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Notation

We introduce the necessary notations and definitions that are used later on.

LP(2) = {u : Q@ — R measurable : |ul? € Ll(Q)} with 1 <p < 0.
luller = (Jo lu®lPar)”.

L>*(Q)  ={u:Q — R measurable and 3C : |u(t)| < C a.e on Q}.
||w|| Lo =inf{C : |u(t)] < C a.e on Q}.

C(Q) : space of continuous functions on (2.

C5°(0, +00) the space of infinitely differentiable functions with compact support in (0, +00).

H : Hilbert space.
(.,.) : duality bracket.
(.,.) : inner product.

H™0,1) ={ue L*0,1):|u?] € L?(0,1) Vi< m}.
H{*(0,1) : the completion of D(0,1) in H™(0, 1).

C10,T] = {u : [0, 7] — Ris continuous}.
[ulls = sup |u(t)].
te[0,T]
X~ : dual topology .
D(A) : domain of definition of an unbounded operator A.
R(A) : image of A which is also noted by ImA

L(X,Y) :setof continuous linear applications.

X =Y :wewrite X — Y tomean that X is included in Y and
the canonical injection of X into Y is continuous.

X <= Y : toimply that X is included in Y and that the canonical injection of X
into Y is compact.

U, = up U, converge weakly to u.

i.e. that is to say.

a.e. almost everywhere.
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dF derivative in the sense of Frechet which is also noted by F".

daF derivative in the sense of Gateaux which sometimes is also noted by F”.
m the closed ball with center 0 and radius p.

(P.S) Palais-Smale condition.

diamF  Diameter of a set F.

l.s.c lower Semi continuous .

u.s.C upper Semi continuous .

w.l.s.c ~ Weakly lower semi continuous .

w.l.s.c ~ Weakly upper Semi continuous .

SE=1 = 5(0,a) sphere of space RX
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Introduction

Ariational methods are commonly used to solve mixed boundary value problems for im-
V pulsive differential equations with a parameter . These methods involve optimizing
functionals to find solutions that satisfy both the differential equation and the boundary condi-
tions. By applying variational techniques, one can derive conditions that lead to the oscillation
of solutions in second-order impulsive differential systems of mixed type. The study of these
problems involves understanding the behavior of solutions subjected to sudden changes and
is crucial in various fields like mechanical systems, biology, population dynamics, and control
theory. The use of variational methods allows for a deeper analysis of the oscillatory behav-
ior of solutions in impulsive differential systems, providing insights into complex real-world
phenomena.This memory is on the screen of a device that is available to others Jun Wang and
Weigao Ge [1]. The work consists of the existence and multiplicity of solutions for an impulsive
second-order to mixed boundary problem on the closed bounded interval [0, 7] . The proof of
the main result is based on critical point theory, Col’s lemma and theo-saddle point remem-
brance . This dissertation includes three chapters :

The first chapter is preliminaries which contains some basic tools which we frequently use
later . We have mottoed the chapter by sections, the first section contains some notions about
Banach operators such as Continuity of operators , Lower semi continuous functions , Differen-
tiability in Banach spaces and Lebesgue and Sobolev spaces . We have presented in the second
section an va present the Critical point theory such as Mountain Pass Theorem . In section three
a reminder about the Fourier series such as Fourier series of 27 periodic functions and Fourier
series of an arbitrary period function.

Then, in the second chapter, we discuss the existence of a solution for a problem to the fol-



lowing impulsive second order limits:
— A/ tz = ]Z(U(tz) s 1= 1,2, ...,l, (1)

where A € R, 0 =ty < t; < ... < t; < tip1 =T, A/ (t;) = W' (t}) — v/ (t; ), (Where o/ (¢} )(resp.

u/'(t;))) denotes the right limit (resp. left limit) of «'(¢) att = t;, u/(t;) = u/(t;), I, € C(R,R), i =
1,2,..,1, f € C([0,T] x R,R).

Finally, in the last chapter we studied the multiplicity of solutions for the same problem
which we studied in the previous chapter.

To obtain the results, we used the following conditions and assumptions:
H1) f(u,t) =o(|u|), ;(u) = o(|u|) as |u| = 0,i =1,2,...,1
(H2) There exist constants i > 2 and r > 0 such that for |e| > r,
0 < pF(t,u) <uf(t,u), 0< ,u/u Li(s)ds < uli(u), 1 =1,2,..,1
0
(H3) f(t,u),I;(u) are odd in u.
(H4) There exist x; > 0,7 > Xi, A is the k— th eigenvalue ofsuch that

rry + f(t7x1) S 07t € [07T]7-[Z(I1> S 07 L= ]-72» 7l



CHAPTER 1

SOME PRELIMINARIES

In this chapter we give a series of notions that will be useful for the rest of this memory.
We recall some definitions and properites used in the remainder of the these thesis , this to
allow a more rapid assimilation of our work . These consist essentially of functional analysis
results . We thus find some properites for weak convergence , continuity and differentiability

of operators in Banch space, critical points theory and Ekeland’s variational principls .

1.1 Operators on Banach spaces.

Let X and Y be two normed Banach spaces.

Definition 1.1. (Linear Bounded Operator)[22] Let A be a linear operator such that D(A) = X
et R(A) C Y. We say that A is bounded if it is bounded on the unit ball B(0, 1), i.e. If the set

{Ially : @ eX, |lz]x <1}
is bounded.
According to this definition, if A is bounded, there exists a constant ¢ > 0 such that for all x
where ||z]|x < 1, we have the inequality
|Az|ly <ec.
Theorem 1.1. [22] A is bounded if and only if there exists a constant ¢ > 0 such that
[Azlly <cllzllx, zeX
forallz € X

Definition 1.2. (Dual space)[22] The set of continuous linear functionals, defined on a normed

vector space , constitutes a vector space . It is called dual of the space X and we denote X*.



Equipped X* with the norm

/]

x-= sup [(f,x)], VfeX"

zeX, |zl x <1

X provided with this norm is a Banach space and we have the inequality

[(fs o) <7

tllx, VfeX*, VreX.

X*
Definition 1.3. (Weak convergence ) It is said that a sequence (z,,) € X converges weakly to z,
if
Ve X" (f,z,) — (f )

and we write x,, — .
Proposition 1.1. [23] Let X a Banach spaces and (x,,) be a sequence of X. We have

1. If v, — x, 50 x, — x.

2. If v, — z, s0 () is bounded and ||z|| < liminf ||z,,||.

n—aoQ

Proposition 1.2. [23] When X is of finite dimension, a sequence (x,,) converges weakly if and only if it

converges strongly.
Theorem 1.2. [23] A Banach space X is reflexive if and only if its closed ball is weakly compact.

Corollary 1.1. [23] If X is a reflexive Banach space then any bounded sequence {x,} C X with ||x,| <

M, contains a subsequence which converges weakly to an element x € X satisfying ||x| < M.

1.1.1 Continuity of operators

We will consider operators 7" from X into Y and we will give a definition concerning the
properties of the continuity of 7'

The easy notion is the following

Definition 1.4. The operator 7' : X — Y is said to be continuous at z, if for any sequence
{z,,} C X which converges to z, (I'(x,)), Converges to T'(x).

T is called continuous on 2 C X if T'is continuous at any point = € 2.

Definition 1.5. An operator 7' : X — Y is said to be compact if it is continuous and has the

property, for any (z,) bounded in X, the sequence (7'(z,)) admits a convergent subsequence.

4



Definition 1.6. Let (X, ||.||1) and (Y, ||.||2) two Banach spaces. An operator 7" : X — Y is said to
be completely continuous if it is continuous, and the image of any bounded set of X is relatively

compactinY.

1.1.2 Lower semi continuous functions

Definition 1.7. 1. The functional f : X — R is said to be weakly lower semi-continuous

(w.l.s.c.) at the point z,, if whenever sequence {x, } C X such that x,, — =, it follows

f(zo) < liminf f(z,).

n—aoQ

Example 1.1. Let the functional J be defined on a Hilbert space H as follows
Ju— |ul?,

then J is weakly lower semi-continuous (w.l.s.c.).

Indeed, let (u,,), such that u,, — u, show that
|ul/? < liminf ||u,|/?.
n—-+o0o
We obtained

||, — uH2 = (up — u,u, —u)

= lunl® = 2(un, w) + [[ul* >0,
We know that H* = H, and u,, — u, SO
Yu € H: (up,u) = (u,u) = ||lul*.

