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Notations

In what follows, we will use the following notations.

≈ is similar or equal to .

→ strong convergence .

* weak convergence .

〈·, ·〉 duality pairing

(·, ·) inner product (in Hilbert space)

∥ ·∥p norm in Lp (Ω)

∥ ·∥W k,p norm in W k,p (Ω)

∥ ·∥H 1 norm in H 1(Ω)

α,β ellipticity constants: α|ξ|2 ≤ B(x)ξ ·ξ≤β|ξ|2
∂Ω boundary of Ω

∂xi u or Di u partial derivative of u with respect to xi

∇u gradient of u

∆u The Laplacian of u.

div divergence operator

D(Ω) space of indefinitely differentiable functions on Ω (test functions)

C∞
c (Ω) smooth functions with compact support (same as D(Ω))

C∞ smooth functions

C∞
0 smooth functions with compact support

χE characteristic function of the set E

B open ball

B(x,r ) open ball with center x and radius r > 0

BE closed unit ball in a space E: {x ∈ E | ∥x∥ ≤ 1}

B(x) symmetric, uniformly elliptic matrix in L∞(Ω;RN×N )

dµ or d x Lebesgue measure, N -dimensional

Dα weak partial derivative of order |α|
|E | or mes(E) Lebesgue measure of a set E

f (x) given nonnegative function, f ∈ Lm(Ω), m ≥ N /2

Gk (u) complementary truncation: Gk (u) = u −Tk (u)

H generic Hilbert space

H∗ dual space of H

H 1(Ω) Hilbert space W 1,2(Ω)

H 1
0 (Ω) Sobolev space with zero boundary values, H 1

0 (Ω) =W 1,2
0 (Ω)
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Iϵu or Jϵu mollifier (regularization) of u

L usually the constant from equivalence of Φ-functions

Lp (Ω) Lebesgue space of p-integrable functions

L∞(Ω) space of essentially bounded functions

Lp
loc(Ω) space of locally p-integrable functions

↗ limit of an increasing sequence

|Ω| Lebesgue measure of the set Ω

Ω closure of Ω

Ω open set in RN

P set of variable exponents

P log variable exponents p such that 1/p is log-Hölder continuous

PK projection onto a closed convex set K

p ′ Hölder conjugate: p ′ =


p/(p −1) 1 < p <∞
∞ p = 1

1 p =∞

p∗ Sobolev conjugate: p∗=


N p

N−p p < N

any q ∈ [1,∞) p = N

∞ p > N

p+, p− essential supremum and infimum of p

RN Euclidean N -dimensional space

supp(φ) support of a function φ

Tk (u) truncation function: Tk (s) = max{−k,min{s,k}}

u+ positive part of u: max(u,0)

u− negative part of u: max(−u,0)

u, v unknown functions (solutions)

V ⊂ H ⊂V ∗ Gelfand triple (pivot space)

W k,p (Ω) Sobolev space of functions with weak derivatives up to order k in Lp

W k,p
0 (Ω) Sobolev space with zero boundary values

W −k,p ′
(Ω) dual space of W k,p

0 (Ω)

W 1,−→p (Ω) anisotropic Sobolev space

x = (x1, . . . , xN ) vector in RN with xi ∈R, 1 ≤ i ≤ N

X ∗ dual space of X

γ,θ,r parameters: γ ∈ (0,1), θ ∈ [0,1), r ≥ 2

a.e. almost everywhere
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Introduction

The study of nonlinear partial differential equations (PDEs) arising from physical models has

been a central theme in modern mathematical analysis. Among these, systems that couple different

physical fields, such as the Schrödinger–Maxwell system, play a crucial role in describing phenom-

ena in quantum mechanics and electromagnetism. These systems often present significant math-

ematical challenges due to their inherent nonlinearities, singularities, and the intricate coupling

between their components.

The classical Schrödinger–Maxwell system models the interaction of a charged particle with an elec-

tromagnetic field. In recent years, a great deal of attention has been devoted to its singular variants,

where the potential terms become unbounded or the nonlinearities exhibit singular behavior. Such

systems, referred to as singular Schrödinger–Maxwell systems, arise in various contexts, including

the study of standing waves for nonlinear Schrödinger equations with a singular potential or in

models of self-interacting matter.

This dissertation is devoted to the study of a doubly singular elliptic system of the form:

−div(B(x)Du)+ v1−θur−1 = f

uγ
in Ω

−div(B(x)Dv) = ur

vθ
in Ω

v > 0, u ≥ 0 in Ω

u > 0 in { f > 0}

u = v = 0 on ∂Ω.

(1)

Here Ω is a bounded domain in RN , N ≥ 3. The function f is non-negative and non-trivial, be-

longing to a suitable Lebesgue space, and B(·) ∈ L∞(Ω;RN×N ) is a symmetric and uniformly elliptic

matrix, i.e.,

α|ξ|2 ≤ B(x)ξ ·ξ≤β|ξ|2 for a.e. x ∈Ω and all ξ ∈RN ,

with 0 <α≤β. Furthermore, we assume the following on the parameters:

r ≥ 2, γ ∈ (0,1), θ ∈ [0,1).

System (1) is modeled after the following Schrödinger–Maxwell system
−1

2∆u +φu =ωu

−∆φ= 4πu2
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that first appeared in the seminal work [3], where the authors studied the eigenvalue problem for the

Schrödinger operator coupled with an electromagnetic field. In our case, the problem is doubly sin-

gular, namely a Dirichlet problem in which both equations are singular. The literature on singular

problems is vast and well established.

We investigate how the structure of the system and the integrability of the datum f give rise to regu-

larizing effects on the existence of solutions (u, v) ∈ H 1
0 (Ω)×H 1

0 (Ω) having higher integrability than

that prescribed by the theory of elliptic (single) equations. The primary aim of this work is to study

the existence of finite-energy solutions in the Sobolev space H 1
0 (Ω)× H 1

0 (Ω) for system (1). We are

particularly interested in the regularizing effects induced by the coupling: the presence of the second

equation enhances the integrability properties of the solution u, leading to better regularity than

one would expect from a single singular equation. This phenomenon is a key feature of such cou-

pled systems and is one of the central points of our investigation.

To achieve this, we employ a combination of functional analysis tools and nonlinear PDE tech-

niques. The work is structured as follows:

Chapter 1 serves as a preliminary chapter, recalling some fundamental properties of Sobolev and

Lebesgue spaces. These spaces form the functional framework for our analysis and provide the nec-

essary embedding theorems and compactness results (for more details, see [1, 2, 6, 7, 8, 9, 13, 14, 16,

17]).

Chapter 2 is devoted to the presentation of essential mathematical tools. We focus on fixed point

theory with its some applications in elliptic boundary value problems as wells as Schauder’s fixed

point theorem, which is a powerful non-variational method that allows us to decouple the system

and construct a fixed point for a suitable operator, thereby proving the existence of a solution, as

discussed in [12, 15].

Chapter 3 contains the core of our study. We conduct a detailed analysis of the singular Schrödinger–

Maxwell system (1). We define the notion of a weak solution, construct approximating problems to

regularize the singularities, derive a priori estimates in H 1
0 (Ω)×H 1

0 (Ω), and finally pass to the limit

to prove the existence of a positive solution. We also discuss the regularizing effects of the coupling

in detail. This study enhances the understanding of singular coupled systems and paves the way for

further research, including the uniqueness or regularity of solutions when additional assumptions

are imposed on the parameters γ,θ,r and f

The results presented herein are based on recent advances in the theory of singular elliptic systems,

particularly the works of [5, 11], which have paved the way for understanding such complex inter-

actions.
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Chapter 1

Mathematical background and auxiliary

results

This chapter recalls certain fundamental facts concerning Sobolev spaces and outlines their princi-

pal properties. For a more detailed account of both Lebesgue and Sobolev spaces, reference is made

to the thorough expositions in [1, 2, 6, 7, 8, 9, 13, 14, 16, 17].

1.1 Lebesgue spaces

Definition and elementary properties of Lp spaces

Definition 1.1.1. Let 1 ≤ p <∞; we set

Lp (Ω) = { f :Ω→R | f is measurable and | f |p ∈ L1(Ω)}

with

∥ f ∥Lp = ∥ f ∥p =
(∫
Ω
| f (x)|p dµ

)1/p

.

Definition 1.1.2. We set

L∞(Ω) = { f :Ω→R | f is measurable and ∃c > 0 : | f (x)| ≤ c for µ-a.e. x ∈Ω}

with

∥ f ∥L∞ = ∥ f ∥∞ = inf{c > 0 | | f (x)| ≤ c for µ-a.e. x ∈Ω}.

Definition 1.1.3. Suppose that 1 ≤ p <∞. Then:

(i)

Lp
loc(Ω) = {v : v ∈ Lp (K ) for every compact subset K ⊂Ω}.

(ii) A function v is said to be locally integrable if v ∈ L1
loc(Ω).

(iii) Let v and w be locally integrable functions onΩ. We define v as the weak derivative of u with

respect to the multi-index α if, for every test function ϕ ∈C∞
c (Ω),∫

Ω
vDαϕd x = (−1)|α|

∫
Ω

wϕd x.

In this case, we say that Dαv = w in the weak sense.
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(iv) Let v, w ∈ Lp
loc(Ω). We define w as the strong derivative of v with respect to the multi-index α

if, for every compact subset K ⊂Ω, there exists a sequence {ϕi } ⊂Cα(K ) such that

ϕi → v in Lp (K )

and

lim
i→∞

∥Dαϕi −w∥Lp

|Dαϕi |
= 0.

Theorem 1.1.1. If Dαu = v and Dβv = w in the weak sense, then Dα+βu = w in the weak sense.

Proof. Let ψ ∈C∞
0 (Ω), and set ϕ= Dβψ. Then, by the definition of the weak derivative,∫

Ω
uDα+βψd x = (−1)|α|

∫
Ω

vDβψd x = (−1)|α|
∫
Ω

vϕd x.

Since Dβv = w , we have:∫
Ω

vϕd x = (−1)|β|
∫
Ω
ψDβv d x = (−1)|β|

∫
Ω
ψw d x.

Hence, ∫
Ω

uDα+βψd x = (−1)|α|+|β|
∫
Ω
ψw d x.

This shows that Dα+βu = w in the weak sense. □

Definition 1.1.4. Let µ ∈C∞
0 (RN ) be such that:

1. suppµ⊂ B1(0) (recall that supp denotes the support of a function, and Br (c) denotes an open

ball of radius r and center c),

2.
∫
RN µ(x)d x = 1,

3. µ(x) ≥ 0.

If ε> 0 then we set (provided that the integral exists)

Iεu(x) = 1

εN

∫
Ω
µ

(x − y

ε

)
u(y)d y.

