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Introduction

he origins of hyperstructure theory can be traced back to Frédéric Marty’s sem-

inal 1934 paper [34], where he proposed a generalization of classical group the-

ory into a broader algebraic framework. Although Marty’s early passing limited
his direct contributions to only two publications, his ideas established the foundation of hy-
pergroups (or multigroups). Since then, hyperstructures have evolved into an independent
algebraic discipline, with applications spanning algebra, combinatorics, topology, computer
science, and logic. The study of these foundations has been enriched by several contribu-
tions, and some applications can also be found in [13], [14], [16], [25].

At the core to this theory lies the notion of a hyperoperation, which extends the classi-
cal concept of an operation by allowing multiple outputs instead of a single value. Algebraic
hyperstructures are defined as sets equipped with one or more hyperoperations, encompass-
ing systems such as hypergroups, hyperrings, and hyperlattices. In logic, multialgebras have
served as semantic models, and Avron with collaborators introduced non-deterministic ma-
trices (Nmatrices) to analyze paraconsistent logics, particularly those in the class of Logics
of Formal Inconsistency (LFIs) [9], [24].

The study of hyperlattices enriched with hyperoperations was initiated by Benado [10]
under the name “multistructure” and later refined by Morgado [35]. Subsequent contribu-
tions by Koguep et al. [32] and Konstantinidou and Mittas [33] established the theoretical
framework for ideals and filters in hyperlattice systems. Ameri et al. [2] advanced the anal-
ysis of prime ideals and filters, while Rasouli and Davvaz [40], [41] formalized hyperlattices
and demonstrated their connections to classical lattice theory, including the construction of
topological spaces derived from prime ideal collections in distributive hyperlattices. Mod-
ern mathematicians have established this as an independent algebraic discipline, actively
employed in cross-disciplinary studies by researchers worldwide [1], [2], [32], [33], [39], [40],
[41], Tang et al. [44], and Kehayopulu [28], [29], [30] [31], and books such as [15], [17], [45].



Representation theory has played a pivotal role in the development of lattice-based struc-
tures. Stone’s 1937 theorem [43] established an isomorphism between Boolean algebras
and their prime ideals, initiating extensive advances in distributive lattice representation.
Birkhoff [11] later proved that every finite distributive lattice is isomorphic to the lattice of
ideals generated by its join-irreducible elements. Priestley [37], [38] enriched this field by
introducing a duality framework for bounded distributive lattices. Canonical extensions,
studied by Gehrke et al. [21], [22], [23] and Jonsson-Tarski [26], [27]. Topological methods
applied to distributive lattices [42] and Boolean algebras [43] play a pivotal role in investi-
gating logical semantics for propositional systems, while subsequent developments further
deepened these connections by introducing algebraic perspectives that enriched the seman-
tic analysis.

further deepened these connections by offering algebraic perspectives on logical seman-
tics.

Building on these developments, recent works [3]], [4], [5], [6], [7], [8], [37], [38], [46]
and [47] have expanded representation theory into broader categorical frameworks, high-
lighting the potential of hyperlattices in unifying algebraic and topological perspectives.
This thesis contributes to this line of research by establishing a fundamental representation
theorem for bounded distributive hyperlattices endowed with negatively ordered commuta-
tive monoids and hypermonoid structures, thereby situating hyperlattice theory within the
wider landscape of duality and categorical representation.

Research Motivation. Despite significant progress in hyperlattice theory, the integration
of negatively ordered commutative monoids and hypermonoids into Priestley-style duality
remains underexplored. This thesis addresses this gap by extending representation theory to
a broader categorical framework, contributing to the unification of algebraic and topological
perspectives.

Potential Applications. Beyond its theoretical value, the results of this work have po-
tential applications in mathematical logic and theoretical computer science. The categori-
cal duality developed here provides tools for analyzing formal specification languages and
computational models, offering both deeper theoretical insights and practical advantages in
decidability and structural analysis.

This study aims to:

1. Establish a categorical duality between Priestley-style spaces and bounded distributive



hyperlattices with negative ordering, generalizing classical duality result

2. Analyze homomorphisms and morphisms in negatively ordered hyperlattice-based

monoids, and explore their role in categorical equivalence'.

3. Develop a unified framework that connects algebraic hyperstructures with topological

duality, enhancing the structural understanding of distributive systems '.

4. Extend the representation theory to hyperlattices with negatively ordered commutative

hypermonoids structuresﬂ

5. Introduce and formalize the notion of negatively ordered commutative semihyper-

groups within the context of hyperlattice theory?.

6. Provide illustrative constructions and counterexamples to clarify the behavior of prime

filters, ideals, and dual spaces in the proposed setting?.

7. Demonstrate the applicability of the developed theory to logical semantics and alge-

braic specification, particularly in systems involving non-deterministic operations?.

This thesis is structured as follows:

The thesis is organized into four chapters, each building upon the previous to develop a
comprehensive framework of representation and duality in hyperlattice-ordered commuta-
tive monoids and hypermonoids. Chapter 1 provides the foundational background, intro-
ducing topological spaces, distributive lattices, Priestley duality, and hyperlattices, thereby
establishing the theoretical basis for the subsequent developments. Chapter 2 focuses on
representation and duality in bounded distributive hyperlattices, drawing on the published
work of A. Amroune and A. Oumbhani, and highlights the role of prime ideals, filters, and
categorical connections. Chapter 3 extends Priestley duality to bounded distributive hyper-
lattices equipped with negatively ordered commutative monoids. It begins with the study
of hyperlattices arising from negatively ordered commutative monoids, then moves to the
analysis of ideals and filters within these structures, followed by an examination of homo-
morphisms and morphisms, and culminates in the development of a Priestley-style repre-
sentation framework with key theorems and applications. Chapter 4 further generalizes the

representation approach to distributive hyperlattices endowed with ordered commutative

IThis part is published in QRS Journal of Quasigroups and Related Systems [19].
2This part is accepted in JDMSC Journal of Discrete Mathematical Sciences and Cryptography [20].

3



LIST OF TABLES 4

hypermonoid structures. It opens with the foundations of negatively ordered semihyper-
groups, proceeds to the study of structural properties of hyperlattice-ordered commutative
hypermonoids, continues with an exploration of hyperideals and hyperfilters, advances to
the analysis of morphisms in hyperlattice-ordered commutative hypermonoids, and con-
cludes with Priestley-style representation and biduality, thereby completing the theoretical
framework and demonstrating its applicability to logical semantics and algebraic specifica-
tion.

The majority of the results presented in this thesis have been published in international
journals. The results included in Chapter 3 and Chapter 4 have been described in [19] and
[20], respectively.

©2026, M’sila University 4 Imane Douadi



CHAPTER 1

FOUNDATIONS FRAMEWORK:
TOPOLOGICAL SPACES, DISTRIBUTIVE
LATTICES, PRIESTLEY DUALITY AND
HYPERLATTICES

% he purpose of this chapter is to establish the theoretical foundations that support
the development of the thesis. We begin with an overview of topological spaces,
emphasizing their role in providing the structural background for continuity, compactness,
and separation axioms. This framework naturally leads to the study of distributive lattices,
which constitute the algebraic backbone of our investigation. Building upon these notions,
we present Priestley duality for bounded distributive lattices, a fundamental correspondence
that bridges algebraic and topological perspectives and serves as a powerful tool in repre-
sentation theory. Finally, we introduce the concept of hyperlattices, extending classical lattice
theory to a broader setting. This extension not only enriches the algebraic landscape but also
prepares the ground for the original contributions that will be developed in the subsequent

chapters.

1.1 Topological Spaces and Basic Properties

We start by recalling the basic notions of topology, including bases, subspace topologies,
products of topological spaces, and compact spaces. These ideas provide the analytical back-
ground for later developments. At the same time, topological spaces represent one of the
most fundamental frameworks in modern mathematics. They generalize the concepts of
continuity and convergence beyond metric spaces, and they serve as a foundation for study-

ing compactness, connectedness, and product structures. This preliminary discussion will
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LATTICES, PRIESTLEY DUALITY AND HYPERLATTICES 6

provide the essential tools needed for the study of ordered structures and duality theory in
the chapters that follow, thereby establishing the groundwork for the original contributions
of this thesis.

Formally, a topological space is a pair (€2, X), where (2 is any set, and ¥ is a collection of

subsets of (2 called the topology. The collection X must satisfy the following axioms:

1. § and 2 belong to X.
2. Any union of elements of ¥ is also in X.

3. Any finite intersection of elements of > belongs to ¥.

The sets in X are referred to as open sets. If a set is open and closed in a topological space,
then it is called open-and-closed or closed-and-open (or clopen for short).
Let C be the family of closed sets of the topological space (€2,C). Then C satisfies the

following conditions:

(F1) e Cand Q € C,
(F2) If Cy,Cy,...,CL,eC=> L, C €,

Example 1.1. Let 2 be a non-empty set. The collection {0, 2} is a topology on € called the
trivial topology or (indiscrete topology).

1.1.1 Basis sub-basis for a Topological Space

Definition 1.1. A basis for a topology on a set (2 is a collection ‘B of subsets of 2 that satisfies

the following conditions:
1. For every point w € ), there exists at least one basis element 5* € B such that w € B*.

2. If a point w lies in the intersection B; N B, of two basis elements By, B, € B, then there

exists another basis element B* € ‘B such that

WGB*gBlﬂBg

©2026, M’sila University 6 Imane Douadi



CHAPTER 1. FOUNDATIONS FRAMEWORK: TOPOLOGICAL SPACES, DISTRIBUTIVE
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Every open set in ¥ can be formed as a union of basis elements from 8.
A subset B of ¥ is called a sub-basis of the topology if the collection B’ obtained by taking

all finite intersections of elements of B is a base of the topology.

1.1.2 Subspace Topology

Definition 1.2. Given a topological space (€2, ¥) and a subset A C (2, the subspace topology
on A is defined by
EA:{UQA|U€2}

A set is open in A if it is the intersection of an open set of (2 with A.

Lemma 1.1. If B is a basis for the topology %, then the collection:
By:{YﬂB’BGB}

is a basis for the subspace topology on .

Example 1.2. Let Q = {z,y,z,w} and ¥ = {@, {z,y},{z,y,2z,w}}. For A = {z,y,w}, the
subspace topology is ¥x = {@, {z,y}, {z,y,w}}.
1.1.3 Products of Topological Spaces

Let (£24,%;) and (£22, 23) be two topological spaces, and consider the cartesian product
Ql X QQ.

Definition 1.3. The product topology on 2, x (2, is the topology having as basis the collection

B of all sets of the form U/ x V, where U is an open set of ; and V is an open set of {2,.

Theorem 1.1. If B is a basis for the topology ¥, and C is a basis for the topology ¥, then the collection
D={BxC|BeBand C e C}

is a basis for the product topology on 0y x Q.

1.1.4 Compact Spaces

Definition 1.4. Let A be a subset of the topological space (€2, ¥). An open cover of A is a

collection O of open sets whose union contains A. A subcover derived from the open cover

©2026, M’sila University 7 Imane Douadi
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O is a subcollection @' of @ whose union contains A.

Definition 1.5. A topological space (£2,) is compact if every open cover has a finite sub-
cover. That is, if

Q=) Vs Us€ez,
acA

then there exists a finite set Ay C A such that

Definition 1.6. A subspace A of €2 is compact if and only if every open cover of A by open

sets in (2 has a finite subcover.
Theorem 1.2. Each closed subset of a compact space is compact.

Example 1.3. (i) The closed interval [0, 1] in R (with the standard topology) is compact.

(ii) Any finite topological space is compact.

1.2 Distributive Lattices: Structure and Examples

Distributive lattices constitute one of the central algebraic structures in this thesis. They arise
naturally in the study of ordered sets and provide a rich framework for connecting alge-
braic and topological perspectives. In this section, we recall the fundamental definitions and
properties of lattices, focusing on the distributive case. Special attention is given to filters
and ideals, which play a crucial role in representation theory, as well as to lattice homo-
morphisms, which preserve the algebraic structure and allow the construction of categorical
correspondences. We also present illustrative examples of distributive lattices, highlighting
their relevance in both pure and applied mathematics. This discussion sets the stage for the
introduction of Priestley duality in the next subsection.

A binary operation on a non-empty set X is any function f from the Cartesian product
X x Xinto X, ie, f: X x X — X. A binary operation f on X is called: (i) commutative,
if f(z,y) = f(y,x), for any z,y € X, (ii) associative, if f(f(x,vy),2) = f(z, f(y, 2)) for any
z,y,z € X. An element e € X is called: (i) a neutral element of f if f(z,e) = f(e,z) = x, for

any x € X, (ii) an absorbing element of f, if f(e,z) = f(z,e) = ¢, forany z € X.

©2026, M’sila University 8 Imane Douadi
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Example 1.4. The addition (+) and the multiplication (x) on the set of real numbers R are
commutative and associative binary operations. Where, 0 (resp. 1) is the neural element of

(+) (resp. (x)). Also, 0 is the absorbing element of (x).
Definition 1.7. A binary relation on a set X’ is a subset of the Cartesian product X' x X'

Definition 1.8. An order relation (or partial order) < is a binary relation on a set P which is
reflexive (i.e., z < z, for any = € P), antisymmetric (i.e.,, < y and y < z imply = y, for
any z,y € P) and transitive (i.e.,x < yand y < zimply z < #z, for any z,y, z € P).

A set P equipped with an order relation < on P is said to be a partially ordered set (poset,
for short) and denoted by (P, <).

A poset (P, <) is totally ordered if every z,y € P are comparable (i.e., z < yory < ).

Definition 1.9. Let (P, <) be a poset and let A be a subset of P. An element [ € P is called
a lower bound of A if | < a, for any a € A. [ is called the greatest lower bound (or the
infimum) of A if [, is a lower bound of A and m < [, for any lower bound m of A. Upper

bound and least upper bound (or supremum) are defined dually.

Example 1.5. Let D(30) be the set of positive divisors of 30, and | be the divisibility relation.
One can easily verify that the divisibility relation | is reflexive, antisymmetric and transitive
on D(30) . Thus, | is an order relation (a partial order on D(30), i.e., the structure (D(30), |) is
a poset. The poset (D(30), |) has 1 as the least element and 30 as the greatest element. Indeed,
1 divides all the elements of D(30), and any element of D(30) divides 30. Thus, the structure

(D(30),,1,30) is abounded poset. The corresponding Hasse diagram is illustrated in Figure
1]

I,
X,
NV

Figure 1.1: Hasse Diagram of (D(30), |)

©2026, M’sila University 9 Imane Douadi
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Lemma 1.2. (Zorn's lemma) Let P be a poset. If every totally ordered subset of P has an upper bound,

then P contains a maximal element.

Definition 1.10. Let (P, <;) and (P2, <2) be two posets. A mapping ¢ from P; into P; is

called an order isomorphism if it is surjective and satisfies

xr < yifand only if p(x) <5 ¢(y), for any z,y € P.

1.2.1 Lattices

In this subsection, we define a lattice as a poset in which every pair of elements has a meet

and a join. We highlight their algebraic significance and provide some examples.

Definition 1.11. [18] A poset (P, <) is called a meet-semilattice (resp. join-semilattice) if any
two elements x and y of P have a greatest lower bound (resp. least upper bound), denoted
by z Ay (resp. x V y) and called the meet (infimum) (resp. join (supremum)) of z and y.

A poset (£, <) is called a lattice if it is both a meet- and a join-semilattice.

We recall that a lattice can also be defined as an algebraic structure. A set £ equipped
with two binary operations A and V that are commutative (i.e.,.xVy =yVzand s Ay =yAx
forany z,y € L), associative (i.e., (xtVy)Vz =2V (yVz)and (zAy) Az =z A (y A z) for any
z,y,z € L) and idempotent (i.e., t Az = x and =z V & = z, for any = € £) and they satisfy the
absorption laws (i.e., x A (x Vy) =xand 2 V (z A y) = z, for any z,y € £). In this case, the
order relation < associated with L is related to the meet and the join operations as follows:
rANy=wxifand onlyif x < yifand onlyif z Vy =y, forany z,y € L.

Usually, the structure (£, <, A, V) is used to describe a lattice.

Example 1.6. (i) The set of positive integers N* equipped with the divisibility order | has a
structure of a lattice, where gcd (i.e., the greatest common divisor) and lcm (i.e., the least

common multiple) are its meet and joint operations, respectively;

(i) The bounded poset given in Example[1.5)is a lattice.

Definition 1.12. [18] A poset (£, <) is called a complete lattice if every subset S of £ has
both a greatest lower bound denoted by A S and called the infimum of S, and a least upper
bound denoted by \/ S and called the supremum of S.

Example 1.7. The ([0, 1], <, max, min) is a complete lattice.
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Definition 1.13. Let £ be a lattice and let M be a non-empty subset of £. M is a sublattice of
L if for any z,y € M,itholdsthatx Ay € MandzVy e M.

