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Abstract. We consider variational inequalities involving the p— Laplace operator with anisotropic singular

perturbations where the convex set, on which the problem is defined, is also subject to perturbations. This

leads to introduce a new convergence of sets, in some suitable sense, conceived from the Mosco convergence and

matching well to the anisotropic singular perturbations. Convergence results and their rates are established.

In order to illustrate the introduced convergence sets, obstacle and elasto-plastic perturbed problems are dealt

with. This allows to go deeper in the analysis of the suggested convergence on concrete sets in Sobolev spaces.
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1. INTRODUCTION
Let © be a bounded open subset of R" with a sufficiently smooth boundary. We denote by
xr = (:L’l, .. .,:cn) = (Xl,XQ)

the points in R™ where X; = (x1,...,24) and Xy = (Z¢41,...,2), n and ¢ are integers. We
V’u, = leu — (8151“7 ce )8xqu)TT
VXQU (axq+1u,...,8xnu)

Veu = EVxyu ;o Vou:= 0 )
VXQ’U‘ VXZU

The parameter of perturbation € appears only with the Xy — direction of the gradient as well

also denote

and for € > 0,

as in the convex set, on which the problem is defined below. For this reason we refer to this
perturbation as anisotropic.
For 1 < p < 400, we consider as a model problem the following variational inequality,
involving a perturbed p—Laplace operator,
/ IVeu[P~? Veu - VE (v — u)dz > (f,v — u>W01,p(Q) ,  WYwekK,
Q (1.1)
u € K,

where ( - ), denotes the duality brackets between a space V and its dual V', K. # @ is a
closed convex subset of I/Vo1 P(Q) for all ¢ > 0. Assuming f € W17 (Q), where p is the
conjugate of p, the above problem has a unique solution u. € K.. Many works were recently
taking care of singular anisotropic perturbations for different type of problems, see for instance
[4, 7, 9-12, 14-16]. In particular, in [12], an abstract approach of variational inequalities is
elaborated and illustrated by some applications to show that the theory covers the singular
perturbations of anisotropic type as well as the isotropic ones. Although, the study, given
in [12], is as general as possible, it does not include problems as (1.1) for two reasons. The
perturbed operator in [12] has the form €A + B, with nonlinear operators A and B defined on
different Banach spaces. That is to say that the perturbed and the unperturbed parts of the
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operator are entirely distinct which is not the case of course in Problem (1.1). However, the
main difference is coming from the convex sets which are also subject to perturbations. Thus
some convergence definitions, fitting with the anisotropic nature of the above perturbation,
have to be considered on the sequence of the convex sets (K.) when ¢ — 0. The convergence of
sets, related to perturbations, is dealt with in numerous works since the fundamental papers of
Mosco [24, 25] where perturbations of variational inequalities of linear and nonlinear operators,
with the convex sets also subject to perturbations, are considered. (See also Attouch [1] and
the references therein).

In the next section we establish a priori estimates and convergences of u., solution to quasi-
linear variational inequalities, provided that some boundedness assumptions and convergences
of the sequence (K.) hold. In fact without these types of assumptions there is no chance
to envisage any boundedness or convergence of the solutions. We can see this clearly if for
example the sets K. are parallel hyperplanes such dist (0, K.) = % This of course leads to
introduce the convergence notion on the convex sets, derived from the Mosco convergence and
adapted to the present type of perturbations.

In the third and forth sections, we apply the above results to some important problems.
The first one is a problem with constraints on the state where the convex set is determined
by perturbed obstacles. We give sufficient conditions on the convergence of the obstacles to
guarantee the suitable convergence of the convex sets. In the case of (isotropic) perturbations,
an abundant literature has been devoted to this subject, (see for instance Attouch and Picard
[2], Boccardo and Murat [5], Dal Maso [13], Mosco [24, 25] and related works). The second
example is an elasto-plastic torsion problem where the convex set is determined by constraints
on the gradient of the solution. There are some works about the isotropic case that give
sufficient conditions on the constraints to insure the convenient convergence of the convex
sets. (See for instance Azevedo and Santos [3], Kunze and Rodrigues [19], Lagnese [20]).
To ensure the convergence of the sequence (K.), we are led to show some density results,
then we establish the convergence of the sequence (K;) in the case of cylindrical and some
noncylindrical domains. The fifth section is devoted to investigate the rate of the convergence

far from the boundary layer for cylindrical domains, i.e. 2 = w; X wa.

2. CONVERGENCE OF CONVEX SETS AND OF SOLUTIONS

2.1. Anisotropic Sobolev-type spaces. Throughout this paper the orthogonal projections
of € onto the space Xo = 0 and X7 = 0 are denoted by II; and Ils respectively. For any
X1 € II; we denote by Qx, the section of Q2 above X i.e.

QXl = {XQ e R"1 | (Xl,XQ) S Q}
Then consider the following anisotropic Sobolev space

W(Q) = {ue L7 (Q) | Vyu € [LP (@)1},
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equipped with the norm
P P L/p
v — (|’U|LP(Q) + |VX2U|L,,(Q)) :
It is clear that WP (Q) is a subspace of W (2). We denote by Wy (Q) the closure of D (Q),
the space of C*° functions with a compact support in €2, in W (Q), i.e.
———W(
Wo () =D ().
Since 2 is bounded, the following Poincaré inequality
|U\LP(Q) <G ’vX2U|LP(Q) , YweW(Q)
holds for some constant C),, depending on (2. Thus, the map
v — |VX2/U’LP(Q) .
define a norm on Wy (€2). One can check that
WP () € Wo () € LP(Q) and LP (Q) € W) (Q) c W™ (Q).

We can easily show that the dual space W, (2) can be identified with the set of distributions
such as
FeW,(Q) < 3fe,fiel’ (Q),i=q+1,---,n, such that f = fo + Z Oz, fi-
i=q+1

More characterizations of the elements of W (£2) will be given at the end of this section.

2.2. A perturbed variational inequality. To deal with the above model problem and more
general variational inequalities, let
fewi(Q). (2.1)
and consider the following nonlinear elliptic problem defined as
/ a(x, Veue) - V& (ve — ug) dx > (f, v — u5>W(]l,p(Q) , Y. € K.,
Q (2.2)
ue € K,

where K. # @ is a closed convex subset of VVO1 ?(Q) depending on ¢ > 0. The function
a: Q) x R" — R” is a Carathéodory function satisfying the following standard assumptions

Growth condition. For p > 1, there exists a constant M such that
la(z,€)] < M (g (z) + |,5\p—1) Ve € R™ and ae. € Q. (2.3)

where g € LP (Q) and | - | is the usual Euclidean norm.

Monotonicity. For all £,n € R™ and a.e. z € {2, we have

(a(z,€) —alx,n) - (€ —n) =0, (2.4)

is the scalar product in R™.

I

where

Coercivity. For a.e. x € ) and for all £ € R", there exist a constant a > 0 such that

a(z,§) - & = afgl’. (2.5)
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Under these assumptions, Problem (2.2) has a solution u. € K., which is unique if a is
strictly monotone, i.e. the inequality (2.4) is strict for n # £ (see Chipot [6], Kinderlehrer and
Stampacchia [18]).

2.3. A priori estimates. The first theorem below shows that the a priori estimate here looks
like estimates for elementary problems as linear elliptic ones (see [10]) provided that a sequence
w. € K., satisfying the same estimate, exists. In fact we are speaking about a necessary and

sufficient conditions.