Iεu is called a mollifier of u. Note that if u is locally integrable in Ω and if K is a compact subset of

Ω then Iεu ∈C∞(K ) provided that ε< dist(K ,∂Ω). Suppose now that u ∈ Lp
loc(Ω).

We have

Iεu(x) =
∫

B1(0)
µ(y)u(x −εy)d y,

so for p > 1 we have (if 1
p + 1

q = 1)

|Iεu(x)| ≤
∫

B1(0)
|µ(y)| 1

p |µ(y)| 1
q |u(x −εy)|d y
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≤
(∫

B1(0)
|µ(y)|d y

) 1
q
(∫

B1(0)
|µ(y)||u(x −εy)|p d y

) 1
p

.

Hence |Iεu(x)|p ≤ ∫
B1(0)µ(y)|u(x −εy)|p d y, and this trivially holds if p = 1 too. Integrating this, we

see that ∫
K
|Iεu(x)|p d x ≤

∫
B1(0)

µ(y)
∫

K
|u(x −εy)|p d x d y

≤
∫

B1(0)
µ(y)

∫
K0

|u(x)|p d x d y =
∫

K0

|u(x)|p d x,

where K0 is a compact subset of Ω, K ⊂ Interior(K0) and ε< dist(K ,∂K0); i.e. we have

∥Iεu∥Lp (K ) ≤ ∥u∥Lp (K0). (1.1)

Lemma 1.1.1. Let u ∈ Lp
loc(Ω), and let K ⊂Ω be a compact subset. Then

∥Jεu −u∥Lp (K ) → 0 as ε→ 0.

Proof. Let K0 ⊂Ω be a compact set such that K ⊂ int(K0), and choose ε> 0 such that

ε< dist(K ,∂K0).

Let δ> 0. Since C∞(K0) is dense in Lp (K0), there exists a function w ∈C∞(K0) such that

∥u −w∥Lp (K0) < δ.

Applying inequality (1.1) to the function u −w , we obtain

∥Jεu − Jεw∥Lp (K ) < δ.

Moreover, we have

Jεw(x)−w(x) =
∫

B(0,1)
µ(y) [w(x −εy)−w(x)]d y,

and since w ∈C∞, the integrand tends uniformly to zero as ε→ 0, so:

Jεw(x) → w(x) uniformly on K .

Therefore, for ε sufficiently small,

∥Jεw −w∥Lp (K ) < δ.

Now, combining the above estimates:

∥Jεu −u∥Lp (K ) ≤ ∥u −w∥Lp (K ) +∥Jεu − Jεw∥Lp (K ) +∥Jεw −w∥Lp (K ) < δ+δ+δ= 3δ.
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Since δ> 0 was arbitrary, we conclude that

∥Jεu −u∥Lp (K ) → 0 as ε→ 0.

□

Theorem 1.1.2. Suppose that u, v ∈ Lp
loc(Ω). Then Dαu = v in the weak sense if and only if Dαu = v

in the strong Lp (Ω) sense.

Proof. Suppose that Dαu = v in the strong Lp (Ω) sense. Let ϕ ∈ C∞
c (Ω), and let K = supp(ϕ). Let

ε> 0, and take ψ ∈C∞
c (K ) such that

∥u −ψ∥Lp (K ) < ε and ∥Dαψ− v∥Lp (K ) < ε.

Then:∣∣∣∣∫
K

uDαϕd x − (−1)|α|
∫

K
vϕd x

∣∣∣∣= ∣∣∣∣∫
K

(u −ψ)Dαϕd x +
∫

K
ψDαϕd x − (−1)|α|

∫
K

vϕd x

∣∣∣∣
=

∣∣∣∣∫
K

(u −ψ)Dαϕd x + (−1)|α|
∫

K
ϕDαψd x − (−1)|α|

∫
K

vϕd x

∣∣∣∣
=

∣∣∣∣∫
K

(u −ψ)Dαϕd x + (−1)|α|
∫

K
ϕ(Dαψ− v)d x

∣∣∣∣
≤ ∥u −ψ∥Lp (K )∥Dαϕ∥Lq (K ) +∥Dαψ− v∥Lp (K )∥ϕ∥Lq (K )

≤ ε(∥Dαϕ∥Lq (K ) +∥ϕ∥Lq (K )
)

.

where q is the conjugate exponent of p, i.e., 1
p + 1

q = 1. Since ε is arbitrary, the left-hand side must

be zero. Therefore, Dαu = v in the weak sense.

Conversely, suppose that Dαu = v in the weak sense. Let K ⊂Ωbe compact. Then for ε< dist(K ,∂Ω),

the mollification Jεu ∈C∞(K ) satisfies:

Dα Jεu(x) = 1

εn
Dα

x

(∫
Ω
µ

(x − y

ε

)
u(y)d y

)
.

By differentiating under the integral and changing variables:

Dα Jεu(x) = 1

εn

∫
Ω

Dα
y

[
µ

(x − y

ε

)]
u(y)d y

= 1

εn

∫
Ω
µ

(x − y

ε

)
v(y)d y = Jεv(x),

since Dαu = v in the weak sense. Hence Dα Jεu = Jεv , and so Dαu = v in the strong Lp sense by

approximation.

But by Lemma 1.1.1,

∥Jεu −u∥Lp (K ) → 0 and ∥Dα Jεu − v∥Lp (K ) = ∥Jεv − v∥Lp (K ) → 0 as ε→ 0.

Thus, Dαu = v in the strong sense. □

8



Theorem 1.1.3 (Young’s Inequality). Suppose that a,b ≥ 0 and 1 < p, q <∞ with

1

p
+ 1

q
= 1,

then

ab ≤ ap

p
+ bq

q
.

Theorem 1.1.4 (Holder Inequality). Assume that f ∈ Lp (Ω) and g ∈ Lq (Ω), with 1
p + 1

q = 1, where

1 ≤ p <∞. Then f g ∈ L1(Ω) and

∥ f g∥L1 ≤ ∥ f ∥Lp∥g∥Lq .

Theorem 1.1.5 (Minkowski Inequality). Let 1 ≤ p <∞, and assume that f , g ∈ Lp (Ω). Then f + g ∈
Lp (Ω) and

∥ f + g∥Lp ≤ ∥ f ∥Lp +∥g∥Lp .

Remark 1.1.1. In case of p =∞ we have:

∥ f + g∥∞ ≤ ∥ f ∥∞+∥g∥∞.

Definition 1.1.5 (Continuous Embedding). Suppose that E and F are Banach spaces. If E ⊂ F , we

say that E is continuously embedded in F (denoted E ,→ F ) if there exists a constant C > 0 such that

∥x∥F ≤C∥x∥E , for all x ∈ E .

Example 1.1.1. Let (X ,T ,µ) be a finite measure space, and let 1 ≤ p, q ≤∞ with p ≤ q. Then

Lq (X ,T ,µ) ,→ Lp (X ,T ,µ),

and

∥ f ∥Lp ≤µ(Ω)
1
p − 1

q ∥ f ∥Lq .

In fact, since p ≤ q, then 1
q
p
+ 1

q
q−p

= 1 , and by Hölder inequality (1.2) we obtain the result.

Theorem 1.1.6 (Riesz–Fréchet). Lp is a Banach space for all 1 ≤ p ≤∞.

Reflexivity, Separability, Dual of Lp

We shall consider separately the following three cases:

(A) 1 < p <∞,

(B) p = 1,

(C) p =∞.

9



A. Study of Lp(Ω) for 1 < p <∞
This case is the most “favorable”: Lp is reflexive, separable, and the dual of Lp is Lp ′

.

Theorem 1.1.7. Lp is reflexive for any p, 1 < p <∞.

The proof consists of three steps:

Step 1 (Clarkson’s first inequality). Let 2 ≤ p <∞. We claim that∥∥∥∥ f + g

2

∥∥∥∥p

p
+

∥∥∥∥ f − g

2

∥∥∥∥p

p
≤ 1

2
(∥ f ∥p

p +∥g∥p
p ) ∀ f , g ∈ Lp . (1.1)

Proof of (1.1). Clearly, it suffices to show that∣∣∣∣a +b

2

∣∣∣∣p

+
∣∣∣∣a −b

2

∣∣∣∣p

≤ 1

2
(|a|p +|b|p ) ∀a,b ∈R.

First we note that

αp +βp ≤ (α2 +β2)p/2 ∀a,b ≥ 0

(by homogeneity, assume β= 1 and observe that the function (x2+1)p/2−xp −1 increases on [0,∞)).

Choosing α=
∣∣∣a+b

2

∣∣∣ and β=
∣∣∣a−b

2

∣∣∣, we obtain

∣∣∣∣a +b

2

∣∣∣∣p

+
∣∣∣∣a −b

2

∣∣∣∣p

≤
(∣∣∣∣a +b

2

∣∣∣∣2

+
∣∣∣∣a −b

2

∣∣∣∣2)p/2

=
(

a2

2
+ b2

2

)p/2

≤ 1

2
(|a|p +|b|p ).

(The last inequality follows from the convexity of the function x 7→ |x|p/2 since p ≥ 2).

Step 2: Lp is uniformly convex, and thus reflexive for 2 ≤ p <∞. Indeed, let ε> 0 and let f , g ∈ Lp

with ∥ f ∥p ≤ 1, ∥g∥p ≤ 1, and ∥ f − g∥p > ε. We deduce from (1.1) that∥∥∥∥ f + g

2

∥∥∥∥p

p
< 1−

(ε
2

)p

and thus ∥ f +g
2 ∥p < 1−δ with δ = 1− [1− (ε2 )p ]1/p > 0. Therefore, Lp is uniformly convex and thus

reflexive .

Step 3: Lp is reflexive for 1 < p ≤ 2.

Proof. Let 1 < p < ∞. Consider the operator T : Lp → (Lp ′
)∗ defined as follows: Let u ∈ Lp be

fixed; the mapping f ∈ Lp ′ 7→ ∫
u f is a continuous linear functional on Lp ′

and thus it defines an

element, say Tu, in (Lp ′
)∗ such that

〈Tu, f 〉 =
∫

u f ∀ f ∈ Lp ′
. (1.2)

10



We claim that

∥Tu∥(Lp′ )∗ = ∥u∥p ∀u ∈ Lp . (1.3)

Indeed, by Hölder’s inequality, we have

|〈Tu, f 〉| ≤ ∥u∥p∥ f ∥p ′ ∀ f ∈ Lp ′

and therefore ∥Tu∥(Lp′ )∗ ≤ ∥u∥p .

On the other hand, set

f0(x) = |u(x)|p−2u(x) ( f0(x) = 0 if u(x) = 0).

Clearly we have

f0 ∈ Lp ′
, ∥ f0∥p ′ = ∥u∥p−1

p and 〈Tu, f0〉 = ∥u∥p
p ;

thus

∥Tu∥(Lp′ )∗ ≥
〈Tu, f0〉
∥ f0∥p

= ∥u∥p .

