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Notations

In what follows, we will use the following notations.

(5
()
I-1lp

I llykp
Il 1l g1
a,p
0Q
Oy;uorDiu
Vu

Au

div
21Q)
CeP(Q)
C®

cg

XE

B

B(x,r)
Bg

B(x)
duordx
Da’

|E] or mes(E)

f(x)
Gr(u)
H

Jre
HY(Q)
Hy(Q)

is similar or equal to .

strong convergence .

weak convergence .

duality pairing

inner product (in Hilbert space)

norm in LP (Q)

norm in WP (Q)

norm in H (Q)

ellipticity constants: a|&)*> < B(x)¢ - & < BIE|?
boundary of Q)

partial derivative of u with respect to x;
gradient of u

The Laplacian of u.

divergence operator

space of indefinitely differentiable functions on Q (test functions)

smooth functions with compact support (same as 2(Q2))

smooth functions

smooth functions with compact support
characteristic function of the set E

open ball

open ball with center x and radiusr >0

closed unit ballin a space E: {x€ E | || x| < 1}
symmetric, uniformly elliptic matrix in L (C; RVN*N)
Lebesgue measure, N -dimensional

weak partial derivative of order |a|

Lebesgue measure of a set E

given nonnegative function, f € L (Q), m= N/2
complementary truncation: Gi(u) = u— T (u)
generic Hilbert space

dual space of H

Hilbert space wl2Q)

Sobolev space with zero boundary values, H} (Q) = W,*(Q)



I.uorj.u
L

LP(Q)
L*°(Q))

L’ (@

loc

supp(¢)

Ty (w)

Uy

7

u,v
VcHcV*
wkr(Q)
wyP ()
wkr Q)
WL (Q)

X = (xly“-)xN)

X*
Y,0,r
a.e.

mollifier (regularization) of u

usually the constant from equivalence of ®-functions
Lebesgue space of p-integrable functions

space of essentially bounded functions

space of locally p-integrable functions

limit of an increasing sequence

Lebesgue measure of the set Q)

closure of Q

open set in R

set of variable exponents

variable exponents p such that 1/ p is log-Hélder continuous

projection onto a closed convex set K

p/l(p-1) 1<p<oo
Holder conjugate: p' = { oo p=1

1 p=o00

Np

N-p p<N

Sobolev conjugate: px =4 any g€ [l,00) p=N
00 p>N

essential supremum and infimum of p

Euclidean N-dimensional space

support of a function ¢

truncation function: Ty (s) = max{—k, min{s, k}}

positive part of u: max(u,0)

negative part of u: max(—u,0)

unknown functions (solutions)

Gelfand triple (pivot space)

Sobolev space of functions with weak derivatives up to order k in LP

Sobolev space with zero boundary values

dual space of Wok'p Q)

anisotropic Sobolev space

vector inRN withx;eR,1<i<N

dual space of X

parameters: y € (0,1),0 €[0,1), r =2

almost everywhere



Introduction

The study of nonlinear partial differential equations (PDEs) arising from physical models has

been a central theme in modern mathematical analysis. Among these, systems that couple different
physical fields, such as the Schrédinger—-Maxwell system, play a crucial role in describing phenom-
ena in quantum mechanics and electromagnetism. These systems often present significant math-
ematical challenges due to their inherent nonlinearities, singularities, and the intricate coupling
between their components.
The classical Schriodinger—-Maxwell system models the interaction of a charged particle with an elec-
tromagnetic field. In recent years, a great deal of attention has been devoted to its singular variants,
where the potential terms become unbounded or the nonlinearities exhibit singular behavior. Such
systems, referred to as singular Schriodinger-Maxwell systems, arise in various contexts, including
the study of standing waves for nonlinear Schrodinger equations with a singular potential or in
models of self-interacting matter.

This dissertation is devoted to the study of a doubly singular elliptic system of the form:

—div(B(x)Du) + v %u""1 = iy inQ
u" !
—div(B(x)Dv) = -5 inQ
v
Lv>0,u=0 inQ 1)
u>0 in{f >0}
u=v=0 on 0Q.

Here Q is a bounded domain in RN, N = 3. The function f is non-negative and non-trivial, be-
longing to a suitable Lebesgue space, and B(-) € L™ (Q;RN*N) is a symmetric and uniformly elliptic
matrix, i.e.,

aléP <B(x)¢-E<PIE? forae xeQandallé e RY,

with 0 < a < B. Furthermore, we assume the following on the parameters:
r=2, yve(,1), 6€]0,1).
System (1) is modeled after the following Schrédinger—Maxwell system

—1Au+¢u=owu

—A¢p = 4dmu?



that first appeared in the seminal work [3], where the authors studied the eigenvalue problem for the
Schrodinger operator coupled with an electromagnetic field. In our case, the problem is doubly sin-
gular, namely a Dirichlet problem in which both equations are singular. The literature on singular
problems is vast and well established.

We investigate how the structure of the system and the integrability of the datum f give rise to regu-
larizing effects on the existence of solutions (u, v) € H& Q) x H& (Q) having higher integrability than
that prescribed by the theory of elliptic (single) equations. The primary aim of this work is to study
the existence of finite-energy solutions in the Sobolev space H(% (Q) x H& (Q) for system (1). We are
particularly interested in the regularizing effects induced by the coupling: the presence of the second
equation enhances the integrability properties of the solution u, leading to better regularity than
one would expect from a single singular equation. This phenomenon is a key feature of such cou-
pled systems and is one of the central points of our investigation.

To achieve this, we employ a combination of functional analysis tools and nonlinear PDE tech-
niques. The work is structured as follows:

Chapter 1 serves as a preliminary chapter, recalling some fundamental properties of Sobolev and
Lebesgue spaces. These spaces form the functional framework for our analysis and provide the nec-
essary embedding theorems and compactness results (for more details, see [1, 2, 6, 7, 8, 9, 13, 14, 16,
17]).

Chapter 2 is devoted to the presentation of essential mathematical tools. We focus on fixed point
theory with its some applications in elliptic boundary value problems as wells as Schauder’s fixed
point theorem, which is a powerful non-variational method that allows us to decouple the system
and construct a fixed point for a suitable operator, thereby proving the existence of a solution, as
discussed in [12, 15].

Chapter 3 contains the core of our study. We conduct a detailed analysis of the singular Schrédinger—
Maxwell system (1). We define the notion of a weak solution, construct approximating problems to
regularize the singularities, derive a priori estimates in H} (Q) x Hy (Q), and finally pass to the limit
to prove the existence of a positive solution. We also discuss the regularizing effects of the coupling
in detail. This study enhances the understanding of singular coupled systems and paves the way for
further research, including the uniqueness or regularity of solutions when additional assumptions
are imposed on the parametersy,0,r and f

The results presented herein are based on recent advances in the theory of singular elliptic systems,
particularly the works of [5, 11], which have paved the way for understanding such complex inter-

actions.



Chapter 1

Mathematical background and auxiliary

results

This chapter recalls certain fundamental facts concerning Sobolev spaces and outlines their princi-
pal properties. For a more detailed account of both Lebesgue and Sobolev spaces, reference is made
to the thorough expositionsin [1, 2,6, 7,8, 9, 13, 14, 16, 17].

1.1 Lebesgue spaces

Definition and elementary properties of L” spaces

Definition 1.1.1. Let1 < p < oo; we set
LP(Q) ={f:Q—R| f is measurable and | f|” € L' ()}
with
1/p
||f||Lp:||f||p:(fﬂ|f(x)|”du) .

Definition 1.1.2. We set
L®Q) ={f:Q—R| f is measurable and Ic > 0: | f (x)| < c for u-a.e. x € Q}

with
| flize =l flloo =inflc > 01| f(x)| < ¢ for u-a.e. x € Q}.
Definition 1.1.3. Suppose that1 < p <oo. Then:
0,
1P

loc

(Q) ={v:ve LP(K) forevery compact subset K < Q}.

(ii) A function v is said to be locally integrable if v € L}OC(Q).

(iii) Let v and w be locally integrable functions on Q2. We define v as the weak derivative of u with

respect to the multi-index « if, for every test function ¢ € C°(2),

f vD%dx = (—1)'“'] wedx.
Q Q
In this case, we say that D*v = w in the weak sense.

5



(iv) Letv,w e L‘Z) Q). We define w as the strong derivative of v with respect to the multi-index a

if, for every compact subset K c Q, there exists a sequence {¢p;} < C*(K) such that
@;—v inLP(K)

and pe
lim ID%p; — wlrr _
i—o0 D%

Theorem 1.1.1. IfD%u = v and DPv = w in the weak sense, then D**Pu = w in the weak sense.

Proof. Letw € C°(Q), and set @ = DPy. Then, by the definition of the weak derivative,
vely @ 4 y

f uD“+ﬁ1//dx:(—1)|“|f vDPydx = (—1)'“'[ vpdx.
Q Q Q

Since DPv = w, we have:

fv<pdx:(—1)|ﬁ|fwDﬁvdx:(—l)“B'fwwdx.
Q Q Q

Hence,

f uD‘”ﬁw dx = (—1)|“|+|ﬁ|f ywdx.

