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Introduction

To study certain natural processes, we use mathematical models that describe all the es-
sential characteristics of these processes. In many cases, the obtained model is a partial
differential equation that needs to be solved by some analytical or numerical method. If
the PDE is difficult to solve, we may simplify the model by assuming for example that the
dependence of some data on one or several variables can be neglected. However, the accuracy
of the obtained model may be compromised.

In this work, we deal with small vibrations of a membrane when the variation of its
shape with respect to time can not be neglected. To be more precise, we assume that the

transversal movements of this membrane are described by the wave equation
(2, t) — Au(z,t) =0, x €y, te[0,T] for some T > 0. (1)

where z = (z1,22) € Q; C R? and Q; is a bounded planar domain depending on time.
Although the problem is linear, the dependence of the domain on time need to be handled
carefully in order to obtain existence and uniqueness results. One approach consists in using
the penalization method proposed by Lions in [7]. The idea is to approximate the wave

equation in (1) by the restriction on 2; of the solution of the following wave equation

ug(z,t) — Au(x, t) + X:’?ut(x,t) =0, xze€D, te]|0,T] for some T > 0. (2)

where D is a fixed bounded domain in R? such that Q, C D, Vt € [0,7] and Xog 18
the characteristic function of Qf := D\, and ¢ is a parameter (of penalization) that will
tend to 0. The term %ut(x, t) represents an artificial damping that forces the solution to
be approximately zero outside ;. The equation (2), associated with Dirichlet boundary
conditions and initial data, is a classical wave equation that can be solved by a Faedo-
Galerkin method, for each € > 0. Thus, we obtain a sequence of solutions that depends on

£.
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Assuming that the domain €, is increasing, i.e. €, C (,,Vt; < ty and passing to the
limit € — 0, we deduce the existence of a solution for the wave equation (1) associated with
Dirichlet boundary conditions. We also combine this penalization technique with an explicit
finite differences method to obtain a numerical solution of Problem (1).

After the present introduction, we recall in chapter 1 some elements of functional analysis
needed in the sequel. We also state a general existence and uniqueness result for the damped
wave equation in a bounded domain that does not depend on time. In chapter 2, we establish
the existence of a unique solution for the wave equation (1). In the final chapter, we apply the
finite difference method to obtain a numerical solution for (1) . The results are illustrated by
graphical representation for different initial data and different shapes of increasing domains.

Finally, some references related to this work are given at the ends of the manuscript.



Chapter 1

Preliminaries

1.1 Functional spaces

In this section, we recall some functional spaces and theorems that we need in the remaining

of this work. We can find them with more details in [3, 9].

1.1.1 Distribution space

We denote by 5 5
%1 n
— ..._’a:(alj...7an>€Nn
8x1 8xn

the derivative of order |a| = oy + g + - -+ + .

DO&

Definition 1.1 We define the support of a function f: € — R with Q C R™ as:

supp(f) ={z € Q: f(z) # 0} .
Then, f is compactly supported in Q, if supp(f) is a compact subset of Q
Definition 1.2 The space of test functions is given by:
D(Q) ={f € C=(Q) : supp(f) C O} .
Definition 1.3 Let {¢,} C D (2) and ¢ C D(Q2). So:
o — ¢ inD(Q), ask — +oo
iof the following two properties hold:

1. There exists a compact set K C Q containing the support of every .

2. Va = (a1, ,an), |la] >0, D%, — D*p uniformly in .
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Definition 1.4 A distribution is a linear continuous functional in D (S2), and the set of all

distributions denoted by:

with:
L. v@la@Q GD(Q)7VO~/7B ER: <f7a()01+6902> :Q4<f,g01> +6<f7902>a

D(Q)

A central concept in the theory of distributions, due to Schwartz, is the notion of weak
or distributional derivative. Clearly, we have to abandon the classical definition since, for

instance, we are going to define the derivative for a function f € L'(Q).

Definition 1.5 If ¢ € D(Q), denoting by v = (vy,--- ,vy) the outward normal unit vector
to 02, we have:

/&Cifgodx = fovdr — / Oy, 0 fdx,
Q o9 Q

since p =0 on 0N2. The equation

/ Oy, fipd = — / Orpfde,
Q Q

interpreted in D'(Q)), becomes

Definition 1.6 Let ) be an open set in R".
Denoted by LP(QQ) the set of functions f: Q — R, such that:

Lp(Q):{f:/Q]f]pdx<oo}, 1 <p<+c0.

equipped with the next norm, LP(Q2) becomes a Banach space

1/p
T ( L1 dx) .

When p = +o0, the space LP(2) will defined by the followig way:
L(Q) = {M:|f] < M}.
The infimum of all numbers M, is called the essential supremum of f, and denoted by

||f||Loo(Q) = esssupq(|f]) -

which is a norm in L (£2).

