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INTRODUCTION



One of the major challenges for the time being, in many fields and applications is
reducing energy consumption as well as the energy control. Over the last years, the worldwide
energy consumption has been rapidly increased, and the energy supply has become one of the
important concerns of every government in the world. The deteriorating economy have fully
reflected the scarcity of the conventional energy resources and the wide gap between rising
demand and limited supply in the energy market as that resources are nonrenewable and being
consumed far faster than being replaced. Moreover, their gaseous emissions lead to a many
environmental problems like global warming and ozone depletion. Therefore, the heat
management solutions have become more required nowadays and have recommended for more
energy conservation efficient devices such as heat exchanger and heat pipe that are extremely

used in the energy storage and recovery system.

The heat pipe technology is already successfully implemented in varied industrial thermal
management applications like electronic cooling, spacecraft thermal control, transportation
systems, solar systems and automotive industry. It also had a very important role in the heat
exchangers function improvements and energy saving and show that it could manage a wide
range of industrial applications with the indisputable advantage of being cheaper and more
flexible in different shapes and designs. However, the internal modeling of the physics that
govern this device operation presents a challenging problem for the engineers and researchers
to study its thermal performance which is greatly affected by several parameters such as

geometry, dimensions, working fluid, wick materials etc.

For that purpose, the numerical resolution has become an important and useful method for this
kind of complex studies. In the presented work we proposed a numerical simulation of heat
transfer within a cylindrical heat pipe using COMSOL Multiphysics package which is based on
the finite element method. The mathematical model is described by Navier stokes and energy
equations and constitutive porous medium flow model to predict the behavior of the flow in the

heat pipe cross section using some necessary assumptions to simplify the problem.

The objective of this work is to determine the effect of different parameters such as Rayleigh
number, permeability and aspect ratio on the flow structure, temperature distribution and
velocity field within the annular space that represents a heat pipe cross section for two cases.
The first one where the annular space is filled with Newtonian fluid (air) and the second one

with a fluid saturated porous medium.



The manuscript consists of four chapters. In the first chapter we provided an overview on heat
transfer, the basics of heat pipes and previous works available in the literature that performed a
various studies on heat pipe, the second chapter describes the mathematical model that have
used in this work, including details on heat pipe structure, the governing equations in
cylindrical coordinates, their dimensionless form and the boundary conditions and
assumptions. In The third chapter we exposed an overview on Comsol Multiphysics software

and the numerical simulation steps to solve the equations that describe the problem.

The fourth and the last chapter which is devoted to the results and their discussions, is divided
into two parts after validation process , the first part of the results deals with the case where the
annular space is filled with air, while the second part deals with the space filled with fluid
saturated porous medium. We completed the manuscript with a conclusion that summarizes the

main results.
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1.1 Overview on heat transfer :

Heat can be transferred from one body to another or from one location in a same body to another
and this process is known as heat Transfer which is the science that seeks to predict the energy
transferred between bodies as a result of a temperature difference. Heat only flows from a body at
higher temperature to another at lower temperature. Although this look obvious, but this natural law
is very important from the thermodynamics point of view. The science of heat transfer seeks not
merely to explain how heat is transferred, but also to predict the rate at which the exchange will
take place under certain specified conditions. [1]

Three mechanisms of heat transferare important in the environment of plants and
animals: radiation, convection which is the transfer of heat by moving air or fluid,
and conduction in solids (and non-moving gases and fluids) which depends on the exchange
of kinetic energy between molecules. Two types of convection are important, forced convection

and free convection which a result of density difference. [2]

convection
vapor

i Ld

;
radiation Wet clCi e et |
convection curk.

Figure 1.1: Modes of heat transfer. [3]

1.2 Background on heat pipe :

The heat pipe is one of the remarkable achievements of thermal physics and heat transfer

engineering in this century because of its unique ability to transfer heat over large distances


https://www.sciencedirect.com/topics/earth-and-planetary-sciences/kinetic-energy
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without considerable losses [4]. Generally, it is a heat mover or heat spreading device and it
acquires heat from a source and transfers or spreads it to a sink region. The heat transfer ability is
the most important factor, and it has to be designed to maximize with various influencing
parameters. It needs very little drop in temperature to move the heat. Typically the heat pipe is a
simply sealed and vacuumed tube with a porous wick structure to generate capillary force which
is the most important factor to improve the heat transfer performance and a very small amount of

working fluid is charged inside.

Evaporator Condenser

Heat Turns Liquid to Vapor Cooled Vapor Turns Back to
that Travels Toward the Liquid and Returns to the
Condenser (Fin Stack) Evaporator (Heat Source)

Figure 1.2: Cylindrical heat pipe [5]

Various parameters to maximize heat transfer ability of a heat pipe are influenced by working
fluids such as nanofluids, pumping pressure, friction loss toward length, charging ratio,
inclination angle, and so on. [6-7] If there is no structural change in the heat pipe such as porous
wick, container, orientation, diameter, length and other changes, the working fluid is the main
solution to improve the heat transfer performance of heat pipe. The correct choice of working
fluid is the important factor which can lead to decrease the thermal resistance of a heat pipe. In
recent days, nanofluids as the new working fluids of heat pipe have been tried to be adopted as
the heat transfer fluid. [8-9]

Due to their low weight, zero maintenance, low cost and reliable functionality, heat pipe
applications are varied from aerospace engineering to consumer specific electronic devices such
as power supplies, laptop and desktop computers, audio amplifier components... etc. From the
electronics cooling and HVAC applications to biomedical engineering, all these applications are
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because of its great design flexibility, high thermal effectiveness, simple fabrication, and easy

control.

Figure 1.3: Laptop computer heat pipe system [10]

Many different types of heat pipes As micro heat pipe , pulsating heat pipe and loop heat pipe
and other types developed in recent years to address electronics thermal management problems
[11,12] , solar energy [13,14] as well as lots of other applications [12,15,16] and are shown

promising results. Some of these types are illustrated as follows:

Condenser Closed port

: er .
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1. ___I Net heat
flow, Q
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Figure 1.4 Schematic of an oscillating heat pipe [17]
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Figure 1.5: Geometry of micro-heat pipe [18]

Evaporator
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Condenser

Temperature
RESERVOIR Control heater
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Figure 1.6: Geometry of loop heat pipe [19]
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1.3 Fundamentals of Heat Pipe:

Heat pipes are passive heat transfer devices, which have very long lives when properly
designed and fabricated. Long life is critical in applications such as spacecraft thermal
control, where heat pipes in satellites can operate for decades, with no opportunity for
repair or replacement. Most of the problems with long term operation of heat pipes are
caused by material compatibility between the working fluid and the heat pipe material [20]
The operations of a heat pipe are simply explained based on a cylindrical geometry as an
example, shown in Figure (1.8). However, the shape and size of the heat pipes can be different as
we mentioned previously.

