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Introduction

For a bounded operator 7" on a complex Banach space X. In order to obtain an approximate
solution to the the eigenvalue problem T = Ay, a well known process is to construct a
sequences (7},) of bounded operators on X which converge to 7" in an appropriate manner,
and have given error estimates for the solutions of the approximate eigenvalue problem
T, = Ang,. The approximation of 7" by a sequences of finite rank operators (7},) allows
to reduce the eigenvalue problem 7T,p, = A,¢, to a matrix eigenvalue problem M,u, =
Ay, Typically, the size of the matrix M,, increases with n. Several authors have studied
this problem and other related topics using various types of convergence in B(X). There
are several notions of convergence of a sequence of operators which yield spectral results:
the norm convergence, collectively compact convergence ([I7]), compact convergence and
regular convergence ([5]), stable and strongly stable convergence ([§]), resolvent operator
convergence ([15]), convergence of (7},), to T in the sense that the spectral radius (7, —T')
of T,, — T tends to zero and ||(7,, — T')T,|| tends to zero ([3]). Moreover, in 1994 M. Ahues,
and A. Largillier introduced the v-convergence in ([I]). In order to study spectral continuity
properties, this type of convergence is useful ([7], [9], [4]).. This work is devoted to study of
the finit rank approximation of integral operators by using methods of approximation wich
provided by M,Ahus and A,Largilier in 1994. This work is composed of three chapter

The first chapter, we recal the basic properities of the bounded linear operator in a

Banach space which is an impaortant part of functional analysis, we beging by the basic
notaions necessary to study linear operators for norme spaces and we present the spectrum
of bounded linear operators and the patrs af the spectrum. In the last part we present the

compact operator.
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The second chapter, we study the convergence, it consists of two section. In first sec-

tion, introdusing the notion of the spectral approximation of the operators and the existence
theorem, we defined some mode of convergence in order of as follows (the norm convergence
T, = T, pointwise convergence T,, — T, collectivly compact convergence T}, — T, and the
v convergence T, — T ). In the last section, we will be paid to the study of .the spectrul
opproximation.and we study there the spectrum continuity (the upper semicontinuity and
the lower semicontinuity).

The third chapter, we study the integral operators in the first section we define the

integral operator and fredholm operator. In the second section we study the finit rank
approximation it consists tow subsections in the first we show the approximation based
on projections and gives some ways of constructing a sequense (m,) and in the second
subsection we show the approximation of integral operator we used the degenerate kernel

approximation an the approximation based on numerical integration.



Chaptre 1

Basic Properties

1.1 Bounded linear operator

1.1.1 Linear operator

Definition 1.1.1 Let X and Y be any two normed spaces over a field K, T is function

from X toY, then we say T is linear operator if :
1 T(x+y)=T(x)+T(y)for all z,y € X,
2 T(ax) = oT(x); for each a € K, x € X.

Example 1.1.1 Let T : X — Y such that X = C([0,1]) and Y = C([0,1]) be defined
by T(f)(s) = fol k(s,t)f(t)dt; where f € C([0,1)), k(s,t) is a real valued continous function
over [0,1] x [0,1], that is F'(s) = T(f)(s), where F' € ¢[0,1] s,t € [0,1], cleary T is a linear

operator.

Definition 1.1.2 X is called the demain of T denoted by D(T), the image of X under T is
called the range of T denoted by (R(T) or Im(T)) is the set of all y € Y such that Tx =y

for some x € X.

in other word

R(T) ={yeY,y="Ta}.



1.1. Bounded linear operator

The null space (or kernel) of linear operator T' denoted by (N(T) or ker(T)) is the set
of all x € X such that T'(z) = 0.

N(T) = {z € X, T(z) = 0}

The graph of T is the set G(T') such that

G(T) = {(z,Tz)/z € D(T)} C X x Y.

X x Y is the norm ||(z, )| %y = lzl% + |lyll% Wich makes X x Y is a Banach space

Definition 1.1.3 A linear operator T : X —— Y is said to be continous at ro € X

if there exists a sequence {z,} € X such that ||z, —x¢] — 0 as n — oo. Implies

IT(x) — T'(o)[| — 0.

Asn — oo. Equivalently, for any £ > 0 there exists 0 > 0 such that ||T'(z) — T'(xo)|| < €

when ever ||z — x¢|| < 0.

Theorem 1.1.1 LetT : X — Y be a linear operator, if T is continous at point of X, then

T is continous at every other point of X.

Proof. Suppose T is continous at x¢ € X, so given € > 0, there is a positive § > 0 such
that | 7'(z) — T'(z0)|| < €, whenever ||z — x¢|| < J, soppose x; another point of X. Then if
|z — x| <9, we write ||z — z1]| = ||(z — 21 + 20) — 20| -

Thus ||z — z1]| < § i.e, ||(x — x1 + 29) — xo|| < § implies by virtue of contunuity of 7'

IT(x — 1+ xo) — T(x0)|| < €
or |[|[T(x)—T(x1)+T(xo) —T(z0)|| <€
or ||[T(z) —T(x1)| <e.

So T is continous at x = x1. =W
1.1.2 Bounded linear operator

Definition 1.1.4 Let X, Y be normed vector spaces and T : X — Y a linear operator we

say that T s bounded if there exists a number C' > 0 such that

IT(z)|| < C|x| for eachz € X



1.1. Bounded linear operator

the lower bound of all C' > 0 such that ||T'(x)|| < C'||z]| for each x € X is called norm
of the operator 7" and is denoted by ||T||

Theorem 1.1.2 [2]If T is bounded define

T
HTH = Sup””gj‘” = sup HT:UH
x#0 =1

= sup{[|Tz|[; [l«]| <1}
If |Tz|| < C, for every x € X with ||z|| = 1, then ||T']| < C.

. We denote the set of bounded linear operators from X into Y by B(X,Y) and by B(X)
it X =Y.

Proposition 1.1.1 T a linear operator is bounded if only if it is continous at one point

ro € X, and hence continous at every point.

Proof. If T is not bounded then for each n we could find an element z,, € X such that

[T2n]l > n [l

Set

Tn

Yn = + o,

ozl

Then y, — xg. Since T is continous at xg, we must have Ty, — Txy. But

Tyn -

= + Tz
n ||z,

Hence

But

[T,
7 |||

Providing a contradiction. m



1.1. Bounded linear operator

Theorem 1.1.3 Let X and Y be two Banach spaces and {T,} a sequence of linear and
continous operators defined on X toY, if the sequence T,, converges to an operator T', then

this operator is linear and continous moreover, we have
17| < liminf || 75, -

Proof. Let T' be a linear operator then

T(ox+ By) = lim T,(az + By)
= lim (aTy,(2) + AT,(y))
= alim T,,(z) + £ lim T,,(y)
= oT(z) + BT (y).

The sequence of perators {7} be continous then, we have

T ()| <|| C =], Vn € N and Vz € X.

We obtain

lim ||T,(x)| = ||T(x)|| <z, for every x € X.

Hence the cotinuity of the operatorT.

For the evaluation of the norm ||T'|| of the operator T', we write

1T ) (<l T (1] 2

for the limit of two members, we obtain

T(x) =lim| T,(x) |
< lim inf | T, ||| « | .

Hence

| T)|< lim inf | T, | -



1.1. Bounded linear operator

Corollary 1.1.1 Let X,Y be normed vector spaces and T : X —— Y linear then the

following are equivalent:
1. T is bounded.
2. T is continous at xy € X.

3. T is uniformaly continous.

Theorem 1.1.4 Let X be a normed linear spaces and Y be a Banach space, then B(X,Y)

18 a Banach space.

Proof. Let (T,,) be Cauchy sequence of bounded linear operator from X to Y then for
e > 0, there exists some N € N such that |7, — T,,|| < e, for every n,m > N

Let x € X be arbitrary then

| Tn(x) = Ton() | =l (T = Ton)(2) Iy
<[ o = T ([l |
<el x| . for every n,m € N
So that for each x € X, (T},(x)) is a Cauchy sequence in Y.