It follows that

|u||? < liminf ||u,]|?.
n—+o00

Remark 1.1. 1. Itis easy to see that if f is continuous in z,, then f is (u.s.c.) and (l.s.c.) and

conversely.

2. It is easy to see that if f is weacly continuous in z, then f is (w.u.s.c.) and (w.l.s.c.) and

conversely.



1.1.3 Differentiability in Banach spaces

Definitions and fundamental properties

1.1.3.1 Fréchet differentiability
Let X and Y be two Banach spaces, U an open of X.

Definition 1.8. Let u € U, and J : U — Y. We say that J is differentiable at the point v if there

exists a continuous linear mapping A € £(X,Y) such that
R(h)=J(u+h)—J(u) — A.h, forh € X, issmall,

then
% — 0 when ||k =0 ie.
Ve >0, 36 > 0 such that if ||h||x <9, then |R(h)|ly < e|lh|x.

If such an application A € £(X,Y) exists, it is necessarily unique. We note by
A=dJ(u)or A'=J".

It is called differential (in the sense of Fréchet) from J in u, or a linear application tangent to J in
u. In the absence of differentiable additional precision will mean in the following differentiable

in the sense of Fréchet.
Examples 1.1. 1. If J(u) = c. Then J Fréchet differentiable and d.J(u) = 0, Vu.
2. fAe L(X,Y) A(u+h)— A(u) = A.hand so dA(u) = A, Yu € X.

3. If X = H is a space of Hilbert and J(u) = ||u||* = (u,u) then dE(u)h = 2{u, h).

Therefore we have all the classical properties.

1.1.3.2 Gateaux differentiability
Let us begin by defining the notion of directional derivative

Definition1.9. Let J: U - Y,u e U,v € X and v # 0.
We call the directional derivative in u of J in the direction v, denoted 9, E(u), the limit where it

exists




The notion of directional derivative is thus an extension of the notion of partial derivative. If J
is Fréchet differentiable, then for all v € X the directional derivative in the direction v is given
by

OpJ (u) = dJ(u)v.
Indeed J(u+ tv) = J(u) + dJ(u)(tv) + R(tv).

Then
J(u+tv) — J(u)
t

R(tv) R(tv)

o — 0, whent — 0

=dJ(u)(v) +

Definition 1.10. We say that J : U — Y is Gateaux differentiable in u (G-differentiable in u),
if there exists a continuous linear mapping A from X to Y, ( A € L(X,Y)) such that for any

v € X, the directional derivative of J in u in the direction v exists and is equal to A(v), i.e.

OpJ (u) = lim Jlu+tv) = J(w) = A(u), t—0,YVueX.

t—0 t

It is then verified that, if such an application A exists, it is unique. We notice
A=dgJ(u).
Proposition 1.3. [24] If J is differentiable Fréchet in u, it is Giteaux differentiable in u and
deJ(u) = dJ(u).

The reciprocal is false in general, yet in finite dimension.

J(
J(

G-differentiability does not imply the continuity of J ! (while of course differentiability in the

Example 1.2. Let J:R* >R

z? .
[x4+ny]27 Zf y # O
0

,y)
z,0)

sense of Fréchet implies).
On the other hand, if we know that J is C' in the sense of Gateaux, then J is Fréchet differen-

tiable on U and the two notions coincide and we have

Theorem 1.3. ([25], [24]) If J : U — Y is Gdteaux differentiable in an open neighborhood U C X, of u
and dgE : U — X* is continuous at u, then J is Fréchet differentiable at u and the two derivatives at u
coincide, i.e.,

J'(v) =dgJ(v), YveUl.

7



Proof. Let r € (0,1] be such that B,(u) C U. Since dg.J : U — X* is continuous at u, for every
e > 0 there exists a 6 € (0, 1] such that

|daJ(u+tv) —dgJ(u)|| <e for ||v]| <9, |t| < 1. (1.1)
On the other hand, for each v € B,.(0) the function
€ [0,1] — (dgJ(u + tv),v),

is the derivative of the function

o(t) = J(u+tv) te0]
Consequently 1
/ (deT(u + t0), v)dt = g(1) — g(0) = J(u+ v) — J(u)
Hence 0
T+ v) — J(u) — (deJ (u / (daT (1 + tv) — deJ (u), v)dt. (1.2)
Let 0

1
/ deJ(u+tv) —dgJ(u),v)dt.
0

From (1.1), for all v € Bs(0) we have

[1B(u,0)] < /IdaJ(qu)—ch(U)IHdet
< eloll.

Hence R(u,v) = o(||v]|) when |[v]] — 0. Then, (1.2) shows that dgJ(u) is the Fréchet derivative
of J at u. O

Remark 1.2. In application, it is easier to verify the differentiability in the sense of Gateaux. If
one wants to prove that J is C?, it is enough to prove that it is Gateaux differentiable, then to

verify that the differentiable d(;J is continuous.

Definition 1.11. Let uy € X. We say that v, is a local minimum for J if there exists § > 0 such
that
J(up) < J(v), Vv € B(ug,d), v # up.

8



Then we have

Proposition 1.4. ([25], [24]) Let vy € U C X, a local minimum (or maximum) of J. Then if J is
Giateaux differentiable in v, then

dgj(UO) = 0.

Proof. Under the hypothesis of this theorem, suppose without loss of generality that u, is a
minimum point (otherwise consider the function —.J instead of J).

Since uy € U and U is open, there exists a positive real number r such that the open ball B, ()
is contained in U.

Now let h € X \ {0}. Then for every ¢ such that

t] < ||TT||’ we have,  J(ug +th) > J(u),

and so by the Gateaux differentiability of J at 1o, we have

doJ (o) (h) = lim %[J(uo +th) — J(ug)] > 0.

t—0+

It also follows that d¢J (ug)(—h) > 0, i.e., dgJ (ug)(h) < 0, by linearity of d¢.J(u).
Therefore dgJ(ug)(h) = 0, for all h € X indeed. Thus dgJ(ug) = 0. O

Proposition 1.5. ([25], [24]) Let X be a Banach space, and J be an application from X to R, be u € X.
Assume that

J(u) = inf J(v), ie., J(u) < E(v), Yve X.

veX

Then, if J is Gateaux differentiable in u, we have
deJ(u) = 0.
Definition 1.12. Let J : X — R U {+o00}. We say that J is coercive if
J(u) = +oo, when |ju| — +o0; ie.
VA >0, 3B > 0, suchthat |ju|]| > B leads J(u) > A.

Definition 1.13. A Hilbert space is an inner product space which is complete as a metric space,

and denoted by H.



1.1.4 Lebesgue and Sobolev spaces

Let ©2 an open of R, and (2, M, dz) denote a measure space, where M is a o— algebra in €.
We assume that f : 2 — R is a measurable function and integrable function. We shall often

write [ f instead of | f, and we shall also use the notation
Q

1l = / F(@)ldz, or [fl|z = / /1
Q

Theorem 1.4. (Lebesgue’s dominated convergence theorem)[23] Let ( f,,) be a sequence of functions

in L' that satisfy

(@) (fu(2)) = f(z) ae. on

(b) There is a function g € L*(Q) such that for all n, |f.(z)| < g(z), a.e. on Q.
Then
fel*Q) and |f,— fllzr = 0, n — co.

Definition 1.14. Let p € R with 1 < p < oo, we put
L’(Q)={f:Q— R, measurableand |f|’ € L'(Q)}.
We notice || f||z» = ( [, |f(a:)\7’dx)%, and ||.||z» is a norm.
Definition 1.15. We put
L*(Q)={f:Q2— R, measurable and 3C: |f(x)| < C, a.e on Q}.

