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Notations

The field of real or complex numbers.
The reel space.

The closed unit ball of X.

The open unit ball of X.

The set of all bonded linear operators from E into F.

The set of all finite rank linear operators.

The deal of all linear operator.

The space of all continuous m-homogeneous polynomials from E into F'.
The finite rank polynomials.

The compacte polynomials.

The weakly compacte polynomials.

The closed ideal of compact operators.

A polynomial ideal.



Introduction

eory of linear operators ideals between normed (Banach) spaces have been developed
by Albert Pietech in the excellent monography [23]], this theory has proved to be a powerful tool
for the investigation and classification of linear operators. Nowadays it has become a usual tool
for analyzing some classical problems of the functional analysis as summability of series, but
has also become the starting point to understand and solve new problems related to nonlinear

operators.

The linear theory has spread to multilinear operators, polynomials, and Lipschitz operators,
the first outline of such a multilinear theory was given by A Pietsch in 1983 see [24]. These
new multi-ideals could also be considered to be the starting point for the study of some specific
properties of nonlinear operators, several authors see

([11,121,131,150,[12],[13],[19]) have invested in this new area (nonlinear functional analysis),
where did they try to transferring linear summability properties to its nonlinear counterpart,
also point out that this process is not an obvious task. Certain multi-ideals the generalization is
elementary for example, this is the case of complete, compact and weakly compact multilinear

operators see ([4],[17]).

In the same path and according to the paper of G.Botelho and L.Torres [9] we present our

work which reserved for the class of injective polynomial ideals. Inspired by the fact that injec-



tive operators are characterized by a domination property, we investigate the situation in the
polynomial case. In order to achieve this goal, the memory was organized into three chapters.
In the first chapter, we recall some basic notions, properties, and terminologies needed in the
work as linear ideal, ideals of m-homogenous polynomials, and tensor product. In the second
chapter, we present and study the injective linear operator ideals. We outline the basic theory of
injective polynomials ideals, and give the definition, provide illustrative examples, characterize
injective polynomial ideals by means of the injective hull. The main results appear in chapter

three, where we answer the following question:
Can injective polynomial ideals be characterized by some related domination property ?

Also, we give a characterization of the injective polynomial duals.
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CHAPTER 1

MULTILINEAR MAPPINGS AND
POLYNOMIALS

n this chapter we present a collection of some definitions, properties and basic notions, of
operator on Banach spaces, multilinear mappings, ideals of m-homogeneous polynomials

and Tensor products of Banach spaces.

1.1 Operators on Banach spaces

We will write K for the real numbers field R or the complex numbers field C. The set of
all natural numbers {0, 1, ...}is denoted by N. Along this work the letters £ and F' denotes
Banach spaces with the norm ||.|. The open unit ball of E is denoted by BOE that is the set
{z € E :||z|| < 1} and the closed unit ball of F is denoted by B, thatis theset {x € £ : ||z|| < 1}.
The set of all functionals of a normed space E (that is the continuous linear mapping from F
into the scalars ) is a Banach space denoted by £* and called the topological dual of E.

We define the following operators :

1) A linear map 7' : £ — F'is continuous if and only if
T = sup{[|T ()] - [|z]| < 00,2 € E} < o0, (1.1)

this value is a norm on the vector space L(E; F') of all linear operators from £ into F'.

We denoted by L(E; F') The space of continuous linear operators, endowed by the norme ([.1)).
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2) A linear operator 7' : I/ — F'is invertible if there exist a linear operator noted
T':F—E

such that, 7' o T = idg, and T o T~ = idp, where idg ( or idr ) is identity operator on E ( or

on F').

3)LetT : E — F be continuous linear operator. Then the continuous linear operator defined

by T*: F* — E*
"(y) (@) = y'T(z)
for every y* € F* and x € F is called the adjoint of 7" and he have the property
1] = 177l

linear ideal
An operator ideal 7 is a subclass of the class £(E, F') of all continuous linear operators between

Banach spaces such that for all Banach spaces E and F' its components
I(EF)=L(E;F)NT
satisfy:
(i) Z(E; F) is a linear subspace of L(E; F') which contains the
tinite rank operators.

(ii) The ideal property: if u € L(E;Z),v € Z(Z; K) and w € L(K; F), then the composition
wovouisinZ(E;F).

If ||.||z : Z — R* satisfies:

(i) (Z(E; F);||.||z) is a normed ( Banach) space for all Banach spaces £ and F,

(i) [lidk||z =1,

University of M’sila Injective polynomial ideal and application



1.1. Operators on Banach spaces 3

(i) Ifu € L(E;Z),v € I(Z; K)and w € L(K; F),
Jwovoullz < [lw|||vllzllul,

then (Z; ||.||z)is called a normed (Banach) operator ideal. Then ||u|| < ||u||z for all u € T.

