 1, q1) = q1. We put q1 − 1 = 2xm1 and q2 − 1 = 2yqt1m2, where x, y, t ≥ 1 and
(2,m1m2) = 1. By (3.5),

(2a+ 1) (2b+ 1) = (x+ y + 1) τ (m1m2) (a+ t) b,

from which it is follows that m1 = m2 = 1 and b ≥ 3. Moreover, we see that x + y is even
and x+ y ≤ 4. Therefore, if x+ y = 4, then

a (b− 2) = b (2− 5t) + 1. (3.7)

This is impossible since the left-hand side of (3.7) is positive, while its right-hand side is
negative. If x+ y = 2, then x = y = 1. It follows that n = 3a (2 · 3t + 1)

b, where 2 · 3t + 1 is
prime and ab+ 2a+ 2b+ 1 = 3bt.
For example, for a = 10, b = 7 and t = 5, we obtain n = 310 (2 · 35 + 1)

7
= 310 · 4877.

3.1.3 n is not square-free with n even

Now, assume that n is even. We have the following notes:

Lemma 3.2. 2x − 3 is divisible by 5 if and only if x ≡ 3(mod 4).

proof. Clearly, 24k ≡ 1(mod 5) for every k ≥ 0. Hence, 2x ≡ 3(mod 5) if and only if
x ≡ 3(mod 4) .

Proposition 3.4. Let n = 2aq2, where q2 ≥ 3 and a ≥ 2. If n ∈ S, then n is one of the numbers:

• n = 25t−3 (2t · p4 + 1), where p is an odd prime with 2t · p4 + 1 is also prime.

• n = 2t−1 (2t · p2 + 1), where p is an odd prime with 2t · p2 + 1 is also prime.

• n = 2(2
i−3)/5Fi, where i ≡ 3(mod 4) and Fi is a Fermat prime.

proof. By (3.1), we have
3 (2a+ 1) = τ

(
(q − 1) 2a−1

)
.

©2024, M’sila University Zahra Amroune



3.1. SOLUTIONS HAVING TWO DISTINCT PRIME FACTORS 40

Put q − 1 = 2tm, where (2,m) = 1 and t ≥ 1. It follows that

3 (2a+ 1) = τ (m) (a+ t) ,

and hence
(6− τ (m)) a = τ (m) t− 3. (3.8)

It is clear from (3.8) that τ (m) is odd and cannot be ≥ 6. Now, we consider separately the
following possibilities:

• τ (m) = 5. It follows that m = p4, where p ≥ 3 is prime and a = 5t + 3. Thus,
n = 25t−3 (2t · p4 + 1), where 2t · p4 + 1 is also prime.
For example, for t = 1 and p = 3, we get n = 22 (2 · 34 + 1) = 22 · 163.

• τ (m) = 3. It follows that m = p2, where p ≥ 3 is prime and a = t − 1. Thus,
n = 2t−1 (2t · p2 + 1), where 2t · p2 + 1 is also prime.
For example, for t = p = 3, we have n = 22 (23 · 32 + 1) = 22 · 73.

• τ (m) = 1. Then t = 2i for some i ≥ 0, and by (3.8) we have a = (2i − 3) /5. By
Lemma 3.2, i ≡ 3(mod 4).
Hence, n = 2(2

i−3)/5Fi, where Fi is a Fermat prime.

Proposition 3.5. Let n = 2qb2, where q2 is odd prime and b ≥ 2. Then n /∈ S.

proof. By (3.1), we have
3 (2b+ 1) = τ (q2 − 1) b.

We put q2 − 1 = 2sm, where (2,m) = 1 and s ≥ 1. It follows that

3 (2b+ 1) = τ (m) (s+ 1) b,

and so
3 = (τ (m) (s+ 1)− 6) b. (3.9)

By (3.9), we must have b = 3, τ (m) = 7 and s = 0 or τ (m) = 1 and so s = 2i = 6 for some
i. Thus there is no solution in both cases.

Proposition 3.6. Let n = 2aqb2, where q2 ≥ 3 and a, b ≥ 2. If n ∈ S, then n is one of the numbers:

• n = 2a (2s · p2 + 1)
b, where p and 2s · p2 + 1 are simultaneously primes with

ab+ 2a+ 2b+ 1 = 3bs,
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• n = 2a
(
2(3ab+2a+2b+1)/b + 1

)b, where b divides 2a+ 1 and 2(3ab+2a+2b+1)/b + 1 is prime.

proof. By (3.1), we have

(2a+ 1) (2b+ 1) = τ
(
2a−1 (q2 − 1)

)
b.

If we put q2 − 1 = 2sm, where (2,m) = 1 and s ≥ 1, it follows that

(2b+ 1) (2b+ 1) = τ (m) (s+ a) b. (3.10)

By (3.10), τ (m) cannot be ≥ 6; otherwise, τ (m) (s+ a) b ≥ (3b) (2 (a+ s)) > (2a+ 1) (2b+ 1),
a contradiction. Moreover, τ (m) cannot be even. So the rest cases are:

• τ (m) = 5. By (3.10), we have b (2− 5s) = a (b− 2)− 1, which has no sense.

• τ (m) = 3. Thenm = p2 for some prime p ≥ 3, and by (3.10) we have ab+2a+2b+1 =

3bs. Thus, n = 2a (2s · p2 + 1)
b where p and 2s · p2+1 are simultaneously primes with

ab+ 2a+ 2b+ 1 = 3bs.
For example, for a = 13, b = 9 and s = 6, we get n = 213 · 5779.

• τ (m) = 1. It follows that q = 22
i
+ 1 for some i ≥ 0, and so n = 2aF b

i , where
3ab+2a+2b+1 = 2ib by (3.10). Or equivalently, n = 2a

(
2(3ab+2a+2b+1)/b + 1

)b, where
b divides 2a+ 1 and 2(3ab+2a+2b+1)/b + 1 is prime.

The proof is finished.

3.2 Solutions having three distinct prime factors

Let n = qa1q
b
2q

c
3 ∈ S, where q1, q2, q3 are distinct primes with 2 ≤ q1 < q2 < q3 and a, b, c ≥ 1.

Be definition, we see that

(2a+ 1) (2b+ 1) (2c+ 1) = τ
(
(q1 − 1) (q2 − 1) (q3 − 1) qa−1

1 qb−1
2

)
c. (3.11)

We consider separately the cases n is square-free and n is not square-free (odd and even).

3.2.1 n is square-free

First, assume that n is square-free odd.

Proposition 3.7. The only possible solutions of the form q1q2q3 are:

• F1F3F4, F0F2 · 73, 11 · F2 · 41.
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• F1F2 (4p
2 + 1), where p is an odd prime with 4p2 + 1 is prime.

• F1 (2p+ 1) (2p5 + 1), where p is an odd prime with 2p+ 1 and 2p5 + 1 are prime numbers.

• F1 (2
2p+ 1) (24p+ 1), where p is an odd prime with 22p+1 and 24p+1 are prime numbers.

• F2 (2p+ 1) (23p+ 1), where p is an odd prime with 2p+ 1 and 23p+ 1 are prime numbers.

For the proof we need the following lemma:

Lemma 3.3. If p is prime greater than 3, then the numbers 22α+1p + 1 and 22βp + 1 with α ≥ 0

and β ≥ 1 cannot be simultaneously primes.

proof. First we note that 22α+1 ≡ 2(mod 3) and 22β ≡ 1(mod 3). Thus if p is of the form
3k + 1, then 22α+1p + 1 = 22α+1(3k + 1) + 1 ≡ 0(mod 3) and if p is of the form 3k + 2, then
22βp+ 1 = 22β(3k + 2) + 1 ≡ 0(mod 3).

Proof of Proposition 3.7. We put q1 − 1 = 2xm1, q2 − 1 = 2ym2, and q3 − 1 = 2zm3, where mi

is odd and x, y, z ≥ 1. Let m = m1m2m3. Applying (3.11), we have

27 = τ (m) (x+ y + z + 1)

We distinguish two cases:

Case 1. τ (m) = 1. Then and 2i + 2j + 2k = 26 for some 0 ≤ i < j < k, which is only true
for i = 1, j = 3 and k = 4. Hence, n = F1F3F4.

Case 2. τ (m) = 3 and x+ y + z = 8. It follows that m = p2, where p ≥ 3 is prime. Also we
consider the following subcases:

Case 2.1. m1 = 1 m2 = 1 and m3 = p2. Since x < y, by Lemma 3.1, there are only two
possibilities:

• n = 3 · 17 · 73.

• n = 5 · 17 · (4p2 + 1), where p and 4p2 + 1 are both primes. For example, p = 3.

Case 2.2. m1 = 1 and m2 = m3 = p. It follows that x = 2i, where i ≥ 0 and y < z. By Lemma
3.3, we have three possibilities:

• n = 5(2p+ 1)(25p+ 1), where p, 2p+ 1 and 25p+ 1 are simultaneously primes.
For example, for p = 11, we obtain n = 5 · 23 · 353.

• n = 5(4p+ 1)(16p+ 1), where p, 4p+ 1 and 16p+ 1 are simultaneously primes.
For example, for p = 7, we have n = 5 · 29 · 113.
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• n = 17(2p+ 1)(23p+ 1), where p, 2p+ 1 and 23p+ 1 are simultaneously primes.
For example, for p = 11, we have n = 17 · 23 · 89.

Case 2.3. m1 = m2 = p and m3 = 1. This case is not valid. We have the same for m1 = m3 = 1

and m2 = p2 or m2 = m3 = 1 and m1 = p2.

Case 2.4. m1 = m3 = p and m2 = 1. It follows that y = 2i, where i ≥ 0 and x < z. Thus we
must have p = 5.
Hence, n = 11 · 17 · 41.

Second, assume that n is square-free even.

Proposition 3.8. The only possible solutions of the form 2q2q3 are:

• 2 · 3 · 1153, 2 · 19 · 1459.

• 2 · 5 (26p2 + 1), where p is an odd prime with 26p2 + 1 is prime.

• 2 · 17 (24p2 + 1), where p is an odd prime with 24p2 + 1 is prime.

• 2 (2p+ 1) (27p+ 1), where p is an odd prime with 2p+ 1 and 27p+ 1 are prime numbers.

• 2 (22p+ 1) (26p+ 1), where p is an odd prime with 22p+ 1 and 26p+ 1 are prime numbers.

• 2 (23p+ 1) (25p+ 1), where p is an odd prime with 23p+ 1 and 25p+ 1 are prime numbers.

• 2 (2p+ 1) (2p7 + 1), where p is an odd prime with 2p+ 1 and 2p7 + 1 are prime numbers.

• 2 (2p3 + 1) (2p5 + 1), where p is an odd prime with 2p3 + 1 and 2p5 + 1 are prime numbers.

• 2 (2p1 + 1) (2p1p
2
2 + 1), where p1, p2, 2p1 + 1 and 2p1p

2
2 + 1 are simultaneously primes.

For the proof, we need the following lemma:

Lemma 3.4. If p1 and p2 are prime numbers greater than 3, then 2p21p
2
2 + 1 is composite.

proof. This follows immediately from the proof of Lemma 3.1.

Proof of Proposition 3.8. We put q1 − 1 = 2xm1 and q2 − 1 = 2ym2, where (2,m1m2) = 1 and
x, y ≥ 1. By (3.11),

27 = τ (m1m2) (x+ y + 1) .

There are three cases to consider.

Case 1. τ (m1m2) = 1. That is, 2i+ 2j = 26 for some i, j ≥ 0. This is impossible.

Case 2. τ (m1m2) = 3 and x + y = 8. It follows that m1m2 = p2, where p ≥ 3 is prime. We
have three subcases:
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Case 2.1. m1 = 1 and m2 = p2. Then the solutions are given by:

• n = 2 · 3(27p2 + 1) with p and 27p2 + 1 are both prime, and by Lemma 3.1, p = 3

is the only prime with this property, in which case n = 2 · 3 · 1153.

• n = 2 · (5(26p2 + 1) with p and 26p2 + 1 are both prime.
For example, for p = 3, we have n = 2 · 5 · 577.

• n = 2 · 17(16p2 + 1) with p and 16p2 + 1 are both prime.
For example, for p = 5, we have n = 2 · 17 · 401.

Case 2.2. m1 = m2 = p. Then x < y, and the solutions are:

• 2 · (2p+ 1)(27p+ 1), where p, 2p+ 1 and 27p+ 1 are primes.
For example, for p = 5, we get n = 2 · 11 · 641.

• n = 2(4p+ 1)(26p+ 1), where p, 4p+ 1 and 26p+ 1 are prime numbers.
For example, for p = 7, we get n = 2 · 29 · 449.

• n = 2(8p+ 1)(25p+ 1), where p, 8p+ 1 and 25p+ 1 are prime numbers.
For example, for p = 11, we have n = 2 · 89 · 353.

Case 2.3. m1 = p2 and m2 = 1. This case is not valid.

Case 3. τ (m1m2) = 9 and x+ y = 2. We have two subcases:

Case 3.1. m1m2 = p8, where p ≥ 3 is prime. Then the solutions are:

• n = 2(2p+ 1)(2p7 + 1), where p, 2p+ 1 and 2p7 + 1 are prime numbers.

• n = 2(2p2 + 1)(2p6 + 1), where p, 2p2 + 1 and 2p6 + 1 are primes, which is only
true for p = 3, and so n = 2 · 19 · 1459.

• n = 2(2p3 + 1)(2p5 + 1), where p, 2p3 + 1 and 2p5 + 1 are primes.
For example, for p = 29, we have n = 2 · 48779 · 41022299.

Case 3.2. m1m2 = p21p
2
2, where p1, p2 are odd primes with p1 < p2. By Lemma 3.4, the number

2 · 3 · (2p21p22 + 1) is composite and by Lemma 3.1, we obtain

• n = 2(2p1 + 1)(2p1p
2
2 + 1) with p1, p2, 2p1 + 1 and 2p1p

2
2 + 1 are prime numbers.

For example, for p1 = 3 and p2 = 5, n = 2 · 7 · 151.

• n = 2(2p2 + 1)(2p21p2 + 1) with p1, p2, 2p2 + 1 and 2p21p2 + 1 are prime numbers.
For example, for p1 = 3 and p2 = 11 we obtain n = 2 · 23 · 199.

This completes the proof.
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3.2.2 n is not square-free with n odd

Assume that n is not square-free with n is odd. Here, we characterize all odd solutions
having only one power prime.

Proposition 3.9. The only possible solutions of the form qa1q2q3, where a ≥ 2 and 3 ≤ q1<q2<q3

are:

• 53(2p+ 1)(8p+ 1), where p, 2p+ 1and 8p+ 1 are prime numbers.

• q
17(t+t′)−9
1 (2yqt1+1)(2zqt

′
1 +1), where q1 is a Fermat prime and y, z are positive integers with

(q1, y + z) ∈ {(3, 15), (5, 14), (17, 12), (257, 8)} and 2yqt1 + 1, 2zqt′1 + 1 are prime numbers.