1.2.2 Distributive and Bounded Lattice

This subsection focuses on distributive lattice, where meet and join operations distribute
over eachother, and bounded lattices, which contain least and greatest elements. These prop-

erties are crucial for duality and representation theorems.

Definition 1.14. [18] A lattice (£, <, A, V) is called distributive if one of the following two

equivalent conditions holds:
(D1) zA(yVz)=(xAy)V(xAz),forany z,y,z € L;
(D2) 2V (yANz)=(xVy) A(xVz),forany z,y,z € L.

Definition 1.15. A lattice (£, <, A, V) is called bounded if it has a least and a greatest element
denoted by 0 and 1 respectively. Then the structure (£, <, A, V,0,1) is used to describe a
bounded lattice.

Example 1.8. (i) The lattice (D(30), |, ged, lem, 1, 30) is bounded and distributive;
(ii) The lattice of real numbers (R, <, min, maz) is distributive, but is not bounded.
1.2.3 Ideals and Filters

Ideals and filters are special subsets of lattices that capture upward and downward closure
properties. They play a central role in distributive lattices and areessential for constructing

dualities.

Definition 1.16. [12,]18] A nonempty subset Z (resp. F) of L is called an ideal (a filter)
provided for every z,y € L,

(i) reZandy < z,theny € 7;
(ii) z,y € Zimpliesz Vy € 7.
(forevery z,y € L,

(i) r € Fand x < y, theny € F;
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(ii) =,y € F impliesz Ay € F).
A proper ideal 7 (proper filter F) is called a prime ideal (prime filter) if it satisfies: z Ay €
Zimpliesz € ZTory eI (xrVy € Fimpliesz € Fory € F), forany z,y € L.

1.2.4 Lattices Isomorphisms

This subsection introduces lattice homomorphisms [18], which preserve meet and join op-
erations, and lattice isomorphisms, which establish structural equivalence between lattices.
These concepts are vital for understanding algebraic frameworks and categorical connec-
tions.

Let I' and I'" be two lattices. A mapping ¢ : I' — I is called:

(i) a A-homomorphism (resp. V-homomorphism) if it satisfies ¢(x A y) = ¢(z) A ¢(y) (resp.
o(zVy) =o(x)V o(y)), forany z,y € I

(ii) alattice homomorphism if it is both a A- and a V-homomorphism;

(iii) a A-monomorphism (resp. V-monomorphism) if it is an injective A-homomorphism

(resp. V-homomorphism);

(iv) a A-epimorphism (resp. V-epimorphism) if it is a surjective A-homomorphism (resp.

V-homomorphism);

(v) a lattice isomorphism if it is a bijective lattice homomorphism. If I' = I, a lattice iso-

morphism A : I' = I'is called a lattice automorphism.

Definition 1.17. If I' and I'" are bounded lattices, a lattice homomorphism ¢ : I' — I"" is said

to be a bounded-lattice homomorphism if it preserves 0 and 1, i.e., ¢(0) = 0 and ¢(1) = 1.

The following proposition shows that an order isomorphism between two lattices is equiv-

alent to a lattice isomorphism.
Proposition 1.1. Let ¢ be a mapping from I into T". The following statements are equivalent:
(i) ¢ is an order isomorphism;

(ii) ¢ is a lattice isomorphism.
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Proposition 1.2. ([ [12], Proposition 1.3.9 ]) Let F' be a subset of I. The following conditions are

equivalent,

(i) Fisaprime filter;

(ii) I' — F is a prime ideal;

(iii) There is a surjective lattice homomorphism ¢ : T — {0, 1} such that F = ¢~ ({1}).

Corollary 1.1. ([ [12], Corollary 1.3.13 ]), Let I be a distributive lattice. If o, 3 € T are such
that o £ 3, there is a prime filter F' such thata € Fand 8 ¢ F.

1.3 Priestley Duality for Bounded Distributive Lattices

Priestley duality provides a fundamental correspondence between bounded distributive lat-
tices and certain ordered topological spaces, known as Priestley spaces. This duality not only
establishes a deep connection between algebra and topology but also serves as a powerful
tool in representation theory. In what follows, we present the basic definitions of Priestley
spaces and examine their key properties, such as compactness and order-separation. We then
present the dual equivalence between bounded distributive lattices and Priestley spaces,
highlighting how algebraic operations correspond to topological constructions [12], [18].
This framework will later be extended to hyperlattices, thereby preparing the ground for

the original contributions of the thesis.

1.3.1 Priestley Spaces and Their Properties

Here, we present the basic definitions of Priestley spaces and examine their essential fea-
tures. Particular emphasis is placed on compactness and order-separation, which ensure the
robustness of these ordered topological structures [37]. These properties form the foundation

for establishing the categorical correspondence with bounded distributive lattices [[18].
Definition 1.18. Let (A, <) be a partially ordered set.
e Asubset £ C Aisincreasingif x € Fand x < yimplyy € E.

e Asubset £ C Aisdescendingifz € Fandy Jzimplyy € E.
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Definition 1.19. An ordered topological space is a triple (A, 6, <), where (A, #) is a topological
space and (A, <) is a poset. A set that is both open and closed is called #-clopen. Such a space
is said to be totally disconnected with respect to the order if, for every distinct z,y € X, there

exist:
e an increasing 0-clopen set U containing z,
e a decreasing 6-clopen set V' containing v,
withUNV =o.

Definition 1.20. A Priestley space is a compact, totally disconnected ordered topological

space.
Definition 1.21. Let (A, 6, <) and (X, 0, C) be Priestley spaces.

e A function f: A — X isincreasingif z <y = f(z) C f(y).

e If f is increasing and continuous, it is a homomorphism of Priestley spaces.

e If f is bijective, it is an isomorphism of Priestley spaces.

1.3.2 Duality between Lattices and Priestley Spaces

In what follows, we highlight the dual equivalence between bounded distributive lattices
and Priestley spaces. This correspondence illustrates how algebraic operations translate into
topological constructions, thereby revealing the deep interplay between algebra and topol-
ogy [37,43]]. Such a framework provides the necessary background for extending duality
principles to hyperlattices in the subsequent chapter [§].

Definition 1.22. Let A be a bounded distributive lattice. Its dual Priestley space is defined

as:
P(A) = (A, 0,9),

where:
e A is the set of lattice homomorphisms f : A — {0, 1} preserving bounds;

e 0 is the product topology inherited from {0, 1}%;
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e the order < is defined pointwise: f < g <= f(a) < g(a), foralla € A.
Thus, P(A) is a Priestley space.

Lemma1.3. e If¥ = (A,0,<)isa Priestley space, then L(¥X) = {U C A | U is increasing and

O-clopen}, forms a bounded distributive lattice under intersection and union.

e For a bounded distributive lattice A, the mapping Fa : A — L(B(A)), Fa(a) ={f € A |

f(a) = 1} is is a lattice isomorphism.

o If f: Ay — A isa lattice homomorphism, then L(f) : P(Az) — B(A41), PB(f)(g) =gof
is a homomorphism of Priestley spaces, i.e., a continuous and increasing map.

1 ifzel,
o IfY = (A,0,Q)isaPriestley space, then Gy, : ¥ — P(L(X)), Gx(x)(U) = ya
0 otherwise,

forall U € L(X)is an isomorphism of Priestley spaces, i.e., a bijection, continuous and increas-

ing map..

o Ifh: ¥y — Xy isahomomorphism of Priestley spaces, then L(h) : L(33) — L(X;), L(h)(U) =
h=Y(U), for every U € L(X,) is a lattice homomorphism.

o Ify): Ay — Asis a lattice homomorphism, then L(B(¢)) o Fa, = Fa, 0.
o Ifv: X, — X is an homomorphism of Priestley space, then T'(L(7)) o Gx, = Gy, 0 7.

Theorem 1.3 (Priestley Duality). The category of bounded distributive lattices is dually equivalent
to the category of Priestley spaces.

~ Priestley Space

L

Bounded Distributive Duality
Lattice A

Figure 1.2: Simplified diagram of Priestley duality: lattice < Priestley space.

1.4 On Hyperlattices and Their Algebraic Features

Hyperlattices represent a natural extension of classical lattice theory, where operations may

yield sets of outcomes rather than single elements. This generalization enriches the algebraic
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framework and opens new perspectives for studying distributive structures [15,45]. In this
section, we introduce the basic definition of hyperlattices and highlight their fundamental
properties. Special attention is given to ideals and filters, which capture the order-theoretic
and algebraic behavior of hyperlattices, and to hyperlattice isomorphisms, which preserve
structural features and enable categorical correspondences. Together, these notions form
the algebraic foundation upon which the duality theory for hyperlattices and the original

contributions of this thesis will be developed [8]].

Hyperoperations

Algebraic hyperstructures are a suitable generalization of classical algebraic structures. In
a classical algebraic structure, the composition of two elements is an element, while in an
algebraic hyperstructure, the composition of two elements is a set. More exactly, if H is a

nonempty set and &7*(H) is the set of all nonempty subsets of H.

Definition 1.23. [34,45] Let H be a nonempty set and &7*( H) denotes the set of all nonempty
subsets of H. A binary operation - of the following type:

- H x H— 2*(H)

is said to be a hyperoperation.
e The (-) in H is called associative (resp. commutative) if (v-y) -z =z -(y-2) forall z,y, =
inH (r-y=y-zforall z,yin H).

e Anelement e € H is called an identity (or unit) if forallz € H,x € e-zxand z € = - e.

e An element 7! € H is called an inverse of # € H if there is an identity e € 22*(H),

suchthatee z-z 'andec z ! - 2.

Example 1.9. Let H = {a, b, c} be a set. Define the hyperoperations o on H by the following
Table

ol a b c

a | {a} {a,c} | {a,b}
b | {a,c} | {a,b} | {a}
c | {a,b} | {a} {a,c}

Table 1.1: Hyperoperation structure on H
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1.4.1 Hyperlattices: Definitions and Basic Concepts

Definition 1.24. [§]Let H be a nonempty set, A be a binary operation and L be a hyperoper-
ation on H. H is called a hyperlattice if for all a,b,c € H the following conditions hold

(i) a € alUa, and a A a = a (Identity and idempotent);

(ii)) aUUb=0bUa,and a A b= b A a (Commutative);

(iii) a € [a A (aUb)]N]al (a Ab)] (Absorption compatibility);

(iv) aU(bUc)=(aUb)Uc,and a A (bAc) = (aAb) A c(Associativity);

(V) a € allb= aAb=b(Weak cancellation to meet).
For all nonempty subsets .4 and B of H, we define
ANB={aAblae A,beB}and AUB=U{aUb|a€c Abe B}

The converse of condition (v) in Definition is true. Indeed, using (iii) in Definition [1.24}

we obtain a € a U b by taking b = a A b. Hence, we can define a partial order on H by:
a<bebecaldbsaNb=a.

Definition 1.25. [1]A hyperlattice H is called bounded if there exists 0,1 € H such that for
alla € L, 0 < a < 1. We say that 0 is the least element and 1 is the greatest element.

Definition 1.26. [2]Let H be a hyperlattice. H is called distributive if for all a,b,c € H,
aN(blUc)=(aANb)U(aAc)
A hyperlattice H with the property
ald(bAc)=(alUb)A (aUc)

is called dual distributive.

Example 1.10. Let H = {0, a,1}. Consider the following Cayley tables
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ANlO]all ulo a 1
010100 0| H {a,1} | {1}
a|0]ala a | {a,1} | {a} {1}
110]all 1| {1} {1} {1}

Table 1.2: Cayley table for the operations A and Ll of H = {0, a, 1}

Then (H, A, L, 0,1) is a distributive hyperlattice.

Consider a lattice (H, A, V). We define the Nakano hyperoperation Lion H by zUy = {z €
H|zVx=2zVy=aVy}, forallz,y € H. To the best of our knowledge, the LI hyperoperation

was first introduced by Nakano in [36], which is an investigation of hyperrings.

Lemma 1.4. [8]If (H, A, V) is a distributive lattice, then (H,\,U) is a distributive hyperlattice
whereaUb={zr € H|aVb=aVaz=bVa}foralla,be H.

Proof. Straightforward. O

Example 1.11. Let H = {0, a, b, 1} be a distributive lattice, where A and V is defined as in the
following Cayley tables

—lo e O >
[N Nl Nell Nerll e
QO | O
Sl N el el i)
S S| =
RS [ OlK
| S e | OO
=2 2 |2
S = S S
el el i e

Table 1.3: Cayley table of distributive lattice H = {0, a,b, 1}

We use the Nakano hyperoperation, and we obtain the following Cayley table.

0 a b 1

{0} | {a} [ {b} |{1}
{a} | {0,a} | {1} | {b1}
{o; | {1} | {06} | {a,1}
{1} | {b,1} | {a,1} | H

Table 1.4: Nakano hyperoperation of H = {0,a,b,1}

— |l |o|C

Then (H, A, U) is a distributive hyperlattice.
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Lemma 1.5. [8]Let H = {0,1}. Then (H, A\,U) is a bounded distributive hyperlattice, where the

operations and hyperoprations are defined as follows:

N ulo |1
000 0| {0} | {1}
101 1| {1} | H

Table 1.5: Cayley table for the operations A and Ll of H = {0, 1}

Proof. Straightforward. O

1.4.2 Ideals and Filters: Initial Lemmas and Propositions

Definition 1.27. [2,|39]JA nonempty subset 7 of a hyperlattice H is called an ideal if the

following conditions hold

(i) Downward closure: i; € 7,1, < i, and iy € H,then i, € 7 ;

(ii) Closure under hyperoperation: ¢y, i, € Z, then i, U i, C 7.

A proper Ideal 7 is called a prime ideal if iy Aiy € Z, theni; € Zori, € Zforalliy,i, € H.

Definition 1.28. [2,.39] A nonempty subset F of a hyperlattice H is called a filter if the

following conditions hold

(i) Upward closure: f; € F, fi < foand f, € H, then f, € F;

(ii) Closure under meet: f1, fo € F, then fi A fo € F.

A proper filter F is called prime if for all fi, fo € H (fi U fo) N F # 0 implies f; € F or
fa e F.

Theorem 1.4. [8] If T is a prime ideal of H, then H\Z is a prime filter of H. Conversely, if F is a
prime filter of H, then H\F is a prime ideal of H.

Proof. First, we prove that H\Z is a prime filter of H. Letz € H\Z ,y € H such that z < y,
we show that y € H\Z. Itis clear that = ¢ Z. Suppose y ¢ H\Z,soy € Z. We have z < y and
7 is an ideal, therefore x € 7 that is a contradiction. So y € H\Z. Assume =,y € H\Z. We
show that x Ay € H\Z. Itisclear thatz,y ¢ Z.If x Ay € Z,thenx € Z or y € Z because [ is a

©2026, M’sila University 19 Imane Douadi



CHAPTER 1. FOUNDATIONS FRAMEWORK: TOPOLOGICAL SPACES, DISTRIBUTIVE
LATTICES, PRIESTLEY DUALITY AND HYPERLATTICES 20

prime ideal, which is a contradiction. So z Ay € H\Z. So H\Z is a filter. It is enough to show
that H\Z is a prime filter. Suppose =,y € H and (z Uy) N (H\Z) # 0. So there exists z € H
suchthat z e xUyand z € H\Z. lf 2,y ¢ H\Z, then z,y € Z, therefore x LIy C 7 because [ is
an ideal. Hence (z Uy) N (H\Z) = 0, which is a contradiction. So x € H\Z ory € H\Z.
Similarly, we prove that H\F is a prime ideal of H. O

Example 1.12. In Example Consider F = {1}, F'is a filter of H, but it is not prime. We
have H\F = {0,a},0Ua = {a,1}, and {a,1} ¢ H\F,so H\F is not an ideal of H.

Proposition 1.3. [§] [Filter generated] For a nonempty S C H, the smallest filter containing S is
(S)y={xe€H|siN---Ns, <xforsomesy,...,s, €S}

In particular, for a € H, the principal filter generated by a is (a) = {x € H | a < x}
Proof. 1. Non-emptiness: for s € S, clearly s < s, hence s € (95).

2. Upward closure: if z € (S) and = < y, then y € (S).

3. Closure under meet: if x,y € (S), then z Ay € (S).

4. Minimality: any filter containing S must also contain ().
[

Proposition 1.4. [32,39]Let (H, A, L) be a distributive hyperlattice. If a € H, then | a = {z € H |

x < a}is an ideal.

Proof. First, note that | a # @ since a < a, hence a €/ a.
Next, suppose v €| aand y € H withy < z. Theny < z < a,s0y €| a. Thus, | ais
downward closed.

Now, let z,y €] a. Then x < a and y < a. In a distributive hyperlattice, we have
aN(zUy)=(anz) U (aNy).

Since z < aand y < q, it follows thata Az =xand a Ay = y. Hence, a A (x U y) =z U y.
For any z € U y, we obtain a A z = z, which implies z < a. Therefore, z €] a, and so
x Uy Cla.
Thus, | @ is nonempty, downward closed, and closed under the hyperjoin LI. Conse-

quently, | a is an ideal of H. O
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Theorem 1.5. [8] Let (H, A\, ) be a distributive hyperlattice, § a filter, and I an ideal with § NZL =
@. Then there exists a prime filter B such that § C*Band P NI = @.