Since Y is a Banach space (T, (z)) converge in Y for each z € X

T(x) = lim T, (z) Ve e X
T(ax+fy) = lim (T,(0r) + T,(3))

= fin Ty(o) + B lm (o)
= aT(x) + 6T(y)
T is linear
Since T, is a Cauchy sequence , is a bounded hence there exists some M > 0 with
M = sup{|[T,[| ,n € N}
so that

| To(z) lly <| Tolll| z [[y< M || 2 ||x for every n € N and for each z € X
IT@) | =) lin Ta(a) |

=|| To(z) [y< M ||z |[|[x forevery z € X



1.1. Bounded linear operator

Hence T is a bounded linear operator from X toY . m
Theorem 1.1.5 (Banach_Steinhaus1)

Let {T,(x)} be a sequence of operators defined on a Banach space X in a normed space
Y, if the sequence T},(x) is bounded for every x € X, then the norm of these operators ||7,,||

are also bounded. In other words,
Ve € X, sup || Tn(z) ||[< 0o = sup || T, ||< o0
Theorem 1.1.6 (Banach Steinhaus 2)

Let {T,,} a sequence of continous linears operators, defined on a Banach space X in a

Banach space Y, the sequence {T},} converges to a continous linear operator, iff
1. The normes || T,, || of the operators T,, are bounded.

2. The sequence {T,,(x)} is Cauchy for any element of the set G dense in X.

Adjoints linears operators in the normed space

Definition 1.1.5 LetT a bounded linear operator defined for a normed space X in a normed
space Y so, for all p € X and ) € Y, we define U € Y* = B(Y,k) and V € X* = B(X,k)
with k = (R or C)

F—k
U: ¢Y—U)
et
EF—k
Vi pr—Vip)

The operator noted by 7™ defined for Y* on X* is called adjoint operator of T if, for all
UeY*and V € X*
Y* N X*
T Ur—=T7(U) = U(T(p)) = V(p)

and
X —Y — k

T =UoT: p+—T(p) — U(T(p)).



1.1. Bounded linear operator

1.1.3 Spectrum of a bounded linear operator

Definition 1.1.6 [I8]Let T' be a bounded linear operator acting on a Banach space X over
the complex scalar field C, and I be the identity operator on X, the spectrum of T is the set
of all N € C  for with the operator T'— Al does not have an inverse that is a bounded linear

operator

o(T)={X € C, (T'— \I) is not invertible}

The spectrum of operator 7' is often denotted o(T'), and its complement, the resolvent

set, is denotted p(7")

Parts of the spectrum [10]

The spectrum o(7") is the disjoint union of the point spectrum o,(7), (set of eigenvalues),

continous spectrum o.(7), and residual spectrum o, (7):

The points spectrum o0,(7") That gathers all A € C such that the operators T — A/ is
not injective. Such a complex number A is called an eigenvalue of 7" and the dimension of the
kernel ker(T — A\I) is the geometric multiplicity associated with this eigenvalue. An element
of ker(T — A\I) is called eigenvector or often, an eigenfunction in the case the Banach space

is a function space.

o,(T) ={X € C/(T — \)is not injective}
={\ e C/N(T — \I) # {0}}

A € 0,(T) eigenvalue and = # 0.e.di Tz = Az eigenvectors.

The residuel spectrum o,.(7) That gathers all A € C such that the operator 7' — AI is

injective but does not have a dense image.



1.1. Bounded linear operator

o.(T) ={Ne€ C/(T — \) is injective and Ran(T — \I) # X}
— [\ e C;N(T — AI) = {0}, Ran(T — ) # X}

The continous specrtum o.(7") That gathers all A € C such that the operator 7" — \/

is injective, has a dense image, but its inverse (7' — A\I)~! is not bounded.

o.(T) ={X\e C/(T — \) is injective, Ran(T' — X\I) = X, but Ran(T — \I) # X}
— (A€ C,N(T - \I) = {0}, Ran(T — A) = X}

1.1.4 Compact operator

Definition 1.1.7 [6] (Compact linear operator) Let X andY be normed space. A linear
operator T : X — 'Y is compact linear operator if for any bounded sequence (xy,)n>1 in X,

the sequence (T'xp)n>1 in'Y has a convergent subsequence.

We note that every compact operator 7' is bounded. Indeed, if ||T'|| = oo, then there
exists a sequence (x,),>1 such that ||z,| < 1 and || Tz, ||— oco. Then (T'z,),>1 cannot

have a convergent subsequence. Hence, ||T']| < oo.

Theorem 1.1.7 [I8]Let X be a normed space and Y be a Banach space. Let (T,,),>1 be a
sequence of compact linear operator from X into Y. If T,, — T (that is, ||T,, — T|| — 0),

then the limit operator T is compact.

Proof. Since T; is acompact operator, hense Cauchy we know that the sequence (7} (z,,))
has a convergent subsequence (71(x1,,)), where (z1,,) is a subsequence of (x,). (1) is
bounded, so we can repeat the argument with 75 to produce a subsequence (x2,,) of (x1,,)
with the property that (73(z2,,)) converges. We continue in the same way, and then define
a sequence (Yn,) = (Zmm). Notice that (y,,) is a subsequence of (z,), so it is bounded,
say by || yn ||< ¢, and it has the property that for every fixed n, the sequence (7),(y,)) is
convergent, and hence Cauchy.

We claim that (7'(y,,)) is a Cauchy sequence in Y, let ¢ > 0. Since ||T,, — T|| — 0,
thare is some p € N such that [T, — T'|| < 5. Also, sinse (7,(y,,,)) is Cauchy, there is some
N > 0 such that [|T,(y;) — Tp(yx)|| < § whenever j,k > N. There for j,k > N, we have

10



1.1. Bounded linear operator

1T Cy;) = TCy) [ <N Tws) = Toys) + Toys) = Tolyw) + Tplyr) = T(ys) |l
< TCys) = Tolys) |+ 1 Tolys) = Tp(yie) |+ 1 Toyr) = T(wie) |
<IT =T M s (1 +5+ 11T =T (1] e |
<gzctitgc=e
Which proves that (7'(y,,)) is Cauchy. Since Y is a Banach space, it is by definition
complete, so (T(y,,)) converges. We have thus produced, for an arbitrary bounded sequence

(x,) C X, a convergent subsequence of its image under 7'. therefore,T" is compact. =

Lemma 1.1.1 Let X be a normed linear space, and let T and S be a boounded linear

operator on X. if T is compact, then so are ST and T'S.

Theorem 1.1.8 Let X and Y be tow normed linear spaces; suppose T : X — Y, is a

linear operator, then the following statements:

1. T is compact.
2. The image of the open unit ball under 7" is relatively compact in Y.

3. For any bounded sequence {z,} in X, there exists a subsequence {T'z,, } of {Tx,}

that converges in Y.

11



Chaptre 2

Spectrum continuity

2.1 Modes of convergence

Since exact computations of the spectrum are almost always impossible, it is relevant to
know the spectrum or any of its parts in approximate way. Several authors have studied this
problem and other related topics using various types of convergence in B(X). In addition to
the norm convergence; There are several notions of convergence of a sequence of operators

which yield spectral results:

Definition 2.1.1 [I]Let X,Y two normed spaces, T, is a sequence of linear operator from

XintoY. And T : X — 'Y is a bounded operator
1. We said that T}, converges in norm to T, denoted by T, — T if

H Tn—THHO

2. T, is said be convergent to T' by pointwise convergence, written 7}, —— T if

| Thx — Tx ||— O for every x € X

3. T, is said be convergent to 7' by compact convergence, written 7}, — T if

The following conditions is satisfed

12



2.1. Modes of convergence

a) T, = T.

b) for any sequence {z,} in Y, the sequence {(T' — T,,)z,}y is a relatively compact

in X.

4. T, is said be convergent to T by collectively compact convergence, denotted by T, — T

if
p .. .
T, — T, and for some positive integer ny,

U {(T,, —Tz,x e X,| z <1},

n>ng
is a relatively compact subset of X, if T" is compact, then the letter condition is equivalent

to the condition that for some positive integer ng, the set :
U {Tx;xe X, | z||<1},
n>ng
is a relatively compact subset of X.