Theorem 1. Under the assumption (2.1), assume in addition that there exists a sequence

we € K. for all € > 0, such that
eVx,we and Vx,w. are bounded in LP (§2) (2.6)
independently of e, then
ue, eVxyue and Vix,u. are bounded in LP (Q) (2.7)

and

a(-,Veu.) is bounded in LV (). (2.8)

Proof. Taking v. = w, in (2.2), it follows that

/Qa(:c, Veue) - VO (ue —we)dz < (f,ue — we)yyy o)
< ’f’wé(ﬂ) IV, (e — wE)’LP(Q)
<

|f|W(’)(Q) |V€ (us - wE)|LP(Q) )
then

alvgug\lzp(m < /Qa(w,vsug)-vgugdx

< [fhwyo (!VSueILP(m + |v5w€|LP(Q)> + / a(@, Viue) - Viwedz. (2.9)
Q
Using Hélder’s inequality and (2.3), the last integral can be estimated as follows
[ aln V) Vude < ol V0 [Vl
€ -1 €
< M ’g+ Ve, | )‘Lp,(m [VEwe| ()
= C <‘9‘Lp’(9) [VEwe| 1oy + ’VEUsVi{r)p(Q) \V€w€|Lp(Q))

since (p — 1) p’ = p. Throughout this paper, the positive constant C' is independent of ¢ and

may take different values at different occurrences. Then by Young’s inequality, it comes
(6] /
/ﬂa(a:, Veue) - Viwedr < 1 IVEuel] )+ C (’glip’(ﬂ) + \VEwEVEP(Q)) .
A similar inequality yields

[0 ’
|f|W6(Q) (‘VEUE|LP(Q) + |v€wE|LP(Q)) < Z |v€u8‘iP(Q) +C <|f|p 6(9) + ‘szﬁﬁﬁ((})) .
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Going back to (2.9), we deduce

(07

IVl < C <|f|p o+ 19 o+ |V5w5|}£p(g)> . (2.10)

This means that [Vue|p, q) is bounded since |VEwe|;, gy is assumed to be bounded and that
e|lVx,ue|l, |Vx,ue] and wu. are bounded in LP ().

The boundedness of u. follows from LP—Poincaré’s inequality in the Xy — direction. For the

last estimate (2.8), one has

/ -1 p’ / / /
ja(a, Voue)l7, ) < C/Q (g+ Veu | #V)" da < c(|g|§p,(m + yvsugmm)
which ends the proof of the theorem. U

Remark 1.
i) Using the continuous injection LP () C D' (), with the continuity of the derivative

operator in D' (), we can check that
eVxue =0 in LP(Q).

Here and in the following, the vectorial convergence means the convergence component by
component.
ii) Let v > 0, then we infer from (2.10) that

\sza|Lp(Q) =0 (Eiﬁy) = |VEU5|LP(Q) =0 (877) (211)

iii) In particular the assumption (2.6) holds if lim,_, K. # &, i.e. Necey Kz # @ for some
eo > 0. For instance, this is the case of a monotone sequence of sets (K:) (in the inclusion

sense). Thereby, it suffices to fix we = wo € Necey Ke.

2.4. Convergence of convex sets. The existence of a sequence as w. cannot give more than
the weak convergence of subsequence of u. without any identification of the limits. Then we
are led to introduce a convergence of the closed convex sets fitting with the anisotropic singular
perturbations. This beforehand serves to define the limit problem and then go deeper in the
behaviour investigation of u..

Let (K.) be a sequence of closed convex subsets of I/VO1 P (), we shall denote by’
as —lim,__, K. (2.12)

the set of all w in Wy (€2), such that the strong convergence

\Y%
EVxWe =0 in LP(Q), ase—0, (2.13)
V x, (we — w)

holds for some sequence w. € K.. We shall also denote by
aw — limg_,0 K. (2.14)

g stands for anisotropic, s for strong and w for weak.
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the set of all w in Wy (€2), such that the weak convergence

/v ,
eV —0 nIP(Q), ase —0, (2.15)
Vx, (we —w)

holds at least for a subsequence w, € K.

Remark 2.
i) It is clear that

as —lim__, K. C aw — lim. o K-. (2.16)
ii) If (2.13) holds, it follows that
a(-, Vewe) = a(-, Vow) in L¥ (), (2.17)
due to the continuity of the function a in the second variable.
The limit as — lim__,( K. inherit the following proprieties.

Lemma 1. The set as — lim,_,o K. is convex and closed in Wy (£2) .

Proof. Let v, € as — lim__,, K. a sequence such that v, — v in Wy (2), i.e.
Vx, (vp—v) =0 in LP(Q), asn — co.

To show the closeness, one has to show that v € as — lim__,jK.. From the definition of

as — lim,_, K. there exists a “sequence” v;, € K. such that

v &
EY Xt S50 inLP(Q), ase 0. (2.18)
Vi, (Ufz - ’Un)
Consider then for every n a e (n) > 0 such that for every ¢ < e (n) it holds that
Vx, v 1
ot <. (2.19)
Vx, (v5, — vy) Le(@) n

By (2.18) such an ¢ (n) exists and without loss of generality one can assume that it is chosen

strictly decreasing towards 0. Let ¢ < e (1). Denote by N the integer n satisfying
e(Ne+1)<e<e(N,).

Such N: — oo as € — 0. One has v§,_ € K. and by (2.19)

eVx, ’UJEVE _ eVx, vf\,a
Vi, (v§, —v) @) Vx, (v, — on. + o, — ) Lo
€VX VR
< ) 1YN, +|Vx, (on. — U)|Lp(9)
Vi, (v, — o) Lr(Q)
1
< N + [V, (on. = 0)| o) = 0,

when € — 0. This shows that v € as — lim,_,( K. .
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To check that as — lim__,o K. is convex, let v}, v? € as —lim__,, K. then for some sequences

1 v?2 € K. one has

vE’ £

eV X1 Ué
Vx, (vl —v')
It follows that for every « € [0, 1]

— 0, fori=1,2.
Lr(Q)

eVy, (avl + (1 — a)0?)

0, fori=1,2
Vx, ((avé—i—(l—a)vg) — (av1+(1—a)v2)) - o

Lr(Q)

and av! 4+ (1 — a)v? € as — lim__,yK.. This ends the proof of the lemma. O

Now we introduce the desired limit set and its convergence sense.

Definition 1. A sequence (K.) of subsets ofW(]l’p (Q) converges to a nonempty set I C Wy ()
iff

aw — lim. 0K, = as — lim__,,K. = K,
and we denote K. % K or a — lime_ K. = K.

We have to mention that the perturbation here is singular, i.e. K. and K are not in the
same space as it is the case in Mosco [24, 25], and is anisotropic since the perturbation affects
only the X;—direction.

Remark 3. In practice, taking into account (2.16), the above convergence holds iff
i) K Cas—lim,_ K,
L (2.20)
1) aw — lim._,0 K. C K.
The following lemma may simplify the verification of (2.20—3).

Lemma 2. Let D be a dense subset in IC, then

KCas—lim,_,(K. <= D Cas—lim,_,K..

Proof. 1t suffices to note that if D C as — lim,_,,K, then, due to Lemma 1, it follows that

K =D c as —Tim lim,_ oK. W _ as —lim__,K.. O

Let us now summarize some basic properties of the above convergence in the following

lemma.