As an example, the set of all absolutely summing operators forall 1 < p < oo
( absolutely p-summing or just p-summing if it takes weakly p-summable sequences (x;)7°, of

E to absolutely p—summing sequences (u(z);):2, of F') define by :

1 1

(Znu(asonp)psc sup ( |s<xi>|p)p 12)

€l x=<1 \ ;=
for every finite family ()7, € E.

is denoted by II,(E, F'), which constitute a Banach ideal under the ideal norm
mp(u) :={C, for all C verifing the inequality(.2)} .
Dual of an operator ideal

Definition 1.1. Let 7 is a normed operator ideal. A linear mapping u € L(E, F) belongs to T%" if

u* € Z(F*, E*), where u* is the adjoint of the operator u. In this case we define
[l zavar = |||z

Proposition 1.2. ([[15], page 114) If T is a normed (Banach) operator ideal, then (2% ||.||zavat) is as
well. This normed (Banach) ideal is called the dual of T.

Pietsch has shown that the identity mapping from /, into [/, is 2-summing but the adjoint
operator is not 2-summing, for this reason the concept of strongly p-summing operators
1 < p < o0, appears as characterization of absolutely p*-summing operators ( see [10]).

We denoted the class of all strongly p-summing linear operators by D,(E; F'), therefore
D, = I,

thus and according to proposition (1.2), (D,, d,,) is Banach operator ideal.

University of M’sila Injective polynomial ideal and application



1.2. Isomorphisms, injections 4

1.2 Isomorphisms, injections

Isomorphisms

U € L(E, F) is said to be an isomorphism if U admits an inverse U~ € L(E, F), or
allz|| < ||U(z)|| < b||z|| forall xze€E

where a and b are positive constants. Banach spaces E and F are called isomorphic if there
exists an isomorphism U € L(E, F'). Then we write £ = F.
If ||U|| = ||[U!], then U is said to be a metric isomorphism.

One refers to a linear map U from E onto F' as an isometry if it preserves the norm:
|U(z)|| = ||z|| forall zeFE

Injections
An continuous linear operator J : E — F'is said to be an injection (is an isomorphism) if there
exists a constant C' > 0 such that

1/ (@)[] = Cl=]]

forallz € E.

In this case that ||.J(x)|| = ||z||, we use the term metric injection (isometric isomorphism).

For every closed subspace M of I, the canonical embedding J3; from M into £ has this prop-
erty.

If there exists an injection from F into F', then we say that F' contains an isomorphic copy of E.
A linear operator 7' is an embedding of £ into F'if T" is an isomorphism onto its image 7'(E). In
this case we say that ¥ embeds in F'.

If

T:FEF—F

is an embedding such that

T (@)[| = [l=]

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 5

for all z € E, then T is said to be an isometric embedding.

A metric injection is a linear operator
J:E—F
such that
17 () = ]
for every x € E. The metric injection

Iz : E = loo(Bg), In(z) = (9(2)) penp

is called the canonical metric injection.

1.3 Multilinear mappings and m-homogeneous polynomials
Let m € N, Ey, ..., E,,; F be Banach spaces. An application 7" : E; x ... x E,, — F is called
multilinear (or m-linear) if the mappings
T,:E; — F
o — T(zh, ... 27, ..., ™)
are linear for each z* € E;, K # j, in other words
T(x', . ? + o7, 2™) = ATzt .. 20, ™) + T2t .7, ., 2™)

forall A\ € Kand 27,4y’ € E;(1 < j < m), we denoted by L(E, ..., E,,; F) the space of all
applications m-linear 7" from E; x ... x E,, into F.

The set S of all vectors in F of the form T'(z*, ..., 2™), 27 € F;(1 < j < m) is not in general vector
subspace of F' ( see ([14], Section1.1) ).

Now we define the following linear operations

(S+T)(at,...,a™) = S(a',...,a™) + T(z', ..., 2™)

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 6

AT)(zh, ..., 2™) = MNT(2*,...,2™), A € K
which gives to L(Ex, ..., E,,; F) a structure of a vector space. If F' = K, we write L(E\, ..., E,,).

Definition 1.3. The multilinear application T : Ey x ... X E,, — F'is continuous if it is continuous as
a function between two normed spaces.

As a consequence of this definition, and the following equality
T, . .2™) =T, ...,y™) =T =yt 2™ + T2t 2 =%, ™) + .+ T2t 2™ —y™),
we have a result that gives a characterization of continuous m-linear mapping.

Proposition 1.4. Let Ey, ..., E,,, I be normed spaces. Forall T € L(E,...E,,; F), the following state-
ments are equivalent

(1) T is continuous.

(2) T is continuous in (0, ..., 0)

(3)There exists a constant C' > 0 such that
T (", ..., 2™)]] < C|lzt]]...|J"™]

forall 27 € E;, (V1 < j <m).

If E;, (V1 < j < m) and F are a normed spaces, then, we provide the space [[;", E; of topology of
product vector spaces, and we denote by L(E, ..., E,,; F') the vector space of all the continuous m-linear
applications of [[_, E; into F. We write by L(™E; F) for Ey = ... = E,, = E, and by L(E\, ..., Ey,)

for F =K. It is obviously if m = 1 and F =K, then L(E;K) = L(E) = E* the topological dual of E.