Hence, we have shown that T is an isometry from Lp into (Lp ′
)∗, which implies that T (Lp ) is a

closed subspace of (Lp ′
)∗ (because Lp is a Banach space). Assume now 1 < p ≤ 2. Since Lp is

reflexive (by Step 2), it follows that (Lp ′
)∗ is also reflexive . We conclude, that T (Lp ) is reflexive, and

as a consequence, Lp is also reflexive. □

Remark 1.1.2. In fact, Lp is also uniformly convex for 1 < p ≤ 2. This is a consequence of Clarkson’s

second inequality, which holds for 1 < p ≤ 2:

∥∥∥∥ f + g

2

∥∥∥∥p ′

p
+

∥∥∥∥ f − g

2

∥∥∥∥p ′

p
≤

(
1

2
∥ f ∥p

p + 1

2
∥g∥p

p

)1/(p−1)

∀ f , g ∈ Lp .

This inequality is trickier to prove than Clarkson’s first inequality. Clearly, it implies that Lp is uni-

formly convex when 1 < p ≤ 2.

1.2 Sobolev spaces

Definition of W m,p(Ω) spaces:

After defining the spaces W 1,p (Ω), we can define the general W m,p spaces recursively. Let m ≥ 2 be

an integer and 1 ≤ p ≤∞. Then, we define

W m,p (Ω) = {
u ∈W m−1,p (Ω)

∣∣ ∂i u ∈W m−1,p (Ω) for all i = 1, . . . , N
}

.

An equivalent way of defining the Sobolev spaces is by using multi-index notation. We define

W m,p (Ω) =
{

u ∈ Lp (Ω)

∣∣∣∣∀α, |α| ≤ m, ∃gα ∈ Lp (Ω) :
∫
Ω

uDαϕ= (−1)|α|
∫
Ω

gαϕ ∀ϕ ∈C∞
c (Ω)

}
.

11



Here, multi-index notation is used. That is, α= (α1, . . . ,αN ) ∈NN , and the order of the multi-index

is defined by

|α| =
N∑

i=1
αi .

Moreover, the differential operator Dα is defined as

Dαϕ= ∂|α|ϕ
∂xα1

1 · · ·∂xαN
N

.

We denote Dαu = gα. It can be shown (although the proof is omitted here) that W m,p (Ω) is a Banach

space when equipped with the norm

∥u∥W m,p = ∑
|α|≤m

∥Dαu∥Lp . (1.6)

Just as in the case of W 1,2(Ω), the space W m,2(Ω), denoted by H m(Ω), is a Hilbert space with the

scalar product

(u, v)H m = ∑
|α|≤m

(Dαu,Dαv)L2 .

The norm induced by this scalar product is equivalent to the norm in (1.6).

Motivation and definition of Sobolev spaces

Let C∞
c (Ω) be the set of infinitely differentiable functions with compact support, that is,

ϕ :Ω→R, ϕ ∈C∞
c (Ω).

A function ϕ ∈C∞
c (Ω) is often called a test function.

For each u ∈ C 1(Ω), and taking into account that every ϕ ∈ C∞
c (Ω) has compact support, Greens

identity yields ∫
Ω

u∂xiϕd x =−
∫
Ω
∂xi uϕd x ∀ϕ ∈C∞

c (Ω), ∀i = 1, . . . ,n.

This motivates the definition of Sobolev spaces as follows:

Definition 1.2.1. For each 1 ≤ p ≤∞, the Sobolev space W 1,p (Ω) is defined by

W 1,p (Ω) =
{

u ∈ Lp (Ω)

∣∣∣∣ ∃g1, . . . , gN ∈ Lp (Ω) :
∫
Ω

u∂xiϕd x =−
∫
Ω

giϕd x, ∀ϕ ∈C∞
c (Ω), ∀i = 1, . . . , N

}
.

We denote ∂xi u = gi as the weak derivative of u ∈ W 1,p (Ω), which is unique. The gradient of u is

defined as

∇u = (∂x1 u, . . . ,∂xN u).

If p = 2, we write

H 1(Ω) =W 1,2(Ω).
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Definition 1.2.2. For each u ∈W 1,p (Ω), we define the norm of u by

∥u∥W 1,p = ∥u∥p +
N∑

i=1
∥∂xi u∥p .

Moreover, H 1(Ω) is a Hilbert space equipped with the following scalar product:

(u, v)H 1 = (u, v)L2 +
N∑

i=1
(∂xi u,∂xi v)L2 .

Since H 1(Ω) is a Hilbert space, this induces a norm in H 1(Ω):

∥u∥H 1 =
(
∥u∥2

L2 +
N∑

i=1
∥∂xi u∥2

L2

)1/2

.

This norm is equivalent to the W 1,2 norm.

Some properties of Sobolev spaces

Proposition 1.2.1. Let Ω⊂RN be an open set. Then, the following statements hold:

(i) For each 1 ≤ p ≤∞, W 1,p (Ω) is a Banach space.

(ii) For each 1 < p <∞, W 1,p (Ω) is reflexive.

(iii) For each 1 ≤ p <∞, W 1,p (Ω) is separable.

Proof. 1. Let (un)n∈N be a Cauchy sequence in W 1,p (Ω), with 1 ≤ p ≤ ∞. Then, from (1.4) it

follows that (un) and ((un)xi ), with 1 ≤ i ≤ N , are Cauchy sequences in Lp (Ω).

Thus, since Lp (Ω) is a Banach space, it follows that un → u and (un)xi → gi in Lp (Ω). There-

fore, ∫
Ω

unϕxi d x =−
∫
Ω

(un)xiϕd x ∀ϕ ∈C∞
0 (Ω).

Letting n →+∞, we get ∫
Ω

uϕxi d x =−
∫
Ω

giϕd x ∀ϕ ∈C∞
0 (Ω).

Therefore, we obtain that u ∈W 1,p (Ω), uxi = gi , and thus

∥un −u∥W 1,p (Ω) = ∥un −u∥Lp (Ω) +
N∑

i=1
∥(un)xi − gi∥Lp (Ω) → 0.

2. Consider the space E = Lp (Ω)×Lp (Ω) which is reflexive since it is the product of reflexive

spaces. Set the operator

T : W 1,p (Ω) → E
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defined by

Tu = (u,∇u).

Then, T is an isometry, and since W 1,p (Ω) is a Banach space,

M = T (W 1,p (Ω))

is a closed subspace of E . Since E is reflexive, BE is compact in the weak topology σ(E ,E ′),

and M is closed in σ(E ,E ′). Therefore, BM is compact in σ(E ,E ′), and hence T (W 1,p (Ω)) is

reflexive. Consequently, W 1,p (Ω) is reflexive.

3. Under the notation of (2), and taking into account that E is separable, it follows that T (W 1,p (Ω))

is separable and therefore W 1,p (Ω) is also separable.

□

Remark 1.2.1. We will use definition of the positive and negative part of a real-valued function

u : Ω→R as

u+(x) := max{u(x),0} =
u(x) if u(x) > 0

0 otherwise

u−(x) := (−u)+(x) =
−u(x) if u(x) < 0

0 otherwise

for all x ∈Ω. Let k > 0. We see taht, if u ∈W 1,p (Ω), the same happens to u+, Tk (u), Gk (u), and

Du+ = Duχ{u≥0}, DTk (u) = Duχ{|u|≤k}, DGk (u) = Duχ{|u|≥k} a.e. in Ω.

Proof. (Poincaré Inequality)

LetΩ⊂RN be a bounded, open set, and let 1 ≤ p <∞. Then there exists a constant C > 0 such that

for all u ∈W 1,p
0 (Ω),

∥u∥Lp (Ω) ≤C∥∇u∥Lp (Ω).

In particular, for p = 2, we have:

∥u∥L2(Ω) ≤C∥∇u∥L2(Ω) for all u ∈ H 1
0 (Ω).

Assume the inequality is false. Then, for every integer n, there exists un ∈W 1,p
0 (Ω) such that

∥un∥Lp (Ω) > n∥∇un∥Lp (Ω).

Define normalized functions

vn = un

∥un∥Lp (Ω)
.

Then ∥vn∥Lp (Ω) = 1, and

∥∇vn∥Lp (Ω) =
∥∇un∥Lp (Ω)

∥un∥Lp (Ω)
< 1

n
.

14



Hence,

∥∇vn∥Lp (Ω) → 0 as n →∞.

Because vn ∈ W 1,p
0 (Ω) and Ω is bounded, by compactness (Rellich-Kondrachov theorem), there

exists a subsequence (still denoted vn) that converges in Lp (Ω) to some function v .

But since ∥∇vn∥→ 0, the limit v must have zero gradient, i.e., v is constant. Moreover, v ∈W 1,p
0 (Ω)

implies v = 0 on the boundary, so v ≡ 0.

On the other hand, since ∥vn∥Lp (Ω) = 1, we must have

∥v∥Lp (Ω) = lim
n→∞∥vn∥Lp (Ω) = 1,

which contradicts v ≡ 0.

Therefore, the assumption is false, and the Poincaré inequality holds:

∥u∥Lp (Ω) ≤C∥∇u∥Lp (Ω).

□

1.3 Hilbert spaces and weak Harnack inequality

Definition 1.3.1. Let H be a vector space. A scalar product (u, v) is a bilinear form on H ×H with

values in R (i.e., a map from H ×H to R that is linear in both variables) such that

(u, v) = (v,u) ∀u, v ∈ H (symmetry),

(u,u) ≥ 0 ∀u ∈ H (positive),

(u,u), 0 ∀u , 0 (definite).

Let us recall that a scalar product satisfies the Cauchy–Schwarz inequality

|(u, v)| ≤ (u,u)1/2(v, v)1/2 ∀u, v ∈ H .

[It is sometimes useful to keep in mind that the proof of the Cauchy–Schwarz inequality does not

require the assumption (u,u) , 0 ∀u , 0.] It follows from the Cauchy–Schwarz inequality that the

quantity

∥u∥ = (u,u)1/2

is a norm—we shall often denote by ∥ · ∥ (instead of | · |) norms arising from scalar products. Indeed,

we have

|u + v |2 = (u + v,u + v) = |u|2 + (u, v)+ (v,u)+|v |2 ≤ |u|2 +2|u||v |+ |v |2,

and thus |u + v | ≤ |u|+ |v |.
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Let us recall the classical parallelogram law:

∣∣∣∣a +b

2

∣∣∣∣2

+
∣∣∣∣a −b

2

∣∣∣∣2

= 1

2
(|a|2 +|b|2) ∀a,b ∈ H .

Definition 1.3.2. A Hilbert space is a vector space H equipped with a scalar product such that H is

complete for the norm | · |.
In what follows, H will always denote a Hilbert space.

Basic example.