Proof. 1. Define
G={F 2F|F isafilterandF NI =02}

Clearly, G is nonempty.
2. By Zorn’s Lemma, G has a maximal element ‘.

3. Suppose P is not prime. Then there exist z,y € H with (zx Uy) NP # & but z,y ¢ P.
Extending B by z (or y) would yield a larger filter still disjoint from Z, contradicting
the maximality of °B.

4. Therefore, °B is prime, contains §, and is disjoint from 7.
O

Corollary 1.2. [8]If 7 is an ideal and a ¢ Z, then there exists a prime filter 8 with a € 33 and
PNI=2.

Proof. 1. Consider the principal filter (a) ={zx € H |a <z }.
2. Since a ¢ Z, we have (a) N Z = @.
3. By Theorem [1.5] there exists a prime filter B such that (a) CPand PNZ = 2.

4. Hence a € B and the claim follows.
O

Corollary 1.3. [8] Let H be a distributive hyperlattice. If a,b € H are such that a £ b, there is
a prime filter § such thata ¢ §and b € 3.

Proof. Take J =| b in Corollary[1.2]. O

1.4.3 Hyperlattices Isomorphisms

Definition 1.29. [§/Let H and H'be two hyperlattices and ¢ : H — H'be a mapping.

1. ¢ is said to be a hyperlattice homomorphism if ¢(x A y) = ¢(x) A ¢(y) and ¢(z Uy) C
o(z) U o(y), forall z,y € H.
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2. ¢ is said to be a strong homomorphism of hyperlattices if ¢(z A y) = ¢(z) A ¢(y) and
¢z Uy) = d(z) Ug(y), forallz,y € H.

If ¢ is a bijection, then ¢ is said to be a hyperlattices isomorphism (strong isomorphism).

Example 1.13. Let H be the hyperlattice in Example and ¢ : H — H is defined by:
#(0) =0, ¢(a) = a, and ¢(1) = a. Then ¢ is a homomorphism.

Proposition 1.5. Let (H, A, U) be a hyperlattice and °B a prime filter. Define moq : H — {0, 1} by
17 VIS q37
mp(r) =
0, x¢°P.
Then Ty is a surjective hyperlattice homomorphism and 9B = 7' ({1}).

Proof. 1. Meet preservation. If tAy € Pthenz,y € P, hence myp(xAy) = 1 = mp(z) Ay (y).
If x Ay ¢ B then at least one of =,y ¢ B, so mp(z Ay) = 0 = mp(z) A 7 (y).

2. Hyperjoin compatibility. Let LI be the hyperoperation on {0,1}. If (z Uy) NP # &,
primality yields z € ‘B ory € B, so mp(z Uy) = {1} C myp(x) U mp(y). Otherwise,
mp(zUy) = {0} C mp(x) U mp(y). Hence mp(z Uy) C mp(z) U mp(y).

]
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CHAPTER 2

REPRESENTATION AND DUALITY IN
BOUNDED DISTRIBUTIVE
HYPERLATTICES

Un this chapter, we recall and reformulate some published results concerning the represen-
tation of bounded distributive hyperlattices and their connection with Priestley duality.
Representation and duality theories play a central role in the study of algebraic structures,
and distributive hyperlattices provide a natural extension of classical lattice theory.

The results presented here, originally established by (A. Amroune and A. Oumbhani) [§],
provide the theoretical foundation for understanding the categorical equivalence between
bounded distributive hyperlattices and Priestley spaces. For completeness, we present these
results in a unified manner, with consistent notation and explanatory remarks.

Our aim here is not to introduce new findings, but rather to integrate these results into the
framework of the thesis, ensuring that the representation theorem and the duality principles
are clearly stated, rigorously explained, and illustrated with examples. This chapter thus
serves as a bridge between the classical background introduced in Chapter One and the

original contributions that will be developed in Chapter Three.

2.1 Dual Spaces of Bounded Distributive Hyperlattices

The present section is devoted to the study of dual spaces associated with bounded distribu-
tive hyperlattices. By extending the framework of Priestley duality, we define the order-
topological structures that correspond to hyperlattices and analyze their fundamental prop-
erties. This construction provides a representation of hyperlattices through clopen increasing
subsets and establishes the bidirectional link between algebraic and topological perspectives.

The results obtained here form the basis for the correspondence and isomorphism theorems
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developed in the subsequent sections.

Definition 2.1. [8]Let A = (2, A, U, 0, 1) be a bounded distributive hyperlattice. The spectral
dual of A, denoted G(.A), consists of:

e The carrier set 3 of all nontrivial hyperlattice homomorphisms ¢ : A — {0, 1}, where
{0,1} = ({0,1},A,11,0,1)) is the two-element Boolean algebra (structure).

e A point-by-point order < on B3, where x < ¢ iff x(¢) < ¢(¢) forall ¢ € 2.

e The initial topology ¢ inherited from the product space {0, 1}** equipped with the dis-
crete topology.

Theorem 2.1. Let 5 = (H,A\,U, L, T) be a bounded distributive hyperlattice. Then the spectral

representation space &(H), consisting of:
e The set of all proper hyperlattice morphisms to {0,1}
e Equipped with the pointwise order and spectral topology

forms a Priestley space in the sense of [8].

2.2 Isomorphism in Priestley Spaces

The present section focuses on the role of isomorphisms within Priestley spaces and their
connection to bounded distributive hyperlattices. By examining morphisms and the con-
structions they induce, we establish the structural correspondence between hyperlattices and
their dual spaces. The results presented here highlight how the duality framework ensures

that algebraic and topological perspectives are faithfully mirrored through isomorphisms

Definition 2.2. [§] Let (5, p, <) and (T, v, C) be two Priestley spaces. A mapping ¢ : S — T

is called a morphism of Priestley spaces if it satisfies the following conditions:
1. Order preservation: For all z,y € S, whenever = <y, it follows that ¢ (x) C ¢(y).

2. Topological continuity: The map 1) is continuous with respect to the topologies p and

v; that is, for every open set U C T, the preimage ¢~ '(U) is open in S.

If, in addition, ¢ is bijective, then it is called an isomorphism of Priestley spaces.
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Lemma 2.1. [8] Let Y = (Y, 0,C) be a Priestley space. Define
L(Y)={U CY | U is o-clopen and increasing }.

Then there exists a hyperoperation \V on L(Y), such that (L(Y),N,V,@,Y) forms a bounded dis-
tributive hyperlattice.

Lemma 2.2. [8] Let H be a bounded distributive hyperlattice and let T (H) = (X, 1, =) denote its
Priestley dual space. Define

Py H—L(T(H),  Pule) ={peX|p(a)=1},

for each o € H, where L(T (H)) is the set of all increasing T-clopen subsets of X. Then, ®y is a

hyperlattice isomorphism.

Proof. Preservation of meet (1): For any «, 8 € H, Py (a A B) = Py (a) N Py(B), since every

homomorphism preserves finite meets.

Compatibility with the hyperoperation (¥): For the hyperoperation, &4 (aV¥3) C ®4(a)U

®4(B). Thus, the homomorphism condition is satisfied.

Injectivity. Suppose @4 (o) = P(5) with o # 5. By the prime filter separation property,
there exists a homomorphism ¢ such that ¢(a) = 1 and ¢(5) = 0. Hence ¢ € ®y(a) \ D5 (5),

contradiction. Therefore, o = f3.

Surjectivity. Let U € L(T(H)). For each ¢ € U and ¢ ¢ U, the Priestley separation
property provides an element v € H with ¢(y) = 1, ¥(y) = 0. Compactness ensures a finite
family {v,...,7,} suffices, so U = |J_; Pw (Vi)

By distributivity, this finite union can be represented by a single element I' € H such that
U= oy(I).

Conclusion. The mapping ®4 preserves the operations, is injective, and surjective. There-

fore, it is a hyperlattice isomorphism between H and L(7 (H)). O
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2.3 Correspondence between Bounded Distributive Hyper-

lattices and Priestley Spaces

The present section establishes the correspondence between bounded distributive hyperlat-
tices and Priestley spaces. By analyzing how homomorphisms in one framework induce
morphisms in the other, we demonstrate the mutual translation between algebraic and topo-
logical structures. The results confirm that the duality is coherent and bidirectional, ensuring

that each homomorphism or isomorphism has a precise counterpart in the opposite category.
Lemma 2.3. [8] Let f : Ay — Ay be a hyperlattice homomorphism. Then the map
T(f): T(A) — T(A),  T(f)lg) =g/,

foreach g € T (Az), is a homomorphism of Priestley spaces.

Proof. Order preservation. If g; < g, in 7 (A;), then for every a € A;, g1(®) = ¢2(a).
Thus, for each «, (g1 0 f)(a) =< (g20 f)(a), which shows T(f)(g1) < T(f)(g2). Hence, T(f)

is increasing.

Continuity. For any o € A;, consider the basic clopen set
Fa (o) ={g € T(A1) | g(a) = 1}.
Then
TN (Faa) ={g € T(A) [ (9o fila) =1} = {g € T(A2) | g(f(@)) = 1} = Fa,(f(e)).

Since F4,(f(«)) is clopen, the preimage is clopen, proving continuity.

Conclusion. Therefore, 7(f) is a Priestley space homomorphism. O

Lemma 2.4. [8] Let S = (X, 7, ) be a Priestley space. Then the map G's is given by

1 ifzey,
Gs: X — T(L(S)) Gs(z)(Y) = { )
0 ifx ¢y,

forallY € L(S), is an isomorphism of Priestley spaces.
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Proof. Surjectivity. For each f € T(L(S)), define
U={Y eLSI[fY)=1}, V={Z2€L(S)]|[(2)=0}

By compactness and separation in Priestley spaces, there exists € X such that Gs(z) = f.

Hence, G5 is surjective.

Injectivity. Let 21, o € X with z; # x,. Since Priestley spaces are totally order-disconnected,
there exists a clopen increasing set Y € £(S) such thatz; € Y and 2, ¢ Y. Then Gs(z1)(Y) =
1 while Gs(z2)(Y) =0,s0Gs(z1) # Gs(z2). Thus, Gs is injective.

Continuity. For any clopen set Y € L(S), G5'(Frs)(Y)) = Y, which is clopen in X.

Hence G is continuous.
Order-preservation. Since all Y € £(S) are increasing, < y implies Gs(z) < Gs(y).
Conclusion. Therefore, Gs is a Priestley space isomorphism. O

Lemma 2.5. [8] Let h : S; — S, be a homomorphism of Priestley spaces. Then the map
L(h): L(S) — L(S1),  L(W)(Y)=h"(Y),

forevery Y € L(S,), is a hyperlattice homomorphism.

Proof. Preservation of meet (1). ForallY, Z € £(S,),

LYY AXZ)=hHYNZ)=nrY)NR2Z)=L(h)(Y)ALR)Z).

Compatibility with the hyperoperation (V). Since inverse images commute with unions,
forall Y, Z € L(S2), LIh)(YVZ) C L(h)(Y)VL(h)(Z). Thus, the hyperoperation condition is

satisfied.

Conclusion. Therefore, £(h) is a hyperlattice homomorphism. O

2.4 Main Theorems of Duality

This section presents the fundamental results that complete the duality between bounded
distributive hyperlattices and Priestley spaces. The following theorems establish the consis-
tency of the canonical constructions and prove the categorical equivalence of the two frame-

works.
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Theorem 2.2. [§] For any hyperlattice homomorphism f : Ay — As, the equality

L(T(f)o®a = Pyyof
holds.

Proof. Take any o € A;. Then (L(T(f))o®a,)() = L(T(f))(P4,()). By definition, 4, (o) =
{9 € T(A1) | g(a) = 1}. Hence, L(T(f))(Pa, (@) = {h € T(As) [ (ho f)(a) = 1}.

But this is exactly {h € T(Az) | h(f(a)) =1} = P4, (f()).

Therefore, the equality holds. O

Theorem 2.3. [8] For any homomorphism h : S; — S, of Priestley spaces, we have
T(E(h)) o G31 = G52 oh.

Proof. Take any = € S;. Then (T (L(h)) o Gs,)(x) = T(L(h))(Gs, (2)).
By definition,

1 ifz ey,
Gs, (2)(Y) = forallY € L(S)).

0 otherwise,

1 ifzeh(2),
Thus, (T(L(h))(Gs, ()))(2) = Gs,(x)(h™1(2)) = {

Butz € h™1(Z) iff h(z) € Z. Hence

0 otherwise.

(T(L(h)) o Gs,)(2)(Z) = Gs,(h(x))(2).

Therefore the equality holds. O

Theorem 2.4. [8|] For every bounded distributive hyperlattice H and every Priestley space S, the
following equalities hold:

L(Gs)oPrsy = idgs), T(®y) o Gry = idrn).

Proof. First equality. Take any Y € L(S). Then (L(Gs) o @) (Y) = L(Gs)(Pris)(Y))-
By definition,
Crs)(Y) = {g € T(L(S)) [9(Y) = 1}.
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Hence
L(Gs)(Prs)(V)) ={z €S |Gs(x)(Y) =1} ={zeS[zeY}=Y

Thus the first equality holds.
Second equality. Take any ¢ € T (H). Then (T (®y) o Gr)) (@) = T(Pu) (G (9))-
By definition,

1 if p € Oy(a),

Gron(e)(a) = { forall « € H.

0 otherwise,
Thus,
1 ifpla) =1,
(T(23) (G0 (9))(@) = Gran (0)(Pu(a)) = .
0 otherwise.
Hence this map coincides with ¢. Therefore the second equality holds.
Conclusion. Both equalities are satisfied, showing the natural equivalence between the

constructions. O

Theorem 2.5. The dual of the category of Priestley spaces is equivalent to the category of bounded
distributive hyperlattices.

Proof. By Lemma2.2} each bounded distributive hyperlattice #{ is naturally isomorphic to
L(T(H)).
By Lemma each Priestley space S is naturally isomorphic to 7 (£(S5)).
Together with Theorems2.2]and [2.3] these results establish the desired dual equivalence.
O

2.5 Illustrative Examples of Representation in a Bounded Dis-

tributive Hyperlattice

This example illustrates the that there is a isomorphism between a bounded distributive

hyperlattice and their bidual.

Example 2.1. Let B = {0, o, 8, w}. Consider the following Cayley tables:
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Al a [ w Y| 0 Q I} w

010 6 0 0 0 {0 {a} {81 {)

all a 0 o «al|{a} {0,0} {w} {5,w} e e
glo o p 8 pI{B {ot {0,8} {a,w}

w|l a f w wl{w} {B,w} {o,w} {w} a

Figure 2.1: Cayley tables and Hasse diagram of (B, A, Y, 0, w).

Then, (B, A, Y, 6,w) is a bounded distributive hyperlattice. Let T'(B) be the set of homo-

morphisms from B onto {0,1} = {g1, g2}, where

.‘Haﬁw

g1: ‘0
00 11

010 1

gz :

Table 2.1: The dual space of B = {6, a, 5, w}

The bidual structure is recovered as: U(T(B)) = {0,{g1}. {92}, {91, 92}}. Define Y =
{91, 92}. Then, (U(T(B)),N,U,0,Y) is a bounded distributive hyperlattice.
Finally, A : B — U(T(B)) is given by

Ap(0) =0, Ap(a) ={g:}, Ap(B) ={a}, Apw)={g1, 6}

is a bounded distributive hyperlattice isomorphism.

Example 2.2. Let (X, p, <) be a Priestley space, where X = {«, 3,7}, and the partial order <

is given by:

Figure 2.2: Partial order table and Hasse diagram of (X, <).

O = O™
e e

\QQQ‘IA
o O ~ |0

The associated distributive hyperlattice is: .2 (X) = {0, {7}, {e, 7}, {5, 7}, X }.
The hyperoperation Y on . (X) is defined by:
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AlYAQZ{AE(g(X)|A1UA2:AUA1:AUA2}

The dual space T'(.Z (X)) is given by: T'(.Z (X)) = {1, g2, g3}, with evaluations:

ZX) |0 {1} {ar} {8} X
g1 0 0 1 0 1
g2 0 O 0 1 1
g |0 1 1 11

Table 2.2: Evaluations in the dual space T'(.Z (X))
Finally, the isomorphism Gx : X — T'(.Z (X)) is defined by:

Gx(a) =91, Gx(B)=g2, Gx(7) =93

Chapter Conclusion

This chapter has presented the representation of bounded distributive hyperlattices and em-

phasized the role of Priestley duality in establishing a coherent framework for their study.