Proposition 1.5. Let F' be a Banach space, the vector space L(E\, ..., Ey,; F') is a Banach space endowed
with the norm ||T|| define by:

IT|| = sup T (", ..., z™)|]
[[7]]<1,5=1,..,m
T(zt,...,a™
= sup I (9157 ’xm)H
wi#lj=1,.m [|lzL...[|=™||

=inf {C: [|T(z",...,a™)]| < C||z"|]...|]z™|.}

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 7

The symmetric multilinear application will play a prominent role in the study of homogen-
neous polynomials. In order to begin to study these applications, we will consider from now

on the particular case of multilinear applications where:

in this case, the vector spaces of multilinear maps and continuous multilinear maps
A : E™ — F will be denoted by L(™E; F) and L("E; F), respectively. In addition, we will

adopt the following simplified notations:
L(ME;K) = L(ME),L("E;K) = L("E).
Definition 1.6. A multilinear application A : E™ — F' is symmetric if

A(:L"l, ceny fL‘m) = A(Z'U(l), ceny on(m))

forall (z1,...,x,) € E™and o € S, where S, denotes the set of permutations m of the first natural

numbers.

Ls(™E; F) will denote the subspace of L(™E; F') consisting of all the symmetric multilinear

mappings from E™ into F.

Proposition 1.7. Forall T € L(™E; F'). Let T, be the associate symmetric operator of T.
Then, the following are checked

(1) T, € L ™E; F)

(2) Ts =T ifand only if T € L (" E; F)

(3) (Ts)s = T..

(4)Ifx € E, then Tz, ...,x) = Ty(z, ..., ).

Amap P : £ — F'is called m-homogeneous polynomial, if there exists a symmetric m-linear
mapping P, such that
P(z) = P(x,m, )

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 8

for all z € E. In that case, we say that P is the multilinear mapping associated with P.
Both mappings (m-homogeneous polynomial P and symmetric multilinear operator P ) are
related by polarization formula ( for more details see [20]).
Plat 2™ = Q%W S 6 b P63+t ™), (29 C E
¢==1
where 2!, ..., 2™ € E.

The m-homogeneous polynomial, P : & — F'is continuous if there is a constant C' > 0 with

1P| < Cll]|™,
we put
1Pl = sup [[P(2)]]. (1.3)
rEBx

Moreover, if P is bounded, then P is also bounded, and
. m™
1Pl < 1Pl < Z-||P).
m!

Or equivalently the next diagram

is commutative, where A\, is the natural embedding called diagonal mapping of £ into

E x m x E which is defined as:

Ny E—-ExmxFE

r— (z, ™, ).

The space of all continuous m-homogeneous polynomials from £ into F' is denoted by

P(ME; F)(P(™E) when F =K), and becomes a Banach space when endowed with the norm
1P| (13).

When m = 1, the space P(* E; F) is nothing by L(E; F') , the space of all bounded linear opera-

tors from E to F.

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 9

Example : [16]

Let I/, ' be a normed spaces, ¢ € E* and letu € L(E, F'), K € K. We define the mapping P by
P:E — F Px) = (p(x)" tu(z).

Then P is a continuous m-homogeneous polynomial, and || P|| < [|¢||™ ! ||ul].
ideals of m-homogeneous polynomials

A polynomial P(™E; F) is said to be of finite rank, if there exists i’ € N such that

K

P(z) =) (ps()"b;.

j=1
where p; € E*,b; € Fand j =1, ..., k.
It is easy to see that the subset of all m-homogeneous continuous polynomials of finite rank is

a vector subspace of P(™E; F'), which will be denoted by P;(™E; F).

An ideal of m-homogeneous polynomials (or polynomial ideal) is a subclass Q of the class of
every continuous m-homogeneous polynomials between Banach spaces such that, forallm € N

and any Banach spaces ' and F' the components
QME; F) =P("E F)NQ
satisty:
(i) Q(™FE; F) contains the m-homogeneous polynomials of finite type,

(ii) Q has the ideal property: if u € L(X;E),P € Q("E;F)andt € L(F;Y), thento Pou
belongs to Q(™E; F) .
(Q;]-|lo) is a normed (Banach) polynomial ideal if
i) (Q("E; F);|l-|le) is a normed (Banach) space for all £, F’,
(i) |Jidgm : K = K : idgm(x) = 2™||g = 1 for all m,

(iii') Ifu € L(X;E),P € Q(™E;F)and t € L(F;Y), then

[t o Poullg <[[tl1P[loflul™.

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 10

Now draw attention towards tensor products .
Tensor products of Banach spaces
The m-fold tensor product E; ® ... ® E,, of the vector spaces £, ..., E,, can be constructed from

the elements of the space L(Fy, ..., E,,)*. For 27 € E;(j = 1, ..., m) we define the linear mapping

' ®..@1™: L(E,...,Ey) = K,

by
7R @1"(9) =t ®...®2™),
for each m-linear form ¢ on L(E}, ..., E,,). The functional 2! ® ... ® 2™ is called an elementary
tensor.
So a typical tensor v € F; ® ... ® E,, has the form
u= Z)\szl ® ...,
=1
where (\)1_, € K, ()7, € E;(j = 1,...,m) and n € N is arbitrary.