We notice

| fllze =inf{C :|f(x)] < C, ae on Q}
Theorem 1.5. [23] The space L* is reflexive for 1 < p < oo, and its dual is L9 such that % + % =1

Theorem 1.6. (Cauchy-Schwarz inequality)[23] Let f and g € L*(Q). Then we have

Jisar= ([ure)([r)"
Q Q Q
Theorem 1.7. (Holder’s inequality)[23] Let 1 < p < +oo; we denote by q the conjugate exponent,

% + é = 1. Assume that f € LP(Q2) and g € L) with 1 < p < +o00. Then

10



(i) fg € L(Q) and

Gi) [1fgl< (J1717)" ([ lal?)" = 1F 1 lgl
Q Q Q
Lemma 1.1. (Fatou’s lemma)[23] Let (f,) be a sequence of functions in L' that satisfy

1. foralln, f, > 0a.e. on )

2. Sup/fn < +00.

For almost all x € Q we set f(x) = liminf f,(z) < +o0. Then f € L' and

n—

f< liminf/fn.

n—oo

Lemma 1.2. [23] Let g € L},.(Q), for yo fixed in 2, set

loc

v(x) = /Ig(t)dt, x € Q.

Yo

Then v € C(Q2) and

/w’ = - / g, Y € Co(Q).
Q Q
Lemma 1.3. [23] Let f € L},.(S2) be such that

/st’ —0, VpeC\Q).
Q

Then there exists a constant C such that f = C,a.e. on Q.

1.2 Critical point theory

Definition 1.16. Let J be a differentiable functional from X to R. A point © € X is said to be

critical for J if and only if

dJ(u) = 0.

Definition 1.17. Let the functional .J, of class C' be defined on X. A critical value of J, is a

number ¢ € R, such that there exists u € X, with

If we are able to determine a critical value, we have proved the existence of a critical point,

in some situations it is useful to introduce the following definitions and theorems.

11



Definition 1.18. (Minimizing sequence) A minimizing sequence of a functional J : X —
| — 00, +00] is a sequence (u,,) such that

lim J(u,) = inf J(u)

n—>+00 ueX

Theorem 1.8. ([22], [27]) Let J be a functional defined on a reflexive Banach space X. Assume
(i) J is coercive, i.e., J(u) — 400 for ||u|| — +o0,
(13) J is weakly lower semi-continuous.

Then J is bounded from below on X, and achieved its infimum at some point w. If, moreover, J is

Gateaux-differentiable at ug, then J'(ug) = 0.

Proof. Suppose that .J is not bounded below, then there is a sequence (u,,) such that

nl_l}I}_loo J(uy,) = —00.

According to (i), the sequence (u,) is uniformly bounded, so it admits a subsequence (u,, ) such
that

Up, — U, with kll)rf J(tp,,) = —o0.
o

From (ii), we have

J(up) < liminf J(u,,) = lim J(u,, )= —o0.

k00 k—-+00
Thus, we obtain an absurd. Then .J is bounded below.

Now we show that J is achieved its minimum. Let a = 52; J(v) and let (u,) a minimizing
sequence of J i.e.,

nl—l>r—|I-loo J(Un) - %

as above, (u,) admits a subsequence (u,, ) such that u,, — uy € X, consequently
J(up) < liminf J(u,, )= lim J(u,, )= a.

k—+o0 k—+o0

According to J(ug) > « and definition of o then J(u) = «a. O

12



Palais-Smale’s sequence and condition

Definition 1.19. [28] Let X be a Banach space and J : X — R a C''-functional. We say that .J

satisfies the Palais-Smale condition, denoted (P.5), if any sequence (u,,) in X such that
(J(uy)) is bounded, and J'(u,) — 0,as n — +o00 (1.3)

admits a convergent subsequence.

Any sequence satisfying is called a Palais-Smale sequence.

Theorem 1.9. ([24], [29]) Let X be a reflexive Banach space, and J a functional defined on X such that
1. Jis (w.l.s.c.),
2. The minimizing sequence of .J is bounded on X,

Then J achieves its infimum on X.

Theorem 1.10. ([27], [28]) Let X be a Banach space and J : X — R a C'—functional that is bounded
from below and satisfies (P.S). Then, there exists a ug € X such that

J(ug) = Jg)ff J(v), and J'(ug) = 0.

1.2.1 Mountain Pass Theorem

Theorem 1.11. (Mountain Pass Theorem)([24], [30]) Let X be a real Banach space and J € C'(X,R)
with J(0) = 0. Suppose J(u) satisfies (P.S) condition and

(a) there are p, e > 0 such that J(u) > a when ||u||x = p,

(b) thereisa J € X, |le|[x > psuch that J(e) <O0.

Define
['={yec(0,1,X)[ ~(0)=0,7(1) = e}. (1.4)
Then
¢ = inf max J(7(t)) = « (1.5)

is a critical value of J(u).

13



1.3 Fourier series

1.3.1 Fourier series of 27— periodic functions

a+27r
let f : R — R a periodic function of period 7' = 2r. We suppose that f (t)|dt converges

for everything o € R

Definition 1.20. We call the Fourier series associated with f, the trigonometric series denoted

of or
of(z) =% + f [y cos(nz) + bpsin(na)]
with _
A Zf #(x) cos(nz)dz and by, — L z f(2)sin(nz)dz.

Remark 1.3. If the function f is even a,, = f(z)cos(nz)dr and b, =0, n € N.

S—y

2
If the function f is odd a, =0 and b, = 2 [ f(z)sin(nz)dz, n e N.
0

Theorem 1.12. let f : R — Ra periodic function of period T = 2 satisfying the following conditions
(called Dirichlet conditions):

» At any point x, the limits of f to the right and left of x( exist and the discontinuities of f are

finitely numbered in any finite interval.

* f admits at every point a right and a left derivative.

Then the Fourier series associated with f is convergent and we have:

a , f(z) L If f is continuous at x
>y n bn = —
2 " Z (an cosnz) + busin(nz) {w If f is discontinuous at x.

Moreover, the convergence is uniform on any interval where the function f is continuous.

1.3.2 Fourier series of an arbitrary period function

Let f be a periodic function with period 7" = 2[. To develop it in series of Fourier on l'interval
[—1,1] let's change variable = L. Function g(t) = f(%) will be a 2r— periodic function of ¢,

because

™

ot +2m) = f (2 ) —p (L) =1 (%) =00 (16)



Then, we can develop it in Fourier series on the interval [—; 7]. Returning to the variable z, by
asking t = Tf, we obtain

oo

= % + ; [an COS(? + bnsin(—mlm} ,

with
! !

an:%/f(x)cos (#) dx, et bn:%/f(a:)sm (mlr )d:c n e N.

—1 —l
Examples 1.2. Develop in Fourier series the 2r— periodic function f defined by f(z) = |z|, on

the interval [—1; 1]. As this function is pair, we have b,, = 0.

1 1

2 2 an:07
ao:_/xdx:1,an:—/$cos(n7rx)dx:>{ ? 4
" " @ont1 = T2Ent1)?
So,
1 4 K cos((2n+ 1)7a)
=5 B e =W

n=1
Theorem 1.13. (Parseval equality) Let f be a function developable in Fourier and period series T =

2% > 0, then we have

2 00 it

T ) = @y

Lemma 1.4. Let f : R — R periodical of period T' > 0 and integrable in the interval [0, T).
So:

a+T

Va ER: /f(t)dt:/Tf(t)dt
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CHAPTER 2

STUDY THE EXISTENCE OF A SOLUTION TO
AN IMPULSIVE SECOND-ORDER A MIXED
BOUNDARY VALUE PROBLEM

In this chapter, we discuss the existence of a solution for an impulsive second-order equation.
To obtain our results, we use the variational method. In particular, we use a minimization theo-
rem and the mountain pass lemma. We used as an example the article [1] which was published

by authors Jun Wang and Weigao Ge in 2009.