The results are based on the published article by [8], which rigorously established the equiv-

alence between the category of Priestley spaces and the dual of the category of bounded

distributive hyperlattices. By incorporating these findings into the thesis, this chapter serves

as a bridge between established literature and the original contributions that will be devel-

oped in the subsequent chapters.
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CHAPTER 3

PRIESTLEY DUALITY FOR BOUNDED
DISTRIBUTIVE HYPERLATTICES
NEGATIVELY ORDERED COMMUTATIVE
MONOIDS

% he results presented in this chapter were published in the journal QRS [19]. They
constitute the first step toward establishing a duality framework for bounded dis-
tributive hyperlattices equipped with negatively ordered commutative monoids. In what
follows, we present the main contributions of this work, which extends the classical theory
of Priestley duality to a broader algebraic context, where hyperlattice structures interact with
monoidal operations under negative ordering constraints.

The motivation behind this study lies in bridging the gap between distributive hyperlat-
tices and duality theory, thereby providing new insights into the representation of algebraic
structures that generalize bounded distributive lattices. By establishing a dual equivalence
in this enriched environment, we highlight both the theoretical depth and the potential ap-
plications of such constructions.

Furthermore, this chapter emphasizes the originality of the results, as they represent the
tirst systematic attempt to develop a duality theory for hyperlattices combined with commu-
tative monoids. The exposition follows the structure of the published article, while integrat-
ing additional clarifications and examples to ensure coherence within the thesis framework.

In summary, this chapter is devoted to the study of Priestley duality within the frame-
work of bounded distributive hyperlattices negatively ordered commutative monoids. It
begins with the construction of hyperlattices associated with such monoids, followed by the
analysis of ideals and filters. The discussion then proceeds to homomorphisms of hyperlattice-

ordered commutative monoids, and culminates in the Priestley-style representation. Finally,
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the chapter concludes with applications to the main representation theorem, thereby consol-

idating the theoretical results with illustrative examples.

3.1 Hyperlattice of Negatively Ordered Commutative Monoids

In this section, we recall the notion of negatively ordered commutative monoids within the
framework of hyperlattices. The presentation includes the essential definitions and empha-
sizes some fundamental properties through selected theorems. To make the discussion more
concrete, representative examples are provided, illustrating how these abstract structures
operate in practice.

Let G = (S, %, <) be a structure where:
e (S, %)is a semigroup, i.e., a set S equipped with an associative binary operation *;
e = isa partial order on S, making (S, <) a poset;

e The operation * is order-preserving (or compatible) if for all z,y, z € S, we have:

r=y = zxxzxy and xxz Xyxz.

Then G is called an ordered semigroup.
Such a structure is called positively ordered if x < x xyandy < zxy forall z,y € S, and

negatively ordered if the reverse inequalities hold.

Definition 3.1. Let T be a non-empty set, equipped with two binary operations M and ¢, and
a hyperoperation U. The structure T is called a bounded hyperlattice ordered commutative

monoid if the following conditions hold:
1. (Y,M,W) is a hyperlattice;
2. (T, 0,e) is a commutative monoid with identity element e;

3. Forallz,y,ze Tizo(yMz) X (xoy)N(zoz), zo(yUz)C(rxoy) U (zoz).

These imply thatif y < z,thenyox < zoz, forall z,y,z € T.

The structure is called distributive when it additionally satisfies zM(yUz) C (zMy)Y(zMz).
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A bounded structure contains universal bounds | and T such that 1 < w; <X T for
all w; € Y. If (Y,M,U,0, L, T) is a bounded hyperlattice positively (negatively) ordered

commutative monoid thene = 1 (e =T).

Example 3.1. Let T = {0, 9, ¢, w, 1}. Its Hasse diagram is:

S5OAOO

Figure 3.1: Hasse diagram of the linearly ordered set 1.

(T,<,0,1) is a bounded distributive lattice. Define on T the hyperoperation Uby aU 3 =
teY|t>aVp}forall a, 5 € T and the binary operation ¢ by the following Table (3.1
y op y &

o0 ¥ ¢ w 1
0/0 ¥ ¢ w 1
1Y ¢ w 1 0
Sl¢ w 1 0 v
wlw 1 0 9 ¢
111 0 ¥ ¢ w

Table 3.1: Cayley table for the binary operation on 1.

Then (1,1, U, 0,0, 1) is a bounded distributive hyperlattice ordered commutative monoid.

Theorem 3.1. Consider the bounded distributive lattice + = (Y, 1, V, L, T). The following charac-

terizations hold:

1. The structure + = (Y, M,U, 0, L, T) can be endowed with the form of a bounded distributive
hyperlattice equipped with a positively ordered commutative monoid. The operations are defined

as:

e Hyperjoin: wy Wus ={z €Y |w Vus=w Vz=usVz}
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. wy Vuy ifw =Loruy=_1;
o Operation law: wy o uy =
T otherwise.

2. The same lattice + = (Y,M,U, 0, L, T) can also be interpreted as a bounded distributive hy-
perlattice endowed with a negatively ordered commutative monoid. The operations are given
by:

e Hyperjoin: wy Wus ={z €Y |w Vus=w Vz=uyVz}
wy Mug  ifwy =Torug=T;

e Operation law: wy o uy =
T otherwise.

3. Finally, the lattice + = (Y, M, U, o, L, T) can be structured as a bounded distributive hyperlat-

tice equipped with a positively ordered commutative monoid, where:

e Hyperjoin: wy Wuy ={z €T | 2> w; Vuy}.
w1y V Usg walzJ_OVUQ:J_;

e Operation law: wy o uy =
T otherwise.

Proof. The proof follows directly from Definition
]

Corollary 3.1. Let B = {0,1} be the Boolean algebra. Then (B,M,U,©,0,1) is a bounded

distributive hyperlattice negatively ordered commutative monoid, with operations defined

by Table[3.2}
U0 1
000 0| {0y | {1 ololo
{1} | {0,1}

Table 3.2: Operations tables for M, U, ¢ on {0, 1}

3.2 Ideals and Filters within Hyperlattice-Ordered Commu-

tative Monoids

In this section, we introduce the concepts of ideals and filters in the framework of hyperlattice-

ordered commutative monoids. Particular attention is devoted to prime ideals and prime
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tilters, which serve as key instruments for analyzing the internal structure of these alge-
braic systems. The discussion emphasizes how these notions interact with the hyperlattice
ordering, thereby providing a clearer perspective on the interplay between algebraic and

order-theoretic properties.

Definition 3.2. Consider a structure (T, M, U, o) where T is a hyperlattice equipped with a
commutative monoid operation. A subset Z T T, with Z # (), is termed an ideal if the

following conditions are fulfilled :
1. Whenever z € 7 and y < z, then y also belongs to 7.

2. The hyperjoin of any two elements in 7 remains within Z; that is, z,y € 7 implies
rUy C 7.

3. The product of any element in Z with an arbitrary element of T lies in Z; i.e., x € Z,

y € Timpliesz oy € 7.
Furthermore, a proper ideal 7 is designated as prime if

1. For all z,y € T, the inclusion x ¢ y € 7 necessitates that at least one of = or y belongs to
7.

2. Whenever x My € Z, then at least one of = or y is in Z.

Definition 3.3. Let (1,1, U, ¢) be a hyperlattice endowed with a commutative monoid struc-

ture. A non-empty subset 7 C 7T is called a filter if it satisfies the following properties:
1. If r € Fand z <y, theny € F.
2. The meet of any two elements in F is also in F; thatis, z,y € F impliesz My € F.
3. The product of any two elements in F remains in F;ie., z,y € F impliesz oy € F.
A proper filter F is referred to as prime if
1. Whenever a non-empty intersection (z Uy) N F # (), then at least one of z or y is in F;
2. If the product = ¢ y in F, then either x € Fory € F.

The following theorem shows that the complement of a prime filter (ideal) is a prime
ideal (filter).
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Theorem 3.2. Let (#, A, Y, 0) be a commutative monoid structured as a hyperlattice and negatively

ordered. Then the following duality principle holds:
e If T is a prime ideal of H, then the complement H \ T is a prime filter of H.
o Conversely, if F is a prime filter of H, then the complement H \ F is a prime ideal of H.

Proof. We first prove that 7 \ Z is a prime filter.

Upward closure: Let y € H\Z and v € H such that p < v. If v € Z, then p € Z,
contradiction. Hence, v € H \ Z.

Closure under meet: Suppose p,v € H\ Z. If u A v € 7, then by primality of Z, either
€ Zorv e Z, contradiction. Thus p A v € H \ Z.

Closure under product (using negative order): Let 1, € H \ Z. Since H is negatively
ordered, if ;1 o v € Z, then by primality of Z, either u € Z or v € Z, contradiction. Therefore
pove H\ZL.

Hence, H \ Z is a filter.

Primality conditions: - Let u, v € H such that (u Y v) N (H \ Z) # 0. Then there exists
0€uYyrvwithd ¢ Z. If both y,v € Z, then p Y v C Z, contradiction. Thus, u € H \ Z or
veH\T

-Let p,v € Hsuchthat pov € H\Z. If u,v € Z, then since Z is an ideal, po v € Z,
contradiction. Hence p € H\Zorv € H\ Z.

Thus H \ Z is a prime filter.

The converse: By symmetry, if F is a prime filter of #, then its complement H \ F satisfies

the axioms of a prime ideal. O

Proposition 3.1. Let o be a hyperlattice filter of a distributive hyperlattice negatively ordered commu-
tative monoid (H, A, Y, o). Then the least hyperlattice-ordered commutative monoid filter containing

o is given by
o) = {zxe€eH]|ajoay0---0a, Xz forsomeay,... a, €0}

Proof. First, we show that [0) is non-empty. Indeed, for any a € o, since a < q, it follows that
a € [0). Hence [o) # 0.
Next, we prove that [0) is a filter of (H, A, Y,0). Letz € [¢) and y € H with z < y. Then

there exist ay, ..., a, € o such thata, o ---o0a, <z <y, which implies y € [0).
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Moreover, if x,y € [0), then there exist ai, ..., a,,b1,...,b, € csuchthata,o---0a, <z,
byo---0b, <y. Consequently, (ajo---0a,) A (byo---0b,) =z Ay. Since H is negatively
ordered, we deduce that x A y € [0).

For the product, let z,y € [0). Then there exist ay, ..., a,,b1,...,b, € csuchthata;o---o
a, 3x,byo---0b, 2 y.

It follows that (a; 0---0a,)oy X zoy,and (ay0---0a,)o(byo---0b,) X (a;0---0a,)oy,
and hence, (a; 0---0ay,) o (byo---0b,) X xoy. Therefore z oy € [0).

Now, observe that for any a € o, wehave a < a,s0a € [0). Thus o C [0).

Finally, let F' be a filter of (#, A, Y, 0) with o C F. For any z € [0), there exist ay,...,a, €
osuchthata;o---0a, < z.

Since F' is a filter containing o, it follows that x € F'. Hence [0) C F.

This completes the proof. O

Theorem 3.3. Let (#H, A, L, o) be a distributive hyperlattice endowed with a negatively ordered com-
mutative monoid structure. Let F be a filter and T an ideal of H. If F NZ = (), then there exists a
prime filter P such that F C Pand PNZ = .

Proof. We show that such a prime filter P can be constructed.

Consider the primality condition: if (x U v) NP # (), then necessarily p € P or v € P
(see [8]]). This ensures that P respects the prime property with respect to the hyper-join.

Now suppose ;o v € P. Since H is a distributive hyperlattice and negatively ordered
commutative monoid, it follows that both ;1 € P and v € P. This guarantees closure under
the product operation in accordance with the prime filter axioms.

Thus, starting from F disjoint from Z, one can extend F to a prime filter P such that
FCPand PNZ=0. O

Corollary 3.2. Let (H, A, LI, o) be a distributive hyperlattice negatively ordered commutative
monoid. If [T is an ideal of H and o € H \ II, then there exists a prime filter ¢ of # such that

aced and PNl =02.

Proof. Let Il be an ideal of # and define thesetI' = {5 € H\II |ao---0ca < [}

Clearly, I' N II = @. It is straightforward to verify that I' is a filter of (H,A,U,0). By
Theorem [3.3] there exists a prime filter ® such thatI' C ® and ® N 11 = @.

Since o € T, it follows that o € ®. ]
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3.3 Homomorphisms of Hyperlattice-Ordered Commutative

Monoids

In this section, we study homomorphisms between hyperlattice-ordered commutative monoids.
The focus is on how these mappings preserve both the algebraic and order-theoretic struc-
tures, and on the consequences that arise from such preservation. By examining the behav-
ior of homomorphisms in this framework, we gain insight into structural compatibility and

open the way for further developments related to representation and duality.

Definition 3.4. Let (H, A, U, -) and (H', A, Y, ¢) be two hyperlattices equipped with commuta-
tive monoid structures. A mapping ¢ : H — #' is called a homomorphism of hyperlattice-
ordered commutative monoids provided that, for all z,y € H, the following conditions are

satisfied:

e Exact preservation of meets: p(z A y) = ¢(x) A p(y),
e Inclusive mapping of joins: p(z Uy) C o(x) Y ¢(y),

e Order-respecting multiplication: ¢(x - y) < ¢(x) ¢ p(y).

If, in addition, ¢ is bijective, then it is called a hyperlattice-ordered commutative monoid

isomorphism.

Proposition 3.2. Let H = (X, A, Y, *) be a hyperlattice endowed with a commutative monoid struc-
ture, and let B = ({0,1}, A, V, -, 0, 1) denote the bounded hyperlattice negatively ordered commuta-
tive monoid introduced in Corollary 3.1, Suppose G C X. If G is a prime filter, then there exists a
surjective homomorphism of negatively ordered commutative hyperlattices ® : H — B, such that

G=a"'({1})

1 ifx €@q,
Proof. Define the mapping ® : H — B by ®(z) =
0 otherwise.

We verify the homomorphism conditions: For the conditions ®(z A y) = ®(x) A ®(y) and
Oz Y y) C ®(x) V ®(y), the verification follows directly from the properties established
in [8, Proposition 2.12].

For the third homomorphism axiom, consider the product: We have ®(z) - ®(y) = 1 &
(x € G and y € G). Since G is a filter, this is equivalent to z * y € G, hence ®(z x y) = 1.
Therefore, ®(z) - (y) = ®(z * y). Thus, ® satisfies all homomorphism axioms. Moreover, ¢

is surjective, and by construction we have G = ®~({1}). O
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Corollary 3.3. Let £ = (Y, A, V, o) be a distributive hyperlattice negatively ordered commu-
tative monoid. For any u,v € Y with u 4 v, there exists a prime filter 7 C Y such that u ¢ F
and v € F.

Proof. Consider the principal ideal | v = {y € Y | y < v}, which, by Corollary 3.2} is an ideal
of the distributive hyperlattice negatively ordered commutative monoid K. Since u 4 v, it
follows that u ¢ v. By the separation property between prime filters and ideals, there exists

a prime filter F disjoint from | v such that v € F while u ¢ F. This completes the proof. [

3.4 Priestley-Style Representation in Hyperlattices-Ordered

Commutative Monoids

This section develops the Priestley-style representation within hyperlattice-ordered nega-
tively ordered commutative monoids. We begin with the foundations of Priestley spaces
and their homomorphisms, proceed to the construction of dual spaces, and then examine
biduality and structural equivalence. The discussion culminates in the main representation
theorem, which establishes a rigorous correspondence between algebraic structures and their

Priestley-style dual spaces.

3.4.1 Priestley Spaces Negatively Ordered Commutative Semigroups

Inspired by the notion of Priestley spaces (see, [37] and [38])), in the following, we give some
definitions and properties of Priestley space equipped with a negatively ordered commuta-

tive semigroup structure.

Definition 3.5. A Priestley-ordered commutative semigroup is characterized as a structure

¢ = (&, 7, %, ®) satisfying;:

e (&£,7,=)1s a Priestley space, i.e., a compact and totally disconnected ordered topologi-

cal space.

e (£, <,®)isacommutative semigroup with a negative order, meaning that forall 1, ¢, €
£,

E1®ey<e; and e; ®ey <X eg.
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Definition 3.6. A topological-algebraic structure & = (€, 7, <, ®) is classified as a Priestley-

ordered commutative semigroup when:
e The triple (£, 7, <) forms a space of Priestley,

e The algebraic structure (£, <, ®) constitutes a commutative semigroup with negative

ordering.

Definition 3.7. Given a bounded distributive hyperlattice endowed with a negatively or-
dered commutative monoid structure # = (H,M,U, ®, L, T). Its dual representation space is
defined as T(H) = (X, ¢, <, %), where:

e X is the set of all homomorphisms ¢ : #H — {L, T} preserving L and T.
e The order < is pointwise: ¢ < ¢ iff 1(d) < ¢(d) for every d € H.
e ¢ is the product topology inherited from { L, T }*.

e The semigroup operation * on X is given by

P(d)Ne(d), ity(d)Ue(d) =T,

4, otherwise.

(v *@)(d) =

Proposition 3.3. Let 5 = (E, A, Y, [,0, 1) be a bounded distributive hyperlattice endowed with the
structure of a negatively ordered commutative monoid. Then the dual space T () = (Z,T,<,©) is

a Priestley space equipped with a negatively ordered commutative semigroup structure.