The projective norm 7 on E; ® ... ® E,, is defined by

7(u) := inf {Z IM[|zf]]- 2] = Zx\,le ® ... ®x;”} :
i=1 i=1

where the infimum is taken over all representations of v € E; ® ... ® E,,. The completion of
Fy ®...® E,, when endowed with 7 is denoted by £} R R E.
It is well know that, if

T:-Eix..xE,—F

is a bounded m-linear operator then, there exists only one bounded linear operator 77, called
linearization of T’

TL : E1®7r-~-®7rEm — F,

such that

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 11

forallz’ € E;,j =1, ..., m. Moreover, ||T|| = ||TL]]-

In other words, the mapping T' — Ty, from L(Ey, ..., Ep; F) to L(E1®y...&, By F) is an isomet-
ric isomorphism.

In particular, the vector spaces L(FE;...E,,; F) and L(FE&...&, E,,; F)* are isometrically isomor-
phic. For more details refer to ([11],[22],[23])).

By definition homogeneous polynomials are the restriction to the diagonal of multilinear ap-
plications. One can shows that different multilinear forms may define the same polynomial.
To obtain a one to one correspondence we restrict ourselves to symmetric multilinear applica-
tons and symmetric tensors. Consider now a Banach space E and the symmetric m-fold tensor
product ®™*E defined as the linear span of the elements in @ E of the form 2 ® ... ® z,z € E.

The projective s-tensor norm 7, given by

K K
75(z) = inf {Z Nilllal|™ s 2 =) N © .. @ a;} :
=1 =1

for z € ™K.

We associated to all m-homogeneous polynomial P € P(™E; F) an unique linear operator

P € L(®, °FE, F) such that:
Px)=PL(r®..®x), forall z€E.

The linear operator P, called linearization of P.
Consider the canonical m-homogeneous polynomial 6,, : £ — ®**E defined by 6,, = 2®...®@x

Then, the diagram

is commutative, thatis P = P o d,,.

The scalar case deserves special attention: when F' = K we call

Ay P(ME) = (®, E)*

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 12

the isometric isomorphism A,,(P) = P, for all P € P(™FE). Note that Al = §7,.
We can associated to P other operator P* the adjoint of P define from F* into P("FE) given

by

for y* € F* and z € E. It is well known that
(uo P)* = P*ou”,

forall u € L(F; Z), where Z is a Banach space.
The next proposition give a direct connection between m-homogenuous polynpmial, his lin-

earization and adjont operator.

Proposition 1.8. ([21)],Lemma2.1)

The following are equivalent for apolynomial P € P("E; F):
(a) P is a finite rank polynomial.

(b) Py, is a finite rank linear operator.

(c)P* is a finite rank linear operator.

Proof. 1t is easy to check that P has finite rank if and only if there are K € N,

polynomials @1, ..., Qx € P("E) and vectors by, ..., bx € F such that

P() =3 Qi(a)b

forevery x € E.
To prove equivalence (a) <= (b) , let’s start with the first implication
(a) = (b) write
K
P=>) Q;®b

J=1
where Q1,...,Qx € P("E) and by,...,bx € F.
Then

(@Q))r € (&, E)*

University of M’sila Injective polynomial ideal and application
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forj=1,..,K,and

(b) = (a) let

be the canonical m-homogeneous polynomial given by
() =2® ... .

Since

P:PL05m7

the range of P is contained in the range of P, so P has finite rank.
(b) = (c) from

P = Ppod,
we conclude that
P* =4, 0P;.
So the range of P* is the image under 47, of a finite dimensional space, thus P* has finite rank.

(¢) = (b) it is well known that J7, is an isometric isomorphism, so
Py =(65)"" o P~

In particular, the range of P; is contained in the range of P*, so P; has finite rank. O

University of M’sila Injective polynomial ideal and application



CHAPTER 2

INJECTIVE IDEAL POLYNOMIAL

n this chapter, we present and study the Injective linear operator ideals. We outline the basic
theory of injective polynomials ideals, we give the definition, provide illustrative, example

and characterize injective polynomial ideals by names of the injective hull.

2.1 injective linear operator ideal

Definition 2.1. [15] A normed operator ideal (Z; ||.||z) is said to be injective if

for every metric injective

i: F—=d
and every u € L(E, F) it follows from:
iouelI(E,QG)
that uw € Z(E, I'), moreover
le 0 ullz = [ullz,

i.e, the ideal does not depend on the image space.

Notation 2.2. ([18],page 421) Let us introduce the Banach spaces
E* :=1(Bg) and E':=1,(Bg).
Recall that there is a canonical linear and isometric embedding :

JECE—>EOO

14



2.1. injective linear operator ideal 15

and also E> has the extension property that is, if ' be a subspace of the normed space (E, ||.||), then

every continuous linear operators

T:F— E>
extend to a continuous linear operators

T:E— E>
such that:

17 = 1|7

Definition 2.3. Let Z be an ideal . For arbitrary Banach spaces E and F, the injective of an operator

ideal denoted by T is defined by
T(E,F) :={S € L(E,F); JpoS € I(E, F¥)} .
T be an ideal and , T is contained in it .

Here we can mention the most important and famous applications which are injective .

Example:

¢ The operator ideals £ » of finite rank opertors (the range of the opertors generates a finite-

dimensional subspace of the target space) is injective

* The operator ideals L of compact opertors (bounded sets are sent to relatively compact
sets) and £,y of weakly compact opertors (bounded sets are sent to relatively weakly

compact sets) are injective.

¢ All ideals of opertors of summing type (absolutely summing, dominated, strongly sum-

ming, multiple summing, etc) are injective.