• q
5(t+t′)−3
1 (2yqt1 + 1)(2zqt

′
1 + 1), where q1 is a Fermat prime and y, z, t, t′ are positive integers

with (q1, y + z) ∈ {(3, 13), (5, 12), (17, 10), (257, 6)} and 2yqt1 + 1, 2zqt′1 + 1 are prime
numbers.

• q
13(t+t′)−9

5
1 (2yqt1+1)(2zqt

′
1 +1), where q1 is a Fermat prime and y, z, t, t′ are positive integers,

with (q1, y+z) ∈ {(3, 11), (5, 10), (17, 8), (257, 4)} and 2yqt1+1, 2zqt′1+1 are prime numbers.

• q
11(t+t′)−9

7
1 (2yqt1 +1)(2zqt

′
1 +1), where q1 is a Fermat prime and y, z, t, t′ are positive integers

with (q1, y + z) ∈ {(3, 9), (5, 8), (17, 6)} and 2yqt1 + 1, 2zqt′1 + 1 are prime numbers.

• qt+t′−1
1 (2yqt1 + 1)(2zqt

′
1 + 1), where q1 is a Fermat prime and y, z, t, t′ are positive integers

with (q1, y + z) ∈ {(3, 7), (5, 6), (17, 4)} and 2yqt1 + 1, 2zqt′1 + 1 are prime numbers.

• q
7(t+t′)−9

11
1 (2yqt1 + 1)(2zqt

′
1 + 1), where q1 is a Fermat prime and y, z, t, t′ are positive integers

with (q1, y + z) ∈ {(3, 5), (5, 4)} and 2yqt1 + 1, 2zqt′1 + 1 are primes.

• q
5(t+t′)−9

13
1 (2yqt1 + 1)(2zqt

′
1 + 1), where q1 is a Fermat prime and y, z, t, t′ are positive integers

with (q1, y + z) ∈ {(3, 3), (5, 2)} and 2yqt1 + 1, 2zqt′1 + 1 are primes.

• n = (2xq + 1)5(t+t′)−3 (2y(2xq + 1)tq + 1)
(
2z(2xq + 1)t

′
+ 1
)
, where q, 2xq + 1, 2y(2xq +

1)tq + 1, 2z(2xq + 1)t
′
+ 1 are prime numbers and x, y, z, t, t′ are positive integers with

x+ y + z = 4.

• n = (2xq + 1)5(t+t′)−3 (2y(2xq + 1)t + 1)
(
2z(2xq + 1)t

′
q + 1

)
, where q, 2xq + 1, 2y(2xq +

1)t + 1, 2z(2xq + 1)t
′
q + 1 are prime numbers and x, y, z, t, t′ are positive integers with

x+ y + z = 4.

• n = (2x + 1)5(t+t′)−3 (2y(2x + 1)tq + 1)
(
2z(2x + 1)t

′
q + 1

)
, where q, 2x+1, 2y(2xq+1)tq+

1, 2z(2xq+1)t
′
q+1 are prime numbers and x, y, z, t, t′ are positive integers with x+y+z = 4.
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• n = (2x + 1)5(t+t′)−3 (2y(2x + 1)tq2 + 1)
(
2z(2x + 1)t

′
+ 1
)
, where q, 2x + 1, 2y(2xq2 +

1)tq + 1, 2z(2xq + 1)t
′
+ 1 are prime numbers and x, y, z, t, t′ are positive integers with

x+ y + z = 4.

• n = (2x + 1)5(t+t′)−3 (2y(2x + 1)t + 1)
(
2z(2x + 1)t

′
q2 + 1

)
, where q, 2x+1, 2y(2xq+1)t+

1, 2z(2xq + 1)t
′
q2 + 1 are primes and x, y, z, t, t′ are positive integers with x+ y + z = 4.

proof. Let n = qa1q2q3 ∈ S. Therefore, by (3.11) we get

9 (2a+ 1) = τ
(
(q1 − 1) (q2 − 1) (q3 − 1) qa−1

1

)
. (3.12)

There are two cases:
Case 1. Suppose that ((q2 − 1) (q3 − 1) , q1) = 1. It follows from (3.12) that

9 = (τ ((q1 − 1) (q2 − 1) (q3 − 1))− 18) a. (3.13)

We distinguish the following subcases:

Case 1.1. a = 9. From (3.13), τ ((q1 − 1) (q2 − 1) (q3 − 1)) = 19. We must have

(q1 − 1) (q2 − 1) (q3 − 1) = 218,

and hence q1, q2 and q3 are Fermat primes. This is impossible.

Case 1.2. a = 3. From (3.13), τ ((q1 − 1) (q2 − 1) (q3 − 1)) = 21. If

(q1 − 1) (q2 − 1) (q3 − 1) = 220,

then q1, q2 and q3 are Fermat primes, which is impossible. Thus, we must have

(q1 − 1) (q2 − 1) (q3 − 1) = 26q2,

where q is odd prime, with (q1, q) = 1. By Lemma 3.1, 8q2 + 1 and 2q2 + 1 are
composite, and by Lemma 3.3, 2q + 1 and 24q + 1 are not simultaneously primes
and the same for 22q + 1 and 23q + 1, so we conclude that n is of the form: n =

53(2q + 1)(8q + 1), where q, 2q + 1 and 8q + 1 are prime numbers with q > 5. For
example, if q = 11 then n = 53 · 23 · 89.

Case 2. Suppose that ((q2 − 1) (q3 − 1) , q1) = q1. We put q1 − 1 = 2xm1, q2 − 1 = 2yqt1m2

and q3 − 1 = 2zqt
′
1m3, where x, y, z ≥ 1, max(t, t′) ≥ 1 and (2p1,m1m2m3) = 1. Let us take

m = m1m2m3. It follows from (3.12) that

(18− τ (m) (x+ y + z + 1)) a = τ (m) (x+ y + z + 1) (t+ t′)− 9. (3.14)
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As above, τ (m) (x+ y + z + 1) cannot be ≥ 18. Thus, we distinguish the following sub-
cases:

Case 2.1. τ (m) (x+ y + z + 1) = 17. Thus, τ (m) = 1 and so x + y + z = 16. Or equivalently,
m1 = m2 = m3 = 1, q1 is a Fermat prime and by (3.14), a = 17(t + t′)− 9. Therefore,
we get

n = q
17(t+t′)−9
1

(
2y · qt1 + 1

) (
2z · qt′1 + 1

)
,

where 2y · qt1 + 1 and 2z · qt′1 + 1 are primes with 2y · qt1 < 2z · qt′1 , and we have

(q1, y + z) ∈ {(3, 15), (5, 14), (17, 12), (257, 8)}.

For example, for q1 = 3, y = 2, z = 13, t = 2 and t′ = 5 we obtain n = 3110 ·37·1990657.

Case 2.2. τ (m) (x+ y + z + 1) = 15. We will consider separately the two cases τ (m) = 1 and
τ (m) = 3.

• τ (m) = 1. Then x+y+z = 14, q1 is a Fermat prime and by (3.14), a = 5(t+t′)−3.
Thus, we have

n = q
5(t+t′)−3
1

(
2y · qt1 + 1

) (
2z · qt′1 + 1

)
,

where 2y · qt1 + 1 and 2z · qt′1 + 1 are primes with 2y · qt1 < 2z · qt′1 , and we have
(q1, y + z) ∈ {(3, 13), (5, 12), (17, 10), (257, 6)}.
For example, for x = 1, y = 2, z = 11, t = 1 and t′ = 2 we obtain n = 312 · 13 ·
18433.

• τ (m) = 3. Then x + y + z = 4 and m = q2, where q is an odd prime with
(q1, q) = 1. Thus, by (3.14), a = 5(t+ t′)−3. In this case, n is one of the numbers:

◦ n = (2xq + 1)5(t+t′)−3 (2yqt1q + 1)
(
2zqt

′
1 + 1

)
, where 2xq + 1, 2yqt1q + 1 and

2zqt
′
1 + 1 are prime numbers.

For example, for x = y = 1, z = 2, q = 3, t = 1 and t′ = 2, we get
n = 712 · 43 · 197.

◦ n = (2xq + 1)5(t+t′)−3 (2yqt1 + 1)
(
2zqt

′
1 q + 1

)
, where 2xq + 1, 2yqt1 + 1 and

2zqt
′
1 q + 1 are prime numbers.

For example, for x = z = 1, y = 2, q = 3, t = 1 and t′ = 1, we get
n = 77 · 29 · 43.

◦ n = (2x + 1)5(t+t′)−3 (2yqt1q + 1)
(
2zqt

′
1 q + 1

)
, where 2x + 1, 2yqt1q + 1 and

2zqt
′
1 q + 1 are prime numbers.

For example, for x = z = 1, y = 2, q = 13, t = 0 and t′ = 1, we get
n = 32 · 53 · 79.
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◦ n = (2x + 1)5(t+t′)−3 (2yqt1q
2 + 1)

(
2zqt

′
1 + 1

)
, where 2x + 1, 2yqt1q

2 + 1 and
2zqt

′
1 + 1 are prime numbers.

For example, for x = y = 1, z = 2, q = 5, t = 1 and t′ = 6, we get
n = 332 · 151 · 2917.

◦ n = (2x + 1)5(t+t′)−3 (2yqt1 + 1)
(
2zqt

′
1 q

2 + 1
)
, where 2x+1, 2yqt1+1 and 2zqt

′
1 q

2+

1 are prime numbers.
For example, for y = z = t = 1, x = 2, q = 3 and t′ = 0, we get n = 52 ·11 ·19.

Case 2.3. τ (m) (x+ y + z + 1) = 13. Then τ (m) = 1 and x + y + z = 12. Thus, m1 = m2 =

m3 = 1 and q1 is a Fermat prime. By (3.14), 5a = 13(t+ t′)− 9. That is,

n = (q1)
13(t+t′)−9

5
(
2yqt1 + 1

) (
2zqt

′

1 + 1
)

,

where 2x + 1, 2yqt1 + 1 and 2zqt
′
1 + 1 are primes with 2yqt1 < 2zqt

′
1 and 5 | 13(t+ t′)− 9,

and we have (q1, y + z) ∈ {(3, 11), (5, 10), (17, 8), (257, 4)}.
For example, for x = t = 1, y = 5, z = 6 and t′ = 2 we get n = 36 · 97 · 577.

Case 2.4. τ (m) (x+ y + z + 1) = 11. We also have m = 1 and x+ y + z = 10. So, q1 is a Fermat
prime and by (3.14), 7a = 11(t+ t′)− 9. Thus,

n = q
11(t+t′)−9

7
1

(
2yqt1 + 1

) (
2zqt

′

1 + 1
)
,

where 2yqt1+1 and 2zqt
′
1 +1 are prime numbers with 2yqt1 < 2zqt

′
1 and 7 | 11(t+ t′)−9,

and we have (q1, x+ y) ∈ {(3, 9), (5, 8), (17, 6)}.
For example, for x = t = 1, y = 2, z = 7 and t′ = 3 we have n = 35 · 13 · 3457.

Case 2.5. τ (m) (x+ y + z + 1) = 9. Here, we must have τ (m) = 1 and x + y + z = 8, from
which it follows that m = 1 and q1 is a Fermat prime. Thus, by (3.14), a = t + t′ − 1.
Hence,

n = qt+t′−1
1

(
2yqt1 + 1

) (
2zqt

′

1 + 1
)
,

where 2yqt1 + 1 and 2zqt
′
1 + 1 are prime numbers with 2yqt1 < 2zqt

′
1 , and we have

(q1, x+ y) ∈ {(3, 7), (5, 6), (17, 4)}.

For example, for x = t = 1, y = 2, z = 5 and t′ = 4 we have n = 34 · 13 · 2593.

Case 2.6. τ (m) (x+ y + z + 1) = 7. As above m = 1 and x + y + z = 6. By (3.14), 11a =

7(t+ t′)− 9. That is,

n = q
(7(t+t′)−9)/11
1

(
2yqt1 + 1

) (
2zqt

′

1 + 1
)
,
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where 2yqt1+1 and 2zqt
′
1 +1 are prime numbers with 2yqt1 < 2zqt

′
1 and 11 | 7(t+ t′)−9,

and we have (q1, x+ y) ∈ {(3, 5), (5, 4)}.
For example, for x = y = 1, z = t′ = 4 and t = 2 we get n = 33 · 19 · 1297.

Case 2.7. τ (m) (x+ y + z + 1) = 5. We must have m = 1 and x + y + z = 4. By (3.14), we
deduce that 13a = 5(t+ t′)− 9 , and so

n = q
5(t+t′)−9

13
1

(
2yqt1 + 1

) (
2zqt

′

1 + 1
)
,

where 2yqt1+1 and 2zqt
′
1 +1 are prime numbers with 2yqt1 < 2zqt

′
1 and 13 | 5(t+ t′)−9,

and we have (q1, x+ y) ∈ {(3, 3), (5, 2)}.
For example, for x = t = 1, y = 1, z = 2 and t′ = 6 we get n = 32 · 7 · 2917.

Proposition 3.10. The only possible solutions of the form q1q
b
2q3, where b ≥ 2 and 3 ≤ q1<q2 < q3

are:

• 5(2q + 1)3(8q + 1), where q, 2q + 1, 8q + 1 are prime numbers with (q, 2q + 1) = 1.

• q1q
17t−9
2 (2zqt2+1), where q1, q2 are Fermat primes and z, t are positive integers with (q1, q2, z) ∈

{(3, 5, 13), (3, 17, 11), (3, 257, 7), (5, 17, 10), (5, 257, 6), (17, 257, 4)} and
2zqt2 + 1 is prime.

• n = q1q
5t−3
2 (2z · qt2 + 1), where q1, q2 are Fermat primes and z, t are positive integers with

(q1, q2, z) ∈ {(3, 5, 11), (3, 17, 9), (3, 257, 5), (5, 17, 8), (5, 257, 4), (17, 257, 2)} and 2zqt2+1

is prime.

• n = q1q
13t−9

5
2 (2z · qt2 + 1), where q1, q2 are Fermat primes and z, t are positive integers with

(q1, q2, z) ∈ {(3, 5, 9), (3, 17, 7), (3, 257, 3), (5, 17, 6), (5, 257, 2)} and 2zqt2 + 1 is prime.

• n = q1q
11t−9

7
2 (2z · qt2 + 1), where q1, q2 are Fermat primes and z, t are positive integers with

(q1, q2, z) ∈ {(3, 5, 7), (3, 17, 5), (3, 257, 1), (5, 17, 4)} and 2zqt2 + 1 is prime.

• n = q1q
t−1
2 (2z · qt2 + 1), where q1, q2 are Fermat primes and z, t are positive integers with

(q1, q2, z) ∈ {(3, 5, 5), (3, 17, 3), (5, 17, 2)} and 2zqt2 + 1 is prime.

• n = q1q
7t−9
11

2 (2z · qt2 + 1), where q1, q2 are Fermat primes and z, t are positive integers with
(q1, q2, z) ∈ {(3, 5, 3), (3, 17, 1)} and 2zqt2 + 1 is prime.