Heat pipes are consisted of a closed container or envelope (pipe wall and end caps), a wick
structure, and working liquid in equilibrium state with its own vapor. Most used working fluid
choices are water, acetone, methanol, ammonia, or sodium depending on the operating
temperature. The external walls of heat pipe are split into three sections: the evaporator section,
adiabatic section and condenser section. Although, a heat pipe can have no adiabatic section and
also could have multiple evaporation and condensation sections depending on specific

applications and design.

EVAPORATOR CONDENSER
HEAT IN HEAT OUT

HILLL

i | TN

HEAT IN HEAT OUT

Envelope: Sealed outer wall that
contains wick structure and
working fluid

~ Wick: Vapor condenses and
travels along the wick to
evaporator by capillary action

— Working Fluid: Vapor travels
through center to the condenser

Figure 1.7: Heat pipe components [21]
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The heat input vaporizes the working fluid in liquid form at the wick surface in the
evaporator section. Vapor and its associated latent heat flow toward the colder condenser
section, where it condenses, giving up the latent heat. Capillary action then moves the
condensed liquid back to the evaporator through the wick structure.

Essentially, this operates in the same way as how a sponge soaks up water. Phase-change
processes and the two-phase flow circulation in the heat pipe will continue as long as
there is a large enough temperature difference between the evaporator and condenser
sections. The fluid stops moving if the overall temperature is uniform, but starts back up
again as soon as a temperature difference exists. No power source (other than heat) is
needed. In some cases, when the heated section is below the cooled section, gravity is
used to return the liquid to the evaporator. However, a wick is required when the
evaporator is above the condenser on earth. A wick is also used for liquid return if there

is no gravity, such as in NASA’s micro-gravity applications [21]

LIGUID RETURN

A heat pipe is a sealed tube made of material which conducts
thermal energy. Inside, a layer of wick material surrounds a
hollow core filled with fluid. One end is the evaporator and the
other is the condenser. Heat enters at the evaporator and exits
at the condenser.

When heat enters the evaporator. it causes the fluid to
vaporize. The vapor quickly travels from the hot end (high
pressure) to the cooler end (low pressure).There, the vapor
condenses back into a fluid which releases the heat. The
fluid is absorbed into the wick which transports it back to
the hot end where it absorbs heat and evaporates again.

LIGQUID TURNING
TO VAPOR

Figure 1.8: Heat pipe operations [22]

Basically, heat pipe theory deals with fundamentals of hydrodynamic and heat transfer and

combines the principles of both thermal conductivity as well convection and conduction in solid

10
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and fluid domains and phase transition to efficiently manage the transfer of heat between two

solid interfaces.

1.4 Literature Review:

There are many analytical and numerical studies on heat pipe based on varieties of assumptions
and problems. One of those studies in heat pipes was published by [23] Eui Guk Jung and Joon
Hong Boo studied the steady-state analytical modeling of a loop heat pipe (LHP) equipped with
a flat evaporator was presented to predict the temperatures and pressures at each important part
of the LHP evaporator. [24] E.Mezaache, A.Omara and M.S.Ferah elaborated also a one
dimensional model to study the heat and mass transfer in a stationary variable conductance heat
pipe with uniform pressure, this model can be considered as an extension of [25] Sun’s and
Tien’s model to take account for vapor-gas diffusion. [26] Boulahrouz Salim presented a
numerical simulation of the thermohydraulic behavior of a two phase loop thermo-syphon used
for cooling of power electronic components, the model supposed that the vapor flow is
monodimensional and permanent and the finite volumes method was used for the discretisation
of the model equations. [27] Hamidreza Behi investigated experimentally and numerically the
thermal performance, energy storage and cooling capacity of a heat pipe assisted Phase Change
Material (PCM) storage system in order to study the effect of using heat pipe on energy storage
system performance and miniature cooling applications. [28] Vikas Kumard, Gangacharyulu
and Ram Gopal Tathgir reported a theoretical and experimental study of a wire screen heat
pipe computed thermal resistances at the external surface of the evaporator and condenser as well
as inside the heat pipe, the theoretical study deals with the development of an analytical model
based on thermal resistance network approach. [29] Nicolas Blet, Stéphane Lips, Valérie
Sartre presented a summary of heat pipe was described for the function of temperature
homogenization then performed and identified their specificities, compared to other applications
of heat pipes. [30] Cheayb Mohamad provided a hydrodynamic modeling of the thermal
behaviors of flat miniature heat pipes, geometry configuration and the design of the fin array that
enhances heat transfer by natural convection which allowed developing a passive cooling
solution. [31] Lora Kamenova employed a thermo-hydraulic modeling of miniature heat pipes
thin plates to study the performances of flat heat pipes with sintered powder capillary wick,

reported as thermal functions in high density electronics. [32] Mehdi Famouri introduced a

11
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robust numerical scheme employed and developed to investigate transient and steady-state
operation of cylindrical heat pipes with hybrid wick structure for high heat fluxes based on an
incompressible flow model. [33] Mohamed noorul hussain and Isam janajreh studied a
numerical simulation method to analyze the performance of the heat pipe depended on four
parameters namely, porosity, condenser evaporator lengths and radius of the heat pipe and the

heat input, in terms of the absolute thermal resistance.

12
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CHAPTER II:
MODEL DESCRIPTION
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2.1 Introduction:

In this chapter, we formulate the physical problem mathematically based on a cylindrical heat
pipe where different mechanisms of heat transfer are involved. Because of the coupled
phenomena that occur during the heat pipe working process we have retained some assumptions
therefore to simplify our problem and to apply the fundamental physical laws to obtain the
mathematical model which describe the physical problem.