Proof. Consider the dual space .7 (7¢) = (Z, T, <, ) associated with ¢ = (E, A, Y, [1,0,1).
It is already established (see [8]) that (Z, T, <) forms a Priestley space. Thus, it remains to
verify that the binary operation ¢ on Z endows (7, <, ©) with the structure of a negatively
ordered commutative semigroup.

Commutativity and associativity: For any ¢;,¢, € Z, a straightforward computation

shows that ¢; ¢ ¢, is a homomorphism. Moreover,

P10 Py = dp0p1, and (d1 0 ¢2) 0 P3 = ¢1 0 (P2 © P3),

which ensures that (Z, ¢) is a commutative semigroup.

Order preservation: (Z, <) is partially ordered by the relation ¢, < ¢2 < ¢1(a) < ¢2(a).
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Let ¢y, ¢o, 03 € Z with ¢1 < ¢o. Then, for all a € E, ¢1(a) A ¢3(a) < ¢a(a) A ¢3(a), and
63(a) A 61(a) < 63(a) A 6a(a).

Hence, ¢ ¢ ¢35 < ¢2 0 ¢3 and ¢35 © ¢1 < @3 © 2, which shows that (7, <, ¢) is a partially
ordered semigroup.

Negative ordering: Finally, for all ¢1, 92 € Z, (¢1 © ¢2)(a) = ¢1(a) A ¢a2(a) < ¢1(a) and
(¢1 0 P2)(a) = ¢o(a). Thus, ¢1 ¢ ¢ < ¢ and ¢y © Py <X @2, which confirms that (7, 5, ¢) is
negatively ordered.

Therefore, we conclude that .7 () = (Z,T, <, ) is indeed a Priestley space endowed

with the structure of a negatively ordered commutative semigroup. O

3.4.2 Homomorphism in Negatively Ordered Structures

In what follows, we introduce the notion of a Priestley space negatively ordered commuta-

tive semigroup homomorphism.

Definition 3.8. Let 2" = (X,7,<,x) and % = (2),7,C, ¢) be two Priestley spaces endowed
with negatively ordered commutative semigroup structures. A mapping ¢ : X — Q) is
called a Priestley space negatively ordered commutative semigroup homomorphism if it

satisfies the following conditions:
e Monotonicity (Order preservation): {; < & = (&) C ¥(&), V&,& € X.
e Topological continuity: ¢ is continuous with respect to the topologies 7 and 7.

e Submultiplicativity: (& &) T (&) 0 (&s), V&, & € X.

If ¢ is bijective, then f is called a Priestley space negatively ordered commutative semigroup

isomorphism.

3.4.3 Dual Construction of Priestley Space

In what follows, we establish necessary conditions ensuring that the dual of a Priestley space,
negatively ordered commutative semigroup, admits the structure of a bounded distributive

hyperlattice negatively ordered commutative monoid.

Lemma 3.1. Let A = (X, 7,<,©) be a Priestley space endowed with a negatively ordered commu-

tative semigroup. Then there exists a binary hyperoperation Y and a binary operation X such that
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(L(A), &, Y, K, 0, X) is a bounded distributive hyperlattice negatively ordered commutative monoid,
where L(A) ={Y C X | Y is 7-clopen and < -increasing}. The operations are defined by,

1. The hyperjoin Y is given by:
UlYUQI{QEL(A) | U1UU2gQaTldU1UQ:U2UQ}.

2. The product X is defined as:

Uy AUy ifUi=XorUs =X,
U1X|Ug{ 1 2 f 1 2

0 otherwise.

for all clopen increasing sets Uy, Uy € L(A).

Proof. A straightforward verification shows that the algebra (L’(A), A, UL 0, %) constitutes a
bounded distributive lattice, as referenced in [37,38]. According to Definition we con-
clude that the algebra (L(A), A, Y, X, 0, X) is a bounded distributive hyperlattice that is neg-
atively ordered and a commutative monoid.

O

3.4.4 Biduality in Bounded Distributive Hyperlattice Negatively Ordered

Commutative Monoids

In the following lemma, we show that the bidual of a bounded distributive hyperlattice
negatively ordered commutative monoid is a bounded distributive hyperlattice negatively

ordered commutative monoid.

Lemma 3.2. Let (H, A, W, ®,0,1) be a bounded distributive hyperlattice equipped with the opera-
tions of a negatively ordered commutative monoid. Then (L(T (H)),N, W, o, 0, X) is also a bounded

distributive hyperlattice equipped with the operations of a negatively ordered commutative monoid.

Proof. By construction, we have £(7(H)) ={Y C X | Y is =-increasing and 7-clopen }.

The operations are defined as follows:

UWV={Wel(TH)|IUUV=UUW=VUW},
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Unv, #fU=XorV =X,
UoV =
0, otherwise.
for all U,V € L(T(H)). Hence, by Definition3.1} the required properties follow and the

structure is established. O]

3.4.5 Biduality and Isomorphisms in Hyperlattice-Ordered Monoids

Lemma 3.3. For any bounded distributive hyperlattice 7 = (H, A, Y, ®,0, 1) equipped with nega-

tively ordered commutative monoid. Define the mapping
D+ H — L(T (), Py(a) ={p€V|dla) =1}

Then 4, is an isomorphism of hyperlattices negatively ordered commutative monoids.

Proof. Since H is a hyperlattice, then ® - is a hyperlattice isomorphism (see [8]). Moreover,
by LemmaB.2} L(.7 () is itself a distributive hyperlattice endowed with a negative order
and a commutative monoidal structure.

To verify the monoidal compatibility, let o, € Hand g € Y. If g € © (o ® (), then
gla®pf) =1= g(a) ® g(f) = 1. Thus g(a) = 1 and g(f) = 1, which implies g € D »(a) N
G (6) = g € Py(a) o Pyp(B). Therefore, P p(a® ) C Dp(a) o Dyp(f).

Consequently, ® ,» establishes an isomorphism from .7 onto £(.7 (%)) as a distributive

hyperlattice with negative order and commutative monoidal structure. O

Lemma 3.4. Given a structure-preserving map ¢ : Hy — H, between hyperlattice negatively ordered

commutative monoid homomorphism, the induced mapping
D(¢) : D(H2) = D(Ha), Y= 1po¢

constitutes a morphism of a Priestley space negatively ordered commutative semigroup.

Proof. We establish the required properties:

1. Monotonicity and Continuity: It has been demonstrated that the mapping D(¢) pre-
serves both order-theoretic properties and topological consistency, as documented in prior
contribution [4]], [5], [6l, [7] [8], [37], [38]].

2. Operation Compatibility: For any pair g;, 02 € D(H>) and element h € H;:
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1. When g,(¢(h)) = 1, the composition satisfies:

(D(#)(e1) © D(¢)(02))(h) = e2((h))

The relation p; x 0o < 0, ensures:
D(¢)(01* 02)(h) = (01 % 02)(¢(h)) < (D(#)(01) © D(¢)(02))(h)

2. The symmetric case p2(¢(h)) = 1 follows similarly.

3. When g,(¢(h)) = 02(¢(h)) = 0, we obtain:

D(p)(01) ©D(9)(02) = D(p)(01 % 02) =0

Thus, D(¢) preserves the Priestley structure and acts as a homomorphism of negatively or-

dered commutative semigroups. O

3.4.6 Biduality and Structural Equivalence in Priestley Space

Lemma 3.5. Assume that %, = (P, T, <,%)and &, = (P, T', <, ¢) are Priestley spaces endowed
with negatively ordered commutative semigroups. If p : &y — P4 is a homomorphism between such

structures, then the inverse image mapping

Lp) :y = p ' (7)

establishes a surjective homomorphism from L(Z,) onto L(?;), thereby ensuring the correspondence

between the underlying algebraic structures.
Proof. Define L(%%) ={Z C X | Z is increasing and 7-clopen} and
L(P,) ={Z C Y | Zis increasing and 7-clopen}.

For every y € L(%,), we have L(u1)(y) € L().

Step 1: Preservation of Set-Theoretic Operations. For all v, € L(2%,), since ! com-

mutes with set-theoretical operations, we obtain

Lp)(yne) = L{p)(M)NL(p)(e),  L(p)(yYe) S L{p) (7)Y L(p)(e)  (see [4], [51, [6], [7] [8])-

Step 2: Case Analysis for the Third Homomorphism Axiom. We distinguish three cases:
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L Ify = Y, then L()(y o 2) = L(u)(e) = X  L(h)(e) = L(p)(7) * L(p)(c).

2. If e =Y, the argument is analogous to case (1).

3. Ify,e #Y , then L(p)(yoe) =0 = L(p)(7) * L(p)(e).

From the above, we conclude that L(1) is a homomorphism of hyperlattice-ordered com-

mutative monoids. O]

Theorem 3.4. Let f : & — &, be a hyperlattice negatively ordered commutative monoid homomor-

phism. Then
L(T(f)ops = ¢solf.

Which can be expressed by the following commutative diagram

f

@@1 > 52
o ey
LT (&) — e LT (&)

Proof. We observe that for any a € &}, the expression (¢, o f)(a) evaluates to:

(vs,(f(a) = {9 € T(&) | 9(f(a)) =1}

Hence, we conclude that (¢g, o f)(a) = ((L(T(f)) o @& )(a) for all a € &, which com-
pletes the proof. This proof adapts the arguments from [12, Lemma 3.11] to our generalized

framework. [

Lemma 3.6. For any P = (X, 7, <, %) be a Priestley space endowed with a negative order and a
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commutative semigroup operation. Define the mapping

L ifpeY,
0 ifpgy,

wp: P — T(L(P)), wp(p)(Y)=

for every Y € L(P). Then 7p is an isomorphism of negatively ordered commutative semigroups
between P and T (L(P)).

Proof. We proceed step by we verify the necessary conditions:

Structural background. By assumption, P = (X, 7, <, %) is a Priestley space with a neg-
atively ordered commutative semigroup structure. From LemmaB3.1} the lattice L(P) is a
bounded distributive hyperlattice equipped with a negatively ordered commutative monoid
structure. From Lemma the space .7 (L(P)) inherits the structure of a Priestley space
negatively ordered commutative semigroup.

Properties of morphism 7p. The map 7p is monotone (order-preserving), continuous,
and bijective (see [4], [5], [6], [7] [8], [37], and [38]). Hence, it is a candidate for an isomor-
phism between the two structures.

Compatibility with the semigroup operation. Take arbitrary p,c € X and consider any
Y € L(P).

Case 1: If mp(p % 0)(Y) = 0, then clearly wp(p % 0)(Y) < wp(p)(Y) o mp(0)(Y).

Case 2: If mp(px0)(Y) =1, then px o € Y. Since Y is an increasing 7-clopen subset and P
is a negatively ordered commutative semigroup, it follows that p € Y and o € Y. Therefore,

mp(p)(Y) =1and np(o)(Y) = 1. Consequently,
mp(p)(Y) o mp(a)(Y) = 1,
which implies
mp(px o) (Y) <7p(p)(Y) o mp(a)(Y).

Conclusion. In both cases, the compatibility condition holds. Thus, 7p preserves the
semigroup operation and is an isomorphism of Priestley spaces negatively ordered commu-

tative semigroups. L

Theorem 3.5. Let § : &, — &, be a Priestley space negatively ordered commutative semigroup

isomorphism. Then . (L(0)) 0 Ty = Tpg 0 0.
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P 1 0 s P 2
T, TPy
T(UP) —— T(L(P))
Proof. Similarly to [12, Lemma 3.12]. ]

3.4.7 Main Representation Theorem in Priestley-Style Duality

In the following result, we give a Priestley duality for a bounded distributive hyperlattices
structures that are endowed with compatible negatively ordered commutative monoids op-
erations.

Our following theorem establishes a duality correspondence in the Priestley style for al-

gebraic structures combining:
¢ Bounded distributive hyperlattice properties,
e Commutative monoid operations,
e Negative order relations.
Theorem 3.6 (Duality for Hyperlattice Structures). There exists a dual equivalence between:

(D1) The category of bounded distributive hyperlattices with negatively ordered commutative monoid

structures.

(D2) The category of Priestley spaces carrying compatible negatively ordered commutative semigroup

operations.

Proof. The conclusions in in Lemmas 3.3 and as well as Theoremg3.4| and immedi-
ately dictate this. O

Theorem 3.7. A contravariant equivalence exists between:

(¢) The category BDHL consists of bounded distributive hyperlattice structures that are endowed

with compatible negatively ordered commutative monoid operations.
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(23) The category PS consists of Priestley spaces equipped with negatively ordered commutative

semigroup operations.

Proof. The verification follows by synthesizing the essential components from:

(i1) The structural characterization in Lemma
(¢ii) The representation theorem in Lemma/3.6|.

(iv) The categorical framework established in Theorems 3.4/and

3.5 Application to Representation Theorems in Hyperlattice

Negatively Ordered Commutative Monoid

The following example illustrates the fact that there is a isomorphism between a bounded

hyperlattice negatively commutative monoid and their bidual.

Example 3.2. Let Dy» = {1,2,3,4,6,12} denote the set of positive divisors of 12. Equipped
with the operations A = ged and Y = lem, the structure (Dso, A, Y, 1,12) forms a bounded

Figure 3.2: The Hasse diagram of the lattice (D12, A, Y, 1, 12)

lattice. Its Hasse diagram is:

We define on D, a hyperoperation U and a binary operation ® as follows:
diUdy := {Z € Dig | Y(Z,dl) = Y(Z,dg) = Y(dl,dg)},

A(dy,d if Y (dy,dy) =12,
P EXCNAR RET
0 otherwise.
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Then, by invoking Theorem ii), the algebraic system (D2, A, U, ®, 1, 12) constitutes a
bounded distributive hyperlattice negatively ordered commutative monoid.

The dual space T'(D;2) consists of all homomorphisms from D;5 to {0, 1}, and is explicitly
given by Table

D1 2 3 4 6 12
op |00 010 1
oo |01 011 1
o3 /00101 1

Table 3.3: The dual space T'(Ds2)

The bidual lattice L(7'(D;2)) is composed of the subsets:

{@, {02}7 {03}, {01702}, {02703},X}, where X = {01,02703}-

This yields the bounded distributive hyperlattice equipped with negatively ordered com-
mutative monoid (L(T'(D12)), A, U, ®, 0, X), where the operations are defined by:

AUB:={C e L(T(Dy))|CYA=CYB=AY B},

AAB if A=XorB =X,
A®B:=
0 otherwise.
The canonical isomorphism ®p,, : D1s — L(T(Ds)) is given by Table
D1 2 3 4 6 12
Op,, |0 {02} {os} {01,002} {o2,05} X

Table 3.4: The canonical isomorphism

Thus, ®p,, establishes an isomorphism between the original bounded hyperlattice or-

dered commutative monoid and its bidual.

The following example shows that there is an isomorphism between a Priestley space

negatively ordered commutative semigroup and its bidual.

Example 3.3. (Priestley-style Bidual Isomorphism): Consider the structure (X, 7, <, ®), where
X = {£,1,0,(}. The order relation < is illustrated in Figure and the binary operation ®
is specified by the operation table given in Table
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Figure 3.3: The Hasse diagram of the partially ordered set (X', <)

®|&n 0 ¢
§16 & & ¢
ni& 0
01&n 0 n
Cl&mnmn ¢

Table 3.5: The binary operation (X, ®)

The family of clopen downsets is: L(X) = {0,{6},{¢}, {0, ¢}, {n,0,(}, X}. We introduce

two algebraic operations on L(X):
1. The hyperjoin ¥ is given by: Ay Y Ay = {A € (L(X) | AyUA; C Aand Ay UA = Ay UA}.

. . . . AlﬁAQ ifAlz.XOI'AQI/Y,
2. The binary operation ¢ is defined as: A1 X Ay =
0 otherwise.

forall Ay, Ay € L(X)

By using Lemma we derive that (L(X),N, Y, X, (), X') constitutes a bounded hyperlat-
tice possessing negatively ordered commutative monoid.

The set of homomorphisms is: T(L(X)) = {¢1, ¢2, @3, ¢4}, with the following values:

Lx) |0 {6} {¢} {0.¢} {n.0.¢} X
e1 |0 0 0 0 0 1
e |0 0 0 0 1 1
o3 |0 0 1 1 1 1
er |01 0 1 1 1

Table 3.6: The set of homomorphisms T'(L(X))
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Finally, the canonical map

Ty X — T(L(X)),  7x(§) =1, mx(n) = o2, Tx(0) = @3, Tx(C) = ¥a

is an isomorphism of Priestley spaces negatively ordered commutative semigroups.