Endowing with the above norm, L™ () becomes a Banach space.
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we can see an special case of LP spaces, which is the L? space.

Definition 1.7 The space L? () is the set of all functions squared integrable over €0, i.e:
L2(Q):{f:Q—>R:/f2dx<oo}.
Q
The space L? () is a Hilbert space endowed by the scalar product:

(f,9) oy = / f(@)g(@)dz, Vf.ge I ()

1/2
1l = ( / f?dx) .

Theorem 1.8 (Fubini) Let ©; and Qy be two open set from R™ x R". Assume that F' €
LY(Qy x Q). Then, for a.e. z € Q,

and its associated norm:

F(z,y) € L;(Q) and / F(z,y)dy € L.().

Qo

Similarly, for a.e. y € §o,

Fz,y) € L) and / F(z,y)dz € LY(Qy).
951

Moreover, one has

/91 </Q F(x’y)dy) do = /Q (/ﬂ F(x,y>dx> dy = //QXQ F(z,y)dxdy.

Theorem 1.9 (Dominated convergence theorem) Let (f,,) be a sequence of functions
in LP (Q) that satisfy

o fu(z) = f(x) a.e. onQ,
e dg € LP(Q) such that, ¥n,|f.(z)| < g(z) a.e. on Q,
Then f € L? (Q) and | fo = [l o) — O

Theorem 1.10 Let (f,,)n>0 be a sequence from LP (Q),1 < p < +o0, and f € LP () such
that || fo — fll 1oy = O Then there exist a subsequence (fn,) and a function h € LP (§2) such
that

o fn.(x) = f(x) a.e. onQ,

o |fn.(z)| < h(x)VEk ae onf
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1.1.2 Sobolev spaces

Definition 1.11 The space H' () is the space of functions in L*(Q), with first derivatives

in the sense of distributions are functions in L*(Q)). Thus:
H' (Q)={feL*(Q):VfeL* (%GR},
The inner product and the norm in H'(Q)) are given, respectively, by

9oy = [ F@aado+ [ 9F-Vadn¥f.g € ' ()

and

) ) 1/2
1y = (1 Wy + 19 o))
Proposition 1.12 H'(Q) is a separable Hilbert space, and compactly embeded in L*(S2).

We introduce now an important subspace of H*().

Definition 1.13 We denote by H}(Q) the closure of D(Q) in H'(Q), and its dual is denoted
by H1(Q).

Thus f € H}(Q) if and only if there exists a sequence f; € D(2) such that f;, — f in
HY(Q).

Theorem 1.14 (Poincaré’s inequality) Let 2 C R™ be a bounded domain. There exists
a positive constant Cp (a Poincaré ’s constant) depending only on n and diam(S2), such that,
for every f € H}(Q),

1/l z20) < CP IVl 20 -

We will choose in H}(£2)

(f, g)Hg(Q) = (V/, Vg)L?(Q) and ||fHH5(Q) = va||L2(Q)
as inner product and norm, respectively.

Theorem 1.15 (Trace) Let Q2 be an open set from R™ with smooth boundary T'. Then, we
define the trace function vy, by:

Yo - D(Q) — C(F)u

u — vo(u) = ulr.
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Theorem 1.16 (Green’s formula) Let Q be a bounded open set from R™ with smooth

boundary T, and u,v € HY(Q). Then, the Green’s formula is given by:
/ Oy, uvdx; = / wvdx; —/u@miv vidot=1,---,n
Q Q r
with v in the outward unit vector of 2, and n,; its compenents fori=1,--- n.

The space H} () is equivalent to the space of functions from H'(Q) with zero trace on

the boundary I i.e.
Hy () ={feH"(Q) with floo=0}.

Theorem 1.17 (Gauss-Green)

e Suppose that u € C* (Q). then

/uxidx:/ u'dS i=(1,---,n).
Q G
1,2

with v = (v, v*, -+ V") is the outward unit vector of €.

/divudx :/ u-vdS.
0 a0

for each vector field u € C! (ﬁ; R”).

e We have

1.1.3 Spaces involving time

In evolution problems, it is convinient to separate the two variables t and x. The variable of
time is dependent only on ¢ € (0;7") and the variable of space is dependent on x € 2 C R".
Hence we need to consider some new spaces.

In all of this subsection we assume that V' is a Banach space and V' denotes its dual.

Definition 1.18 We define the space C(0,T;V) as the set of continuous functions f :
(0,T) — V, in which is endowed by the norm:

||f||C(O,T;V) = SUpo<i<T ||f||V )

it 1s clear that this space is a Banach space.
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Definition 1.19 We define the spaces LP (0,T;V) , with 1 < p < +00, as the set of mea-
surable functions f :[0,T] — V', such that:

if 1 <p<+oo:
1/p

T
||f||Lp(o,T;v>—(/o ||f||@dt) <,

||fHL°<>(0,T;V) = supo<e<r (|| flly/) -

while if p = +o0:

Endowed with the above norms, LP (0,T;V') becomes a Banach space for 1 < p < +o0.

