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Notations

K
R

/

D
X
Bx

L(X,Y)

Mo
Lipy(X,Y)
X# = Lipy(X,R)
E(X) or E(X,d)
M(X)

Ty
14
My
T+
T#

zVy
TAY
r Ly

The field of real or complex numbers.

The reel space.

The conjugate of the number p (1 < p < o0), thatis % + z% = 1.
The topological dual of X.

The unit ball of X.

The set of all bonded linear operators.

The class of complete metric pointed metric spaces.

The set of all Lipschitz operators between X and Y that vanish in 0.
The Lipschitz dual of the pointed metric space X.

The Arens Eells space of X.

The linear space of all molecules on the metric space X.

The linearization of the Lipschitz operator 7.

The characteristic function of the set A.

The molecule defined by m,,» = 1,3 — 11y for z,2" € X.
The adjoint linear operator of 7T'.

The adjoint Lipschitz map of T'.

The unit ball of X#.

The sup {z, y}.

The inf {x, y}.

x is orthogonal to y.

iii



Introduction

n this work we generalize the notion of p-convex (resp. g-concave) studied in the linear case

to the Lipschitz case. We generalize show some results from the linear theory to the non

linear theory which is the Lipschitz case, with makes clear why there is a close parallel between
the linear and nonlinear situation.

In the first chapter, we recall an important mathematical concepts concerning Banach lat-
tice and Positive operators, definition the Linear p-convex and ¢g-concave maps. We study the
Factorization through L, spaces and the proofs of the basic factorizations for p-convex (resp.
g-concave) operators.

In the second chapter, we study some properties concerning Lipschitz space. We give the
Arens Eells space, and universal property of Arens Eells space, also the adjoint of Lipschitz
mapping.

In the last chapter, we present the definition of Lipschitz p-convex maps, we then prove
that a map is Lipschitz p-convex if and only if its canonical linearization is p-convex. We intro-
duce the concept of Lipschitz ¢g-concave maps, and prove that the composition of a Lipschitz
p-convex map followed by a Lipschitz p-concave one factors through an L, space. A nonlin-
ear version of a theorem due to Krivine, factorizations of Lipschitz p-convex and Lipschitz
g-concave maps in terms through p-convex and g-concave Banach lattices, respectively. This is

a nonlinear generalization of the work of Raynaud and Tradacete [10].

v



CHAPTER 1

BANACH LATTICE, LINEAR p-CONVEX AND
g-CONCAVE MAPS

n this chapter we give a short introduction to Banach lattices and positive operators. We

recall also the linear p-convex and g-concave maps. The most results of this chapter can be

found in [7], [10], and [15].



1.1. Banach lattice 2

1.1 Banach lattice

Here we will define and give examples of Banach lattices. We start by giving the definition of

an ordered set. We can consult [15] for this.

Definition 1.1. A non empty set M with a relation < is said to be an ordered set if the following

conditions are satisfied.

1. © < x for every x € M,
2. x <yandy < ximplies x =y,
3. v <yandy < zimplies x < z.

We will need the definition of supremum and infimum of a subset of an ordered set. These

are deifned as follows.

Definition 1.2. Let A be a subset of an ordered set M. An element x € M (respectively z € M) is called
an upper bound (lower bound respectively) of Aif y < z forall y € A (respectively = < y forall y € A).
The smallest upper bound of A is called the supremum of A, denoted by sup(A). The largest lower bound
of A is called the infimum of A, denoted by inf(A).

The next definition is that of a vector lattice. It is the underlying algebraic-order structure

required to define a Banach lattice.

Definition 1.3. A real vector space E which is ordered by an order relation < is called a vector lattice if
any two elements x,y € E have a supremum x\ y = sup {x, y} and an infimum x Ay = inf {z, y} and

the following properties are satisfied
1. x <yimpliesx + 2z <y+zforall x,y,z € A,
2. 0 <zimplies() <tz forallx € Eandt € R,.

Let E be a vector lattice and x € E. The absolute value of x is defined by |x| = vV —x. A norm on a
vector lattice E is called a lattice norm if |x| < |y| implies ||z|| < ||y|| for z,y € E. We are now in a

position to define a Banach lattice.

University of M’sila Lipschitz p-convex and ¢-concave maps



1.1. Banach lattice 3

Definition 1.4. A Banach lattice is a Banach space with a lattice norm.

Definition 1.5. Let E be a Banach lattice and x € E. We define the positive part of x by x+ =z V 0

and the negative part of x by v~ = —x Vv 0.

Notation : Let £ be a vector lattice. We denote by £, := {x € £ : 0 < z} the positive cone

of E.
Proposition 1.1. Forall x,y,z € E and a € R, the following assertions are satisfied.

I.z+y=(xVy +(xAy)
rVy=—(=2)A(-y)
(xVy)+z=(r+2)V(y+2)

and (x ANy) +z=(xAz)+ (yA=z).

3. || =a¥ + a7, |ax| = |a| [x], and |z + y[ < || + |yl

4. x* La~ and the decomposition of x into the difference of two orthogonal positive elements in

unique.
5. x < yisequivalent to x* < yTand x= < y~.
6. xLly is equivalent to |x| V |y| = |x| + |y| . In this case we have |z + y| = |x| + |y|.
7. (@VyANz=(xANz)V(yAz)and (x Ay)Vz=(xVz)A(yV=2).
8. Forall z,y,z € Ey wehave (x +y) ANz < (z A z)+ (y A 2).
9. [z +yl = (@Vy) — (2 Ay and o —yl =[xV 2) — (yV 2)| + (@ A 2) = (y A 2)].
Proof. For the proof we can see [7], [13], and [15]]. H

Exemple 1.1. All of the classical (real) Banach spaces, l,,, co, C(K), Lp(p)(for 1 < p < oo) are Banach

lattices for their usual norm and the pointwise (almost everywhere in the case of Lp(u)) order.

University of M’sila Lipschitz p-convex and ¢-concave maps



1.2. Positive operators 4

For the following propositions, we can consult [7]. The next proposition is the Holder’s

inequality for lattices.

Proposition 1.2. Let X be a Banach lattice, For every 1 < p,p’ < oo with % + Z% = 1 andevery choice

of {x;}, in X and {x}}! | in X*,

;::le(xi) < ((ié’xﬂp);’) ((ié’ﬂﬂp);),

1
As usual, if p = oo an expression of the form <Z |x,~|p) " means V |z

i=1 =1

The following results are consequences of the Hahn-Banach theorem.
Proposition 1.3. Let E be a Banach lattice . Then 0 < x is equivalent to (x,x*) > 0 for all * € E7.

Proposition 1.4. Let E be a Banach lattice. For each 0 < x there exists v* € E7 such that ||z*|| = 1

and (x,z*) = ||z||.
1.2 Positive operators

Having defined Banach lattices in the previous section, we can now discuss positive opera-
tors on Banach lattices. The following is the definition of a positive operator between Banach

lattices.

Definition 1.6 (Positive Operators). Let E, F' be Banach lattices. A linear operator T : E — F'is
called positive if T'(x) in I, whenever x in E.
In other words, a linear operator T : E — F between Banach lattices is positive if it maps the positive

elements of E into the postive elements of F'.

Exemple 1.2. Consider the Banach lattice I, of all bounded sequences of real numbers. The following

are positive operators on l.
1. The zero operator (ay,as, ...) — (0,0, ...).

2. The identity operator (a1, az, ...) — (aq, as, ...).

University of M’sila Lipschitz p-convex and ¢-concave maps



1.3. Linear p-convex maps 5

3. The right shift operator (ai, as, ...) — (0, ay, as, ...).

The next classical results are basic properties of positive operators on Banach lattices.
Proposition 1.5. If E is a Banach lattice and T a positive operator on E then,

I7) = sup {|[T]| : 0 < @, 2] < 1}.