Q Q

This shows that D**# 1y = w in the weak sense. O
Definition 1.1.4. Let i€ C°(RN) be such that:

1. supp u < B;(0) (recall that supp denotes the support of a function, and B, (c) denotes an open
ball of radius r and center c),

2. [avpx)dx=1,
3. u(x)=0.
If e > 0 then we set (provided that the integral exists)

B 1 xX—y
Igu(x)—g—NfQ,u( - )u(y)dy.

I u is called a mollifier of u. Note that if u is locally integrable in Q and if K is a compact subset of
Q then I,u € C*°(K) provided that € < dist(K,0Q). Suppose now that u € LZ) ().
We have

I.u(x) :f uyulx—ey) dy,
B (0)

soforp>1 wehave(if%+%: 1)

(o)l sf L) P 1) T ux—ey) dy
B1(0)



1 1
< (f |u(y)|dy)q (f ) u(x— )P dy)p
B1(0) B (0)

Hence |I.u(x)|P < fBl ©) ) lulx—ey)|P dy, and this trivially holds if p = 1 too. Integrating this, we
see that

fllgu(x)lpdxsf ,u(y)f lu(x—ey)|Pdxdy
K By (0) K

Sf ey | luxPdxdy= | |lux)|?dx,
B](O) K() KO

where Ky is a compact subset of Q), K c Interior(Ky) and € < dist(K,0Ky); i.e. we have
I Teullr i < el Lr k) - (1.1)
Lemmal.1.1. Letue LZJ (), and let K < Q) be a compact subset. Then
I Jeu—ullppixy—0 ase—0.
Proof. Let Ky < Q be a compact set such that K c int(Kp), and choose € > 0 such that
e < dist(K,0Kp).
Let 6 > 0. Since C*°(Ky) is dense in LP (Kp), there exists a function w € C*°(Kp) such that
lu—wllrr,) <9.
Applying inequality (1.1) to the function u — w, we obtain
I Jeu—Jewlrix <90.

Moreover, we have

Jew(x) —w(x) :f p wx—-ey)—wx)ldy,
B(0,1)

and since w € C*, the integrand tends uniformly to zero as € — 0, so:
Jew(x) — w(x) uniformlyon K.

Therefore, for € sufficiently small,

IJew—wlrrx <0.

Now, combining the above estimates:

I Jeu—ullrra < lu—wlrao + Jeu—Jewlrx + 1 Jew — wlir <6 +6+6 =36.



Since 6 > 0 was arbitrary, we conclude that
I Jeu—ullpriy—0 ase— 0.

O

Theorem 1.1.2. Suppose that u,v € LZC(Q). Then D%u = v in the weak sense if and only if D*u = v
in the strong L” (Q) sense.

Proof. Suppose that D*u = v in the strong LP(Q) sense. Let ¢ € C°(Q), and let K = supp(¢). Let
€ >0, and take ¥ € C°(K) such that

lu—-wlrx <e and ||Da1//—l/||Lp(K)<£.
Then:
U uD“(pdx—(—l)lo"f vpdx|=
K K

= f(u—w)D“(pdx+(—1)|“|f(pD“wdx—(—l)lalf vpdx
K K K

f(u—w)D“(pdx+fwD“(pdx—(—l)lalf vpdx
K K K

= f(u—w)D“(pdx+(—l)|“|f oD%y —v)dx
K K

<lu—-wlra ID@liLag) + I D*W — viir o @l Lo

<e(ID*@ll Lo + l@lLaw)-

1_

where ¢ is the conjugate exponent of p, i.e., - + 1. Since ¢ is arbitrary, the left-hand side must

Q

be zero. Therefore, D®u = v in the weak sense.
Conversely, suppose that D*u = v in the weak sense. Let K < Q) be compact. Then for € < dist(K, 69),

the mollification J.u € C*°(K) satisfies:

1 —
D“]gu(x):—an(f ,u(x y)u(y)dy).
£ Q

By differentiating under the integral and changing variables:

D%J.u(x) = f D“

] u(y)dy

_e" Qu(x )V(y)dy Jev(x),

since D%u = v in the weak sense. Hence D%J.u = J.v, and so D%u = v in the strong L? sense by
approximation.

But by Lemma 1.1.1,
I Jeu—ullppiy—0 and [ID*Jeu—vlpk = I1Jev—vlpxy —0 ase— 0.

Thus, D%u = v in the strong sense. |



Theorem 1.1.3 (Young’s Inequality). Suppose thata,b=0 and 1 < p,q < oo with

—+==1,
p q
then
a? b9
ab<s —+ —
p q

Theorem 1.1.4 (Holder Inequality). Assume that f € LP(Q) and g € L9(Q), with % + % =1, where
1< p<oo. Then fge LY (Q) and

Ifglr < flzrliglipa.

Theorem 1.1.5 (Minkowski Inequality). Let1 < p < oo, and assume that f,g € LP(Q). Then f + g€
LP(Q) and
If+gllr <N fllr + 1l Lp.

Remark 1.1.1. In case of p = oo we have:

If+ &lloo = I flloo + 181l co-

Definition 1.1.5 (Continuous Embedding). Suppose that E and F are Banach spaces. If E c F, we
say that E is continuously embedded in F (denoted E — F) if there exists a constant C > 0 such that

lxllr<Clixllg, forallxeE.
Example 1.1.1. Let (X, 9, 1) be a finite measure space, and let1 < p,q < oo with p < q. Then
L1(X,T,w) — LP(X, T, ),

and
11
Ifllr =Pl fliLa.
In fact, since p < q, then é + i =1, and by Holder inequality (1.2) we obtain the result.
P q-p

Theorem 1.1.6 (Riesz-Fréchet). L” is a Banach space for all1 < p < oco.

Reflexivity, Separability, Dual of L”

We shall consider separately the following three cases:

A) 1< p<oo,
B p=1,
(C) p=oo.



A. Studyof L7 (Q) for1 < p < oo

This case is the most “favorable”: L? is reflexive, separable, and the dual of LP is L”.
Theorem 1.1.7. L” is reflexive for any p, 1 < p < oo.

The proof consists of three steps:

Step 1 (Clarkson’s first inequality). Let2 < p < oo. We claim that

p

f-8
2

Hf+g
2

1
= SUfI+1glp) vfgeLP (L.1)

2
_l_

P p

Proof of (1.1). Clearly, it suffices to show that

p p

a->b
2

a+b
2

1
< E(|a|p+ |b|P) VYa,beR.

First we note that
af +BP < (@’ +B*P'? VYa,b=0

(by homogeneity, assume 8 = 1 and observe that the function (x*+1)P'2 — xP —1 increases on [0,00)).
y g

Choosing a = | 2| and p = %b‘, we obtain
a+bl? |a-b|P a+b|? a—bz)p/2
+ < -
2 2 2 2
2 2\P/2
a- b
= (—+—) < —(lal” +|b|P).

2 2 2

(The last inequality follows from the convexity of the function x — |x|P'? since p = 2).

Step 2: L” is uniformly convex, and thus reflexive for 2 < p < co. Indeed, lete >0 and let f,g € L
with||fll, <1, 1gllp <1, and| f — gl > €. We deduce from (1.1) that

] ()

and thus II¥IIP <1-6withé=1-[1- (%)”]”p > 0. Therefore, LP is uniformly convex and thus

reflexive .

f+g
2

Step 3: L” is reflexive for1 < p <2.

Proof. Let 1 < p < co. Consider the operator T : L” — (LP)* defined as follows: Let u € L be
fixed; the mapping f € LY — Juf is a continuous linear functional on L” and thus it defines an

element, say Tu, in (Lp,)* such that

(Tu,f):fuf VfelLl. (1.2)

10



We claim that
”Tu”(Lp’)* :”u”p VuELP- (13)

Indeed, by Holder’s inequality, we have

KTu, Ol = Nullpll £l Vfell

and therefore || TuII(Lp/)* < llullp.
On the other hand, set
folo) = u)IP2ulx)  (folx) = 0if u(x) = 0).

Clearly we have
fel?, Nfolly=lull™" and (Tu,fo) = lul);

thus
(Tu, fo) _

——00 —u,.
Lfoll » b

Hence, we have shown that T is an isometry from L? into (L”,)*, which implies that T(L”) is a

” Tu”(Lp’)* =

closed subspace of (LP)* (because LP is a Banach space). Assume now 1 < p < 2. Since L? is
reflexive (by Step 2), it follows that (LP")* is also reflexive . We conclude, that T(L?) is reflexive, and

as a consequence, L” is also reflexive. O

Remark 1.1.2. In fact, LP is also uniformly convex for 1 < p < 2. This is a consequence of Clarkson’s

second inequality, which holds for1 < p <2:

This inequality is trickier to prove than Clarkson’s first inequality. Clearly, it implies that LP is uni-

f+8

Vfgell.
5 8

4 _ oIV 1/(p-1)
= |
P 2 lp

1 1
P p

formly convex when1 < p <2.

1.2 Sobolev spaces

Definition of W7 (Q)) spaces:

After defining the spaces WP (Q), we can define the general W"™P spaces recursively. Let m = 2 be

an integer and 1 < p < oo. Then, we define

WP(Q) ={ue W"P(Q) |d;ue W' VP(Q) foralli=1,...,N}.