2.2 Problem description:

In the present analysis, basically heat is applied at the evaporator section causes vaporization and
subsequent pressurization of the working liquid. The vapor flows to the condenser section and
releases latent heat as it condenses. The heat is then removed from the condenser wall surface by
convection as is shown in figure (2.1). The physical domain shown in figure (2.2) in our case
represents a cross section of the heat pipe with reference to the radius of the outer and the inner
cylinders R;,R,. We consider a cylindrical coordinate system with z-axis along the axial
direction of the heat pipe cylinder and the radial direction r perpendicular to z-axis and the
azimuth angle 8. In our two dimensional case the geometry is represented in the polar
coordinates system. The heat pipe cross section represents an annulus space filled with porous
medium known as wick structure. In the context of the current work, transfer of thermal energy
in the solid matrix and the fluid phase takes place by means of two different processes. Firstly,
by means of conduction process that involves the transfer of thermal energy through the solid
matrix of the porous medium. Secondly, by means of free convection involving the transfer of
thermal energy in the annular space that contains a porous medium saturated with the working
fluid (air).

'HEAT IN HEAT OUT

HIIH s o IIIIIII End Section

Heat Pipe Outer Wall

Working Fluid Vapor Travels
Through to the condenser

Wick: Vapor condenses and travels along the
wick to heated (evaporator) by capillary

T T

HEAT IN HEAT OUT TR \
) ‘— Wick structure can be made of several types

— of material depending upon application

™

Figure 2.1: Heat pipe tube representation [34]

14
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Figure 2.2: Heat pipe cross section

2.3 Assumptions

The flow is assumed to be bidimensional, steady, laminar.

The working fluid is presumed to be Newtonian and incompressible.

It is assumed that the effect of the shell thickness is neglected

The porous medium is considered homogeneous and isotropic.

It is assumed that no condensation occurs in the study domain.

It is assumed that there is no heat generation source inside the heat pipe.
Viscous dissipation in the energy equation is neglected.

The Boussinesq approximation is used for the variations of the density in the terms of

force of volume when they give rise to gravitational force.

The physical properties of the fluid are constant in the other terms in the equations.

Therefore the fluid density change can be described based on the reference temperature To as
follows:

p=po(1—Br(T —Tp)) (2.1)

15
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Br = —piZ—g : The coefficient of thermal expansion
0

2.4 Governing Equations:

The general governing equations expressed in the cylindrical coordinates (r, 6, z) are given as

following:

- Continuity equation :
p(g + 77) =0

dp , Uy , Uy , 10U , U
p(E 4y 20 T

at ar r r 88 62)_0

- Momentum equation :
617 - o N 2
p( E+U.VU) =—-VP+pg+uv<u

- In (r-direction):

au oU. Ug OU. au. U? oP 22U, 10U 1 02U 02U U
p( ryy, Wy Do 00 Ly r__e):__ ( ry 10Uy 107Uy 07Uy Ur
ot or r 00 0z T or or? r or r2 0602 0z2 r2

26U9) n
r 06 P,

- In (0- direction):

U, Uy UpdlUy Uy U,Us
p<6t+rar+769+262_ )
10P (

= ——— 4 +u

T
92U, 10U, 102U, 0%, Uy 21U,
oz Y7 ar 72092 T a2z 72T r2ag) TPYe

- In( z -direction )

au, au. Ug 0U. au. P a%U, 14U,
p( L4224y Z)=—E+,u( +-—=+

1
+U =
at T or r 06 Z 9z or? r or r2 96>

8%U, 0°U,
+57) * p,

- The energy equation:

oT = = A
— 4+ U.VT) == (VT
PG, ) c,,( )

16

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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A 9%T | 10T 1 02T a%T

Cp 0r2 " ror 2902 0z2

p(Z4 0,2 4 22y o)

T ar r a6 @ %oz

(2.9)

Under the assumptions that we mentioned previously, the equations of continuity, momentum
and energy balance are rewritten as follows:

- The continuity equation:

AU, Ur = 18Uy

or r r 06 =0 (2'10)

- The Momentum equation:

or? +r?+r2692 2 12 99

y Vs UsdU, UF\_ 0P  (0°U, 10U, 10°U, U, 20U,
P\"r ar r o0 r ) or H

+gpcos O B(T —T,) (2.11)

Uy UgdUy U,U, 19P 92U, 10U, 10%Us Uy 2 U,
p(Ur—+——— >=——— u e ——

or r 00 T r or or2 r or 1% 00% r?2 71200

+gp sin@ B(T —Ty) (2.12)

- The energy equation:

T | Ug aT) _ A ,0%T [ 19T |, 1 9°T
p (Ur or T o) T Cp 072 e T e (2.13)

a =2 The thermal diffusivity
pCp

2.5 The boundary conditions:

The resolution of the equations system requires the incorporation of the boundary conditions for

each dependent variable. The boundary conditions that apply to this problem are listed below:

- The internal wall: r =R;
U.=Ug=0

T =T, = Thor

- The external wall: r =R,,

17
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Ur = Ue S 0
T =T, = Teorp
2.6 The dimensionless form of the equations:

In order to control, measure and to reveal the controlling parameters it’s recommended to obtain
the dimensionless form of the modeling equations that we define based on the following

characteristic quantities:

R .
A= R—(? : Aspect ratio

.U . Uy
Ur I 'UG =0
/R; /R;
, T
r’ = R,
.,_ P . (T-Ty)
P? (T, = Tz)

Continuity equation:

oUy Uy . 10Uy
ar* r* r* 00

=0 (2.14)

- Momentum equation:

- In (r-direction):

(U*au; U_gau;_u_gz) _ _a_p*+ (aZU;+lau; 1 92Uy UF 2 AU,
T or+ r* 00 r* or* or*2 r or* r*2 902 r2 r*2 00

(2.15)
- In (0- direction):
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* * * * - * - * *
) E%_%) —_19¢ 90U 10Ug , 107Uy Up , 2 Ur ] *
(Ur ot —)=—=- T Pr Gz T T2 2 +-55) T Pr.Ra.sin8T

(2.16)

Energy equation:

. OT" U_ga_T*) _ 0%T 19T 1 9T
(UT or Tra9) = G T rar TR er) (2.17)
Where:
c
Pr 22 = “A—P Prandtl number