Proposition 2.1.1 [I)If T, = T or T,, <= T, then clearly T, 25T But the converse is

not true.

The v Convergence

Definition 2.1.2 Let X,Y two normed spaces, T, is a sequence of linear operator from X
mtoY. And T : X — Y s a bounded operator. T, is said to be convergent to T by the

v— convergence, denoted by T,, — T if
(|| T, ||) is bounded, || (T;, = T)T ||— 0, and |[(T,, — T)7,|| — O.
Lemma 2.1.1 [I] We have
a) If T,, — T, then T,, —— T, conservely if 0 ¢ o(T) and T,, — T then T,, — T.

b) Let T, — T and U, - U, then T}, + U, — T+ U iff (T}, — T)U - 0. In particular

i) If T,, > T and U, - 0, then T}, + U, — T.

13



2.1. Modes of convergence

ii) If 7,, = 0, U, = U and T,,U - 0, then T}, + U,, — U.
c) If T, %% T and T is a compact operator, then T, —— T.
Proof.

a) Let T, — T. Since ||T,|| < | T, =TI+ || T |, (T, = T)T|| < |T,, — T||||IT|| and
(T, — DT < | T — T|| || T0]| , we see that T, —— T

Conservely, let 0 ¢ o(T) and T, — T. Then T is invertible and || T}, — T|| = (T}, — T)TT || <
(T, — T)T|| | T, so that T), — T.

b) Since || T, + U, |<|| T || + || Un ||, we see that the sequence (||T,, + U,||) is bounded.
Assume that (T, — T)U - 0. As

| (T 4+ Un =T =U)T+U) [|<|| (T = T)T || + (T = DU + |Un = U I+ U,
I (T +Up =T = U)T + Un) < (T = T)T || + (T = YUl + |Un = UL (N T [ + 11 U (D

Where || (T, = T)U, ||<|| T, =T |||| Up = U || + (T, — T)U||, we see that T}, + U, —
T + U. Conservely, assume that T}, + U,, — T + U. Since

(, -7V =(T,+U,-T-U)T+U)—(T,,-T"T — (U, - U)(T+U)
We obtain (7, — T)U - 0. The particular cases (i) and (ii) follow easily.

c) Let T, =% T. By the Banach  Steinhaus theorem, the sequence (||T},||) is bounded
and the pointwise convergence of (T,,) to T" is uniform on the relatively compact sets
{Tz:ze X,||z||<1} and ngnO{Tnx cx € X, || x||< 1}, hence ||(T,, —T)T|| — 0
and ||(T,, — T)T,|| — 0. Thus T,, — T.

14



2.2. Spectral approximation

2.2 Spectral approximation

2.2.1 Spectrum continuity
Property U

This property is known by The upper semicontinuity of the specrtum holds if, when-

ever T,, — T, A\, € o(T},) and (\,) — A, we have \ € (7).

Proposition 2.2.1 [1]If T,, %> T, then we may have \, € o(T,) with \, — X, but
A¢o(T)

Example 2.2.1 Property U does not under pointwise convergence :
[e.e]
Consider = > z(k)e, € X, X = (2, let Tz = z(1)e; and for each n > 2
k=1

T,x =x(l)e; — x(n)e,.
Since || T,z — Tz ||o=| z(n) |— 0, for every z € X, we see that T,, — T. Now
o(T)={0,1} and o(T,,) = {—1,0,1}.

Since A = —1 € 0(T,,) Vn, but —1 ¢ o(T), the property U does not hold. Also, if for
r e X, we let
Thx =z(1)ey + z(n)e,.
Then T, = T, 1 is an eigenvalue of T}, of algebriac multiplicity 2, but 1 is an eigenvalue
of T' of algebriac multiplicity 1.
On the other hand, if we let for x € X,

n—1

Tz =z(1)e; + z(2)ey and Tpx = z(1)ey + x(2)ey

Then again || T,z — Tz ||a=| 2(2) | /n — 0 for every € X, so that T, == T, 1 is
an eigenvalue of each 7T, of algebriac multiplicity 1, while 1 is eigenvalue of T' of algebriac

multiplicity 2.

Corollary 2.2.1 [I]Property U holds under v — convergence, that is, if T, T, N\, €
o(T,) and N, — X, then X € o(T).

15



2.2. Spectral approximation

Proof. Suppose suppose that A € p(T). Since the set p(T') is open in C, there is some
r>0suchthat E={2€ C:|z— X |<r} Cp(T). E C p(T,) for all n. Since \,, — A, we
see that \,, € E C p(T) for every n € N, which is contradictory to the hypothesis \,, € o(T},)
for every n € N, hence A must belong to o (7).

We note that the previeus corollary does not hold if, from the definition of the v —
convergence, one of the two conditions ||(7,, — T)T|| — 0, (T, — T)7T,|| — 0 is omitted

or if these two conditions are replaced by the condition ||(T;, — T)?|| — 0. =

Property L

This property is known by The lower semicontinuity of the spectrum holds if, whenever

T, — T and X € o(T), there exists A\, € o(T,,) for each n such that \, — .

Proposition 2.2.2 [I]Some spectral values of T' may not be approximable by spectral values

of Th,, even when T,, — T

Example 2.2.2 [I] Property L does not hold under norm convergence:

Let
x(k+1) ifk# -1
0 ifk=-1

(T)(k) =

For X = I*(Z), for x € X

And for every n,
x(k+1) ifk#-1
=(0) if k=—1

(Tox)(k) =

Since || T,z — Tx ||=| x(0) | /n for all x € X, we see that || 7,, — T [|=1/n — 0.

Suppose that o(T') = {A € C:| A |[< 1}.if | A |< 1, consider x) € X defined by z,(k) =0
Vk < —1, 2)(0) = 1 and z,(k) = M for all k£ > 1, and note that Tz, = Azy with z, # 0.
Thus every A satisfing | A |< 1 is an eigenvalue and hence a spectral value of 7. Since
o(T) is closed, it follows that {\ € C:| A |< 1} C o(T), but ¢,(T) < T = 1, we see that
o(T)c{reC:| )< 1},

On the other hand, we claim that o(7,,) = {A € C :| A\ |= 1} for each n, if | X |= 1,
consider y € X defined by y(k) = 0 for all £ # —1 and y(—1) = 1, and note that there is
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2.2. Spectral approximation

no r € X with T,z — Az = y. Thus every A satisfying | A |= 1 is a spectral value of T.
{AeC:AN|=1}Co(T,) Cc{AeC:|N|<1}.
It can be seen that T, is bijective and for x € X,

z(k—1) ifk#0

T 7)k) = nx(—1) iftk=0

So that || 7,;! ||= n. similarly, for j = 2,3, ...and z € X,

wk—j) ifk#01,..,j—1,

(T 7z) (k) =
nx(k — j) ifk=0,1,....,5 —1,

So that || ;7 ||= n, for every j. Hence o,(T;') = lim || 7,7 ||'Y7= limn'/7 = 1.
j—o0 j—oo

Thus o(T,;') c {A € C:| A< 1}, o(T,) € {\ € C:| X\ |> 1}, and it is known that if
| A< 1, then A € o(T'), but there is no A, in ¢(7},) such that A\, — .

Proposition 2.2.3 [I]Let A be a spectral set for T, C € C(T,A) and T,, = T.

(a) There is a positive integer ny such that for each n > ng, C lies in p(7,). And if

1
A, =o(T,) Nint(C) and P, = —— [ R,(z)dz,
21 C

Then A,, and P, do not depond on C' € C(T', A) for each n.