Theorem 1.1. Let T' : E — F be a Banach lattice between Banach lattices. Then the following hold.

1. T is order preserving,

2. |Ta| < Tlal,

3. (Tx)t <Taxtand (Tx)” <Tx~,

4. IfS, T € LIE,F)and 0 < S < T, then ||S| < ||T.

1.3 Linear p-convex maps

Definition 1.7 (Linear p-convex maps). Consider 1 < p < 4o00. A linear map T : X — E froma

Banach space X to a Banach lattice E is called p-convex if there exists a constant M < oo such that for

(§:|T¢ﬂp>

sup [Tzl

1<j<n

all x1,...,x, € X

1
n P
2 H%‘H&) if 1 <p < +oo,

B =
IA
<
<
I

and

< ; ifp=
= ergjag); 15| if p = oo

E

The smallest such constant M is denoted M) (T).

The space E is p-convex if id, is p-convex and

M® (idy) = M@)(E).

University of M’sila Lipschitz p-convex and ¢-concave maps



1.4. Linear g-concave maps 6

1.4 Linear g-concave maps

Definition 1.8 (Linear ¢g-concave maps). A linear map S : E — Y from a Banach lattice E to a

Banach space Y is called g-concave if there exists a constant M < oo such that for all x4, ..., z, € E,

1 1
(gwmn%) < (zlwq) 1<q < +o0,
J= J=
E

and

; <
max ||Szfly < M

sup |z
1<j<n

if ¢ = +o0.
E

The smallest such constant M is denoted M4 (S).

The space E is g-concave if idg is g-concave and
M) (idp) = Mg (E).
The following results are classical.
Proposition 1.6. Let E be a Banaeh lattiee, X a Banach space and let 1 < p,p" < oo be so that %+1% =1

1. A linear operator T : X — E is p-convex if, and only if, T* is p'-concave. In this case,

M (T*) = MP(T).

2. A linear operator T : E — X is p-concave if, and only if, T is p'-convex. In this case,

M (T*) = MP(T).

3. E is p-convex (resp. concave) if, and only if, E* is p'-concave (resp. convex) and M (E*) =

MW (E)(resp. M) (E*) = M (E)).

We study next the dependence of p-convexity and p-concavity. For simplicity of notations, we put

M®)(T) = oo or M(,)(T) = oc if T is not p-convex (resp. p-concave).

The following simple proposition will enable us to describe some classes of p-convex and

g-concave operators.

University of M’sila Lipschitz p-convex and ¢-concave maps



1.5. Factorization through L, 7

Proposition 1.7. Let X and Y be two Banach lattices and let T : X — Y be a positive operator. Then,

for every 1 < p < oo and every choice of {x;};_, in X, we have

1 1
n ) n )
| (Eirar)’| < m ‘(zu) H ifp < oo,
and
sup |Tz;||| < ||T|| || sup |l if p = oo.
<i<n 1<i<

1.5 Factorization through L,

We present now some factorization theorems for p-convex and p-concave operators, due to J. L.

Krivine [6], which were inspired by results of H. P. Rosenthal [11] and B. Maurey [8]].

Theorem 1.2. Let X, Y be banach spaces and E a Banach lattice. Suppose that T : X — E is linear
p-convex and S : E — Y is linear p-concave. Then the operator ST can be factorized through an
Lp(u) space. Moreover, we may arrange to have ST = S1Ty with Ty : X — Ly(p), S1: Lpy(p) — Y,
T3] < M®(T) and [|Sy]| < Mg, (S)

X T g5 vy
Lp(ﬂ)

Corollary 1.1. Let X be a Banach space and fix 1 < p < oo

1. Every p-convex operator T from X into a p-concave Banach lattice E can be factorized through an
L, () space in the sense that T = T\T, where T} is a positive operator from L,(u) into X with

IT1|| < M) (X) and Ty is an operator from V. into L, (1) with ||Ta|| < M®)(T).

2. Every p-concave operator S from a p-convex Banach lattice E into X can be factorized through
an L,(u) space in the sense that S = S1S,, where Sy is an operator from L,(p) into X with

1911 < My, (S) and S, a positive operator from X into Ly(p) with ||Sa|| < M®(X).

University of M’sila Lipschitz p-convex and ¢-concave maps



1.6. Factorization of Linear g-concave maps 8

1.6 Factorization of Linear g-concave maps

Theorem 1.3. [10] Let E be a Banach lattice, X a Banach space and 1 < q < oo. A linear operator
T : E — X is g-concave if, and only if, there exist a g-concave Banach lattice V', a positive operator
¢ : B — V (in fact, a lattice homomorphism with dense image), and another operator S : V. — X

such that T = S¢.

Proof. Letus suppose ¢ < oo. The proof for the case ¢ = oo is trivial because every Banach lattice
is oo-concave. However, the precise construction carried out here for ¢ < oo has its analogue
for ¢ = cc.

For the if part, let (x;)/_, in E. Since V' is g-concave and ¢ is positive, by Proposition[l.7jwe have

1

n q
(£ )

Now, for the other implication, given = € E, let us consider

o(z) = sup { (= HTrcz-Hq)é (= \xm); < \xr}.

If M4 (T') denotes the g-concavity constant of 7', then for (z;);-, in E, we have

(2]

ITz]} < p(x) < Mgy (T) ||]]-

7

(S )" < 1812010 el

which yields that T is g-concave.

1

(Eralt)’ < p(r)

In particular, forall z € £/

Moreover, p is a lattice semi-norm on E. Indeed, for any x € E and A > 0 it is clear that
p(Ar) = Ap(x). In order to prove the triangle inequality, let z,y € E and z = |z| + |y| and
denote /. C E the ideal generated by z in E, which is identified with a space C'(K’) in which z

corresponds to the function identically one [13, I1.7]. Now, for every e > 0 let 2, ..., 2, € E such

1

that (z |zi|q>q < |2|and
=1

University of M’sila Lipschitz p-convex and ¢-concave maps



1.6. Factorization of Linear g-concave maps 9

o) < (Siral) + e
Since z,y € I, they correspond to functions f,g € C(K) such that |f (t)| + |g(t)| = 1 for every

t € K. Similarly, z; corresponds to h; € C(K) with (3, |hi(t)|q)% < 1foreveryt € K. Hence

we can consider
{ i(t) = hi(t)f(1),
gi(t) = hi(t)g(t),
which belong to C(K) and satisty (3;_; [f:(¢)|")« < |f(¢)] and (321, [9:(8)]")

means that we can consider (z;)!; and (y;)?, such that (>, lgr:z\q)é < z|and (321, |vil?)

Q|
Q|

< |g(t)|. This

<

Q=

ly| in £, with x; + y; = z;. Thus, it follows that

p(z +y) < p(x) +py) +e

and since this holds for every ¢ > 0, the triangle inequality is proved.

Now, if |y| < |z|, then for any (z;)"; such that (Z ]$Z|q> "< |y|, it holds that (Z ]xl\q) < |z

i=1
hence for any such {z;}_,, (i ||Txi||q> ! < p(z). This implies that p(y) < p(x).
Let V' denote the Banach lat’;i:cle obtained by completing E/p~'(0) with the norm induced by
p. Let ¢ denote the quotient map from F to E/p~'(0), seen as a map to V. Now, for z € F let
us define S(¢(z)) = T'(x). Since ||T(z)]| < p(z), S is well defined and extends to a bounded
operator S : V — X, such that T' = S¢.