3
Ra =QBVA% Rayleigh number

2.7 Porous medium constitutive model:

Several momentum flow models have been proposed to model the fluid flow through a porous
media. The aim was to develop a macroscopic equation which matches the empirical
observations and which converges to the corresponding free fluid flow when the porosity of the
porous media tends towards unity problems of momentum transport in porous media arise from
the fact that mismodeling of the velocity distribution will strongly affect the temperature
distribution. Therefore, there is a need to focus on these momentum models before considering
any model describing the temperature distribution. The first momentum equation which
describes the transport phenomenon of the fluid flow through porous media was deduced
experimentally in 1856 by Henry Darcy. Darcy’s law represents the resistance which is the
friction offered by the solid particles to the fluid flow [35]. According to this law the fluid flow
is linearly dependent upon the pressure gradient and the gravitational force with proportionality
factor is generally known as the permeability. Since the development of Darcy flow model
several attempts have been made to derive it analytically starting from the Navier-Stokes
equation. These derivations show that this flow model is restricted to a flow in which the viscous
forces dominate over the inertia forces which means that Darcy's law is only valid for slow
viscous flow. However, because the Darcy flow model is of order one less than the Navier-
Stokes equation, the no-slip hydrodynamic boundary condition cannot be applied and therefore

Brinkman’s equation which also known as Brinkman’s extension of Darcy’s law was developed.
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The Brinkman equation describe flow in porous media that is fast enough that the drive for flow
includes kinetic potential related to fluid velocity, pressure, and gravitational potential. It appears
as a mix of Darcy’s law and the Navier-Stokes equations and extends Darcy’s law to account for
dissipation of kinetic energy by viscous shear as in the Navier-Stokes equation. The Brinkman
equation often describe the transition between slow flow in porous media that is governed by

Darcy’s law and fast flow in channels as it described by the Navier Stokes equations below :

- £ U= (pg —VP)+uv?U (2.18)
Where:

U Darcy velocity vector

K: Permeability of porous medium

p and p are respectively the density and the dynamic viscosity of the fluid.

g: The gravitational force vector

VP: The pressure gradient

The Brinkman model removes the deficiency of Darcy law in the sense that it is applicable to
media with high permeability and can account for all boundary conditions at a solid surface or at

a fluid interface.
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Chapter II1I:
NUMERICAL RESOLUTION
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3.1 Introduction:

The equations that governed the natural convection in porous medium that we exposed in the
previous chapter must be resolved to know the characteristics of this thermal field. But, it is
practically impossible to find an exact analytical solution to such system because the equations
system is very complex. Therefore, it’s recommended to choose an appropriate numerical
method to solve the problem. In this chapter we introduce Comsol Multiphysics software as a
relevant choice for a numerical simulation to solve our equations system with their associated

boundary conditions in order to obtain the best approximations.
3.2 COMSOL software Overview: [36]

Numerical simulation has become essential tool for the design process and it is widely used
nowadays for the validation and evaluation of smart grid solutions and applications area as
Geophysics, Optics, Porous media flow...etc. Certain types of Computer simulation Software
have been introduced for the purpose of analyzing heat transfer efficiently and COMSOL
Multiphysics software is one of them. COMSOL Multiphysics is commercial software based on
finite element analysis method and a powerful interactive environment for modeling and solving
all kinds of scientific and engineering problems based on partial differential equations (PDES).
At the beginning time, this software was only applied in the field of Structural Mechanics, but
now with this product we can easily extend conventional models for one type of physics into
Multiphysics models that solve coupled physics phenomena.

R Model Navigator = =
New | Model Library | User Models | Open | Settings

Space dimension: 2D Y]

Application Mades Heat Transfer
=) || COMSOL Multiphysics
- Acoustics
Convection and Diffusion
Electromagnetics
Fluid Dynamics
Heat Transfer
=2 WConvection and Conduction
--# Conduction
Struckural Mechanics Description:
PDE Modes Heat transfer through convection and
Optimization and Sensitivicy conduction with heat flux, convective, and
Deformad Mesh temperature boundary conditions. Suitable
Electro-Thermal Interaction for modeling of heat transfer in fluids.

b | Fluid-Thermal Inkeraction
4 || AC/DC Module v Transient and stgady-state analysis in 1D,
H 2D planar and axial symmetry, and 3D.

>

] F- B~

-

Dependent variables: [T

Application mode name: |cc

Element: Lagrange - Quadratic W Multiphysics

Cancel Help

Figure 3.1: The interface of COMSOL Multiphysics software
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Accessing this powerful tool does not require an in-depth knowledge of mathematics or
numerical analysis. The built-in physics modes allows to build models by defining the relevant
physical quantities such as material properties, boundary conditions, sources, and fluxes rather
than by defining the underlying equations, COMSOL Multiphysics then internally compiles a set

of PDEs representing the entire model.

COMSOL Multiphysics gives two options for the user to access to the software environment,
one as a standalone product through a flexible graphical user interface, and the other option is by
script programming in the MATLAB language, this gives the freedom to combine PDE based

modeling, simulation, and analysis with other modeling techniques.

i Model Navigator = = :
New | Model Library | User Models | Open | Settings

Space dimension: 2D “ Mulkiphysics

Application Modes ~ Remove

=1 || COMSOL Multiphysics

Acoustics

Convection and Diffusion
Electromagnetics

Fluid Dynamics

=N # Incompressible Navier-Stokes

. Geoml (2D)
% Convection and Conduction (cc)
B A ncompressible Navier-Stokes (ns)

1] [ [

‘@ Transient analysis
=+ |, Heat Transfer < X
+§ Canvection and Conduction
- # Conduction

Dependent varisbles: uvp

Structural Mechanics Application Mode Properties. ..
PDE Mades Add Geometry...
Optimization and Sensitivity

A BB e [

Deformed Mesh " Add Frame. ..

Dependent variables:  |u2 v2 p2 Ruling application mode:

Application mode name: |ns2 Convection and Conduction {cc) v
Element: Lagrange - P, Py v Multiphysics
QK Cancel Help

Figure 3.2: Model navigator window

Solving PDEs generally will take time to set up the underlying equations, material properties,
and boundary conditions for a given problem, COMSOL Multiphysics reduce huge amount of
this work. Another unique feature of this program is the ability to combine domains of different
space dimensions in the same problem. This flexibility not only simplifies modeling, it also can
decrease execution time.