2.1 Introduction

We study the following impulsive problem :

— A tl) = Iz(”lL(tJ s 1= 1, 2, ceey l7 (21)
w'(0) =0, u(T) =0,
where A € R, 0 = tp < &1 < .. < t < tn = T, AJ(L) = ) — (&),

(where «/(t])(resp.  4/(t;))) denotes the right limit (resp.  left limit) of «/(¢) at
t= ti, U/(t;) = U/(ti), Iz S C(R,R), 1= 1, 2, ...,l, f S C([O,T] X R,R)

2.1.1 The basic hypothesis
(H1) f(z,t) = o(|z]), Li(z) = o(|z|) as [z| = 0,i = 1,2, ...,

(H2) There exist constants i > 2 and r > 0 such that for |e| > 7,

3
0< MF(t7§) < §f<t7§)7 0< :U//O I’L‘(S)ds < 5L(§>7 L= 1727 7l
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(H3) f(t,u),I;(u) are odd in u.
(H4) There exist x; > 0,7 > Xi, A is the k— th eigenvalue of (2.2) such that

T + f(t,ﬂfl) S O,t € [O,T],Il(l'l) S O, 1= 1,2, ,l
Remark 2.1. By (H2), there exist b, by, ¢;,d; > 0,9 =1,2,..., [ such that

3
F(t,€) > bl — by / I(s)ds > cilel — d;

0
forallt € [0,T],¢ € R.
2.1.2 The spaces provided for our problem

We now present the Hilbert space H;(0,T) which is suitable for the study of our problem. Let
the space H be such that:

H'([0,T]) = {ue L*([0,T)) : v’ € L*([0,T])},

C10,T) ={u:[0,7] — R, telle que u continue },

muni par sa norme usuelle

ulleo = sup [u(z)].
z€[0,7T

Remark 2.2. we say that the space H is space H;

Define the space H by:
H ={ue C([0,T]) : ¥/(.) € L*([0,T]),u(T) = 0},

with the inner product
T
(u,v) = / u' ()0 (t)dt,
0

inducing the norm
T 1

Jull = (| lte)Par)”
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2.1.3 The eigenvalues of the linear boundary value problem

which is defined as follows.
—u"(t) = Au(t),t € [0,T],
=0,u

S
w/'(0) = 0,u(T) = 0.

. 2
Lemma 2.1. As is well known, possesses a sequence of eigenvalues ()\;), where \; = <(2’2_7} )’r>

2

and My = s s the first nonzero eigenvalue of the problem @ with

272
D<A <A< eee <A< vns
Proof.
—r? =\ = r = +iV\

The solution to this problem is as follows:
u(t) = acos(VA) + Bsin(VAt).

Conditions are applied to the limit One finds
w (t) = —av/Asin(VAt) + v/ cos(V/At)
W'(0)=0= =0

So,
u(t) = acos(VAL)

we have,
u(T) = 0 = acos(VAT) = 0.

2m — T

cos(VAT) =0 = \; = ( T

)2

Remark 2.3. The corresponding eigenfunctions are normalized so that :

T
sl = 1=\, / o, (),

©i(t) = 1/%005(\/)\725), j=12 .. (2.3)

18
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2.2 Some necessary lemmas and theorems
2.2.1 Some necessary lemmas and theorem

Lemma 2.2. H}(0,T) embeds continuously in L*(0,T)

(/OT u2(t)dt>% < %1(/0T|u’(t)|2dt>% (2.4)

Proof.
O< A< \< <A<
In fact, let,
u(t — 4kT), AKT, (4k + 1)TY,
u(—t + 4kT), 4k — )T, 4kT],

e [(
€ [(4k + 1)T, (4k + 2)T7,
(4k — 2)T, (4k — 1)T).

—u(t — 4kT — 2T),

€l
—u(t —4kT +2T), te€ ]

Then v, is a 47— periodic function on (—oo, +oo). By the expression of Fourier expansion, we

T ) 1

have

19



Besides, by the above equality, and by Parseval equality, we obtain

T 1 2T
/ WP = / (1) Pt
0 —2T

1 (T &K kro | kntyo
= Z\/ (Zakﬁsznﬁ> dt
—2T =1

1 o0 k272 T
= a; 4;2 2T > )\1/ u?(t)dt
k=1 0
U
Lemma 2.3. H}(0,T') embeds continuously in C(0,T)
If u € H, then,
[ulloo < T2 ull,
h o = t
where ] = ma [u(?)
Proof. By Holder inequality, for v € H,
T L T % )
)| = (1)~ [ )il <TH [ us)ds) =1l
¢ 0
Therefore, we have,
[lloo < T2 Ju]-
[l

1
Lemma 2.4. If A < )y, then ( fOT(u’ (t))* — Au?(t)dt) 2 can be taken as a norm on H. then there exist
61,65 > 0 satisfying
T
Orllul* < / ('(t) — Au?(t)dt < Oa]|ul|”
0

foru e H.
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Proof. If 0 < A < \;, we have by

(1-3) [ wora= [Cwwra-3 [ woras [ wopa-seoes [ ooz

50,91 = (1-%),92: 1
If A < 0, we have by (2.4)

T T
/ W)t < / (o (1)2dt — M (t)dt
0 OT )\ .
< / W)dt— 2> [ ()t
0 A1
SO, 91 :,02 = (]_ — %1)
Remark 2.4. By Lemma if A < Ay, then there exist 6, 6 > 0 satisfying
T
O [lull* < / (u'(t)) = M (t)dt < O |ul]?
0

foru € H.

(2.5)

(2.6)

Theorem 2.1. [14l( Generalizations of the Mountain Pass Theorem.) Let E be a real Banach space

with E =V & X, where V is finite dimensional. Suppose J € C'(E, R), satisfies (PS), and

(C3) There are constant p, « > 0 such that J\ 0B, X > «, and

(C4) Thereisan e € OBy N X and R > p such that if Q = (B NV) @ {re : 0 < r < R}, then

J\ 0Q <0.
Then I possesses a critical value ¢ > o which can be characterized as

°= b 7)),

where

F={heC(Q,E): h=id on 9Q}.
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2.3 Variational structure
2.3.1 The Euler-Lagrange functional

For everything u € Hy(0,7) we define the functional J by:

T T u(t;)
J(u) = % /0 (' (t))? — M>(t)dt — /0 F(t,u(t))dt—z /0 I;(s)ds.

such that: F(t,u) = [} f(t,s)ds.
Remark 2.5. We show that, for all u,v € H and for everything x € [0, 7]
T T ! u(ts)
_ / W (B)u(t) = / ) -3 / Ii(s)ds
0 0 =1 /0
u,v € H(0,T). so ,we have :

—/OTu”(t)v(t) :_/Otl u”(t)v(t)—/: u”(t)v(t)—...—/i u”(t)v(t)—/:ﬂ(t)v(t)

By integrating by parts,we have

_ /0 L (bt = [ (D) + /0 LU (D) dE = —u (E)o(E] ) + ' (0)p(0) + /O () () dt

using the boundary conditions in 2.1, we find

=

—/01 u”(t)v(t)dt = —u’(tl_)v(tl_)—i-/o o' (t)' (t)dt

and ,
= [ ouod =~ o]+ [ o = =) [ oo
And so on,

- [ et =~ o]

-1

and,
—/t+ W (tyv(t)dt = —[u' (t)o(t)]] + /t+ u' () (8)dt = —u(T)o(T) + o' (& )v(t]) +/t o ()0 (t)dt
And like,

AU (t)o(ty) = (W () — o' (t7)) v(ta)... AW (B)v(ty) = (W (57) — W' (8)) v(t).
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So by definition of impulsive and the boundary conditions in (2.1), we have

AU (t)v(tr) + Au' (B2)v(t) + ... + Ad' (t)v(t) = Z A/ (t)v(t;)

- ZI: I (u(ti))v(t )

So, by substitution we have:

/0 " o' (8 () dt + /: o ()0 (t) dt + /t; o' (t)0'(t) dt + /t;u/(t)v’(t) dt = /0 Tu’(t)v’(t) dt,

—/OTu”(t)v(t) dt = /OT u'(t)'(t) do — lel (uofz—))v(t)

Proposition 2.1. The functional J is continuously differentiable and the Fréchet derivative of J is writ-

so ,it follows that

ten Under the form
!