(b) Let E be a nonempty closed subset of p(T'). Let £ = C, then for each n > ny :
1(C) 1(C)

< <
| Pl 5=n(@), || Pall< 5 ~0a(0),
And
[ <90, (C)ae(C) || T, — T ||
| (B —P)P| <90, (C)as(C) || (T, = T)P ||

| (B = P)P. || < 'Day(C)as(C) || (T, ~ TP, |
And if 0 € ext(C), then

(T, -T)P < 4229 (1, -T)T |,

(
C) az(C
H (Tn - T)Pn HS % 5((0)) H (Tn - T)Tn H>




2.2. Spectral approximation

Corollary 2.2.2 [I]Let A be a spectral set for T,
(a) If T, = T, then P, > P,
(b) If0 ¢ A and T,, — T, then ||(T,, — T)P|| — 0, ||(T), — T)P,|| — 0, and P, — P

Remark 2.2.1 the upper semicontinuity of the spectrum and the lower semicontinuity of

the spectrum, taken together, give the continuity of the spectrum in the sense of kuratowski.
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Chaptre 3

Integral operator

3.1 Integral operator

Definition 3.1.1 The integral operator is any linear operator T defined on a normed space

X in a normed space Y given by

Tota) = [ Kooy @€ G
2
Where k(z,y) is a measurable function defined on a measure set G; x Gy and ¢(y) is a

measurable function defined on (.

Remark 3.1.1 The measurable function k(x,y) is said kernel of the integral operator T'.

3.1.1 Norms of the integral operators

Let T" be an integral operator defined on L,(G1), then for all p and ¢ conjugate (+ + % =1),

1
p
with (1 < p,q < ), the norm of the operator 7" is given by

<fG1 | k(z,y) | dy)gd;c)%’ for 1 <p< oo
T ||,= S essup || k(z,y) | dv, forp=1
Yy

essup k(x, dy, forp=o0
fG2 | ) Y

19



3.1. Integral operator

Remark 3.1.2 The norm of the integral operator T’ for p = q = 2 given by
1
17 0= ([ [ b [ dedy)? < o
G1 Y G2
Theorem 3.1.1 The integral operator T defined from X
Tip(x) =/ k(z,y)e(y)dy, e X,
b's

with continous kernel k(z,y) is a compact operator.

3.1.2 Fredholm operator

Fredholm integral operator

Definition 3.1.2 [I8]let X,Y be Banach space. An operator T € B(X,Y) is said to be a
Fredholm operator from X to'Y if

(1) o(T) = dim N(T) is finite,
(2) R(T) is closed in Y,
(3) B(T) =co dim R(T) is finite.

The set of Fredholm operators from X to Y is denoted by ®(X,Y).

The index of a Fredholm integral operator is defined as
i(T) = a(T) - B(T).
Theorem 3.1.2 If T be a cmpact operator, then Id —T is of Fredholm, and i(Id—T) = 0.
Theorem 3.1.3 If A, B € L(X) are two Fredholm operator, then BA is Fredhom operator
i(BA) =i(A) —i(B).

Proposition 3.1.1 [I1] The set of upper semi-Fredholm operators from X into Y denoted
by ®.(X,Y), defined by

o (X,)Y)={TeC(X,Y),a(T) < oo and R(T) is closed in'Y }.
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3.2. Finit rank approximation

The set of lower semi-Fredholm operators from X into Y denoted by ®_(X,Y),
defined by

o (X,)Y)={TeC(X,Y),B(T) < oo and R(T) is closed in Y'}.
The set of semi-Fredholm operators from X into Y denoted by ®.(X,Y"), defined by
P (X,)Y)=2, (X, Y)UD_(X,Y).
The set of Fredholm operators from X into Y defined by

O(X,Y) =0, (X,Y)Nd_(X,Y).

3.2 Finit rank approximation

3.2.1 Approximation based on projections

Definition 3.2.1 Let w, be a sequence of bounded projections defined on X, that is, each
7, 18 in B(X) and 72 = m,.and T € B(X) define

TP =7, T, T°=Tr, and TY = 7, Tm,.

Such that, the bounded operators TP is the projection approximation of T, T? is
the Sloan approximation of T', and T is the Galerkin approximation of T, all three

are finite rank operators if the rank of the projection 7, is finite.

Theorem 3.2.1 Let T € B(X) and 7, L 1, such that I be the identity operator, then
1 17 L1715 LT and 76 5T

(2) If T is a compact operator, then TP " T, TS -+ T and T¢ = T.

(3) If T is a compact operator and 7* = I*, then T > T and T¢ - T..

Proof. We have the sequence (|| 7, ||) is bounded.
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3.2. Finit rank approximation

(1) Since m, - I, and TPz = 7,Tx — Tz for every z € X, that is T? L. 7. Also,

since 7' is continous and

T3 -T=T(n,—1), T¢ =T = (TP =T\, + TS — T,

n

And we see that T L5 T and T¢ 7.

(2) Let the operator T' be compact. The set E = {Tz : x € X, || = ||< 1} is relatively
compact in X (Banach space). The convergence , 2, I is uniform on the set E,
that is,

I T, =T =l 7T =T ||= sup{|| (m, — Dy |l: y € E} — 0.

So, T? —T.Since|| TS ||<|| mn ||| T || and || TS ||<|| 7, ||?|| T || for each n, the
sequence (T7) and (T') are bounded in B(X). And we note that

(T5=T)T = T(TZ=T), (T$=T)T = (I2=T)T2+(T5=T)T, (T;=T)T; = (T3 =T)Tx,,
Hence ¥ —~ T and T¢ = T.

(3) Let the operator T be compact and 7% —2» I* in addition to 7, —— I. Since T* is a

compact operator on X*, and
177 =T =1 (77 = T)" ||=]| 7, T* = T* ||—0
By (1) we have

I T3 =T || =l m(TP -T)+ T8 =T |
<o|T;-T|+ T -T|—0.

SoT9 T and T¢ > T.
|
Remark 3.2.1 [I]If T is compact operator (TY) and (TS) in fact converge to T in a col-
lectively compact manner.
Ways of constructing a sequence (7,,)

We now gives deffirent ways of constructing a sequence (m,,) of bounded projections on X

such that 7,, —— I and the rank of 7, is finite.

22
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3.2. Finit rank approximation

Truncation of a Schauder Expansion

Definition 3.2.2 (Schauder basis)

The Banach space X has a Schauder basis, that is, there are eq, es, ... in X such that

le;|| = 1 for each integer j > 0 and Vz € X, there are unique scalars ¢;(x), ca(z), ... for

which . .
xr = ch(:c)ej = lim ch(x)ej.
i=1 R
Proposition 3.2.1 Each linear functional v — c;(z),z € X, is continous on X.

For each integer n > 0, define
T = ch(:v)ej, r e X.
j=1

Cleary, 7, € B(X), 72 = 7, T, -2, I and rank 7, = n.

If an operator T € B(X) is represented by the infinite matrix (¢; ;) with respect to a

scauder basis eq, e, ... that is

Tej:Ztm-ei, j = 1, 27
1=1

then .
TT]LJGJ' = 7TnT€j = Ztmei, j = 1, 2,
i=1
( oo
Zti,‘ei lfj = 1, ., n,
TSe; = Trmpe; ! a3
> 0 if j > n,
Zti,‘ei s lf] = 1, ey
TCe; = m,T'mye; =
| 0 if j > n,

Hence the matrix representing the projection approximation 77 of 7' is obtained by
truncating each column of the matrix (¢; ;) at the n'" entry and putting all zeros thereafter.
The matrix represinting the Sloan approximation 79 of T is obtained by replacing every
column after the n'® column of the matrix (; ;) by a column of all zeros. While the matrix

representing the Galerkin approximation 7¢ of T is obtained by carrying out both
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3.2. Finit rank approximation

these operations, so that the entries in the top left n x n corner of this matrix are the same
as the corresponding entries of the matrix (¢; ;) and all other entries are equal to zero.
Special case
Let X be a separable Hilbert space and let ey, €5, ... form an orthonormal basis for X. If

(.,.) denotes the inner product in X, then,

n

x = Z(x,6j>ej, xr e X.

j=1
So for each integer n > 0,

n

Tp® = Z(x, ej)ej, v e X.