Now, let (xl) ', in E. For every € > 0 and for every i = 1, ..., n there exist {yj} in E such that

<Z?’;1 |y§‘q> q < |z;| and

1
k k a ki ) e
plz:)? = sup{z |1 Ty;|* : (z w) < } <> |Ty|* +—,

for every ¢ = 1, ..., n. Therefore, we have

(& p(xm)é <p ((z ") ‘1’> e

and since this holds for every € > 0, the normed lattice E/p~!(0) is g-concave; hence, the same

holds for its completion V. O

University of M’sila Lipschitz p-convex and ¢-concave maps



1.7. Factorization of Linear p-convex maps 10

Since the lattice V' constructed in the proof depends on the operator 7' : E — X and ¢, we
will denote it by V7, whenever needed. Similarly we will denote pr for the expression defining

the norm of V.

Remark 1.1. Note that Vi, has q-concavity constant one. In particular if E is g-concave and T = idg

is the identity, then Vi, is the usual lattice renorming of E with q-concavity constant one.

Remark 1.2. In [4]], it was proved that an order weakly compact operator T : E — Y (i.e., T|—x,x] is
relatively weakly compact for every x € E.) always factors through an order continuous Banach lattice

F. The Banach lattice F is constructed by means of the expression
2]l = sup {|| Tyl : |y| < |z[}, for v € E,

which yields a Banach lattice in the usual way. Notice that if T' : ' — Y is q-concave, which implies
being order weakly compact, then ||z||. < pr(x)hence we can consider a natural map Vr, — F such
that we can factor T as follows.

E— T vy

<z>l TT

i

Vig ———— F

Moreover, F coincides with Vr ., so in a sense the previous Theorem is an extension of [4, Theorem.1.2].

1.7 Factorization of Linear p-convex maps

There is an analogous version of Theorem for p-convex operators, which could be consid-

ered, in a sense, as a predual construction to that given in Theorem

Theorem 1.4. [10] Let E be a Banach lattice, X a Banach space and 1 < p < oo. A linear operator
T : X — Eis p-convex if, and only if, there exist a p-convex Banach lattice W, a positive operator (an
injective interval preserving lattice homomorphism) ¢ : W — E and another operator R : X — W

such that T = pR.

X T s B
DN
1474

University of M’sila Lipschitz p-convex and ¢-concave maps




1.7. Factorization of Linear p-convex maps 11

Proof. Letus suppose p < oo. The proof for the case p = oo is analogous, with the usual changes.
As in the proof of Theorem [1.3] Proposition [I.7] yields one implication, For the non-trivial one,

letT : X — E be p-convex. Let us consider the following set

1
k b k
S = {y €eE: |y < <Z |Tx2-|p) , where Y |lz;]| <1 and k € N}.
i=1 i=1
We can consider the Minkowski functional defined by its closure S in E
|2]ly, = inf {A >0,z € AS}.

Clearly S is solid, and since T is p-convex, it is also a bounded set of E. Let us consider the

1
k »
space W = {z € £ : ||z||;;, < oo}. We claim that for any z1, ..., z, in W, it holds that <z |zi|p)
i=1

|(z |zirp)’l’ < (z uzz-rv;v)”-

Indeed, given z, ..., z, in W, for every € > 0 and for every i = 1, ..., n there exist \; with z; € \iS,

belongs to W and

=

w

such that

)\fginf{p}’:ziéug}%—%,

foreachi=1,...,n.

This means that forevery i = 1, ...,n, and for every § > 0 there exists ¢ in F with ||zZ - H 2 <9,

P P
4

and

=

il < (3o
7j=1

. mi.s .
where {x;‘s } satisfy

J

foreach:=1,...,n,and each 6 > 0.

Now, for each § > 0 let

Notice that

University of M’sila Lipschitz p-convex and ¢-concave maps



1.7. Factorization of Linear p-convex maps 12

(; ‘Zz - ?Jﬂp)

Moreover, note that for every § > 0, ws belongs to (Z Y > S. Indeed,

n s5IP % n Mis P %
rwawz(z\yi\) <[5 ,
i=1 i=1 j=1

1
n P
H(zw) .
=1

< 3" o= o < o

E E

00

and
n M4 P n %
(z > |Jo ) <(£x)
i=1 j=1 i=1
Hence, (i 27 ) (Z A ) S. Therefore, it follows that
=1

( zf) = inf u>0:(z,zf) € uS §<Z)\f>
i=1 i=1 i=1

(i (e {20 28) *‘)) < (Zw>+

=1
1
n » P
< (z ||zz~||w) .
1=

w

IN

Since this holds for every € > 0, we finally have

It follows that the Minkowski functional ||.||;;; is a norm on W. Indeed since S is bounded,

|z|ly,, = 0 implies z = 0. Moreover if =,y € W are non zero, set

T 1 I T, 1 1
Telly”” = Tl ™~ Tl + ol Telly + T

Since ||ully, = |Jv]| = 1, @, 8 > 0and o + = 1 we have

u =

Iz +ylly < M=l + |yl

< lally + 19l low + Boly

< (lally + Iyl || (0w + g3 |
< (lally + gllw) (@l + 8 0])?
<l + lylly -

University of M’sila Lipschitz p-convex and ¢-concave maps



1.7. Factorization of Linear p-convex maps 13

Therefore, (W, ||.||;) is a p-convex normed lattice. We claim that 1V is complete, and hence a
p-convex Banach lattice. Indeed, let (w;);2, be a Cauchy sequence in V. Since for every z € E

it holds that
2] g < MP(T) ||zl

it follows that (w;)32, is also a Cauchy sequence in E. Let w € E be its limit. Notice that since
w; are bounded in W, there exists some A < oo such that w; € \S for every i = 1,2,... and
since S is closed in £, we must have w € \S. Thus, w belongs to W, and we will show that
(w;)$2,converges to w also in W. To this end, let € > 0. Since (w;):?, is a Cauchy sequence, there

exists N such that w; — w; € €S wheni,j > N. Thus, if i > N we can write
w—w; = (w—w;) + (w; —w;),

for every j € N, and letting j — oo we obtain that w — w; € €S. This shows that w; — w in
W, and hence W is complete, as claimed.

Clearly, by the definition of W we have
1Tzl < [l

for every z € X. Moreover, as noticed above it also holds that | z||, < M®(T) ||z, for each
z € E, therefore the formal inclusion ¢ : W — FE is clearly an injective interval preserving

lattice homomorphism, and we have the following diagram

X T s F
PN
W

where R is defined by Rz = T'z for € X. This finishes the proof. O

As with the Banach lattice constructed in Theorem we will denote by Wy, the Banach

lattice obtained in the proof of Theorem

Remark 1.3. [10] The operator ¢ : Wr, — E constructed in the proof is an injective, interval
preserving lattice homomorphism. Moreover, it satisfies that the image of the closed unit ball ¢ (Wr,,) is

a closed set in E. This let us introduce the class C consisting of operators T : E — F between Banach

University of M’sila Lipschitz p-convex and ¢-concave maps



1.7. Factorization of Linear p-convex maps 14

lattices which are injective, interval preserving lattice homomorphisms, such that the image of the closed

unit ball T'(Bg) is closed in F'. The importance of this class will become clear next.

Remark 1.4. [10] Note that if T : X — E is p-convex, then it is also p'-convex for every 1 < p’ < p.

Hence, if we consider the factorization spaces W, and Wy, it always holds that
WTJ) — WT,p’ ’

with norm smaller than or equal to one.