(T (), v) = /0 ()0 (8) — u(t)o(t)dt — /0 Pt u@)olt)dt — S Liu(ts)olts).

i=1
forallv € H([0,1])
Proof. Step 1: J is Gateaux-differentiable.

we havev € H'([0,¢])and 0 <t < T

1

J(u+ ) —J(u) = 5/0 ((u—i—,uv)')Q—/\(u—l—,uv)th—/o F(t,u+ pv)dt

l

- Z/UW Iz’(s)ds——/OT(U'(t))2+)\u2(t)dt—|—/OTF(t,u(t))dt
+ Z/

= 5/0 u(t)dt + ;u /OTUIQ(t)dt—I—M/OTU’(t)ul(t)dt—g/OTUQ(t)dt
+ ,u/Tu() (t)dt + p? /OTUQ(t)dt—%/OTu’Q(t)dtJr%/OTF(u)dt

+ i/ﬂ ds—/TF<u+W)dt—i/guwzi(s)ds
= M/OT u' () (t)dt — )\M/O ul(t dt—l—%Q OTU 2(t)dt
+ /OT F(u) — F(u+ p)dt + Z (/ (s)ds — /Ouﬂw [,-(s)ds)
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using the increment finite theorem, we have

F(u+ pv) — F(u) = u/o f(u+ pbv)v dt,

and
u+pv u
/ I;(s) ds — / I(s) ds = po(t;)I; (u(tl) + «91}(72)),
0 0
where 0 < 0 < T and then

J(u+ pv) — J(u)
L

_ /0 e ()dt— A /0 "ttt

K g 2 _ 2 ! v
+ §/0 V3 (t) — M (t)dt+/0 f(u+ pbv)v dt

l

+ Y ot (u(ti) + Hv(ti))

=1
Let u — 0, so

l

(T (), v) = /0 ()0 (8) — u(t)o(t)dt — /0 Pt u@)olt)dt — S Liu(ts)olts).

i=1
Step 2: J' is continuous.
We show that J’ is continuous, then let (u,,) C Hj(0,T) with u,, — « When n — 400,50 by the

dominated convergence theorem of lebeuge we obtain:
T T
im [ ol (0 (t)dt = / o () (1),
0

n——+o00 0

and

lim /\/T u (t)v(t)dt = )\/Tu(t)v(t)dt,

i / Pt un ()0 (t)dt = / £t ()bt

therefore, we have for everything v € H;(0,7) :

T

(J'(up) — J'(u),v) = /0 w, (O (&) dt = X [ up(t)v(t)dt — /o [t u, (6))v(t)dt — Z Li(up)v

S~

T

_ /0 WO+ | uo)dt+ /0 (e ()0t = 3wy

S~

T
= /(u; —u)u'dt + X
0

Ot — 5

T l
(un — w)odt + / ft, up — uw)vdt — Z Ii(u, —u)v
0 i=1

24



and according to the continuity of f passes to the limit (J'(u,) — J'(u),v), When n — 400, we

obtain that  J'(u,) — J'(u), quand n — +oc. So J' is continuous. O

Definition 2.1. We say that u € H;(0,T') is a weak solution of the problem (2.1) studied, if for
allv € H}(0,T), we have

T T l
(J'(u),v) = / o () (t) — Au(t)v(t)dt — / [t u(t)v(t)dt — le(u(tl))v(tl) = 0.
0 0 i=1
2.3.2 Weak and classical solution
Lemma 2.5. If u € H is a weak solution of (2.1), then  is a classical solution of (2.1).

Proof. By Definition 2.1} if u is a weak solution of 2.1), then (J'(u),v) = 0
holds for all v € H, i.e.

/0 u' () (t) — Au(t)v(t)dt — /0 f(tu(t))v(t)dt — Z Li(u(t;))v(t;) = 0.

By integrating by parts, we have

/O W () (1)t = [ (o] — /O W (Eo()dt = o (T)o(T) — /O W (Yot dt
SO
/0 o (D (1) — Dt — / Ftu())o(t)dt — le(u(ti))v(ti)
= Sl + / [al'0) — () £t uE))ote)dt — 3 Eut ot
- /0 [—u"(t) — Mu(t) — f(t,u(t))]v(t)dt — Z |AW (t;) + L (u(t;))|v(t;) — «'(0)v(0) + o' (T)v(T)
= /0 [—u"(t) — Au(t) = f(t,u t)dt — Z | Au/(t (t:)lv(ti) — u'(0)v(0).
Thus
/O [—u"(t) = Au(t) = f(t,u t)dt — Z | A/ (t; (t)|v(t:) —u'(0)v(0) =0  (2.7)

holds for allv € Y . Without loss of generality, we assume that v € C§°(¢;,t;41),v(t) =0, t €
[0,¢;] U [ti41, T), then substituting v into[2.7]we get

—u"(t) — Mu(t) — f(t,u(t)) =0, t € (t;,tir1)
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Thus u satisfies the equation in (2.1). So[2.7becomes

— Z |AY () + L (u(t;)|v(t;) — «'(0)v(0) =0 (2.8)

Now we will show that u satisfies impulsive condition in (2.1). If not, without loss of generality,

we assume that there exists 7 € 1,2, ..., such that
AU (t;) + Li(u(t) # 0

Letv(t) = [T/Ty it — ),
H?;lo,j;éi(t B tj) = (t - Z51)(t - t2) s (t - tl) s (t - T)
SO,

= i [ () + Li(u(t))]o(t:) — ! (0)v(0)
= = 2 () + L(u(ta)) T o it — 1) — ' (0) T e i (to — 1)

by conditions implusive we have,

=AU (tr) = Li(u(t)) = Lu(t)) — Li(u(th)), Vi#i=0,

and
— A/ (t) — L(ults)) = Lilults)) — Liults)), Vj#i=0.
And so on,
—Ad'(t) = Lu(t) = Lu(t) = Lu(t), Vi#i=0.
then,

l

- Z (A“/(ti) + ]Z(u(tz))>v(tz) + u'(0)v(0)

=1

_ (Au’(ti) + Ii(u(tl-)))v(ti) £0.

which contradicts to (2.8). So u satisfies impulsive condition in (2.1)), which yields that u satisfies
boundary condition. Therefore, u is a solution of (2.1)). O
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2.4 Nontrivial weak solution

Theorem 2.2. Suppose that (H1) (H2) hold. Then for all X\ € R, problem has at least one non-

trivial solution.

Proof. We will finish the proof by two cases (i) A < Ay, (i) A > ;.

(D) A < Ap.

Step 1: J satisfies the condition (P.5)

Let (u,,) sequence in H such that J(u,,) is bounded and lim,,_,~, J'(u,,) — 0 Let us show that

u, is bounded by (H2) and definitions of .J, J', Lemma Choose = i we have

M+ Bllunl] > J<um>—i<f<um>,um>

- (%_%) /0 (ul, (1))% = A2, (t)dt — /O [F(t, um(t) = = f (8w () um(t)]dt
! U (t;) 1<

_ [; /0 [i(s)ds—;;[z(um(tz))um(tz)}

> (5= )l + ¢

So (u,,) is bounded in H.

The fact (u,,) is bounded in H means that u,, — u.

Following we will show (u,,) strongly converges to u in H. By the definition of £’, Lemma
Remark2.4} one has

0 «+ <J;(um) — J(u), Uy, — )
_ /0 (1 () — o (£))2 — A(ud, () — o' (1)) 2dt

- / [F(t tm(t)) = £t ()] [un(t) — u(t)]dt

= D Milum(ts)) = Li(u(t))][um(t:) — u(t;)]

i=1

IN

Ot — ul|* — /0 Lt um () = S (£ u(t))] [um () — u(t)]dt (2.9)

= > i (t:) = Li(u(ts))]fum (ts) — u(ts)):

=1

Similar to the proof of Proposition 1.2 in [10], implies (u,,) uniformly converges to u in
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C([0,T7]). So
{ Jo L wn(£) = (8 u()][um () — u(®)]dt — 0 2.10)
Zﬁzl[fz(um(tz)) — Li(u(t:))][um (t:) — u(t;)]dt — 0
asn — 00, ||uy, — ul| — 0. We say that (u,,) strongly converges to v in H.

Step 2: J satisfies the first geometric condition.

forallu e H
1 T T ! U(t7)
J(u) = —/ (u'(t))* — M (t)dt / F(t,u(t))dt — / I;(s)ds
2 Jo 0 = Jo
using hypothesis (H1), we have
Ftu)| = [ 1f(t9)] ds
0
< / els| ds
0
1
S §5|u|2
T T 1
|F(t,u)|dt < / —e|ul*dt
0 2
1
< T§5]u|2
and we have
u(ti) u(ts)
/ ()] dt :/ 1s|ds
0 0
< / els| ds
0
—5|u|2
Z/ ! w)| dt < Z (-gw)
forall t € [0,T].. Consequently, by Lemma 2.6, for ||u|| < \%
T l u(ty) 1 1
/ F(t,u(t))dt + Z/ Ii(s)ds = §5|u|2(T +1) < EeT(T + 1) u|? (2.11)
0 0

=1

Since e is arbitrary, 3.8/ shows

T l u(t)
/0 F(t,u(t))dt+2/0 Ii(s)ds = o(|[ul])*
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asu — 0.