In the case of p = 2 we get L?(0,T; V) which is a Hilbert space if V is a Hilbert space,

T 1/2
1l = ( / Hf||2vdt) |

Definition 1.20 We defined the space LP(0,T; L1(€);)) where 1 < p,q < 400, and 2 is a

moving domain in time, by

and its norm defined by:

L7(0,7: 29(24) = {u(t) € L) with (1) = (D) 10 € L70.T)}
18 a Banach space endowed with the norm
[l oo, 2a000) = N9 ooy 5 (1.1)
if ¢ =2, the space LP(0,T; L9(€Y;)) will be
L7(0.7: () = {ult) € () with g(t) = [u(®)| 20, € L70.7) }.

endowed with the norm

HUHLP(OTL2 Q) = [lg(t )HLp(o,T) ’

Definition 1.21 The space LP(0,T; H' () is defined by
120, 7 H'(9)) = {u(t) € H(Q0) with h(t) = [u(D)l| o,y € LPO.T)} |
15 a Banach space, endowed by the norm

lull oo 1100y = IR o017 -

Definition 1.22 The first order Sobolev space H' (0,T;V) is the space of the functions
f€L*(0,T;V) such that 8,f € L*>(0,T;V).

If V is a Hilbert space, H' (0,T; V) is also a Hilbert space endowed by the inner product:

(f, )Hl 0,7;V) / (fs9)y + (0uf, 0rg)y dt
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1.2 Weak and weak* convergences

We recall that the dual V’ is endowed with the dual norm:

1 fllv: = supzev,jzy<1 |{f z)| -

1.2.1 Weak convergence

Definition 1.23 Let (x,)n>0 be a sequence from V', (z,)n>0 converges to x for the weak
topology o(V, V'), if:
<f,.l'n> — <f7x> ,Vf € V/7

which denoted by

T, — X asn — +oo.
Proposition 1.24 Let (z,),>0 be a sequence from V', we have
o v, ~z & (fir,) — (f,x) VfelV
e 1, — x strongly = x, =

o ifx, — x and if f, — [ strongly in V', then (f,,x,) — (f, x) .

1.2.2 Weak* convergence

Definition 1.25 Let (f,)n>0 be a sequence from V', (fn)n>0 converges to f for the weak*
topology o(V', V'), if:
(fn,z) — (f,z) ,Vx €V

which denoted by:
fo=f asn— +oo.

Proposition 1.26 Let (fn)nzo be a sequence from V', we have
o fu=f & (fua) — (fix) Ve eV,

o fu— f strongly = f, = f,

o if f, > f, and x, — x strongly in V then (f,,z,) — (f,x).
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1.3 The 2-D wave equation with weak damping in cylin-

drical domains

Before solving the wave equation, we need first to know the origin of this problem and
the phenomena it represents. In this subsection we are going to recall the mathematical

derivation of the wave equation by returning to the physical meaning and phenomena [5].

1.3.1 Physical assumptions

e The mass of the membrane per unit area is constant (homogeneous membrane). The

membrane is perfectly flexible and offers no resistance to bending.

e The membrane is stretched and then fixed along its entire boundary in the xy-plane.
The tension per unit length T caused by stretching the membrane is the same at all

points and in all directions and does not change during the motion.

e The deflection u(z,y,t) of the membrane during the motion is small compared to the

size of the membrane, and all angles of inclination are small.

e There is an external factors of dissipation, like friction, given as a linear law expressing

a force proportional to the speed of vibration.

1.3.2 Derivation of the PDE model

Let us consider the forces acting on a small portion of the physical system, the membrane
as it is moving up and down. Since the deflections of the membrane and the angles of in-
clination are small, the sides of the portion are approximately equal to A, and A,. The
tension T is the force per unit length. Hence the forces acting on the sides of the portion
are approximately TA, and TA,. Since the membrane is perfectly flexible, these forces are

tangent to the moving membrane at every instant.

Horizontal components of the forces.

These components are obtained by multiplying the forces by the cosines of the angles of
inclination. Since these angles are small, their cosines are close to 1. Hence the horizontal
components of the forces at opposite sides are approximately equal. we conclude that we may

regard the motion of the membrane as transversal, that is, each particle moves vertically.
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y+8y \
y k - ) Thy
] « /E ;

TAy

x x + Ax X x + Ax

Figure 1.1: Vibrating membrane

Vertical components of the forces.
These components along the right side and the left side are ;| respectively,
TA,sin3 and — TAysina.

