
PEOPLE’S DEMOCRATIC REPUBLIC OF ALGERIA
MINISTRY OF HIGHER EDUCATION AND SCIENTIFIC

RESEARCH

Mohamed Boudiaf university of M’sila
Faculty of Mathematics and Informatics

Department of Mathematics

Master memory

Field : Mathematics and Informatics
Branch : Mathematics
Option : Functional Analysis

Theme

INJECTIVE POLYNOMIAL IDEAL AND APPLICATION

Presented by :
BOUSSAG Yassmina

Publicly supported on : 28/06/2021.

In front of the jury composed of :

MEZRAG Lahcène prof, University of M’sila President.
ALOUANI Ahlem M.C.B, University of M’sila Supervisor.
ACHOUR Dahmane Prof, University of M’sila Examiner.

University year 2020/2021



Dedications

In the name of ALLAH the most gracious the most merciful

I `d`e´d˚i`c´a˚t´e ˚t‚h˚i¯s ”wˆo˘r˛kffl ˚t´o :
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Notations

K The field of real or complex numbers.

R The reel space.

BX The closed unit ball of X .
◦
B The open unit ball of X .

L(E,F ) The set of all bonded linear operators from E into F .

Lf The set of all finite rank linear operators.

I The deal of all linear operator.

P(mE;F ) The space of all continuous m-homogeneous polynomials from E into F .

PF The finite rank polynomials.

PK The compacte polynomials.

PW The weakly compacte polynomials.

K The closed ideal of compact operators.

Q A polynomial ideal.
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Introduction

The theory of linear operators ideals between normed (Banach) spaces have been developed

by Albert Pietech in the excellent monography [23], this theory has proved to be a powerful tool

for the investigation and classification of linear operators. Nowadays it has become a usual tool

for analyzing some classical problems of the functional analysis as summability of series, but

has also become the starting point to understand and solve new problems related to nonlinear

operators.

The linear theory has spread to multilinear operators, polynomials, and Lipschitz operators,

the first outline of such a multilinear theory was given by A.Pietsch in 1983 see [24]. These

new multi-ideals could also be considered to be the starting point for the study of some specific

properties of nonlinear operators, several authors see

([1],[2],[3],[5],[12],[13],[19]) have invested in this new area (nonlinear functional analysis),

where did they try to transferring linear summability properties to its nonlinear counterpart,

also point out that this process is not an obvious task. Certain multi-ideals the generalization is

elementary for example, this is the case of complete, compact and weakly compact multilinear

operators see ([4],[17]).

In the same path and according to the paper of G.Botelho and L.Torres [9] we present our

work which reserved for the class of injective polynomial ideals. Inspired by the fact that injec-
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tive operators are characterized by a domination property, we investigate the situation in the

polynomial case. In order to achieve this goal, the memory was organized into three chapters.

In the first chapter, we recall some basic notions, properties, and terminologies needed in the

work as linear ideal, ideals of m-homogenous polynomials, and tensor product. In the second

chapter, we present and study the injective linear operator ideals. We outline the basic theory of

injective polynomials ideals, and give the definition, provide illustrative examples, characterize

injective polynomial ideals by means of the injective hull. The main results appear in chapter

three, where we answer the following question:

Can injective polynomial ideals be characterized by some related domination property ?

Also, we give a characterization of the injective polynomial duals.
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CHAPTER 1

MULTILINEAR MAPPINGS AND
POLYNOMIALS

I n this chapter we present a collection of some definitions, properties and basic notions, of

operator on Banach spaces, multilinear mappings, ideals of m-homogeneous polynomials

and Tensor products of Banach spaces.

1.1 Operators on Banach spaces

We will write K for the real numbers field R or the complex numbers field C. The set of

all natural numbers {0, 1, ...}is denoted by N. Along this work the letters E and F denotes

Banach spaces with the norm ‖.‖. The open unit ball of E is denoted by
◦
BE that is the set

{x ∈ E : ||x|| < 1} and the closed unit ball ofE is denoted byBE that is the set {x ∈ E : ||x|| ≤ 1}.

The set of all functionals of a normed space E (that is the continuous linear mapping from E

into the scalars ) is a Banach space denoted by E∗ and called the topological dual of E.

We define the following operators :

1) A linear map T : E → F is continuous if and only if

||T || = sup {||T (x)|| : ||x|| ≤ ∞, x ∈ E} <∞, (1.1)

this value is a norm on the vector space L(E;F ) of all linear operators from E into F .

We denoted by L(E;F ) The space of continuous linear operators, endowed by the norme (1.1).
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1.1. Operators on Banach spaces 2

2) A linear operator T : E → F is invertible if there exist a linear operator noted

T−1 : F → E

such that, T−1 ◦ T = idE , and T ◦ T−1 = idF , where idE ( or idF ) is identity operator on E ( or

on F ).