Chapter Conclusion

Chapter 3 has developed the theoretical framework of hyperlattice-ordered negatively or-
dered commutative monoids. The discussion began with the foundations of Priestley spaces
and their role in capturing the duality between algebraic and topological structures. Subse-
quent sections introduced homomorphisms and dual constructions, leading to a systematic
study of biduality in bounded distributive hyperlattices. Through a sequence of lemmas
and theorems, structural equivalence was established, culminating in the main representa-
tion theorem. This result provides a rigorous Priestley-style correspondence, thereby linking
the algebraic properties of hyperlattice-ordered monoids with their dual topological spaces.
Overall, the chapter consolidates the duality principles and sets the stage for further appli-

cations in representation theory.
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CHAPTER 4

PRIESTLEY-STYLE DUALITY FOR
DISTRIBUTIVE HYPERATTICE AND
NEGATIVELY ORDERED HYPERMONOIDS

% his chapter is devoted to establishing a rigorous Priestley-type duality that connects
bounded distributive hyperlattices endowed with negatively ordered commutative
hypermonoid structures to the category of Priestley spaces associated with negatively or-
dered commutative semihypergroups. Unlike the preceding chapters, which primarily fo-
cused on algebraic foundations and partial dualities, the present discussion advances the
theory by constructing a categorical correspondence that unifies distributivity, negative or-
der, and hypermonoidal operations within a coherent dual framework.

To achieve this, we introduce and formalize several fundamental notions such as nega-
tively ordered semihypergroups, hyperlattice-ordered hypermonoids, hyperideals, and hy-
perfilters that serve as the building blocks of the duality. These concepts are not treated in
isolation; rather, they are systematically integrated to demonstrate how algebraic structures
can be faithfully mirrored in their associated Priestley spaces. The chapter proceeds through
carefully designed definitions, illustrative examples, and intermediate results that culminate
in the main representation theorem. This theorem confirms that distributive hyperlattices
under negatively ordered hypermonoids admit a precise Priestley-style duality, thereby re-
inforcing the deep interplay between algebra and topology.

Beyond its immediate technical contributions, this chapter highlights the broader signif-
icance of the duality framework. By situating distributive hyperlattices within negatively
ordered hypermonoids and linking them to Priestley spaces, the results open pathways for
further exploration in categorical representation theory and ordered algebraic systems. In
this way, the chapter not only consolidates the theoretical foundations but also positions

the duality as a cornerstone for future developments in the study of algebraic-topological
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correspondences.

4.1 Foundations of Negatively Ordered Semihypergroups

This section lays the groundwork for negatively ordered semihypergroups, introducing them
as independent algebraic structures that extend the classical notion of semigroups. The focus
is on formal definitions, the role of negative order in shaping algebraic operations, and illus-
trative examples that clarify their behavior. By establishing these foundations, we prepare
the conceptual framework necessary for embedding hyperlattices into negatively ordered
commutative hypermonoids.

Let T be a non-empty set and P*(T) denotes the set of all non-empty subsets of T. Maps
X:T x T — P*T), are called hyperoperations see [34].

Definition 4.1. [1517,45] An hypergroupoid is a non-empty set T with an hyperoperation
X on T. For subsets P, 7' C T, define P X T = |J, ycpxr(p X 1).

Definition 4.2. [17] A semihypergroup is a hypergroupoid (Y, X) when the hyperoperation

is associative such that for all w;, ws and w3 in T we have (w; K ws) K w; = wy K (wy K ws).

A semihypergroup T with hyperoperation X is commutative if the symmetric property:
wy X wy = wy X w; holds for all wy, wy, € Y.

An element e of T is qualified,
o Weak identityif w €c eMwNwXeforallw e T.
o Strong identity if {w} =eXw =wXeforallw e Y.
Definition 4.3. A partially ordered semihypergroup (T, X, <) satisfies:
1. (T, X) is a semihypergroup;
2. (T,=x)isaposet;
3. Order compatibility: {; < & implies §; Kg 5T & Kgand ¢ K& T gX & forallg e 1.

where 5™ denotes the natural extension of < to non-empty subsets.
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Example 4.1. Let IT = {a, b, c} with axb = {a,b}, bxc = {b,c}, and axc = {a, c}. Define a <'b,
b<canda <c.

Then, (II, x, <) is a partially ordered semihypergroup.

4.2 Structural Properties of Hyperlattice-Ordered Commuta-

tive Hypermonoids

This section examines the structural properties of hyperlattice-ordered commutative hyper-
monoids. Special attention is given to distributivity, boundary elements, and the interaction
between hypermonoidal operations and negative order. Preliminary propositions are intro-
duced to highlight the algebraic coherence of these systems, ensuring that the framework is

robust enough to support duality constructions.

Definition 4.4. Let/ = (T, A, U, ®) be an algebraic structure where:
e (T, A,U) forms a hyperlattice;
e (T, ®,€) constitutes a commutative hypermonoid.

We call T a hyperlattice-ordered commutative hypermonoid if it satisfies the following dis-

tributive laws:
1w ® (ug A 2) < (wy ® uz) A (w1 ® 2);
2. w; ® (ug U 2) C (wy ® ug) U (wy ® 2) for all wy, ug, 2z € T.

These conditions imply the order-preserving property: wy < us = w1 ® 2 = us ® 2.

The structure i = (T, A, U, ®) is called distributive when it additionally satisfies
wy A (ug U 2z) C (wy A ug) U (wy A 2).

A bounded structure contains universal bounds 0 and 1 such that 0 < w; < 1 for all
wy; € Y. In positively (negatively) ordered cases, the identity element ¢ coincides with 0

(respectively 1).

Example 4.2. Let us examine the divisor lattice D15 = (D(18), gcd, lem, 1, 18). Whose Hasse
diagram is illustrated in the following Figure
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Figure 4.1: Hasse diagram of the divisor lattice D

Define on D the hyperoperations:
e wi VWuy = {k € D(18) | lem(k,wy) = lem(k, uy) = lem(wy, us)}.

1 (ged(wy,ug))  if wy = 18 or ug = 18;
® Wi Uy =
{1} otherwise.

Then, by routine calculations (D;s, ged, U, ®, 1, 18) is a bounded distributive hyperlattice neg-

atively ordered commutative hypermonoid.

Theorem 4.1. Each bounded distributive lattice L = (L, A, V, 0, 1) admits the construction of three

distinct hypermonoid structures:
1. Negative hypermonoid I with operations:
wiWuy={z€L|wyVus=w Vz=usVz}

i(w1Au2) wa1:107"UQ21;
{0} otherwise.

w1 ® ug =

2. Negative hypermonoid II with operations:

wUug={z€L|z>w Vus}.

{tEL]t<w1)\u2} 1fw1:101’u2:1;
wy ® U =
{0} otherwise.
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3. Positive hypermonoid with operations:

wUWuy={z€L|wyVuy=w Vz=uyVz}

T (w1 Vug) ifwy =0oruy =0;
w1 ® Ug =
{1} otherwise.

Proof. The assertion is established directly from Definition [f.4via standard algebraic proce-
dures. =

Corollary 4.1. The Boolean algebra B = {0, 1} constitutes a bounded distributive hyperlat-
tice, structured as a negatively ordered hypermonoid with hyperoperations defined by Table
4.1]

ul 0| 1 ® 0| 1
{0y | {1} {0y | {0}
1 {1y {0,1}3 | |1 |{o}|{0,1}

Table 4.1: Hyperoperations tables on {0, 1}

)

4.3 Hyperideals and Hyperfilters: Dual Constructions

This section introduces hyperideals and hyperfilters as central tools for dual constructions.
These structures capture the distributive and order-theoretic aspects of hyperlattice-ordered
commutative hypermonoids, and serve as the bridge between algebraic definitions and topo-
logical representations. Through formal definitions and examples, we demonstrate how hy-
perideals and hyperfilters contribute to the construction of Priestley spaces, thereby linking

algebraic operations with their dual topological counterparts.

Definition 4.5. Take H = (T, A,U, ®) be a commutative hypermonoid with hyperlattice or-

dering. A subset J C 7T is said to be a hyperideal when it satisfies these axioms:

1. Order Compatibility: For {; € Jand & < &, wehave &, € J;

2. Join Closure: Given i, & € J, their hyperjoin satisfies & U &, C J;
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3. Product Absorption: If either & or &, lies in J, then their hyperproduct &; ® &, is con-
tained in J for all £;,& € Y.

Definition 4.6. A proper hyperideal J is a prime hyperideal if:
1. Prime Condition: when &; A &, € J necessitates that at least one of & or &, belongs to J;

2. Intersection Condition: For arbitrary elements {;, &, € T, non-empty intersection (§; ®

&)NT # Qimplies & € Jor &, € 7.

Definition 4.7. Let o7 = (U, A, L, %) be an algebraic structure in which (U, A, U) is a hyperlat-
tice and (U, x) is a commutative hypermonoid endowed with a compatible order. A non-void

subset § C U qualifies as a hyperfilter provided it fulfills the following criteria:

1. Upward Closure: For any elements u; € § and uy € U, if u; < uo, then uy must belong

to §;

2. Meet Stability: For two elements u;, us € §, their meet u; A uy is necessarily contained
in§;

3. Product Condition: Given u; € § and uy € U, if their hyperproduct u; x u, intersects §

non-emptily, then u, must be in §.

Definition 4.8. A proper hyperfilters § is a prime hyperfilters if:
1. Prime Property: whenever u; Ll u; meets §, then either u; € For us € §;

2. Strong Absorption: If the hyperproduct u; xu, has non-empty intersection with §, then
both u; and u, must belong to 3.

Theorem 4.2. Let H = (U,A,U,®) be a commutative hypermonoid with hyperlattice structure.

There exists a complement duality between:
1. Prime hyperideals 3 C U and their set complements U \ J which form prime hyperfilters;
2. Prime hyperfilters § C U and their set complements U \ § which form prime hyperideals.

Proof. We establish both directions of the correspondence, relying on the duality principle:
Part (i): Let J be a prime hyperideal. We show that U \ J is a prime hyperfilter:
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(a) Supposeu; € U\Jand us = uy, if us € J then by the hyperideal property it follows that

uy belongs necesarely to J, contradicting the assumption u; € U \ J. Thus, uy € U \ J.

(B) For uy,us € U\ 3, if uy A ug must lie in J. By th primality, this would imply that both

uy and us are elements of J. Which contradiction. Hence, u; A us € U \ J.

() If the hyperproduct u; ® us meets U \ J and u; € U \ J, but uy € J, then uy ® uy C J by

the hyperideal property, contradicting the non-empty intersection.

Next, we show that U \ J is prime. Suppose that u;, us € U and (u; Uug) N (U \ J) # 0.

If uy, uy ¢ U\ J, then uy, uy € J, therefore u; U uy C J, from the fact that J is a hyperideal.
Hence (u; Uug) N (U \ J) = 0, which is a contradiction. Sou; € U\ Joruy € U\ J.

Next, suppose that (u; ® ug) N (U \ J) # 0.

Ifuy ¢ U\Jorus ¢ U\ J, thenu; € Joruy € J, therefore u; ® us C J, from the fact that
J is a hyperideal. Hence, (u; ® u2) N (U \ J) = 0, which is a contradiction. So uy,us € U \ J.
Thus, U \ J is a prime hyperfilter.

Part (ii): Assume that Q is a prime hyperfilter, then its complement U \ Q satisfies, by
duality of the definitions:

e Itis downward closed, as the logical counterpart of the upward closure of 9 ,
e It enjoys join absorption, inherited from the meet stability of Q,
e It preserves primality, directly induced by the prime hyperfilter conditions.
Therefore, U \ Q constitutes a prime hyperideal. O

Proposition 4.1. [8] If ® # (0 of a hyperlattice ordered commutative hypermonoid (Y, A, L), ®), then

the minimal hyperlattice filter encompassing ® is expressed as:
(®) ={ae YT |G A..NC =2 a, for certain elements (3, .., (, € O} .

If® = {C}, wewrite (P) =t ( ={weT|( 2w}

Proposition 4.2. If § is a hyperlattice filter of a distributive hyperlattice negatively ordered commu-
tative hypermonoid (YT, A\, U, ®), then the smallest hyperlattice ordered commutative hypermonoid

hyperfilter encompassing § admits the representation,

) ={weT|G®..®( < w, forcertain elements (y,..,(, € 4} .
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Proof. Take a € 0. The reflexivity of < gives a < a, and we obtain a belongs to [9). Hence, the
interval [0) is non-empty. To prove that the set [0) is a hyperfilter,

consider ¢,0 € T verifying ¢ < o, then§; ® ... ® §, < ¢ < 0,500 € [§) . On the other
hand, for every ¢, o0 € [0), there exists {;, s, ..., &, 01,02, ..., 0y such that & ® & & ... ® &, < ¢
and 0 ® 09 ® ... ® 0, = 0. Then (§ ®E® ... ®E) A (01 R0 ® ... ®0p) <X g Ao. Since T
is negatively ordered so, ¢ A o € [9). Now let ¢ € [) and (¢ ® 0) N [0) # 0, then there exist
w € (¢ ®o)NJ[J). Since w € [0), by the definition of [9), there exist (i, ...,(, € [0) such that
G®---®( 2w Butw € ¢®o. As g € [0), closure of [§) under hyperproducts implies that o
must also belong to [d), otherwise, (¢ ® o) could not yield an element of [§). Hence o € [0).

Next, consider any element e € §. By reflexivity of the order relation, we have e <
e, which immediately implies e € [§). This establishes the inclusion 6 C [§). Now, let F
be an arbitrary hyperfilter containing § C F. Subsequently, for any ¢ € [§),there exists a
finite collection of elements {¢;}? ; C ¢ such that the hyperproduct ®}_,¢{; < ¢, then ¢ € F.
Therefore [§) C F O

Theorem 4.3. Assume that (Y, A\, U, ®) is a distributive hyperlattice with negatively ordered com-
mutative hypermonoid structure. Let F be a hyperfilter and I' a hyperideal of Y. Whenever F and T
do not intersect (disjoint), then there exists a prime hyperfilter P that contains F and remains disjoint
fromT.

Proof. Similarly to [8, Theorem 2.9 ]. ]

Corollary 4.2. Consider a distributive hyperlattice negatively ordered commutative hyper-
monoid (T, A, U, ®). If ' is a hyperideal and A ¢ I, then there exists a prime hyperfilter P

containing A and disjoint with I'.

Proof. Let I' be a hyperideal. Define
F={zeT\I' \®..®\ <z}.

Clearly, 7 and I are disjoint. One readily verifies that F is a hyperfilter. According to Theo-
rem 4.3, a prime hyperfilter P exists that contains F and is disjoint from I". O
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4.4 Morphisms and Categorical Equivalence

We now examine structure-preserving mappings between hyperlattice-ordered commuta-
tive hypermonoids. By analyzing the preservation of distributive and order-theoretic prop-
erties under morphisms, we establish the categorical framework necessary for duality. The
results presented here clarify how morphisms act as structural maps that ensure consistency
between algebraic and topological perspectives, paving the way for the main representation

theorem.

Definition 4.9. Given two algebraic structures (T, {A,U,®}) and (Y’, {A,M, ®}) combining
the axioms of hypermonoid and hyperlattice, a function o : T — Y’ qualifies as a morphism

whenever:

e Meets are preserved exactly: a(r A s) = a(r) A a(s),
e Joins are mapped inclusively: a(r U s) C a(r) m a(s),
e Multiplication is order-respecting: a(r ® s) < a(r) © a(s).
A bijective morphism, we call it a structure isomorphism between these algebraic systems.

Proposition 4.3. Let (A, A\, U, ®) be a hyperlattice-ordered commutative hypermonoid and
(B, A, U, 0,0, 1) the bounded structure from Corollary with negative order. Every prime hy-
perfilter J C A induces a surjective structure-preserving map ¢ : A — {0, 1} characterized by
J =o' (1).

1, ife CJ,

Proof. Put ¢(©) =
0, otherwise.

For the conditions ¢(rAs) = ¢(r)A¢(s) and ¢(rUis) C ¢(r)Ue(s) similarly to [8, Proposition
2.12].

For the third homomorphism axiom:

Wehavegp(r®@s)=1=r®sCJ =>(re Jandsec J) = (¢(r) =land ¢(s) = 1) =
o(r) o d(s) = {0,1}. Hence, ¢(r ® s) < ¢(r) © ¢(s). O
Corollary 4.3. For a distributive hyperlattice negatively ordered commutative hypermonoid
A. If p,v € A are such that ¢ £ v, there exists a prime hyperfilter 7 containing v but not

containing o.

Proof. Taking | v in Corollary which is a hyperideal of a distributive hyperlattice nega-

tively ordered commutative hypermonoid and ¢ ¢/ v. O
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4.5 Priestley-Style Representation and Biduality

This section culminates in the Priestley-style representation theorem, which establishes a
faithful duality between bounded distributive hyperlattices with negatively ordered com-
mutative hypermonoid structures and Priestley spaces associated with negatively ordered
semihypergroups. Biduality and structural equivalence are emphasized, confirming that
algebraic and topological perspectives remain in precise correspondence. This theorem rep-

resents the central achievement of the chapter.

4.5.1 Priestley-Ordered Commutative Semihypergroup and Homomorph-

1Ism

This part introduces Priestley-ordered commutative semihypergroup, presents their basic
properties through a key proposition, and defines homomorphisms as structure-preserving

maps within this framework.