Here o and [ are the values of the angle of inclination in the middle of the edges, and the

sign appears because the force on the left side is directed downward. Since the angles

are small, we may write the two vertical components as
TA,(sinff —sina) ~ TA,(tan — tan )
= TA [u,(x + Ay, 11) — ug(x, yo)l,
where y; and y, are values between y and y + A,. Similarly, the resultant of the vertical

components of the forces acting on the other two sides of the portion is
TAfuy(r1,y + Ay) — uy(z2,9)]

where x; and x4 are values between x and x + A,.
The friction force is given by a linear law proportional to the speed of vibration,

ou
—d (.’II, Y, t) E

where d (z,y,t) € L (2 x (0,400)) is a positive friction coefficient, assumed here to depend

on z,y and t.

The PDE model.

By Newton’s second law, the sum of the forces is equal to the mass pA A of that small portion

times the acceleration %. Here p is the mass of the inflected membrane per unit area, and
AA = A,;A, is the area of that portion when it is inflected. Thus

0%u ou
pAﬂiAyW = TAy[ux(x+Axa yl) _Ux(xv y?)] +TAx[Uy(:Ula y+Ay) _uy($27 y)] —d <t7 z, y) a
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Division by pA,;A, gives

Pu T Tua(@ + Ay, 1) — a(@,52) N uy(r1,y + Ay) —uy(x2,9)] d(tz,y) Ou.

atz  p A, Ay ot
If we let A, and A, approach zero, we obtain the PDE of the model

Pu  , (O*u  O%u ou , T d(x,y,t)

o2 = ¢ (@_F@_gﬂ) Vo where ¢ = E >0 and vy (z,y,t) = ————= > 0.

Hence, it can be written as
0% ou
o2 ot

This PDE is called the two-dimensional wave equation with a weak damping.

= AAu —

1.4 An existence result for The wave equation in cylin-

drical domains

Let © be a bounded domain in R™. The above mathematical model can be generalized to

several dimensions to the following one

Uy = CCAU — Yuy, in Qx (0,7),
u =0, on 092 x (0,7, (DWP)
u(z,0) = ug, ug(x,0) = uy,  in Q.

where 1y and wu; are the initial shape and speed of the membrane respectively.
The existence of a unique solution can be established by a Faedo-Galerkin method, As

special case form Theorem 9.1 in [1], we have the following result.
Theorem 1.27 Assume that
ug € HY(Q), and, u, € L*(Q)

Then there erists a unique u € L*(0,T; H3(Q)), with u, € L*(0,T; L*(2)), that solves the
problem

wy — Au + yuy = 0, in Q x (0,7),

u =0, on 082 x (0,7T),

u(0) = up,u(0) =uy i Qt=0

in the weak sense

/ uyv + Vu - Vo +yu do =0, Yo € Hy(Q) and a.e. t € (0,T). (1.2)
Q
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Moreover, we have
u € C(0,T; Hy(Q)), u, € C0,T; L*(Q)),

and we have the estimate

0<t<T HY Q) tilL2(Q)) = Oll () r2)/
esssupo<i<r([[ull gy ) + luell 2 (@) < Cllluoll gy + lluall 2 ()

We define the energy of the solution of (DWP),as
E(t) = / ugl? + |Vl da
Q

is decaying in time. Indeed, for smooth solution of (DWP), we can take u; as a test function
in (1.2), then we obtain

Jo wntty + Vu - Vg + yuguy dae =0,

dlut|* | d|Vul? 2 _
Jo g+ S v lwl de =0,

% Jo |ut|2 + |VU|2d5E =— Jo7 |ut|2 dz,

Hence, p
—E(t) = —/7 |ug)* dz < 0, since v > 0.
dt Q

In particular, if v = 0 the energy will be conserved in time.



Chapter 2

The wave equation in non-cylindrical

domains

In this chapter, we are going to study the homogenous problem of the wave equation in a

2-D non-cylindrical domain

Q, e R,

i.e. a domain that depends on time. Thus, some difficulties will arise if we use a Galerkin

approximation. So, we include these domains in such a fixed domain D, i.e.

and introduce a viscous damping (depending on ¢) as a penalization term [7] then we pass

to the limit ¢ — 0.

2.1 Notation and assumptions

Let T > 0 and consider €2; a bounded open set, then let

t=T t=T

Qr = JQu x {t} and S =[]0, x {t}, t € (0,7)
t=0 t=0
denote the space-time domain and the lateral boundary and

v = (Vg,1y)

be the normal outward unit vector to (z,t) from .

We assume that Q7 is a time-like domain, i.e.

lve] < |val. (2.1)

14
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This means in particular that the speed of the moving boundary is less then the speed of

propagation of the wave (normalized here to ¢ = 1).