Jj=1

n

Since (m,x,y) = > (x,€;){ej,y) = (v, m,x) for every z,y € X, we see that 7, = m,, that
j=1

is, the projection 7, is orthogonal. If T is a compact operator on X, then we obtain not

only TP —TbutalsoT? —~Tand TG —-T.
Example 3.2.1 Some classical Schauder bases and orthonormal bases:
(1) Standard Schauder basis for ¥, 1 < p < oo,

Vi >0,j €7, let
ex = (0,...,0,1,0,0,...),

Where only the k' entry is 1. then (ej) forms a Schauder basis for I? if p = 2, this is

orthonormal basis.
(2) Schauder basis of saw-tooth functions for C°([0, 1])
for t € [0,1], and eg(t) =t,ei(t) =1 — ¢,

2e0(t) ifOo<t<i
62(t = O() -
2e(t) if 3 <t <1

for each integer m > 0 and j =1,...,2™, let
eom + j(t) = ea(2™t — j + 1),

where we let e5(t) = 0 for ¢ ¢ [0, 1]. The sequence of saw-tooth functions forms a schauder

basis for C°(]0, 1]).
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3.2. Finit rank approximation

(3) Orthonormal basis of haar functions for L?([0,1]).
te [a, b], let ego(t) =1,

1 ifo<t<g,
6170(t) = —1 lf% <t <1,

0 if t=1
For each integer m > 0 and j = 1,...,2™, let

am/2 it b <t < 2

emJ(t) - _2m/2 1f 227]7;11 < t < Q{na

0 otherwise.

The sequence of these haar functions forms an orthonormal basis for the space L*([0, 1]).

Interpolatory Projections

Also known as a collocation approximation .

Definition 3.2.3 Let X = C%a,b]) with the norm || . |- For each integer n > 0 and

r(n), consider the nodes ty 1, ...,tnr(n) 0 |a,bl:
Where t,,0 = a and t,, y(n)+1 = b
a <ty <tpo<..<tprm-1<tprmn) <0
Consider functions e, 1, ..., €, () in X such that
enj(tnk) =0k, J k=1..,7(n).

We define "

(Tn)(t) = Zx(tnvj)envj(ﬂ, z e X,tela,b.

Then 7, : X — X, and we see that 72 = 7,,. Also

R(7my) = span{enq, ..., enrn) }
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3.2. Finit rank approximation

The set {en1, ..., €nr(m) } is lineary independent. Hence rank(m,) = r(n). Since for every
reX
() (tng) = @(tns),  J =1, 7(n),
T, interpolates x at ¢, 11, ..., ¢, »(n), We say that 7, is an interpolatory projection.
We shows that || 7, ||=|| ng) | €n.j |lloo - foe every x € X and ¢ € [a, b], we have

j=1

r(n)
| () (@) | <[l ; | 2(tns) [ en () ]
r(n)

<l lloo 22 [ eny(8) |

j=1

<|l = el Z | enj oo -
=

Hence || 7, || <]| z | €nj |||oo - On the other hand, choose t € [a, b] such that
=

r(n) r(n)
O lens Dto) =l Y 1 ens o
j=1 j=1

and define zy € X as follows:

zo(tn;) = sgn e, (to), Jj=1,..,7(n),
zo(a) = z(tn1), zo(b) = x(tnrm)) and o is a polynomial of degree < 1 on each of the
subintervals [a, tn 1], [tn1, tn2], -, [tr)—1, trm)]s [trn), b]. then || 2 ||o= 1 and

r(n)

7T-nxO ZIO n,j 671] tO Z | enJ tO |_|| Z | 6717]

oo -

r(n)
So, [ 7 [IZ1 22 | en [lloo -
j=1
Example 3.2.2 We often have r(n) =n
(a) Piecewise Linear Interpolation: For each integer n > 0, define e, ; in C°([a, b])

enj(tng) =90k, J,k=1..n
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3.2. Finit rank approximation

eni1(a) =1,e,,(0) =1,e,i(a) =0,for j=2,...,n,e,;(b) =0forj=1,...n—1ande,;

is a polynomial of degree < 1 on each of the subintervals [a,?, 1], [tn1,tn2], ) [tnn—1, tnn)

and [ty b].
Note that e, ;(t) > 0 for all integer n > 0, j = 1,...,n and t € [a,b]. If ¢t € [t, ;_1,tn ]

for some j =1,....,n+1, then e, j_1(t) + e,;(t) =1, and e, 4(t) =0 forall k # j — 1,

en1(t) + enn(t) =1for all t € [a,b].

Let t,0 = a and %, ,,+1 = b.

We show that if

h, = max{t,; —t,j—1:j=1,..,n+1} — 0, then 7, LT

Fix z € C°([a,b]) and let € > 0. 3§ > 0 such that |z(s) — x(t)| < &, whenever s,t € [a, ]
and |s —t| <, let ng such that h,, < 0,Vn > ng. If t € [t,, j_1,t,], then |t,; —t] < h, < ¢
and |z(t,,;) — z(t)] < e.

Thus

[ (mz)(t) = 2(@) | =l L le(tni) = 2(®)]eni(?) |
<l a(tnj-1) = x(t) [ enja(O)+ [ (tn;) — () [ €n; ()

< €lenj-1(t) + en; ()] = €.

So, || Tt —  ||oc— O for every = € C°([a,b]), that is 7, — I.

If z € C'([a,b]) and e € [tn _1,tn;] for j = 1,..,n+ 1, then |z(t,;_1)— z(t)|
|2 (sng)| (= tnja) and - |2(tn;) —2(O)] = |2"(uny)| (tny; — ) for sp; € [tn;1,1] and
Up,j € [t,Tn ], sO

| () (1) = 2(t) [ <[ (sn5) [ (E = tnjr)en;a(B)+ [ 2 (un) | (tn; = )en; (1)
S| floo [(# = tnj1) + (tny = 1]

<[| 2’ [|oo Trn-

So,
| T — 2 |oo<|| 2’ ||oo P for every z € C*([a, b]).

(b) Cubic Spline Interpolation: For each integern > 0and a =t,,; < ...t,,,, = bin [a, b],
X, denote the subspace of X = C°([a, b]) consisting of all z € C?([a,b]) such that z is

27



3.2. Finit rank approximation

a polynomial of degree < 3 on each of the n — 1 subintervals [t,, 1, tn2], .-, [tnn—1, tnn]-
Then dim X,, = n+2. An element of X, is known as a Cubic Spline function with
knots at ¢, 1,...,t, . for each j = 1,...,n, there is a unique function e, ; in X,, such
that

enj(tng) =0k k=1 ..n,

The third derivative of e, ; exists at ¢, 2 and ¢, ,_1. This means that for each e, ;, the
two points ¢, 2 and ¢,,,1 are not really knots. For x € X, let m,z = f:lx(tm)ej, x e X, let
h,, and h, denote the maximum and the minimum of {tn; — tnj-1 Jj = 2,...,n}. If there
is a constant o such that (hn/ﬁn) <« Vn, and h, — 0, then it is known that m,, —— I.

Further it can be shown that
| 702 — 2 [loo< o | 2 [lo (Ba)* Yz € C*([a, b]).
Where « is a constant.

Remark 3.2.2 It is possible to choose a basis for the space X,, of cubic splines such that
each functions in the basis is nonzero on at most four of the subintervals [a,t, 1], ..., [tnn—1,b].
Such functions are known as B-splines and have proved to be well suited for numerical

computations.

Orthogonal Projections on Subspaces of Piecewise Constant Functions

Let X = L*([a, b]). For each positive integer n, consider
a=1tp0<tlp1<..<tpp1<tlpn=0

and X,, = {z € X : z is constant on [t,, ;_1,t,,],7 = 1,...,n} of X. Let

1 tng
(mpx)(t) = —/ z(s)ds,t € [tnj-1,tn;l,J =1,..,n,

tnmj - tnujfl tn,j—l

(mn2)(b) = (T)(tnn1)-
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3.2. Finit rank approximation

We have 7, : X — X is linear,R(m,) = X,, and if x € X,,, then 7,z = z. Hence

72 =, and rank 7, = dim X,, =n. let z € X for j =1,...,n, then

tn,' 2 _ tn,' 1 tn,' 2
th—],l | (Wnl‘)(t) ‘ dt = tn’jil | m tn,jil m(s)ds | dt
t tn.i
< t:JJ 1[75 17” 1 ftnn;] L | 37(5) |2 dS]dt
- ‘/‘tnj 1 |2 "[;n] 1 tn] njfldt)]ds
2
- ‘ﬁfnj 1 | ds
hence
n tn
Ima 3= [ 1 o) 2 de < Z/ 2 ds = 2 |
]:1 tn,jfl n] 1
So || [2< 1

Corollary 3.2.1 m, is an orthogonal projection defined on the Hilbert space L*([a,b]) and

the range X,, of m, is contained in the set of all piecewise constant functions.