Definition 4.10. A Priestley-ordered commutative semihypergroup is characterized as a struc-

ture = (Y, 7, <, %), in which,
e The structure (), 7, <) is a space of Priestley.

e The algebraic structure (), <, *) constitutes a commutative semi hypergroup with neg-

ative ordering.

Definition 4.11. A topological-algebraic structure X = (X, 7, <, ) is defined as a Priestley-

ordered commutative semihypergroup if and only if:
e The triple (X, 7, <) forms a Priestley space,

e The algebraic structure (X, <, *) constitutes a commutative semihypergroup with neg-

ative ordering compatible with the Priestly framework.

Definition 4.12. Given a bounded distributive hyperlattice endowed with a negatively or-
dered commutative hypermonoid structure £ = (E,A,U,®, L, T). Its dual representation

space ©(€) is the quadruple (Y, T, <, *) where:

(i) Y denotes the collection of all structure-preserving morphisms ¢ : £ — 2, where 2 =

({L, T} AU, 0, L, T)is the two-element Boolean algebra (structure)
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(ii) The partial order < on Y is characterized by the following definition:
¢SV = Vg E ¢(q) <v(q).

(iii) The initial topology T is induced by the product topology on 2%.
(iv) The hyperoperation  : Y x Y — P*(}) is defined in a pointwise manner:

Fol Ae()] ifolg Ulg) =T,
{1} otherwise.

(¢ 9)(q) = {

Proposition 4.4. Given a bounded distributive hyperlattice 7 = (L, \,V, ®, 0, 1) equipped with a

negatively ordered commutative hypermonoid structure, its dual space 2 () = (Y, O, %, ©) forms

a Priestley space with a compatible negatively ordered commutative hypergroupoid structure.

Proof. Let 7% = (Y, O, <) denote the Priestley space associated with /# as established in

prior work. We verify that the hyperoperation ¢ endows (Y, <) with the required algebraic

structure:

1. Commutativity: For any ¢;, ¢» € Y, the equality ¢ ¢ ¢2 = ¢2 © ¢1 follows immediately

from the commutativity of ©.

2. Associativity: The relation (¢;0¢2)0¢p3 = ¢10(p20¢3) holds through direct computation.

3. Order Compatibility: For ¢; < ¢,, we observe:

(910 ¢3)(a) = inf{e1(b) A ¢3(c) | b® c < a},
< inf{pa(b) A ¢3(c) | b® ¢ < a},
= (¢2 0 ¢3)(a).

establishing ¢, ¢ ¢3 < @2 © ¢s.

4. Negative Ordering: The inequalities ¢; ¢ ¢ < ¢1 and ¢; ¢ ¢ < @2 follow from:

(010 P2)(a) < (¢1 A 2)(a) < gia) (i =1,2).

Thus, Z () satisfies all axioms of a negatively ordered commutative hypergroupoid in

the category of Priestley spaces.

]
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In the following, we give a definition of Priestley space negatively ordered commutative

semi hypergroup homomorphism.

Definition 4.13. Consider be two a Priestley spaces negatively ordered commutative semi-
hypergroups. 2 = (Q,7,C,*),and 2' = (Q', 7", 3,¢). Amap ¢ : Q — Q' is called:

)~

(HP1) Monotonic if for each &,& € 9,6 C & = 6(&) 2 6(&%);

(HP2) Structure-preserving if it satisfies:

e Monotonicity (HP1);
e Topological continuity;
e Submultiplicativity: ¢(uy * uz) 3 ¢(u1) o ¢(uz) for all ui, uy € Q.

A bijective structure-preserving map ¢ whose inverse also preserves structure is called a

structural isomorphism between these spaces.

4.5.2 Duality and Biduality in Priestley-Style Structures

This unit provides the necessary conditions under which the dual of a Priestley space neg-
atively ordered commutative semihypergroup becomes a bounded distributive hyperlattice
negatively ordered commutative hypermonoid. It further establishes, through a lemma, that
the bidual of such a structure preserves the same distributive and ordered properties, thereby

confirming the stability of duality within this framework.

Lemma 4.1. Let & = (2), T, C) be a space of Priestley.

There are canonical hyperoperations Y with X endowing the collection
L(Z)={Y CY|Y is T-clopen and C -increasing},

with a structure of a bounded distributive hyperlattice with negatively ordered commutative hyper-

monoid operations (L(Z?),N, Y, X, @,92)), where:
1. The hyperjoin Y is given by:

ViYVo={Q e L(Z)| ViUV, CQand V;UQ = Vo, UQ}.
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2. The hyperproduct X is defined as:

Vlg‘/a{iwlﬂ%) ifVi=orVp =9,
{min(£(Z))} otherwise.

for all clopen increasing sets Vi, Vy € L(Z).

Proof. A direct verification establishes that the algebra (£(Z?), N, U, @,9)) constitutes a bound-
ed distributive lattice, as documented in referenced [37,38]. Furthermore, according to Defi-
nition the algebra (£(22),N, Y, X, @,92)) is characterized as a bounded distributive hyper-
lattice, negatively ordered, and endowed with the structure of a commutative hypermonoid.
O

Lemma 4.2. Let ¢ = (E, A, U,©,0,1) be a bounded distributive hyperlattice negatively ordered
commutative hypermonoid. Then, (L(D(€)),N, U, ®, ¢, X) a bounded distributive hyperlattice neg-

atively ordered commutative hypermonoid.
Proof. We have L(D(€¢)) ={Y C X | Y is increasing and 7-clopen} . LI, ® are defined by

AUB={C e L(®(€)|AUB=AUC =BUC},

Ao B — L(ANnB)ifA=XorB=X,
{¢} otherwise.
for all A, B € L(D(€)). Hence, by Definition 4.4 (L(D(€)),N,U, ®, ¢, X) a bounded distribu-

tive hyperlattice negatively ordered commutative hypermonoid. O

4.5.3 Bidual Representation and Isomorphisms of Hyperlattice-Ordered

Hypermonoids

This part presents the bidual framework of bounded distributive hyperlattices-ordered hy-
permonoids. It shows how Priestley spaces can be represented as hyperlattices, extends the
correspondence to morphisms, and confirms the natural commutativity of the associated

diagrams. These results prepare the ground for the categorical equivalence formalized in
Theorem [4.6]
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Lemma 4.3. For any bounded distributive hyperlattice & = (E, A, Y, ®, L, T) equipped with nega-

tively ordered commutative hypermonoid structure, the canonical embedding
Qs & — L(T(S))
given by
Ds(e) = {¢ € Spec(&) | de) = T}
establishes an isomorphism in the category of hyperlattice-ordered commutative hypermonoids.

Proof. Since E hyperlattice then @, is an isomorphism of hyperlattices see [8]. £(Z(&)) is
hyperlattice negatively ordered commutative hypermonoid by Lemma4.1| For the condition
Pp(t®s) C Pr(t) @ Pg(s), forallt,s€e Fand ¢ € X; ¢ € Pp(t®s) = ¢o(t®s) =1 =
o(t) o9 (s) ={0,1} = (¢(t) = Land ¢(s) = 1) = 6 € p(t) N Pp(s) = ¢ € P (1) @ Pr(s) =|
(Pp(t) N Pg(s)). So P(t®s) =X Pg (t) © Pg(s). Therefore, s is an isomorphism of £ onto
L(Z(&)). O

Lemma 4.4. Given a structure-preserving map ¢ : Hi — Ho between hyperlattice negatively ordered

commutative hypermonoid homomorphism, the induced mapping
D(¢) : D(H2) = D(Ha), ¢ 1po¢

constitutes a morphism of ordered topological semi hypergroups.

Proof. We establish the required properties:

1. Order and Continuity: The mapping D(¢) preserves both the specialization order and
topological structure, as shown in prior work [4], [5], [6], [7] [8], [37], [38] .

2. Operation Compatibility: For any pair o1, 02 € D(H3) and element i € H;:

1. When ¢,(¢(h)) = 1, the composition satisfies:

(D(¢)(01) © D(9)(02))(h) = 02(¢(h))

The relation ¢, x 02 < 0, ensures:
D(¢)(01* 02)(h) < (D(#)(01) © D(¥)(02))(h)

2. The symmetric case g2(¢(h)) = 1 follows similarly.
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3. When g1(¢(h)) = 02(¢(h)) = 0, we obtain:

D(9)(01) o D(9)(02) = D(¢)(01 % 02) =0

Thus, D(¢) preserves all necessary algebraic and topological structure. O

4.54 Bidual Representation and Isomorphisms of Priestley Space Or-

dered Commutative Semi hypergroup

This subsection develops the biduality and isomorphism framework within Priestley spaces
associated with negatively ordered commutative semihypergroups. It shows how algebraic
structures can be represented through dual spaces, extends the correspondence to mor-
phisms, and confirms the natural commutativity of the related diagrams. These results
provide the foundation for categorical equivalence and strengthen the dual representation

theory.

Lemma 4.5. For any Priestley space &7 = (X, 1, X, x) endowed with a negatively ordered commuta-

tive semihypergroup structure, the evaluation map
Ep: P =>D(L(P))

defined by

T ifpel;
1 otherwise.

for all clopen increasing sets Y € L(?), establishes an isomorphism in the category of such struc-

tures.

Proof. We verify the necessary conditions:

1. Well-definedness: By Lemma L(2) forms a bounded distributive hyperlattice,
and by Lemma its dual ®(L(2?)) is again a Priestley space with semi hypergroup struc-
ture.

2. Morphism Properties:

e Order-preservation and continuity follow from standard results: [4], [5], [6]], [7] [8], [37],
and [38].
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e Bijectivity is established through Stone-type duality arguments.
3. Operation Compatibility: For p,c € X and Y € L(Z):
e When p x o ¢ ), the inequality holds trivially,

e When p x 0 € ), the increasing property ensures {p,0} C ), making Z»(p)()) ©
E2(0)(Y) ={L, T} dominate Z»(px o)()).

Thus =4 preserves all required structure. O

Lemma 4.6. Consider two Priestley spaces &, = (X, T,<,x) and Py = (Y,T',=, ) endowed
with negatively ordered commutative semihypergroup structures. For any structure-preserving map

w: Py — Py, the inverse image mapping
L(w): L(P) — L(2), Vi=w (V)

constitutes a surjective homomorphism between the corresponding algebraic structures.

Proof. We verify the homomorphism conditions:
1. Well-definedness: The preimage w'(V) of any increasing 7'-clopen set V' C Y re-
mains increasing and 7 -clopen in X, as established in [4], [5], [6], [7] [8].

2. Operation Preservation:

e For meets: L(w)(VNW) = L(w)(V)N L(w)(W).

e For hyperjoins: L(w)(V Y W) C L(w)(V) ¥ L(w)(W).

3. Hyperproduct Compatibility:

1. WhenV =Y: L(w)(VoW) = Lw){ W) =] Lw)(W) = X « L(w)(W).

2. The symmetric case W =Y follows similarly.

3. For VV\IW #Y: L(w)(VoW) =0 = L(w)(V)*L(w)(W).
Thus, L(w) preserves all required operations. O
Theorem 4.4. For any homomorphism ¢ : 56 — I between negatively ordered commutative

hypermonoids, there exists a canonical correspondence making the following square commutative:

Vpop=poWu
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where:

1. V,p : A — L(Gpec(F)) are the spectral embeddings;

2. o = L(T(p)) corresponds to the induced dual morphism;

3. The map T'(p) : Gpec(H5) — Gpec(.74) is given by the composition T'(¢)(¢) = 1 o .

In summary, this commutative diagram provides a precise visualization of the categorical equiva-

lence described above.

A LA — )
Vo i E‘Pﬁfz
L(Spec(H)) - sy L(Gpec())

Proof. The equality follows by direct computation for any = € J4:

(Vo 0 @) (x) = {1p € Gpec(H3) | h(p(x)) = 1}
={Yop e Gpec(HA) | Y(p(x)) =1}
= (P oW ().

This proof adapts the arguments from [12, Lemma 3.11] to our generalized framework. [

Theorem 4.5. Let v : /1 — .7, be a Priestley space negatively ordered commutative semi hyper-

group isomorphism. Then,
T(E()) omo =7 0.
where:
1. my, S — T (L£(S)) they correspond to the spectral embeddings;
2. ¥ =T(£(7)) corresponds to the induced dual morphism,

3. The map £(7) : £(Py) — £(S,) is given by a homomorphism £(v)(y) = v (y).
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This diagram serves as a clear illustration of the categorical equivalence discussed above.

5/1 ----------- R > yg
oy | | 750,
TE(A)) =gy TE(A2)
Proof. Similarly to [12, Lemma 3.12]. ]

4.5.5 Duality Correspondence in Priestley-Style for Algebraic Structures

In the following result, we give a Priestley duality for a bounded distributive hyperlattices

negatively ordered commutative hypermonoids.

Theorem 4.6. The dual of the category of a Priestley spaces negatively ordered commutative semi-
hypergroups is equivalent to the category of bounded distributive hyperlattices negatively ordered

commutative hypermonoids.

BDHL 1 Duality ( PSH

»

Hypermonoids f Biduality 'L semi-hypergroups

Figure 4.2: Simplified diagram of Priestley duality: BDHL < PSH.

Proof. The verification follows by synthesizing the essential components from:
(it) The structural characterization in Lemma
(iit) The representation theorem in Lemma[4.5].

(iv) The categorical framework established in Theorems 4.4 and
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4.6 Applications in Representation Theory

The following examples demonstrates that there is an isomorphism both a between hyperlattice-

ordered hypermonoids and their bidual, and between Priestley space negatively ordered

commutative semihypergroups and their bidual.

Example 4.3. Let us consider the bounded distributive lattice £ = (E, A, Y, L, T), whose
Hasse diagram is depicted in Figure The set E consists of the elements { L, ¢, a,b,d, T}.

T

I

d

1

Figure 4.3: Hasse diagram representation of £

We enrich E with two hyperoperations defined as follows:

e Hyperjoin: For any w;,w; € E,

w Ywy={rekE|rYw =rYw,=w; Ywy}.

e Hypermeet:
J(w Awy) ifwy=Torwy,=T,
w1 ©wy =
{1} otherwise.
According to Theorem the structure (E, A, Y, ®, L, T), equipped with the above hy-
peroperations, forms a bounded distributive hyperlattice endowed with a negatively or-
dered commutative hypermonoid structure.

Let T'(€) denote the set of all lattice homomorphisms from E to the two-element lattice

{L, T}. This yields four distinct mappings: {01, 02, 05, 04}, whose values are summarized in

Table
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01
02

03

o O O O
_ O = O
_ = = O
— = = =

= o O OO0
— = O O

04
Table 4.2: Complete list of lattice homomorphisms

The bidual lattice L(7'(£)) consists of the subsets {0, {04}, {03, 04}, {02, 04}, {02, 03,04}, X},
where X = {0y,03,03,04}. This yields a bounded distributive hyperlattice negatively or-
dered commutative hypermonoid (L(7'(£)),N, U, A, Y) with the following hyperoperations:

e Forall A, B € L(T(E),
AYB={CeL(TE)|AUB=CUA=CUB},

L(ANB) ifA=XorB=X,
A B =
0 otherwise.

The canonical homomorphism ®¢ : £ — L(T'(€)) is defined by the mapping in Table

E ‘L ¢ a b d T
Op| 0 {01} {03,010} {o2,04} {on.03.04} X

Table 4.3: The homomorphism @

This mapping establishes an isomorphism between £ and its bidual (L(T'(£)), A, Y, ®, 0, X).

Example 4.4. Consider the Priestley space negatively ordered commutative semihypergroups
P = (P, 1,=,¢) consisting of four elements P = {p, q,r, s}, where the partial order < is de-

picted in Figure 4.4 The hyperoperation ¢ is defined by: For all z,y € P,z oy = inf{xz, y}.
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Figure 4.4: Inverted poset structure of P = {p, q,r, s}.

The set of clopen increasing subsets of P forms the lattice:
C(P) = {0,{s},{r, s}, {g,r s}, {p,r s}, P}.
We define two algebraic hyperoperations on C(P) as follows:
e The hyperjoin Y is given by:

A YAy ={A€CP)|AjUA, CAand Ay UA = Ay UA}.

e The hyperproduct ® is defined by:

i(AlmAg) ifAlzPorAgzP,
{0} otherwise.

A ® Ay =

By invoking Lemma{.1} we conclude that the structure (C(P),N, Y, ®,, P) constitutes a
bounded hyperlattice endowed with a negatively ordered commutative hypermonoid struc-
ture.

The set of structure-preserving maps H(C(P)) = {v,72, 73,74} is characterized by the
following Tablel4.4

CP) | 0 {s} | {rs} | {grs} | {prst | P
m |0l 0| 0 1 0 |1
% |00 | 0 0 1|1
v |00 | 1 1 1|1
w01 ] 1 1 1 |1

Table 4.4: Structure-preserving mappings
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We define the natural correspondence ¥p : P — H(C(P)) by:

Up(q) =7, Op(p) =7, Up(r)=7, Ip(s)=mn.