L2(Ω) equipped with the scalar product

(u, v) =
∫
Ω

u(x)v(x)dµ

is a Hilbert space. In particular, ℓ2 is a Hilbert space. The Sobolev space H 1 studied in Chapters 8

and 9 is another example of a Hilbert space; it is “modeled” on L2(Ω).

Proposition 1.3.1. H is uniformly convex, and thus it is reflexive.

Proof. Let ε> 0 and u, v ∈ H satisfy |u| ≤ 1, |v | ≤ 1, and |u−v | > ε. In view of the parallelogram law

we have

∣∣∣u + v

2

∣∣∣2
< 1− ε2

4
and thus

∣∣∣u + v

2

∣∣∣< 1−δ with δ= 1−
(
1− ε2

4

)1/2

> 0.

□

Theorem 1.3.1. (projection onto a closed convex set). Let K ⊂ H be a nonempty closed convex set.

Then for every f ∈ H there exists a unique element u ∈ K such that

| f −u| = min
v∈K

| f − v | = dist( f ,K ).

Moreover, u is characterized by the property

u ∈ K and ( f −u, v −u) ≤ 0 ∀v ∈ K .

Notation 1.3.1. The above element u is called the projection of f onto K and is denoted by

u = PK f .

Inequality (3) says that the scalar product of the vector
−→
u f with any vector −→v (v ∈ K ) is ≤ 0, i.e., the

angle θ determined by these two vectors is ≥π/2.

Proof. (a) Existence. We shall present two different proofs:

1. The function ϕ(v) = | f − v | is convex, continuous and lim|v |→∞ϕ(v) = +∞. It follows from

Corollary 3.23 that ϕ achieves its minimum on K since H is reflexive.
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2. The second proof does not rely on the theory of reflexive and uniformly convex spaces. It is

a direct argument. Let (vn) be a minimizing sequence for (2), i.e., vn ∈ K and

dn = | f − vn |→ d = inf
v∈K

| f − v |.

We claim that (vn) is a Cauchy sequence. Indeed, the parallelogram law applied with a =
f − vn and b = f − vm leads to

□

Proposition 1.3.2. Let K ⊂ H be a nonempty closed convex set. Then PK does not increase distance,

i.e.,

|PK f1 −PK f2| ≤ | f1 − f2| ∀ f1, f2 ∈ H .

Proof. Set u1 = PK f1 and u2 = PK f2. We have

( f1 −u1, v −u1) ≤ 0 ∀v ∈ K (1.4)

( f2 −u2, v −u2) ≤ 0 ∀v ∈ K . (1.5)

Choosing v = u2 in (1.4) and v = u1 in (1.5) and adding the corresponding inequalities, we obtain

|u1 −u2|2 ≤ ( f1 − f2,u1 −u2).

It follows that |u1 −u2| ≤ | f1 − f2|. □

Example 1.3.1. Assume that M ⊂ H is a closed linear subspace. Let f ∈ H. Then u = PM f is charac-

terized by

u ∈ M and ( f −u, v) = 0 ∀v ∈ M . (8)

Moreover, PM is a linear operator, called the orthogonal projection.

Proof. By (3) we have

( f −u, v −u) ≤ 0 ∀v ∈ M

and thus

( f −u, t v −u) ≤ 0 ∀v ∈ M , ∀t ∈R.

It follows that (8) holds. □

Conversely, if u satisfies (8) we have

( f −u, v −u) = 0 ∀v ∈ M .

It is obvious that PM is linear.
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Dual of Hilbert space

It is very easy, in a Hilbert space, to write down continuous linear functionals. Pick any f ∈ H; then

the map u 7→ ( f ,u) is a continuous linear functional on H. It is a remarkable fact that all continuous

linear functionals on H are obtained in this fashion:

Theorem 1.3.2 (Riesz–Fréchet representation theorem). Given any ϕ ∈ H∗ there exists a unique

f ∈ H such that

〈ϕ,u〉 = ( f ,u) ∀u ∈ H .

Moreover,

| f | = ∥ϕ∥H∗ .

Proof. Once more we shall present two proofs:

1. The first one is almost identical to the proof of Theorem 4.11. Consider the map T : H → H∗

defined as follows: given any f ∈ H , the map u 7→ ( f ,u) is a continuous linear functional on

H . It defines an element of H∗, which we denote by T f , so that

〈T f ,u〉 = ( f ,u) ∀u ∈ H .

It is clear that ∥T f ∥H∗ = | f |. Thus T is a linear isometry from H onto T (H), a closed subspace

of H∗. In order to conclude, it suffices to show that T (H) is dense in H∗. Assume that h is a

continuous linear functional on H∗ that vanishes on T (H). Since H is reflexive, h belongs to

H and satisfies 〈T f ,h〉 = 0 for all f ∈ H . It follows that ( f ,h) = 0 for all f ∈ H and thus h = 0.

2. The second proof is a more direct argument that avoids any use of reflexivity. Let M =
ϕ−1({0}), so that M is a closed subspace of H . We may always assume that M , H (other-

wise ϕ ≡ 0 and the conclusion of Theorem 5.5 is obvious—just take f = 0). We claim that

there exists some element g ∈ H such that

|g | = 1 and (g , v) = 0 ∀v ∈ M (and thus g ∉ M).

Indeed, let g0 ∈ H with g0 ∉ M . Let g1 = PM g0. Then

g = g0 − g1

|g0 − g1|

satisfies the required properties.

□

Given any u ∈ H, set

v = u −λg with λ= 〈ϕ,u〉
〈ϕ, g 〉 .
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Note that v is well defined, since 〈ϕ, g 〉 , 0, and, moreover, v ∈ M, since 〈ϕ, v〉 = 0. It follows that

(g , v) = 0, i.e.,

〈ϕ,u〉 = 〈ϕ, g 〉(g ,u) ∀u ∈ H ,

which concludes the proof with f = 〈ϕ, g 〉g .

Remark 1.3.1. H and H⋆: to identify or not to identify? The triplet V ⊂ H ⊂V ⋆.

Theorem 5.5 asserts that there is a canonical isometry from H onto H⋆. It is therefore “legitimate” to

identify H and H⋆. We shall often do so but not always. Here is a typical situation—which arises in

many applications—where one should be cautious with identifications. Assume that H is a Hilbert

space with a scalar product (·, ·) and a corresponding norm ∥ · ∥. Assume that V ⊂ H is a linear

subspace that is dense in H. Assume that V has its own norm ∥·∥ and that V is a Banach space with

∥ ·∥. Assume that the injection V ⊂ H is continuous, i.e.,

|v | ≤C∥v∥ ∀v ∈V.

[For example, H = L2(0,1) and V = Lp (0,1) with p > 2 or V =C ([0,1]).]

There is a canonical map T : H⋆→V ⋆ that is simply the restriction to V of continuous linear func-

tionals ϕ on H, i.e.,

〈Tϕ, v〉V ⋆ = 〈ϕ, v〉H⋆,H .

It is easy to see that T has the following properties:

(i) ∥Tϕ∥V ⋆ ≤C |ϕ|H⋆ ∀ϕ ∈ H⋆,

(ii) T is injective,

(iii) R(T ) is dense in V ⋆ if V is reflexive.1

Identifying H⋆ with H and using T as a canonical embedding from H⋆ into V ⋆, one usually writes

V ⊂ H ≃ H⋆ ⊂V ⋆,

where all the injections are continuous and dense (provided V is reflexive). One says that H is the

pivot space. Note that the scalar products 〈·, ·〉V ⋆,V and 〈·, ·〉 coincide whenever both make sense, i.e.,

〈 f , v〉V ⋆,V = 〈 f , v〉 ∀ f ∈ H , ∀v ∈V.

The situation becomes more delicate if V turns out to be a Hilbert space with its own scalar product

((·, ·)) associated to the norm ∥ · ∥. We could, of course, identify V and V ∗ with the help of ((·, ·)).

However, (9) becomes absurd. This shows that one cannot identify simultaneously V and H with

their dual spaces: one has to make a choice. The common habit is to identify H∗ with H, to write

(9), and not to identify V ∗ with V [naturally, there is still an isometry from V onto V ∗, but it is not

viewed as the identity map]. Here is a very instructive example.
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Let

H = ℓ2 =
{

u = (un)n≥1 :
∞∑

n=1
u2

n <∞
}

equipped with the scalar product ((u, v)) =∑∞
n=1 un vn . Let

V =
{

u = (un)n≥1 :
∞∑

n=1
n2u2

n <∞
}

equipped with the scalar product ((u, v)) =∑∞
n=1 n2un vn .

Clearly V ⊂ H with continuous injection and V is dense in H. Here we identify H∗ with H, while V ∗

is identified with the space

V ∗ =
{

f = ( fn)n≥1 :
∞∑

n=1

1

n2
f 2

n <∞
}

,

which is bigger than H. The scalar product 〈·, ·〉 is given by

〈 f , v〉V ∗,V =
∞∑

n=1
fn vn ,

and the Riesz–Fréchet isomorphism T : V →V ∗ is given by

u = (un)n≥1 7→ Tu = (n2un)n≥1.

Remark 1.3.2. It is easy to prove that Hilbert spaces are reflexive without invoking the theory of

uniformly convex spaces. It suffices to use twice the Riesz–Fréchet isomorphism (from H onto H∗

and then from H∗ onto H∗∗).

Remark 1.3.3. Assume that H is a Hilbert space identified with its dual space H∗. Let M be a sub-

space of H. We have already defined M⊥ as a subspace of H∗. We may now consider it as a subspace

of H, namely

M⊥ = {u ∈ H ; (u, v) = 0 ∀v ∈ M }.

Clearly we have M ∩ M⊥ = {0}. Moreover, if M is closed we also have M +M⊥ = H. Indeed, every

f ∈ H may be written as

f = (PM f )+ ( f −PM f )

and f −PM f ∈ M⊥; more precisely, f −PM f = PM⊥ f .

It follows that in a Hilbert space every closed subspace has a complement (in the sense of Section 2.4)

Proposition 1.3.3 (Weak Harnack Inequality). Let Ω ⊂ RN be a bounded domain with N ≥ 3, and

consider the linear operator in divergence form

Lu =−div(A(x)Du),

where A(x) is a symmetric matrix with coefficients ai j (x) ∈ L∞(Ω) and is uniformly elliptic, i.e.,
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there exists a constant α> 0 such that

A(x)ξ ·ξ≥α|ξ|2 ∀ξ ∈RN , a.e. x ∈Ω.

1. Local Boundedness for Sub-solutions: For any p > 0, there exists a constant C1 =C1(N ,α, p) >
0 such that for any ball B4R (x0) ⊂ Ω and any non-negative weak subsolution u ∈ H 1(Ω) of

Lu = 0, we have

sup
BR (x0)

u ≤C1

(
1

|B2R (x0)|
∫

B2R (x0)
up d x

) 1
p

.