• n = (2x + 1) (2yq + 1)5t−3 (2z(2yq + 1)tq + 1), where q, 2x + 1, 2yq + 1, 2z(2yq + 1)tq + 1

are prime numbers.
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• n = (2x + 1) (2yq2 + 1)
5t−3

(2z(2yq2 + 1)t + 1), where q, 2x + 1, 2yq2 + 1 and 2z(2yq2 +

1)t + 1 are prime numbers.

• n = 3 · 55t−3 (2 · 5tq2 + 1), where q and 2 · 5tq2 are prime numbers.

• n = 3 · 5 5t−9
13 (2 · 5t + 1), where 2 · 5t + 1 is prime.

proof. Let n = q1q
b
2q3, where b ≥ 2 and 3 ≤ q1 < q2 < q3. Assume further that n ∈ S. It

follows that
9 (2b+ 1) = τ

(
(q1 − 1) (q2 − 1) (q3 − 1) qb−1

2

)
. (3.15)

There are two cases:
Case 1. Assume that ((q3 − 1) , q2) = 1. By (3.15), we have

9 = (τ ((q1 − 1) (q2 − 1) (q3 − 1))− 18) b. (3.16)

We distinguish the following subcases:

Case 1.1. b = 9. From (3.16), τ ((q1 − 1) (q2 − 1) (q3 − 1)) = 19. We must have

(q1 − 1) (q2 − 1) (q3 − 1) = 218,

and hence q1, q2 and q3 are Fermat numbers. This is impossible.

Case 1.2. b = 3. By (3.16), τ ((q1 − 1)(q2 − 1)(q3 − 1)) = 21. If (q1 − 1)(q2 − 1)(q3 − 1)=220, then
q1, q2 and q3 are Fermat numbers, which is impossible. Thus, we must have

(q1 − 1) (q2 − 1) (q3 − 1) = 26q2,

where q is odd prime with (q2, q) = 1. By Lemma 3.1, 8q2+1 and 2q2+1 are composite
and by Lemma 3.3, 2q + 1 and 24q + 1 are not simultaneously primes. A similar
argument holds for 22q + 1 and 23q + 1 , so we conclude that n is of the form:

n = 5(2q + 1)3(8q + 1),

where 2q + 1 and 8q + 1 are simultaneously primes. For example, if q = 5 then
n = 5 · 113 · 41.

Case 2. Assume that ((q3 − 1) , q2) = q2. We put q1 − 1 = 2xm1, q2 − 1 = 2ym2 and q3 − 1 =

2zqt2m3, where x, y, z ≥ 1, t ≥ 1 and (2q2,m1m2m3) = 1. Put m = m1m2m3. It follows from
(3.15) that

(18− τ (m) (x+ y + z + 1)) b = (τ (m) (x+ y + z + 1) t− 9) . (3.17)

Note that τ (m) (x+ y + z + 1) cannot ≥ 18. Thus, we distinguish the following subcases:
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Case 2.1. τ (m) (x+ y + z + 1) = 17. Then τ (m) = 1, and so x + y + z = 16. Or equivalently,
m1 = m2 = m3 = 1, q1 and q2 are Fermat numbers and by (3.17), b = 17t − 9.
Therefore, n = q1q

17t−9
2 (2zqt2 + 1), where 2zqt2 + 1 is prime with

(q1, q2, z) ∈ {(3, 5, 13), (3, 17, 11), (3, 257, 7), (5, 17, 10), (5, 257, 6), (17, 257, 4)}.

For example, for x = 1, y = 2, z = 13, t = 1 we have n = 3 · 58 · 40961.

Case 2.2. τ (m) (x+ y + z + 1) = 15. We will consider separately the two cases τ (m) = 1 and
τ (m) = 3.

• When τ (m) = 1. Then x + y + z = 14, q1 and q2 are Fermat numbers and by
(3.17), b = 5t− 3. Thus, n = q1q

5t−3
2 (2z · qt2 + 1), where 2z · qt2 + 1 is prime with

(q1, q2, z) ∈ {(3, 5, 11), (3, 17, 9), (3, 257, 5), (5, 17, 8), (5, 257, 4), (17, 257, 2)}.

For example, for x = 1 , y = 2, z = 11, we have t = 15 which is the first value
with this property. That is, n = 3 · 572 · 62500000000001.

• When τ (m) = 3. Then x+ y + z = 4 and m = q2, where q is an odd prime with
(q2, q) = 1. Thus, by (3.17), b = 5t− 3. Hence,

◦ n = (2x + 1) (2yq + 1)5t−3 (2zqt2q + 1).
For example, for x = z = 1, y = 2 and t = 1 we have n = 3 · 132 · 79.

◦ n = (2x + 1) (2yq2 + 1)
5t−3

(2zqt2 + 1).
For example, for x = y = 1, z = 2 and t = 3 we have n = 3 · 1912 · 27437.

◦ n = (2x + 1) (2y + 1)5t−3 (2zqt2q
2 + 1), we must have x = z = 1, y = 2, hence

n = (3) (5)5t−3 (2 · 5tq2 + 1).
For example for q = 7 and t = 1 we get n = 3 · 52 · 491.

Case 2.3. τ (m) (x+ y + z + 1) = 13. Then τ (m) = 1 and x + y + z = 12. Thus, m1 = m2 =

m3 = 1 and q1, q2 are Fermat primes. By (3.17), 5b = 13t− 9. That is,

n = q1q
(13t−9)/5
2

(
2z · qt2 + 1

)
,

where 5 | 13t− 9 and 2z · qt2 + 1 is prime and we have

(q1, q2, z) ∈ {(3, 5, 9), (3, 17, 7), (3, 257, 5), (5, 17, 6), (5, 257, 2)}.

Case 2.4. τ (m) (x+ y + z + 1) = 11. We also have m = 1 and x + y + z = 10. So, q1 and q2 are
Fermat numbers and by (3.17), 7b = 11t− 9. Thus, n = q1q

(11t−9)/7
2 (2z · qt2 + 1), where
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7 | 11t− 9 and 2z · qt2 + 1 is prime and

(q1, q2, z) ∈ {(3, 5, 7), (3, 17, 5), (3, 257, 1), (5, 17, 4)}.

For example, if x = 1, y = 2, z = 7 and t = 333 then n = 3 · 5522 · (27 · 5333 + 1).

Case 2.5. τ (m) (x+ y + z + 1) = 9. Here, we must have m = 1 and x + y + z = 8, from which
it follows that q1 and q2 are Fermat primes. Thus, by (3.17), b = t− 1 and so

n = q1q
t−1
2

(
2z · qt2 + 1

)
,

where 2z · qt2 + 1 is prime and (q1, q2, z) ∈ {(3, 5, 5), (3, 17, 3), (5, 17, 2)}.
For example, for x = 1, y = 2, z = 5. For t = 3 , we get n = 3 · 52 · 4001.

Case 2.6. τ (m) (x+ y + z + 1) = 7. Obviously m = 1 and x+ y+ z = 6. By (3.14), 11b = 7t− 9.
That is, n = q1q

(7t−9)/11
2 (2z · qt2 + 1), where 11 | 7t − 9 and 2z · qt2 + 1 is prime and we

have
(q1, q2, z) ∈ {(3, 5, 3), (3, 17, 1)}.

Case 2.7. τ (m) (x+ y + z + 1) = 5. We must have m = 1 and x + y + z = 4. By (3.17), we
deduce that 13b = 5t − 9, and so n = 3 · 5(5t−9)/13 (2 · 5t + 1), where 13 | 5t − 9 and
2 · 5t + 1 is prime. After computation, t = 3699 is the first value with this property.
That is, n = 3 · 51422 · (2 · 53699 + 1).

Proposition 3.11. The only solutions of the form q1q2q
c
3, where c ≥ 2 and 3 ≤ q1 < q2 < q3 are:

3 · 5 · 733, 3 · 17 · 193 and 5 (2q + 1) (8q + 1)3, where q, 2q + 1 and 8q + 1 are prime numbers.

proof. Let n = q1q2q
c
3, where c ≥ 2 and 3 ≤ q1 < q2 < q3. Since n ∈ S, then

9 = (τ ((q1 − 1) (q2 − 1) (q3 − 1))− 18) c. (3.18)

We distinguish the following two cases:
Case 1. c = 9 and τ ((q1 − 1) (q2 − 1) (q3 − 1)) = 19. It follows that

(q1 − 1) (q2 − 1) (q3 − 1) = 218

and so q1, q2, q3 are Fermat numbers, which is impossible.

Case 2. c = 3 and τ ((q1 − 1) (q2 − 1)(q3 − 1)) = 21. As above, if (q1 − 1)(q2 − 1)(q3 − 1) =

220, then q1, q2, q3 are also Fermat number, which is impossible. But, if (q1 − 1)(q2 − 1)(q3 − 1)=

26q2, with q is odd prime, then by applying Lemma 3.3, 2q + 1 and 16q + 1 are not simul-
taneously primes (the same for 4q + 1 and 8q + 1). Then n is one of the numbers:
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◦ n = 3 · 5 · (8q2 + 1)
3, where 8q2 + 1 is prime. By Lemma 3.1, q = 3 is the only prime

with this property, hence n = 3 · 5 · 733.

◦ n = 3 · 17 · (2q2 + 1)
3, where 2q2 + 1 is prime. From Lemma 3.1, q = 3 is the only

prime with this property, hence n = 3 · 17 · 193.

◦ n = 5 · (2q + 1) (8q + 1)3, where 2q+1 and 8q+1 are prime numbers. The first primes
with these properties are q = 5, 11, 29, 131, 179, 239, 431, 491, . . . .

3.2.3 n is not square-free with n even

Now, assume that n is not square-free with n is even. Here, we characterize all even
solutions having only one power prime.

Proposition 3.12. The only possible solutions of the form 2apq, where a ≥ 2 and 3 ≤ p < q are:

• 217(x+y)−9(2xm1+1)(2ym2+1), where 2xm1+1, 2ym2+1 are prime numbers with 2xm1 <

2ym2 and m1m2 = r16 such that r is an odd prime.

• 25(x+y)−3(2xm1+1)(2ym2+1), where 2xm1+1, 2ym2+1 are prime numbers with 2xm1 <

2ym2 and m1m2 = r14 or m1m2 = r41r
2
2 such that r, r1, r2 are odd primes.

• 2
13(x+y)−9

5 (2xm1+1)(2ym2+1), where 2xm1+1, 2ym2+1 are prime numbers with 2xm1 <

2ym2 and m1m2 = r12 such that r is an odd prime.

• 2
11(x+y)−9

7 (2xm1+1)(2ym2+1), where 2xm1+1, 2ym2+1 are prime numbers with 2xm1 <

2ym2 and m1m2 = r10 such that r is an odd prime.

• 2(x+y)−1(2xm1 +1)(2ym2 +1), where 2xm1 +1, 2ym2 +1 are prime numbers with 2xm1 <

2ym2 and m1m2 = r8 or m1m2 = r21r
2
2 such that r, r1, r2 are odd primes.

• 2
7(x+y)−9

11 (2xm1 +1)(2ym2 +1), where 2xm1 +1, 2ym2 +1 are prime numbers with 2xm1 <

2ym2 and where m1m2 = r6 such that r is an odd prime.

• 2
5(x+y)−9

13 (2xm1 +1)(2ym2 +1), where 2xm1 +1, 2ym2 +1 are prime numbers with 2xm1 <

2ym2 and m1m2 = r4, such that r is an odd prime.

• 2
(x+y)−3

5 (2xm1 + 1)(2ym2 + 1), where 2xm1 + 1, 2ym2 + 1 are prime numbers with 2xm1 <

2ym2 and m1m2 = r2 such that r is an odd prime.

• 2
(x+y)−1

9 (2x + 1)(2y + 1), where 2x + 1 and 2y + 1 are prime numbers with x < y.
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proof. Let n = 2apq, where a ≥ 2 and 3 ≤ p < q. Since n ∈ S, then

9 (2a+ 1) = τ
(
(p− 1) (q − 1) 2a−1

)
. (3.19)

We put p− 1 = 2xm1, q− 1 = 2ym2, where x, y ≥ 1 and (2,m1m2) = 1, it follow from (3.19)
that

(18− τ(m1m2))a = τ(m1m2)(x+ y)− 9. (3.20)

We observe that τ(m1m2) is odd and cannot be ≥ 18, so we distinguish the following cases:

Case 1. τ(m1m2) = 17. It follows that m1m2 = r16, where r ≥ 3 is prime and so, by (3.20),
a = 17(x + y) − 9. Then n = 217(x+y)−9(2xm1 + 1)(2ym2 + 1), where 2xm1 + 1 and
2ym2 + 1 are prime numbers with 2xm1 < 2ym2.
For example, for m1 = r, m2 = r15, y = 2, x = 2 and r = 3, we get n = 259 · 13 ·
57395629.

Case 2. τ(m1m2) = 15. It follows that m1m2 = r14 or m1m2 = r41r
2
2, where r1 and r2 are

distinct odd primes and by (3.20), a = 5(x+ y)− 3. Therefore,

n = 25(x+y)−3(2xm1 + 1)(2ym2 + 1),

where 2xm1 + 1 and 2ym2 + 1 are prime numbers with 2xm1 < 2ym2.
For example, for m1 = 52, m2 = 34, x = 2, y = 1, r1 = 5 and r2 = 3 we have
= 212 · 101 · 163.

Case 3. τ(m1m2) = 13. It follows that m1m2 = r12, where r ≥ 3 is prime and by (3.20),
5a = 13(x + y) − 9. Thus we obtain n = 2(13(x+y)−9)/5(2xm1 + 1)(2ym2 + 1), where
5|13(x+ y)− 9, 2xm1 + 1 and 2ym2 + 1 are prime numbers with 2xm1 < 2ym2.
For example, for x = 1, y = 2 and m1 = m2 = 36 we obtain n = 26 · 1459 · 2917.

Case 4. τ(m1m2) = 11. Therefore, m1m2 = r10, where r ≥ 3 is prime. From (3.20), 7a =

11(x + y) − 9. Hence, n = 2(11(x+y)−9)/7(2xm1 + 1)(2ym2 + 1), where 7|11(x + y) − 9,
2xm1 + 1 and 2ym2 + 1 are prime numbers with 2xm1 < 2ym2.
For example, for x = 2, y = 16, m1 = 36 andm2 = 34 we obtain n = 227 ·2917·5308 417.

Case 5. τ(m1m2) = 9. It follows that m1m2 = r8 or m1m2 = r21r
2
2, where r1 and r2 are distinct

odd primes. By (3.20), a = (x + y) − 1. Hence, n = 2(x+y)−1(2xm1 + 1)(2ym2 + 1),
where 2xm1 + 1 and 2ym2 + 1 are prime numbers with 2xm1 < 2ym2.
For example, for x = 1, y = 4 and m1 = m2 = 34 we have n = 24 · 163 · 1297. Also, for
x = 1, y = 2, m1 = 32 and m2 = 52 we get n = 22 · 19 · 101.
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Case 6. τ(m1m2) = 7. That is, m1m2 = r6, where r ≥ 3 is prime, and by (3.20), 11a =

7(x + y) − 9. Hence, n = 2(7(x+y)−9)/11(2xm1 + 1)(2ym2 + 1), where 11|7(x + y) − 9,
(2xm1 + 1) and (2ym2 + 1) are prime numbers with 2xm1 < 2ym2 .
For example, for x = 2, y = 4, m1 = 32 and m2 = 34 we get n = 23 · 37 · 1297.