3) Let T : E → F be continuous linear operator. Then the continuous linear operator defined

by T ∗ : F ∗ → E∗

T ∗(y∗)(x) = y∗T (x)

for every y∗ ∈ F ∗ and x ∈ E is called the adjoint of T and he have the property

||T || = ||T ∗||.

linear ideal

An operator ideal I is a subclass of the class L(E,F ) of all continuous linear operators between

Banach spaces such that for all Banach spaces E and F its components

I(E;F ) := L(E;F ) ∩ I

satisfy:

(i) I(E;F ) is a linear subspace of L(E;F ) which contains the

finite rank operators.

(ii) The ideal property: if u ∈ L(E;Z), v ∈ I(Z;K) and w ∈ L(K;F ), then the composition

w ◦ v ◦ u is in I(E;F ).

If ||.||I : I → R+ satisfies:

(i’) (I(E;F ); ||.||I) is a normed ( Banach) space for all Banach spaces E and F ,

(ii’) ||idK||I = 1,

University of M’sila Injective polynomial ideal and application



1.1. Operators on Banach spaces 3

(iii’) If u ∈ L(E;Z), v ∈ I(Z;K) and w ∈ L(K;F ),

‖w ◦ v ◦ u‖I ≤ ‖w‖‖v‖I‖u‖,

then (I; ||.||I)is called a normed (Banach) operator ideal. Then ||u|| ≤ ||u||I for all u ∈ I.

As an example, the set of all absolutely summing operators for all 1 ≤ p <∞

( absolutely p-summing or just p-summing if it takes weakly p-summable sequences (xi)
∞
i=1 of

E to absolutely p−summing sequences (u(x)i)
∞
i=1 of F ) define by :

(
n∑
i=1

||u(xi)||p
)1

p
≤ C sup

||ξ||X∗≤1

(
n∑
i=1

|ξ(xi)|p
)1

p
(1.2)

for every finite family (xi)
n
i=1 ∈ E.

is denoted by Πp(E,F ), which constitute a Banach ideal under the ideal norm

πp(u) := {C, for all C verifing the inequality(1.2)} .

Dual of an operator ideal

Definition 1.1. Let I is a normed operator ideal. A linear mapping u ∈ L(E,F ) belongs to Idual if

u∗ ∈ I(F ∗, E∗), where u∗ is the adjoint of the operator u. In this case we define

||u||Idual = ||u∗||I .

Proposition 1.2. ([15], page 114) If I is a normed (Banach) operator ideal, then (Idual; ||.||Idual) is as

well. This normed (Banach) ideal is called the dual of I.

Pietsch has shown that the identity mapping from l1 into l2 is 2-summing but the adjoint

operator is not 2-summing, for this reason the concept of strongly p-summing operators

1 < p ≤ ∞, appears as characterization of absolutely p∗-summing operators ( see [10]).

We denoted the class of all strongly p-summing linear operators by Dp(E;F ), therefore

Dp = Πdual
p∗ ,

thus and according to proposition (1.2), (Dp, dp) is Banach operator ideal.

University of M’sila Injective polynomial ideal and application



1.2. Isomorphisms, injections 4

1.2 Isomorphisms, injections

Isomorphisms

U ∈ L(E,F ) is said to be an isomorphism if U admits an inverse U−1 ∈ L(E,F ), or

a||x|| ≤ ||U(x)|| ≤ b||x|| for all x ∈ E

where a and b are positive constants. Banach spaces E and F are called isomorphic if there

exists an isomorphism U ∈ L(E,F ). Then we write E ∼= F .

If ||U || = ||U−1||, then U is said to be a metric isomorphism.

One refers to a linear map U from E onto F as an isometry if it preserves the norm:

||U(x)|| = ||x|| for all x ∈ E

Injections

An continuous linear operator J : E → F is said to be an injection (is an isomorphism) if there

exists a constant C > 0 such that

||J(x)|| ≥ C||x||

for all x ∈ E.

In this case that ||J(x)|| = ||x||, we use the term metric injection (isometric isomorphism).

For every closed subspace M of E , the canonical embedding JxM from M into E has this prop-

erty.

If there exists an injection from E into F , then we say that F contains an isomorphic copy of E.

A linear operator T is an embedding of E into F if T is an isomorphism onto its image T (E). In

this case we say that E embeds in F .

If

T : E → F

is an embedding such that

||T (x)|| = ||x||

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 5

for all x ∈ E, then T is said to be an isometric embedding.

A metric injection is a linear operator

j : E → F

such that

‖j(x)‖ = ‖x‖

for every x ∈ E. The metric injection

IE : E → l∞(BE∗), IE(x) = (ϕ(x))ϕ∈BE∗ ,

is called the canonical metric injection.