By Lemma 2.4 we have,
1 /T T l ul(t;) 0,
=5 [ @er -~ [ P -3 [ neds = Hul o)’ @12
0 0 = Jo

asu — 0. So (C1) holds.
Step 3: J satisfies the second geometric condition.
we choose e(t) = ¢y (t) € H,v € R.

2

100 =% [ lew? == [ Fieoema -

Using hypothesis (H2), we have

(H2) There exist constants p > 2 and r > 0 such that for |¢| > r,
0 < uF(t,ve) < vef(t,ve), 0< u/ve Ii(s)ds < vel;i(ve), i =1,2,...,1
0
The condition (H2) implies, there exist by, by, ¢;,d; > 0,7 =1,2,--- 1 such that
F(t,ve) = bi|vel” — b,

T T
/ F(t,ve)dt > / buly e — bo)dt
0 0

and
ye
| s = epe
0
! e !
Z/ I(s)ds > Z(qmu — le(t)|* — dy)
i=1 70 i=1
So

l

ve(ti)
Z/ I;(s)ds
T Jo

1=

I60) = T [ 1w -l = [ Peaeo) -

l

2 72 T
el = [ i = it = Y = el )

i=1

IN

By computation,
lell* = llga]* =1
and by Holder inequality, we have

/OT le(t)|Mdt > [/OT A (t)dtT ]
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Substituting (2.14) and (2.15) into (2.13), we have,

l
)“T‘*—%@T¥F§:d — —00

=1

0ov? 2T
J(7)<T—b1’ V(=

as |y| — —oo. Hence (C2) holds.
(i) A > M. A € [Ag, Aig1) for some k£ > 0. We will show that J satisfies the hypotheses of
Theorem Clearly J € C'(Y,R). Set V = span{p1, s, ,pr} and X = V-, where /s are
the eigenfunctions defined in (2.3). Foru € X,u= Y=, | a:p;

Step 1: J satisfies the condition (P.S)

Remark 2.6. L*(0,7T) embeds continuously in L*(0,7") By Holder inequality,

2 2—p

EE 5 -
el = (e T8 ) = s 7" (2.16)

Let (u,,) sequence in H such that J(u,,) is bounded and lim,,, ., J'(u,,,) — 0 Let us show

that w,, is bounded by (H2) and definitions of .J, J’. Choose 3 € (i, %) we have

M+ [Jun| ZTJ(Um> = BT () tm)
=GP [ ()~ ey

— [ 1Pl = Bt
— [Z/o ds—ﬁZ[ Uy (£3) ) U, Z)]

5= ) lunl® = (5= DAl + (5= 1) [ Pl @17)

l U (t;)
+ (6@—1)2/ I;(s)ds
i=1 70

1 1
g—ﬁwwﬂ%ﬂ§—@AMM@

v

v

T !
+ (ﬁu—l)/o [b1 |t ()" — bo] dt + (B — 1) Z [ |um (E) " — d;]
=1

Y

1 1
(5= B) lumll® = (5 = B luml

l
+ (B = V)T fulls — 0T) + (B — 1) > [eillullts — di]
=1

v

1
(5 = B) luml* + M|
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for M > 0. Therefore, (u,,) is bounded in H and L*([0,7]). The fact (u,,) is bounded in H
means that u,, — u. Following we will show (u,,) strongly converges to u. By the definition of

J', one has

0 — (J' (tpm) — J' (), Uy, — )
= [T ul,(8) — ' (1))? = Mum(t) — u(t))*dt

0 Ym

= Jo Lt um(®)) = f (8, u(®)] [ (1) = u(t)] dt

t) — u(t))3dt (2.18)
— St () = f(E ut))] [ () — ult)] dt
— S i () = Li(u(t))] [um (t:) — ult;)]

Similar to the proof of Proposition 1.2 in [10], w,, — u implies (u,,) uniformly converges to u in

C([0,77). So
fo U (t) — u( ))Zdt — 0
fo ft,um(t)) — f(t,u®)] [um(t) — u(t)] dt — 0 (2.19)
S [l <um<tz>> = Ti(u(t:))] fum(t:) — u(ts)] — 0

as n —» 00. ||uy, — u|| — 0. We say that (u,,) strongly converges to v in H.

Step 2: J satisfies the first hypotheses of Theorem 2.1}
By (H1), we have foru € X

T ! u(t;)
/0 F(t u(t)ds + Y / 1,(s)ds = of|Jul]®)

Foru € X and u = Zfikﬂ ;i

/O(u/(t))2_)\u2(t)dt = /0 (Z ai¢;(t))2_A( Z aigoi(t))mt
Z / @i (t))2dt — A Z / (1 (2.20)
- )‘ T / 2
= > (1—;1) | wora
- 3 d- Sl = (1 ﬁ)nuw

so,

Iw) = (1= 5ol + of ),
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as u — 0. So J satisfies (C'3) in Theorem 21|
Step 3: J satisfies the second hypotheses of Theorem

For uw = 0 + re, where 0 € V, e = ¢ 1, we have

J(u) = %/O (u/(1))? — M (t)dt
T l u(ts)
- [ =3 [T nas
= % /0 (U'(t))z—)\UQ(t)dt—i—g—z /O (e'(t))* — Ae?(t)dt (2.21)

- [ Feuwar- Z [ s

Since o € V, we assume o = Zle a;p; , where p;(i = 1,2, ...., k) is defined in Thus

T PR A
/0 (o’ ()2 — Ao?(t)dt < (1 — /\_k;> ;af = (1 — /\_k> %] < 0. (2.22)
r? /T(e’(t))2 — Ae2(t)dt = r* (1 S ) <7’ (2.23)
0 >\k+1

Substituting(2.22) (2.23) into (2.22) , noticing Remark2.1| we have

r2 T !
0 i=1
For any finite dimensional subspace Vi C Y, the norms ||-|| and |-||,, are equivalent.So there
exists ¢ > 0 satisfying

[ull < € ljull L (2.25)

for u € V; .Thus

T
/ blu(®)[Fdt > bie |lul” = b #([lo]|* + [rel®)? = e (Jo|* + ). (2.26)
0
By (2.24) (2.25) (2.26), one has
r? b
Ju) < = —bie M([lof* + ) + 0T+ > d (2.27)

i=1

Let

32



g1(r) = % — b Hrt + boT + Zi:l d;, go(r) = —brc Hrht.

Then lirﬂ g1(r) = lim go(r) = —o0, and ¢1(r), g2(r) are bounded from above.
r—>400 r—>—00
Thus there exists R; > 0 such that J(u) < 0 for all u € 9Q , where Q = (B, V) @
{re:0 <r < R;}. So J satisfies (C4) in Theorem 2.1] O

Example 2.1. Let T > 0,t; € (0,7),a,b; € C([0,T],R"),i = 1,2,--- 1. Consider mixed bound-
ary value problem with impulse
—u(t) = Au(t) + a(t)u’(t),t # ti,t € [0, 7]

— AU (t;) = b () ud(t;), 1 = 1,2, ....,1, (2.28)
'(0) =0,u(T) = 0.

N

Compared with 2.1), f(t,u) = a(t)u?, I;(u) = b;(t)u?
The conditions (H1) and (H2) are satisfied. Applying Theorem [3.3] problem has at least

one nontrivial solution for A € R.
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CHAPTER 3

EXISTENCE AND MULTIPLICITY OF
SOLUTIONS TO AN IMPULSIVE
SECOND-ORDER MIXED BOUNDARY VALUE
PROBLEM

In this chapter, we discuss the existence and multiplicity of solutions for the same impulsive

second-order equation that was published in the article [1].

3.1 Introduction

Consider the following impulsive problem which is studied in the previous chapter:

—u"(t) = Mu(t) + f(t,u(t)), t#t;, t €]0,T],
w'(0) =0, u(T) =0,

where A € R, 0 =ty < t; < ... <ty < tiy1 =T, AU (t;) = W' (t]) — u/(t]), (where v/ (t])(resp.
u/(t;))) denotes the right limit (resp. left limit) of u/(¢) att = ¢;, v/(t;) = v/ (t;), i € C(R,R), i =
1,2,..,1, fe€C(0,T] x R, R).