Proposition 2.4. 7' is the smallest injective ideal. Consequently, T is injective if T™ = T.

It is for this reason that named I is the injective hull of T.

University of M’sila Injective polynomial ideal and application
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Proof. Let E, F, G be Banach spaces, and let J € (F, () be a homeomorphic embedding .

Let S € L(E, F) be such that :
JoS eI (E, Q).

This means

JgoJoSeZ(E,G™).
By extension property of F'*°, there is a
jF € (Goo, FOO)
such that:
JroJgolJ=Jp.
From
JFOS:JFOJGoJoSGI(E,FOO)
we conclude that S is in 7" (E, F'). Thus 7™ is injective .
If Z; is injective ideal containing Z, then S € 7" (E, F) implies

JpoS €I(E,F®) C T,(E, F™),

hence S € 7, (E, F) by injectivity of 7.
This proves

T c

University of M’sila Injective polynomial ideal and application



2.2. Injective polynomail ideal 17

Similar to the linear case, we definded this concept in the nonlinear case (m-homogeneous

polynomials).

2.2 Injective polynomail ideal

A polynomial ideal is injective if the containment of a polynomial in the class depends on the

norm of the target space rather than on the space itself.

Definition 2.5. Let Q be a subclass of the class of homogeneous polynomials between Banach spaces

such that, for every m and any Banach spaces E and F, the component
Q("E;F):=P("E; F)NQ

is a linear subspace of P(" E; F') containing the polynomials of finite type. The class Q is said to be:
(a) A polynomial ideal if :

toPoue Q("E; H).

Whenever t e L(G;H),P € Q("F;G)andu € L(E; F).
(b) A polynomial hyper-ideal if:
toPoQ e Q(E; H).

Whenever te€ L(G,H), P € Q("F;G)and Q € P("E; F).
Suppose that there is a function :

e Q=R

whose restriction to each component Q(" E; F') is a norm such that :
INeK—=\"|lg=1

for every m. (Q,||.||g) is said to be:

(a’) A normed polynomial ideal if, in (a)

|to Poullg < [[t]|[[Plle-[|ull

University of M’sila Injective polynomial ideal and application



2.2. Injective polynomail ideal 18

(b") A normed polynomial hyper-ideal ideal if, in (b)

o PoQlle <[[t[IP[lo-[|QU™

If each component (Q(™E; F), ||.||o) is a Banach space, then (Q, ||.||o) is said to be a Banach polynomial
ideal or a Banach polynomial hyper-ideal. If the norm is the usual sup norm , we speak of a closed
polynomial ideal or a closed polynomial hyper-ideal.

The mth-component of a polynomial ideal Q , defined as
Qm = U Q(mE7F)7
E,F

is called a (normed, Banach, closed) ideal of m-homogeneous polynomials. Of course, its linear component

Q, is an operator ideal.

Remark 2.6. [9] Just to mention a few illustrative examples, the class of nuclear polynomials is a Banach
polynomial ideal that fails to be a hyper-ideal and the classes of compact and weakly compact polynomials

are closed hyper-ideals.

Definition 2.7. A polynomial ideal Q is said to be injective if P € Q(™E, F') whenever
PeP(™E,F)and :

j:F =G

is a metric injection such that:

joP e QME,QG).

A normed polynomial ideal (Q, ||.||o) is injective if Q is an injective polynomial ideal and, in the situa-
tion above:

1Plle = lj o Plle
We can mention a few examples which succeed to be injective
Example 2.8. [9]

* The ideals Pr of finite rank polynomials is injective.

University of M’sila Injective polynomial ideal and application
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* The ideals Py of compact polynomials and Py of weakly compact polynomials are injective.

o All ideals of polynomials of summing type (absolutely summing, dominated, strongly summing,

multiple summing, etc) are injective.

2.3 characterization by injective hull
In this part we aim to characterization injective polynomial ideal by means of the injective hull
and establish the properties of a hull procedure.

Proposition 2.9. (a) Let Q be a polynomial ideal . Then there exists a unique smallest injective polyno-

mial ideal Q™ containing Q. For P € P(™E; F)
Pe QM("E;F) <= IpoP € Q("E;l(Br-)),

where Iy is the canonical metric injection.
(b) Let (Q,||.||o) be normed (Banach) polynomial ideal . Then there exists a unique smallest normed

(Banach) injective polynomial ideal (Q™ |||

oini ) containing Q and such that :

Qinj < HHQ
For P € P(™E; F),
P QM("E;F) <= Iro P € Q("E;loo(By),

and

1P|

gini = |[Ir o Plle. (2.1)

The ideal Q™ (normed, Banach ideal(Q™ | ||.|

oini)) is called the injective hull of the ideal Q
(normed, Banach ideal(Q, ||.]|0))-

Proof. Q™ and ||.|

oin; are defined according to (2.1)).
We check only the hyper-ideal property, the other statements follow from standard arguments.
LetQ € P("E;F), P € QM (™F;G)and t € L(G; H) be given.