Indeed, this follows from the following two facts. First, the set

1
k P k
5= {y e Byl < (Sl ) with 3 o] < 1},
=1 =1

can be equivalently described by

k v k
S = {y el : |y < (Z Q; |Twi|p> ywith ||[wi]| < 1,0, >0, o = 1}.
i=1 =1

k

Furthermore, for 1 < p' < p,and o; > 0 with Y o; = 1 it always holds that
=1

1

k N7 k
(2 o |Twz-|p) < (2 o rTwm)
=1 =1

P
Hence the unit ball of W, is contained in that of W,

Remark 1.5. [10] W, has p-convexity constant equal to one. If E is already p-convexand T : E — E

is the identity then W, is a renorming of E with p-convexity constant one.

Recall the classical result proved in [6]. Given Banach spaces X, Y and a Banach lattice £,
ity : X — FEis p-convex and T, : E — Y is p-concave, then 757 factors through L,(u)
for certain measure . We remark that the factorization Theorems and allow us to reduce

Krivine s theorem to the following purely lattice theoretical version.

Proposition 1.8. [10] If W,V are quasi-Banach lattices with W p-convex and V' p-concave, then every
lattice homomorphism h : W — V factors through some space L,(), and the factors are lattice

homomorphisms.
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1.7. Factorization of Linear p-convex maps 15

The proof of following can be founded in [10].

Proposition 1.9. Let T : X — FE be p-convex and S : E — Y q-concave. For every 6 € (0,1)

we can factor ST through a Banach lattice Uy which is py-convex and gp-concave (with as usual py =

p

dp )
p(1—0)+40

1—-67

and qy =

Corollary 1.2. If T : E — E is p-convex and g-concave, then T? factors through a py-convex and

qo-concave Banach lattice. In particular, it factors through a super reflexive Banach lattice.
The following factorization for operators which are both p-convex and g-concave.

Theorem 1.5 (Raynaud/Tradacete). Suppose that a linear operator T : E — F between Banach

lattices is p-convex and q-concave, with 1 < p < ocoand 1 < q < oo. Then for every § € (0,1),

p

T = T2T1 where T2 is Po = m

-convex and Ty is qy = ] d -concave. In fact, there is a
—q

factorization

FE-—-L.F

a G

EQT>F9

where ¢ and p are positive linear maps, Ey is gp-concave, Fy is pg-convex and R is a bounded linear map.

University of M’sila Lipschitz p-convex and ¢-concave maps



CHAPTER 2

LIPSCHTIZ SPACES

n this chapter we study the Lipschtiz spaces, and we begin with a brief summary of impor-
tant facts from functional analysis some with proof, some without. A good reference for the

basic theory of the spaces of Lipschitz functions we consult the excellent book of Weaver [14].

16



2.1. Lipschitz function 17

2.1 Lipschitz function

Definition 2.1. Amap f : (X,dx) — (Y, dy) between two metric spaces is called Lipschitz if there is

a positive constant C such that

Vo,y € X,dy(f(z), f(y)) < Cdx(z,y). 2.1)

If C' =1, the map is called nonexpansive (and contraction if C' < 1.

For a Lipschitz map f, we define its Lipschitz constant by

(@), S ()
L1p(f)—x7é5 dX(fay)

= inf {C : C wverifying 2.1]}.

Let (X,dx,ex),(Y,dy,ey) be pointed metric spaces. We say a map [ : (X,dx,ex) — (Y,dy,ey)

preserves distinguished point if f(ex) = f(ey).

Proposition 2.1. Let X,Y and Z be metric spaces and let f : (X,dx) — (Y,dy), g : (Y,dy) —
(Z,dz) be Lipschitz maps. Then g o f(x) : (X,dx) — (Z,dy) is Lipschitz and Lip(g o f) <

Lip(g)Lip(f)-

Proof. For x,y € X, we have

dz(g(f(x)),9(f(y))) < Lip(g)dy(f(z), f(y))

< Lip(g)Lip(f)dx(z,y).
And this shows the proposition. O

Proposition 2.2. Let (X, d) be metric space. For Lipschitz functions f,g : (X,d) — R and scalar

a € R the Lipschitz constant has the properties.

1. Lip(f + g) < Lip(f) + Lip(g).
2. Lip(af) = aLip(f).

Theorem 2.1. Let X, Y| be metric spaces and let X,Y be their completions. Letf, : Xo — Y, be

Lipschitz. Then f has a unique Lipschitz extension f : X — Ysuch that Lip(f) = Lip(fy).

University of M’sila Lipschitz p-convex and ¢-concave maps



2.1. Lipschitz function 18

Proof. Since Lipschitz functions are continuous and X is dense in X, there is at most one Lips-

chitz extension. Consider x in X'\ X, and put

f(z) = lim fo(z,),

where z is a cauchy sequence in X, such that z,, — =. We have Lip(f) = Lip(fy). Indeed

dy(f(z), f(y)) = dy(lim fo(zn),lim fo(yn)),

< Lip(fo)dx(z,y).

This implies that Lip(f) < Lip(fo). For the converse, consider the following diagram

X, —s v,

ix| |

and we have in the first part

- _ dy (iy o fo(w),iy o fo(y))
Lip(iy o fo) sup Ix(0.9) :
B dy (fo(z), fo(y))
0T Ak

= Lip(fo)dx(z,y).

And in the second part

Lip(iy o fo) = Lip(f oix) < Lip(f).

This implies that Lip(fy) < Lip(f) and this completes the proof. O

Proposition 2.3. Let X,Y be metric spaces and let f and { f,,} _x be Lipschitz functions from X toY.

neN

Suppose that f,, — f pointwise. Then

Lip(f) < sup Lip(fn).

Proof. Let z,y be in X. We have

dy (£(@). f)) = Tim_dy(fu(2). fulu)).
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2.1. Lipschitz function 19
So
sup dY(f(x)af(y)) = sup lim dY(fn(x)afn(y))’
Ty dx(z,y) wty MO0 dx(7,y)
S sup sup dY(fn(q;)?fn(y))
TH#Yy n—ro0 dX<:C7 y)
By permitting the sup, we obtain the result. O
Corollary 2.1. If > f,, converges pointwise then Lip (Z fn) < > Lip(f,).
n>1 n>1 n>1

Proof. Let g, = > fiand f =
=1

we have

n>1

Lip(f) <

And this ends the proof.

> fn pointwise and Lip(g,)

= Zn: Lip(f;). So by Proposition
i=1

sup Lip (gy) ,
Z Lip(fi).

]

Proposition 2.4. Let (X, dx), (X;,d;)(i € I) be metric spaces in M. Foreachiin I, let f; : X — X;

be a Lipschitz map which preserves distinguished point. Suppose that sup Lip(f;) < oo. Then, the the
i€l
product map f : X — [[™ X; satisfies Lip(f) = sup Lip(f;).

il

Proof. Let z be in X. We prove that (fi(z)) € [[™ X;. We have

sup Xm(fz(:L‘), ei) = Sup dXz(fz(I)7 fz(e))v

iel iel
(d =supd,) < supLip(fi)d(z,e),

iel iel

< OQ.

For z,y in X. We have by definition

A @) S W) _ i), i)
d(z,y) ier  d(zy)
and hence
o W@ FG) (). £)
T£Y (1‘7 y) x#y i€l d(ZE, y) ’
_ i(fi(z), fi(y))
T dwy)
= sw Lip(fi)-
University of M’sila Lipschitz p-convex and ¢-concave maps



2.1. Lipschitz function 20

This implies that Lip(f) = sup Lip(f;), and we obtain the result. ]
il

Definition 2.2. Let (X, dx), (Y, dy) be pointed metric space. We denote by Lip,(X,Y") the set of all

base point preserving Lipschitz maps from X to Y with the norm

41w
Lip(f) = s )

If E is a Banach space, Lip,(X, E) is a Banach space under the Lipschitz norm given by

I1f(z) — )l
dwy) " 7 y}'

For E = K, we designate Lipy(X,K) = Lip,(X) = X#. The banach space X is called also Lipschitz

Lip(f) = sup {

dual of X.
We now see the classical theorem of Hahn-Banach.