Lemma 3.

i) Let Ko be a “subsequence”of K., then
as —lim__, K. C as—lim.,_ K, (2.21)
aw —limy_0Ko C  aw — lim._,K.. (2.22)
In particular if K. converges then K. also converges and we have

a— lim._,0 K = a — lim._,q K. (2.23)
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ii) If the sequence K. is constant, i.e. K. = K, Ve > 0 (or it is constant for € small),
then

K% K=", (2.24)
and in particular, if K. = Wol’p Q)
WyP () Wy (). (2.25)

Proof. The two first inclusions are immediate since a sequence or a subsequence of K./ is also

a subsequence of K. and the equality (2.23) can be easily deduced if we notice that
as —lim, oK. C as — lim. (K, C aw — lim,_,0K. C aw — lim._,K_.

For the next point, the inclusion (2.20-i) follows by taking D = K in Lemma 2, and the
inclusion (2.20-ii) holds since K. C K, Ve > 0, and the convex K is also weakly closed. This
shows (2.24), (2.25) and completes the proof. O

2.5. Convergence of solutions. Assuming that K. % K (K # ¢), we shall show some
convergence results for the solution u. when € — 0 and identify its limit. First, the candidate
limit @ will be defined as a solution of the following problem

/ a(z,Vou) - VO (v —u)dz > (f,v — Wiyye)» Vv EK,
Q (2.26)

uelkl

It is clear that the operator u — —V° - a(z, V'u) is coercive, bounded, hemicontinuous and
monotone on Wy (2) and thanks to Lemma 1, the set K is convex and closed in W)y (2) . Thus
Problem (2.26) has a solution @ € K.

To prove the next theorem we need the Minty Lemma (see Chipot [8]).

Lemma 4. Let X be a Banach space, T' be a monotone hemicontinuous operator from a closed

conver set K in X into X' and f € X', then ug € K satisfies
<TU0,U—U0>XZ<f,’U—U0>X, VUEKa
if and only if
(Tv,v —ug)y > (f,v—uo)y, YvekK.

Now we have the following convergence results.

Theorem 2. Under the hypotheses of Theorem 1, assume in addition that K. % K ase — 0,

then -up to a subsequence- we have
ue —1u , eVxue =0 and Vx,u.— Vx,u inLP(Q), (2.27)

where U is a solution to the variational inequality (2.26). Moreover:
e if the function a is strictly monotone then the above weak convergences hold for the whole

sequence.
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o if the function a is strongly monotone in the sense that, for some constants ¢ > 0,
(a(z,n) —a(z,&) - (n—=& >cln—£&F, V& €R” and a.e. x € Q, (2.28)
then we have the strong convergences
ue —>u , eVxue—>0 and Vx,u. — Vx,u in LP(Q). (2.29)

Proof. First, it is clear that the assumption K. % K implies (2.6). Then, thanks to Theorem

1, there exists a subsequence of u. -still labelled u.- such that
U = U, Vx,us — Vx,U, eVxu—0 in LP(Q). (2.30)

Such @ is necessarily in the set aw — lim._,oK. = K by (2.15). Next, we choose an arbitrary
w € as — lim__, K. = K, and let (w.) be a sequence satisfying (2.13). By the monotonicity

assumption, we rewrite (2.2) as
/Qa(x, Vewe) - Vo (we — ue) dz = (f, we — us)yy (o) - (2.31)
Passing to the limit and using the convergences (2.13), (2.17), (2.30), it comes
/Qa(x, Vow) - VO (w — @) dz > (f,w — Wy () -
for every w € K. Thanks to Minty’s lemma, it follows that
/Qa(x,voﬂ) VO (w = @) de > (fiw = )y ), YweK,

i.e. 4 is a solution to (2.26).
If the function a is strictly monotone then the solution @ of (2.26) is unique and the weak
convergences (2.27) hold for the whole sequence.

If now (2.28) holds, and since 4 € K, we can take w = @ in (2.13), i.e.
eVx,we -0 and Vxy,w.— Vx,a in LP(Q),
for some sequence w. € K. and it follows that

c |V6 (uE — wE) ﬁp(ﬂ) < /Q ((l(ZE, Vfus) — CL(:L’, VEwE)) - V¢ (us — ws) dx

< (frue — wehwy ) — / a(z, Vew,) - V& (ue — w,) dz — 0.
Q
Whence
eVx,ue -0 and Vx,u. — Vx,u in LP(Q).
The strong convergence u. — @ in LP () follows by Poincaré’s inequality in the Xy—direction.

This ends the proof. O

Remark 4. When K is a closed linear subspace of Wy (Q) the variational inequality (2.26) is
reduced to the integral identity

/ a(z, Vi) - Vo dx = (fywhwy) s Yw € K.
Q
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2.6. Perturbed p—Laplace operator. A common example of the function a is given by
a(z, &) =€P7%¢,  VEeR"and p > 1. (2.32)

This corresponds to the perturbed p—Laplace operator considered in Problem (1.1). We show
here strong convergences, even if the p—Laplacian is not strongly monotone for 1 < p < 2.
The following Lemma summarizes some inequalities related to the p—Laplacian, required

here and later in the last section. The proof can be found for instance in [8].

Lemma 5. For all p > 1 and £,n € R", it holds that for some constants C;, © = 1,--- 4
depending on p

Cr{lél+nly 2 16—l < (162 €~ i) - (€~ n) (2.33)
1672 € = =2 0] < Ca (Il + Inl}~2 kg — . (2:34)
If p > 2, then
(167> = 0P n) - (€ = m) = Cy lg —l” . (2.35)
If1 <p <2 then
16772 = PP~ n| < Cale =l (2.36)

The limit of u., solution of Problem (2.2), is the unique solution of the problem

/ IV, ulP > Vx,u-Vx, (v —u)de > (f,v— Wiye)» YV EK,
Q (2.37)

u e K.

The p—Laplacian is strictly monotone, and due to the inequality (2.35), it is strongly monotone
for p > 2, then the strong convergences (2.29) are ensured by Theorem 2. For p > 1 arbitrary,

we have the following theorem.

Theorem 3. Let p > 1 and u. be the unique solution of Problem (1.1). Assume that K. % K

as € — 0, then we have
us =>4, eVxue—0 and Vx,u. — Vx,u in LP(Q),
where U is the solution to the variational inequality (2.37).
Proof. Thanks to the first assertion of Theorem 2 we have
( EVxite > ~ ( o ) in L7 (Q), (2.38)
V X, Ue Vx,u

for the whole sequence and p > 1 arbitrary. To get the strong convergence, one note that

/ <|V5u5\p_2 Veue — |Vew, P2 V’Ew5> -V (ue —we) dz

Q

= ’v6U€|I£P(Q) + |v€w€|ﬁp(ﬂ) B / ‘V6u€|p_2 Veue - Vow.dz — /Q |v€w5|p—2 Vewe - Viucdr
Q

> ’vsuﬂip(g) + |ngs’§p(g) - |V€U6‘Iz;(19) X ]VEwa\Lp(Q) - ’vewa‘lz;(lg) X ’vE“€|LP(Q) .
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Hoélder’s inequality is used to obtain the two last terms. The above inequality can also be

written as
0 < (IVuelll) = IVowelll) ) % (IV¥0el 1oy = V¥l 1oy )

< / (\V‘Eug\p_Q Veue — |[Vew, P2 szg) -V (ue —we) dx
Q

< e = wehey = [ V0P Vo (= )
Since 4 € KC choosing w. € K, such that
eVx,we -0 and Vx,w.— Vx,a in LP (),
and passing to the limit in the above inequality we end up with
\VEUE]LP(Q) — |VX21TL|L,,(Q) , ase — 0.