An equivalent way of defining the Sobolev spaces is by using multi-index notation. We define
W™P(Q) = {u e LP(Q) ‘ Va,|lal<m, 3gq, € LP(Q) :f uD%p = (—1)'“'[ gap Ve C?(Q)}.
Q Q

11



Here, multi-index notation is used. That is, @ = (a1,...,an) € NN, and the order of the multi-index
is defined by

N
la| = Z a;.
i=1

Moreover, the differential operator D% is defined as

alal(p

D= ————.
ox;' ---GxNN

We denote D% u = g,. It can be shown (although the proofis omitted here) that WP (Q)) is a Banach

space when equipped with the norm

lullwmp =) [1D%ullrp. (1.6)

lal=m

Just as in the case of W'?(Q), the space W™?(Q), denoted by H™(Q), is a Hilbert space with the

scalar product

(w,V)gm =Y (D*u, D).

lal=m

The norm induced by this scalar product is equivalent to the norm in (1.6).

Motivation and definition of Sobolev spaces

Let C°(Q)) be the set of infinitely differentiable functions with compact support, that is,
p:Q—-R, @eCX(Q.

A function ¢ € C°(Q) is often called a test function.
For each u € CY(Q), and taking into account that every ¢ € C*(Q) has compact support, Greens
identity yields

fQuaxi(pdx: —j;laxiu(pdx VoeCr(Q), Vi=1,...,n.

This motivates the definition of Sobolev spaces as follows:

Definition 1.2.1. Foreach 1 < p < oo, the Sobolev space W'P (Q) is defined by
whP(Q) = {ueL”(Q) ’ dgi,...,gn e LP(Q) :[ Uly,pdx = —f gipdx, Vpe CP(Q), Vi= 1,...,N}.
Q Q

We denote 8., u = g; as the weak derivative of u € WP (Q), which is unique. The gradient of u is
defined as
Vu=0xu,...,0xyU).

If p =2, we write
H'(Q) = wh?(Q).

12



Definition 1.2.2. For each u€ WP (Q), we define the norm of u by
N
lullwre = lullp+ Y 10 ullp.
i=1

Moreover, H' (Q) is a Hilbert space equipped with the following scalar product:

N

(U, V) = (U, V) 2+ Y (O, U, O, V) 2.
i=1

Since H'(Q) is a Hilbert space, this induces a norm in H' (Q):
N 1/2
luell g = (uunig + Zl ||axiu||§2) :
i=

This norm is equivalent to the W2 norm.

Some properties of Sobolev spaces

Proposition 1.2.1. Let Q c R be an open set. Then, the following statements hold:
(i) Foreach1 < p < oo, WHP(Q) is a Banach space.
(ii) Foreachl < p <oo, WYP(Q) is reflexive.

(iii) Foreach1 < p < oo, WLP(Q) is separable.

Proof. 1. Let (u,)nen be a Cauchy sequence in WLP(Q), with 1 < p < oo. Then, from (1.4) it

follows that (u,) and ((u,),), with 1 < i < N, are Cauchy sequences in L” ().

Thus, since L”(Q) is a Banach space, it follows that u,, — u and (1), — g; in L?(Q). There-
fore,

fﬂun(pxidx:—fg(un)xiq)dx Vo e Cy°(Q).

Letting n — +o0, we get
fu(pxidx:—f gipdx YeeCiPQ).
Q Q

Therefore, we obtain that u € W'P(Q), u,, = g;, and thus

N

l2en = ullwrey = ltn = ullr) + ) 1 (Wn)x; — gill Lri) — 0.
i=1

2. Consider the space E = LP(Q) x LP(Q) which is reflexive since it is the product of reflexive
spaces. Set the operator
T:W"P(Q) —E

13



defined by
Tu=(u,Vu).

Then, T is an isometry, and since W (Q) is a Banach space,
M=TW"P(Q))

is a closed subspace of E. Since E is reflexive, Bg is compact in the weak topology o (E, E'),
and M is closed in o (E, E'). Therefore, By, is compact in o(E, E'), and hence T(WLP(Q)) is

reflexive. Consequently, WP (Q) is reflexive.

3. Under the notation of (2), and taking into account that E is separable, it follows that T(WLP(Q))
is separable and therefore W17 (Q) is also separable.
O

Remark 1.2.1. We will use definition of the positive and negative part of a real-valued function
u:Q—Ras

u(x) ifu(x)>0
U (x) := max{u(x),0} =
0 otherwise

—u(x) ifulx)<0
u_(x):=(-u)+(x) =
0 otherwise

forallx e Q. Let k> 0. We see taht, if u € WLP(Q), the same happens to u,., Ty.(u), Gi(u), and
Du, =Duyu=0, DTi(u)=Duyqu<iy, DGr(u)=Duyqyskr a.e. in.

Proof. (Poincaré Inequality)
Let Q c RN be a bounded, open set, and let 1 < p < oco. Then there exists a constant C > 0 such that
forall ue Wol’p(Q),

lullrr) < CliVullLr ).

In particular, for p = 2, we have:
lull 2 < CliVull 2y forall ue Hy(Q).
Assume the inequality is false. Then, for every integer n, there exists u, € WO1 P (Q) such that
ltnllr@ > nlIVupllr -

Define normalized functions

Up
Un = —-
lunllr
Then ||v,llLr) =1, and
IVupllzry 1
IVvullirgy=—"—"—<-—.

lupllr n
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Hence,

IVvullzr@ — 0 as n— oo.

Because v, € WO1 'P(Q) and Q is bounded, by compactness (Rellich-Kondrachov theorem), there
exists a subsequence (still denoted v;;) that converges in L (Q2) to some function v.

Butsince [|Vv,|l — 0, the limit v must have zero gradient, i.e., v is constant. Moreover, v € WO1 P Q)
implies v = 0 on the boundary, so v =0.

On the other hand, since || v, llzr@) = 1, we must have

lviirr = lim vallr) =1,
n—oo

which contradicts v = 0.

Therefore, the assumption is false, and the Poincaré inequality holds:

lullrr) < CliVullLr ).

1.3 Hilbert spaces and weak Harnack inequality

Definition 1.3.1. Let H be a vector space. A scalar product (u, v) is a bilinear form on H x H with

values inR (i.e., a map from H x H toR that is linear in both variables) such that

(u,v) =(v,u) Yu,ve H (symmetry),
(u,u) =0 YueH (positive),
(v, u) #0 Yu#0 (definite).

Let us recall that a scalar product satisfies the Cauchy-Schwarz inequality

1/2

l(u, V)| < (u, w)'"*(w,v)''? Yu,veH.

[It is sometimes useful to keep in mind that the proof of the Cauchy-Schwarz inequality does not
require the assumption (u, u) # 0 Yu # 0.] It follows from the Cauchy-Schwarz inequality that the
quantity

1/2
lull = (u, w)

is a norm—uwe shall often denote by || - || (instead of | - |) norms arising from scalar products. Indeed,

we have

|u + v|2:(u+ v, u+ v):|u|2+(u, v)+(v,u)+|v|25|u|2+2|u||v|+|v|2,

and thus|u + v| < |ul +|v|.
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Let us recall the classical parallelogram law:

2 2

a+b a—-b
2 2

Definition 1.3.2. A Hilbert space is a vector space H equipped with a scalar product such that H is

1
= 5(|a|2+ |b|®>) Va,be H.

complete for the norm|-|.

In what follows, H will always denote a Hilbert space.

Basic example.

L2(Q) equipped with the scalar product
(u,v)= f ux)v(x)dy
Q
is a Hilbert space. In particular, ¢? is a Hilbert space. The Sobolev space H' studied in Chapters 8
and 9 is another example of a Hilbert space; it is “modeled” on L*(Q).

Proposition 1.3.1. H is uniformly convex, and thus it is reflexive.

Proof. Lete>0and u,v € H satisfy |u| <1, [v| <1, and |u— v| > €. In view of the parallelogram law

we have

u+uv|? e2 u+v
5] <
2

O

Theorem 1.3.1. (projection onto a closed convex set). Let K « H be a nonempty closed convex set.

Then for every f € H there exists a unique element u € K such that
| f — ul =min|f - v| =dist(f, K).
vek
Moreover, u is characterized by the property
uekK and (f-u,v—u)<0 Vvek.
Notation 1.3.1. The above element u is called the projection of f onto K and is denoted by

u= PKf

Inequality (3) says that the scalar product of the vector u_]; with any vector v (ve€ K) is< 0, i.e., the

angle 0 determined by these two vectors is = /2.