Case 7. τ(m1m2) = 5. Thenm1m2 = r4, where r ≥ 3 is prime and by (3.20), 13a = 5(x+y)−9.
Hence, n = 2(5(x+y)−9)/13(2xm1 + 1)(2ym2 + 1), where 13|5(x+ y)− 9, (2xm1 + 1) and
(2ym2 + 1) are prime numbers with 2xm1 < 2ym2.
For example, for x = 1, y = 6 and m1 = m2 = 32 we have n = 22 · 19 · 577.

Case 8. τ(m1m2) = 3. Then m1m2 = r2, where r ≥ 3 is prime. By (3.20), 5a = (x + y) − 3.
Hence, n = 2((x+y)−3)/5(2xm1+1)(2ym2+1), where 5|(x+y)−3, 2xm1+1 and 2ym2+1

are prime numbers with 2xm1 < 2ym2.
For example, for x = 1 , y = 12 and m1 = 1, m2 = 112 we have n = 22 · 3 · 495617.

Case 9. τ(m1m2) = 1. That m1 = m2 = 1 and by (3.20), 9a = (x+ y)− 1. Hence,

n = 2(x+y−1)/9(2x + 1)(2y + 1),

where 9|(x+ y)− 1, (2x + 1) and (2y + 1) are Fermat primes with 2x + 1 < 2y + 1.

Proposition 3.13. The only possible solutions of the form 2pbq, where b ≥ 2 and 3 ≤ p < q are:

• 2F 9
1F4, 2F 3

2F4, 2 · 193 · 163.

• 2 · 53(24r2 + 1), where r and 24r2 + 1 are prime numbers.

• 2 · 173(22r2 + 1), where r and 22r2 + 1 are prime numbers.

• 2(2r + 1)3(25r + 1), where r, 2r + 1 and 25r + 1 are prime numbers.

• 2(2r + 1)3(2r5 + 1), where r, 2r + 1 and 2r5 + 1 are prime numbers.

• 2(2x + 1)17t−9(2y(2x + 1)t + 1), where 2x + 1, 2y(2x + 1)t + 1 are prime numbers and x, y
are positive integers with x+ y = 16.

• 2(2x + 1)5t−3(2y(2x + 1)t + 1), where 2x + 1, 2y(2x + 1)t + 1 are prime numbers and x, y
are positive integers with x+ y = 14.

• 2 · 35t−3(23 · 3t · r2 + 1), where r and 23 · 3t · r2 + 1 are prime numbers with (3, r) = 1.

• 2 · 55t−3(22 · 5t · r2 + 1), where r and 23 · 5t · r2 + 1 are prime numbers with (5, r) = 1.

• 2(2r + 1)5t−3(23r(2r + 1)t + 1), where r, 2r + 1 and 23r(2r + 1)t + 1 are prime numbers.
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• 2(4r + 1)5t−3(22r(4r + 1)t + 1), where r, 4r + 1 and 22r(4r + 1)t + 1 are prime numbers.

• 2(8r + 1)5t−3(2r(8r + 1)t + 1), where r, 8r + 1 and 2r(8r + 1)t + 1 are prime numbers.

• 2(4r2 + 1)5t−3(4(4r2 + 1)t + 1), where r, 4r2 + 1 and 4(4r2 + 1)t + 1 are prime numbers.

• 2 · 35t−3(2 · 3t · r4 + 1), where r and 2 · 3t · r4 + 1 are prime numbers with (3, r) = 1.

• 2(2r + 1)5t−3(2r3(2r + 1)t + 1), where r, 2r + 1 and 2r3(2r + 1)t + 1 are prime numbers.

• 2 · 195t−3(2 · 19tr2 + 1), where r and 2 · 19tr2 + 1 are prime numbers with (19, r) = 1.

• 2(2r3 + 1)5t−3(2r(2r3 + 1)t + 1), where r, 2r3 + 1 and 2r(2r3 + 1)t + 1 are prime numbers.

• 2(2r4 + 1)5t−3(2(2r4 + 1)t + 1), where r, 2r4 + 1 and 2(2r4 + 1)t + 1 are prime numbers.

• 2(2x +1)
13t−9

5 (2y(2x +1)t +1), where 2x +1, 2y(2x +1)t +1 are prime numbers and x, y, t
are positive integers with x+ y = 12.

• 2(2x +1)
11t−9

7 (2y(2x +1)t +1), where 2x +1, 2y(2x +1)t +1 are prime numbers and x, y, t
are positive integers with x+ y = 10.

• 2(2x + 1)t−1(2y(2x + 1)t + 1), where 2x + 1, 2y(2x + 1)t + 1 are prime numbers and x, y, t
are positive integers with x+ y = 8.

• 2 · 3t−1(2 · 3tr2 + 1) where r and 2 · 3tr2 + 1 are prime numbers with (3, r) = 1.

• 2(2r + 1)t−1(2r(2r + 1)t + 1), where r, 2r + 1 and 2r(2r + 1)t + 1 are prime numbers.

• 2(2x + 1)
7t−9
11 (2y(2x + 1)t + 1) where 2x + 1, 2y(2x + 1)t + 1 are prime numbers and x, y, t

are positive integers with x+ y = 6.

• 2(2x + 1)
5t−9
13 (2y(2x + 1)t + 1), where 2x + 1, 2y(2x + 1)t + 1 are prime numbers and x, y, t

are positive integers with x+ y = 4.

proof. Let n = 2pbq, where b ≥ 2 and 3 ≤ p < q. Since n ∈ S, we have

9 (2b+ 1) = τ
(
(p− 1) (q − 1) pb−1

)
(3.21)

Case 1. Assume that (q − 1, p) = 1. It follows from (3.21) that 9 = (τ ((p− 1) (q − 1))− 18) b.
We distinguish the following subcases:

Case 1.1. b = 9 and τ ((p− 1) (q − 1)) = 19 . Thus we must have (p− 1) (q − 1) = 218 and p, q

are Fermat primes. Hence, n = 2F 9
1F4.

Case 1.2. b = 3 and τ ((p− 1) (q − 1)) = 21 . Here we have the following possibilities:
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• (p− 1) (q − 1) = 220 and p, q are Fermat number. As above, n = 2F 3
2F4.

• (p− 1) (q − 1) = 26r2, where r ≥ 3 is prime. By Lemma 3.1, 22 ·r+1 and 24 ·r2+1

cannot be simultaneously primes. Thus, n is one of the numbers:

◦ n = 2 · 53(24r2 + 1), where 24 · r2 + 1 is prime.
For example, for r = 29 we have n = 2 · 53 · 13457.

◦ n = 2 · 173(22r2 + 1), where 22 · r2 + 1 is prime.
For example, for r = 3 we have n = 2 · 173 · 37.

◦ n = 2(2r + 1)3(25r + 1), where 2 · r + 1 and 25 · r + 1 are both prime.
For example, for r = 3 we have n = 2 · 73 · 97.

• (p− 1) (q − 1) = 22r6, where r ≥ 3 is prime with (r, q) = 1. Thus, n is one of the
numbers:

◦ n = 2(2 · r + 1)3(2 · r5 + 1), where 2 · r + 1 and 2r5 + 1 are both prime.
For example, for r = 3 we get n = 2 · 73 · 487.

◦ n = 2(2 · r2 + 1)3(2 · r4 + 1), where 2 · r2 + 1 and 2 · r4 + 1 are both prime.
By Lemma 3.1, r = 3 is the only solution for this case, hence we get n =

2 · 193 · 163.

Case 2. Assume that (q − 1, p) = p. We put p−1 = 2xm1 and q−1 = 2yptm2, where x, y ≥ 1,
t ≥ 1 and (2p,m1m2) = 1. Let m = m1m2, it follows from (3.21) that

(18− τ (m) (x+ y + 1)) b = (τ (m) (x+ y + 1) t− 9) . (3.22)

We observe that τ (m) (x+ y + 1) is odd and cannot be ≥ 18, so we have the following
possibilities:

Case 2.1. τ (m) (x+ y + 1) = 17. That is, m = 1 and x + y = 16. So, p is a Fermat prime. By
(3.22), b = 17t− 9 and therefore n = 2(2x+1)17t−9(2y(2x+1)t+1), where (2x+1) and
(2y(2x + 1)t + 1) are prime numbers.
For example, for x = 1, t = 4 and y = 15 we have n = 2 · 359 · 2654209.

Case 2.2. τ (m) (x+ y + 1) = 15. There are three possibilities:

• τ (m) = 1 and x + y = 14. So, m1 = m2 = 1 and p is a Fermat prime. By (3.22),
b = 5t − 3, in which case n = 2(2x + 1)5t−3(2y(2x + 1)t + 1), where 2x + 1 and
2y(2x + 1)t + 1 are prime numbers.
For example, for x = 1, y = 13, t = 5 we have n = 2 · 322 · 1990657.

• τ (m) = 3 and x + y = 4. Therefore, m = r2, where r ≥ 3 is prime. From (3.22),
b = 5t − 3. By Lemma 3.1, 2 · 73t + 1 is composite. Also, by Remark 3.1, the
number 23 · 19t + 1 is composite. Thus, n is one of the numbers:
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◦ n = 2 · 35t−3(23 · 3t · r2 + 1), where 23 · 3t · r2 + 1 is prime.
For example, for r = 7 and t = 2 we obtain n = 2 · 37 · 3529.

◦ n = 2 · 55t−3(22 · 5t · r2 + 1), where 22 · 5t · r2 + 1 is prime.
For example, for r = 7 and t = 4 we obtain n = 2 · 517 · 122501.

◦ n = 2(2r + 1)5t−3(23 · r · (2r + 1)t + 1), where 2r + 1 and 23 · r · (2r + 1)t + 1

are prime numbers.
For example, for r = t = 3 we have n = 2 · 712 · 8233.

◦ n = 2(4r + 1)5t−3(22 · r · (4r + 1)t + 1), where 4r + 1 and 22 · r · (4r + 1)t + 1

are prime numbers.
For example, for r = 3 and t = 1 we have n = 2 · 132 · 157.

◦ n = 2(8r+1)5t−3(2 · r · (8r+1)t +1), where 8r+1 and 2 · r · (8r+1)t +1 are
prime numbers.
For example, for r = 5 and t = 2 we get n = 2 · 417 · 16811.

◦ n = 2(4r2 + 1)5t−3(4 · (4r2 + 1)t + 1), where 4r2 + 1 and 4 · r · (4r2 + 1)t + 1

are prime numbers.
For example, for r = 7 and t = 6, we get n = 2 · 19727 · 233806913236517.

• τ (m) = 5 and x = y = 1. Thus m = r4, where r ≥ 3 is prime. It follows from
(3.22) that b = 5t− 3. Therefore, by Lemma 3.1, n is one of the numbers:

◦ n = 2 · 35t−3(2 · 3t · r4 + 1), where 2 · 3t · r4 + 1 is prime.
For example, if r = 5 and t = 2 then n = 2 · 37 · 11251.

◦ n = 2(2r + 1)5t−3(2 · r3 · (2r + 1)t + 1), where 2r + 1 and 2 · r3 · (2r + 1)t + 1

are prime numbers.
For example, for r = 3 and t = 1 we have n = 2 · 72 · 379.

◦ n = 2 · 195t−3(2 · 19t · r2 + 1), where 2 · 19t · r2 + 1 is prime.
For example, if r = 3 and t = 29, then

n = 2 · 19142 · 218336795902605993201009018384568383223.

◦ n = 2(2r3 +1)5t−3(2 · r · (2r3 +1)t +1), where 2r3 +1 and 2 · r · (2r3 +1)t +1

are prime numbers.
For example, if r = 5 and t = 12, then

n = 2 · 25157 · 625294570645574159995353780011.

◦ n = 2(2r4 + 1)5t−3(2 · (2r4 + 1)t + 1), where 2r4 + 1 and 2 · (2r4 + 1)t + 1 are
prime numbers.

Case 2.3. τ (m) (x+ y + 1) = 13. It follows that m = 1 and x + y = 12, which gives that p is a
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Fermat prime. By (3.22), 5b = 13t − 9 and so n = 2(2x + 1)(13t−9)/5(2y(2x + 1)t + 1),
where 2x + 1 and 2y(2x + 1)t + 1 are primes, with 5|13t− 9.

Case 2.4. τ (m) (x+ y + 1) = 11. Obviously, m = 1 and x+ y = 12. So, p is a Fermat prime. By
(3.22), 7b = 11t− 9 and therefore n = 2(2x + 1)(11t−9)/7(2y(2x + 1)t + 1), where 2x + 1

and 2y(2x + 1)t + 1 are both prime, with 7|11t− 9.

Case 2.5. τ (m) (x+ y + 1) = 9. There are two possibilities to consider:

• τ (m) = 1 and so x + y = 8. Thus, m1 = m2 = 1 and q2 is a Fermat prime By
(3.22), b = t − 1, from which it follows that n = 2(2x + 1)t−1(2y(2x + 1)t + 1),
where 2x + 1 and 2y(2x + 1)t + 1 are prime.
For example, for x = 2, y = 6 and t = 14 we have n = 2 · 513 · 390625000001.

• τ (m) = 3 and x + y = 2. So, m1m2 = r2, where r is odd prime and (p, r) = 1,
x = y = 1 and b = t− 1. Therefore, by Lemma 3.1, it follows that n is one of the
numbers:
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◦ n = 2 · 3t−1(2 · 3t · r2 + 1), where 2 · 3t · r2 + 1 is prime.
For example, for r = 5 and t = 4 we get n = 2 · 33 · 4051.

◦ n = 2(2r + 1)t−1(2 · r · (2r + 1)t + 1), where 2r + 1 and 2 · r · (2r + 1)t + 1 are
prime numbers.
For example for r = 3 and t = 4, we have n = 2 · 73 · 14407.

◦ n = 2 ·19t−1(2 ·19t+1). By Lemma 3.1, the number 2 ·19t+1 is divisible by 3.

Case 2.6. τ (m) (x+ y + 1) = 7, it follows that τ (m) = 1, and (x+ y + 1) = 7. So, m1 = m2 = 1,
p is Fermat numbers, x+ y = 6. From (3.22), 11b = 7t− 9 and hence

n = 2(2x + 1)(7t−9)/11(2y(2x + 1)t + 1),

where 2x + 1 and 2y(2x + 1)t + 1 are prime numbers, with 11|7t− 9.
For example, for x = 4, y = 2 and t = 6 we have n = 2 · 173 · 96550277.