Theorem 2.2. Let E be a subset of a metric space (X, d) and let f : E — R be a Lipschitz function.

Then f can be extended to a Lipschitz function f, : X — R with the same Lipschitz constant.

Proof. Fix z in X—FE. We must find a value for fy(z) such that for all z in F

[fo(2) = f(x)| < Lip(f)d(z,z)  VrelX,

or equivalently

f(y) = Lip(f)d(y, z) < fo(z) < f(z) + Lip(f)d(z, 2) Vy € E.

Hence

sup(f(y) — Lip(f)d(y. z)) < fo(2) < inf (f(x) + Lip(f)d(z, 2)).

yel

It is possible because for all z, y in £, we have
f(x) — f(y) < Lip(f)d(z,y) < Lip(f)(d(z, z) + d(y, 2))-
We put

Jfo(z) = inf (f(z) + Lip(f)d(z, 2)),

zel
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2.2. Molecules and the Arens Eells space 21

and Zorn’s Lemma ends the proof.
Direct proof see (Metric Embeddings and Lipschitz Extensions, Lecture Notes, Assaf Naor

2015). Define the function f, : X — R by the formula
folz) = it (f(x) + Lip(f)d(z,2)) =€ X.

zeFE

To see that this function satisfies the results, fix an arbitrary z, € E. Then, for any « € E.
fleo) ~ Jx) < Lip(f)d(zo.).
< Lip(f)(d(xo, 2) + d(2, z)).
This implies (that f(z) + Lip(f)d(z, z) is bounded below)

f(xo) — Lip(f)d(wo, 2) < f(x) + Lip(f)d(z, 2).

So fo(z) is well-defined. Also, if z € E, the above shows that f;(z) = f(z). Finally (by definition

of the inf), for z,y € X and € > 0, choose z, € E such that
fo(z) = f(z.) + Lip(f)d(z,z.) — e,

—fo(2) < —f(x,) — Lip(f)d(z,x,) +e.

Then
foly) = fo(z) < f(z.)+ Lip(f)d(y,z.) — f(z.) — Lip(f)d(z, x.) + €,
< Lip(f)d(y,z) +e.
Thus, we see that f; is indeed Lip( f)-Lipschitz. O

2.2 Molecules and the Arens Eells space

Now we are going to present some concepts about the space of molecules, the reader can see

[14] for more details.

Definition 2.3. Let (X, d, e) be pointed a metric space. A molecule on X is a real valued function m on

X with finite support (i.e., the set where m has non-zero values) and satisfies
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2.2. Molecules and the Arens Eells space 22

> m(z)=0.

zE€supp(m)

Denote by M(X) the real linear space of molecules on X. Define the basic molecule my, = 113 — Ly
(with z,y € X are called atoms).

Put now

Il = inf {z ) m= 3 Ajmxjx;},
where the infimum is taken over all representations of the molecule m. Denote by A(X) the completion
of the normed space (M(X), ||.|| sq(x))- This space was first introduced by Arens and Eells [1I] in 1956.
The terminology Arens-Eells space £(X) is due to Weaver [14]. A different notation was used in [5]] by
Godefroy and Kalton. It is the Lipschitz-free space denoted by F(X).

Remark 2.1. Every molecule m is uniquely expressible in the form
l
m= 3 A0 — 1),
j:
where the points x; are all distinct and none equals to e.

This theorem is very important in this chapter, to satisfy the facilitde study Lipschitz dual

of the pointed metric space X.

Theorem 2.3. Let (X, d,e) be a pointed metric space. Then E*(X,d) is isometrically isomorphic to

Lipy(X).
Proof. Define

S B*(X,d) — Lipy(X),
by

(59)(2) = @((T(ay — Tiey))-

Since Hﬂ{x} — ]l{x/}H =d(z,2’) for all z, 2" € X, we have

(Se)(@) = (Se) (@) = |e((Ly — Lgep) — o((Lary = L))
= ’W((ﬂ{x} - ﬂ{x’}))} )
< el d(z, =)
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2.2. Molecules and the Arens Eells space 23

Also (S¢)(e) = ¢(0), soindeed S¢ € Lip,(X) It follows that S is a nonexpansive linear mapping
from A(X, d) to Lipy(X).

Define now
R : Lipy(X) — B*(X, d),
by

(Bf)(m) = 2m(x)f(w),

!
for f € Lipy(X) and m a molecule. if m = Y A\jd(1,,3 — ]l{x,_}), we have
J=1 !

(RAm)] = [ ml2)f(x)

xT

< Zw |f(a;) — F(@)]

Y

IN

Lip(f) Y Al d(Le,y — Lay):

j=1
Hence |(Rf)(m)| < Lip(f) [|m|| »(x), which uniquely extends to a continuous linear functional
on the completion &E(X, d) of M(X), denoted by the same symbol Rf. Thus Rf € E(X,d) and
|Rf|| < Lip(f). Straightforward calculations show that R and S are inverses. Indeed, for all

reX

(SoR)(f)(x) = S(R(f))(x),
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2.2. Molecules and the Arens Eells space 24

And for all m € M(x)

(RoS)(p)(m) = R(S(p))(m),

= > m(x)S(p)(),

= D N(S@)w) - S(@)(),
= ZAjﬂp(ﬂ{m}—ﬂ{x;}),

= p(m).

The operators R, S are non expansive and R oS = So R = Id so S is isometric (||z| =
|RoS(x)]] < ||R|||IS(x)]) < ||S(x)]]) and hence Lip,(X) is isometrically isomorphic to
B (X, d). 0

Proposition 2.5. Let (X, d, e) be a pointed metric space

1. For any molecule m we have |[m/| g ) = sup{|<m, f >| = | > m(z)f(z)|,f € Bx+} and
reX
there exists f € Bx# such that <m, f >= ||m/|| g ).
2. ||l gy s @ norm on M(X) and |1,y — ]l{y}H}E(X) =d(z,y) forall z,y in X.
3. ||l g is the largest seminorm on M(X) which satfies forall z,y in X, |1 — ﬂ{y}HE =

d(z,y).

Proof. 1. This follows from the identification of Lip,(.X,d) with A(X,d) and the Hahn-Banach
theorem.
2. The inequality ||1(;; — 1| g < d(z,y) follows from the definition. Conversly, fix x in X and

define

fo(y) = d(x,y) — d(z,e).
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We have f, € By, (x,q) because f,(e) = 0 and Lip(f,) = 1. Indeed,

|fm(y1) — fx<y2>|

Lip(f,) = sup )
( ) Y17Y2 d(ylayQ)
Z sup ’fx(y) - f:c(m)l7
y#x d(ﬂf, y)
s dwy)
d(z,y)
And
Lip(fx) = sup |fm(y1) - f:v(y2>’
Y17£Y2 d<yla y2)
S sup |d((l}, yl) - d(]?, y2)’
Y17Y2 d(?/la y2)
< d(yl,%) 1
d(yhyz)
By part (1), we have

H]l{l’} - ]l{?/}H/E(X) 2 ’< mmyafﬂc >| )
> |m(x) fo(x) —m(y) fo ()],
> |m(y)d(z,y)],

> d(z,y).

3. Let |||, be any semi norm such that

Ly = Lyl < d(z. ).

forall z,y € X. Letm = ) \;m,,,, be a molecule. We have

[Imll :‘
0

< > ild(xs,w).

Taking the infimum of all such representation of m yields ||m||, < ||m/|| 4. O
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Corollary 2.2. The application ix : X — AE(X) defined by
ix(z) = Ly — gey,
is an isometric embedding of X into A(X).