Proof. (a) Existence. We shall present two different proofs:

1. The function ¢(v) = |f — v| is convex, continuous and lim|,|—.., @ (v) = +oo. It follows from

Corollary 3.23 that ¢ achieves its minimum on K since H is reflexive.
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2. The second proof does not rely on the theory of reflexive and uniformly convex spaces. It is

a direct argument. Let (v,) be a minimizing sequence for (2), i.e., v, € K and
dp=\f-vyl—d=inf|f-v|.
veK

We claim that (v,) is a Cauchy sequence. Indeed, the parallelogram law applied with a =
f—-vpand b= f—-vyleadsto

O

Proposition 1.3.2. Let K c H be a nonempty closed convex set. Then Py does not increase distance,
ie.,
IPkfi—Prfol<lfi—f2l Yh,fo€H

Proof. Set u; = Pk f1 and uy = Pk f». We have

(fi—u,v—u)) <0 Vvek (1.4)
(fo—u,v—u)<0 Vvek. (1.5)

Choosing v = uy in (1.4) and v = u; in (1.5) and adding the corresponding inequalities, we obtain
lur — upl* < (fi — fo, 1 — uo).

It follows that |u; — us| < | f1 — fol. O

Example 1.3.1. Assume that M < H is a closed linear subspace. Let f € H. Then u = Py, f is charac-
terized by
ueM and (f-u,v)=0 YveM. (8)

Moreover, Py, is a linear operator, called the orthogonal projection.

Proof. By (3) we have
(f-u,v-u)<0 YveM

and thus
(f-utv—u)<0 VveM,VteR.

It follows that (8) holds. O

Conversely, if u satisfies (8) we have
(f-u,v—u)=0 YveM.

It is obvious that Py is linear.
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Dual of Hilbert space

It is very easy, in a Hilbert space, to write down continuous linear functionals. Pick any f € H; then
the map u— (f, u) is a continuous linear functional on H. It is a remarkable fact that all continuous

linear functionals on H are obtained in this fashion:

Theorem 1.3.2 (Riesz-Fréchet representation theorem). Given any ¢ € H* there exists a unique
f € H such that
(p,uy=(f,u) VYueH.

Moreover,

Lf1= Nl

Proof. Once more we shall present two proofs:

1. The first one is almost identical to the proof of Theorem 4.11. Consider themap T: H — H*
defined as follows: given any f € H, the map u — (f, u) is a continuous linear functional on
H. Tt defines an element of H*, which we denote by T f, so that

(Tf,uy=(f,u) VYue H.

Itis clear that || T f|l g« = | f]. Thus T is alinear isometry from H onto T(H), a closed subspace
of H*. In order to conclude, it suffices to show that T(H) is dense in H*. Assume that h is a
continuous linear functional on H* that vanishes on T (H). Since H is reflexive, h belongs to
H and satisfies (T f, h) = 0 for all f € H. It follows that (f, h) =0 for all f € H and thus i = 0.

2. The second proof is a more direct argument that avoids any use of reflexivity. Let M =
¢~ 1({0}), so that M is a closed subspace of H. We may always assume that M # H (other-
wise ¢ = 0 and the conclusion of Theorem 5.5 is obvious—just take f = 0). We claim that

there exists some element g € H such that
lgl=1and (g,v)=0 Vve M (and thus g ¢ M).

Indeed, let go € H with gy ¢ M. Let g1 = Py go. Then

8o— 81
g gl
satisfies the required properties.
O
Given any u € H, set
(o, )

v=u-7Ag withl= .
(0,8
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Note that v is well defined, since (¢, g) # 0, and, moreover, v € M, since {¢,v) = 0. It follows that
(g,v)=0,1ie,

(p,u) =(p,8)(g,u) VYueH,
which concludes the proof with f = {(p, g)g.
Remark 1.3.1. H and H*: to identify or not to identify? The triplet V c Hc V*.
Theorem 5.5 asserts that there is a canonical isometry from H onto H*. It is therefore “legitimate” to
identify H and H*. We shall often do so but not always. Here is a typical situation—which arises in
many applications—where one should be cautious with identifications. Assume that H is a Hilbert
space with a scalar product (-,-) and a corresponding norm | - ||. Assume that V c H is a linear

subspace that is dense in H. Assume that 'V has its own norm || - | and that V is a Banach space with

| - II. Assume that the injection V < H is continuous, i.e.,

lv|<Cllvll VvelV.

[For example, H = [2(0,1) and V = LP(0,1) with p>2orV=C(0,1]).]
There is a canonical map T : H* — V* that is simply the restriction to V of continuous linear func-

tionalsp on H, i.e.,

(T, vyy+ =@, V) p*,H-
It is easy to see that T has the following properties:
@ I Telv <Clply« YoeH,
(i) T isinjective,
(iii) R(T) is dense in V* if V is reflexive.!

Identifying H* with H and using T as a canonical embedding from H* into V*, one usually writes

VCHZH*CV*,

where all the injections are continuous and dense (provided V is reflexive). One says that H is the

pivot space. Note that the scalar products (-,-)y~ y and (-,-) coincide whenever both make sense, i.e.,

(f,vdv=yv=(f,v) VfeH VveV.

The situation becomes more delicate if V turns out to be a Hilbert space with its own scalar product
((+,+)) associated to the norm || - ||. We could, of course, identify V and V* with the help of ((-,-)).
However, (9) becomes absurd. This shows that one cannot identify simultaneously V and H with
their dual spaces: one has to make a choice. The common habit is to identify H* with H, to write
(9), and not to identify V* with V [naturally, there is still an isometry from V onto V*, but it is not

viewed as the identity map]. Here is a very instructive example.
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Let -~
Hz[zz{u:(un)nzlz Z ufl<oo}

n=1

equipped with the scalar product ((u, v)) = Y57, Uy Vp. Let
o0
V= {u: (Up)n=1: Z nzu,z1 <oo}
n=1

equipped with the scalar product ((u, v)) = Y57, nu, vy,
Clearly V. c H with continuous injection and V is dense in H. Here we identify H* with H, while V*

is identified with the space

v ={f=(fn)n21: f %f#oo},

n=1

which is bigger than H. The scalar product (-,-) is given by

<f» V)V*,V = Z fnvm
n=1

and the Riesz—Fréchet isomorphism T : V — V* is given by
1= (Un)pz1— Tt = (" tn) pz1.

Remark 1.3.2. It is easy to prove that Hilbert spaces are reflexive without invoking the theory of
uniformly convex spaces. It suffices to use twice the Riesz—Fréchet isomorphism (from H onto H*
and then from H* onto H**).

Remark 1.3.3. Assume that H is a Hilbert space identified with its dual space H*. Let M be a sub-
space of H. We have already defined M* as a subspace of H*. We may now consider it as a subspace
of H, namely

M*'={ue H;(u,v)=0 YveM}.

Clearly we have M n M* = {0}. Moreover, if M is closed we also have M + M+ = H. Indeed, every
f € H may be written as

f=@uf)+(f-Puf)

and f — Py f € M*; more precisely, f — Py f = Py f.

It follows that in a Hilbert space every closed subspace has a complement (in the sense of Section 2.4)

Proposition 1.3.3 (Weak Harnack Inequality). LetQ c RY be a bounded domain with N = 3, and

consider the linear operator in divergence form
Lu = —-div(A(x)Du),

where A(x) is a symmetric matrix with coefficients a;j(x) € L*°(Q) and is uniformly elliptic, i.e.,
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there exists a constant o > 0 such that

Ax)E-E= alé? Vée RN, a.e. xe Q.

1. Local Boundedness for Sub-solutions: For any p > 0, there exists a constant C, = C,(N, a, p) >
0 such that for any ball B4r(xy) < Q and any non-negative weak subsolution u € H'(Q) of
Lu =0, we have X

1 1
sup u<C (— updx)p.
Br(xo) | B2r (%0)| JBag (x0)

2. Weak Harnack Inequality for Supersolutions: For any q > 0, there exists a constant C, =
C2(N, a, q) > 0 such that for any ball B4gr(xy) < Q and any non-negative weak supersolution
ue H (Q) of Lu =0, we have

1 “q
inf u=GC, (— u 1 dx) )
Br(x0) | Bog (x0)| By (xp)

Remark 1.3.4. A function u€ H'(Q) is a weak subsolution of Lu = 0 if
f ADu-D¢pdx<0  VY¢pe Hy(Q),¢p=0.
Q

It is a weak supersolution if the inequality is = 0. The constant C, in part (ii) is independent of u. An
immediate consequence is the strong maximum principle: if u = 0 is a supersolution that is positive

somewhere, then it is positive almost everywhere.

1.4 Dominated Convergence Theorem

The Dominated Convergence Theorem (DCT) is a fundamental result in integration theory. It pro-
vides sufficient conditions under which the limit of integrals of a sequence of functions equals the
integral of their pointwise limit. This theorem is indispensable in analysis, probability theory, and

applications.

Definition 1.4.1. Let (f,,) nen be a sequence of measurable functions on a measure space (0, <, [1).
The sequence (f,) is said to be dominated by an integrable function g if, for every n € N and for
almost every x € Q,

[ fn(0)] = g(x).

Theorem 1.4.1 (Lebesgue’s Dominated Convergence Theorem). Let (QQ, </, 1) be a measure space.

Let (fn) nen be a sequence of measurable functions from Q toR (or C) satisfying:

1. The sequence (f;) converges pointwise to a function f almost everywhere on Q;
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2. There exists a function g € L'(Q, p) such that foralln €N,

| frn(x)| < g(x) foralmosteveryx e Q.