We shown that if h,, = max{t,; —t,;-1:j=1,..,n} — 0, then || 7,z — 2z |[,— 0
Vz € L*([a,b]). Since (|| m, ||,) is bounded and C°([a,b]) is a dence subset of L?([a,b]), we
will prove that

| Tpr — 2 |a— 0 for every x € C°([a, b]).

Let € > 0. x is uniformly continous on [a, b], there is § > 0 such that |z(s) — z(t)| < €
whenever s,t € [a,b] and |s — t| < J. Sinse h,, — 0, let ng such that h,, < § for all n > ny.

Then for n > ng and j = 1, ..., n, we have

tn7' tn,' tn,'
o N ) () —a(t) Pdt = [ | [ () — w(s)ds |2 dt
< o Lo L V() = a(s) [ dslat
2
< j;n] €7ds

= 62(tn7j — tn,j—1)~

So

| T —x |2 = Z ftn] | () () — () 2 dt

il (tnj — tnj-1)
(b — a),

for all n > ny.

Thus || 7,z — 2 ||s— 0 for every z € C°([a,b]). And 7, = I.
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3.2. Finit rank approximation

Finite Element Approximation

Definition 3.2.4 (Generalized eigenvalue problem)

The problem of finding a nonzero element ¢ of X and a scalar A\ such that Ap = ABy,
when A and B are operators on a banach space X.

A ’weak formulation ’ of the generalized eigenvalue problem can be given as follows

Let X be a Hilbert space with an inner product (.,.). a sesquilinear functional a(.,.)
on X x X is a complex-valued function on X x X which is linear in the first variable and
conjugate-linear in the second variable. We said it is bounded if | a(x,y) |[< o || z |||| ¥ ||
Va > 0 and Vz,y € X. Consider bounded sesquilinear functionals a(.,.) and b(.,.) on X x X

where af(., .) is strongly coercive,
Ra(z,z) > a || = ||?, for every a >0 and z € X.
Consider the problem of a weakly posed generalized eigenvalue problem
a(p,y) = Ab(p,y), for every y € X
when A € B(X) and B € B(X) such that
a(z,y) = (Azx,y) and b(z,y) = (Bz,y), for every z,y € X

The strong coercivity of the sesquilinear functional a(.,.) shows that the linear operator
A is bounded below and its adjoint A* is injective. And the bounded operator A is invertible
in B(X). T=A"1B.

By constructing, for each integer n > 0, a finite dimentional subspace X, of X and by
requiring to find a nonzero element ¢, of X,, and a scalar A\, we obtained a finite element

approximation of the weakly posed generalized eigenvalue problem such that

a(e,,y) = Ab(p,,y) for every y € X,,.

Let the orthogonal projection 7, defined on X with R(m,) = X,,. Then the preceding

equation can be written as

A, = \vmnBe,, 0%# ¢, € X,.
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3.2. Finit rank approximation

Then Vx € X,,, we have

allz|? <Ra(z,z) <[ az,z) |=| (Az,y) |
=| (Az, mx) |=| (T Az, x) |
<|| m Az [[|| z || -

Define A,, = m,A|x, x,- Then A, € B(X,,) is injective.
The linear space X, is finite dimentional, A, is invertible and || A !|| < 1/a. Then the

ealier equation can be written as
©n = MA T, Bo, = MA T AT, 04 ¢, € X,.
Define 7,r = A, 'r,Az for v € X, then %, € B(X), R(#,) = X,, and

n

So 7, is a bounded finite rank projection; and if we let
7 = #,T,

and
9 1

In most operations, the operatorT is compact and the finite dimentional subspaces
X1, X, ... of X are so chosen that m,, L, I.Since #,, = %, —mp+7H = AT, AT —7p) + 7,

we see that 7, —— I and so YU’,{' T

3.2.2 Approximation of Integral Operators

Let X is a suitable function space and T is a fredholm integral operator on X.
We consider X = L?([a,b]) with the 2-norm and k(.,.) € L*([a,b] x [a,b]), or X =
C%([a, b]) with the sup norm and a function k(.,.) € C°([a,b] x [a,b]). For z € X let

(T2)(s) = / k(s (t)dt, s € [a,]

T is a fredholm integral operator with kernel k(.,.). It is easy to see that T' € B(x).
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3.2. Finit rank approximation

If X = L*([a,b]), then
= s 2 dm(s, t))/? = o) e 2.
HTII—(//MXMM( 1) [2 din(s, 1) =] k() [l (3.2.1)
if X = C%[a,b]), then

1T [< (b—a)sup{| k(s,?) [: s, € [a, 0]} = (b—a) [ k(.,) Jloo - (3.2.2)

Degenerate kernel approximation

Definition 3.2.5 A kernel /;:(, .) is degenerate if there are xy, ..., x, and yi, ...,y in X such
that

k(s t) = xi(s)y;(t), st € [ab].
j=1
If T is a fredholm operator with a degenerate kernel k(.,.) then
(Tx)(s) = Zx](s)/ yj(t)x(t)dt, se€lab],zeX
=1 a

so that R(T) C span{zy,...,x,}.

Then T is a finite rank operator .

Theorem 3.2.2 Let T be a fredholm integral operator with kernel k(.,.) on X, such that
X = L*(a,b]) or X = C%Ja,b]). Let ky(.,.) be a degenate kernal such that || k(.,.) —
k(.,.) ||— 0O for each integer n > 0. Consider the degenerate kernel approximation of T
given by:

(TPz)(s) = /b kn(s,t)x(t)dt, x€ X,s€ [a,b].

(T) is a sequence of bounded finite rank operator on X and 7 - T.

Proof. If X = L?([a,b])
For (3.2.1)) we have

1T =T ll2<[ Ba(-,-) = K(,.) a— 0
such that TP — T is a fredholm integral operator with kernel k,(.,.) — k(.,.) on X.

If X = C°([a, b)),
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3.2. Finit rank approximation

For (3.2.2)) we have
1T =T lloo< (b= a) || kul.-) = k() [lo— 0.

Hence the result follows. =
Different methods for constructing a sequence of degenerate kernels which converges to

given kernel in the norm

(1) Piecewise linear interpolation in the second variable: Let k(.,.) € C°([a,b] x
la,b]), and s € [a,b], consider ks(t) = k(s,t),t € [a,b]. Vn € Z,n > 0, let a = ¢, <
thg < ... <tpn < tynt1 = b and m, is the piecewise linear interpolatory projection,

and e, j,j = 1,...,n, are the corresponding haat functions. Define
kn(s,8) = (k) (1) = Y ks, tnj)en (1), s,t € [a,b],
j=1

Thus k,(.,.) is a degenerate kernel obtained by interpolating the kernel k(.,.) in the
second variable. We shows that || k,(.,.) — k(.,.)
1,..,n+1} — 0.

Hoo — 0 if hn = max{tn,j — tn,jfl . ] =

Let € > 0. There exists § > 0 such that |k(s,t) — k(s,u)| < € whenever s € [a,b] and

|t —u| < 4. Since h, — 0, choose ngy such that h, < 0, Vn > ng. if n > ngy, we have
| kn(s,t) — k(s,t) |=| (mnks)(t) — ks(t) |< €, for every s,t € [a,b].
So || kn(.,.) — k() ||leo— 0.

Remark 3.2.3 If we interpolate the kernel k(.,.) in both the variables, we obtain

Fu(s,t) = k(tniitg)eni(s)en;(t), st € [a,b],
i,j=1

As before, it can be seen that ‘ kn(ey.) — k(. )H — 0if h,, — 0.