1.3 Multilinear mappings and m-homogeneous polynomials

Let m ∈ N, E1, ..., Em;F be Banach spaces. An application T : E1 × ... × Em → F is called

multilinear (or m-linear) if the mappings

Tj : Ej → F

xj → T (x1, ..., xj, ..., xm)

are linear for each xk ∈ Ek, K 6= j, in other words

T (x1, ..., λxj + yj, ..., xm) = λT (x1, ..., xj, ..., xm) + T (x1, ..., yj, ..., xm)

for all λ ∈ K and xj, yj ∈ Ej(1 ≤ j ≤ m), we denoted by L(E1, ..., Em;F ) the space of all

applications m-linear T from E1 × ...× Em into F .

The set S of all vectors in F of the form T (x1, ..., xm), xj ∈ Ej(1 ≤ j ≤ m) is not in general vector

subspace of F ( see ([14], Section1.1) ).

Now we define the following linear operations

(S + T )(x1, ..., xm) := S(x1, ..., xm) + T (x1, ..., xm)

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 6

(λT )(x1, ..., xm) := λT (x1, ..., xm), λ ∈ K

which gives to L(E1, ..., Em;F ) a structure of a vector space. If F = K, we write L(E1, ..., Em).

Definition 1.3. The multilinear application T : E1 × ...×Em → F is continuous if it is continuous as

a function between two normed spaces.

As a consequence of this definition, and the following equality

T (x1, ..., xm)− T (y1, ..., ym) = T (x1 − y1, ..., xm) + T (x1, x2 − y2, ..., xm) + ...+ T (x1, ..., xm − ym),

we have a result that gives a characterization of continuous m-linear mapping.

Proposition 1.4. Let E1, ..., Em, F be normed spaces. For all T ∈ L(E1...Em;F ), the following state-

ments are equivalent

(1) T is continuous.

(2) T is continuous in (0, ..., 0)

(3)There exists a constant C > 0 such that

||T (x1, ..., xm)|| ≤ C||x1||...||xm||

for all xj ∈ Ej, (∀1 ≤ j ≤ m).

If Ej, (∀1 ≤ j ≤ m) and F are a normed spaces, then, we provide the space
∏m

j=1 Ej of topology of

product vector spaces, and we denote by L(E1, ..., Em;F ) the vector space of all the continuous m-linear

applications of
∏m

j=1Ej into F . We write by L(mE;F ) for E1 = ... = Em = E, and by L(E1, ..., Em)

for F = K. It is obviously if m = 1 and F = K, then L(E;K) = L(E) = E∗ the topological dual of E.

Proposition 1.5. Let F be a Banach space, the vector space L(E1, ..., Em;F ) is a Banach space endowed

with the norm ||T || define by:

||T || = sup
||xj ||≤1,j=1,..,m

||T (x1, ..., xm)||

= sup
xj 6=1,j=1,..,m

||T (x1, ..., xm)||
||x1||...||xm||

= inf
{
C : ||T (x1, ..., xm)|| ≤ C||x1||...||xm||.

}

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 7

The symmetric multilinear application will play a prominent role in the study of homogen-

neous polynomials. In order to begin to study these applications, we will consider from now

on the particular case of multilinear applications where:

E1 = E2 = ... = Em = E,

in this case, the vector spaces of multilinear maps and continuous multilinear maps

A : Em → F will be denoted by L(mE;F ) and L(mE;F ), respectively. In addition, we will

adopt the following simplified notations:

L(mE;K) = L(mE),L(mE;K) = L(mE).

Definition 1.6. A multilinear application A : Em → F is symmetric if

A(x1, ..., xm) = A(xσ(1), ..., xσ(m))

for all (x1, ..., xm) ∈ Em and σ ∈ Sm where Sm denotes the set of permutations m of the first natural

numbers.

Ls(mE;F ) will denote the subspace of L(mE;F ) consisting of all the symmetric multilinear

mappings from Em into F .

Proposition 1.7. For all T ∈ L(mE;F ). Let Ts be the associate symmetric operator of T.

Then, the following are checked

(1) Ts ∈ Ls(mE;F )

(2) Ts = T if and only if T ∈ Ls(mE;F )

(3) (Ts)s = Ts.

(4) If x ∈ E, then T (x, ..., x) = Ts(x, ..., x).

A map P : E → F is called m-homogeneous polynomial, if there exists a symmetric m-linear

mapping P̌ , such that

P (x) = P̌ (x, m..., x)

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 8

for all x ∈ E. In that case, we say that P̌ is the multilinear mapping associated with P .

Both mappings (m-homogeneous polynomial P and symmetric multilinear operator P̌ ) are

related by polarization formula ( for more details see [20]).