Then f is integrable and
limffndu:ffdu.
n—oo Q Q

Example 1.4.1 (A Simple Trigonometric Example). Consider the sequence f,,(x) = % on ) =

[0,27] with the Lebesgue measure. For all x and n,

1
[ fn(x)] < - <1,

so we can take g(x) = 1, which is integrable on [0,2n]. The pointwise limit is f(x) = 0 for all x. By

the DCT, ) ,
T o1 /A
lim sin(nx) dx = f 0dx=0.
0

n—aoo Jo n

Indeed, a direct calculation gives the same result since f02 Tsin(nx)dx =0 foralln=1.

Example 1.4.2. Let f,(x) = 1777 for x € (0,1] and f,(0) =0.
We have

1
[fr(x)] < m —0

Actually, note that for all t = 0, T < 3.
Setting t = nx, we get | f,(x)| < % The constant function g(x) = 1/2 is integrable on (0,1). The

pointwise limit is f (x) =0 for all x.

Hence, )
lim _ dx=0.
n—oo Jo 1+ n?x?
Example 1.4.3. Let f,,(x) = nx0,1/n (x) on (0,1].
Then f,(x) — 0 pointwise for each x > 0.
However, fol fn(x)dx =1 forall n, so the limit of integrals is 1 + 0.
The DCT does not apply because there is no dominating integrable function: any candidate g would

need to satisfy g(x) = n on (0,1/n] for all n, which forces g(x) = oo on a set of positive measure.

Example 1.4.4. Evaluatelim,,_.., [5° SR/ g5

x(1+x2)
Note that % < 1+1x2 for x > 0 because |sin(t)| < t and |sin(x/n)| < x/n.
The function g(x) = 1+le is integrable on (0,00).

The pointwise limit is 0 for each fixed x. Thus,

[o.0] 1 / [e.0]
lim mdx:f 0dx=0.
n—ooJo x(1+x?) 0
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Chapter 2

Fixed point theorems

The fixed point theory is a classical and powerful tool in nonlinear analysis, which has been exten-
sively studied and generated an exceptionally rich literature. Our interest in this theory is primarily
motivated by its wide-ranging applications to the existence problems of solutions to nonlinear dif-
ferential equations. In this chapter, we present only a few basic forms of fixed point theorems those
that, in our view, capture the essential features of the theory and are sufficient for addressing the
nonlinear elliptic boundary value problems we aim to study. Further details can be found in [12, 15]
and [18].

2.1 Banach fixed point theorem

We first give the Banach fixed point theorem on a complete metric space, which is perhaps the sim-
plest fixed point theorem. Let X be a Hausdorff space and Q a subset of X. Let F : Q — X be a map.
We say that x € Q) is a fixed point of F, provided

x=F(x).

Let (X, d) be a complete metric space and Q a closed subset of X. We say thata map F: Q — Q isa

0 -contraction, provided there exists a nonnegative number 6 € [0, 1) such that

d(A(x),A(y)) =éd(x,y) Vx,yeQ,
where d(-,-) is the distance function on X.

Theorem 2.1.1 (Banach fixed point theorem). Let (X, d) be a complete metric space and Q) a closed
subset of X. Assume that F : Q — Q is a 6 -contraction for some 6 € [0,1). Then F has a unique fixed
point x € Q).

The Banach fixed point theorem is proved by an elementary iterative procedure (successive approx-

imation). Taking any starting-point xy € M, one defines a sequence

Xn1=Flx,)eQ, n=01,...

Then the 6 -contractiveness of F ensures that the sequence {x,} converges to a point x € Q (Q) being
closed in X being complete). Moreover, x is unique in Q.
The above simple iterative procedure also provides additional useful estimates on errors and rate of

convergence. The Banach fixed point theorem is particularly effective in obtaining local existence,
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say, for initial value problems. But it has limited applications in boundary value problems, partly
because the required 6 -contractiveness is usually not a trivial matter to be verified.

To illustrate the importance of the § -contractiveness, we state the following fixed point theorem due
to Browder, Gohde and Kirk.

Theorem 2.1.2 (Browder-Gohde-Kirk fixed point theorem). Let H be a Hilbert space and Q) a closed

bounded convex subset of H. Assume that F : Q) — Q is nonexpansive, that is,

(F(x),F() =(x,y) Vx,yeQ,
where (-,-) is the inner product on H. Then F has at least one fixed point x € Q).

Remark 2.1.1. Note that the proof of Theorem 2.1.2 is based on the Banach fixed point theorem. By
enriching the structure of the underlying space H, Theorem 2.1.2 slightly relaxes the § -contractive

requirement.

2.2 Brouwer fixed point theorem

The Brouwer Fixed Point Theorem is a fundamental tool in proving the existence of Nash equilib-
rium in finite strategic games. Consider a game with n players, each with a compact convex set of
mixed strategies A; = R™:. Define the joint strategy space A = []?_, A;, which is also compact and
convex.

For each player i, define the best-response correspondence BR; : A — A;. Under standard continuity
and concavity assumptions on utility functions, a continuous function F: A — A can be constructed

such that fixed points of F correspond to Nash equilibria.

Theorem 2.2.1. Every finite normal-form game has at least one Nash equilibrium (in mixed strate-

gies).

In this section B, (x) denotes the closed ball defined by

B (x)={yeR"||ly—x|<r}.
Theorem 2.2.2. Let B;(0) be the unit ball in R". Let F : B;(0) — B1(0) be a continuous mapping,
then F admits a fixed point, that is to say, a point for which
F(x) = x. (A.1)

Proof. Let us give first a naive proof when n = 1. In this case, F:[-1,1] — [-1,1]. If we set

G(x)=F(x)—x,

we have G(-1)=F(-1)+1=0, G(1) = F(1)-1<0since F(-1),F() € [-1,1]. Since G is continuous,
there exists a point x such that G(x) =0, i.e., such that (A.1) holds.

The proof in higher dimensions is more involved and requires some preliminaries. O
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Definition 2.2.1. Let A be an n x n matrix. The matrix of the cofactors of A is the matrix given by

CofA = (-1)'**det Aip)i k=1..n A.2)

.....

where A;j denotes the matrix deduced from A by deleting the ith row and the kth column.
We then have

Proposition 2.2.1. Letu:R" — R" be a C>-mapping. Denote by (Cof(Vu)) ;. the entries of Cof(Vu).

Then we have with the summation convention in k

0y, (Cof(Vu);) =0 Vi=1,...,n, (A.3)
i.e., the rows of the matrix Cof(Vu) are divergence-free.

Proof. By defn of the matrix CofA, we have

(det A)Id = AT Cof A. (A.4)

This matricial equality can also be written as

(det A)éij = a;(Cof A) kj

(we set A = (a;;)). In particular, since (CofA); contains no term in ay;, we have

04, (det A) = (Cof A) ;. (A.5)

Replacing now A by Vu in (A.4), we derive

(detVw)d;; = 6x.uk(CofVu)k- Vi,j=1,...,n,
J i ]

where u= (u',..., u"). Taking the derivative in the direction x; and summing up, we obtain

0., (detVu)d;; = aiixj u*(Cof Vu) i j + 05, u* 0y, (Cof Vu) ;. (A.6)

Using the chain rule and (A.5), we also have

0y, (detVu) = (CofVu)y; - Oy, (O, u®)

and (A.6) becomes

0x,u 0y, (CofVu)j =0 Vi=1,..,n. (A7)

If Vu(x) is invertible, then we obtain

0x; (CofVu(x))g; = 0.

If detVu(x) = 0, then replacing u by u + €x, the result follows by letting € — 0. This completes the
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proof of the proposition. O
As a consequence, we have

Proposition 2.2.2. LetQ be a smooth bounded open set of R* andu,v: Q — R" be C*(Q)-mappings
such that
u=v onoQ. (A.8)

Then we have

fdetVudx:f detVvdx. (A.9)
Q Q

Proof. We set for t € [0,1]

f(t):f detViu+t(v—u)]dx.
Q

By the chain rule, we have (see (A.5))

f’(t):f 2 det(Viut tv—w)ldx

odt

:f (Cof[V(u+ t(v—w)]);x 0y, (v —u’)dx
Q

:f dx, (Cof[V(u+ t(v—u))]ik(vi—ui))dx (by (A.3))
Q
-0 (by (A.8)).

It follows that f is constant on (0, 1), and since it is continuous, f(0) = f(1). This is (A.9) and the

proof of the proposition is complete. O

Proof. (Brouwer’s theorem)

1. One cannot find w: B; (0) — dB; (0) which is C? and satisfies w(x) = x on dB;(0). Indeed, if

such a function exists, by the proposition above, we have

f detVw = detVId(x) = |B1(0)| (A.10)
B, (0) B, (0)

where |B; (0)| denotes the measure of the unit ball. On the other hand, we have

and differentiating we derive

Vw-w=0.