Figure 2.1: Moving domain 2,

We denote

vw = (85617 awzv e ’aﬂcn) and vx,t = (vm at)a
ou ou
Vx,tu = 51/ + ET,

with 7 is the tangential unit vector at (z,t) € Xp. But u = 0 on X7, hence the tangential

derivative vanishes on Y, then % =0 and

0
Vz,tu = a—ZV.
it gives: 5 5 5
u u u
qu = EVQC, and, E = El/t. (22)

2.2 Energy decay and uniqueness

The homogeneous problem of the wave equation is given by:

Uy — Au = 0, in Qr
u=0, on X7 (2.3)
w(0) = ug, ue(0) = ug, Qo
where
ug € Hy (o) and u; € L*(€). (2.4)

Now we will assume that €2; is an increasing domain. i.e
Let € and €, be the projection of €2;, and €, on the hyperplane of the equation ¢t = 0
respectively, then

Vit <ty : QY C Q. (H1)



2.2. Energy decay and uniqueness 16

We can prove that the energy of the solution, defined by

E(t):%/g (w)? + [Vul? da (2.5)

is decaying if the domain 2; expands.

As in [2]. Let us consider that u is a smooth function, then we estimate the following:

Ut (utt — AU) = UtUtt — UtAU (26)
then, as we know: L
— uAu = 37 |Vu|? — div (u; V) (2.7)
and L d
Ut (utt) = 5@ (ut)2 . (28)
After a substitution of (2.7) and (2.8) in (2.6), we get:
1d 1d 1d
/QT S (w)? + ST \Vu|* — div (v, Vu) deds = /QT S [(Ut)2 + |Vu|2] — div (u;Vu) dzds

1 2 2
:/ div| 2 {(ut) +1Vul } dxds.
- —u;Vu

Thanks to Gauss’s theorem, the last integral equals

- [l e [ (G (9

1
+ / (—uVu) v, + 3 ((ut)2 + !Vu\z) vido.
X7

Then, we infer that:

1 1
_/ (ut)2+|Vu|2d:c:—/ (we)? + [Vl da
2 Ja, 2 Jo,
1
_ / (—ueVu) vo + 5 () + |Vuf) vido.
X

So,
E(t) = B(0) /E (~uVu) v+ 5 ((w)? + [Vuf) vido

by substitution of (2.2)and simplifying, it gives:

B =505 [ (2 vl - )

then:
O -E0)=; [ (?) (12f? = ()?) dor
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and here |v,|> — |[1;]> > 0, because we supposed that |v,| > ||, and v, is negative when the
domain is expanding. So, the sign of the integral over Y1 is negative, hence the energy is

decaying in time. In particular, we have
E(t) < E(0),vt > 0.

Lemma 2.1 Under the assumptions (2.1),(H1) and (2.4), the energy E (t) of the solution

of Problem (2.3) is deacreasing in time.

Proof. Rewriting the above arguments between arbitrary values of time ¢, and t9,t; > t9 >

0, we obtain
1 ou\
E(tz) —F (tl) = 5 /Etl‘t2 ($> V¢ ((V$)2 — (l/t)z) do S 0,

where 3, ;, = Uizfj 00 x {s}. =

Corollary 2.2 Under the assumptions (2.1),(H1) and (2.4), the solution of Problem (2.3)

1S UNLquUeE.
Proof. Let us suppose that the problem admit two different solutions u; and wus. Then,
U= U1 — U2

also solves the wave equation (2.3) with zero initial condions. This means that the initial

energy of U is Ey (0) = 0. Since Ey (t) is decaying, then
0 < Ey (1) < Ey (0) =0,Vt > 0.

hence,
U(t,z) =0,Vt >0 and = € .

This gives the uniqueness of the solution. =

2.3 Penalization method

2.3.1 Penalized problem

We use the Galerkin approximation method when the domain 2 is fixed, by considering an

increasing sequence of linear subspace

Vin = span {wm tm>o C Hy(Q)
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since the space HJ () is separable. By supposing the solution as a sequence

Uy, = i wig(t),
1=0

then we show that

Uy — u in HY (), as m — +o0.

But in the case of moving domain €, the basis w; dependes also on time.i.e. w; = w; (x, 1)
and the precedent passage to the limit is more difficult to justify.

To overcome the above difficulty, we include all of the domains €); in a fixed domain D,
ie.

and we assume that the solution u verifies the next property
If u € Hy(D) and that u = 0, a.e. in D — €, then u € Hy(§) for t € [0, 7] (H2)

By adding a dumping viscus term, as in [7], we introduce the following prnalized problem
wS, — Auf+ s =0, in D x (0,T)
u® =0, on 0D x (0,7T) (2.9)
u®(0) = qg, ui(0) =y, in Qo

where € > 0 is a small parameter that will tends to 0 and the initial conditions u; and 1y

are the extension in D by zero of u; and ug respectively, i.e.

L te,  te,
dg=14 " bog =4 t (2.10)
0, t¢Q, 0, t¢Q,

The new problem is already considered in section (1.4), and the uniqueness of the solution

is ensured by Theorem (1.27) .