Taking into account (2.38) the strong convergence follows since LP (2) is uniformly convex for
p > 1. This ends the proof. O

The above theorem can be used to give an equivalent definition of the space Wy (£2).

Corollary 4. Let €} be a bounded open domain of R™. Then, it holds that
u €Wy (Q) iff ue W(Q) and u(Xy,-) € Wol’p (Qx,), ae X;ell.

Proof. For u € Wy () there exists a sequence (uy), C D (§2) such that u, — v in W(Q). In

particular we have
IV, (un — U)|Lp(Q) — 0.

By the Lebesgue theorem we get - up to a subsequence -
IVx, (un (X1,°) — VXZU(XI,-))]LP(Qxl) — 0, for a.e. X7 €114.

Since v — |VX2U’LP(QX ) is a norm on W017p (QXI)’ we infer that w (Xl, ) c WOLP (QXl), for
1
a.e. X1 € I, and

Wo () C {u e LP (Q) (vX2u € [LP ()", u(X1,-) € WP (Qyx,), ae. X1 €11 } . (2.39)
For the converse inclusion, we use an anisotropic perturbation argument. Let
ue {u e L7 (Q) ‘VXQU € [LP ()", u(X1,") € WrP (), ae. Xi €10y } . (2.40)

Since Vx,u € [LP(Q)]""?, then we can take Vy, (|Vx2u|p_2 VX2u> € W, () as a source

term in the following quasilinear problem

/ |V€vg\p72 Ve, - Véudr = <VX2 (|VX2u|p72 szu) ,U>W @
Q 0

= /S]\VXQU\p2VX2u-VX2vdx, Yo € WP (Q)
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where the unique solution v; is in WOM2 (©). Choosing K. = Wol’p (Q) and K =Wy (), then
due to Lemma 3 and Theorem 3, we have

Vv = Vx, 4 in LP (Q)
where @ € Wy (€2) is the solution of problem

/vaZa\”vXQa-vXdexz/ IV x,ulP 2V x,u - Vx,vdr, (2.41)
Q Q

for every v € WO1 P(Q) . It remain to check that v = @ in Q. We give here a proof for cylindrical
domains, i.e.

Q) = w1 X wy, where w; C R? and wy C R"79, (2.42)
For general domains, i.e. not necessarily cylindrical, we can argue as in [10]. Let ¢; € D(w1)
and @, € W,y ? (w2), then we derive from (2.41)

/ 01(X1) [ |IVx, @l Vx,a(X1, X2) - Va,0(X2) dX2 dX,
w1 wo

— [ 0 [ 193l (X, %) Vapl(X) dXe dX ¥, € D),
w1 wo
since @1 € WyP(Q). Thus, for a.e. X; € wy, we have

Vo, 0P Vi, i(X1, X2) - Vi, 0a(Xo) dXo

w2

= / |VX2u|p72 VXQ’U,(Xl, XQ) . VXQQOQ(XQ) dXQ, \V/(pQ S Wol’p (OJQ) . (2.43)
w2

By (2.39) and assumption (2.40) we have u(X1,) € Wol’p (w2) and u(Xy,-) € Wol’p (w2), for
a.e. X1 € II;. Thus we can take u(X7q,-) — u(Xq,-) as a test function in (2.43) and it comes
that

/ (\vx2a|p‘2 Vi, @(X1, X2) — [Vx,ulP VXQU(Xl,XQ)) -V, (i — ) (X1, X5) dX5 = 0.
w2

Due to the strict monotonicity, which follows from (2.33) by taking ¢ = V% and n = V'u, we
infer that
(@ —u)(X1,-) =0 a.e. in wa,

for a.e. Xy € wy . This implies that & = u a.e. in 2 and the corollary follows. ]

3. CONVEX SETS WITH PERTURBED OBSTACLE CONSTRAINTS

In this section and in the next one, we give some examples of convex sets where the conver-
gence in the sense of Definition 1 can be ensured. We refer the reader to Chipot [6], Kinder-
lehrer and Stampacchia [18] for applications and more mathematical background about related
problems.

For e > 0, we consider a sequence of obstacles 1. € WP (Q) and the associated sequence

of convex sets

K.=Ky_:= {v e Wy ()| v >4, ae. in Q}
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The set K. is not empty provided that 1 := max {¢_, 0} € VVO1 P(€). Assuming that, in some
sense, 1, converges to some 1, € W (Q) such that 1§ € Wy (), one expects that the limit of
Ky_is

K=Ky, :={veWs(Q) |v>1gae inQ}.

To be more precise we have the following result.
Theorem 5. Under the above assumptions, if
Y, =1y, i LP(Q) ase — 0, (3.1)

then we have aw — EE—MK#JE C Ky,

Moreover if
Ve, — V%, in LP(Q) ase — 0, (3.2)

then it holds that a — lim. 0 Ky_ = Ky, .

Proof. Let v € aw — me_mKwE. Then there exists a subsequence v. € Ky_, such that
Vev, — V% in LP (Q). Since v. > ¢, a.e. in €, it comes that

/(ve—wmdmzo, Vo € D(Q) ¢ > 0.
Q

Due to Poincaré’s inequality, in the Xy — direction, v, is bounded in LP (§2). We have then

—up to a new subsequence— v. — v in LP () and using (3.1), it comes that

/wa—wmdm/<v—wo>soda:zo, Vo D (), ¢ > 0.
Q Q

Thus we have v > v, a.e. in Q, i.e. v €y, .

To establish the last assertion, we have just to show that Ky, C as — lim__,(Ky_. Let
v € Ky, then, due to the last assertion of Lemma 3, there exists a sequence w. € WO1 P(Q)
such that

Vew, — V%, in LP(Q) ase — 0. (3.3)
But w. may not belong to K., hence we consider the sequence
ve = max {¢, we} = (Y, — w) T +w. € WP (Q). (3.4)

It is clear that v. > v, , i.e. v. € Ky_. This sequence converges to v in the sense of (2.13).
Indeed, due to (3.2), (3.3) and the boundedness of the positive part as an operator on W1» (Q)

(see for instance Heinonen et al. [17, Lemma 1.22]) we have
Ve (e —we)™) = VO (g —v)T) i LP(Q)
and it follows that
Ve, — V° ((¥o — v)t 4 v) = V% in LP(Q) ase — 0.

This means that v € as —lim,_,;Ky_ and the theorem is proved. O
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4. CONVEX SETS WITH PERTURBED GRADIENT CONSTRAINTS

In this section, the convex set is determined by a constraint on the gradient of the solution.

Consider a sequence of nonnegative functions g, € L* (£2) and consider the set
K.=Ks_ = {v e WM (Q)| V| < B. ae. in Q} ,

which is a nonempty closed convex set of WO1 P (Q). The problem (2.2) with the constraint set
Kp_ admits a solution u. € Kg_, Ve > 0.