COMSOL Multiphysics application window provides a graphical user interface (GUI) for 1D,
1D axisymmetric, 2D, 2D axisymmetric, and 3D geometries that handles all aspects of the

modeling process.
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Using the application modes in COMSOL Multiphysics gives us the possibility to perform
various types of analysis including:

« Stationary and time-dependent analysis

« Linear and nonlinear analysis

* Eigenfrequency and modal analysis

To solve the PDEs, COMSOL Multiphysics uses the proven finite element method (FEM). The
software runs the finite element analysis together with adaptive meshing and error control using

a variety of numerical solvers.
3.3 Finite element method (FEM):

The finite element method (FEM) is a numerical technique for solving problems which are
described by partial differential equations or can be formulated as a functional minimization. The
approximating functions (interpolation functions) in finite element are defined in terms of the
values of the field variables at specified points called nodes or nodal points. Those Nodes usually
lay on the element boundaries where adjacent elements are connected. In addition to boundary
nodes an element may also have a few interior nodes. Each element is assigned a set of
characteristic equations as physical properties, boundary conditions and imposed forces, which
are then solved as a set of simultaneous equations to predict the model’s behavior.

Figure 3.3: Triangular finite element in two dimensions.

Triangular finite element was the first finite element proposed for continuous problems. Because

of its simplicity it can be used as an introduction to other element, COMSOL Multiphysics
24



Chapter 111 Numerical resolution

generally uses finite element in the mathematical sense, where the functions in the finite element

space are linear combinations of shape functions.

To summarize in general terms how the finite element method works we list below main steps of

the solution procedure:

1)

2)

3)

4)

5)

6)

Discredited the continuum: The first step is to divide a solution region into finite
elements. The finite element mesh is typically generated by a preprocessor program. The
description of mesh consists of several arrays main of which are nodal coordinates and
element connectivity.

Select interpolation functions: Interpolation functions are used to interpolate the field
variables over the element. Often, polynomials are selected as interpolation functions.
The degree of the polynomial depends on the number of nodes assigned to the element.
Find the element properties: The matrix equation for the finite element should be
established which relates the nodal values of the unknown function to other parameters.
Assemble the element equations: To find the global equation system for the whole
solution region we must assemble all the element equations. In other words we must
combine local element equations for all elements used for discretization. Element
connectivity is used for the assembly process. Before solution, boundary conditions
(which are not accounted in element equations) should be imposed.

Solve the global equation system: The finite element global equation system is typically
sparse, symmetric and positive definite. Direct and iterative methods can be used for
solution. The nodal values of the sought function are produced as a result of the solution.
Compute additional results: In many cases we need to calculate additional parameters.
For example, in mechanical problems strains and stresses are of interest in addition to

displacements, which are obtained after solution of the global equation system.

3.4 Comsol Multiphysics simulation steps:

When creating a model in COMSOL Multiphysics, the typical modeling steps include:

Application selection

Creating or importing the geometry

Meshing the geometry

Defining the physics on the domains and at the boundaries
Solving the model

Postprocessing the solution
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e Performing parametric studies

The following section describes the main steps and procedures in COMSOL Multiphysics.
Step 1: Applications module selection:

Here we should selecting the application modes (the principle equations) and specifying variable
that we would apply on our geometry from Multiphysics menu then model navigator button.
The Application modules that we used in this model are shown as model tree:
e Geoml (2D)
o Incompressible Navier-Stokes (Earth Science Module)

o Convection and Conduction in Porous Media (Earth Science Module)

“® Model Mavigator — x

MNew  Madel Library User Models Open  Settings

Space dimension: D | Multiphysics
. Application Mades Add Remove
- COMSOL Muliphysics —
#1- | AC/DC Module Geom1 (20) i
F-| | Acoustics Module L B Incompressible Navier-Stokes (chns)
i ) Chemical Engineering Madule # Convection and Conduction in Porous
ESMINE o1 th Scicnce Module
- | Heat Transfer Moduls
- MEMS Module
- | RF Module
#- | Struckural Mechanics Module < >
Dependent variables: u v p Pinl_chns
Application Mode Properties. ..
Add Geometry...
Add Frame...
Dependent variables: T2 Ruling application mode:
Application mode name: |=shec2 Incompressible Mavier-stokes (chns) w
Element: Lagrange - Quadratic | Multiphysics |

Cancel Help

Figure 3.6: Model navigator window

Step 2: Geometry creating

After choosing models and space dimension (2D in our case for example) in the model navigator
interface, we begin our simulation work with creating the model geometry using the CAD tools
on the draw menu Draw — specify subject —circle, and then picking out the subdomain that

we would work with from the draw toolbar.
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WP COMSOL Multiphysics - Geom!1 : [Untitled] - O X
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Figure 3.4: Created geometry
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Figure 3.5: The subdomain

Step 3: Options and settings

In this section, we input in the Options menu the constants list.
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%9 Constants >
Mame Expressian Value Descripkion

] 10000000 1e7 rayleigh number ~
Pr 0.71 0.71 prandlt number
T a a cold temper ature
Th 1 1 hok temperature

b
= &

Cancel Apply Help

Figure 3.7: Constants table

Step 4: Physics modeling:
At this stage we enter all descriptions and settings for the physics and equations in the model for
the thermal balance in each chosen application mode.

e Subdomain Settings: In this section we specify material properties, sources, and PDE
coefficients on the subdomain that we would work with by following the subsequent
instructions:

Physics — subdomain settings — select the subdomain and then define the fluid

properties (in our case it is dimensionless)

Subdomain Settings - Incompressible Mavier-5tokes (chns) pas
Equations

pluViu = 7{-pI + n{7u + (Vu) )]+ F

Vu=0
Subdomains  Groups Physics  Stabilization Init  Element
Subdomain selection Fluid properties and sources/sinks
- Library material: b Load...
Quantity Value/Expression Unit Description
P 1 kafm3 Density
n 1 Pa-s Drynamic wiscosity
Kgy |0 Pa-s Dilakational viscosity
Fy o Njm3 Volume faorce, x dir.
Fy ((T-Tc)f(Th-Te)y*(Ra™*Pr) Nim? Volume Force, v dir.
b (] Flow in porous media (Brinkman equations)
Group: i
Ep 1 Porosity
[] select by group K 1 me Permeability
Active in this domain Q (] kgf(m?.s) Source term

Cancel Apply Help

Figure 3.8: Subdomain setting window in incompressible Navier-stokes mode
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Subdomain Settings - Convection and Conduction in Porous Media (eshecc)

Equation

'v'(KquT) = Qu+Qg - C U T, T= temperature

Groups Materials  Time/Conwection Spreading Sources|Sinks Init  Element

Subdomain selection Makerial properties

PO -~ | Mobile Fluid

Library material: B Load...