By the definition of Q™ (™ F'; G):

Igo P € Q(mF, loo(Bg*))

University of M’sila Injective polynomial ideal and application
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Since I is a metric injection, an application of the metric extension property of /., (Bg-) the

operator I ot gives rise to an operator S € L(l(Bg+); l«(Bpu+)) such that :

and

Therefore,

that is:

and

IHot:SOIg,

[15]] = [[Za o t]].

IpotoPo@ = (Solg)oPoq

= So(lgoP)oQ € Q("FE;l(Bu-)),

toPoQe QM (™E; H),

lto Poq)

g = [T oto PoQllg
=||SolgoPoQllg
< IS11.ll g o Pll-l|QI™
— [Ty o t]|.|lTc o Pllo.||QI™

< [[tl[-[[Pllgms [IQI™.

Qinj .

Corollary 2.10. (a) A polynomial ideal Q is injective if and only if Q = Q™.

(b) A normed (Banach) polynomial ideal (Q, ||.||g) is injective if and only if Q@ = Q™ isometrically.

Next we check that the correspondence Q — Q™ is a hull procedure in the sense of [23].

We state only the case of normed/Banach polynomial ideals/hyper-ideals.

University of M’sila
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Proposition 2.11. Let (Q,||.||o) and (R, ||.||r) be normed (Banach) polynomial ideals. Then:
(a) (@™, 1].|
W) IfQ CRand ||.||r < ||.||g, then: Q™ C R™ and |||
(©(Q)" = Q" and | ligmsyes = I
(d)Q C Q™ and ||.||gms < |]-]]o-

oini ) 1s a normed (Banach) polynomial ideal .

Proof. (a) and (d) follow from Proposition 2.10 and (c) follows from Corollary 2.11.

To prove (b), let P € Q™ (™E; F') be given.

Thus
Iro P € Q("E;lw(Br+)) C R(™E; loo(Br~)),
what gives
PeR™(™E;F).
Moreover,

1P|

Rinj — ||IFOP||R
< |[Iro Pllq

— ||P||ang
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CHAPTER 3

CHARACTERIZATION OF INJECTIVE
m-HOMGENEOUS POLYNOMIALS

hrough this chapter we will answer the question:
Can injective polynomial ideals be characterized by some related domination property ?

And we charecterize the the polynomial duals.

3.1 The Domination Property

The next propostion is left as an exercice in ([15], EX9.10(6)). We give a short proof the sake of

completeness.

Proposition 3.1. [7] An operator ideal T is injective if and only if the following condition holds:
ifueZ(E; F),v € L(E;G) and there exists a constant C' > 0 (eventually depending on E, F, G, u, v)
such that

lo(@)]] < Clu(@)]]
forevery x € E thenv € Z(E; G).
Proof. Assume that 7 is injective and let u € Z(E; F'),v € L(E; G) be such that:
[v(@)]| < Clu(z)]]
for every x € E. This inequality guarantees that the map
W:u(E) CF — G Wu(zr)) =v(x),

22
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is a well defined continuous linear operator.

Considering the canonical metric injection
Ja - G — loo(Bg*),

by the extension property of /.. (Bg-), there is an extension w € L(F;l(Bg+)) of Jg o w to the
whole of F.
From

wou=Jgouw,

we conclude that J; o v belongs to Z, and the injectivity of Z gives v € Z(E; G). The converse is
obvious.

]

Transposing the linear domination property above literally to the polynomial case, we end

up with the following:

Definition 3.2. A polynomial ideal Q is said to have the strong domination property if given polynomi-
als P € Q("E; F)and Q € P(™E;G) such that

Q)] < C.||P(z)]],

for every x € E and some constant C' > 0 (eventually depending on E, F, G, P,Q, m), then
Q€ Q(ME;G).

Given a polynomial P € P(™E; F') and a metric injection
J:F — G,

we have

1P ()] = [7(P())]]

= [|(G o P)(2)]],

for every x € E.
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Remark 3.3. The strong domination property is sufficient for a polynomial ideal to be injective: every

polynomial ideal with the strong domination property is injective.

In the linear case, the proof that every injective operator ideal has the domination property
depends heavily on the linearity of the underlying operators, so it is not expected that every
injective polynomial ideal has the strong domination property.

We also note that there is an example of an injective polynomial ideal failing the strong domi-
nation property, which establishes that this property does not characterize injective polynomial
ideals ( For more see [9]). This poses two questions: Can injective polynomial ideals be charac-
terized by some related domination property? If yes, is this characterization useful? Next we

answer these two questions affirmatively.

Definition 3.4. A polynomial ideal Q is said to have the weak domination property if given polynomials

P e Q("E; F)and Q € P("E; G) such that

Z)\ZQ(%)

forall K € Nyxq,...,2x € E, M\, ..., \x € K and some constant C' > 0 (eventually depending on

K

=1

<C.

E F.G,P,Q,m), then Q € Q("E;G).
Theorem 3.5. A polynomial ideal is injective if and only if it has the weak domination property.

Proof. Suppose that Q is an injective polynomial ideal and let P € Q(™E; F') and ) € P(™E; G)
be such that

<C. (3.1)

Z AiQ(x;) Z AiP ()

forall K € N,zy,...,2x € E, A, ..., \x € Kand some constant C. Let us see that the operator

W :span{P(E)} C F — G,

w (Z AiP(-Ti)> = Z&Q(%);
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is well defined: indeed,

K l

Z)\iP(xi) = Zajp(xj)
— Z)\iP(a:i)—ZajP(a:j) =0
e D AQw) =D Q) | =0

— ZMQ(%) = ZO‘JQ(%)'

The linearity of W is clear and its continuity follows from

()l

Then there exists a (unique) bounded linear operator

-
< C.