Proof. We have by (2) in the precedente proposition

li2) = i)y = L = Lt llge

= d(z,y).

Forall z,y € X. So ix is an isometry. ]

2.3 Universal property of Arens Eells space

The following theorem due to Weaver is very important. It is known as the linearization of

Lipschitz operators.

Theorem 2.4. [14] Let (X, e, d) be a pointed metric space. Let E be a Banach spaceandlet T : X — E
be a Lipschitz map which preserves base point (ie.,T(e) = 0). Then there is a unique bounded linear
operator u : B(X) — E, such that T = v o i and ||u|| = Lip(T').

E(X)

SIS

Proof. Every molecule m is uniquely expressible in the form
!
m = Zl )\j(]]'ﬂ?{j} — ]l{e})
]:

where the points z; are all distinct and none equals to e, We then defined u by

ulm) = 30 T(,),

J

we have

Lip(T) = Lip(uoi) < Lip(u)Lip(4),

IA
=

So
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2.3. Universal property of Arens Eells space 27

Lip(T) < lu]-

For the converse inequality, on define a semi norm on the space of molecules by setting ||.||, on

M(X) by
. = Sl
Lip(T)
Then
e -1, = P,
< d(z,y).

Forall z,y € X. This implies that |.|[; < [|.| g(x)- Thus [[u(m)|| < Lip(T') [|m|| gy, which shows

that ||u|| < Lip(T") as desired. O

Notation : The operator u is denoted by 7.

Sawashima [12] defined the Lipschitz adjoint (or dual) of 7" as a continuous linear operator.

Definition 2.4. Consider X,Y in M and let T : X — Y be a Lipschitz map which preserves base

point. We define

T:Y# — X*,

T#(g) =< g, T(x) >=go T(x).
The definition make sens by the property of composition maps.

Proposition 2.6. Consider X,Y in My and let T : X — Y be a Lipschitz map which preserves base
point. Then T#is a bounded linear map and || T#|| = Lip(T'). The map T# is compatible with products

and preserves order.

Proof. We have

Lip(T*(g)) = Lip(g o T) < Lip(g)Lip(T),
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so | T#|| < Lip(T)) For the converse inequality. Fix p,q € Y soit g = d(.,q) — d(ey — ¢), then

Lip(g) = 1 and

v

|7#]| Lip(T%)(g),

| T#(g)(x) = T#(g)(y)]
dX(x,y)
19(T(x) — g(T'(y))|
dX(xay)
19(T'(x)) — g(T(y)dy (T(x), T(y))|
dy(T(z),T(y))dx(z,y) '

Y

)

v

Taking the supremum over x and y, we find ||T#|| > Lip(T). O
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CHAPTER 3

LIPSCHITZ p-CONVEX AND ¢-CONCAVE MAPS

n this chapter we define Lipschitz p-convex and g-concave maps, and we also offer prove of
some results, concerning Lipschitz versions of the Maurey/Nikishin and Krivine factoriza-

tion theorems [2]].

29
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3.1 Lipschitz p-convex maps

We give the notion of p-convex operator which is inspired from the linear case.

Definition 3.1 (Lipschitz p-convex maps). Let 1 < p < oo. Let X be a metric space and E a Banach
lattice. A Lipschitz map T : X — FE'is called Lipschitz p-convex if there exists a constant C' > 0 such

that for any x;, 2, € X and \; > 0

1

(Zl Aj |Ta; = TJ’?Hp) <C (Zl Ajd(x; — xQ)”) /
j= j=

E

(with the obvious adjustment if p = oo). The smallest such constant C'is called the Lipschitz p-convexity

constant of T and is denoted by Mé’i’;(T).

Theorem 3.1. [2] Let X be a metric space and E a Banach lattice. A Lipschitz map T : X — E'is
Lipschitz p-convex if, and only if, Ty, : A(X) — E is p-convex. Moreover, in this case the p-convexity

constants are the same.

Proof. The “if” part is trivial: p-convexity of 17, clearly implies Lipschitz p-convexity of 7" with
no increment in the constant, since ||my.|| g x) = d(z,2') and Tymyy = Tw — Ta' .

Now suppose that 7" is Lipschitz p-convex. The strategy of the proof will be to show that
T7 : B* — E(X)* = Lipy(X) is p'-concave. Let ¢} € E* be arbitrary. For any z;, 2z} € X with

/
x; # x; we have

(>

Using Pro[1.2] the latter is bounded by

< ¢;, Ty — Tl >
d<xjvl',>

J

P\ ¥
= sup Y. «
> - d(x%m,)

1
A\ Tx —Tx’»|p P
* | P P| J J
sup > %5 > lagl <
SlaylP<1 (j ’ ) (j T d(wy, )
f 1 | ’p 1
A\ Ty, — T2 P
el sup > oy P =
(j ’ B >ley|P<1 J ’ d(xj,a:;)p E
x5

The Lipschitz p-convexity of 7" allows us to bound this by

University of M’sila
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1 1 1

(zwﬂp’)p MENT) _sup (zw il ”))P M) (Z\so;\”’)p

2logP<T\ g ( ]’1])p
J

B J E*
N L N
P\ o A\ P
< M5(T) T
J
so taking the supremum over all pairs z;, z; € X with z; # 2/, we conclude
N N
%, x||P! i (p) «|P "
Z HTLQD] < MLlp(T) _ j
j j

E*
Since the ¢; € E* were arbitrary, this means that 7} : E* — Lip,(X) is p'-concave with

\\

Therefore,

(T73)(x5) — (T3) (25)
d(xja x;)

E*

» and by duality T, : £(X) — E is p-convex with M®)(Ty) < M} (7). O

Lip

M(TF) < MY

Lip(T

Remark 3.1. [2] For a moment, one could think that in particular we have a result in the spirit of the

Godefroy/Kalton theorem for the BAP, that is, for a Banach lattice £
E is p-convex <= A& (FE) is p-convex.
Howeuver, what we do have is
idg : E — FE is p-convex <= idgy, : £(E) — E is p-convex,

and id gy, is the linearization of idp.

3.2 Lipschitz g-concave maps

Like Lipschitz p-convex operator, we give the Lipschitz g-concave operator.

Definition 3.2 (Lipschitz g-concave maps). Let X be a metric space and E a Banach lattice. A
Lipschitz map T : E — X is called Lipschitz q-concave if there exists a constant C' > 0 such that for

any vj,v; € E and any \; > 0.

1 1
<j21 )\jd(TUj, TU;)q> S C (]21 )‘j |Uj — U;|q>

The smallest such constant C'is the Lipschitz p-concavity constant of T  and is denoted by M Llp(T)

E
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3.3 Factorization through L,

The following factorization theorem and its proof are inspired by the corresponding result for

linear maps proved by Krivine. The presentation follows from that of Theorem

Theorem 3.2. [2] Let X,Y be metric spaces with Y complete and E a Banach lattice. Suppose that
T : X — E Lipschitz p-convex and S : E — Y is Lipschitz p-concave. Then the operator ST can
be factorized through an Lp (1) space. Moreover, we may arrange to have ST = ST, with T} : X —

Ly(1), Sy« Ly(p) — Y, Lip(Ty) < M)

(T) and Lip(Sy) < M(P(S).

X "Lk y
Lp(ﬂ)

3.4 Factorization of Lipschitz p-convex maps

We start by proving the following characterization of Lipschitz p-convex maps, which is a gen-

eralization of Theorem

Theorem 3.3. [2] Let E be a Banach lattice, X a metric space and 1 < p < oo. A Lipschitz map
T : X — FE is Lipschitz p-convex if, and only if, there exist a p-convex Banach lattice W, a positive
operator (in fact, an injective interval preserving lattice homomorphism) ¢ : W — E and another

Lipschitz operator R : X — W suchthatT =1 o R
X L y E
N
W

Moreover M&))(T) = inf Lip(R).MP (1w ). ||¢|| where the infimum is taken over all such factorizations.