(2) Bernstein polynomials in two variables: Let k(.,.) € C°[a,b] x [a,b]) .for each

integer n > 0, consider the n'® bernstein polynomials in two variables given by
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3.2. Finit rank approximation

kn(s,t):ik(i,i) "1 sa-sria - o site o)

i,j=0 ? J

Then k,(.,.) is a degenerate kernel and || k,(.,.) — k(.,.) |[co— 0.

(3) Truncation of a Taylor expansion: Let k(.,.) € C°([a,b] X [a,b]) and (sg,ty) € R?
and ¢;; € C for ¢,7 = 0,1,.... The uniformly and absoluty convergent Tylor series

expansion given by

[e.o]

k(s,t) =Y cij(s — s0)'(t —to)’, s,t belongs to [a,b],

4,7=0

for each integer n > 0, let

kn(s,t) = Zcm(s — 50)'(t — to)’, s,t belonges to [a, b).

i.j=0

Then || kn(.,.) — k(.,.) [loc— O.

Example 3.2.3 ¢ = ng—fj, s,t € [a,b].
i=0

where (so,to) = (0,0),¢;; =01if i # j and ¢;; = % fori,j =0,1,...

(4) Truncation of a Fourier expansion: Let k(.,.) € L?([a, b] X [a, b]). For each integers

1,7 >0, let

kij(s,t) =ei(s)e;(t), s,t€la,b.

So (k;;) is an orthonormal basis for L*([a,b] X [a, b]).
k(., ) = Zci,jki,j(" .),
ij=1
where

b b
Ci:j = / / k(‘g)t)ki,j(s,t)dg?dt,

for each integer n > 0,let

kn(S,t) = Zciyjki,j(‘s?t) = Zci,jei<s)€j(t)a S,t S [CL, b]
1,j=1 i,5=1

Then | ko(.,.) — k(.,.) [a— 0.
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3.2. Finit rank approximation

n

Remark 3.2.4 If we let T, = Y (x,e;)e; for x € L*(|a,b]), then it is easy to see that

J=1
D G
T, =m1Im, =1T.

Approximation based on numerical integration

Let X = C°([a,b]) with the sup norm and let @ : X — C is a continous linear functional

on X be defined by Q(x) = fbx(t)dt,:c € X. And |Q| =b—a.let Q: X — Cisa

a

quadrature formula given by
Q) =Y wix(t)), =€X,
j=1

where tq,...,t, satisfy a < t; < ... < t, < b and the weights wq,...,w, are compplex

numbers. Then () is continous on X and in fact we have

1QI=>lw;l.
j=1

And (@) is a convergent sequence of quadrature formula if
Qn(z) — Q(z), Vze X.
Theorem 3.2.3 (polya’s theorem )

A sequence of quadrature formula given by

r(n)
Qn(z) = an,jx(tn,j), xr € X,
j=1

is covergent iff

a) Q.(y) — Q(y) ,Vy € E (a subset span dense in C°([a,b])),

r(n)
b) > |wy,; |< a for some constant o and for all integer n > 0.
j=1

Definition 3.2.6 (Nystrém approrimation of T based on the quadrature formula

@n)
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3.2. Finit rank approximation

Denoted by TV,
we define TV by replacing the functional @ by the quadrature formula Q,. Thus for

each integer n > 0 and for every x € X, let
r(n)
(TYz)(s) = Qulker)= an7j(ksx)(tn7j)
j=1

r(n)
- an,jk(s,tn,j)m(tn,j), s € [a,b).
j=1

Definition 3.2.7 (Fredholm approximation of T' based on the quadrature formula

@n)

Denoted by T'F
let (m,) be a sequence of bounded projections defined on X , for each nonegative integer
n, let

TF = 7, TN,

n n

Proposition 3.2.2 Let X = C%[a,b]), T € B(x) be a fredholm integral operator with a
kernal k(.,.), and a sequence (T,,) € B(X).

1) Vz € X and each s € [a,b], (T,,x)(s) — (Tx)(s) as n — 0.
2) Vn, there are t,1, ..., t, () € [a, b] such that
1. T,x =0, for all z € X and x(tp1) = ... = 2(tprm) =0,

2. Vs € [a, b], there is d,,(s) > 0 such that

r(n)
Z/ k(s,t)dt — 0  as n — oo.
1 7 ltn,j—t|<on(s)

j=

Then
liminf | T, =T |> 2| T | .

Proof. Let ¢ > 0. 32y € X and s € [a, b] such that ||zo]|, <1 and

| (Txo)(s0) |1 T[] —e.
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3.2. Finit rank approximation

Since, by condition (1), (T,20)(so) — (T'zo)(so), choose ng such that for all n > ny.
We have

| (Twwo)(s0) — (T'zo)(s0) [< €.

Vn =1,2,... consider points t,1, ..., tnr(n) and let 6, = 0, (so).
| Zn [|oo< 1,20 (tnj) = —xo(tn;) forj=1,...7(n).

Then "
| (T'zy)(s0) — (T'o)(s0) | =| ; Ji,., F(s0, t)[n(t) — zo(t)]dt |

r(n)
<23 [, | k(so.t) | dt,
j=1 "

where I, j =|tn; — On, tnj + 0n[N[a,b],j =1, ...,7(n).
So
(Twn)(s0) — (Two)(s0)-

Then for every n, we have (zo+z,)(t,;) =0, j = 1,...,7(n), so that T),(xo+ 1) = 0. In
particulier, (T,,z,)(s0) = —(T,x0)(s0). Hence

| (Tarn — Tn)(s0) |=] =(Tnwo)(s0) — (Tzn)(s0) [— 2 [ (T'zo)(s0) | -
Since || ,, [|0o< 1, we see that
T = T2 (T = T)n [loo=| (Tnen — Tn)(s0) | -
Thus
i int || 7, — T2l | (T — o) su) = 2] (Tro)(50)[2 2 T | =22

As e > 0, we have

liminf | T, =T |> 2| T | .

Theorem 3.2.4 Let X = C°[a,b]) and T be a fredholm integral operator on X with a

continous kernel.
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3.2. Finit rank approximation

(i) Let (TY) be a Nystrom approximation of 7" based on a convergent sequence of quadra-

ture formula. Then 7Y 2= T and TN - T.

(ii) Let 7, be a sequence of bounded projections such that 7, - I. Then TF > T and

TF T
Proof.
(i) Let z € X. We see that
(TN2)(s) = Qu(kst) — Q(kyz) = (T2)(s), Vs € [a,b).
The subset S = {ksz : s € [a,b]} of X is uniformly bounded since for all s € [a, b],
| ks oo <] Fs [looll # oo <[l EC, ) Nlooll 2 lloo -

Also, it is uniformly equicontinous, since the functions x and k(.,.) are uniformly

continous.

Vt, u € [a, b], we have

| ks(®)x(t) = ks(u)z(u) [ <| ks()(t) = ko@)x(u) | + | ks(D)x(u) = ks(u)z(u) |
SIEC ) ool 2(t) = 2(u) [+ [| @ [loo sup | k(s,t) — k(s,u) | .

s€la,b]
The set S is relatively compact. So || TNz — Tz|  — 0. Thus T, 2, T. In partic-
ular (||7Y|)) is bounded.Let E = {Tz : z € X, ||z, < 1}. T is a compact operator
then the set E is relatively compact in X. T 2, T is uniform on E, that is
(T =TT ||=sup{|| (T,,' = T)y |l y € E} — 0.
The subset
E= n"Ql{Tgx 2 € X, || 7 ]e< 1}
of X is uniformly bounded since for every z € X with |z|, < 1,||T)Vz|| <

sup H(TT]LV )H < 00. Also, it is uniformly equicontinous since for all n, all x € X with
n>1

||;||C>O <1, and all s,u € [a, b], we have
r(n)

(T ) (s) = (T a)(u) | < 2 | wnj [l K8, tng) = K, tg) [ 2(tns) |
]:

r(n)
< (sup)_ [wn; [)(sup | k(s t) = k(u,t) |).

n>1j=1 t€la,b]
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3.2. Finit rank approximation

r(n) -
And supd_ | w,, |< oo. Then the set E is a relatively compact and TV 2= T is
n>1j=1

uniform on E , SO
(T =TT < sup{|| (T = T)§ lloo: 5 € E} — 0.
Thus TV 2 T.