Z A P(x;)

Wi :span{P(E)} C F — G,

such that
W1|span{P(E)} =W.

Denoting by
i:span{P(E)} — F,

the formal inclusion operator and by
Py: E — span{P(E)},

the obvious polynomial, we have the diagram

p—" span{P(E)} : > F
~ I

Q Wi \\\\\ i Vi
JGoW1 AN :
\\\)( \:/

G - + Loo(Bo)
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As i is a metric injection, from the metric approximation property of I..(Bg-) there exists an

operator W, € L(F;l.(Bg-)) such that
JaoWy, =W o4,

and

WA = ||Ja o Will.

From

for every z € I, thatis

Q=Wiok

we conclude that

JgoQ =JgoWi0F
:W10i0P0

- Wl (©] P
Since P € Q(™E; F), the ideal property of Q gives
JooQ € Q(ME;loo(Bg)).

The injectivity of Q and the fact that J; is a metric injection give () € Q(™E; ), showing that
Q has the weak domination property.
Conversely, suppose that Q is a polynomial ideal with the weak domination property.

Given P € P(™FE; F) and a metric injection

j:F =G,
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such that
(joP)e Q("E;F),
we have
Z NP(z)| = |7 (Z )\Z-P(xl)>
= Z)\z’(j o P)(;)

=1
forall K € N, zy,...,z; € E and Ay,...,A\x € K. The weak domination property of Q gives
P e Q(™E; F), proving that Q is injective.

O

Now we apply the characterization above to establish a quite useful formula regarding
composition polynomial ideals, whose definition goes back to Pietsch [24], and we recall now:
Given an operator ideal Z, a polynomial P € P(™E; F') belongs to Z o P("E; F') if there exist a

Banach space G, a polynomial () € P("E; G) and an operator u € Z(G; F') such that
P=uoQ.
It is well known that 7 o P is a polynomial hyper-ideal.

Proposition 3.6. ([8],Proposition 3.2) Let Z be an operator ideal.
(a) The following are equivalent for A € L(Ey, ..., By F):

(a1) A€ T o L(E, ..., Enp: F)

(a2) Ap € T(E1@y...Q0, B F).

(b) The following are equivalent for P € P(™E; F):

(b1) Pe ZoP(™E; F).

(b2) P, € I(R°F; F).

(b3) P, € Z(Q.°F; F).

(b4) P € To L(™E; F).

(b5) Thereis A € T o L(™E; F) such that A = P.
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Theorem 3.7. For every operator ideal Z,
I™ oP = (ZoP)™.
In particular, the polynomial hyper-ideal T o P is injective.

Proof. Given

PeT" oP("E;F), P=uoQ,

for some Banach space G, Q € P(™E;G) and u € I (G; F). Then the factorization
IroP =1Irouocq),

with

Irou € Z(G;loo(Beg)),

shows that I o P belongs to Z o P. This proves that
I oP C(ZoP)™. (3.2)
Let us prove that 7" o P is injective. Let P € 7" o P(™FE; F) and Q € P(™FE;G) be such that

Z AiQ(;) Z AP ()

=1
forall K € N,zy,...,.x7x € E,\,...., Ak € K and some constant C' > 0. Call P, and @, the

<C.

linearizations of P and @) on the (completed) projective symmetric tensor product, that is
P, :®°FE - F,

and

QL : ®7:75E — G,

are bounded linear operators such that

and
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for every x € E. Given
K
i=1

in the (incomplete) symmetric tensor product ®7*E, we have
K

Z AiQ(x;)
=1

> AiP(x;)

=1

= C|PL(2)]]-

QL) =

<C.

The continuity of P, of ) and of the norm give that

1Qr(z) < C[PL()I;

for every z € @ °E .
Since

PeI™oP("E;F),

that

P, e IT™(®"E; F).
Now the injectivity of Z"*/ and Proposition 3.1 give

QL € I™ (& G; F).
We get

QeTI™oP("G;F),

proving that 7'/ o P has the weak domination property, hence it is injective by Theorem 3.5.

Combining this with (3.2)), with Z C 7" and with Proposition 2.11(b), we get

(Iinj o P)inj — Iinj o 73
C(Zo P)mj
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which gives the desired formula. The second assertion follows from Proposition 2.9.

O]

Lemma 3.8. ([?],Lemma 3.4) Let Z,,Z,,Z be operator ideals, m € Nand E, E, ..., E,,, F' be Banach
spaces.

(a) If
Tvo L(By, ... En: F) C Ty 0 L(Ey, ..., Em; F)  then

L(E;; F) C I(Ej; F)
forevery j =1, ..., m. In particular, If
ZoL(Ey,...EnF)=L(Ey,..,E.; F), then
I(Ej; F) = L(Ej; F)
forevery j =1,...,m.

(b) If
ZioP(ME;F) CZyo P(ME; F) then

T,(E; F) CI(E; F).