2. Weak Harnack Inequality for Supersolutions: For any q > 0, there exists a constant C2 =
C2(N ,α, q) > 0 such that for any ball B4R (x0) ⊂Ω and any non-negative weak supersolution

u ∈ H 1(Ω) of Lu = 0, we have

inf
BR (x0)

u ≥C2

(
1

|B2R (x0)|
∫

B2R (x0)
u−q d x

)− 1
q

.

Remark 1.3.4. A function u ∈ H 1(Ω) is a weak subsolution of Lu = 0 if∫
Ω

ADu ·Dφd x ≤ 0 ∀φ ∈ H 1
0 (Ω),φ≥ 0.

It is a weak supersolution if the inequality is ≥ 0. The constant C2 in part (ii) is independent of u. An

immediate consequence is the strong maximum principle: if u ≥ 0 is a supersolution that is positive

somewhere, then it is positive almost everywhere.

1.4 Dominated Convergence Theorem

The Dominated Convergence Theorem (DCT) is a fundamental result in integration theory. It pro-

vides sufficient conditions under which the limit of integrals of a sequence of functions equals the

integral of their pointwise limit. This theorem is indispensable in analysis, probability theory, and

applications.

Definition 1.4.1. Let ( fn)n∈N be a sequence of measurable functions on a measure space (Ω,A ,µ).

The sequence ( fn) is said to be dominated by an integrable function g if, for every n ∈ N and for

almost every x ∈Ω,

| fn(x)| ≤ g (x).

Theorem 1.4.1 (Lebesgue’s Dominated Convergence Theorem). Let (Ω,A ,µ) be a measure space.

Let ( fn)n∈N be a sequence of measurable functions from Ω to R (or C) satisfying:

1. The sequence ( fn) converges pointwise to a function f almost everywhere on Ω;
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2. There exists a function g ∈ L1(Ω,µ) such that for all n ∈N,

| fn(x)| ≤ g (x) for almost every x ∈Ω.

Then f is integrable and

lim
n→∞

∫
Ω

fn dµ=
∫
Ω

f dµ.

Example 1.4.1 (A Simple Trigonometric Example). Consider the sequence fn(x) = sin(nx)
n on Ω =

[0,2π] with the Lebesgue measure. For all x and n,

| fn(x)| ≤ 1

n
≤ 1,

so we can take g (x) ≡ 1, which is integrable on [0,2π]. The pointwise limit is f (x) = 0 for all x. By

the DCT,

lim
n→∞

∫ 2π

0

sin(nx)

n
d x =

∫ 2π

0
0d x = 0.

Indeed, a direct calculation gives the same result since
∫ 2π

0 sin(nx)d x = 0 for all n ≥ 1.

Example 1.4.2. Let fn(x) = nx
1+n2x2 for x ∈ (0,1] and fn(0) = 0.

We have

| fn(x)| ≤ 1

2
p

n
→ 0

Actually, note that for all t ≥ 0, t
1+t 2 ≤ 1

2 .

Setting t = nx, we get | fn(x)| ≤ 1
2 . The constant function g (x) = 1/2 is integrable on (0,1). The

pointwise limit is f (x) = 0 for all x.

Hence,

lim
n→∞

∫ 1

0

nx

1+n2x2
d x = 0.

Example 1.4.3. Let fn(x) = nχ(0,1/n](x) on (0,1].

Then fn(x) → 0 pointwise for each x > 0.

However,
∫ 1

0 fn(x)d x = 1 for all n, so the limit of integrals is 1, 0.

The DCT does not apply because there is no dominating integrable function: any candidate g would

need to satisfy g (x) ≥ n on (0,1/n] for all n, which forces g (x) =∞ on a set of positive measure.

Example 1.4.4. Evaluate limn→∞
∫ ∞

0
sin(x/n)
x(1+x2)

d x.

Note that
∣∣∣ sin(x/n)

x(1+x2)

∣∣∣≤ 1
1+x2 for x > 0 because |sin(t )| ≤ t and |sin(x/n)| ≤ x/n.

The function g (x) = 1
1+x2 is integrable on (0,∞).

The pointwise limit is 0 for each fixed x. Thus,

lim
n→∞

∫ ∞

0

sin(x/n)

x(1+x2)
d x =

∫ ∞

0
0d x = 0.
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Chapter 2

Fixed point theorems

The fixed point theory is a classical and powerful tool in nonlinear analysis, which has been exten-

sively studied and generated an exceptionally rich literature. Our interest in this theory is primarily

motivated by its wide-ranging applications to the existence problems of solutions to nonlinear dif-

ferential equations. In this chapter, we present only a few basic forms of fixed point theorems those

that, in our view, capture the essential features of the theory and are sufficient for addressing the

nonlinear elliptic boundary value problems we aim to study. Further details can be found in [12, 15]

and [18].

2.1 Banach fixed point theorem

We first give the Banach fixed point theorem on a complete metric space, which is perhaps the sim-

plest fixed point theorem. Let X be a Hausdorff space and Ω a subset of X . Let F :Ω 7→ X be a map.

We say that x ∈Ω is a fixed point of F , provided

x = F (x).

Let (X ,d) be a complete metric space and Ω a closed subset of X . We say that a map F :Ω 7→Ω is a

δ-contraction, provided there exists a nonnegative number δ ∈ [0,1) such that

d(A(x), A(y)) ≤ δd(x, y) ∀x, y ∈Ω,

where d(·, ·) is the distance function on X .

Theorem 2.1.1 (Banach fixed point theorem). Let (X ,d) be a complete metric space andΩ a closed

subset of X . Assume that F :Ω 7→Ω is a δ-contraction for some δ ∈ [0,1). Then F has a unique fixed

point x ∈Ω.

The Banach fixed point theorem is proved by an elementary iterative procedure (successive approx-

imation). Taking any starting-point x0 ∈ M, one defines a sequence

xn+1 = F (xn) ∈Ω, n = 0,1, . . .

Then the δ-contractiveness of F ensures that the sequence {xn} converges to a point x ∈Ω (Ω being

closed in X being complete). Moreover, x is unique in Ω.

The above simple iterative procedure also provides additional useful estimates on errors and rate of

convergence. The Banach fixed point theorem is particularly effective in obtaining local existence,
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say, for initial value problems. But it has limited applications in boundary value problems, partly

because the required δ-contractiveness is usually not a trivial matter to be verified.

To illustrate the importance of the δ-contractiveness, we state the following fixed point theorem due

to Browder, Gohde and Kirk.

Theorem 2.1.2 (Browder-Gohde-Kirk fixed point theorem). Let H be a Hilbert space andΩ a closed

bounded convex subset of H. Assume that F :Ω 7→Ω is nonexpansive, that is,

(F (x),F (y)) ≤ (x, y) ∀x, y ∈Ω,

where (·, ·) is the inner product on H. Then F has at least one fixed point x ∈Ω.

Remark 2.1.1. Note that the proof of Theorem 2.1.2 is based on the Banach fixed point theorem. By

enriching the structure of the underlying space H, Theorem 2.1.2 slightly relaxes the δ-contractive

requirement.

2.2 Brouwer fixed point theorem

The Brouwer Fixed Point Theorem is a fundamental tool in proving the existence of Nash equilib-

rium in finite strategic games. Consider a game with n players, each with a compact convex set of

mixed strategies ∆i ⊂ Rmi . Define the joint strategy space ∆ = ∏n
i=1∆i , which is also compact and

convex.

For each player i , define the best-response correspondence BRi :∆→∆i . Under standard continuity

and concavity assumptions on utility functions, a continuous function F :∆→∆ can be constructed

such that fixed points of F correspond to Nash equilibria.

Theorem 2.2.1. Every finite normal-form game has at least one Nash equilibrium (in mixed strate-

gies).

In this section Br (x) denotes the closed ball defined by

Br (x) = {y ∈Rn | |y − x| ≤ r }.

Theorem 2.2.2. Let B1(0) be the unit ball in Rn . Let F : B1(0) → B1(0) be a continuous mapping,

then F admits a fixed point, that is to say, a point for which

F(x) = x. (A.1)

Proof. Let us give first a naive proof when n = 1. In this case, F : [−1,1] → [−1,1]. If we set

G(x) = F (x)−x,

we have G(−1) = F (−1)+1 ≥ 0, G(1) = F (1)−1 ≤ 0 since F (−1),F (1) ∈ [−1,1]. Since G is continuous,

there exists a point x such that G(x) = 0, i.e., such that (A.1) holds.

The proof in higher dimensions is more involved and requires some preliminaries. □
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Definition 2.2.1. Let A be an n ×n matrix. The matrix of the cofactors of A is the matrix given by

CofA = ((−1)i+k det Ai k )i ,k=1,...,n (A.2)

where Ai k denotes the matrix deduced from A by deleting the i th row and the kth column.

We then have

Proposition 2.2.1. Let u :Rn →Rn be a C 2-mapping. Denote by (Cof(∇u))i k the entries of Cof(∇u).

Then we have with the summation convention in k

∂xk (Cof(∇u)i k ) = 0 ∀i = 1, . . . ,n, (A.3)

i.e., the rows of the matrix Cof(∇u) are divergence-free.

Proof. By defn of the matrix CofA, we have

(det A) Id = AT Cof A. (A.4)

This matricial equality can also be written as

(det A)δi j = aki (Cof A)k j

(we set A = (ai j )). In particular, since (CofA)k j contains no term in aki , we have

∂aki (det A) = (Cof A)ki . (A.5)

Replacing now A by ∇u in (A.4), we derive

(det∇u)δi j = ∂xi uk (Cof∇u)k j ∀i , j = 1, . . . ,n,

where u = (u1, . . . ,un). Taking the derivative in the direction x j and summing up, we obtain

∂x j (det∇u)δi j = ∂2
xi x j

uk (Cof∇u)k j +∂xi uk∂x j (Cof∇u)k j . (A.6)

Using the chain rule and (A.5), we also have

∂xi (det∇u) = (Cof∇u)k j ·∂xi (∂x j uk )

and (A.6) becomes

∂xi uk∂x j (Cof∇u)k j = 0 ∀i = 1, . . . ,n. (A.7)

If ∇u(x) is invertible, then we obtain

∂x j (Cof∇u(x))k j = 0.

If det∇u(x) = 0, then replacing u by u+ ϵx, the result follows by letting ϵ→ 0. This completes the
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proof of the proposition. □

As a consequence, we have

Proposition 2.2.2. LetΩ be a smooth bounded open set of Rn and u,v :Ω→Rn be C 2(Ω)-mappings

such that

u = v on ∂Ω. (A.8)

Then we have ∫
Ω

det∇ud x =
∫
Ω

det∇vd x. (A.9)

Proof. We set for t ∈ [0,1]

f (t ) =
∫
Ω

det∇[u+ t (v−u)]d x.