It follows that det Vw = 0, a contradiction to (A.10).
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2. One cannot find w: B;(0) — 0B;(0) continuous and satisfying w(x) = x on dB;(0). Suppose

such a function exists. We extend it by x outside B (0). Then we consider

W (X) = pe *W(X), (A.11)

i.e., we mollify each component of w. Then for € small enough, one has

Wwe(x) =x ondBy(0). (A.12)

Moreover see Chapter 2 w, — w uniformly on B, (0) and for € small enough, we have |w,| > %

It follows that the mapping

W (X) = el

is a smooth mapping satisfying all the assumptions of part 1 with B;(0) replaced by B;(0).
This completes the proof of this part.

3. Let F be a continuous map such that F(x) # x for all x. Let w(x) be the point of dB; (0) where
the halfline from F(x) through x crosses dB; (0). Then w is a mapping as in part 2 and we get

a contradiction. This completes the proof of the theorem (Figure A.1).

O

Example 2.2.1. (Counter Examples) The following counter examples show the essentials of each

assumption in the Brower Fixed-Point Theorem

* §=10,1] compact, convex and nonempty, but A: S — S not continuous and the graph y = A(x)

does not cross the diagonal y = x. No fixed point.

e S=Rand A:S— S, A(x) = x+1. Aiscontinuous, S is convex, nonempty, but not compact. No

fixed point.

* LetS beaclosed annulus and A: S — S is a rotation of the annulus around the center. A proper

rotation is fixed-point free. In this case, S is compact, nonempty but not convex.

Corollary 2.2.1. Let K be a compact convex subset of R" and F : K — K be a continuous mapping.
Then F admits a fixed point.

Proof. Since K is compact, it is bounded. Let R > 0 such that K < Bg(0). Set

G:FOPK

where Pg denotes the projection on the convex set K (see Theorem 1.1 and (11.62)). Then G is a
continuous mapping from By (0) into itself, and by Theorem A.1 it possesses a fixed point x, i.e.,
such that
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FPx(x)) =x.

Since x € K, this is also a fixed point for F. This completes the proof. O

2.3 Schauder fixed point theorem

Theorem 2.3.1. If T € # (E,F), then T* € # (F*,E*). And conversely.

Proof. We have to show that T*(Bg+) has compact closure in E*. Let (v,) be a sequence in Bpx.
We claim that (T*(v,)) has a convergent subsequence. Set K = T(Bg); this is a compact metric
space. Consider the set H < C(K) defined by

H={p,:xe K—(vy,x);n=1,2,...}.

The assumptions of AscoliArzela’s theorem (Theorem 4.25) are satisfied. Thus, there is a subse-
quence, denoted by ¢, , that converges uniformly on K to some continuous function ¢ € C(K). In

particular, we have

sup vy, Tu) —@(Tu)| 0.
ueBE k—o0
Thus
sup [(vn, Tu) —(vp,, Tu)| 0,
ueBg k,0—o0

ie, 1T*vp, — T* vy, g v 0. Consequently T* v, converges in E*.

—

Conversely, assume T* € & (F*,E*). We already know, from the first part, that T € Z (E, F). In
particular, T (Bg) has compact closure in F. But T(Bg) = T'(Bg) and F is closed in F**. Therefore

T (Bg) has compact closure in F. O

Remark 2.3.1. Let E and F be two Banach spaces and let T € & (E, F). If (uy,) converges weakly to

u in E, then (Tuy,) converges strongly to Tu. The converse is also true if E is reflexive .

Theorem 2.3.2 (Schauder Fixed Point Theorem). Let X be a real Banach space. Suppose K < X is
compact, convex and A: K — K is continuous. Then A has a fixed point in K, i.e., there exists u € K
such that A(u) = u.

Proof. Fix € >0 and choose u;,..., un, € K such that
Ne
K < | B(ui,e).
i=1

Existence of such a finite covering follows from compactness of K. Choosing ¢ such that 2¢ <
diam K we have that K\ B(u;,e) #@ foralli=1,2,..., N;.

Let K, be the convex hull of the set {uy,...,un.}, i.e.,

N
Kg = {Z ﬂi Uu;
i=1

Ne
0<A;<1, Z/lizl}.
i=1
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Then K, c K since K is convex.

Define P, : K — K, by

¥ e dist(u, K N B(u;, ) u;
>N dist(u, K\ B(uz, )

P.(u) =
The denominator is always # 0 because each u € K belongs to some B(u;, €) and hence
dist(u, K\ B(u;,€)) > 0.

Also P.(u) € K, because

dist(u, K\ B(u;,¢))
Zjdist(u,K\B(uj,s))'

Pe(w)=) Aiu; where A;=
i

Clearly P; is continuous and for every u € K

X dist(u, K\ B(u;,€)) lui —ull _

P _ < —_— )
I1Pe(w) — ull < Y, dist(u, K\ B(u;,€))

because
dist(w, K\ B(u;,&)) =0 if lu—u;l =e.

Define a mapping
Ae: Ke — K, Ae(u) := Pe(A(w)).

K is a finite-dimensional convex set, so it is homeomorphic to a finite-dimensional closed ball.

Hence, by the classical Brouwer fixed point theorem,
Ac(ug) = u, forsome u; € K.
Since K is compact and u, € K, < K, there exists a sequence £; — 0 such that
U, =~ UE K.

We claim that A(u) = u.

We have
lue; — Alue )l = | Ae; (e ;) — Alue )| = [| Pe; (Alue ) — Alue )|l < €.
Thus
lue; — Alue)ll < €;— 0.
Taking the limit and using continuity of A, we obtain A(u) = u. O

Example 2.3.1. Suppose we are given a system of n equations in n unknowns of the form

gix1,...,xy) =0, j=1,...,n
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where the g; are continuous real-valued functions of the real variables x ;. Let
hj(xi,...,xn) = gj(x1,..., Xp) + Xj,
and for any point x = (xy,...,Xy) define
h(x) = (h1(x),..., hp(x)).
Assume now that h has a fixed point X € R". Then it is easily seen that X is a solution to the system of
equations.

Remark 2.3.2. Note that various application of fixed point theorems can be found in [18].

Example 2.3.2. (Fixed Point Formulation ofV-v = f)
We start with the equation:
Vov=f

where v is a vector field and f is a given function.

We aim to rewrite the problem in the form:

v=T()
Assume we solve the Poisson equation:
Au=f
and define:
v=Vu
If f depends on v, for example:
f=8)
then the equation becomes:
V-v=g()

We rewrite the problem as:
v=V (A" (gw))

Define the operator:
T(w)=V (A (gw)

Thus, the problem becomes:
v=T()

If the operator T satisfies suitable conditions such as continuity and compactness or contraction,
then we can apply a fixed point theorem (e.g., Banach or Schauder) to conclude that there exists a
solution v such that:

v=T(v)
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Chapter 3

Analysis of the Singular Schrodinger-Maxwell
System

In this chapter, we study the existence of weak solutions in the Sobolev space H& Q) x H& (Q) fora
Schrédinger—-Maxwell system via an approach based on approximation schemes and a priori esti-
mates on the approximating sequences of solutions, and we show that the integrability assumptions
on the datum yield higher integrability of the solutions. The results of this chapter are published in
[5, 11].

3.1 Origin and physical context

As highlighted in Giannone’s paper ([11]), the system originated from the seminal work of V. Benci
and D. Fortunato ([3]) on an eigenvalue problem for the Schridinger operator coupled with an elec-
tromagnetic field.

The classical system is given by:

1
—EAu+gbu:wu

—A¢p = 4mu?

* The first equation is a Schrodinger-type equation. Here, u is the wave function of a particle,
and the term ¢u represents the interaction energy between the particle and the electrostatic
potential ¢.

* The second equation is a Poisson equation (a simplified form of Maxwell’s equations for the
electrostatic field). It states that the source of the electric potential ¢ is the charge density,

which is proportional to |u|> = u? for a real wave function.

This coupled system models the behavior of a standing wave in a Bose-Einstein condensate of elec-
trically charged particles. The wave function is written as y(x,t) = e”*“u(x), where u(x) is the
stationary, real-valued amplitude. The system essentially describes a particle in a self-consistent
field: the particle’s probability density (u?) generates an electrostatic potential (¢p), which in turn in-
fluences the particle’s own dynamics. This is a mean-field model where each particle interacts with
the average field created by all particles.

This Schrodinger-Maxwell system provides a powerful mathematical framework for analyzing the

self-consistent interaction between quantum particles and electromagnetic fields.
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3.2 Statement of the results

We consider the doubly singular semi-linear system

—div(B(x)Duw) + v} 0u""1 = % inQ
—div(B(x)Dv) = % inQ
Tv>0,u=0 inQ (3.1)
u>0 in{f >0}
u=v=0 on 0Q).

Where Q is a bounded domain inRY, with N =3, and f is a non-negative and non-trivial function
belonging to L (Q)) for some m = 1, and B(:) € L*(Q; RV*NY isa symmetric and uniformly elliptic
matrix, in the sense that

alél* < B(x)¢-& < BIEP (3.2)

fora.e. x € Q and everyé € RN, with 0 < a < . Moreover, we assume the following assumption on
the parameters:
r=2, ve(,1), 60€]0,1). (3.3)

We study the regularizing effects on the existence of solutions (u, v) € Hé Q) x H& (Q) arising from
the interplay between the system’s structure and the integrability of the datum f. These effects yield
higher integrability for the solutions than the one prescribed by the theory of elliptic (single) equa-
tions.