Assuming that 3, converges to some nonnegative function 3, in L (Q2), i.e.
1B = Bolpeo (o) = 0, as € = 0, (4.1)
one expects that the limit of Kpz_ is
K=Kg, :={veW(Q) | [Vx,v| < By ae. in Q}.
4.1. Preliminary results. Let us start by the first inclusion in (2.20).
Theorem 6. Assume that (4.1) holds, then aw — mg_)()Kgg C Kg,-

Proof. For § > 0, let

which is a convex and closed set in Wy (), hence it is also a weakly closed set.
Let v € aw —lim,_,oK 3.- Then there exists a subsequence v. € Kg_ (still labeled v.) such that
Vev, — V% in LP (Q). As B, — By in L™= (Q), then 8. < By + 9, a.e. in Q, for € small enough,
and it comes that

IVx,ve| < |V < B, < By+9, ae. in
Thus v, € Mg, for € small enough, which implies that its weak limit v also belongs to Mj.
Since this holds for arbitrary § we deduce that v € (5.0 Ms = Kpg, . u

To show the other inclusion, i.e. Kg, C as — lim._,,Kpg_, we have first to check that
Ks, C L™ (Q).

Lemma 6. Let Q be a domain of R™, bounded in the Xo—direction, then
{v]veWy(Q),[Vxyvl € L ()} C L™ (Q).

Proof. As D () is dense in W) (2) by definition, the canonical extension u — @ (z) , where

. S ou(x), z€Q
u(a;).—{o’ rd 0

define a continuous mapping from Wy (2) to W (R™) and it holds, in the distributional sense,
that
Vx,u = Vx,u Xq. (4.2)
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Let u € Wy (Q2) such that |Vx,u| € L>®(Q). We consider the ball B C R" 7 such that

Q CC R? x Bg and we denote by u. the convolution of 4 defined as

we(@) = poxie) = [ p@)ite—y)dy (43)
for a.e. z € R", where p, is the usual mollifier in R". We can show that
us — 4 in LP(R") and  [ue|ppr) <[]0 (g) -
In particular
us — @ in LP (R? x Bg). (4.4)

Going back to (4.3), one has

&Eius(m):/pe(y)axiﬂ(:x—y)dy, fori=q+1,---n
R

and thus

n

Vixyue (@) = ) 100ue (2)]* < /Rn p- () IVx,a (x —y)|*dy

i=q+1
by Jensen’s inequality. Thanks to (4.2) and |V x,u| € L™ (), it holds that |V x,u| € L* (R™)
and thus

|V x,us| € L™ (R").

For ¢ small enough, supp(u.) C R? x Br and by the mean value theorem, applied for the

smooth function u., it follows that
lue|] < CR a.e. in R? x Bp,

for some constant C. Since the convergence (4.4) preserves boundedness in L> (R? x Bg), we
infer that

|| < CR a.e.in R? x Bp,

which means that u € L™ (2) as claimed. O

Remark 5. If we assume p > n — q, the above lemma follows by using Sobolev’s injections.
In fact, for a.e. X1 we have u(Xy,-) € Wy (Qx,) € L (Qx,) and

|U(X17')|L°°(QX1) < C|VX2U(X17')|LP(QX1)

since 2 is bounded in the Xo—direction, whence
lu (X7, ')‘LOO(Qxl) < C|Vxpulpm(qy, for ae Xi,

where the last C' is independent of X1. Thus |ul ey < C|Vx,ul g0 -
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4.2. Convergence for cylindrical domains. Let now v € Kg_, due to the last assertion of
Lemma 3, there exists a sequence v, € I/VO1 P (Q) such that Vv, — V% in LP (Q). To insure
that v € as —lim__,(Kp_, each v must be chosen in Kp_, i.e. v. satisfies a constraint on the
gradient |V°v.| < B, a.e. in 2. Such a sequence v, can be explicitly constructed for some
types of domains as it will be described in the remainder of this section.

We assume in this subsection that € is cylindrical, i.e.
Q) =wi; Xwsy, wi CR?and wy C R"Y (4.5)
where wi is a regular bounded domain.
Theorem 7. Assume that (4.1) and (4.5) hold. In addition suppose that
Bo€eC () and B, >0 >0 ae. in Q, (4.6)

for some constant o. Then Kg, C as —lim._,(Kp_, i.e. Kg, = a —lim.o Kp_.
(C () is the space of restrictions of C (R™) —functions to Q).

Proof. First, we proceed by truncation to show that the set
Dg, = {v € Kg, | supp (v) C w1 x Wa} (4.7)

is dense in g . Then the support of the functions of Dg, can be kept in w; x Wy after
a partial regularization in X;. This leads to define, for each function in Dg , a converging
sequence in Kg_ towards this function. Due to Lemma 2, this is sufficient to conclude that
Ks, C as —lim,_, Kgz_.

i) Truncation. Let v € Ky, and for a small d; > 0, consider the set
wll = {Xl € w1 | dist (Xl,]Rq\wl) > dy },

and the truncated function

v = VXt
where x, is the indicator function of the set w]. We still have

‘VXQ’U,’ < By a.e. in €,

i.e. v' € Kg,. Moreover, for any 0 > 0, there exists d; > 0, small enough, such that

’vX2 (” - U/) ’LP(Q) - ’VXQUXWI\Wﬁ Lr(Q)

IN

|/80’oo ’le\w/l Lr(Q)

= |Bols [meas ((wi\w]) x w2)]% <4,

which is nothing else than the density of the set of functions, supported far from the boundary

w1 X wa, in K:ﬁo'
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ii) Regularization in the X1 — direction. For o € (0, 1), consider the (positive) e*—mollifier

pe (X0 = o (5. (45)

é-a

sequence

Let v € Dg,, then for ¢ small enough we still have supp(p. * v) C w1 X W2, which in particular

implies that
pe*V € Wol’p(Q).

Extending v by 0 outside €2, we can show that for a.e. Xy € wo

pe*v (-, X2) — v(,X2) in LP(RY)
Vx, (poxv(,X2)) = p.*xVx,v(,X2) = Vx,v in LP (RY).

Since
[Vx, (pe v (‘aX2))|Lp(Rq) < |P|L1(Rq) IV x,v ('7X2)|LP(RQ) = |Vx,v ('7X2)|LP(]R‘1) )
by Lebesgue’s theorem in R"™¢ we derive
Vx, (p. *v) = Vx,v in L (R"). (4.9)
On the other hand, we have

Oz (pe * ) ()

(@ripe) + v ()
= [ Bup ()0 (- Vi Xy vy
Ra

1 1 Y,
= gia @axzp <€;)U(X1_Y17X2)dY1, fOI"[::]_’-.. ,q.
Ra

Then by the property of the convolution product in L? (R?) one gets

|€0a, (pe *v) (-, XQ)’LP(]RLI) < el ‘axilo‘Ll(]R‘l) v ('7X2)|LP(R‘1)
Ce'™® v ('7X2)|Lp(Rq) :

IN

Elevating to the power p and integrating on R”79, it comes
€0y, (pe * V)l ppgny < Cel™@ vy, fori=1,--- g,

i.e.,
eV, (pe % )| o) = 0 as e = 0.

Thus, taking into account (4.9), we deduce that

Ve (p.xv) = V% in LP(Q) as e — 0. (4.10)
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Until now, the convenient sequence is not yet defined since p, * v may not belong to K.
Due to Lemma 6 it holds that g, C L* (2) and thus
IV (pe x v) < e (Vxype) * v] + [pe % Vi
< G ol + e [Vixz0]
< O ol + 2 * By
< Ce' "ol + Ip=* Bo — Bol + 180 — Bel + Be
hence
[V (pe % 0)| < Cc + B, (4.11)

where C; — 0, as ¢ — 0. This implies that (recall that 5. > o)

Ce
V¥ (p. 5 0)| € o+ B < (14 Ce/o) B,

i.e.