-1 1 Volume Fraction

=1 1 kg fm> Density

Cpp 1 Jf(ka-K} Specific heat capacity

K 1 WM K} Thermal conductivity

Salids

Solid 1 Solid 2 Saolid 2 Solid 4 Solid S
B ] ] [} ] ] Vaolume Fraction
~ Pp [+] [1] [+] [+] [+] kgfm®  Density

Group: Cpp [0 (4] ] (s] 1] Ji(lka-K)  Specific heat capacity
[] Select by group Kp (s] (4] (4] (s] 1]

WM K} Thermal conductivity
Active in this domain

Cancel Apply Help

Figure 3.9: Subdomain setting window in convection and conduction in porous media mode

e Boundary conditions:

At this point, the boundary conditions for each border will be defined with the Boundary setting

window, after having selected each time the border concerned and determine its specific
boundary conditions then confirming.

Boundary Settings - Conwvection and Conduction in Porous Media (eshec) Y

Equation

T=T,

Boundaries Groups Coefficients  Colar/sStyle

Group selection Boundary conditions

[umnedl ~ Boundary condition: | Temperature -

(unnamed2) : . B o
Quantity Value/Expression Unit Description
My 0 wim? Inward heat Flusx
Ty Tc K Temperature

W
MName:
Type: Boundaries
Mew Delete
Cancel Apply Help

Figure 3.10: Defining the boundary condition for temperatures (T cold)
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Boundary Settings - Incompressible Mavier-5tokes (chns) >
Equation
u=10
Boundaries Groups Coefficients  Color/Style
Group selection Boundary conditions
(unnamesd1) -~ Boundary bype: wall —

Boundary condition: | Mg slip

Marne:
Type: Boundaries
Mew Delete

Cancel Apply Help

Figure 3.11: Define the boundary conditions in Incompressible Navier-stokes mode

e Point Settings

Here we specify point settings and describe properties and values for point source.

Point Settings - Incompressible Mavier-Stokes (chns) e
Equation
P=PFy
Paints  Groups Coefficients
Paint selection Paint coefficients

Quantity Value/Expression Unit Description
[#] Point constraint  Pg o P2 Ppressure

[] select by group

Cancel Apply Help

Figure 3.13: Point setting coefficients

Step 5: Mesh generation:

Once the geometry has been created, boundary conditions and subdomain physics have been
defined, it is necessary to generate the finite element mesh by initialize mesh then refine mesh
buttons from Main toolbar or the Mesh menu.
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Figure 3.14: Initialized mesh
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Figure 3.15: Refined mesh

Step 6: Computing the solution:

The last step before Postprocessing and results visualization is solving the model, in the Solver

Parameters menu we have changed some solver properties as the below window show us with

mentioned that the solver includes both application modes in the solution process by default.
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Sohver Parameters

Analysis bypes
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Solver:
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Time dependent
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[] Plak while solving

Plot Settings. ..

Figure 3.16: Solver parameters window

Step 7: Postprocessing and plotting
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Cancel
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Help

The final step is the visualization of the different results and the selection of the plot parameters.
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Figure 3.17: Postprocessing and results visualization
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4.1 Introduction:

In this chapter we examine in the first place our results by comparing them to similar results
in literature and then we present our results in two main parts. The first part concerns the case
where the physical space is filled with a Newtonian fluid and we illustrate results of the
dimensionless temperature distribution and velocity field for a different Rayleigh number and
aspect ratio values to examine their effects on the convective heat transfer and the flow
motion within the annular cylindrical space. The fluid used is the air with Prandtl number
Pr=0.71 and the Rayleigh number ranges from 10°to 10 for three values of the aspect ratio
A=1.2,2and 3.

The second part concerns the case where the physical space is filled with fluid-saturated
porous medium. We illustrate results of the dimensionless temperature distribution and
velocity field in terms of Rayleigh number, the aspect ratio and permeability to examine their
effects on the convective heat transfer and the flow motion. The fluid used is the air with
Prandtl number Pr=0.71 and the porous medium permeability ranges from 10™ to 10° m? and

Rayleigh number ranges from 10°to 10° for three values of aspect ratio A=1.2, 2 and 3.

4.2 Numerical validation:

Upon modeling completion, the most important step to check the accuracy of the results
obtained is to compare them to different literature results. To this end, the adopted model was
validated and compared with three analyzes published by [37] Tahseen A. Al-Hattab and Dr.
Majid H.Majeed, [38] Xiufeng Yang and Song-Charng Kong and [39] Fatemeh Tavakkol and
Kambiz Vafai. Our simulation parameters were taken equal to those of the literature carried
out in the cited works as the results were found to be in good agreement as shown in Figures
(4.1), (4.2), and (4.3).

Figure (4.1) shows the contours of the temperature and velocity field of a numerical
simulation described by [37] for Ra= 7.12x10?and compared to our simulation results, it can
be seen the agreement between both results. The isotherms are almost concentric circles this
means that the heat transfer is dominated with conduction mode. Both results are qualitatively
similar in the whole annular space for the temperature distribution which represents a
conductive heat transfer, and also for the flow structure both results are showing the presence

of two counter rotating cells.
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(b)

Figure 4.1: Qualitative comparison of Isotherms and streamlines for Ra= 7.12x10%, Pr=0.71
and A=2, (a) [37] and (b) the present work
Figure (4.2) shows a second comparison with the numerical resolution of [38] for Ra=10*and
Pr=1. We can see that both results reproduce the same flow structure in the annular space in
on hand, in the other hand the heat is not transferred with the same intensity of the convective
mode base on the difference in the temperature field, especially in the upper side of the

annular space.
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(b)

Figure 4.2: Qualitative comparison of Isotherms and streamlines for Ra=10*, Pr=1 and
A=2.6, (a) [38] and (b) the present work

Figure (4.3) presents a comparison between reference [39] and the present work. The
temperature stratification is well noted as well as the convective dominance for both results.
The same behavior is observed for the temperature distribution represented by of the
isotherms and the flow structure represented by streamlines with a slight difference related to

the intensity of the convection clearly observed.