Proof. We will assume that 1 < p < oo, the proof of the case p = oo can be obtained via the
usual changes.

If we do have such a factorization, consider z;, ¥, € X. By the positivity of ¢, using Proposition
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and the g-convexity of W,

k % k
(Z [T = Txﬂp> - (Z [ (Ra; — RINP)

Jj=1 B

P

E

k 3
< v (ZW(Rfﬂj—Rﬂﬂ})\p>

=1 W
< ol MO 1) (zu Re, - Ret) Hp)
< [l M®) (Iw)Lip(R (Zd ) .

Showing that T is Lipschitz p-convex with M&’;(T) < ||v|| MP (I )Lip(R).

Now let T': X — E be Lipschitz p-convex. Consider the set

1

k p k
A={ueckE:|ul< (2 A | Ty — T;c;.|”> where \; >0, and > \jd(z;,2))” <1
Jj=1

j=1

We can consider the Minkowski functional defined by its closure A in E,

2]lyy = inf {p>0: pA}.
Clearly A is solid, and since 7 is Lipschitz p-convex, it is also a bounded subset of E. Let us

consider the space W = {z € E: ||2||;;, < oo}. We claim that for any 21, ..., z, in W it follows

n ) -
< (z ||zi||w) ,
1=

w

that (>0, |z]” ) is in W and moreover

Given e > 0, for each i = 1,..., n there exist y; with 2; € y; A such that 1 < ||z, + % Thus, for

every J > 0 there exist {zf}j: | in E such that sz — 22 H < §and

1
p>p

. m;.s . .
and the points { y ,y}"s} in X satisfy
j=1

mis
) X\, i,6 0
28] < <]Zl X Tl — Ty

Where the nonnegative numbers {)\Z ‘S}
7j=1

3=

mi.s
(Z )\Z §d( ;67 ;5);0) S i,

J:

foreach i =1,...,n and each § > 0. For each § > 0, define
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N
ws = (}:‘zf|) i
i=1

1 1
2 il ws > [ — 2|
i=1 i=1

Moreover, we will show that for every ¢ > 0, w;s belongs to (>~ | uF )% A.

1
D P
s

Then

<
E

E

Indeed,

1 ms
_ ilgp " iia)\i,ciTi,(S_Ti,é
|ws] = & H = % Lj Yj

i=1 j=

and

U R R, g " ’
22 Al Y ) < (Zﬂf) '

Hence , (3_7, |z )% belongs to (Z ur ) " A Therefore, from the definition of .l and the
=1
choice of y;,

VRS
agb
B3
S
S~

|

VAN
N
i

=

TR
S~

Q=

=
RS

IN

Letting € go to 0, we conclude

n Ep P n
(Sotett +2) < (So0en) 4
=1 i=1

' (zu) < (z ||zz~||€v)”.

It follows that the Minkowski functional ||.||;;; is in fact a norm on W. Since A is bounded,

w

|2]l,;; = 0 implies that = = 0. Moreover if v, v € W are not zero, set
|ul | lelw 5l

’17: o = = — .
lullw”™ vl lully + ol Nully + ol

U=
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Since ||ty = [|9]] = 1, @, 8 > 0and o + § = 1 we have

lu+olly < el + ol = (lully + llolly) loa + 50l

~ ey L
< (lully + llelly) || 0@ + 853 |

3=

< (lully + llollw) (allally + 8ol

< ully +llollw -

Thus, (W, ||.||;}/) is a p-convex normed lattice with constant 1. Let (w;)$2; be a Cauchy sequence

in W. Since for every z € E it holds that ||z||, < M&’;

(T) ||z|lyy, it follows that (w;):2, is also a
Cauchy sequence in E and this has a limit w in E. Notice that since the w; are bounded in W,
there exists some finite p such that w; € pS for every i € N and since S is closed in E, we must
have w € uS. Thus, w belongs to W, and we will show that (w;)$°; converges to w also in . To

this end, let € > 0. Since (w;)°, is a Cauchy sequence, there exists N € N such that w; — w; € €S

whenever i, j > N. Thus, if i > N we can write
w—w; = (w—wj)+ (w; —w,;),

for every j > N, and letting j — oo we obtain that w — w; € €S. This shows that (w;)°,
converges to w in W, hence W is complete and therefore a Banach lattice.

Let us observe that from the definition of W we clearly have ||Tx — T2'|,,, < d(z,2") for every
z,2’ € X,sothemap R : X — W givenby Rz = Tz is Lipschitz with Lip(R) < 1. Moreover, as

noticed above it also holds that [|z|| ,, < M?)

< My, (T) ||z]|yy for each z € E, hence the formal inclusion

Y« W — Eis clearly and injective interval preserving lattice homomorphism with norm at

most M (p)\") (T), and T’ = ¢R. N

3.5 Factorization of Lipschitz ¢g-concave maps

The following characterization of Lipschitz g-concave maps is a nonlinear generalization of

Theorem

Theorem 3.4. [2l] Let E be a Banach lattice, X a complete metric space and 1 < p < oo. A Lipschitz

map T : E — X is Lipschitz g-concave if, and only if, there exist a g-concave Banach lattice V, a
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positive operator ¢ : E — V/( fact, a lattice homomorphism with dense image), and another Lipschitz

map S 1V — X such that T' = S o ¢.

Moreover M (T) = inf ||| . Mg (Iv).Lip(S).

Proof. The case ¢ = oo is trivial because every Banach lattice is co-concave, so let us assume
that 1 < ¢ < oo. The specific construction carried out below, however, has an analogue in the
case ¢ = oo. First, let us assume that such a factorization exists. Consider u;,u; € E. By the

positivity of ¢, using Proposition[I.7/and the ¢-concavity of V,

(Z d(Tu;, Tu;)q>
j=1

IA

(Z d(Seou;, 5¢u;)Q>
j=1

IN

Lin() (Z . m;-w)
j=1

< Lip(8)- Mg (Iv). (Z [o(vs = v;->\q) |

1
q

< Lip(8)- Mg (Iv)- 6] l (Z Jo; - ;\q)

E
Showing that T is Lipschitz ¢-concave with )/, (Lqi)p(T) < Lip(S). My (Iv). ||¢|l. Now suppose that

T is Lipschitz g-concave. Given u € E, define

j=1

p(u) = sup (Z )\jd(Tuj,Tu;)q> 1A >0, (Zl A }uj — u;‘q> < u|
]:
Note that since
(; )\jd(TUj, TUJ;)q) S M(I;)p(T) (Zl )\j ‘Uj — u;|q> P
we have for all u,v € E

AT, To) < plu—v) < M) |lu =]
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Moreover, we claim that p is a lattice seminorm on £. First notice that for any u,v € E and
A > 0, it is clear that p(Au) = Ap(u) and that |v| < |u| implies p(v) < p(u). To prove the triangle
inequality, let u,v € F and w = |u| + |v|, and let I,, C E be the ideal generated by w in £, which
is identified with a space C'(K) in which w corresponds to the function identically equal to 1

[13, I1.7]. Given € > 0, find wy, w}, ..., w,,w, € E and Ay, ..., A\, > 0 such that
1 n

1 1

(i Aj [w) —wﬂq) <fw| and p(w) < (i Ajd(Twaw})q) te
j=1

j=1
Since u,v € I, they correspond to functions f,g € C(K) such that |f(t)| + |g(¢)| = lfor all
t € K. Similarly, each w; — wj corresponds to h; € C(K) with (Z?Zl Aj | (t)|q> “forallt € K.