In particular, if
ZoP("E;F)=P("E;F) then
I(E;F)=L(E;F).
Corollary 3.9. The following are equivalent for an operator ideal I:
(a) L is an injective operator ideal.

(b)T o P is an injective polynomial hyper-ideal.

(c) (Z o P)y, is an injective ideal of m-homogeneous polynomials for some m € N.

Proof. (a) = (b) follows from Theorem 3.5 and Corollary 2.10, (b)) = (c) is obvious and

(¢) = (a) follows from [From the lemma 3.8]. O

Remark 3.10. The corollary above gives another proof that the polynomial ideals of finite rank, compact

and weakly compact polynomials are injective.
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3.2 injective polynomial dual

Next result asserts that the polynomials belonging to the polynomial dual of an operator ideal

T are exactly those polynomials that admit a factorization through Z¢ :

Theorem 3.11. ([6], Theorem 2.2) Let Z be an operator ideal. Then the adjoint of a continuous homoge-

neous polynomial P belongs to T if and only if P admits a factorization
P=uoQ

where the adjoint of the linear operator u belongs to Z. That is,

P—dual _ dual o p
If (Z,||.||z) is a normed operator ideal, then

-zt = |||l zsuatcp-

Proof. Let £ and F' be Banach spaces, m € Nand P € P("E; F'). Assume that

P e 1P~ al(mp. F),

that is

P € I(F*; P(™E)).

By ®,° , we denote the completed symmetric n-fold tensor product of £ endowed with the

s-projective tensor norm 7, by P, we denote the linearization of P, that is,
P L(®)E;F), Pz®..2z)=P().
Consider the canonical isometric isomorphism

T P(ME) = (&)

JPQ)r®...®z)=Qx).
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Forpe F*andx € F,

(JEo P (p)(z®...0x) = JE(P(p))(z® ... ® 2)
= P*(p)(z)
= ¢(P(z))
=Pz ®..®x))
= (PL)" (p)(r® .0 ),

and since JF o P* and (Pp)* are both linear and continuous, it follows that

(PL)* = JEFo P~

So
(PL)" € Z(F*: (&, E)),
that is
Py € " (&, B F).
We have
PeI™loP(mE; F),
and

|| P|zauarep = || Pp||zduar

= [1(P)"llz

= lEo P

T

< ||J5H 1Pz

— HP‘ ‘IP—dual.

Conversely, assume that

P e I™ o P("E; F).

Then
P=uo@ with u" €ZI(G;F),
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and @) € P(™E; G) for some Banach space G. It follows that
P =Q ou" e Z(F*;P("E)),

by the ideal property of Z, hence

Pec IP—dual(mE; F)

In the normed case, given ¢ > 0,G, v and () can be chosen such that

[|ul |zawer || QI < (1 + )] Pl|zop-

So
|| Pllzp-duar = [| P*]|z
= [lQ" ou™|z
< [|Q7[|-u[lz
= [[ul|zawer | Q]
< (14 &)||P||zavator.
Letting ¢ — 0 we obtain || P||zp-duat < || P||zavator. O

The next application concerns the polynomial dual Z”~% of a given operator ideal Z de-
fined in [6] as

IP—dual(mE; F) — {P c ’P(mE7F) - P* ¢ I(F*,'P(mE))},

where P* is the Aron-Schottenloher adjoint of P, that is,

Definition 3.12. An operator ideal is said to be symmetric if
T = Idual

Corollary 3.13. A symmetric operator ideal is injective if and only if its polynomial dual is an injective

polynomial ideal.
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Proof. Since

IP—dual _ Idual oP
for every operator ideal Z [From Theorem 3.11], the result follows from Corollary 3.9. O

Now we characterize the polynomial duals of the ideal D, of Cohen strongly p-summing

operators (see [[7],[10]]). and J, for the ideal of p-integral operators (see [23]).
Corollary 3.14. D;’ —dual — (5. o P)in,

Proof. In

Dg—dual _ D]d__}tal oP = Hp* oP = 33;1*] oP = (313* o P)Zn]

II- denotes the ideal of absolutely p*-summing operators. the first equality follows from The-
orem 3.11, the second from ([10]), the third from [[23], Theorem 19.2.7] and the fourth from

Theorem 3.7. O

To complete the answer to the question ask at the beginning, (see[9] Example 3.10) give an
example of an injective polynomial ideal failing the strong domination property, which estab-

lishes, in particular, that the weak and the strong domination properties are not equivalent.
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Abstract

In this study, we will discuss, the basic theory of injective ideals of m-homogeneous
polynomials, we characterize injective polynomial ideals by means of a domination property,
and also we characterize the polynomial duals an example is given.

Key-words: Banach spaces, polynomial ideals, domination
property, operator ideal , m- homogeneous polynomials, injective operator ideal, Tensor
products .

Résumé

Dans cette étude, nous discuterons de la théorie de base des idéaux injectifs de polyndmes m-
homogeénes, nous caractérisons les idéaux polynomiaux injectifs par la propriété de
domination et que nous caractérisant également le dual polynomiaux par un exemple est
donné.

Mots clés : Espace de Banach , idéaux polynomiaux, domination Propriété,

Polyndmes m-homogénes, Opérateur injectif Idéal, Produits Tensor.
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