Remark 3.2.1. Note that the system (3.1) is inspired by the following Schrédinger—Maxwell system,
—1Au+du=wu
—A¢p = 4mu?

which first appeared in the seminal work [3], where the authors investigated the eigenvalue problem

for the Schradinger operator coupled with an electromagnetic field as mentioned before.

Remark 3.2.2. Remark that in [5] the authors established some regularizing effects for the singular

elliptic system in the case when 0 <0 <1, M = B andy =0 correspond to (3.1):

—div(B(x)Duw) + v' u = f inQ
r
—div(M(x)Dv) = L inQ
X o
u,v>0 inQ
u=v=0 on oQ)

Remark 3.2.3. It is worth to notice that, the singular nonlinearities for Schrodinger—-Maxwell sys-
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tems were first studied in [4], where the authors considered the elliptic problem

—div(B(x)Du) + vu'! = % inQ
—divi(M(x)Dv) =u" inQ

< u,v>0 inQ
u=v=0 on 0}

covering both mild and strong singularities.

Remark 3.2.4. The assumption m > % on the integrability of the datum f is critical for obtaining
bounded solutions u and v. When m is larger than the critical exponent N/2, Stampacchia’s L*°
estimate applies directly to the first equation, yielding a uniform bound for u,. This bound then
propagates to v, via the second equation. For m = N/2 the solution u may still be unbounded but
belongs to every L space (a borderline regularising effect). The case m < N/2 is more delicate and

requires the notion of finite-energy solutions ( see [11]).

Main results

We deal only with the case m = g
Definition 3.2.1 (Weak solutions). We say that (u, v) € Hé (Q) x H(} (Q) is a weak solution to system
3.1) ifu,v>0a.e. inQ,

f u’ 1 1
70 g0 eLl@ Yoe Hy©), (3.4)

and
JB@)Du-Do+ v 0u " pdx= [ Lodx VoeHL(Q
@ . Q (3.5)
({B(x)Dv.Du/dx:s{%u/dx Yy € Hy (Q).

We have the following main result:

Theorem 3.2.1. Ifm = %, then system (3.1) has a weak solution (u, v), such that u belongs to L*°(2)

ifm> %, and to every LP(Q),1 < p<oo, ifm = % Moreover, v belongs to L (Q)).
Remark 3.2.5. Note that the case m < g has been done in [10] for non-singular problems.

Remark 3.2.6. We observe that the system (3.1) is a doubly singular version of the classical Schrodinger—
Maxwell equations. The presence of the singular terms u™" and v=? introduces additional difficul-
ties because the nonlinearities blow up when u or v approach zero. The approximation scheme
employed in the proof (adding 1/ n in the denominators) is a standard way to regularise the prob-

lem.
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3.3 An overview of the proofs of main results

Our method relies on an approximation scheme that yields a sequence (u,,v,) of solutions to a
suitable elliptic system, together with a priori estimates that ensure the convergence of (uy, v,) to a
solution of the original problem with the required integrability properties.

Step 1: Approximation scheme

We consider the following problem:

In

—div(B(x)Duy) + v, uy = —T—  inQ
u
—div(B(x)Dv,,) = ﬁ inQ
{ (vn+1) (3.6)
un! Vn > 0 ln Q
U,=v,=0 on oQ

has a unique weak, bounded solution. The existence is proved via Schauder’s fixed point theorem;

the positivity follows from the weak Harnack inequality.

Lemma 3.3.1. Foreveryn € N the system (3.6) possesses a unique weak solution (un, v,) € (H& Q)N L®(Q))2.

Moreover u,, v, >0 a.e. in Q).

Proof. Let start with a fixed-point for the first equation with a given coefficient. Let z € L*°(Q),
z =0 be fixed. Consider the problem

—div(B(x)Du) + 2" 0u"1 = _ inQ,

(u+1/n)r
u>0 in Q, 3.7)
u=0 on 0Q).

We claim that (3.7) has a unique solution u € H& (QNL*(Q).
For a given y € H} (Q) set F(y) := f(ly|+1/n)"" € L®(Q). The linear problem

—div(B(x)Du)+c(x)u=F(y), ue H(} ),

with ¢(x) := 279 Ty (lw|"~2), where k > 0 is chosen large enough so that any candidate solution
will satisfy u" ~2 < [ (this will be guaranteed by the a priori bound below), has a unique solution
u = S(y) by the Lax-Milgram theorem (the bilinear form is coercive because ¢ = 0).

Using Gy (u) as a test function and the fact that F(y) < n!*™ we obtain, via Theorem of Stampac-
chia, an L* bound | |1~ < C independent of y.

Choosing k larger than this bound makes the truncation T} inactive, so S maps the ball Br :={y €
H& Hlwll H) < R} into itself for sufficiently large R.

One shows that S is compact and continuous (by standard compactness arguments and the dom-

inated convergence theorem).
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Schauder’s fixed point theorem yields u = S(u), which is exactly a weak solution of (3.7) and satis-
fies u e L= (Q).
Moreover, if uy, uy are two positive solutions, test the difference of the equations with (u; — u2)+

and use the monotonicity of s — s"~! and s— (s +1/n)~ to obtain

af ID(ul—u2)+|2dx5f zl_e(ug_l—u{_l)(ul—uzhdx+f f((u2+1/n)_7—(u1+1/n)_7’)(ul—u2)+dxSO,
Q Q Q

hence (11 — u). =0, 1i.e. u; < uy.
Reversing the roles gives u; = uy.
Second, we state a fixed-point for the second equation with a given right-hand side. For ¢ € H (Q)

consider

L in Q
(v+1/n)? ’ (3.8)

v=0 on 0Q).

—div(B(x)Dv) =

Because the right-hand side is non-negative and bounded in L™ (indeed |¢|" < C if we restrict
to functions with a priori bounded L* norm), the existence and uniqueness of a weak solution
Ve H& (Q)NL>*(Q) follow from the same fixed-point argument(using the monotonicity of s — (s +
1/n)_9). Moreover, v =0 a.e.

We now construct a fixed point of the map @ : H} (Q) — H, (Q) defined by

®(¢p) = u, where u solves (1) with z = vy and vy solves (3.8).

More precisely:
1. Given ¢ € H& (Q), solve (3.8) to obtain vy (unique, bounded).
2. With z = vy, solve (3.7) to obtain uy (unique, bounded).
3. Set ®(¢P) = uyp.

We claim that ® maps a large ball B < H; (Q2) into itself and is compact and continuous.

From the second equation we have —div(BDvgy) < [¢|".

Using G (vyp) as a test function, we obtain an L* bound [|vg |~ < Cy ¢l Zr.

For ¢ in a ball of radius R, [[¢|z- < CoR (by Sobolev embedding), so [ vyl < C3R".

Then from the first equation, using ug as a test function and the fact that f < n, we get an H,
bound || u| H] < C4(n) independent of ¢ (but depending on n). Moreover, by result applied to the
first equation (the right-hand side f(uy +1/n)~" is bounded in L*°), we obtain

lugll Lo = C5(n)

Choosing R larger than all these bounds ensures ®(Br) < Bg.
Ifp; — ¢pin H ! then up to a subsequence Vg; — Vg strongly in H& (by the dominated convergence
theorem and the fact that the right-hand side of (3.8) depends continuously on ¢). T

hen using the same argument, we deduce uy; — Uy strongly in Hé.
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Hence @ is continuous and compact (since it maps bounded sets into relatively compact sets).

Schauder’s fixed point theorem gives ¢ such that

Q(p)=¢

Setting u := ¢ and v := vy yields a solution of (S) in the weak sense, with u, v € H& Q)N L*® Q).

In addition, we have u = 0, v = 0 a.e. because the equations produce non-negative solutions (test
with negative parts).

To obtain strict positivity we use the weak Harnack inequality.

For v, note that —div(BDv) = u’ (v+1/n)~% >0,so visa non-negative supersolution of —div(BDw) =
0.

Since u # 0 (because f # 0 forces u > 0 somewhere), v cannot be identically zero; the weak Har-
nack inequality then implies v > 0 a.e. in Q.

For u, we have

—divBBDw) + 1 %u"1 >0

and v %y’ 2

€ L™ (since u, v € L*°). Hence the same Harnack argument yields u > 0 a.e. in Q.
Furthermore, suppose (u, v1) and (uy, v») are two solutions.

Test the difference of the first equations with (u; — 1)+ and the difference of the second equations
with (v — v2) 4+, using the monotonicity of the nonlinearities.

Standard arguments give u; = up and v, = v a.e.

Thus the solution is unique.

This completes the proof of the lemma.

Remark 3.3.1. Note that the weak Harnack inequality is a fundamental tool to deduce positivity of

weak solutions and supersolutions. In the proof we apply it twice:
e Forv:since—div(BDv) =0 and v %0, the inequality forces v > 0 a.e. in (.

e For u: we have —div(BDu) + c(x)u = 0 with ¢ = v'~%u"~2 € L*; the Harnack inequality for

such operators still gives u> 0 a.e.