Case 2.7. τ (m) (x+ y + 1) = 5. It follows that m1 = m2 = 1 and x + y = 4. So, p is a Fermat
prime and by (3.22), 13b = 5t − 9. Therefore, n = 2(2x + 1)(5t−9)/13(2y(2x + 1)t + 1),
where (2x + 1) and (2y(2x + 1)t + 1 are both prime with 13|5t− 9.
For example, for x = 1, y = 3 and t = 7 we have n = 2 · 32 · 17497.

Proposition 3.14. The only possible solutions of the form 2pqc, with c ≥ 2 and 3 ≤ p < q are:

• 2F1F
9
4 , 2F2F

3
4 , 2 · 3 · 14593, 2 · 19 · 1633.

• 2 · 5 · (24r2 + 1)3, where r and 24r2 + 1 are odd primes.

• 2 · 17 · (22r2 + 1)3, where r and 22r2 + 1 are odd primes.

• 2(4r + 1)(24r + 1)3, where r, 4r + 1 and 24r + 1 are odd primes.

• 2(2r + 1)(2r5 + 1)3, where r, 2r + 1 and 2r5 + 1 are odd primes.

proof. Let n = 2pqc where c ≥ 2 and 3 ≤ p < q. Since n ∈ S, we have

9 = (τ ((p− 1) (q − 1))− 18) c.

We distinguish the following cases:

Case 1. τ ((p− 1) (q − 1)) = 19 and c = 9. It follows that (p− 1) (q − 1) = 218 and so p, q
are Fermat primes. Then n = 2F1F

9
4 is the only solution.

Case 2. τ ((p− 1) (q − 1)) = 21 and c = 3. Here (p− 1) (q − 1) is either 220, 26 · r2 or 22 · r6

where r ≥ 3 is prime. We study these subcases separately.
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Case 2.1. (p− 1) (q − 1) = 220. Then p, q are Fermat primes, in which case n = 2F2F
3
4 .

Case 2.2. (p− 1)(q − 1) = 26 · r2. Then n is one of the numbers:

◦ n = 2 · 5(24 · r2 + 1)3, where 24 · r2 + 1 is also prime.
For example, for r = 5 we have n = 2 · 5 · 4013.

◦ n = 2 · 17(22 · r2 + 1)3, where 22 · r2 + 1 is prime.
For example, for r = 3 we get n = 2 · 17 · 373.

◦ n = 2(22 · r + 1)(24 · r + 1)3, where 22 · r + 1 and 24 · r + 1 are prime numbers.
For example, for r = 7 we get n = 2 · 29 · 1133.

Case 2.3. (p− 1) (q − 1) = 22 · r6. Then n is one of the numbers:

◦ n = 2 · 3(2 · r6 + 1)3, where 2 · r6 + 1 is prime. By Lemma 3.1, r = 3 is the only
possible value, i.e., n = 2 · 3 · 14593.

◦ n = 2(2 · r2 +1)(2 · r4 +1)3, where 2 · r2 +1 and 2 · r4 +1 are prime numbers. By
Lemma 3.1, we get r = 3 and so n = 2 · 19 · 1633.

◦ n = 2(2 · r + 1)(2 · r5 + 1)3, where r, 2 · r + 1 and 2 · r5 + 1 are prime numbers.
The first primes r with these properties are r = 3, 23, 29, 53, 251, 443, 953, . . . .

3.3 Are there infinitely many n such that τ
(
n2
)
= τ (φ (n))?

The crucial question that remains: Is the set S infinite? The answer to this question seems
difficult because we have, in the previous section, a system of polynomials in which, for a
given prime p, each polynomial must takes in p a value which is also a prime number.

Recall that Dickson’s Conjecture was formulated by Leonard Dickson in [10]: Let s ≥ 1

and let fi (x) = ai · x+ bi with ai, bi integers, bi ≥ 1 for i = 1, 2, . . . , s. If there does not exist any
integer n > 1 dividing all the products f1 (k) f2 (k) · · · fs (k), for every integer k, then there exist
infinitely many natural numbers m such that all numbers f1 (m) , f2 (m) , . . . , fs (m) are prime
numbers.

As in [7], let us take the system of integer valued polynomials whose leading coeffi-
cients are positive: 

f1 (x) = x,

f2 (x) = 4x+ 1,

f3 (x) = 16x+ 1.
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Assume further that there exists an integer n > 1 which is a common divisor for the
integers

f1 (k) f2 (k) f3 (k) , for k ∈ Z.

That is, n is a common divisor for the integers k (4k + 1) (16k + 1), k ∈ Z. Then n is a
common divisor for the integers (n+1)(4n+5)(16n+17). Since n ∤ (n+1), n divide 4n+5

or n divide 16n+ 17. This means that n = 5 or n = 17. But either n = 5 or n = 17 does not
divide f1 (2) f2 (2) f3 (2) = 2 ·33 ·11. So there is no integer n > 1 which is a common divisor
for the integers f1 (k) f2 (k) f3 (k), k ∈ Z. Consequently, we have the following result:

Theorem 3.2. Assuming Dickson’s conjecture, there exist infinitely many primes p such that
4p+ 1 and 16p+ 1 are prime numbers.

Corollary 3.1. There exist infinitely many positive integers n such that n ∈ S .

proof. Recall that the integer n = 5(4p+1)(16p+1) with p, 4p+1 and 16p+1 primes are in S.
Since, by the above theorem there exist infinitely many primes p such that 4p+1 and 16p+1

are prime numbers. Thus, we have infinitely many integers n = 5(4p+1)(16p+1) ∈ S.

We also use Dickson’s conjecture to create families of prime numbers
f1 (x) = a1x+ 1

f2 (x) = a2x+ 1
...

fs (x) = asx+ 1

where a1, . . . , as are positive integers. We can easily check that the above polynomials
verify Dickson’s hypothesis. Indeed, suppose that there exists an integer n > 1 such
that n is a common divisor of all the integers f1 (k) f2 (k) · · · fs (k), k ∈ Z. Then n |
f1 (0) f2 (0) · · · fs (0), i.e., n | 1 which implies that n = 1. Then there exist infinitely many
positive integers n such that f1 (n) , f2 (n) , . . . , fs (n) are simultaneously primes.

3.4 Miscellaneous examples

In the following, we present some examples of solutions that cannot be deduced from the
previous theorems and propositions.

Example 3.1. The set S contains the following numbers:

• n = F a
1 · F b

2 · F3, n = F a
1 · F2 · F b

3 and n = F1 · F a
2 · F b

3 , where Fn is the n-th Fermat
prime and (a, b) = (3, 7) or (7, 3).
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• n = F a
1 · F b

2 · F3 · F4, n = F a
1 · F2 · F b

3 · F4, n = F a
1 · F2 · F3 · F b

4 , n = F1 · F a
2 · F b

3 · F4,
n = F1 · F a

2 · F3 · F b
4 and n = F1 · F2 · F a

3 · F b
4 , where (a, b) = (3, 7).

Example 3.2. We have:

1. Let p, q, r be distinct primes such that 2p+1, 4q+1 and 2pqr2+1 are prime numbers.
Then n = 2 · 17 · (2p+ 1)(4q + 1)(2pqr2 + 1) ∈ S.

2. Let q1, q1, . . . , qk be distinct primes such that 4q1 + 1, . . . , 4qk + 1 and 4q1 · · · qk + 1 are
prime numbers for some k ≥ 1. If n = 2 (4q1 + 1) · · · (4qk + 1) (4q1 · · · qk + 1) ∈ S,
then k = 3. For example, for (q1, q2, q3) = (7, 13, 57) we get

n = 2 (4q1 + 1) (4q2 + 1) (4q3 + 1) (4q1q2q3 + 1) = 2 · 29 · 53 · 229 · 20749 ∈ S.

3. If n ≥ 7 is the product of safe primes1, then n /∈ S.

Let q1, q1, . . . , qk be Sophie Germain primes for some k ≥ 1 such that 2q1 · · · qk+1 is also
prime.

Example 3.3. We have:

• If n = 2 · (2q1 + 1) · · · (2qk + 1) (2q1 · · · qk + 1) ∈ S, then k = 7. For example, if

(q1, q2, q3, q4, q5, q6, q7) = (3, 5, 11, 23, 29, 41, 131) ,

then n = 2 · (2q1 + 1) · · · (2q7 + 1) (2q1 · · · q7 + 1) = 253470367109666245154 ∈ S.

• If n = 2 · F0 · (2q1 + 1) · · · (2qk + 1) (2q1 · · · qk + 1) ∈ S, then k = 24. For example, let
qi (1 ≤ i ≤ 24) be the following Sophie Germain primes: 3, 5, 11, 23, 29, 41, 53, 83,
89, 113, 131, 173, 179, 191, 233, 239, 251, 281, 293, 359, 719, 1439, 1481, 3413. After
computation, the number:

n = 2 · F0 · (2q1 + 1) · · · (2qk + 1) (2q1 · · · qk + 1)

= 2 · 3 · 7 · 11 · 23 · 47 · 59 · 83 · 107 · 167 · 179 · 227 · 263
· 347 · 359 · 383 · 467 · 479 · 503 · 563 · 587 · 719 · 1439 · 2879 · 2963
· 6827 · 668385166547574839150402388419262454473804930401971.

is an element of S.
1A prime p is said to be a Sophie Germain prime if 2p + 1 is also a prime, in which case, this last prime is

called a safe prime. It has been conjectured that there are infinitely many Sophie Germain primes, but this
remains unproved, see [16].
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• If n = 2 · F0 · F2 · (2q1 + 1) · · · (2qk + 1) (2q1 · · · qk + 1) ∈ S, then k = 74. Let us
take q1, q2, . . . , q73 be the first odd Sophie Germain primes. That is, (q1, q2, . . . , q73) =
(3, 5, . . . , 2945). Then the result holds for q74 = 3863.

• If n = 2 · F0 · F1 · F2 · (2q1 + 1) · · · (2qk + 1) (2q1 · · · qk + 1) ∈ S, then k = 234.

• If n = 2 · F0 · F1 · F2 · F3 · (2q1 + 1) · · · (2qk + 1) (2q1 · · · qk + 1) ∈ S, then k = 712.

• If n = 2 · F0 · F1 · F2 · F3 · F4 · (2q1 + 1) · · · (2qk + 1) (2q1 · · · qk + 1) ∈ S, then k = 2153.
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Representing the sequence n 7→ τ(n2)− τ(φ(n)) for n from 1 to 1000000
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CHAPTER 4

SOLUTIONS OF THE DIOPHANTINE

EQUATION τ (kn) = φ(φ(n))

I n this chapter, we determine all solutions of the equation τ(n) = φ(φ(n)) and we prove
that the equation τ(kn) = φ(φ(n)) has a finite number of solutions for any k ≥ 1. Fur-

ther, we characterize all solutions of the last equation when k is prime.

We first define for any positive integer k the following sets:

Ek = {n ∈ Z+ : τ(kn) = φ(φ(n))}, (4.1)

Lk = {n ∈ Z+ : τ(kn) < φ(φ(n))}, (4.2)

Gk = {n ∈ Z+ : τ(kn) > φ(φ(n))}. (4.3)

4.1 The equation τ (n) = φ(φ(n))

This section is devoted to investigate the elements of (4.1), (4.2) and (4.3) for k = 1.

Theorem 4.1. The numbers 1, 5, 7, 15, 22, 26 , 40, 56, 66, 70, 78, 108, 120, 126, 168, 210 are
the only solutions of the equation τ(n) = φ(φ(n)). Moreover, the numbers 2, 3, 4, 6, 8, 9, 10, 12,
14, 16, 18, 20, 24, 28, 30, 36, 42, 48, 54, 60, 72, 84, 90, 180 are the only solutions of the inequality
τ(n) > φ(φ(n)).

For the proof, we start by proving the following results in which, if the solution n =

qα1
1 qα2

2 · · · qαs
s with q1 < q2 < · · · < qs and αi are positive integers, then s < 5, αi ≤ 3 for

1 ≤ i ≤ s and qs ≤ 17. This means that the number of solutions is finite. Let us start with
square-free solutions.

4.1.1 Square-free solutions

Proposition 4.1. The only prime numbers that satisfy the equation τ(n) = φ(φ(n)) are 5 and 7.
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proof. Let p be a prime number. If p ∈ E1, then τ(p) = 2 = φ(p− 1). If p− 1 ̸= 2, 6, then
by (1.7), p ≤ 5. In this case, p = 5 is the only solution. If p− 1 = 2 or 6, it follows that p = 3

or 7, where 7 ∈ E1 while 3 /∈ E1. Finally, we conclude that if p ∈ E1, then p is either 5 or
7.

We deduce the following corollary.

Corollary 4.1. Let p be a prime number. We have:

• If p is either 5 or 7, then p ∈ E1.

• If p is either 2 or 3, then p ∈ G1.

• If p ≥ 11, then p ∈ L1.

proof. By the same way of the proof of Proposition 4.1, we conclude that if n = p is
prime with p ≥ 11, then the inequality τ(n) ≥ φ(φ(n)) cannot be true, and so p ∈ L1.

Proposition 4.2. The only square-free solutions of the form q1q2, where q1 and q2 are distinct
primes, are

• 2 · 11, 2 · 13, 3 · 5 and 3 · 7.

proof. Suppose that q1q2 ∈ E1, where q1, q2 are distinct primes with 2 ≤ q1 < q2. We
obtain from (4.1) thatφ((q1 − 1)(q2 − 1)) = 4. If (q1 − 1)(q2 − 1) ̸= 2, 6, then by (1.7) we have
(q1 − 1) (q2 − 1) ≤ 16. Here, q1 cannot be ≥ 5. There are two possibilities:

1. If q1 = 2, then q2 must be in {5, 7, 11, 13, 17}.
2. If q1 = 3, then q2 must be in {5, 7}.
Thus, since 2 · 5, 2 · 7 and 2 · 17 are in G1, we get

(q1, q2) ∈ {(2, 11), (2, 13), (3, 5), (3, 7)}.

By the same way we can prove the following proposition:

Proposition 4.3. If a solution n is square-free and has 3 or 4 distinct primes, then n is one the
numbers

• 2 · 3 · 11, 2 · 5 · 7, 2 · 3 · 13 and 2 · 3 · 5 · 7.

Proposition 4.4. If a solution n is square-free and has more than 4 distinct primes, then n ∈ L1.

For the proof we need the following lemma:
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Lemma 4.1. Let k ≥ 6 and let q1, q2, · · · , qk be distinct primes. Then

(q1 − 1)(q2 − 1) · · · (qk − 1) > 22k.

proof. The proof holds by induction on k, since (q1−1)(q2−1) · · · (q6−1) ≥ 22·6 for every
6-tuple (q1, q2, · · · , q6) of distinct primes.

Proof of proposition 4.4. Let n = q1q2 · · · qk, where q1, q2, · · · , qk are distinct primes. We
assume further that n ∈ E1 ∪G1. In the case when k = 5. We see that

32 = τ(q1q2 · · · q5) ≥ φ((q1 − 1)(q2 − 1) · · · (q5 − 1)).