Let us now consider

Which belong to C'(K') and satisfy

q

(ilxj|fj<t>rQ>qsrf<t>| and (igﬂgj(ww) < lo(0)

This means there are u;,v; € I, C E with u; +v; = w; — w’; for each 1 < j < n and satisfying

(Zl%lujlq) < |u] and (Zl%lvjlq) < |v|.
j= j=

Notice that w; — u; = v; + w} , and hence
d(Twy, Tw) < d(Twy, T(w; — uy)) + d(T'(v; + w}), Tw}).

Then,

1
q

p(u+v) < p(w) < p(w) < (Zn:l A;d (ij,Tw;)q> +e<

(i /\]d (ij, T(wj — Uj))q> ' + (i )\jd (T<Uj + ’UJ;), Tw.;)q> t e

Since w; — (w; — u;) = uj and (v; + w}) — w}; = vj, it follows from the definition of p that

1

(il ANjd (Twy, T(wj; — uj))q> ! < p(u) and (il \id (T(Uj + w;),Tw;.)q> < p(v).
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and thus p(u+v) < p(u) + p(v) + €. Letting € go to 0, we have proved that p satisfies the triangle
inequality. Let V' denote the Banach lattice obtained by completing E/p~'(0) with the norm
induced by p, and let ¢ be the quotient map F — E/p~'(0) seen as a map to V. For u € E let
us define S(¢(u)) = T'(u). Since d(Tu,Tv) < p(u —v) for any u,v € E the map S is well defined
on E/p~*(0). Moreover, since X is complete we can extend S to a Lipschitzmap S : V — X
such that Lip(S) < land T' = Se.

Now consider {u;};_, in E, and let e > 0. For each ¢ = 1, ..., n there exist {v;i, w;}jzl in F and
k
j

nonnegative numbers {\;}""  such that

q

ki 3 N
7 7 7 7 q 7 ; . . e

Adding up, we have that

(= p(uan <p ((z o) ‘1’) e

Letting € go to 0 we conclude that the normed lattice E/p~*(0) is ¢g-concave with constant 1, and

thus so is its completion V. Finally, note that

6]l Mgy (I ) Lin(S) < MEP(T).

]

Once again taking Chapiter 1 as a model, the nonlinear Krivine factorization theorem (The-

orem 3.2) follows easily from the factorization Theorems 3.3]and

Proposition 3.1. [2] Let X, Y be metric spaces with Y complete and E a Banach lattice. Suppose that
T : X — E is Lipschitz p-convex and S : E — Y is Lipschitz p-concave. Apply Theorems [3.3|and
(more specifically, their proofs) to obtain factorizations

X n s E B %
A 4
W Vv
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where W (resp. V') is a p-convex (resp. p-concave) Banach lattice with constant 1, T and o are Lipschitz

maps with constant at most 1, and (resp. ¢) is a lattice homomorphism of norm at most ME’;&(T)
(resp. Mé ép (S) ) From Lemma|1.8|, ¢ o 4 factors through an L, (i) space with the factors being lattice
homomorphisms whose norms have product at most ML(’i’r))(T). M (%p (S). The conclusion of Theorem

is now clear.

Similarly, Theorems [3.3| and [3.4] allow us to reduce the following two Lipschitz results to
their linear counterparts (Proposition[1.9and Corollary [1.2).

Proposition 3.2. Let X,Y be metric spaces with Y complete and E a Banach lattice. Suppose that
T : X — FE is Lipschitz p-convex and S : E — Y is Lipschitz q-concave, with 1 < ¢ < p < oc.

Then ST factors through a canonical inclusion i, , : L,(p) — L,(p). In fact, there is a factorization

X T . p_5 vy

5| s

Ly (1) Ly (1)

~

p,q

with Lip(Ty) < M{%)(T) and Lip(S1) < M{P(S).

Proposition 3.3. Let X, Y be metric spaces with Y complete and E a Banach lattice, and 1 < p,q < oc.

Suppose that T : X — FE is Lipschitz p-convex and S : E — Y is Lipschitz g-concave. Then for

every 6 € (0,1), ST factors through a Banach lattice Uy that is — P _convexand

q
p(1—0) 10 1—0 concave.

Corollary 3.1. Let E be a Banach lattice, 1 < p,q < oo, and assume that T' : E — FE is both Lipschitz

p-convex and Lipschitz q-concave. Then for each 6 € (0,1), T? factors through a — P convex

p(l—0)+0

and -concave. Banach lattice. In particular, if p > 1 and q < oo then T factors through a super

q
1-4¢
reflexive Banach lattice.

A natural question in this context is: if a linear map 7' : X — Y between Banach spaces
can be factored as a Lipschitz p-convex map followed by a Lipschitz g-convex one, is there
a factorization where the factor maps are in addition linear ? Under certain conditions, the

answer is yes.
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Theorem 3.5. Let T' : X — Y be a linear map between a Banach space X and a dual Banach space Y,
and assume that T  admits a factorization T = 15T, where T} is Lipschitz p-convex and T, is Lipschitz
g-concave, with 1 < g < p < oo. Then there is also a factorization T = o1, where 11 is p-convex and T,

(Tv) and Mg)(r2) < MF (Ty).

is q-concave, and moreover M® () < M®) i

Lip

Theorem 3.6. Let T' : E — F be a linear map between Banach lattices E and F, and assume that
T admits a factorization T = 15T, where Ty is Lipschitz g-concave and T is Lipschitz p-convex. Then
there is also a factorization T = 1y where Ty is q-concave and T is p-convex, and moreover M (®) (19) <

M. (p)

Lip

(To) and Mg () < M(P(Th).

Even though the naive factorization scheme for linear maps that are both p-convex and ¢-
concave did not work out, Raynaud and Tradacete were able to prove that if one “gives up” a
little on the exponents of convexity and concavity involved, one still gets such a factorization

Theorem[I1.5 The following would be a Lipschitz version of that result.

Question 3.1. Suppose that a Lipschitz map T : E — F between Banach lattices is Lipschitz p-convex
and Lipschitz g-concave, with 1 < p < ococand 1 < q < co. Canwe find 1 < py < pand q < gy < 00 50

that there is a factorization of T' as

DN

o] G

EOTFO

where ¢ and  are positive linear maps, Ey is qo-concave, Fy is po-convex and R is a Lipschitz map?

p

7 ?
0+ (1—-0)p

andqozl_e.

Moreover: given 6 € (0,1), can we have p, =
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Abstract

Adasdl il Wlsdl M ddasd) Dlsmdl G2 jade g 5 Cummep O 5 hell muead (u jouw

Judond Sl a0 sy Aoy s Al jadl 018 B @lgiuw LeSo (A Jidudl) Wlsdl hss! il
g 33 Jugeid s 1 5 gt A1 Jal gl

Phe o ge 5 el gall Jdod Sb el Ly Saulde Gudond 53 5e A Lided] Sl

pAAQ—(] 3 38 (dSmg—])

ous étudierons la généralisation des opérateurs p-convexes et g-concaves du cas
linéaire au cas non linéaire. Plus précisément le cas lipschitzien. Entre outre, on

s’intéresse 4 quelques théorémes de factorisation ce qui facilite 1’étude de ces opérateurs.
Mots-Clés: opérateur de Lipschitz, Banach réticulé, Théorémes de factorisation, opérateur positif,

opérateur p -convexe, opérateur g -concave.

e will study the generalization of the p-convex and g-concave maps of the linear case to the
nonlinear case. More precisely the Lipschitz case. Among others, we are interested in some

factorization theorems for a good study these operators.

Key-words: Lipschitz operator, Banach lattice, Factorization theorems, Positive operator, p-convex

operator , g-concave operator.
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