Without this result we could only guarantee non-negativity.

Step2: A priori estimates

Boundedness of u,,. Take k = 1 and use the test function Gy (uy) := (u, — k) + in the first equation of

(2). Because Gi.(u,) =0 and v,11_9 u,rl_le(un) >0, we obtain

a [ 1DGunPdx< [ L G dx< [ fGutun dx,
Q Q(un+ﬁ)Y Q
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where we used (u, +1/n)"" < 1. Since f,, < f € L' with m > N/2, Theorem of Stampacchia applies
and yields a constant C = C(N, |Q|, @, m) > 0 such that

lupllpe <1+ Cll fllgm  Vn.

Thus (uy,) is uniformly bounded in L*°(Q2).
Boundedness of v,,. From the second equation in (3.6) we have
r

—div(BDv ):L<ur
S B U

Because uy, is uniformly bounded in L™, the right-hand side u), is uniformly bounded in L ().
Applying Theorem from the Stampacchia’s L estimate for solutions of linear elliptic equations to

—div(BDv,) = g, with ||g,ll 1~ < C gives
lvnllpe < C' Vn,

where C' depends only on N,|Q|,a and the uniform bound on g,. Hence (v,) is also uniformly
bounded in L*°(Q2).
Test the first equation of (3.6) with u, and the second with v,:

2 fn 1-y
allu <| —&  _u,dx< u, 'dx,
lunlly = [ == [ ful

r

u

2 n 1-0 r

allv,ll 15f—vndXS||Un|| fu dx.
B~ Ja (v, +1/n)f = Ja"

Using the uniform L* bounds on u, and v,, the right-hand sides are uniformly bounded. Conse-
quently,

lunll g +lvnlly <C - Vn.

Therefore, up to a subsequence, there exist u, v € Hé (Q) such that

Up—u, v,—v weaklyin H& (Q),
U, —u, vy,—v stronglyinLY(Q) foralll<qg<2",

U,—u, vy,—U ae.in.

Moreover, the uniform L* bounds imply u, v € L*(Q) with

lull o < liminflluylizee,  lvllzee < Himinf vyl gee.
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Next, define the function

fx) .
—u(x)Y if f(x) >0 and u(x) >0,
gx):=140 iff(x)=0,

+00 otherwise.

For any ¢ € H(} (Q)NL>*(Q) with ¢ = 0, we consider the first equation in (2). Because u,, — u a.e.

and uy, is uniformly bounded, we have

L — L a.e. on{u >0}
(up+1/n)ry  uwr ’
and the sequence is bounded by an integrable function (e.g. by f (u/2)~" for large n where u, =

u/2 >0). Fatous lemma gives
f BDu-Dp+ v u""pdx zf gpdx.
Q Q

Hence g¢p € LY(Q) for every such ¢, which forces g to be finite a.e.; therefore u > 0 a.e. in{f > 0}.
Moreover,

—div(BDu) + '0u1 >0 inthe sense of distributions.

The coefficient pl-0yr—2 belongs to L*°(Q)) because u,ve L>® andr = 2.

By the weak Harnack inequality, every non-negative weak supersolution of —div(BDw) + cw = 0
with ¢ = 0 and c € L™ is either identically zero or strictly positive a.e.

Since u is not identically zero (because f % 0 and the right-hand side forces u > 0 where f >0), we
conclude u>0 a.e. in Q. Consequently g = fu™" a.e.

For v, define
u(x)’

h(x) =4 v(x)?
+oo  ifv(x)=0.

ifv(x) >0,

Using the second equation of (2) and the same Fatou argument (note that u), — u’ a.e. and is

uniformly bounded, while (v,, + 1/m)~Y converges a.e. to v0

Hy (QQNL®(Q), y = 0:

on {v > 0}), we obtain for every v €

fBDv-Du/dxzf hydx.
Q Q

Hence h is finite a.e., sov >0 a.e. in Q.
The weak Harnack inequality applied to the linear operator — div(BD-) (since v satisfies — div(BDv) =
0) then yields v > 0 a.e.

Step 3: Passing to the limit

To obtain equality in the equations, we need to show that the approximate solutions converge strongly

enough to pass the nonlinear terms to the limit.
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The uniform L bounds and the strong convergence in L? (which follows from the compact embed-

ding H& — I2) imply

1-6., r-1 1-60. r-1
noUuy v U

v strongly in L*(Q),

because the product of uniformly bounded sequences converging a.e. converges in every LP with
p < oo (by the dominated convergence theorem).

Similarly,
u,, u

(n+1/m)? 0

r

a.e. and is uniformly bounded, hence strongly in L?.
Moreover, it is easy to see that the gradients converge almost everywhere: there exists a subsequence
such that

Du;, — Du, Dv,— Dv a.e. inQ.

o ; ; f 1-0, r-1 Uy ;

(This is because the right-hand sides Wi ~ Vn Un and Torimp are bounded in the space of
Radon measures, as shown in the paper using the uniform energy bounds.)

Now take a test function ¢ € H(} (Q)YNL>*(Q) (the restriction to bounded test functions is harmless;
the extension to all p € HO1 (Q) follows by truncation).

In the first equation of (3.6) we have

fBDun-D(,bdx:f L(pdx—f v 0ur -l dx.
Q Q

o (u,+1/n)y

Because Du,, — Du a.e. and BDuy,, is bounded in L?, the left-hand side converges to [, BDu- D¢ dx
(by the dominated convergence theorem, using the uniform bound and the a.e. convergence).

The right-hand side converges to

_[qu_”(pdx—fgvl_eur_lqbdx

by the strong convergence of the integrands. Thus

f

J<pdx Ve Hy(Q)[L™(Q).

fBDu-ng+ vl_eur_lcpdx:f
Q Q

Extendingtoall ¢ € H(} (Q) is done by replacing ¢ with Ty (¢p) (truncation at level k), using the equa-
tion for Ty (¢), and letting k — oo (monotone convergence).

The second equation is treated identically, yielding

r
fADv-Du/dx:f Dydx  VyeHQ.
Q QU

Therefore (u, v) is a weak solution of (3.1) in the sense of Definition 3.2.1. Moreover, u, v € L*°().

This completes the proof of Theorem 3.2.1 for the case m > N /2.
Remark 3.3.2. Observe that one can reveal that several questions remain open for the system (3.1):

* Uniqueness of weak solutions is not known for general f outside the dual space.
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* Theoptimal regularity of u and v when m is exactly N/2 (only LP for all p < oo, not L) is this
sharp?

* The case of a sign-changing datum [ or a measure-valued datum is largely unexplored.
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Conclusion

In this work, we studied a doubly singular elliptic system with singular terms u™" and v=°.
Despite the singular nature of the problem, the coupling between the equations produces a regular-
izing effect that enhances the integrability of the solutions beyond what is typically expected from
the singular theory for a single equation. By applying Schauder’s fixed point theorem together with
standard properties of Sobolev and Lebesgue spaces, we studied the existence of finite-energy solu-
tions in the product space H& (Q) x H& (Q). This result contributes to the understanding of singular
coupled systems and opens the door to further investigations, such as the uniqueness or regularity

of solutions under additional assumptions on the parametersy,0,r and f .
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Abstract

In this work, we study a doubly singular elliptic system of the form:

—div(B(x)Vu) + v 0y = iy inQ
u
.
—div(B(x)Vv) = u_e inQ
v
u=v=0 on oQ)

where ) is an open subset of[RN with N = 3, and the parametersy € (0,1),0 €[0,1), r =2, and f = 0.
The aim of this work is to study the existence of finite-energy solutions for such singular problems.
The solutions we seek belong to the Sobolev space HO1 Q) x H(} (Q). Since the structure of the coupled
system generates regularizing effects that give the solutions higher integrability than that provided
by the singular theory of a single equation, our study relies on the use of Schauder’s fixed point

theorem and some basic properties of Sobolev and Lebesgue spaces.

Keywords: Schriodinger-Maxwell system, singular problem, Sobolev spaces, existence of solution,
regularizing effects, Schauder’s fixed point theorem.
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Résumé

Dans ce travail, nous étudions un systeme elliptique singulier de la forme:

—div(B(x)Vu) + v 0u"1 = LY dans Q)
u
{0 . u’ .
—div(B(x)Vv) = -5 inQ
v
u=v=0 suroQ

o1i Q est un ouvert deRN avec N = 3, et les parametresy € (0,1),0 €[0,1), r =2, et f = 0.

Lobjectif de ce travail est d'étudier l'existence de solutions a énergie finie pour de tels problemes
singuliers. Les solutions recherchées appartiennent l'espace de Sobolev Hé Q) x H(} (Q). Etant donne
que la structure du systeme couple génere des effets régularisants qui conférent aux solutions une
intégrabilité supérieure a celle fournie par la théorie singuliere d’'une équation unique, notre étude
basé sur l'utilisation du théoreme du point fixe de Schauder et de certaines propriétés de base des

espaces de Sobolev et de Lebesgue.

Mots-clés : Systeme de Schridinger-Maxwell, probleme singulier, espaces de Sobolev, existence de

solution, régularisants, théoréeme du point fixe de Schauder.
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