In tis chapter,we assume that the following assumptions are satisfied:
H1) f(x,t) = o(|z|), Li(z) = o(|z|) as /|z| = 0,i =1,2,...,1
(H2) There exist constants i > 2 and r > 0 such that for |e| > 7,
0 < pF(t, &) <Ef(E), 0< ,u/oE Li(s)ds < &L;(6), i =1,2, ...,
(H3) f(t,u),I;(u) are odd in u.
(H4) There exist z; > 0,7 > i, A is the k— th eigenvalue of 2.4]such that
rey + f(t,xr) <0,t €0, 7], Li(z1) <0, 1 =1,2,...,1
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3.2 Some necessary theorems and lemmas

Theorem 3.1. (Clark’s Theorem.) Let J be a real Banach space, I € C*(E, R) with I even, bounded
from below, and satisfying (PS). Suppose 1(0) = 0, there is a set K C E such that K is homeomorphic

to SV~ by an odd map, and supyI < 0. Then I possesses at least j distinct pairs of critical points.

Theorem 3.2. Let E be an infinite dimensional Banach space and let J € C'(E, R) be even, satisfy

(PS),and 1(0) = 0. If E =V @& X, where V is finite dimensional, and I satisfies
(C5) there are constant p, o > 0 such that Iyp,nx > o, and
(C6) for each finite dimensional subspaceF; C E, there is anR = R(E) such that I < 0on E\ B R(E) -

then J possesses an unbounded sequence of critical values.

3.3 Existence results and multiplicity

3.3.1 Existence and multiplicity of distinct solutions

Theorem 3.3. For k € Z . Assume that (H1) (H3) (H4) hold. Then for A € (A, r], problem[3.1| has at

least k distinct pairs of solutions

Proof. We consider the problem:

—u"(t) = q(\, t,u(t)), te€[0,T], t#t;,
—AUI tz‘ = Jz(u(t,) s 1= 1,2, ..... ,l, (32)

sush that,
Ax+ f(t,x), ©€ [z, 2] Ii(z), = € [~x1, 1],
g\ tx) =< Aey + f(t,x1), x € [11,00), Ji(x) = < Ii(z1), x € [11,00),
—\x1 + f(t,—x1), x € (—o00, —x1], Ii(—x1), z € (—o0, —11].

Remark 3.1. We claim any solution of[3.2]is a solution of[3.1} that is, any solution « of[3.2]satisfies

u(t) € [—x1,2],t € [0, 7).
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Proof. Using hypothesis 4 and H3 we have
let 81 = {t € (a1,b1) € [0,T] : u(t) > 1} .By the definitions of ¢(\, ¢, ) and J;(z),[.2]is reduced

to
—U//(t) = ()\ t ZL‘l) = )\1‘1 -+ f(t l’l) < Ty + f(t ZEl) < O t e (al,bl) t 7& ti,
=AU (t;) = Ji(u(ty) = Li(x) <0 ,i=1,2,....,1, (3.3)
u(ar) = u(by) = x1.

The solution u(t) of B.3|satisfies u(t) < z1,t € (a1,b1) . So 1 = ¢ and u(t) < ;.

Let 8, = {t € (az,b2) € [0,T] : u(t) < —a1} . By the definitions of ¢(\,¢,z) and J;(z),[3.2]is re-

duced to
—u"(t) = q(\ t,—x1) = =Xy + f(t,—x1) > —rxy — f(t,z1) >0, t € (az,by), t#t;,
—Ad/(t;) = Ji(u(t )) =—ILi(x1) >0 ,i=1,2,....,1, (3.4)
u(az) = u(bz) = —

The solution u(t) ofﬂsatlsﬁes u(t) > —x1,t € (ag,b2).Sofy = ¢ and u(t) > —x;.

Therefore, any solution of [3.2]is a solution of Hence to prove Theorem it suffices to

produce at least k distinct pairs of critical points of

T T ! u(t;)
:%A|wm%;l<mum@m—§;é Ji(s)ds

where Q(A, t,x) = [ q(\t,s)d O

Step 1: J satisfies the condition (p.s)(see[3.3)

Step 2: K is homeomorphic to 57!

Now set K = {Zle agp; SF a2 =a } , where ¢; is defined in

K is homeomorphic toS*~! by an odd map for any a > 0.

fO 11a19012dt 11 ’LfO 9012dt Zz laz_a EK

Step 3: We claim J(u) < 0,Vu € K if a is sufficiently small.
Foranyu € K,u = Zle a;; . By (H1)
J(u) = LT @) Pdt — [ QUM tu(t)dt — X', [ Ji(s)ds
17 [(Sh )] - 7 Qo taepan S s,
= 530 Ak =) — fy F(u()de = S0 [ Tis)ds
<3 (1 — ﬁ) a® + o(a?) + o(a?)
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forsmall a > 0. Since A € (A, 7], J(u) < 0.
Step 4: We show that.J is even.
We have J € C'(H,R) is even since f(¢,u) and I;(u) are odd with respect to u, and J(0) = 0.

Lett € [0,T]u € R, we pose s = —v, then we have ds = —dv and,

Qt,—u) = /O—u q(t,s)ds

=— /Ou q(t, —v)dv

= / q(t,v)dv = Q(t,u), (because ¢isodd).
0

Also, we have L(u) = [ I;(s)ds, we pose s = —v,then we have ds = —dv and,

= / Ji(v)dv = L(u), (because [ is odd).
0

Furthermore, we have

1 T l —u(t;)
J(—u) =5l - ul|? —/0 Q(t, —u(t))dt — Z/O Ji(t)dt
=1

1 ) T ! u(t;)
- gl - | QUi =3 |

= J(u).
That is, J is an even functional . O
Therefore, according to theorem 3.1/ J has at least k distinct pairs of solutions , that is to say

that the system (3.1) admits at least & distinct pairs of solutions.

Example 3.1. let T' = 7,4, € (0,5),i = 1,2, .....,[. consider mixed boundary value problem with

impulse
—u"(t) = du(t) — (t + 1)u3(t),t #t;,t €[0,T]
=1,2,....,1, (3.5)

Compared with [3.1] f (¢ u) = —(t + 1)ud, I;(u) = —10u®. Clearly (H1) (H3) are satisfied. Let
z; = 10, then (H4) is satisfied with » = 100 . Applying Theorem for A € (\,100] =

2k —1)%2,100], k = 1,2, 3,4, 5 problem 3.5/ has at least k distinct pairs of solutions
p p
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3.3.2 Existence of an infinity of solutions

Theorem 3.4. Suppose that (H1) (H2) (H3) hold. Then for A\ < Xy, problem 3.1| possesses infinitely

many solutions.

Proof. Step 1: J satisfies the condition (p.s)
Let (u,,) sequence in H such that J(u,,) is bounded and lim,,_,~, J'(u,,) — 0 Let us show that

u,, is bounded by definitions of J, J’ ,Lemma. Choose = i we have
1 !
M+ Bllunl] = J(um) - m (J" (), tm)

’ T Lo puml(ts)
— %/0 (u;m(t))txuil(t)dt—/ F(t,um(t))dt—;/o Li(s)ds

0

_ ! /O (u;l(t))Q—)\ufn(t)dtJr/% /0 f(t,um(t))um(t)dt+%Zfi(um(ti))um(ti)

K =1

1 1 g ! 2 2 ’ 1
- (5_;)/0 (ul,(t)) —/\um(t)dt—/o [F(t,um(t))—;f(t,um(t))um(t)]dt

Um (i) 1
_ z; [ /0 Ti(3)ds = = (atm )y 1]

1=

Using hypothesis H2 we have

1 1 1 T 1
J () — = (J (), ) > (= ——)0 qu—/ max | — f(t, U (1)) Um () — F(t, um(t))|dt
() = ) = (= )l = [ a2 £t 0 ) = Flt 0 (0)
_ max |1t (£:) o () — / Ii(s)ds|
) un(z)E[—r,r] | U 0
1 1
> (5—;)91”%1“2—6
such that

! 1
c= / max | —f(t, um(t))un(t) — F(t, um(t))‘dt
0 Un(x)E[-r]
l 1

1
L 1) 1) — /O B 1(s)ds|

— max
—1 un () €[—r,r]
1=

So (uy,) is bounded in H .