By (1.7), we obtain

φ((q1 − 1)(q2 − 1) · · · (q5 − 1)) ≥
√
(q1 − 1)(q2 − 1) · · · (q5 − 1),

and hence (q1 − 1)(q2 − 1) · · · (q5 − 1) ≤ 1024. Since q1 < q2 < · · · < q5, we distinguish the
following cases:

• q1 = 2 and (q2, q3, q4, q5) must belong to the set

{(3, 5, 7, 11), (3, 5, 7, 13), (3, 5, 7, 17), (3, 5, 7, 19), (3, 5, 11, 13)}.

But, the corresponding numbers n = q1q2 · · · q5 belong to L1, which is impossible
since n ∈ E1 ∪G1.

• q1 ≥ 3. We get (q1− 1)(q2− 1) · · · (q5− 1) ≥ 2 · 4 · 6 · 10 · 12 > 1024, which is impossible
as well. Thus, q1 cannot be greater than 3.

In the case when k ≥ 6, we also see that

2k = τ(q1q2 · · · qk) ≥ φ((q1 − 1)(q2 − 1) · · · (qk − 1)),

and by (1.7) we have

φ((q1 − 1)(q2 − 1) · · · (qk − 1)) ≥
√

(q1 − 1)(q2 − 1) · · · (qk − 1).

It follows that
22k ≥ (q1 − 1)(q2 − 1) · · · (qk − 1).

This contradicts Lemma 4.1. Hence, τ(n) < φ(φ(n)).
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4.1.2 Nonsquare-free odd solutions

Proposition 4.5. Let s ≥ 2 and let n1, n2, · · · , ns be relatively prime positive integers with
ni ≥ 3 for i = 1, 2, · · · , s. If n1, n2, · · · , ns ∈ E1 ∪ L1, then n1n2 · · ·ns ∈ L1.

proof. Let n1, n2, · · · , ns be as above and assume that n1, n2, · · · , ns ∈ E1 ∪ L1. Since
(φ(ni), φ(nj)) > 1 for 1 ≤ i, j ≤ s, it follows from (1.10) and the multiplicativity of τ and φ
that

τ(n1n2 · · ·ns) = τ(n1)τ(n2) · · · τ(ns) ≤ φ(φ(n1))φ(φ(n2)) · · ·φ(φ(ns))

< φ(φ(n1)φ(n2) · · ·φ(ns)) = φ(φ(n1n2 · · ·ns)).

Hence, n1n2 · · ·ns ∈ L1.

Proposition 4.6. Let α ≥ 2 and let n = qα be a prime power with q is odd. Then n ∈ L1 except
for n = 32 ∈ G1.

For the proof we need the following lemma.

Lemma 4.2. Let n be a positive integer with n ≥ 3 and let q be an odd prime number. Then

(n+ 1)2 < qn−1(q − 1).

proof. This follows immediately using mathematical induction.

Proof of proposition 4.6. Assume by way of contradiction that τ(n) ≥ φ(φ(n)). Therefore,
α + 1 ≥ φ(qα−1(q − 1)). Also, by (1.7), we get

φ(qα−1(q − 1)) ≥
√
qα−1(q − 1),

and so (α + 1)2 ≥ qα−1(q − 1), which is impossible by Lemma 4.2 except for (q, α) =

(3, 2).

Proposition 4.7. Let s ≥ 2 and let n = qα1
1 qα2

2 · · · qαs
s be an odd number with max (α1, α2, · · · , αs) ≥

2. Then n ∈ L1.

proof. We distinguish three cases:
Case 1. s = 2. There are two subcases:
Subcase 1.1. q1 = 3. This means that n = 3α1qα2 , and we have three possibilities:

• α1 = 1, so α2 must be > 1 because q2 ≥ 5. Thus, it is clear that

22(α2 + 1)2 < 2qα2−1
2 (q2 − 1).
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If we assume that n ∈ E1 ∪G1, this means that 2(α2 + 1) ≥ φ(2qα2−1
2 (q2 − 1)), and by

(1.7) we obtain

φ(2qα2−1
2 (q2 − 1)) ≥

√
2qα2−1

2 (q2 − 1).

Thus, 22(α2 + 1)2 ≥ 2qα2−1
2 (q2 − 1). This is a contradiction. Hence, n ∈ L1.

• α1 = 2. Since q2 ≥ 5, we conclude that 32(α2+1)2 < 2 ·3 ·qα2−1
2 (q2−1). Hence, n ∈ L1.

• α1 > 2. By Corollary 4.1 and Proposition 4.6, qαi
i ∈ E1 ∪ L1 for 1 ≤ i ≤ s, so by

Proposition 4.5, n ∈ L1.

Subcase 1.2. q1 > 3. By Corollary 4.1 and Proposition 4.6, qαi
i ∈ E1 ∪ L1 for 1 ≤ i ≤ s, so

it is clear by Proposition 4.5 that n ∈ L1.
Case 2. s = 3. Here, we also have two subcases:
Subcase 2.1. q1 = 3. We also distinguish three possibilities:

• α1 = 1. That is, α2 > 1 or α3 > 1. Then we can easily check that

22(α2 + 1)2(α3 + 1)2 < 2(q2 − 1)qα2−1
2 (q3 − 1)qα3−1

3 ,

and hence n ∈ L1.

• α1 = 2. By the same way we find n ∈ L1.

• α1 > 2. By Corollary 4.1 and Proposition 4.6, qαi
i ∈ E1 ∪ L1 for 1 ≤ i ≤ s. So by

Proposition 4.5, n ∈ L1.

Subcase 2.2. q1 > 3. By Corollary 4.1 and Proposition 4.6, qαi
i ∈ E1 ∪ L1 for 1 ≤ i ≤ s. So

by Proposition 4.5, n ∈ L1.
Case 3. s ≥ 4. Here, we distinguish two subcases:
Subcase 3.1. q1 = 3. By induction on s we can easily prove the following inequality

(α1 + 1)2(α2 + 1)2 · · · (αs + 1)2 < 2 · 3α1−1(q2 − 1)qα2−1
2 · · · (qs − 1)qαs−1

s ,

which gives n ∈ L1.
Subcase 3.2. q1 > 3. By Corollary 4.1 and Proposition 4.6, qαi

i ∈ E1 ∪ L1 for 1 ≤ i ≤ s.
Similarly, by Proposition 4.5, n ∈ L1.

4.1.3 Nonsquare-free even solutions

In this subsection, we can prove the following proposition as those appearing with the
case when n is nonsquare-free odd.
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Proposition 4.8. Let n = 2α1qα2
2 · · · qαs

s be an even number such that max (α1, α2, · · · , αs) ≥ 2.
There are four possibilities:

• s = 1. Here n is a prime power, where n = 2α1 with α1 ≥ 2. We have:

◦ If n is either 22 or 23 or 24, then n ∈ G1.

◦ If α1 ≥ 5, then n ∈ L1.

• s = 2. We have:

◦ If n = 22 · 3, 2 · 32, 22 · 5, 23 · 3, 22 · 7, 22 · 32, 24 · 3, 2 · 33, 23 · 32, then n ∈ G1.

◦ If n = 23 · 5, 23 · 7, 22 · 33, then n ∈ E1.

◦ If n is different from the previous mentioned numbers, then n ∈ L1.

• s = 3. We have:

◦ If n = 22 · 3 · 5, 22 · 3 · 7, 2 · 32 · 5, 22 · 32 · 5, then n ∈ G1.

◦ If n = 23 · 3 · 5, 2 · 32 · 7, 23 · 3 · 7, then n ∈ E1.

◦ If n is different from the previous mentioned numbers, then n ∈ L1.

• s ≥ 4. Here, we have n ∈ L1.

Now, we are ready to prove Theorem 4.1.

Theorem 4.1. Clearly, 1 ∈ E1. Assume that n = qα1
1 qα2

2 · · · qαs
s with n ̸= 1, 2, 3, 4, 5, 6, 7 ,

8, 9, 10, 12, 14, 15, 16, 18, 20, 21, 22, 24, 26 , 28, 30, 36, 40, 42, 48, 54, 56, 60, 66, 70, 72, 78,
84, 90, 108, 120, 126, 168, 180 and 210, where q1 < q2 < · · · < qs are prime numbers and
α1, α2, · · · , αs are positive integers. There are five cases to consider:

Case 1. s = 1. There are two possibilities:

• α1 = 1. Since n ̸= 2, 3, 5, 7, it follows from Corollary 4.1 that n ∈ L1.

• α1 ≥ 2. Since n ̸= 22, 23, 32, 24, it follows from Propositions 4.6 and 4.8 that n ∈ L1.

Case 2. s = 2. There are two possibilities:

• α1 = α2 = 1. Since n ̸= 10, 14, 15, 21, 22, 26, 34, by Proposition 4.2 we conclude that
n ∈ L1.

• α1 or α2 ≥ 2. Since n ̸= 12, 18, 20, 24, 28, 36, 40, 48, 54, 56, 72, 108, it follows from
Proposition 4.7 and Proposition 4.8 that n ∈ L1.
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Case 3. s = 3.

• n is square-free. Since n ̸= 30, 42, 66, 70, 78, by Propositions 4.3 and 4.4 we have
n ∈ L1.

• n is not square-free. Since n ̸= 60, 84, 90, 120, 126, 168, 180, it follows from Proposi-
tions 4.7 and 4.8 that n ∈ L1.

Case 4. s = 4.

• n is square-free. Since n ̸= 210, it follows from Propositions 4.3 and 4.4 that n ∈ L1.

• n is not square-free. It follows from Propositions 4.7 and 4.8 that n ∈ L1.

Case 5. s ≥ 5. By Propositions 4.4, 4.7 and 4.8 we have n ∈ L1.
The proof is finished.

4.2 On the equation τ (k · n) = φ(φ(n)) with k ≥ 2

Proposition 4.9. Let s, k ≥ 2 and let n1, n2, · · · , ns be relatively prime positive integers with
ni ≥ 3 for i = 1, 2, · · · , s. If n1, n2, · · · , ns ∈ Ek ∪ Lk, then n1n2 · · ·ns ∈ Lk.

proof. This is similar to the proof of Proposition 4.5.

Theorem 4.2. Let k ≥ 2. The sets Gk and Ek are finite, while Lk is infinite.

proof. At first, we prove that for any prime p there exists an exponent α0 such that
px ∈ Lk for every x ≥ α0. Let n = pα be a prime power such that pα ∈ Ek ∪Gk. Then

τ(k · pα) ≥ φ(pα−1(p− 1)).

Put k = pam, where a ≥ 0, m ≥ 1 and (p,m) = 1. Then

τ(m)(a+ α + 1) ≥ pα−2(p− 1)φ(p− 1)

and by (1.3) and (1.7) we have

2
√
m(a+ α + 1) ≥ τ(m)(a+ α + 1) ≥ pα−2(p− 1)φ(p− 1) ≥ pα−2(p− 1)

√
p− 1. (4.4)

Therefore,
4m(a+ α + 1)2 ≥ p2α−4(p− 1)3.

©2024, M’sila University Zahra Amroune



4.2. ON THE EQUATION τ(k · n) = φ(φ(n)) WITH k ≥ 2 77

Since a and m are fixed and α is the exponent of p, the last inequality has only finite num-
ber of solutions. Thus, the set Ek ∪Gk contains only finitely many prime powers, namely
lγ11 , l

γ2
2 , · · · , lγss . Consequently, it suffices to choose α0 = max (γ1 + 1, γ2 + 1, · · · , γs + 1).

Now, let n = q1q2 · · · qm, where q1 < q2 < · · · < qm are prime numbers (m ≥ 2). Assume
that n ∈ Ek ∪Gk. Therefore,

τ(k · q1q2 · · · qm) ≥ φ(φ(q1q2 · · · qm)).

By (1.3), (1.4) and (1.7) we obtain

(2
√
k)(2m+1) ≥ τ(k)τ(q1 · · · qm) ≥ τ(k · q1 · · · qm) ≥ φ(φ(q1 · · · qm)) ≥

√
(q1 − 1) · · · (qm − 1),

from which it follows that

22m+24k ≥ (q1 − 1)(q2 − 1) · · · (qm − 1). (4.5)

Since k is fixed and (q1 − 1)(q2 − 1) · · · (qm − 1) can be sufficiently large, we deduce that
there exists a positive integerm0 for which the inequality (4.5) is not true for everym ≥ m0.
Thus the inequality τ (k · n) ≥ φ (φ (n)) holds for finitely many square-free integers.

Finally, let n = qα1
1 qα2

2 · · · qαm
m , where q1 < q2 < · · · < qm are prime numbers and

α1, α2, · · · , αm are positive integers. Note that the number m cannot be sufficiently large
as we wish such that τ (k · s) ≥ φ (φ (s)) for s = q1q2 · · · qm . Moreover, from above there
exist positive integers α(0)

1 , α
(0)
2 , · · · , α(0)

m such that the numbers qα
′
1

1 , q
α′
2

2 , · · · , qα
′
m

m satisfy the
inequality

τ
(
k · qα

′
i

i

)
< φ

(
φ
(
q
α′
i

i

))
for every α′

i ≥ α
(0)
i (1 ≤ i ≤ m). Applying Proposition 4.9, the numbers n′ = q

α′
1

1 q
α′
2

2 · · · qα
′
m

m

with α′
i ≥ α

(0)
i (1 ≤ i ≤ m) satisfy the inequality τ (k · n′) < φ (φ (n′)). Thus, the inequality

τ (k · n) ≥ φ (φ (n)) has only a finite number of solutions, while the inequality τ (n) <

φ (φ (n)) has infinitely many solutions.

Proposition 4.10. We have ∩
k≥1

Gk = G1.

proof. It suffices to prove that G1 ⊂ ∩
k≥1

Gk. As we have already seen

G1 = {2, 3, 4, 6, 8, 9, 10, 12, 14, 16, 18, 20, 24, 28, 30, 36, 42, 48, 54, 60, 72, 84, 90, 180} .

Then for every k ≥ 1 and x in G1 we see that τ(kx) > φ(φ(x)). This proves G1 ⊂ Gk. This
completes the proof.
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Proposition 4.11. Let r, s ≥ 2. If r divides s, then Gr ⊂ Gs.

proof. Let n ∈ Gr. Since r divides s, we see by (1.6) that

τ (s · n) ≥ τ (r · n) > φ (φ (n)) ,

and so n ∈ Gs, as required.

Theorem 4.3. Let p be a prime number with p ≥ 23 and p ̸= 31 . Then Ep = {11, 13, 33, 34, 35,
39, 62, 63, 76 , 88, 98, 102, 104, 105, 110, 130, 154, 186, 228, 234, 264, 280, 294, 312, 330, 390,
462, 504, 540, 630, 840} .

proof. Let p ≥ 23 be prime with p ̸= 31. Clearly, if n is one of the above numbers, then
we can easily check that τ (p · n) = 2τ(n) = φ (φ (n)). Then the numbers mentioned in this
theorem are part of the solution set.

Now, let n ≥ 1 such that n ∈ Ep ∪Gp. It follows that

2τ(n) ≥ τ(p · n) ≥ φ(φ(n)).