By the chain rule, we have (see (A.5))

f ′(t ) =
∫
Ω

d

d t
det[∇(u+ t (v−u))]d x

=
∫
Ω

(Cof[∇(u+ t (v−u))])i k ∂xk (vi −ui )d x

=
∫
Ω
∂xk

(
Cof[∇(u+ t (v−u))]i k (vi −ui )

)
d x (by (A.3))

= 0 (by (A.8)).

It follows that f is constant on (0,1), and since it is continuous, f (0) = f (1). This is (A.9) and the

proof of the proposition is complete. □

Proof. ( Brouwer’s theorem)

1. One cannot find w : B1(0) → ∂B1(0) which is C 2 and satisfies w(x) = x on ∂B1(0). Indeed, if

such a function exists, by the proposition above, we have

∫
B1(0)

det∇w =
∫

B1(0)
det∇ Id(x) = |B1(0)| (A.10)

where |B1(0)| denotes the measure of the unit ball. On the other hand, we have

w ·w ≡ 1,

and differentiating we derive

∇w ·w ≡ 0.

It follows that det∇w ≡ 0, a contradiction to (A.10).
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2. One cannot find w : B1(0) → ∂B1(0) continuous and satisfying w(x) = x on ∂B1(0). Suppose

such a function exists. We extend it by x outside B1(0). Then we consider

wϵ(x) = ρϵ∗w(x), (A.11)

i.e., we mollify each component of w. Then for ϵ small enough, one has

wϵ(x) = x on ∂B2(0). (A.12)

Moreover see Chapter 2 wϵ→ w uniformly on B2(0) and for ϵ small enough, we have |wϵ| > 1
2 .

It follows that the mapping

w̃ϵ(x) = 2wϵ

|wϵ|
is a smooth mapping satisfying all the assumptions of part 1 with B1(0) replaced by B2(0).

This completes the proof of this part.

3. Let F be a continuous map such that F(x), x for all x. Let w(x) be the point of ∂B1(0) where

the half line from F(x) through x crosses ∂B1(0). Then w is a mapping as in part 2 and we get

a contradiction. This completes the proof of the theorem (Figure A.1).

□

Example 2.2.1. (Counter Examples) The following counter examples show the essentials of each

assumption in the Brower Fixed-Point Theorem

• S = [0,1] compact, convex and nonempty, but A : S → S not continuous and the graph y = A(x)

does not cross the diagonal y = x. No fixed point.

• S =R and A : S → S, A(x) = x+1. A is continuous, S is convex, nonempty, but not compact. No

fixed point.

• Let S be a closed annulus and A : S → S is a rotation of the annulus around the center. A proper

rotation is fixed-point free. In this case, S is compact, nonempty but not convex.

Corollary 2.2.1. Let K be a compact convex subset of Rn and F : K → K be a continuous mapping.

Then F admits a fixed point.

Proof. Since K is compact, it is bounded. Let R > 0 such that K ⊂ BR (0). Set

G = F◦PK

where PK denotes the projection on the convex set K (see Theorem 1.1 and (11.62)). Then G is a

continuous mapping from BR (0) into itself, and by Theorem A.1 it possesses a fixed point x, i.e.,

such that

27



F(PK (x)) = x.

Since x ∈ K , this is also a fixed point for F. This completes the proof. □

2.3 Schauder fixed point theorem

Theorem 2.3.1. If T ∈K (E ,F ), then T⋆ ∈K (F⋆,E⋆). And conversely.

Proof. We have to show that T⋆(BF⋆) has compact closure in E⋆. Let (vn) be a sequence in BF⋆ .

We claim that (T⋆(vn)) has a convergent subsequence. Set K = T (BE ); this is a compact metric

space. Consider the set H ⊂C (K ) defined by

H = {ϕn : x ∈ K 7→ 〈vn , x〉;n = 1,2, . . . }.

The assumptions of AscoliArzelà’s theorem (Theorem 4.25) are satisfied. Thus, there is a subse-

quence, denoted byϕnk , that converges uniformly on K to some continuous functionϕ ∈C (K ). In

particular, we have

sup
u∈BE

|〈vnk ,Tu〉−ϕ(Tu)| −−−−→
k→∞

0.

Thus

sup
u∈BE

|〈vnk ,Tu〉−〈vnℓ ,Tu〉| −−−−−→
k,ℓ→∞

0,

i.e., ∥T⋆vnk −T⋆vnℓ∥E⋆ −−−−−→
k,ℓ→∞

0. Consequently T⋆vnk converges in E⋆.

Conversely, assume T⋆ ∈ K (F⋆,E⋆). We already know, from the first part, that T ∈ K (E ,F ). In

particular, T (BE ) has compact closure in F . But T (BE ) = T (BE ) and F is closed in F∗∗. Therefore

T (BE ) has compact closure in F . □

Remark 2.3.1. Let E and F be two Banach spaces and let T ∈ K (E ,F ). If (un) converges weakly to

u in E, then (Tun) converges strongly to Tu. The converse is also true if E is reflexive .

Theorem 2.3.2 (Schauder Fixed Point Theorem). Let X be a real Banach space. Suppose K ⊂ X is

compact, convex and A : K → K is continuous. Then A has a fixed point in K , i.e., there exists u ∈ K

such that A(u) = u.

Proof. Fix ε> 0 and choose u1, . . . ,uNε ∈ K such that

K ⊂
Nε⋃

i=1
B(ui ,ε).

Existence of such a finite covering follows from compactness of K . Choosing ε such that 2ε <
diamK we have that K \ B(ui ,ε),; for all i = 1,2, . . . , Nε.

Let Kε be the convex hull of the set {u1, . . . ,uNε}, i.e.,

Kε =
{

Nε∑
i=1

λi ui

∣∣∣∣∣ 0 ≤λi ≤ 1,
Nε∑

i=1
λi = 1

}
.
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Then Kε ⊂ K since K is convex.

Define Pε : K → Kε by

Pε(u) =
∑Nε

i=1 dist
(
u,K ∩B(ui ,ε)

)
ui∑Nε

i=1 dist
(
u,K \ B(ui ,ε)

) .

The denominator is always , 0 because each u ∈ K belongs to some B(ui ,ε) and hence

dist
(
u,K \ B(ui ,ε)

)> 0.

Also Pε(u) ∈ Kε because

Pε(u) =∑
i
λi ui where λi =

dist
(
u,K \ B(ui ,ε)

)∑
j dist

(
u,K \ B(u j ,ε)

) .

Clearly Pε is continuous and for every u ∈ K

∥Pε(u)−u∥ ≤
∑

i dist
(
u,K \ B(ui ,ε)

)∥ui −u∥∑
i dist

(
u,K \ B(ui ,ε)

) ≤ ε,

because

dist
(
u,K \ B(ui ,ε)

)= 0 if ∥u −ui∥ ≥ ε.

Define a mapping

Aε : Kε→ Kε, Aε(u) := Pε(A(u)).

Kε is a finite-dimensional convex set, so it is homeomorphic to a finite-dimensional closed ball.

Hence, by the classical Brouwer fixed point theorem,

Aε(uε) = uε for some uε ∈ Kε.

Since K is compact and uε ∈ Kε ⊂ K , there exists a sequence ε j → 0 such that

uε j → u ∈ K .

We claim that A(u) = u.

We have

∥uε j − A(uε j )∥ = ∥Aε j (uε j )− A(uε j )∥ = ∥Pε j (A(uε j ))− A(uε j )∥ ≤ ε j .

Thus

∥uε j − A(uε j )∥ ≤ ε j → 0.

Taking the limit and using continuity of A, we obtain A(u) = u. □

Example 2.3.1. Suppose we are given a system of n equations in n unknowns of the form

g j (x1, . . . , xn) = 0, j = 1, . . . ,n
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where the g j are continuous real-valued functions of the real variables x j . Let

h j (x1, . . . , xn) = g j (x1, . . . , xn)+x j ,

and for any point x = (x1, . . . , xn) define

h(x) = (h1(x), . . . ,hn(x)).

Assume now that h has a fixed point x̄ ∈Rn . Then it is easily seen that x̄ is a solution to the system of

equations.

Remark 2.3.2. Note that various application of fixed point theorems can be found in [18].

Example 2.3.2. (Fixed Point Formulation of ∇· v = f )

We start with the equation:

∇· v = f

where v is a vector field and f is a given function.

We aim to rewrite the problem in the form:

v = T (v)

Assume we solve the Poisson equation:

∆u = f

and define:

v =∇u

If f depends on v, for example:

f = g (v)

then the equation becomes:

∇· v = g (v)

We rewrite the problem as:

v =∇(
∆−1(g (v))

)
Define the operator:

T (v) =∇(
∆−1(g (v))

)
Thus, the problem becomes:

v = T (v)

If the operator T satisfies suitable conditions such as continuity and compactness or contraction,

then we can apply a fixed point theorem (e.g., Banach or Schauder) to conclude that there exists a

solution v such that:

v = T (v)
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Chapter 3

Analysis of the Singular Schrödinger-Maxwell

System

In this chapter, we study the existence of weak solutions in the Sobolev space H 1
0 (Ω)× H 1

0 (Ω) for a

Schrödinger–Maxwell system via an approach based on approximation schemes and a priori esti-

mates on the approximating sequences of solutions, and we show that the integrability assumptions

on the datum yield higher integrability of the solutions. The results of this chapter are published in

[5, 11].

3.1 Origin and physical context

As highlighted in Giannone’s paper ([11]), the system originated from the seminal work of V. Benci

and D. Fortunato ([3]) on an eigenvalue problem for the Schrödinger operator coupled with an elec-

tromagnetic field.

The classical system is given by: −1

2
∆u +φu =ωu

−∆φ= 4πu2

• The first equation is a Schrödinger-type equation. Here, u is the wave function of a particle,

and the term φu represents the interaction energy between the particle and the electrostatic

potential φ.

• The second equation is a Poisson equation (a simplified form of Maxwell’s equations for the

electrostatic field). It states that the source of the electric potential φ is the charge density,

which is proportional to |u|2 = u2 for a real wave function.

This coupled system models the behavior of a standing wave in a Bose-Einstein condensate of elec-

trically charged particles. The wave function is written as ψ(x, t ) = e−iωt u(x), where u(x) is the

stationary, real-valued amplitude. The system essentially describes a particle in a self-consistent

field: the particle’s probability density (u2) generates an electrostatic potential (φ), which in turn in-

fluences the particle’s own dynamics. This is a mean-field model where each particle interacts with

the average field created by all particles.

This Schrödinger-Maxwell system provides a powerful mathematical framework for analyzing the

self-consistent interaction between quantum particles and electromagnetic fields.
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3.2 Statement of the results

We consider the doubly singular semi-linear system

−div(B(x)Du)+ v1−θur−1 = f (x)
uγ in Ω

−div(B(x)Dv) = ur

vθ
in Ω

v > 0, u ≥ 0 in Ω

u > 0 in { f > 0}

u = v = 0 on ∂Ω.