(b)

Figure 4.3: Qualitative comparison of Isotherms and streamlines for Ra=5.10*, Pr=0.71 and
A=2.6, (a) [39] and (b) the present work
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4.3 Space filled with a fluid:

4.3.1 Effect of Rayleigh number

Figures (4.4) represents the temperature distribution (isotherms) and velocity field
(streamlines) with vectors for different values of Rayleigh number (Ra=10°, Ra=10*, Ra=10°,
Ra=10° and Ra=10") where the Aspect ratio was kept constant (A=2).We can observe that
these contours are symmetrical about the median fictitious vertical plane in the annular space.
The isotherms in figure (4.4.a) for Ra=10%are concentric closed curves which coincide with
the walls profile; in this case the temperature distribution is simply decreasing from the hot
wall to the cold wall. The velocity field in the same figure shows that the flow is organized in
two main cells that rotate very slowly in opposite directions. This is due to the upward
movement of the fluid particles which heat up along the hot wall under the buoyancy effect
related to temperature gradients and the downward movements of the fluid particles which
cool along the cold wall under the gravity. The fluid motion is very slow and the
dimensionless velocity values are relatively low. This mode of heat transfer is dominated by a
pseudo-conductive regime for the case of low Ra values. With an increase in Rayleigh value
to Ra=10" isotherms deforms slightly upward announcing the presence of the convection and
the dimensionless velocity is increasing but the heat transfer remains dominated by a pseudo-
conductive mode accordingly to the figure (4.4.b).With a further increase in Rayleigh number
as shown in Figure(4.4.c), isotherms become distorted which means that the convective mode
is taking place in the upper side of the annular space and the fluid motion is dominated by a
buoyancy-driven flow. In the lower space, isotherms become very close to each other near the
hot wall forming a boundary layer where the pseudo conduction still acting with a slight
contribution of the convection far from this boundary layer.When the increase of Rayleigh
number reaches Ra = 10°and Ra=10"as shown in figure (4.4.d) and figure (4.4.e) respectively,
we notice a net intensification of the convective mode in the whole annular space. Isotherms
are completely changed from a circular concentric contours form to a wing form under the
intensification of the flow motion structure which is formed by two counter rotating cells in
the left and the right sides of the space. The hot fluid is gaining the upper half of the annular
space, while the cold fluid is stratifying down under the buoyancy differences. The
dimensionless velocity in figure (4.4.e) is increasing dramatically due to the increase of
Rayleigh value especially near the walls where the fluid spinning with a high velocity while

the fluid is almost motionless in the center of both convective cells.
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Chapter IV

(c) Ra=10°
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(e) Ra=10’

Figure 4.4: Isotherms and streamlines for different values of Ra with aspect ratio A=2.

4.3.2 Effect of Aspect ratio:

Figure (4.5) represent isotherms and streamlines for the same Rayleigh number Ra=10" and
different Aspect ratios A=1.2, A=2, A=3.

Figures illustrate that contours are symmetrical about the median fictitious vertical plane in
the annular space and that the flow remains organized in two main cells that rotate in opposite
directions. The isotherms in figure (4.5.a) for A=1.2 are concentric closed curves which
coincide perfectly with the walls profile; in this case the temperature distribution is simply
decreasing from the hot wall to the cold wall. The velocity field in the same figure shows that
the flow is organized in two main cells that rotate very slowly in opposite directions. In this
case, the free space between the inner and the outer cylindrical walls is very small which
makes the heat transfer occurs by pseudo conduction. An increase in the value of aspect ratio
will generate an increase in the air gap. This additional free space will enhance the convection
as illustrated in the figure (4.5.b), where transfer by natural convection becomes more

intensive especially in the upper part of the annular space under the buoyancy effect. Also
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noted an increasing in the dimensionless velocity values consequently with mentioned that the
maximum velocity occurs near the boundary layer of inner cylinder in both left and right
sides. In the other hand, with a further increase of the free space that corresponds to A=3,
isotherms in figure (4.5.c), show that heat transfer remains dominated by a convective mode
and the hot air is diffused in more regions of the annular space but with a slight decrease in

the intensity of the convection due to the increase in the gap.
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Figure 4.5: Isotherms and streamlines for different values of A with Rayleigh number Ra=10°

4.4 Space filled with a fluid-saturated porous medium:
4.4.1 Effect of Rayleigh number

Figure (4.6) represents isotherms and streamlines with vectors in order to show the flow
structure and direction inside the annular space, for different Rayleigh numbers Ra=10*
Ra=10°> and Ra=10°. The permeability and the aspect ratio correspond respectively to
K=10"m?and A=2. Figure (4.6.a) illustrate that the isotherms are concentric closed curves for
Ra=10* which indicates that temperature distribution is linearly decreasing from the hot wall
to the cold wall. The fluid motion is very slow and the dimensionless velocity values are
relatively low. This mode of heat transfer is mainly occurred by a pseudo-conductive regime.
With an increase in Rayleigh number to Ra=10°, isotherms start losing their concentric
character in the upper region of the annular space, this change refers to a small contribution of
the convection in the heat transfer. Other than, we note that the maximum dimensionless
velocity is increased by ten time compared to velocities for Ra=10* in the previous figure.
Even with this intensification of the convection, heat transfer is still dominated by a pseudo-
conductive mode especially in the lower region of the space as illustrated in the figure (4.6.b).
Once Rayleigh number is raised up to Ra=10° as shown in figure (4.6.c), isotherms become
deformed which means that the natural convection is fully developed in the upper region of
the annular space. In the other hand, isotherms form a boundary layer in the lower region near
the inner cylinder where the conduction is the main mode for heat transfer within this thermal
layer and under this intensification of the convective mode, velocities are increased

drastically.
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Figure 4.6: Isotherms and streamlines for different values of Rayleigh number Ra with aspect
ratio A=2 and permeability K=10°m?
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4.4.2 Effect of Permeability

Figure (4.7) represents isotherms and streamlines for different permeability values from
K=10"m? to K=10"m? for a determined aspect ratio A=2 and Rayleigh number Ra=10°. We
can observe that these contours are symmetrical about the median fictitious vertical plane and
the flow is organized in two main cells that rotate in opposite directions. In figure (4.7.a) for
K=10" m? which is considered high permeability, The isotherms are rising upward which
means that heat transfer is dominated by a convective mode in the upper region in contrary to
the lower region that still under a pseudo conduction. The velocity field in the same figure
shows that the fluid motion is relatively important. The fluid is pushed towards the inner and
the outer walls through the porous medium and the convective cells are adjacent in the upper
and the lower regions of the annular space. With a decrease in the permeability to K=102m?
the figure (4.7.b) exhibits that isotherms are slightly affected by this change as well as a
decrease in the dimensionless velocity values but the flow structure is almost the same and the
heat transfer remains dominated by the convective mode. With a further decrease in porous
medium permeability to K=10"°m? figure (4.7.c) illustrate that isotherms are recessed to an
eccentric closed curves configuration under the diminution of the porous channels which
affected the flow by an evident decreasing in the dimensionless velocity values and the
pseudo-conductive heat transfer regime becomes preponderant with a slight contribution of
the convection regime.