The fact (u,,) is bounded in H means that u,, — u.
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Following we will show (u,,) strongly converges to u in H . By the definition of .J', Lemma

Remark2.4} one has

0 + (J'(um)— J(u),tp —u)

(3.6)

IN
>
»
B
3
|
£
o
!
—
=
S
3
—~
=
—
=
<
—~
=
B
3
=
|
<
=
=
~

— Y i(un(t) = Ti(u(t)][wm () — u(t:)].

i=1

Similar to the proof of Proposition 1.2 in [10], implies (u,,) uniformly converges to u in
C([0,T)). the injection of H} into C(0, T') with its natural norm ||.| ., is continuous. Since u,, —
u in H; it follows that u,, — u in C(0,T) . By the Banach-Steinhaus theorem,(u,,) is bounded
in Hj and, hence, in C'(0,T') . Moreover, the sequence (u,,) is equi-uniformly continuous since,

for0 < s <t <T,wehave

\um<t>—um(s)|g/:u;(f)d7< t_sé(/ ! ( \pdT)

1

< (t—s) Hum||H1 <c(t—s)a

So
{fo (£ um(8)) — £t u(t))][tom (£) — u(®)]dt — 0 o)
Zizl[fz(um(u)) — L) [t (t:) — u(t)]dt — 0

asn — 00 ,||u, —ul| — 0. we say that (u,,) strongly converges to u in H.
Step 2: J satisfies the first hypotheses of Theorem[3.2].

forallu e H
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using hypothesis (H1), we have

F(t,u)| = / F(t.5)] ds
’ d
S/o els| ds

1
< 2 oqyl?
< 2&?|u|
T Tl
|F(t,u)|dt§/ L upat
0o 2
<T1 |u)?
—£&
=45 u

and we have

Z/u(m w)| dt < Z (-g|u\2)

for all t € [0, 7). Consequently, by Lemma 2.6, for ||u|| < \/LT

u(t 1 1
/0 (t ult dt+Z/ s = eluP(T+1) < SeT(T + 1) ful?

Since e is arbitrary, 3.8 shows

l

/T Ft,u(t)dt + 3

=1

u(ts) )
/O 1i(s)ds = of Jull)
asu — 0.

By Lemma 2.4 we have,

s =3 [ o -z - [ R dt—z [ 0yas = il +off?

asu — 0. So (C5) holds.
Step 3: J satisfies the second hypotheses of Theorem 3.2].

set E = span {1, pa2, -+, or}. Forany u € E ,then u = Zle a;p; foraallu € H

T T ! u(t;)
J(u):%/o (u’(t))z—)\uQ(t)dt—/O F(t,u(t))dt—Z/o I,(s)ds
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using hypothesis (H2), there exist by, by, ¢;,d; > 0,0 =1,2,--- 1 such that
|F(t,u)| > by|ul* — by, / Ii(s)ds > ¢;|lult —d;, t€[0,T]
0
By Lemma [2.4,and remark 2.4}

Jw) =1 [T/ (1) = (t)dt — [ F(t,ut))dt — S, [ I(s)ds
< 10, [|u)? —fo (bifu(t)|* — ba)dt — 300 (eslulty) " — dy)
< 10, ul® = by [ [u(®)dt + 0T — S (s u(t)|* — dy)

< 302 lul® = bulJu(Ollf. + 0T — 325 (eilults)|* — di)

By remark L*(0,T) embeds continuously in L?(0,T)

l

1 2—p
Jw) < 5o ulf =0T fullf = Y (elult))” - d)
=1

1
< 592 [l = Es [|u]lts + ko

for ks, k¢ > 0. So J(u) — —oo as||u|| = +oo That is, there exists R > 0 such that J(u) < 0 for
u € E \ BR(E)

Step 4: We show that/J is even.

We have J € C*(H,R) is even since f(t,u) and I;(u) are odd with respect to u, and J(0) = 0.

Lett € [0,7]u € R, we pose s = —v, then we have ds = —dv and,

F(t, —u) / £(t, s)
/ f(t,—v)dv

/ f(t,v) F(t,u), (because fisodd).

Also, we have L(u) = fou I;(s)ds, we pose s = —v,then we have ds = —dv and,

= / I;(v)dv = L(u), (because I is odd).
0



Furthermore, we have

l

1 —u(t)
T(-u) = 5] —u||2—/0 (t, —u(t))dt — Z/
0

=1
l

T _/ (t, u(t))dt — Z/u(m
2 0 0
= J(u).

That is, J is an even functional. Therefore, according to theorem 3.2 J has an infinity of critical

points, that is to say that the system (3.1) admits an infinity of solutions. O

Remark 3.2. Study of the existence and multiplicity of solutions using the mountain pass
lemma for somme boundary problems, whether on a bounded domain or not, is in diffu-
sion among many researchers, where let us suppose that the member non-linear is verified
the Ambrosetti-Rabinowitz condition in order to prove the Palais-Smale condition (PS), and

for more information you can look at the references see the references, [24], [28] [40] and [41]

Example 3.2. LetT' > 0,t; € (0,7),a,b; € C([0,T],R"),i = 1,2, ...,1. Consider mixed boundary

value problem with impulse

—u"(t) = Mu(t) + a(t)u’(t), t # ti,t € [0, T]
—AU(t;) = b () u(t;), i =1,2,...,1, (3.10)
'(0) =0,u(T) = 0.

N

Compared with[3.1} f(t,u) = a(t)u?, [;(u) = b;(t)u®.
The condition (H3) is satisfied. Applying Theorem problem has infinitely many solu-

tions forA < \; = %
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Conclusion

N this work, we studied some theories of critical points, and we studied a impulsive second
I order limit problem posed on the interval bounded [0, 7] by variational methods, minimiza-
tion theorem, Mountain Pass Theorem and saddle point theorem .

In the first chapter, we gave some basic tools, which are necessary for this work, such as the
theory of critical points, the differentiability of an operator in space of Banach, and Mountain
Pass Theorem, and also we give some minimization theorems. We also introduced known com-
pactness conditions under the name Palais-Smale .

In the second chapter, we studied the existence of solutions for the following impulsive second

order boundary problem,

where f € C([0,7] x R,R), I; € C(R,R).

Our approach is variational, we used minimization theorems. The solutions tions are obtained
as minima or critical points of a certain functional .

Finally, we studied the existence and multiplicity of solutions for the impulsive boundary prob-

lem in the second chapter.
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Résumé

Dans ce mémoire, nous avons étudié un probleme aux limites de seconde ordre impulsif sur le
domaine borné [0, 7], ainsi que la théorie des points critiques, lemme du col de la montagne et
théoreme de points selle. Notre objectif dans cette étude était d’appliquer la théorie des points
critiques, lemme du col et théoreme du points selle pour vérifier 'existence et la multiplicité
des solutions au probléme aux limites du second ordre impulsif suivant :

—u(t) = Au(t) + f(t,u(t)), t # t;,t € 0,7,

=AU (t;) = L(u(ty)), i=1,2,...,1,

w'(0)=0, u(T)=0.
Mots clés : Point critique. Méthode variationnelle. Existence de solution. Seconde ordre.
Impulsif. Lemme de Col. Théoreme de point selle. Condition de Palais-Smale. Dépendance de
dérivée. Fonctionnelle d’énergie.

Abstract

In this memoiry, we have studied an impulsive second-order boundary value problem on the
bounded domain [0, 7], as well as the theory of critical points, the mountain pass lemma and
the saddle point theorem. Our goal in this study was to apply the critical point theory, neck
lemma and saddle point theorem to verify the existence and multiplicity of solutions to the
following impulsive second-order boundary value problem :

—u"(t) = Mu(t) + f(t,u(t)),t #t;,t € 0,71,

—Au'(tl) = IZ(U(Q», 1= 1,2, ...,l,

w(0)=0, u(T)=0.
Key words : Critical point. Variational method. Existence of solutions. Second order. Impulsive
differential equation. Mountain pass lemma. Saddle point theorem. Palais-Smale Condition.
Derivative dependence. Energy functional.
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—u"(t) = Au(t) + f(t, u(t)),t #ti,t €[0,T],

_Au/(tl> = Il(u(tz))ﬂ 1= 1727 "'7la

w'(0) =0, u(T)=0.
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