1
Ve :

= e K
1+C’E/0p€*v Be

and
Vev, — V% in LP(Q) as e — 0.
(In the above estimates we used the fact p. x By, 5. — B¢ uniformly in R? x wa, 5, (+, X2)

assumed to be extended outside w; for a.e. Xy € wq). This completes the proof. O

4.3. Convergence for some noncylindrical domains. We consider now two classes of

domains satisfying some star-shapeness type properties.

4.3.1. Star shaped domains in the Xo—direction. We assume that each section Qx, is regular
and intersects the hyperplane X9 = 0. The domain € is said to be a star shaped domain in
the X9—direction if

QyCQ, VYA>1, (4.12)
where
Q)\ = {(Xl,XQ) cR" ’ (Xl,/\XQ) S Q} .
For v € Wy(Q) (resp. v € Wol’p(Q)), we set
'U)\(X]_,XQ) = U(Xl, )\XQ), (413)

and it is clear that vy € Wy (2)) (resp. vy € Wol’p(QA)), for A > 1, and so it can be extended
by 0 to have vy € Wy (€2) (resp. vy € Wol’p(Q) or vy € WHP(R™)). Tt is also easy to check that

VXQ'U)\ =A (VXQU)/\ :
Due to the mean continuity of the LP—functions, (see Necas [26, Page 51]), we have

lim vy =v and lim Vy,vy = Vx,v in LP(Q).
A—1 A—=1
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Moreover, we can easily see that |vy|,, = |v], and if v € Kg, then

o
Ao +2[(Bo)x = Bols)
Indeed, without loss of generality we can assume 3, > o /2 and for v € Kg, we can write
[Vax,oal = A(Vx,0)5] < A (Bo),
< A(I(Bo)x = Bol + o)

<y (=0

So we end up with I\vy € Kg . We have to mention that the function I vy will play an essential

Iy € Kg, where I =

> < BO/I)\, a.e. in Q)\.

role in the following to show that a — lim._,o Kg_ = K, since

lim Vx, (Iyvy) = Vx,v in LP(Q). (4.14)
A—1

The last limit is an immediate consequence of limy_,; I, = 1 which is fulfilled thanks to the
uniform continuity of 8, on Q.

On the other hand, if dist (supp (v),09) = 0, we may also have dist (supp (vy),08) = 0.
The set of points that keeps supp(vy) and 92 adhesive, is included in 92NNy, for A sufficiently

close to 1, see Figure 1. To be more precise, we consider the set M defined as follows
(Xl,XQ) eEM& d)g (Xl) > 1, such that (Xl,XQ) € 00y, VA € [1,)\0 (Xl)] s
< I (X1) > 1, such that (X1, AX3) € 0Q,V € [1, Ao (Xl)] . (4.15)

The set M is not empty. In fact, since the intersection of every section €2x, with the hyperplane

X5 = 0 is not empty, then
V(X1,0) € 09, we have (X71,0) € 0Qy,VA > 1,

ie. (X1,0) € M. Note that (4.15) implies, for a fixed X, that the whole segment
{(X1,A\X32) | VA € [1, A0 (X1)]} is included in ON2.
Define M as the projection of M on the hyperplane X5 = 0 and for s > 0 we denote by

M; its s — neighborhood (see Figure 1), then we have the following theorem.

Theorem 8. Assume that (4.1) and (4.6) hold. In addition suppose that Q satisfies (4.12)
and
meas (Ms) — 0, as s—0, (4.16)

then Kg, C as —lim__,(Kg_, i.e. Kg, =a —lim.o Kp_.

Proof. Let v € Kg,. As above, we proceed by truncation (which is more delicate in this case)
and regularization in the X; — direction of the function vy, defined by (4.15).

i) Truncation. The function vy is not necessarily supported inside €2 because of the points
of the set M. To recover this property and ensure it certainly, we need to avoid this kind of

points by considering the truncated function

V=V XQ\(MsxRn—4)5
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A
Ms < R

FIGURE 1. A star-shaped domain in the Xo—direction

for which we have I,0) € Kpg,, with a support strictly included in €. Then under the assump-
tion (4.16), we have

Vo (Dox = Do) [ o) = IA‘(VXQUA) Xan(MexRr =) o

< 1Bolso ‘XQO(MSXR"*Q) Lr(Q)

< C|,80\Oo(meas(Ms))%—>O (as s = 0).

Thanks to Lemma 2, it is sufficient, in the following, to consider functions vy such that
dist (supp (vy),00) > 0.

ii) Regularization in the X; — direction. Let p. (X1) be the mollifier sequence defined in
(4.8) and for every X; € II; extend vy by 0 outside Qx,. Note that for € small enough, it holds
that p, * vy € Wol’p (€2). Since |[I\vy|y, < |val = |V|o then arguing as above, this time with

the function Iyvy, we deduce
Ve (p. * Lyy) — LVO%y in LP(Q), as € — 0. (4.17)

The desired sequence is given by
1
Ve, X 1= WPE
where C; is still defined by (4.11). It holds that |V®uv. | < . a.e. in 2, which means that
vex € K_. Due to (4.17), it follows that

% (Ivy) € Wy (Q), (4.18)

‘nge’)\ — I)\VOU)\‘LP(Q) —0, ase—0

and thus Iyvy € as—lim,_,,Kp_. Taking now (4.14) with Lemma 1 into account, we infer that

v €as—lim._,,Kp_, and the theorem is proved. O

4.3.2. Star-shaped domains. We consider now that €2 is a star shaped domain, i.e.

Q,CQ, VA>1, (4.19)
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XZ A

FIGURE 2. A strictly and non-strictly strar-shaped domains

where this time Q) := {z € R" | Az € Q} . The star-shapeness is strict if the above inclusion
is strict, i.e. Q) CC Q, VA > 1.

Remark 6. Star-shapeness in Xo—direction does not imply star-shapeness (in all directions),

or vice versa. This can be easily verified in dimension two (see Figures 1 and 2) .
For v € Wy (Q) (resp. € Wol’p(Q)), we set this time vy(z) = v(Az) € Wy () (resp.
€ W& P(€,)) and as in the previous case we can check that,
lim Iyvy =v and lim Vx,l vy = Vx,v in LP(Q).
A—1 A—1
Moreover if v € K, then I\vy € Kg,. In this case we have also
Theorem 9. Assume that (4.1) and (4.6) holds and that Q0 is strictly star-shaped, then
Ks, C as —lim.,0Kp_, i.e. Kg, = a —lime0 Kp_.

Proof. We follow the same argument as in the proof of Theorem 8. The truncation step is not
needed. O

Remark 7.

i) It is also possible to assume that S is a strictly star-shaped domain with respect to another
point a in Q) else the origin, i.e. & — a is a strictly star-shaped domain. Of course assuming
this allows to keep the result of the above theorem.

ii) If the star-shapeness is not strict, then the argument of truncation (in the Xi-direction),
to avoid the points of M defined above, may not work. In dimension two, this is illustrated
in Figure 2 where the right domain is not strictly star-shaped. The assumption (4.16) cannot
hold because meas (M) > 0.

5. PROBLEMS WITH CONVEX SETS DEFINED ON THE SECTIONS
In this section we suppose that €2 is cylindrical namely
Q= w1 X wa,

where w1, ws are bounded open subsets in R? and R"™P respectively.
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5.1. Problems setting. For ¢ > 0, let K. (X1) be a family of closed convex sets of Wol’p (w2)

depending on X;. Then we consider two problems having constraints involving this family.
5.1.1. Problem with perturbed operator. We consider the set
G = {’U € Wol’p (Q) |v(X1,) € K. (X1), for ae.X; € wl}
for which we have the following assertion.
Proposition 1. The set G is closed in Wol’p (Q) and convex.