Figure (4.7.d) shows that with a furthermore decrease in the permeability to K=10"* m?, the
low permeability affectes the flow behavior and begin gradually resisting the flow motion
until the isotherms become clearly a concentric circles and the pseudo-conduction completely
dominates the heat transfer regime in the whole annular space. The velocity field in the same
figure exhibits a net decrease in the dimensionless velocity values with the permeability
decrease; we can note that flow rotating cells are splaying away in opposite directions leaving
a gap in both upper and lower regions due to dominance of the pseudo-conduction in the
whole space, this regime is known as creeping flow where the fluid motion is slowed down by
the porous medium that is characterized by low permeability.
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:::::

Figure 4.7: Isotherms and streamlines for different values of permeability K with Rayleigh
number Ra=10 and aspect ratio A=2

4.4.3 Effect of aspect ratio

Figure (4.8) represents isotherms and streamlines for the same Rayleigh number Ra = 10° and
the same permeability K=10m? but for different aspect ratios A=1.2, A=2, A =3.

as it shown in figure (4.8.a) when A = 1.2, The air gap between the inner and outer cylindrical
walls is very small and tight which doesn’t allow the fluid to circulate freely in this region
which means that the convection will not have enough space to develop and as a result, the
temperature distribution is simply decreased from the hot wall to the cold wall and isotherms
are concentric closed curves that perfectly match the walls profiles. The velocity field shows
that the flow is organized in two main cells that rotate very slowly in opposite directions. The
heat transfer is dominated by pseudo-conduction regime. When we create more free space in
figure (4.8.b) by raising the value of aspect ratio to A=2 the gap is increased consequently,
isotherms shows a slight deflection upwards refer to a small contribution of the convection,
the dimensionless velocity increases but heat transfer still dominated by pseudo-conduction.
With a further increase in aspect ratio to A=3 the free space will have an additional expansion
that have boosts the convective flow to become more intensive in the upper part of the annular
space and that what we noted in figure (4.8.c) where isotherms became distorted under the
intensification of the natural convection and we can clearly observe a net increase in the

dimensionless velocity as well.
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Conclusion

In the present study we presented a two-dimensional numerical simulation in a
cylindrical heat pipe cross section that was successfully made using Comsol Multiphysics
software. A single phase steady state approach was used to achieve the computation of a
laminar natural convection in the horizontal annular space which is filled with a Newtonian
fluid in the first case and with a fluid saturated porous medium in the second one. Governing
equation are the Navier stocks equations and energy equation with the assumption of
Boussinesq. With regard the porous medium constitutive model, we have selected a
Brinkman’s model which is considered as an extension of the Darcy’s model.

As a first objective, we studied the influence of specific parameters including Rayleigh
number; aspect ratio and permeability on the fluid flow and on heat transfer. The
dimensionless temperature distributions and velocity field were plotted according to these
different control parameters. The numerical results were found to be in very good agreement
with those in the literatures from a qualitative point of view.

We examined the effect of Rayleigh number that considerably influenced the nature and the
structure of the flow; the results have shown in both cases that for low Rayleigh number heat
transfer is dominated by the pseudo-conduction regime in the whole annular space. But with
the increase in its value, the flow becomes more pronounced so the convective regime appears
and dominates the heat transfer within the space with an important intensity in the upper part

of the annular space particularly.

Furthermore the influence of the geometry on the thermal natural convection was also
examined in both cases for different aspect ratio, we summarized that heat transfer is
improved when the free space between the two cylinders increases what made natural
convection have enough space to develop and present further intensification with each
additional expansion in the annular space. Other than, at the small tight free spaces the fluid
cannot freely circulate what makes its motion insignificantly and heat transfer is only

occurred by pseudo conduction mode.

The permeability effect is also investigated in the second case. On one hand, we have
observed that the fluid flow is more significant for high permeability which led to high
velocity gradients and allows the convection to intensify in the upper part of the horizontal

annular space. On the other hand, low permeability inhibited the flow inside the annular
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enclosure and led to a relatively slow fluid motion. In this case heat transfer is completely

dominated by the pseudo conductive regime due to the high flow resistance.

Finally, as our study focused on a simplified example of a particular geometry and the
simulation focused on the problem of natural convection, it would be interesting in the future
to consider other more phenomenon that occurs inside a heat pipe as evaporation and
condensation, we can also consider the turbulent flow and capillarity forces which are

available in the data base of Comsol Multiphysics.
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Abstract

The presented work is a two-dimensional simulation of heat transfer by a laminar natural
convection in a cylindrical heat pipe. The annular space has been categorized into two cases,
in the first case; the space is filled with a fluid and in the second is filled with a fluid-saturated
porous medium. The model was described by continuity, momentum and energy equations in
the cylindrical coordinates system using Boussinesq’s approximation and Brinkman’s
equation. The simulation was obtained with Comsol Multiphysics software and the effects of
Rayleigh number, aspect ratio and permeability on the temperature and the velocity fields
were studied. The results obtained were validated and found to be relatively in a good
agreement with those in the literatures.

Keywords: Natural convection, heat pipe, porous medium, Brinkman’s equation.
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Résumé

Le travail présenté est une simulation bidimensionnelle du transfert de chaleur par convection
naturelle laminaire dans un caloduc cylindrique. L'espace annulaire a été classé en deux cas,
dans le premier cas; l'espace est rempli d'un fluide et dans le second est rempli d'un milieu
poreux satur¢ de fluide. Le modele a été décrit par des équations de continuité, de quantité de
mouvement et d’énergie dans le systtme de coordonnées cylindriques en utilisant
I’approximation de Boussinesq et 1’équation de Brinkman. La simulation a été obtenue a 1'aide
du logiciel Comsol Multiphysics. Les effets du nombre de Rayleigh, du rapport d'aspect et de
la perméabilité sur les champs de températures et de vitesses ont été étudiés. Les résultats
obtenus ont été validés montrant un accord relativement bon avec ceux de la littérature.

Mots clés: Convection naturelle, caloduc, milieu poreux, 1’équation de Brinkman.
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