(3.1)

Where Ω is a bounded domain in RN , with N ≥ 3, and f is a non-negative and non-trivial function

belonging to Lm(Ω) for some m ≥ 1, and B(·) ∈ L∞(Ω;RN×N ) is a symmetric and uniformly elliptic

matrix, in the sense that

α|ξ|2 ≤ B(x)ξ ·ξ≤β|ξ|2 (3.2)

for a.e. x ∈Ω and every ξ ∈ RN , with 0 < α ≤ β. Moreover, we assume the following assumption on

the parameters:

r ≥ 2, γ ∈ (0,1), θ ∈ [0,1). (3.3)

We study the regularizing effects on the existence of solutions (u, v) ∈ H 1
0 (Ω)× H 1

0 (Ω) arising from

the interplay between the system’s structure and the integrability of the datum f . These effects yield

higher integrability for the solutions than the one prescribed by the theory of elliptic (single) equa-

tions.

Remark 3.2.1. Note that the system (3.1) is inspired by the following Schrödinger–Maxwell system,−1
2∆u +φu =ωu

−∆φ= 4πu2

which first appeared in the seminal work [3], where the authors investigated the eigenvalue problem

for the Schrödinger operator coupled with an electromagnetic field as mentioned before.

Remark 3.2.2. Remark that in [5] the authors established some regularizing effects for the singular

elliptic system in the case when 0 < θ < 1, M = B and γ= 0 correspond to (3.1):

−div(B(x)Du)+ v1−θur−1 = f in Ω

−div(M(x)Dv) = ur

vθ
in Ω

u, v > 0 in Ω

u = v = 0 on ∂Ω

Remark 3.2.3. It is worth to notice that, the singular nonlinearities for Schrödinger–Maxwell sys-
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tems were first studied in [4], where the authors considered the elliptic problem

−div(B(x)Du)+ vur−1 = 1

uγ
in Ω

−div(M(x)Dv) = ur in Ω

u, v > 0 in Ω

u = v = 0 on ∂Ω

covering both mild and strong singularities.

Remark 3.2.4. The assumption m > N
2 on the integrability of the datum f is critical for obtaining

bounded solutions u and v. When m is larger than the critical exponent N /2, Stampacchia’s L∞

estimate applies directly to the first equation, yielding a uniform bound for un . This bound then

propagates to vn via the second equation. For m = N /2 the solution u may still be unbounded but

belongs to every Lp space (a borderline regularising effect). The case m < N /2 is more delicate and

requires the notion of finite-energy solutions ( see [11]).

Main results

We deal only with the case m ≥ N
2 .

Definition 3.2.1 (Weak solutions). We say that (u, v) ∈ H 1
0 (Ω)×H 1

0 (Ω) is a weak solution to system

(3.1) if u, v > 0 a.e. in Ω,
f

uγ
ϕ,

ur

vθ
ϕ ∈ L1(Ω) ∀ϕ ∈ H 1

0 (Ω), (3.4)

and 
∫
Ω

B(x)Du ·Dϕ+ v1−θur−1ϕdx = ∫
Ω

f
uγϕdx ∀ϕ ∈ H 1

0 (Ω)∫
Ω

B(x)Dv ·Dψdx = ∫
Ω

ur

vθ
ψdx ∀ψ ∈ H 1

0 (Ω).
(3.5)

We have the following main result:

Theorem 3.2.1. If m ≥ N
2 , then system (3.1) has a weak solution (u, v), such that u belongs to L∞(Ω)

if m > N
2 , and to every Lp (Ω), 1 ≤ p <∞, if m = N

2 . Moreover, v belongs to L∞(Ω).

Remark 3.2.5. Note that the case m < N
2 has been done in [10] for non-singular problems.

Remark 3.2.6. We observe that the system (3.1) is a doubly singular version of the classical Schrödinger–

Maxwell equations. The presence of the singular terms u−γ and v−θ introduces additional difficul-

ties because the nonlinearities blow up when u or v approach zero. The approximation scheme

employed in the proof (adding 1/n in the denominators) is a standard way to regularise the prob-

lem.
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3.3 An overview of the proofs of main results

Our method relies on an approximation scheme that yields a sequence (un , vn) of solutions to a

suitable elliptic system, together with a priori estimates that ensure the convergence of (un , vn) to a

solution of the original problem with the required integrability properties.

Step 1: Approximation scheme

We consider the following problem:

−div(B(x)Dun)+ v1−θ
n ur−1

n = fn(
un + 1

n

)γ in Ω

−div(B(x)Dvn) = ur
n(

vn + 1
n

)θ in Ω

un , vn > 0 in Ω

un = vn = 0 on ∂Ω

(3.6)

has a unique weak, bounded solution. The existence is proved via Schauder’s fixed point theorem;

the positivity follows from the weak Harnack inequality.

Lemma 3.3.1. For every n ∈N the system (3.6) possesses a unique weak solution (un , vn) ∈ (H 1
0 (Ω)

⋂
L∞(Ω))2.

Moreover un , vn > 0 a.e. in Ω.

Proof. Let start with a fixed-point for the first equation with a given coefficient. Let z ∈ L∞(Ω),

z ≥ 0 be fixed. Consider the problem
−div(B(x)Du)+ z1−θur−1 = f

(u +1/n)γ
in Ω,

u > 0 inΩ,

u = 0 on ∂Ω.

(3.7)

We claim that (3.7) has a unique solution u ∈ H 1
0 (Ω)

⋂
L∞(Ω).

For a given ψ ∈ H 1
0 (Ω) set F (ψ) := f

(|ψ|+1/n
)−γ ∈ L∞(Ω). The linear problem

−div(B(x)Du)+c(x)u = F (ψ), u ∈ H 1
0 (Ω),

with c(x) := z1−θTk (|ψ|r−2), where k > 0 is chosen large enough so that any candidate solution

will satisfy ur−2 ≤ k (this will be guaranteed by the a priori bound below), has a unique solution

u = S(ψ) by the Lax-Milgram theorem (the bilinear form is coercive because c ≥ 0).

Using Gk (u) as a test function and the fact that F (ψ) ≤ n1+γ we obtain, via Theorem of Stampac-

chia, an L∞ bound ∥u∥L∞ ≤C independent of ψ.

Choosing k larger than this bound makes the truncation Tk inactive, so S maps the ball BR := {ψ ∈
H 1

0 : ∥ψ∥H 1
0
≤ R} into itself for sufficiently large R.

One shows that S is compact and continuous (by standard compactness arguments and the dom-

inated convergence theorem).
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Schauder’s fixed point theorem yields u = S(u), which is exactly a weak solution of (3.7) and satis-

fies u ∈ L∞(Ω).

Moreover, if u1,u2 are two positive solutions, test the difference of the equations with (u1 −u2)+
and use the monotonicity of s 7→ sr−1 and s 7→ (s +1/n)−γ to obtain

α

∫
Ω
|D(u1−u2)+|2 d x ≤

∫
Ω

z1−θ(ur−1
2 −ur−1

1

)
(u1−u2)+ d x+

∫
Ω

f
(
(u2+1/n)−γ−(u1+1/n)−γ

)
(u1−u2)+ d x ≤ 0,

hence (u1 −u2)+ = 0, i.e. u1 ≤ u2.

Reversing the roles gives u1 = u2.

Second, we state a fixed-point for the second equation with a given right-hand side. Forφ ∈ H 1
0 (Ω)

consider −div(B(x)Dv) = |φ|r
(v +1/n)θ

in Ω,

v = 0 on ∂Ω.
(3.8)

Because the right-hand side is non-negative and bounded in L∞ (indeed |φ|r ≤ C if we restrict

to functions with a priori bounded L∞ norm), the existence and uniqueness of a weak solution

v ∈ H 1
0 (Ω)

⋂
L∞(Ω) follow from the same fixed-point argument(using the monotonicity of s 7→ (s +

1/n)−θ). Moreover, v ≥ 0 a.e.

We now construct a fixed point of the mapΦ : H 1
0 (Ω) → H 1

0 (Ω) defined by

Φ(φ) = u, where u solves (1) with z = vφ and vφ solves (3.8).

More precisely:

1. Given φ ∈ H 1
0 (Ω), solve (3.8) to obtain vφ (unique, bounded).

2. With z = vφ, solve (3.7) to obtain uφ (unique, bounded).

3. Set Φ(φ) = uφ.

We claim thatΦ maps a large ball BR ⊂ H 1
0 (Ω) into itself and is compact and continuous.

From the second equation we have −div(BDvφ) ≤ |φ|r .

Using Gk (vφ) as a test function, we obtain an L∞ bound ∥vφ∥L∞ ≤C1∥φ∥r
Lr .

For φ in a ball of radius R, ∥φ∥Lr ≤C2R (by Sobolev embedding), so ∥vφ∥L∞ ≤C3Rr .

Then from the first equation, using uφ as a test function and the fact that f ≤ n, we get an H 1
0

bound ∥uφ∥H 1
0
≤C4(n) independent of φ (but depending on n). Moreover, by result applied to the

first equation (the right-hand side f (uφ+1/n)−γ is bounded in L∞), we obtain

∥uφ∥L∞ ≤C5(n)

Choosing R larger than all these bounds ensures Φ(BR ) ⊂ BR .

Ifφ j →φ in H 1
0 , then up to a subsequence vφ j → vφ strongly in H 1

0 (by the dominated convergence

theorem and the fact that the right-hand side of (3.8) depends continuously on φ). T

hen using the same argument, we deduce uφ j → uφ strongly in H 1
0 .
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Hence Φ is continuous and compact (since it maps bounded sets into relatively compact sets).

Schauder’s fixed point theorem gives φ such that

Φ(φ) =φ

Setting u :=φ and v := vφ yields a solution of (S) in the weak sense, with u, v ∈ H 1
0 (Ω)∩L∞(Ω).

In addition, we have u ≥ 0, v ≥ 0 a.e. because the equations produce non-negative solutions (test

with negative parts).

To obtain strict positivity we use the weak Harnack inequality.

For v , note that−div(BDv) = ur (v+1/n)−θ ≥ 0, so v is a non-negative supersolution of−div(BDw) =
0.

Since u . 0 (because f . 0 forces u > 0 somewhere), v cannot be identically zero; the weak Har-

nack inequality then implies v > 0 a.e. inΩ.

For u, we have

−div(BDu)+ v1−θur−1 ≥ 0

and v1−θur−2 ∈ L∞ (since u, v ∈ L∞). Hence the same Harnack argument yields u > 0 a.e. in Ω.

Furthermore, suppose (u1, v1) and (u2, v2) are two solutions.

Test the difference of the first equations with (u1−u2)+ and the difference of the second equations

with (v1 − v2)+, using the monotonicity of the nonlinearities.

Standard arguments give u1 = u2 and v1 = v2 a.e.

Thus the solution is unique.