2.3.2 A priori estimates

As ¢ — 0, we obtain a sequence (uf),., of solution for (2.9). Then, we have

uy (u; — Auf + %ui) = ujuy, — uf Au® + % (u$)? . (2.11)
As we know: ;
1
—u; Au® = BT IVue|? — div (uS Vi) (2.12)
and: p
£ 3 1 £
uy (ug) (Ut)2 : (2.13)

T 2dt
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After a substitution of (2.12) and (2.13) in (2.11), we get:

1 d c
—/ — [(W5)” + |Vu)?] — div (u§Vue) + &(uf)deds
2 Jpx(o) dt £
1 2 2 t
5 [ (uy Vu# 1
:/ div JW”*'“'}(mu+ﬂ//X@fmw
Dx(0,t) —u; Vu® €Jo Jag

Thanks to Gauss’s theorem, this is equal to

1 1
! / () + [V P de + & / ()2 + Vo[ de
2 Q% 2 o

1 1 [
+ / (—u;Vu) v, + = ((uf)2 + |Vu5|2) vido + —/ / (uf)? dads.
oD 2 €Jo Jas
Then, since 5 (t) = 0 and v; = 0 on D, we infer that:
1 e\2 ez, 1 2 2 L[ e\2
— [ ()" + |V de == [ (w)” + |Vu|"dr — = (uf)” dzxds.
2 Jo, 2 Ja, €Jo Jag

We denote the energy of the solution by
1
BE (1) = -/ ()? + | Ve da.
2 Ja,
So,
1 t
E* (t) = E°(0) — g/ / (uf)? dtdx < E*(0).
¢ Jo

Thanks to (2.10), we have

Then
E°(t) < E(0), forte[0,T] (2.1

and Ve > 0:

max E°(t) < FE(0), (2.1

0<t<T

! /0 ' / (e < E(0), (21

3

From (2.15) and (2.16), we obtain:

14| oo 0 7:22(Dy) » VU | oo (0.1:22(py) < E(0)

where the right hand side is independent of ¢.

19

4)

5)

6)
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2.3.3 Passage to the limit

So, we can find a subsequence denoted also by u®, and the following weak convergences:

uf > u, in L®(0,T; HY (D)),
Vus 5 Vu, in L*®(0,T;L* (D)),
ui >y, in L= (0,T; L% (D)).

These convergeces means compenent by compenent convergences. The first and the last
convergences implies
w® —u, in L?(0,T;L*(D)),
Vieiu® — Vu, in L?(0,T;L*(D)).
Due to Fubini’s theorem, we can consider that L* (0,T; L* (D)) = L* (D x (0,T)), we infer
that
u® —u, in H (D x (0,T))

and because of the compact embedding
H' (D x (0,T)) = compact L* (D x (0,T)),

we deduce that
u® — u strongly in L* (D x (0,T)) .

Thanks to Theorem (1.10), we have —up to a new subsequence—
u® — u, ae. D x(0,T).

Now, it remains to characterize the limit element w .

Going back to (2.16), we get

2
/ (Xﬂc@) dr <eE(0) =0,
Dx(0,T) ‘
whene ¢ — 0. The viscous dumping term will vanish on the region 2f:
Xoeu; — 0, in L*(D x (0,7T))

ie.
u =0, a.e. in D x (0,7)\Qr.

According to [4, Theorem 2.1], we deduce that
ug(z,t) =0 a.e. in D\, for almost all ¢ € (0,7).

which gives
u(z,t) = c ae. in D\, for a.et € (0,7).
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and, as we have supposed in (2.10):
u(z,0) = dp(x) =0 in D\y.

we can see that
u(z,t) =0 a.e. in D\Q, for a.e.t € (0, 7). (2.17)

Since u (t) € Hj(D) , we deduce for the property (H2) that
u(t) € Hy(y), ae. t € (0,7).

Consequently,
ue L*(0,T; Hy (%)) ,up € L* (0, T; L* () -

Going back to (2.14), we deduce that
u € L®(0,T; Hy()), u € L=(0,T; L*(Q)).

To summurize the results of this chapter, we have the following existence ad uniqueness

result.
Theorem 2.3 Assume that
ug € Hy (), andu, € L*()

Then there exists a unique w € L*(0,T; H} (%)), with u, € L*(0,T; L*(Q)) that solves the
problem

uy — Au =0, in Qr,

u =0, on X,

u(0) = ug, us(0) =uy  in Qp

in the weak sense
/ uyv + Vu - Vodr =0, Yo € Hy () and a.e. t € (0,T)
Q¢
and we have the estimate

eSSSUPOStST(HUHHg(Qt) + “utHL?(Qt)) < C(||U0||H5(Qo) + “u1||L2(QO))‘



Chapter 3
Numerical analysis of the problem

In this chapter we are going to use Finite difference method, for more details about this

method we can see [6, 8].