As in the proof of Theorem 4.1, we can show that the only solutions of 2τ(n) ≥ φ(φ(n))

are n = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17 , 18, 19, 20, 21, 22, 24, 26, 27, 28, 30,
32, 33, 34, 35, 36, 38, 39, 40, 42, 44, 45, 48, 50, 52, 54 , 56,60, 62, 63, 66, 70, 72, 76, 78, 80, 84,
88, 90 , 96, 98, 100, 102, 104, 105, 108, 110, 112, 114, 120, 126, 130, 132, 140, 144, 150, 154, 156,
162, 168, 180, 186, 198, 210, 216, 228, 234, 240, 252, 264, 270, 280, 288, 294, 300, 312, 330, 336,
360, 390, 396, 420, 450, 462, 504, 540, 630 and 840.
In addition, it is easy to check that the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 15, 16, 17,
18, 19, 20, 21, 22, 24, 26, 27, 28, 30, 32, 36, 38, 40, 42, 44, 45, 48, 50, 52, 54, 56,60, 66, 70, 72, 78,
80, 84, 90, 96, 100, 108, 112, 114, 120, 126, 132, 140, 144, 150, 156, 162, 168, 180, 198, 210, 216,
240, 252, 270, 288, 300, 336, 360, 396, 420 and 450 satisfy the inequality τ(p · n) > φ(φ(n)).
Thus, the numbers quoted in the text of the present theorem are the only solutions of the
equation τ(p · n) = φ(φ(n)), where p ≥ 23 is prime with p ̸= 31. This completes the
proof.

Remark 4.1. By the same argument as above and by a brute force search with Maple in
the range 1 ≤ n ≤ 1010, one can show that

• E2 = {11, 13, 33, 35, 38, 39, 44, 52, 63, 105, 114, 132, 140, 156, 252, 270, 420}.

• E3 = {11, 13, 34, 35, 45, 62, 76, 88, 98, 104, 110, 114 130, 154, 198, 252, 280, 360}.

• E5 = {11, 13, 33, 34, 39, 50, 62, 63, 76, 88, 98, 102, 104, 150, 154, 186, 228, 234, 264, 270,
294, 312, 462, 504}.
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• E7 = {11, 13, 33, 34, 39, 62, 76, 88, 102 , 104, 110, 130, 186, 228, 234, 264, 312, 330, 390,
540}.

• E11 = {13, 34, 35, 39, 62, 63, 76, 98, 102 , 104, 105, 130, 186, 228, 234, 280, 294, 312, 390,
504 , 540, 630, 840}.

• E13 = {11, 33, 34, 35, 62, 63, 76, 88, 98 , 102, 105, 110 , 154, 186, 228, 264, 280, 294, 330,
462, 504, 540, 630, 840}.

• E17 = {11, 13, 33, 35, 39, 62, 63, 76, 88 , 98, 104, 105, 110, 130, 154, 186, 228, 234, 264,
280 , 294, 312, 330, 390, 462, 504, 540, 630, 840}.

• E19 = {11, 13, 33, 34, 35, 38, 39, 62, 63 , 88, 98, 102, 104, 105, 110, 114, 130, 154, 186, 234,
264, 280, 294, 312, 330, 390, 462, 504, 540, 630, 840} .

• E31 = {11, 13, 33, 34, 35, 39, 63, 76, 88, 98, 102, 104, 105, 110, 130, 154, 228, 234, 264, 280
, 294, 312, 330, 390, 462, 504, 540, 630, 840}.

Moreover, from the proof of Theorem 4.3, for any prime p ≥ 23 with p ̸= 31 we deduce
that Gp = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 15, 16, 17, 18, 19, 20, 21 , 22, 24, 26, 27, 28, 30, 32,
36, 38, 40, 42, 44, 45, 48, 50, 52, 54, 56,60, 66, 70, 72, 78, 80, 84, 90, 96, 100, 108, 112, 114, 120,
126, 132, 140, 144, 150, 156, 162, 168, 180, 198, 210, 216, 240, 252, 270, 288, 300, 336, 360, 396,
420 450}.
Thus, if I is a finite subset of positive integers, say I = {1, 2, · · · , N} with N ≥ 100, then
Lp ∩ I = I − Ep −Gp = {17, 19, 23, 25, 29, 31, 37, 41, 43, 46, 47, 49, 51, 53, 55, 57, 58, 59, 61,
64, 65, 67, 68, 69, 71, 73, 74, 75, 77, 79, 81, 82, 83, 85, 86, 87, 89, 91, 92, 93, 94, 95, 97, 99, · · · }.

Representing the sequence n 7→ τ(n)− φ(φ(n)) for n from 1 to 100000
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Representing the sequence n 7→ τ(kn) − φ(φ(n)) for k from 1 to 100 and n from 1 to
1000000
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CHAPTER 5

ON THE DIOPHANTINE EQUATION

σ (n) = τ (kn · φ (n))

I n this chapter, we show that if f (n) = kn with k is a fixed positive integer then the
diophantine equation σ (n) = τ (f (n) · φ (n)) has only finitely many solutions. We also

find all solutions of this equation and related inequalities when k = 1, 2, 3 and k is prime.
Note that this choice of f makes σ (n) > τ (f (n) · φ (n)) for infinitely many n.

We first define for any positive integer k the following sets:

Ek :=
{
n ∈ N : σ (n) = τ

(
k · φ

(
n2
))}

, (5.1)

Lk :=
{
n ∈ N : σ (n) < τ

(
k · φ

(
n2
))}

, (5.2)

Gk :=
{
n ∈ N : σ (n) > τ

(
k · φ

(
n2
))}

. (5.3)

5.1 The equation σ (n) = τ
(
φ
(
n2
))

This section is devoted to investigate the elements of (5.1), (5.2) and (5.3) for k = 1.

Theorem 5.1. The numbers 1, 3, 5 and 7 are the only solutions of the equation σ (n) = τ (φ (n2)).
Moreover, for every n ̸= 1, 3, 5, 7 we have σ (n) > τ (φ (n2)).

We start by proving the following results:

Proposition 5.1. The only prime numbers n such that σ (n) = τ (φ (n2)) are 3, 5 and 7.

proof. Assume that n = p is prime with σ (p) = τ (φ (p2)). Since (p, p− 1) = 1, we con-
clude that

1 + p

2
= τ (p− 1) , (5.4)

where p must be odd. On the other hand, by combining (1.3) and (5.4) we obtain

1 + p

2
≤ 2
√
p− 1,
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from which it follows that p2 − 14p + 17 ≤ 0. Thus, p ∈ {2, · · · , 12}. Since p is prime and
11 does not satisfy (5.4), we deduce that p ∈ {3, 5, 7}. This completes the proof.

Corollary 5.1. If p is prime with p ̸= 3, 5, 7, then p ∈ G1.

proof. From the proof of Proposition 5.1, we deduce that if n = p is prime with p ≥ 13

then σ (n) ≤ ττ (φ (n2)) cannot be true, and so n = p ∈ G1. If p = 2 or p = 11, then clearly
p ∈ G1.

Proposition 5.2. Let α ≥ 2 and let n = pα be a prime power. Then n ∈ G1.

proof. Assume by the way of contradiction that σ (n) ≤ τ (φ (n2)). Thus, we must have

1 + p+ · · ·+ pα

2α
≤ τ (p− 1) ≤ 2

√
p− 1, (5.5)

implying that (1 + p+ · · ·+ pα)2 ≤ 16α2 (p− 1), which is impossible except for the pair
(p, α) = (2, 2). But the number n = 22 does not satisfy the left hand-side of (5.5), i.e.,
22 /∈ E1 ∪ L1. The proof is finished.

Proposition 5.3. Let s ≥ 2 and let n = q1q2 · · · qs be a square-free integer. Then n ∈ G1.

For the proof we need the following lemma.

Lemma 5.1. Let s ≥ 2 and let q1, · · · , qs be distinct primes. Then

(1 + q1)
2 · · · (1 + qs)

2 > 22s+2 (q1 − 1) · · · (qs − 1) .

proof. The proof holds by induction on s since (1 + p)2 (1 + q)2 > 26 (p− 1) (q − 1) for
every prime p.

Proof of Proposition 5.3. Assume, by way of contradiction, that σ (n) ≤ τ (φ (n2)). It follows
from (1.3) and (1.4) that

(1 + q1) · · · (1 + qs) ≤ τ (q1 · · · qs ((q1 − 1) · · · (qs − 1)))

≤ 2sτ ((q1 − 1) · · · (qs − 1))

≤ 2s+1
√

(q1 − 1) · · · (qs − 1).

Therefore, (1 + q1)
2 · · · (1 + qs)

2 ≤ 22s+2 (q1 − 1) · · · (qs − 1), but this contradicts Lemma 5.1
, and hence n /∈ E1 ∪ L1.

Proposition 5.4. Let s ≥ 2 and let n1, · · · , ns be pairwise relatively prime positive integers with
ni ≥ 2 for i = 1, 2, · · · , s. If n1, · · · , ns ∈ E1 ∪G1, then n1 · · ·ns ∈ G1.
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proof. Let ni be as above with n1, · · · , ns ∈ E1 ∪G1. Since

(φ (ni) , φ (nj)) > 1

for 1 ≤ i, j ≤ s, it follows from (1.5) and the multiplicativity of σ and φ that

σ (n1 · · ·ns) = σ (n1) · · · σ (ns) ≥ τ (n1φ (n1)) · · · τ (nsφ (ns))

> τ (n1φ (n1) · · ·nsφ (ns)) = τ (n1 · · ·nsφ (n1 · · ·ns)) .

Hence, n1 · · ·ns ∈ G1.

Proof of Theorem 5.1. Clearly, 1 ∈ E1. Assume that n = qα1
1 qα2

2 · · · qαs
s with n ̸= 1, 3, 5, 7,

where q1 < q2 < · · · < qs are prime numbers and α1, α2, · · · , αs are positive integers. There
are three cases to consider:

1. s = α1 = 1. Since n ̸= 3, 5, 7, it follows from Corollary 5.1 that n ∈ G1.

2. s = 1 and α1 ≥ 2. By Proposition 5.2, n ∈ G1.

3. s ≥ 2. By applying Propositions 5.2, 5.3 and 5.4, we have n = qα1
1 · · · qαs

s ∈ G1 since
qα1
1 , · · · , qαs

s ∈ E1 ∪G1.

The proof is finished.

5.2 On the equation σ (n) = τ (kn · φ (n)) , k ≥ 2

Proposition 5.5. Let s, k ≥ 2 and let n1, · · · , ns be relatively prime positive integers with ni ≥ 2

for i = 1, 2, · · · , s. If n1, · · · , ns ∈ Ek ∪Gk, then n1 · · ·ns ∈ Gk.

proof. The proof is the same as the proof of Proposition 5.4 since (kni, knj) > 1 for 1 ≤
i, j ≤ s.

Lemma 5.2. Let q1, · · · , qs be distinct primes. If one of the following conditions:

(i) s = 2 and q2 ≥ 29

(ii) s = 3 and q3 ≥ 11

(iii) s ≥ 4,

is satisfied then the inequality

(1 + q1)
2 · · · (1 + qs)

2 > 22s+4 (q1 − 1) · · · (qs − 1)

holds.
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proof. We can easily prove the claim by induction on s.

Proposition 5.6. We have E2 = {2, 11} and L2 = {1, 3, 5, 7, 13}.

proof. Clearly, 1 ∈ L2. Assume that n = p is prime with p ∈ E2. Then 1+p = τ (2p (p− 1)).
One can easily check that p = 2 is a solution. But, if p is odd, and we suppose that
p ∈ L2 ∪ E2, then we have

1 + p

4
≤ τ (p− 1) , (5.6)

from which it follows that p2 − 62p+65 ≤ 0. This inequality is not valid whenever p ≥ 61.
However, for p ∈ {3, · · · , 59} we have n = p = 11 is the only solution of σ (n) = τ (2φ (n2)).
Thus, if p ∈ E2 then p is either 2 or 11. Consequently, for every prime p ≥ 61, we have
p ∈ G2. By simple computation, for every prime p ≤ 59 with p ̸= 2, 3, 5, 7, 11, 13, we have
p ∈ G2. Thus, the only primes of L2 are 3, 5, 7 and 13.

Next, let n = pα with α ≥ 2 and assume that σ (n) ≤ τ (2φ (n2)). First, assume that p is
odd. It follows that

1 + p+ · · ·+ pα

2α
≤ τ (2 (p− 1)) ≤ 2

√
2 (p− 1), (5.7)

and so (1 + p+ · · ·+ pα)2 ≤ 32α2 (p− 1), which is only true for p = 3 and α = 2. However,
32 is not in E2 ∪L2. Second, assume that p = 2. Since σ (n) ≤ τ (2nφ (n)), we conclude that
1 + 2 + · · ·+ 2α ≤ 2α + 1. This is impossible, and so 2α ∈ G2 for every α ≥ 2.

Let s ≥ 2 and let n = q1 · · · qs be a square-free integer. Then n ∈ G2. Assume, for sake
of contradiction, that n /∈ G2. Then

(1 + q1) · · · (1 + qs) ≤ τ (2q1 · · · qs ((q1 − 1) · · · (qs − 1)))

≤ 2s+1τ ((q1 − 1) · · · (qs − 1))

≤ 2s+2
√
(q1 − 1) · · · (qs − 1),

and hence (1 + q1)
2 · · · (1 + qs)

2 ≤ 22s+4 (q1 − 1) · · · (qs − 1). This contradicts Lemma 5.2
whenever s = 2 and q2 ≥ 29 or s = 3 and q3 ≥ 11 or s ≥ 4. In these cases, n ∈ G2. On the
other hand, by a simple computation, if n = q1q2 with q2 ≤ 23 or n = q1q2q3 with q3 ≤ 7,
then n ∈ G2. We deduce that if n = q1q2 · · · qs is a square-free with s ≥ 2, then n ∈ G2.

Now, let a ∈ {2, 3, 5, 7, 11, 13} and n ∈ G2. We show that an ∈ G2. There are two cases:

©2024, M’sila University Zahra Amroune



5.2. ON THE EQUATION σ (n) = τ (kn · φ (n)) , k ≥ 2 89

1. (a, n) = 1. Since 1 + a ≥ τ ((a− 1) a), we conclude that

σ (an) = (1 + a)σ (n)

> (1 + a) τ
(
2φ
(
n2
))

≥ τ ((a− 1) a) τ
(
2φ
(
n2
))

≥ τ
(
2 (a− 1) aφ

(
n2
))

= τ
(
2φ
(
a2n2

))
,

and so an ∈ G2.
2. (a, n) > 1. We put an = mas, where s ≥ 2 and (a,m) = 1. As we have seen, we

have as ∈ G2. Note that if m ∈ E2 ∪ G2, then mas ∈ G2. In the case when m ∈ L2 , i.e.,
m ∈ {1, 3, 5, 7, 13}, we have two possibilities:

(i) If m = 1, then clearly mas = as ∈ G2.

(ii) Ifm ∈ {3, 5, 7, 13}, then we can see by a similar argument that σ (mas) > τ
(
2φ
(
(mas)2

))
.