This completes the proof of the lemma.

Remark 3.3.1. Note that the weak Harnack inequality is a fundamental tool to deduce positivity of

weak solutions and supersolutions. In the proof we apply it twice:

• For v: since −div(BDv) ≥ 0 and v . 0, the inequality forces v > 0 a.e. in Ω.

• For u: we have −div(BDu)+ c(x)u ≥ 0 with c = v1−θur−2 ∈ L∞; the Harnack inequality for

such operators still gives u > 0 a.e.

Without this result we could only guarantee non-negativity.

□

Step2: A priori estimates

Boundedness of un . Take k ≥ 1 and use the test function Gk (un) := (un −k)+ in the first equation of

(2). Because Gk (un) ≥ 0 and v1−θ
n ur−1

n Gk (un) ≥ 0, we obtain

α

∫
Ω
|DGk (un)|2 d x ≤

∫
Ω

fn

(un + 1
n )γ

Gk (un)d x ≤
∫
Ω

fn Gk (un)d x,
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where we used (un +1/n)−γ ≤ 1. Since fn ≤ f ∈ Lm with m > N /2, Theorem of Stampacchia applies

and yields a constant C =C (N , |Ω|,α,m) > 0 such that

∥un∥L∞ ≤ 1+C∥ f ∥Lm ∀n.

Thus (un) is uniformly bounded in L∞(Ω).

Boundedness of vn . From the second equation in (3.6) we have

−div(BDvn) = u r
n

(vn +1/n)θ
≤ u r

n .

Because un is uniformly bounded in L∞, the right-hand side u r
n is uniformly bounded in L∞(Ω).

Applying Theorem from the Stampacchia’s L∞ estimate for solutions of linear elliptic equations to

−div(BDvn) = gn with ∥gn∥L∞ ≤C gives

∥vn∥L∞ ≤C ′ ∀n,

where C ′ depends only on N , |Ω|,α and the uniform bound on gn . Hence (vn) is also uniformly

bounded in L∞(Ω).

Test the first equation of (3.6) with un and the second with vn :

α∥un∥2
H 1

0
≤

∫
Ω

fn

(un +1/n)γ
un d x ≤

∫
Ω

f u1−γ
n d x,

α∥vn∥2
H 1

0
≤

∫
Ω

u r
n

(vn +1/n)θ
vn d x ≤ ∥vn∥1−θ

L∞

∫
Ω

u r
n d x.

Using the uniform L∞ bounds on un and vn , the right-hand sides are uniformly bounded. Conse-

quently,

∥un∥H 1
0
+∥vn∥H 1

0
≤C ∀n.

Therefore, up to a subsequence, there exist u, v ∈ H 1
0 (Ω) such that

un * u, vn * v weakly in H 1
0 (Ω),

un → u, vn → v strongly in Lq (Ω) for all 1 ≤ q < 2∗,

un → u, vn → v a.e. in Ω.

Moreover, the uniform L∞ bounds imply u, v ∈ L∞(Ω) with

∥u∥L∞ ≤ liminf∥un∥L∞ , ∥v∥L∞ ≤ liminf∥vn∥L∞ .
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Next, define the function

g (x) :=



f (x)

u(x)γ
if f (x) > 0 and u(x) > 0,

0 if f (x) = 0,

+∞ otherwise.

For any φ ∈ H 1
0 (Ω)

⋂
L∞(Ω) with φ ≥ 0, we consider the first equation in (2). Because un → u a.e.

and un is uniformly bounded, we have

fn

(un +1/n)γ
→ f

uγ
a.e. on {u > 0},

and the sequence is bounded by an integrable function (e.g. by f (u/2)−γ for large n where un ≥
u/2 > 0). Fatous lemma gives∫

Ω
BDu ·Dφ+ v1−θur−1φd x ≥

∫
Ω

g φd x.

Hence gφ ∈ L1(Ω) for every such φ, which forces g to be finite a.e.; therefore u > 0 a.e. in { f > 0}.

Moreover,

−div(BDu)+ v1−θur−1 ≥ 0 in the sense of distributions.

The coefficient v1−θur−2 belongs to L∞(Ω) because u, v ∈ L∞ and r ≥ 2.

By the weak Harnack inequality, every non-negative weak supersolution of −div(BDw)+ cw ≥ 0

with c ≥ 0 and c ∈ L∞ is either identically zero or strictly positive a.e.

Since u is not identically zero (because f . 0 and the right-hand side forces u > 0 where f > 0), we

conclude u > 0 a.e. in Ω. Consequently g = f u−γ a.e.

For v, define

h(x) :=


u(x)r

v(x)θ
if v(x) > 0,

+∞ if v(x) = 0.

Using the second equation of (2) and the same Fatou argument (note that u r
n → u r a.e. and is

uniformly bounded, while (vn + 1/n)−θ converges a.e. to v−θ on {v > 0}), we obtain for every ψ ∈
H 1

0 (Ω)
⋂

L∞(Ω), ψ≥ 0: ∫
Ω

BDv ·Dψd x ≥
∫
Ω

hψd x.

Hence h is finite a.e., so v > 0 a.e. in Ω.

The weak Harnack inequality applied to the linear operator−div(BD·) (since v satisfies−div(BDv) ≥
0) then yields v > 0 a.e.

Step 3: Passing to the limit

To obtain equality in the equations, we need to show that the approximate solutions converge strongly

enough to pass the nonlinear terms to the limit.
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The uniform L∞ bounds and the strong convergence in L2 (which follows from the compact embed-

ding H 1
0 ,→ L2) imply

v1−θ
n ur−1

n → v1−θur−1 strongly in L2(Ω),

because the product of uniformly bounded sequences converging a.e. converges in every Lp with

p <∞ (by the dominated convergence theorem).

Similarly,
u r

n

(vn +1/n)θ
→ u r

vθ

a.e. and is uniformly bounded, hence strongly in L2.

Moreover, it is easy to see that the gradients converge almost everywhere: there exists a subsequence

such that

Dun → Du, Dvn → Dv a.e. in Ω.

(This is because the right-hand sides fn
(un+1/n)γ − v1−θ

n ur−1
n and

u r
n

(vn+1/n)θ
are bounded in the space of

Radon measures, as shown in the paper using the uniform energy bounds.)

Now take a test function φ ∈ H 1
0 (Ω)

⋂
L∞(Ω) (the restriction to bounded test functions is harmless;

the extension to all φ ∈ H 1
0 (Ω) follows by truncation).

In the first equation of (3.6) we have∫
Ω

BDun ·Dφd x =
∫
Ω

fn

(un +1/n)γ
φd x −

∫
Ω

v1−θ
n ur−1

n φd x.

Because Dun → Du a.e. and BDun is bounded in L2, the left-hand side converges to
∫
ΩBDu ·Dφd x

(by the dominated convergence theorem, using the uniform bound and the a.e. convergence).

The right-hand side converges to ∫
Ω

f u−γφd x −
∫
Ω

v1−θur−1φd x

by the strong convergence of the integrands. Thus∫
Ω

BDu ·Dφ+ v1−θur−1φd x =
∫
Ω

f

uγ
φd x ∀φ ∈ H 1

0 (Ω)
⋂

L∞(Ω).

Extending to all φ ∈ H 1
0 (Ω) is done by replacing φwith Tk (φ) (truncation at level k), using the equa-

tion for Tk (φ), and letting k →∞ (monotone convergence).

The second equation is treated identically, yielding∫
Ω

ADv ·Dψd x =
∫
Ω

u r

vθ
ψd x ∀ψ ∈ H 1

0 (Ω).

Therefore (u, v) is a weak solution of (3.1) in the sense of Definition 3.2.1. Moreover, u, v ∈ L∞(Ω).

This completes the proof of Theorem 3.2.1 for the case m > N /2.

Remark 3.3.2. Observe that one can reveal that several questions remain open for the system (3.1):

• Uniqueness of weak solutions is not known for general f outside the dual space.
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• The optimal regularity of u and v when m is exactly N /2 (only Lp for all p <∞, not L∞) is this

sharp?

• The case of a sign-changing datum f or a measure-valued datum is largely unexplored.
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Conclusion

In this work, we studied a doubly singular elliptic system with singular terms u−γ and v−θ.

Despite the singular nature of the problem, the coupling between the equations produces a regular-

izing effect that enhances the integrability of the solutions beyond what is typically expected from

the singular theory for a single equation. By applying Schauder’s fixed point theorem together with

standard properties of Sobolev and Lebesgue spaces, we studied the existence of finite-energy solu-

tions in the product space H 1
0 (Ω)×H 1

0 (Ω). This result contributes to the understanding of singular

coupled systems and opens the door to further investigations, such as the uniqueness or regularity

of solutions under additional assumptions on the parameters γ,θ,r and f .
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Abstract

In this work, we study a doubly singular elliptic system of the form:
−div(B(x)∇u)+ v1−θur−1 = f

uγ
in Ω

−div(B(x)∇v) = ur

vθ
in Ω

u = v = 0 on ∂Ω

whereΩ is an open subset of RN with N ≥ 3, and the parameters γ ∈ (0,1), θ ∈ [0,1), r ≥ 2, and f ≥ 0.

The aim of this work is to study the existence of finite-energy solutions for such singular problems.

The solutions we seek belong to the Sobolev space H 1
0 (Ω)×H 1

0 (Ω). Since the structure of the coupled

system generates regularizing effects that give the solutions higher integrability than that provided

by the singular theory of a single equation, our study relies on the use of Schauder’s fixed point

theorem and some basic properties of Sobolev and Lebesgue spaces.

Keywords: Schrödinger-Maxwell system, singular problem, Sobolev spaces, existence of solution,

regularizing effects, Schauder’s fixed point theorem.
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Résumé

Dans ce travail, nous étudions un système elliptique singulier de la forme:

−div(B(x)∇u)+ v1−θur−1 = f

uγ
dans Ω

−div(B(x)∇v) = ur

vθ
in Ω

u = v = 0 sur ∂Ω

oú Ω est un ouvert de RN avec N ≥ 3, et les paramètres γ ∈ (0,1), θ ∈ [0,1), r ≥ 2, et f ≥ 0.

L’objectif de ce travail est d’étudier l’existence de solutions à énergie finie pour de tels problèmes

singuliers. Les solutions recherchées appartiennent l’espace de Sobolev H 1
0 (Ω)×H 1

0 (Ω). Étant donnè

que la structure du système couplè génère des effets régularisants qui confèrent aux solutions une

intégrabilité supérieure à celle fournie par la théorie singulière d’une équation unique, notre étude

basé sur l’utilisation du théorème du point fixe de Schauder et de certaines propriétés de base des

espaces de Sobolev et de Lebesgue.

Mots-clés : Système de Schrödinger-Maxwell, problème singulier, espaces de Sobolev, existence de

solution, régularisants, théorème du point fixe de Schauder.
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