3.1 Finite difference scheme

Let us consider the penalized problem of the precedent chapter in two dimensional domain

utt—Au—l—Xaﬁut:O, in D x (O,T)
u =0, on 0D x (0,7T)
u(0) = f,u:(0) =g, in (g

The discretization of the domain D gives
z; =1A,,and y; = jA, and 4,5 = 1,2, ---

with A, and A, are the steps of descretization in the axis x and y respectively. The dis-

cretization of the time, gives
tr = kA, with A; is the step of time and £ =1,2,--- .
since the domain is moving in time,we consider that
Xoe (i, Yj) ~ X?z],;v L k=12,
Recall that since € is increasing, we have:
1>xg  >xg 20,05, k=1,2,--
after that we can notice

w(zs, gy, te) = uy;

22
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and the following expressions

2 k
0*u N ditlj T 2“ +Uz 1,j
0x? A2
2 k
oy? A2
0*u wi Tt = 2ul, 4wl
ot? Atz
k k—1
Ou Uiy — U
ot Ay

then after a substitution in the equation we obtain

k+1 k-1
uy it — 2uk ;U _qu] 2u "‘%1

i,5 ,J
2 2
A Az
ub 2u ;T u X —ukl
o Z]Jrl -1 + Qk 7] 1,] — O
2 - 9
A 19 At
Yy
choosing A, = A, then we get
z Yy
k+1 k k—1 k k k k k j  k k—1
Uij = 2ui; Uy U g U g g — AUy XG W — U
2 - 2 o
Al AZ A
Thus
A? X
uFtt = okt t ( k k k k Ak Qk k—1
iy = 2wy — w1 (W g g — ) - — A (u; —wgg)
xr
A 2 . .
Putting A = ( t) , then the final scheme is given by
NE
k+1 k—1 k k k k k Qp, k—1
uprt = 2uy =y N (ul bl gy — dug) - - A (uf; =it

Now, for the stability of the final scheme we need to write it as follow

XQk

witt = —ul TN (g ) AN () A () A () ) +(2 = 4X) (uf) —

2%}

Ay (uf; —ui;')

j Zi

By the convex combination method it is clear that the sum of all factors is 1. After that we
should to have
2—4X>0

i.e.
1
A< =
2
then,

— > A
\/§ t
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which is called the CFL condition.
At the final, we get

k k-1 k k k k k c
2ui; —u A (ufor g +ugy g +uly oy —4u)  (w,y,) & O

k+1 __ k k—1 k k k k k
uiy =2 =gyt A (b el g — )
1 k k—1 c
—2 A (“m — U ) (T, y5) €
with

e The initial conditions

U ;= fi; and Uy ;= Uy 209 ;
e The boundary conditions
ko ok _ ok _ .k _
Upj = Un,j = Ug; = Up; =0

3.2 Numerical representation of the solution

In this section we are going to see how the wave moves when the domain increases, by tracing
the graph of the solution u. Let us consider the following problem.

Let €, defined as below
O ={(z,y) ER:art) <z < aft),bi(t) <y < (1)}
And, we have taken
D={(z,y) eR:ay(T) <z <a(T),b(T) <y <b(T)}

With T is the maximal time.
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3.2.1 Algorithm

Algorithm: solution’s representation

Variables:

T, nx, ny, ¢, n, nl, n2, n3, npl, np2, np3, np4: integer

Lx, dx, Ly, dy, cfl, t, dt, eps, 1, 11, 12, 13, p1, p2, p3, p4: double
wn, wnml, wnpl, M: matrix

X ,y: vector

a, al, b, bl, f, g: function

Begin:

e Maximal time
T<+— 10

e Boundaries functions
a «— af(t)
al «— al(t)
b <«— b(t)
bl +— bl(t)

e Initial data

f «— flz,y)
g +— g(z,y)

e Variables of space
Lx «— a(T)—al(T)
dx <— 0.1
nx <— ceil(Lz/dz)
x <— linspace(al(T),a(T),nx)
Ly «— b(T)—0b1(T)
dy +— dx
ny <— ceil(Ly/dy)
y «— linspace(b1(T),b(T),ny)

e Parameters
cl «— 0.5
c +— 1
dt <— (cfl*dx)/(c* sqrt(2))
eps <— 0.05

25
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e Matrices
wn <— zeros(nx,ny)
wnml <— wn
wnpl <— wn