That is, mas ∈ G2.

Finally, we deduce that if n = qα1
1 · · · qαs

s with n ̸= 1, 2, 3, 5, 7, 11, 13, then n ∈ G2 . This
completes the proof of Proposition 5.6.

Remark 5.1. Similarly, we can prove that E3 := {15, 35} and

L3 := {1, 2, 3, 4, 5, 7, 11, 13, 17} .

Theorem 5.2. Let k ≥ 2. The sets Lk and Ek are finite, while Gk is infinite.

proof. At first, we prove that for any prime p there exists an exponent α0 such that px ∈ Gk

for every x ≥ α0. Let n = pα be a prime power such that pα ∈ Ek ∪ Lk. Then

1 + p+ · · ·+ pα ≤ τ
(
kp2α−1 (p− 1)

)
.

Put k = pam, where a ≥ 0, m ≥ 1 and (p,m) = 1. Then

1 + p+ · · ·+ pα

a+ 2α
≤ τ (m (p− 1)) ≤ 2

√
m (p− 1), (5.8)

and therefore,
(1 + p+ · · ·+ pα)2 ≤ 4 (a+ 2α)2m (p− 1) .

Since a and m are fixed and α is the exponent of p, the last inequality has only finite
number of solutions. Thus, Ek ∪ Lk contains only finitely many prime powers, namely
lγ11 , l

γ2
2 , · · · , lγss . Consequently, it suffices to choose α0 = max (γ1 + 1, γ2 + 1, · · · , γs + 1).
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Let n = q1q2 · · · qm, where q1 < q2 < · · · < qm are prime numbers (m ≥ 2). Assume that
n ∈ Ek ∪ Lk. Therefore by (1.3) and (1.4) we obtained

m∏
i=1

(1 + qi)
2

qi − 1
≤ 22m+2τ 2 (k) . (5.9)

Since k is fixed and (1 + qm)
2 / (qm − 1) can be sufficiently large, we deduce that there

exists a positive integer m0 for which the inequality (5.9) is not true for every m ≥ m0.
Thus the inequality σ (n) ≤ τ (kn · φ (n)) holds for finitely many square-free integers.

Finally, let n = qα1
1 qα2

2 · · · qαm
m , where q1 < q2 < · · · < qm are prime numbers numbers

and α1, α2, · · · , αm are positive integers. Note that the number m cannot be sufficiently
large as we wish such that σ (s) ≤ τ (k · φ (s2)) for s = q1q2 · · · qm. Moreover, from above
there exist positive integers α(0)

1 , α
(0)
2 , · · · , α(0)

m such that the numbers

n′ = q
α′
1

1 , · · · , qα′
m

m

satisfy the inequality σ (n′) > τ (kn′ · φ (n′)) for every α′
i ≥ α

(0)
i (1 ≤ i ≤ m). Applying

Proposition 5.5, the numbers qα
′
1

1 · · · qα
′
m

m with α′
i ≥ α

(0)
i (1 ≤ i ≤ m) satisfy the inequality

σ (n′) > τ (kn′ · φ (n′)). Thus, the inequality σ (n) ≤ τ (kn · φ (n)) has only a finite number
of solutions, while the inequality σ (n) > τ (kn · φ (n)) has infinitely many solutions.

Proposition 5.7. We have ∩
k≥2

Lk = L2.

proof. It suffices to prove that L2 ⊂ ∩
k≥2

Lk. As we have already seen in Proposition 5.6,

L2 = {1, 3, 5, 7, 13}. Moreover, for every k ≥ 2 we see that

σ (1) = 1 < τ (k) = τ
(
k · φ

(
12
))

σ (3) = 4 < τ (6k) = τ
(
k · φ

(
32
))

σ (5) = 6 < τ (20k) = τ
(
k · φ

(
52
))

σ (7) = 8 < τ (42k) = τ
(
k · φ

(
72
))

σ (7) = 14 < τ (156k) = τ
(
k · φ

(
132
))
.

Thus, 1, 3, 5, 7, 13 ∈ Lk for every k ≥ 2. This completes the proof.

Proposition 5.8. Let r, s ≥ 2. If r divides s, then Lr ⊂ Ls.

proof. Let n ∈ Lr. Since r divides s, we see by (1.6) that

σ (n) < τ
(
r · φ

(
n2
))

≤ τ
(
s · φ

(
n2
))
,

and so n ∈ Ls.
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Corollary 5.2. There are infinitely many k such that Lk ⊂ Lk+1.

proof. Let k be a positive integer such that τ (k) ≤ τ (k + 1). If n ∈ Lk, then

σ (n) < τ
(
k · φ

(
n2
))

≤ τ
(
(k + 1) · φ

(
n2
))

.

Hence, n ∈ Lk+1.

Remark 5.2. Let p be prime. Since τ (p) = 2 ≤ τ (p+ 1), we conclude that Lp ⊂ Lp+1. Also,
we present the following notes:

1. One can easily check that if r divides s, then Er ∩ Es = {∅}. In particular, if α, β
are two positive integers with α ̸= β, then Epα∩ Epβ = {∅}. More generally, we can
prove that if k, k′ are two distinct positive integers having the same prime factors,
then Ek∩ Ek′ = {∅}.

2. Using the same argument as the one in the proof of Theorem 5.1 and Proposition 5.6,
the sets E27 and E51 are empty, i.e., E27 = E51 = {∅}.

5.3 When does k ∈ Ek ?

Theorem 5.3. We have k ∈ Ek iff k = 1, 2, 6, 11, 14 and k ∈ Lk iff k = 3, 5, 7, 13, 15, 21, 33, 35,
65 and 77.

proof. Clearly, 1 ∈ E1 and by Proposition 5.6, we have 2 ∈ E2. Let k ≥ 3 such that k ∈ Ek.
We obtain

σ (k) = τ
(
φ
(
k3
))
. (5.10)

Moreover, consider the related inequalities:

σ (k) < τ
(
φ
(
k3
))

, (5.11)

and
σ (k) > τ

(
φ
(
k3
))
. (5.12)

There are four parts:
1. Let p be a prime number satisfying (5.10). Then p2 − 34p+ 37 ≤ 0, which means that

p ≤ 31 and so p = 2 or p = 11. Next, let k = pq be a square-free integer satisfying (5.10) ,
where p < q. Then (1 + p)2 (1 + q)2 ≤ 324 (p− 1) (q − 1). This means that q ≤ 31. A quick
research of all possibilities shows that the only solutions of (5.10) of the form k = pq are
6 and 14. In addition, the numbers k = pq satisfies (5.12) for every (p, q) ̸= (2, 3), (2, 7),
(3, 5), (3, 7), (3, 11), (3, 7), (5, 13), (7, 11).
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2. Let s ≥ 3 and let k = q1 · · · qs be a square-free integer such that σ (k) = τ (φ (k3)).
Then

(1 + q1)
2 · · · (1 + qs)

2 ≤ 32s · 4 (q1 − 1) · · · (qs − 1) . (5.13)

On the other hand, using the proof by induction we can prove that for s ≥ 6, we have

(1 + q1)
2 · · · (1 + qs)

2 > 32s · 4 (q1 − 1) · · · (qs − 1) .

In the case when 3 ≤ s ≤ 5, the above inequality holds for qs ≥ 41. This means that all the
prime numbers 2 ≤ q1 < q2 < · · · < qs ≤ 41 satisfy (5.13); but by simple computations they
fail to satisfy the equation (5.10) or the inequality (5.11) for k = q1 · · · qs. Hence, k = q1 · · · qs
satisfies (5.12) for s ≥ 3.

3. Let k = pα with α ≥ 2. If σ (k) ≤ τ (φ (k3)), then

(1 + p+ · · ·+ pα)2 ≤ 36α2 (p− 1) .

This is only true for pα ∈ {22, 23, 32}. But these prime powers satisfy (5.12) and so does pα

for α ≥ 2.
4. Let s ≥ 2 and let n1, n2, · · · , ns be relatively prime positive integers with ni ≥ 2

for i = 1, 2, · · · , s. We can check that if n1, n2, · · · , ns satisfy (5.10) or (5.12), then so does
n1n2 · · ·ns.

Consequently, if k ∈ Ek then k = 1, 2, 6, 11, 14 and if k ∈ Lk then k = 3, 5, 7, 13, 15, 21,
33, 35, 65 and 77.

In the following result we characterize the sets Ep and Lp, where p is prime.

Theorem 5.4. Let p be a prime number with p ≥ 13 and p ̸= 31. Then Ep = {6, 14, 31, 33, 77}.

proof. Let p ≥ 13 be prime with p ̸= 31. Clearly, we see that

σ (6) = 12 = τ (12p) = τ
(
p · φ

(
62
))

σ (14) = 24 = τ (84p) = τ
(
p · φ

(
142
))

σ (31) = 32 = τ (930p) = τ
(
p · φ

(
312
))

σ (33) = 48 = τ (660p) = τ
(
p · φ

(
332
))

σ (77) = 96 = τ (4620p) = τ
(
p · φ

(
772
))

,

and so 6, 14, 31, 33, 77 ∈ Ep.

Now, let n ≥ 1 such that n ∈ Ep ∪ Lp. Therefore,

σ (n) ≤ τ
(
p · φ

(
n2
))

≤ τ (p) τ
(
φ
(
n2
))

= 2τ
(
φ
(
n2
))
.
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As in the proof of Theorem 5.3, the only solutions of σ (n) ≤ 2τ (φ (n2)) are n = 1, 2, 3, 4,
5, 6, 7, 9, 11, 13, 14, 15, 17, 19, 21, 31, 33, 35 and 77. In the case when p ≥ 23, it is easy to
check that the numbers 1, 2, 3, 4, 5, 7, 9, 11, 13 , 15, 17, 19, 21 and 35 satisfy the inequality
σ (n) < τ (p · φ (n2)). Thus, 6, 14, 31, 33, 77 are the only solutions of σ (n) = τ (p · φ (n2)),
where p ≥ 13 is prime with p ̸= 31. This completes the proof.

Remark 5.3. By the same reason, one can prove that

• E5 = {6, 11, 14, 15, 35},

• E7 = {6, 31, 33, 35},

• E11 = {6, 11, 14, 31}

• E31 = {6, 14, 33, 77}.

Moreover, from the proof of Theorem 5.4, for any prime p ≥ 23 we deduce that

Lp = {1, 2, 3, 4, 5, 7, 9, 11, 13, 15, 17, 19, 21, 35} .

Representing the sequence n 7→ σ(n)− τ(φ(n2)) for n from 1 to 100000
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Representing the sequence n 7→ σ(n)− τ(100nφ(n)) for n from 1 to 100
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Representing the sequence n 7→ σ(n)− τ(φ(n2)) for n from 1000000 to 2000000
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Conclusion and open problems

T he work contained in this thesis is essentially composed of two main parts. The
first part consists of preliminary concepts of Diophantine equations and arithmetic

functions, in addition to detailing some of the most important similar modern work.
In the second part, we present the results and proofs we have obtained in solving some

Diophantine equations that contain arithmetic functions in the last three chapters.
The different results that we have proved in the chapter 03 give rise to diophantine

equations that deserve to be studied. Here, we give some examples.

1. In Theorem 3.1, we need to solve the system:{
2 · 3t + 1 is prime,
ab+ 2a+ 2b+ 1 = 3bt,

where a, b, t are non-negative integers.

2. In Proposition 3.4, we need to solve the system:
p is prime,
2tp4 + 1 is prime,
t positive integer.

3. In Proposition 3.6, we need to solve the system:
p is prime,
2sp2 + 1 is prime,
ab+ 2a+ 2b+ 1 = 3bs,

where a, b, s are positive integers.

In the chapter 04, we investigated the solutions n of the equation (i) τ(kn) = φ(φ(n))
and also the respective solutions of the corresponding inequalities (ii) τ(kn) < φ(φ(n))
and (iii) τ(kn) > φ(φ(n)). Since the positive integers are naturally partitioned into 3 sub-
sets according to (i), (ii) and (iii), we have also characterized the elements of the sets E1,
L1, G1, Ep, Lp and Gp whenever p is prime. As a conclusion, we gave the relation between
the sizes of these sets, where ∩ Ep = {∅} as p runs through the sequence of all primes.
The same technique is applied to characterize the elements Ek, Lk and Gk whenever k is
composite.

In the chapter 05, it seems that the most Diophantine equations of the form σ (n) =
F (n), where F is an arithmetic function formed by τ and φ, have only finite number of
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positive solutions. In this sense we have already seen in [15], the author conjectured that
n = 2 is the only known solution of σ (n) = n+ φ (n).
Similarly, in the present work we prove that each of the equations σ (n) = τ (kn · φ (n))
has finitely many solutions. Even though it may seem that any finite set of consecutive
integers includes in Lk for some k ≥ 1. For example, {1, 2, 3} ⊂ L3, {1, 2, 3, 4, 5} ⊂ L5,
{1, 2, 3, 4, 5, 6, 7} ⊂ L10 and {1, 2, · · · , 11} ⊂ L12. In the same context and for further re-
search we propose the following question: When does {1, 2, · · · , k} ⊂ Lk+1? There are
also questions on the set Ek; we ask whether Ek includes one element for infinitely many
k or not. For example, we can prove that E21 = {51}, E32 = {10}, E38 = {23}, E46 = {95}
and E48 = {47}. In particular, when does Ek = {p} with p is prime? On the other hand,
we have E27 = E51 = {∅}. Are there some others k with this property, are there infinitely
many?
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 ملخص

ديوفونتية  المعادلات بعض ال  وخصائص الهدف الرئيسي من هذه الاطروحة هو إيجاد حلول

نها التي هي ذات  م  لتم دراسة عدة معادلات من هذا الشك لذلك .تحوي دوال حسابية التي 

ومنها الغير منتهية تم تمثيل جزء منها وإثبات أنها غير   احلول منتهية تم إيجادها كله

. منتهية  

كلمات مفتاحيه: المعادلات الديوفانتية. الدوال الحسابية.   مجموع القواسم. عدد القواسم. 

. دالة أولر  

--------------------------------------------------------------------------------------------------------- 

 

Abstract 

The main aim of this thesis is to find solutions and properties to some 

Diophantine equations containing arithmetic functions. 

To this end, several equations of this form have been studied, among those 

containing finite solutions, all have been found, and among those containing 

infinite solutions, a part has been represented and proved infinite.  

Key words: Diophantine equations, arithmetic functions, number of positive 

divisors, sum of positive divisors, Euler’s phi function. 

--------------------------------------------------------------------------------------------------------- 

Résumé 

Le but principal de cette thèse est de trouver des solutions et des propriétés 

aux quelques équations diophantiennes contenant des fonctions arithmétiques. 

A cette fin, plusieurs équations de cette forme ont été étudiées, parmi celles 

contenant des solutions finies, toutes ont été trouvées, et parmi celles 

contenant des solutions infinies, une partie a été représentée et prouvée 

infinie. 

Mots clés : Equations diophantiennes, fonctions arithmétiques, la somme de 

diviseur positive, le nombre de diviseur positive, fonction d'Euler.  
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