1) Let m, be a sequence of bounded projections defined on such that m, — /. An

ii) L b f bounded jecti defined X such th P, I. And
|7l < a for some @ > 0 and all n. SinceT! —T = 7,(TN —T)+ 7, T —T =
Wn(T,{V—T)—i—Tf—T,

we see that T -2 T. Then (||Z2F|]) is bounded.

The sets E and E s relatively compact, we have

I Ty =TT ||=sup{|| (T, = Ty llc: y € E} — 0,

I (T =TT ||=sup{|| (T, = T)mf |loo: § € E} — 0.
Since (TF —T)m, 5 0.s0 TF 5 T.

n

Theorem 3.2.5 Let a fredholm integral operator T on X = C%a,b]) with a continous

kernel k(.,.). Let p be a positive integer and assume that the sequence (Q,,) satisfies
b c
| Qn(x) —/ x(t)dt |< —Z | ®) ||oo forn =1,2,...and z € C*([a, b))
" n

where (@) is a convergent sequence of quadrature formula,and ¢, is constant, indepen-

dent of n and z .

(i) Vi =1,...,p, the i partial derivatives of k(.,.) with respect to the first variable as well

as the second variable exist and be continous on |a, b] X [a,b]. Then

T = T)T ||= 0(%) = (T = D)T," ||

Where TV be the nystrom approximation of 7" based on Q,,.
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3.2. Finit rank approximation

(ii) Vi,j =0,1,...,p, the (i, j)!" partial derivative gggi of k(.,.) exists and be continous at

every (s,t) € [a,b] X [a,b]. Then
d d
(T =D)'T ||[< (b—a)(—)" and || (T, = T)'T," [|< a(—)",
n n
where n,g = 1,2,... and d,, is a constant independent of n and ¢, and « is constant,

independent of n, ¢ and p.
Proof. Let x € X.

(i) Tx and TNz belong to C?([a,b]), and for j =1, ..., p,
H(T2)P < ajo(b = a) || 2 [loo, | (T72)Y |1 ajoar || @ 1o,

where a; is finite by the continuity of the j partial derivative of k(.,.) with respect

to the first variable, and « is finite by polya’s theorem. Hence

n

o [P «
(T =TTl <3530 | | @i (T2 Il
J= J

p
J

IN

Q@0 || T [loo

p
b—a)E>
j=1

and

(i) (7, —T7)"Tz € C?([a,b]) Vg=1,2,...and for¢g=1,2,..n=1,2,... and i =0,1,...,p

Cprp (Cpﬁ/p)qil

(T = T Ta]® Jloo< (b= a) =0

I [loo,

such that
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3.2. Finit rank approximation

let ¢ = 1. We have
| (T2)9 o< ago(b— ) | 2 oo for j =0, ...p,

and
) P
| (TN = T)T2)® [y <25 [ 7
=1\ Jj

<(0-a)7 7l

iy || (T2)V ||

forn=1,2,... andi = 0, ..., p. Thus our claim holds for ¢ = 1. Let y = (T~ — T)Tz,
forg>1

I (T = T) ' T2]® oo =] (T = T)y)® [l

P p .
<23 | e 192 Dl

Jj=1 J

p p ~ \g—1
<2y |7 | b —a) By

=1L\

S q

< (b— a)22am

forn =1,2,... and ¢ = 0,...,p. Thus our claim holds for ¢ + 1 and the induction is

over. For g =1,2,... and n = 1,2, letting : = 0, we have

CP’Yp (Cp'NVp) -t

N _ g _
| (LY =T)T2 o< (b~ )

I floo -

We let d, = ¢, max{7,,7,} for ¢ =1,2,... we obtain

d
| (TN —TYT || o< (b — a)(ﬁ)q for every n = 1,2, ...

41



1]

Bibliographie

M. Ahues, A. Largillier and B.V. Limaye, Spectral computations for bounded opera-
tors, Applied Mathematics (Boca Raton), 18. Chapman Hall/CRC, Boca Raton, FL.,
xviii+382 pp. ISBN: 1-58488-196-8 (2001).

N.I.Akhiezer and I.M.Glazman, Theory of linear operators in Hilbert space, Dover
Publications, Inc. NEW YORK, 1993.

R. Alam, On spectral approximation of linear operators, J. Math. Anal. App., 226,
229-244 (1998).

A. Ammar, Some properties of the Wolf and Weyl essential spectra of a sequence of

linear operators v-convergent, Indag. Math. (N.S.) 27, no. 1, 282-295 (2016).

P.M. Anselone, and R. Ansorge, Compactness principles in nonlinear aperators appri-

imation theory, Num. Func. Anal. Optimiz., 1, 589-618 (1979).

M. Benharrat. Comparison between the diffrent definitions of the essential spectrum

and application, Thesis submited of univ of Oran. 2013.

John. B. Conway, Bernard B. Morrel, Operators that are points of spectral continuity,

Integral Equations Operator Theory 2(2), 174-198 (1979).

F. Chatelin, Spectral approximation of linear operators, Academic press, New York

(1983).

S. Sanchez-Perales, S. V. Djordjevic, Spectral continuity using v-convergence, J. Math.

Anal. Appl. 433, 405-415 (2016).

42



BIBLIOGRAPHIE

[10]

[11]

[12]

[13]

[14]

F. Heleine. Spectral theory(cour de m1, univ paris diderot). 2014.

T Heraiz, A. Ammar, and A. Jeribi, Essential approximation point and essential defect
spectrum of a sequence of linear operators in Banach space, MFAT. Vol. 25, no. 4, pp.

373-380 (2019).

A Jeribi and N. Moalla, A characterization of some subsets of Schecher’s essential spec-
trum and application to singular transport equation, J. Math. Ana. Appl. 358, 434-
444(2009).

A Jeribi, Spectral theory and application of linear operators and blocks operator Ma-

trices, University of Sfax, Sfax, Tunisia, ISBN 978-3-319-17566-9(ebook)(2016).

T. Kato, Perturbation theory for linear operators, Springer, 2nd Edition, (1980).ro-
ceedings of the centre for mathematical analysis, Vol. 13, Austral. Nat. Univ., Canberra

(1987.)

B. Limaye, Spectral perturbation and approximation with Numerical Experiments, Pat.

53. 209-227(2007).

L. I. Nicolaescu. On the space of Fredholm operatos, An. Stiint. Univ. Ai. I. Cuza
asi. Mroceedings of the centre for mathematical analysis, Vol. 13, Austral. Nat. Univ.,

Canberra (1987.)

Philip. M. Anselone, Collectively Compact Operator Approximation Theory and Ap-
plication to Integral Equations, Prentice-Hall, ISBN(0131406736), (1971).

M.Shechter, Principal of functional analysis, academic press, New York, 1971.

C.Schmoeger, The spectral mapping theorem for the essential approximate point

specrum, clloq. Math. 12(1959).

43



Abstract

The spectrum of a linear operator is one of the most useful objects
in functional analysis. However, exact eigenvalues, and
generalized eigenvectors with infinite dimensional ranges can
rarely be found. It is thus imperative to approximate such operator
by finite rank operators and solve the original eigenvalue problem
approximately.

Key words: Bounded linear operator, spectrum continuity, integral

operator;

Résumeé

Le spectre d'un opérateur linéaire est I'un des objets les plus utiles
en analyse fonctionnelle. Cependant, le calcule des valeurs propres
exactes et des vecteurs propres généralisées d'un opérateur de
rang infini peuvent rarement étre trouvés. Il est donc impératif
d'approximer cet opérateur par des opérateurs de rang fini et de
résoudre le probleme aux valeurs propres d'origine de maniere

approximative.

Mots clés: Opérateur linéaire borné, continuité du spectre,
opérateur intégral;
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