Proof. 1t is easy to see that G. defined above is convex. Let then v, € G. be a converging
sequence in WO1 P (Q). Denote v its limit. Applying the inverse Lebesgue theorem in LP (w)

we deduce that -up to a subsequence-
/ lvn (X1,-) — v (X1, ‘)|p dXs — 0 a.e. in wq
w2

and thus v, (X1,) = v (X3,+) a.e. in we (up to a subsequence). This means that v (Xq,-) €
K. (X1), for a.e. X; € wy, since K. (X1) is closed which ends the proof. O

By consequence, for f € v (), there exists a unique u. in G, solution to the following
perturbed problem
/ |Veu P2 Veu, - V€ (v — u.) de > / flv—u.)de, YveQG:,
Uue € Ge.

5.1.2. Problem with unperturbed operator. In order to see how the behaviour of u., solution to
(5.1), looks like as e — 0, we will consider two problems with unperturbed operators defined as
natural limits of the perturbed p—Laplacian defined in (5.1). In fact since there is a reduction
in the dimension we are, of course, led to consider a limit problem defined on wo and for
technical reasons a possible equivalent one defined on the whole 2. For a.e. Xj in w1, let us

consider
/ IV x,w (X1, )P Vxw (X1,) - Vi, (v —w (X1,+)) dX2
w2

> | flv—w(Xy,))dXs, Yoe K. (X1), (5.2)

w (Xl, ) S Kg (Xl) .

The solution w of the above problem exists and is unique since the operator is strictly monotone

and it can be considered as a function on the whole 2. Then set
Ge :i={veWy(Q) | v(X1,-) € K. (X;) for ae. X; €wi},
where the W (€2) is defined above and can be written here as

Wo (Q) = LP (wl; Wol’p (w2)> )
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Arguing as in Proposition 1, we can show that
the set G is closed in Wy (2) and convex. (5.3)

Thus the second problem, having G, as constraints sets,

/ IV x,we P2 Vx,we - Vi, (v —we)de > / f(v—w:)dx, Yve G,
9 o (5.4)

We € Ge.

has a unique solution w,.

Remark 8.
i) It is clear that G. C G..
i1) The regularity of w, solution to Problem (5.2), in X1—direction depends on the reqularity

of f and on the convex sets G.
In the sequel we need the following convexity type lemma.
Lemma 7. Let ¢ be a smooth function in C* (w1) such that
0<¢(X1) <1, VX1 € w;.
If v1,v9 € G then pu1 + (1 — p)v2 € Ge.
Proof. If vi,v9 € G, then for a.e. Xy, v1 (X1,-),v2 (X3,-) € K- (X1) and
@ (X1) v (X1,) + (1 =@ (X)) v2 (X3,-) € K (X1)
This completes the proof since pv; + (1 — ) va € Wy (R2) . O
Proposition 2. Assume, for a.e. X1 € w1, that
the set of restrictions of functions from G, on Qx, is dense in K. (X1), (5.5)

then Problem (5.2) and Problem (5.4) have the same unique solution.

Proof. Thanks to the uniqueness of the solution for the two problems, it is enough to show
that we, solution to (5.4), is also a solution to Problem (5.2). Taking as a test function in

(5.4), thanks to Lemma 7 and for v € G, w. + % (v —w;) where p 2 0, p € D (w1), we get

/ (10/ ‘VX2w8|p_2 ngws : VXQ (U - ws) dXs dX1 > /
w1 wa

w

@/ f (v — we) dXy dX.
1 w2

Since ¢ > 0 is arbitrary in D (w;) we can rewrite the above inequality, for a.e. X1, as

|VX2w€|p_2 ngwE (Xla ) . VXQ (U (X17 ) — We (Xb )) dX2

z/ F(X1) (0 (X1-) = we (X1.-) dXa, Vo € G..

By the density assumption (5.5), this means that w. (X1, -) is also a solution to (5.2) for a.e.
X1. This ends the proof. ([l
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Remark 9. Here is some cases where the assumption (5.5) holds.

i) The set of restrictions of functions from G. on Qx, is equal to K. if the convex set
K. (X)) = K. is independent of Xi. To see this, we can consider K. as a subset of G., since
for all vy = vy (X2) € K. we have v (x) = v2 (X2) € Ge.

i1) We get the same conclusion if the family of convex sets K. (X1) is defined by an obstacle,
ie. Ke(X1) = Ky_(x,,) where . € W (L), such that v € Wy (Q). Indeed, for a fived
X1 € wy and any v € K. (X1), t.e. va > ¥, (X1,-), we consider the function v € Wy ()
defined as

v (X1, X2) = max {¢, (X1,X2),v2 (X2)}.

Clearly v (X1,-) = vg and v € G. since v(X1,-) > . (X1,-) for a.e. X; € wi.
5.2. Rate of convergence. Let wj CC w; and denote
Q=W x ws.

The following theorem ties the behaviour of the solution of problem (5.1) to the behaviour of

the solution of problem (5.4).

Theorem 10. Assume that there exists a sequence v. € Ge for all e > 0, satisfying (2.6).
Then

Veu. and V x,w. are bounded in LP (§2) (5.6)
where us (resp. we) is the solution of problem (5.1) (resp. (5.4)).
Assume in addition that w. € WP (Q), then :
o Ifp=2

e = el oy [V5 (e = we)| o)

_1
(p—1)

1 p—2
< Ce®D {(|5VX1U)5|LP(Q) + 1) ‘VX1w8|LP(Q) + 1}

e Ifl<p<?

e = wel oy V5 (e = we)| o)
. (2—p)
< Cert <|VX1ws|I£;(Q) + Ez_p) (|5VX1w€|l£p(Q) + 1) !
e In particular if p = 2 then
ue = welp2iqry, [V (e — we)| g2y < Ce ('VX1w5|L2(Q) + 1> ’

Proof. First, the boundedness of Veu, follows directly from Theorem 1, and the boundedness
of Vx,w, follows also by the same argument used to show Theorem 1.
In the sequel of the proof, we shall use the following smooth cut-off functions depending on
X1 and satisfying
0<p<1, supp(p) Cwi,p=1onwi.
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Let & = max {2, p}. Then we test Problems (5.1) and (5.4) by
UZUE"‘pa(wa_ua)eGa) U:wa+Pa(ua_wa)Ega

respectively we get
19 Ve 0 e = ) de < [ 1 e = we) e
Q

[ IVt 2 s Vi, (6 (e~ w)) do > [ 5 (0~ ) do
Q Q

Combining the above inequalities yields
/ |Vau€|p—2 gleuef . EVXl (pa (u8 - wa)) d
Q V x, Ue PV x, (us — we)
S / pa |VX2w6’p_2 VX2w€ : VXQ (ué‘ - wa) dl’,
Q
then
/ P& \Vgua\p_2 Veue - VE (ue — we) do < / P& \VX2w€|p_2 Vx,ws - Vx, (us — we) dzx
Q Q