M <— ones(nx,ny)

e Initial data
L <— a(T) —a(0)
n «— ceil(L/dx)
L1 «— b(T) — b(0)
nl «— ceil(L1/dz)
L2 <— al(0) — al(T)
n2 «— ceil(L2/dx)
L3 «— b1(0) — b1(T)
n3 «— ceil(L1/dx)
for i starts from n2+1tonxr —n—1:
for j start from n3 +1tony —nl —1:
wn(i,j) «— f(x(1),y())
end of for
end of for
for i starts from n2+1tonxr —n—1:
for j starts from n3+ 1 tony —nl —1:
wnml(ij) «— —dt = g(x(i), y(j)) + wn(i, §)
end of for
end of for
t «— 0
while (t < T)
t — t+dt

e Current lengths
pl «— a(T) — a(t)
npl <— ceil(pl/dx)
p2 «— b(T) —b(t)
np2 «— ceil(p2/dy)
p3 «— al(t) —al(T)
np3 «— ceil(p3/dx)
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pd «— bl(t) — b1(T)
npd «— ceil(p2/dy)

e Boundaries condition
wn(:, [lend]) «— 0
wn([lend],:) «+— 0

e calculate of Wn+1
for i starts from 2 to nx — 1
for j starts from 2 to ny — 1
if(( np3 <iand i < nx —npl )and (j < ny —np2 and j > npd ) )
M(,j) «— 0
else
M(ij) +— 1
end of if
wnpl(i,j) «— 2= wn(i,j) — wnml(i,j) + CFL? x (wn(i + 1,7) + wn(i,j + 1) — 4 %
wn(i,j) +wn(i—1,7) +wn(i,j — 1)) — (M(3, ) * dt/eps) x (wn(i, j) — wnml(i, 7))
end of for
end of for
wnml <— wn
wn <— wnpl

end of while.

End.
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3.2.2 Graphic representation

In the graphic representation we are going to take some examples for better viewing the

manner of the solution’s variation when the domain expands.
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th two mov
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A square membrane w

Example 1
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1

(t) =

1 b

3xt ay(t)=—-1—-03x%t b(t) =

1+0.
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With

=0

)

and, g(z,y

x) Cos(gy)
10

s
2

cos(

T,y) =

(

10. After running the above algorithm we can obtain the next results for different

f

and T
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Example 2: A square membrane with four moving sides
By taking
a(t)=14+03x%t a;(t)=—-1-03xt b(t)=14+03%t b(t) =—1—0.3x%t

With the same initial data.

cos(5x) cos(5y)

flz,y) = —2 o and, g(z,y) =0

and T = 10. we obtain the following graphes.

t=0.00 1=0.39




3.2. Numerical representation of the solution

t=3.64 t=4.91
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t=8.06 t=10.01
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Example 3: A circular membrane with variable rayon

By taking €2, as follow

Q={(z,y) eR* 12 +y* <r(t)}
Where r is a continuous increasing function dependent on ¢.
When we take r(t) = 1 + 0.3 % ¢, with the initial data:

cos(v/ 2% + y%%)

f(z,y) = 10 and, g(z,y)

and T = 10 we obtain the next results.
t=0.00

=0

t=0.21
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t=1.84

34



Appendix A

Analytics and geometrics notions

e (), is a bounded open set of R? with moving boundaries
e Non cylindrical domain Q (¢,t3) = Uiiﬁ O x {t}

o when t; = 0s0: Q (T) = UZ) Q x {t}

e The lateral boundary X (¢1,t5) = UZ:? o, x {t}

o when t; = 0s0: ¥(T) = =) 09, x {t}

o == (z1,25) € R? such that: |z|° = Y122 22

o V., = (0y,04,) then V., = (V,,0)

A=31"202

=1 "x;

o v = (v,,vy) is the unit outward normal vector at (x,t) € ¥ with assuming that:

val® <l
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Abstract

We consider the 2-dimensional wave equation in non-cylindrical domains, i.e. domains de-
pending on time. We first use a penalization method depending on a parameter €. The
obtained problem is a wave equation, posed in a cylindrical domain, with a penalized weak
damping term. If the domain is expanding with time, we show that the solution of the
penalized problem converges to the solution of the original problem, as ¢ — 0. Finally, to
obtain a numerical approximation of solutions, we combine this penalization method with
an explicit finite differences approach.

keywords: Wave equation, non-cylindrical domains, penalization method, finite differ-

€11Ces.

Résumé:

Nous considérons I’équation d’onde a 2 dimensions dans un domaine non cylindrique, c¢’est-
a~dire un domaine dépendant du temps. Nous utilisons d’abord une méthode de pénalisation
dépendant d'un parametre €. Le probleme obtenu est une équation d’onde, posée dans un
domaine cylindrique, avec un terme d’amortissement faible pénalisé. Si le domaine s’étend
avec le temps, nous montrons que la solution du probleme pénalisé converge vers la solution
du probléme original, comme ¢ — 0. Enfin, pour obtenir une approximation numérique
des solutions, nous combinons cette méthode de pénalisation avec une approximation par la
methode de différences finies.

mots-clés : Equation des ondes, domaines non cylindriques, méthode de pénalisation,

différences finies.
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