This mapping establishes an isomorphism in the category of Priestley spaces equipped

with negatively ordered commutative semihypergroup operations.

Chapter Conclusion

This chapter has established a Priestley-type duality between bounded distributive hyperlat-
tices equipped with negatively ordered commutative hypermonoid structures and Priestley
spaces associated with negatively ordered commutative semihypergroups. Through the in-
troduction and formalization of key notions including negatively ordered semihypergroups,
hyperlattice-ordered monoids, hyperideals, and hyperfilters the theoretical foundation of the
duality framework has been consolidated. The results presented here highlight the structural
correspondence between algebraic and topological perspectives, thereby reinforcing the sig-

nificance of negatively ordered hyperstructures within the broader context of duality theory.
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Conclusion

n this thesis, we have established a representation framework for certain ordered alge-

braic structures, focusing on negatively ordered commutative monoids and hyperlattice-
ordered commutative hypermonoids. By constructing categorical representations and ex-
ploring Priestley-style dualities, we demonstrated deep correspondences between algebraic
systems and their dual topological spaces. This work extends Priestley’s classical results
and situates them within the broader context of hyperstructures, thereby contributing to the
enrichment of duality theory in algebra and topology.

Specifically, we proved that the dual of the category of Priestley spaces enriched with
negatively ordered commutative semigroups is equivalent to the category of bounded dis-
tributive hyperlattices equipped with negatively ordered commutative monoid structures.
Furthermore, we established a categorical duality between bounded distributive hyperlat-
tices with negatively ordered commutative hypermonoid structures and Priestley spaces en-
riched with negatively ordered commutative semihypergroup structures, in order to prove
their categorical equivalence. These results highlight the robustness of Priestley-style repre-
sentation in capturing the structural essence of ordered algebraic systems.

Beyond its technical contributions, this thesis emphasizes the theoretical significance of
categorical dualities as a unifying tool for algebraic and topological frameworks. The es-
tablished correspondences not only deepen our understanding of ordered hyperstructures
but also open perspectives for applications in mathematical logic, symbolic systems, and
ordered data structures. The categorical approach adopted here provides a fertile ground
for extending representation theorems to broader classes of hyperstructures, including non-
commutative and non-distributive settings, and for investigating their relevance in computer
science, information systems, and formal reasoning.

Future research may explore the refinement of these dualities, the development of anal-

ogous frameworks for other algebraic categories, and the integration of hyperlattice-based
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methods into computational models. Such directions would further consolidate the role of

representation theorems as a cornerstone in the study of ordered algebraic structures.

©2026, M’sila University 76 Imane Douadi



Bibliography

[1]

3]

[5]

[6]

R. Ameri, M. Amiri-Bideshki, S. Hoskova-Mayerovd, and A. Borumand Saeid, “Dis-
tributive and dual distributive elements in hyperlattices,” An. Univ. Ovidius ConstanE»a
Ser. Mat., vol. 25, no. 3, pp. 25-36, 2017. doi: 10.1515/auom-2017-0032.

R. Ameri, M. Amiri-Bideshki, A. Borumand Saeid, and S. Hoskova-Mayerovd, “Prime
filters of hyperlattices,” An. Univ. Ovidius ConstanE»>a Ser. Mat., vol. 24, no. 2, pp- 15-26,
2016. doi: 10.1515/auom-2016-0025.

A. Amroune, M. Gheboli, and L. Zedam, “Priestley duality and representation of
Heyting algebra,” Far East |]. Math. Sci., vol. 11, no. 1, pp. 65-74, 2003. URL: http:
/ /pphmi . com.

A. Amroune, “Représentations des algebres de Lukasiewicz §-valentes involutives,”
Ph.D. dissertation, Univ. Claude Bernard Lyon 1, Lyon, France, 1991. URL: https:
//theses.frl

A. Amroune and B. Davvaz, “Fuzzy ordered sets and duality for finite fuzzy distribu-
tive lattices,” Iran. J. Fuzzy Syst., vol. 8, no. 5, pp. 1-12, 2011. doi: 10.22111/1JFS.2011.231.

A. Amroune and A. Oumhani, “Representation theorem for finite intuitionistic fuzzy
perfect distributive lattices,” J. Fuzzy Set Valued Anal., vol. 2016, no. 3, pp. 326-344, 2016.
doi: 10.5899/2016/jfsva-00305.

A. Amroune and A. Oumhani, “A representation theorem for infinite fuzzy distributive
lattices,” |. Intell. Fuzzy Syst., vol. 32, no. 1, pp. 35-42, 2017. doi: 10.3233 /IFS-151722.

A. Amroune and A. Oumhani, “A representation theorem for bounded distributive hy-
perlattices,” Quasigroups Related Systems, vol. 26, no. 1, pp. 1-12, 2018. URL: http:

//quasigroups.eu.

A. Avron, “Non-deterministic matrices and modular semantics of rules,” in Logica Uni-
versalis: Towards a General Theory of Logic, Basel: Birkhduser, 2005, pp. 149-167. doi:
10.1007 /3-7643-7304-0-9.

77


http://pphmj.com
http://pphmj.com
https://theses.fr
https://theses.fr
http://quasigroups.eu
http://quasigroups.eu

BIBLIOGRAPHY 78

[10] M. Benado, “Asupra unei generalizdri a notiunii de structurd,” Acad. Repub. Pop.
Romane, Bul. stiint. Sect. stiint. Mat. Fiz., vol. 5, pp. 41-48, 1953.

[11] G. Birkhoff, Lattice Theory, 3rd ed. Providence, RI: AMS, 1967. URL: https://ams.

ord.

[12] V.Boicescu, A. Filipoiu, G. Georgescu, and S. Rudeanu, Lukasiewicz-Moisil Algebras. Am-
sterdam: North-Holland, 1991. URL: https://sciencedirect.com.

[13] J. Chvalina, S. Hoskova-Mayerovd, and A. Dehghan Nezhad, “General actions of hy-
pergroups and some applications,” An. Univ. Ovidius Constanta Ser. Mat., vol. 21, no. 1,
pp- 59-82, 2013. doi: 10.2478/auom-2013-0004.

[14] J. Chvalina and S. Hoskova-Mayerova, “On certain proximities and preorderings on the
transposition hypergroups of linear first-order partial differential operators,” An. Univ.
Owidius Constanta Ser. Mat., vol. 22, no. 1, pp. 85-103, 2014. doi: 10.2478/auom-2014-
0008.

[15] P. Corsini and V. Leoreanu, Applications of Hyperstructure Theory. Dordrecht: Kluwer,
2003. doi: 10.1007 /978-94-015-1011-0.

[16] I. Cristea, “Regularity of intuitionistic fuzzy relations on hypergroupoids,” An. Univ.
Ovidius Constanta Ser. Mat., vol. 22, no. 1, pp. 105-119, 2014. doi: 10.2478/auom-2014-
0009.

[17] B. Davvaz, Semihypergroup Theory. London: Elsevier, 2016. doi: 10.1016/C2015-0-01452-
6.

[18] B. A. Davey and H. A. Priestley, Introduction to Lattices and Order, 2nd ed. Cambridge:
Cambridge Univ. Press, 2002. doi: 10.1017/CBO9780511809088.

[19] L. Douadi, A. Oumhani, and A. Amroune, “Duality for bounded distributive hyper-
lattice negatively ordered commutative monoids,” Quasigroups Related Systems, vol. 33,
no. 2, pp. 209-226, 2025. doi: 10.56415/qrs.v.33.16.

[20] L. Douadi, A. Oumhani, and A. Amroune, “Duality for bounded distributive hyper-
lattice negatively ordered hypermonoids,” J. Discrete Math. Sci. Cryptogr., accepted for
publication.

[21] M. Gehrke and J. Harding, “Bounded lattice expansions,” J. Algebra, vol. 238, no. 1, pp.
345-371, 2001. doi: 10.1006/jabr.2000.8622.

[22] M. Gehrke and B. Jénsson, “Bounded distributive lattices with operators,” Math. Japon-
ica, vol. 40, no. 2, pp. 207-215,1994. URL: https://jams.or. jp.

©2026, M’sila University 78 Imane Douadi


https://ams.org
https://ams.org
https://sciencedirect.com
https://jams.or.jp

BIBLIOGRAPHY 79

[23] M. Gehrke, “Stone duality, topological algebra, and recognition,” J. Pure Appl. Algebra,
vol. 220, no. 7, pp. 2711-2747, 2016. doi: 10.1016/j.jpaa.2015.12.007.

[24] A. C. Golzio, “A brief historical survey on hyperstructures in algebra and logic,”
South Am. ]. Logic, vol. 4, no. 1, pp. 91-119, 2018. URL: https://sa-logic.org/
sajl-v4-11/05-Golzio-SAJL.pdf.

[25] D. Heidari and B. Davvaz, “On ordered hyperstructures,” Univ. Politeh. Bucharest
Sci. Bull. Ser. A Appl. Math. Phys., vol. 73, pp. 85-96, 2011. URL: https://www.

scientificbulletin.upb.ro/.

[26] B.]Jonsson, “Algebras whose congruence lattices are distributive,” Math. Scand., vol. 21,
pp- 110-121, 1967. doi: 10.7146/math.scand.a-10850.

[27] B. Jonsson and A. Tarski, “Boolean algebras with operators: Part I,” Amer. |. Math.,
vol. 73, no. 4, pp. 891-939, 1951. doi: 10.2307/2372114.

[28] N. Kehayopulu, “On left strongly simple ordered hypersemigroups,” Quasigroups Re-
lated Systems, vol. 25, pp. 261-268, 2017. URL: http://www.quasigroups.eu/.

[29] N. Kehayopulu, “A note on hyperideals in ordered hypersemigroups,” Quasigroups Re-
lated Systems, vol. 26, pp. 71-77,2018. URL: http: //www.quasigroups.eu/.

[30] N. Kehayopulu, “On intra-regular ordered hypersemigroups,” Quasigroups Related Sys-
tems, vol. 26, pp. 239-246, 2018. URL: http://www.quasigroups.eu/.

[31] N. Kehayopulu, “On ordered hypersemigroups with idempotent ideals, prime or
weakly prime ideals,” Eur. |. Pure Appl. Math., vol. 11, pp. 10-22, 2018. URL: https:

//Www.ejpam.com/.

[32] B. B. N. Koguep, C. Nkuimi, and C. Lele, “On fuzzy ideals of hyperlattice,” Int. |. Alge-
bra, vol. 2, no. 15, pp. 739-750, 2008. URL: http://m-hikari.com.

[33] M. Konstantinidou and J. Mittas, “An introduction to the theory of hyperlattices,” Math.
Balkanica, vol. 7, pp. 187-193,1977. URL: http: //mathbalcanica.org.

[34] F. Marty, “Sur une généralisation de la notion de groupes,” in Proc. 8th Congr. Math.
Scand., Stockholm, 1934, pp. 45-49.

[35] J. Morgado, Introdugdo a teoria dos reticulados. Recife: Inst. Fis. Mat. Univ. Recife, 1962.

[36] T. Nakano, “Rings and partly ordered systems,” Math. Z., vol. 99, pp. 355-376, 1967. doi:
10.1007/BF01112423.

©2026, M’sila University 79 Imane Douadi


https://sa-logic.org/sajl-v4-i1/05-Golzio-SAJL.pdf
https://sa-logic.org/sajl-v4-i1/05-Golzio-SAJL.pdf
https://www.scientificbulletin.upb.ro/
https://www.scientificbulletin.upb.ro/
http://www.quasigroups.eu/
http://www.quasigroups.eu/
http://www.quasigroups.eu/
https://www.ejpam.com/
https://www.ejpam.com/
http://m-hikari.com
http://mathbalcanica.org

BIBLIOGRAPHY 80

[37] H. A. Priestley, “Representation of distributive lattices by means of ordered Stone
spaces,” Bull. London Math. Soc., vol. 2, pp. 186-190, 1970. doi: 10.1112/blms/2.2.186.

[38] H. A. Priestley, “Ordered topological spaces and the presentation of distributive lat-
tices,” Proc. London Math. Soc., vol. 24, no. 3, pp. 507-530, 1972. doi: 10.1112/plms/s3-
24.3.507.

[39] A. Rahnemai-Barghi, “The prime ideal theorem for distributive hyperlattices,” Ital. J.
Pure Appl. Math., vol. 10, pp. 75-78,2001. URL: https://uniud.it.

[40] S. Rasouli and B. Davvaz, “Lattice derived from hyperlattices,” Comm. Algebra, vol. 38,
no. 8, pp. 2720-2737, 2010. doi: 10.1080/00927870903055230.

[41] S. Rasouli and B. Davvaz, “Construction and spectral topology on hyperlattice,”
Mediterr. J. Math., vol. 7, no. 2, pp. 249-262, 2010. doi: 10.1007 /s00009-010-0044-6.

[42] M. H. Stone, “The theory of representation for Boolean algebras,” Trans. Amer. Math.
Soc., vol. 40, no. 1, pp. 37-111, 1936. doi: 10.2307 /1989664.

[43] M. H. Stone, “Topological representations of distributive lattices and Brouwerian log-
ics,” Cas. P&st. Mat., vol. 67, pp. 1-25,1937. URL: https: //dml . cz.

[44] ]J. Tang, B. Davvaz, and Y. Luo, “Hyperfilters and fuzzy hyperfilters of ordered semihy-
pergroups,” J. Intell. Fuzzy Syst., vol. 29, no. 1, pp. 75-84, 2015. doi: 10.3233 /IFS-141443.

[45] T. Vougiouklis, Hyperstructures and their Representations. Palm Harbor, FL: Hadronic
Press, 1994. ISBN: 978-0911767865.

[46] L. Zedam and A. Amroune, “Representation of involutive #-valued Moisil-Lukasiewicz
algebras by means of Priestley spaces,” Far East |. Math. Sci., vol. 12, no. 3, pp. 299-314,
2004. URL: http://pphm7j.com.

[47] L. Zedam and A. Amroune, “Priestley duality for MV-algebras,” Far East . Math. Sci.,
vol. 16, no. 1, pp. 89-96, 2005. URL: http://pphmj. com.

©2026, M’sila University 80 Imane Douadi


https://uniud.it
https://dml.cz
http://pphmj.com
http://pphmj.com

G el g i A VA (o ASpm SIS iy 53 il g5 Ui i a1 3 b 10kl
g Ll a8 5 Lule A0 ) Al Cla g gall 5 8 sanall dumy ) gill Al S )
A G 5 Ll A pall Adalail) 4l Cle ganally 305 Jall iy Cileliad (G dpdinal O 885
@y e 5 dle Ll Ayl A0l iy g3 gall i 53 g Sl B3 ganall Ay 5 5l Al Sl
i 535 el B sl Ay sil) AN S0 B8 iy 1 g 5 (e Rl Al 534 ol
A 4l e saaally Adasi jall iy 50 Cileliad 48 (5 Ll i all ol Gl 3 53 gal)

) ool 1o 585 CUEY Al 5 Ll A yall 4oLl
AL iy s lelad (LN il i yal) Ay puall i) o Jiiail) a3 sdgaliialf cilalSl

Abstract: In this thesis, we extended Priestley's classical results by proving a
representation theorem within the framework for algebraic structures of bounded
distributive hyperlattice and negatively ordered commutative monoids. We
establish categorical equivalence between the dual of Priestley spaces equipped
with negatively ordered commutative semigroups and the category of bounded
distributive hyperlattice with negatively ordered commutative monoids.
Furthermore, this research establishes a Priestley-style duality between the
category of bounded distributive hyperlattices endowed with a negatively ordered
commutative hypermonoid structure and the category of Priestley spaces
associated with negatively ordered commutative semihypergroups, in order to
establish categorical equivalence between them.

Keywords: Representation theorem, Ordered algebraic structures, Hyperlattices,
Priestley space, Priestly duality.

Résumé : Dans cette thése, nous étendons les résultats classiques de Priestley
en démontrant un théoreme de représentations dans un cadre de dualité pour les
structures algébriques du type hypertreillis distributifs bornés et des monoides
commutatifs ordonné négativement. Nous établissons des équivalence
catégorigues entre les espaces de Priestley munis de semi-groupes commutatifs
ordonnés négativement et la catégorie des hypertreillis distributifs bornés munis
de structures des monoides commutatifs ordonnés négativement. De plus, cette
thése établit une dualité de type Priestley entre la catégorie des hypertreillis
distributifs bornés dotés d’'une structure de d'hypermonoide commutatif ordonné
négativement et la catégorie des espaces de Priestley associés aux semi-
hypergroupes commutatifs ordonnés négativement, afin d’établir I'équivalence
catégorique entre elles.

Mots-clés: Théoreme de représentations, Structurees algébriques ordonnées,
Hypertreillis, hypermonoide, Espaces de Priestley, Dualité de Priestley.
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