- 0452/ P (ue — we) [Voue P2 Vx, ue - Vi, pde.
Q
Setting
I, = / P~ {\Vauglp_2 Veu, — |V‘Ew€]p_2 Vaws} - Ve (ue — we) dz,
Q
then the above inequality can be written as
I, S/ P~ {‘V0w€|p_2 Vows - |sz€|p—2 Vaws} Ve (e — we) dx
Q
— 52/ p* |V5wg|p72 Vx,we - Vx, (ue —we) dx
Q
- a52/ P27 (e — we) |VouelP 2 Vx, ue - Vix, pda. (5.7)
Q
Applying inequality (2.34) we get
I. SC’/ P {|Vew. | + |V x,we |2 |V0w5 — V| |V0 (ue — we)| dz
Q
+ 52/ P |VEw P2 |V x we| | Vix, (ue — we)| da
Q
ros / P IVl e — el [V¥uel” ™ [ Vx, e dor (5.8)
Q
and by consequence we derive
I. < Ca/ IVew. [P~ |V x, we| [pVE (ue — we)| da
Q
+Ce? / IVeue P2 |V x,ue| | p (ue — w.)| dex. (5.9)
Q

Then we distinguish two cases according to the values of p.
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o If p > 2, then thanks to the Holder inequality (where p;% + % + ]lo =1 and 1%1 + % =1),
it follows that

I. < Ce| Vw7, ’vX1w€‘LP ’pvg (ue — wé)’LP + Ce|Vouelp, ‘P( we)‘LP(Q) :
The LP—Poincaré inequality on wo in the last term yields
P (ue — w€)|LP(Q) <c ‘PVO (ue — ‘Lp < C|pV© (ue ws)|LP(Q) :
Thus
Ic < Ce {‘VEU)E‘ ‘VXl"wa‘Lp + [VEouelf, Q)} [PV (ue — w8>’LP(Q) : (5.10)
Due to the uniform monotonicity of the p — Laplacian (2.35), we derive since a = p
03 |pv8 (’LLE - ’UJE) IL’/p(Q) < Iz-:
{|V5w5| P() VX, we| o) + |V€UE‘LP(Q } 1PV (ue — we)l gy »

i.e.
- R 1 V@D
V% (e = we)l oy < C0D L IVEwel ) 19,0 oy + 970l b (5.11)

and taking into account (5.6), we end up with
1) 1/(p=1)
PVF (e = w2)| oy < O/ {vamm ) +§ .
e If 1 < p < 2, then the inequalities (5.9) and |[V=¢[P~2 < eV x, €7 2imply
I. < Cepl/ IV x,we|P |pVE (ue — we)| da + Cs/ eV x,uelP ™ |p (ue — w2)| da.
Q Q

Thanks to the Holder inequality (where pp%l + 1 =1), it follows that
I < CeP™! |VX1w€| ‘PV5< wE)‘LP + Ce |EVX1U6’LP(Q) |p (ue ws)’LP(Q)
and applying Poincaré’s inequality on wy we get
I < Ce [V well o) + €77 eV el ) 1V (e = 02) gy (5.12)

Since av = 2, we rewrite (2.33) for £ = V®u, and n = V*w, as
p

|pVE (ue —we)|P < C {,02 (|V5u£|p72 Veue — |Vew, P2 V€w5> -V (ue — wg)}E

X {IVouc| +|V°

Integrating on 2 and applying Hélder’s inequality (where § + Tp = 1) in the right hand side,

we get
(2—p)

< [ 0vud + 177w as

[N4S)

IpVE (ue — wa)’gp(g) < C ()
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Taking into account (5.12), it follows that

p

D 2
PV (e = we) 1y < CE0 D {|V Bl + €2 P eV x e |
(2—p)
2
X {|v6us|lzp(9) + ’VEwEﬁ,p(Q)} )

ie.,

|pVE (ue — w€)|Lp(Q) < Cert {|VX1w6|I£;(IQ) +e¥P |5VX1UEVJ;(1§2)}
(2—p)

IVl o) + V0Ll b T (513)

Taking into account (5.6) and ]V6w5|’£pm) < o7t {|€VX1w€|I£p(Q) + \VXQwEVip(Q)}, we end
up with

(2—p)

|pVE (ue — ws)|LP Q) < Cel™ ! {|VX1ws|Lp +e* p} X {‘EVX1WE’Z£I)(Q) + 1} ’
This ends the proof of the theorem. O

The behaviour of u. depends essentially on the behaviour of V x, w.. This is more empha-

sized in the following corollary.

Corollary 11. Under the assumption of Theorem 10 we have
Assuming that eV x,we is bounded in LP (), 1 < p < 400, then

[ue — Wel ooy VE (Ue = we)| oy are bounded. (5.14)
Assuming that V x,we is bounded in LP () then :
o Ifp>2
1

|U€ — w€|LP(Q’) s |V6 (UE — w5)|Lp(Q/) < Ce-1),
o Ifl<p<?2

[ue = wel oy V5 (Ue = we)l o) < CeP.
e In particular if p = 2 then

IV, (ue = we)| 2oy <€ and  (ue —ws) =0 in H' ().

Proof. We need only to show the last weak convergence. If p = 2 then V (u. — w,) is bounded
in L2 (€') and we can extract a weakly converging sequence in L? (€) that should have the
same distributional limit, which is 0 since (u. — w.) — 0 in L? (). By the uniqueness of the

limit, the whole sequence (u: —w.) — 0 in H! (€'). This ends the proof. O

In accordance with Remark 1-ii, we can state the following generalization of Theorem 10.
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Theorem 12. Assume that there exists a sequence ve € G for all € > 0, such that

|V€v5|Lp(Q) =0 (e77), for some vy >0, then
[VEue| o) = O (e77) and |V xoWe| o) = O (7). (5.15)

Assume in addition that w. € WP (Q), then :
° Ifp=2,

1

p—1

€ )P 1—y(p—1)
|V (ua — wg)’Lp(Q/) S C <’5vx1w5’Lp(Q) +e ) ‘EVXI’U)g‘Lp(Q) +e€
(5.16)
o Ifl<p<2,

(2—p)

V2 (e =) oy < C (JeVxselfy +2' 7070 (|eV el +277) 7 (517)
e In particular if p = 2 then
IV (e = w2)l 2y < C (eVix el gy +2177) (5.18)

Proof. The estimation of V®u, is already stated in Remark 1-ii and the estimation of V x,w,
can be obtained by an analogous argument. The inequalities (5.16) and (5.17) are direct

consequences of (5.11) and (5.13) respectively. O

Example. The above theorem extends earlier results, obtained in [10], to nonlinear pro-
blems and variational inequalities. Let us give another example illustrating the above results.
Let ¢, € Wy (Q), ¢. € Wy (w1) be smooth functions such that

¢F €Wy (Q), ©.>0onQ and %deW(}’P(Q),

Pe

Then consider the following non empty convex set related to ¢,
G. = Go = {pp € Wi (Q) | 0 € Wy (w2), 0. (X1) 9 (X2) 2 6. (¢) ae. w € Q).
For X € wi, we define the convex set K. (X1) as

Ko (X1) = Ky (x,) = {9 (X1) 9 € Wg 7 (w2) | 9 (X2) = 15, (X1, X2) ave. Xp €wp .

It is clear that K. (X;) is not empty since ¢ (X71,-) = f(()){(ll’)') € Wol’p (w1).
Thanks to Remark 9-74, the hypothesis (5.5) holds and thus Problems (5.2) and (5.4) have
the same solution in this case. In particular, the convergences of Theorems 10, 12 and Corollary

11 depend on the behaviour of ]V@€|Lp(wl), as € — 0.
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