P̌ (x1, ..., xm) =
1

2mm!

∑
ξ=±1

ξ1...ξmP (ξ1x
1 + ...+ ξmx

m), (xj)mj=1 ⊂ E

where x1, ..., xm ∈ E.

The m-homogeneous polynomial, P : E → F is continuous if there is a constant C > 0 with

||P (x)|| ≤ C||x||m,

we put

||P || = sup
x∈BX

||P (x)||. (1.3)

Moreover, if P is bounded, then P̌ is also bounded, and

||P || ≤ ||P̌ || ≤ mm

m!
||P ||.

Or equivalently the next diagram

E E × m...× E

F

4m

P
P̌

is commutative, where4m is the natural embedding called diagonal mapping of E into

E × m...× E which is defined as:

4m : E → E × m...× E

x→ (x, m..., x).

The space of all continuous m-homogeneous polynomials from E into F is denoted by

P(mE;F )(P(mE) when F = K), and becomes a Banach space when endowed with the norm

||P || (1.3).

When m = 1, the space P(1E;F ) is nothing by L(E;F ) , the space of all bounded linear opera-

tors from E to F .

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 9

Example : [16]

Let E,F be a normed spaces, ϕ ∈ E∗ and let u ∈ L(E,F ), K ∈ K. We define the mapping P by

P : E → F, P (x) = (ϕ(x))m−1u(x).

Then P is a continuous m-homogeneous polynomial, and ||P || ≤ ||ϕ||m−1||u||.

ideals of m-homogeneous polynomials

A polynomial P(mE;F ) is said to be of finite rank, if there exists K ∈ N such that

P (x) =
K∑
j=1

(ϕj(x))mbj.

where ϕj ∈ E∗, bj ∈ F and j = 1, ..., k.

It is easy to see that the subset of all m-homogeneous continuous polynomials of finite rank is

a vector subspace of P(mE;F ), which will be denoted by Pf (
mE;F ).

An ideal of m-homogeneous polynomials (or polynomial ideal) is a subclass Q of the class of

every continuous m-homogeneous polynomials between Banach spaces such that, for allm ∈ N

and any Banach spaces E and F the components

Q(mE;F ) = P(mE;F ) ∩Q

satisfy:

(i) Q(mE;F ) contains the m-homogeneous polynomials of finite type,

(ii) Q has the ideal property: if u ∈ L(X;E), P ∈ Q(mE;F ) and t ∈ L(F ;Y ), then t ◦ P ◦ u

belongs to Q(mE;F ) .

(Q; ‖.‖Q) is a normed (Banach) polynomial ideal if

(i’) (Q(mE;F ); ‖.‖Q) is a normed (Banach) space for all E,F ,

(ii’) ||idKm : K→ K : idKm(x) = xm||Q = 1 for all m,

(iii’) If u ∈ L(X;E), P ∈ Q(mE;F ) and t ∈ L(F ;Y ), then

||t ◦ P ◦ u||Q ≤ ‖t‖‖P‖Q‖u‖m.

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 10

Now draw attention towards tensor products .

Tensor products of Banach spaces

The m-fold tensor product E1 ⊗ ...⊗Em of the vector spaces E1, ..., Em can be constructed from

the elements of the space L(E1, ..., Em)∗. For xj ∈ Ej(j = 1, ...,m) we define the linear mapping

x1 ⊗ ...⊗ xm : L(E1, ..., Em)→ K,

by

x1 ⊗ ...⊗ xm(φ) := φ(x1 ⊗ ...⊗ xm),

for each m-linear form φ on L(E1, ..., Em). The functional x1 ⊗ ... ⊗ xm is called an elementary

tensor.

So a typical tensor u ∈ E1 ⊗ ...⊗ Em has the form

u =
n∑
i=1

λix
1
i ⊗ ...⊗ xmi ,

where (λi)
n
i=1 ∈ K, (xji )ni=1 ∈ Ej(j = 1, ...,m) and n ∈ N is arbitrary.

The projective norm π on E1 ⊗ ...⊗ Em is defined by

π(u) := inf

{
n∑
i=1

|λ|||x1
i ||...||xmi || : u =

n∑
i=1

λix
1
i ⊗ ...⊗ xmi

}
,

where the infimum is taken over all representations of u ∈ E1 ⊗ ... ⊗ Em. The completion of

E1 ⊗ ...⊗ Em when endowed with π is denoted by E1⊗̂π...⊗̂πEm.

It is well know that, if

T : E1 × ...× Em → F

is a bounded m-linear operator then, there exists only one bounded linear operator TL called

linearization of T

TL : E1⊗̂π...⊗̂πEm → F,

such that

TL(x1
i ⊗ ...⊗ xmi ) = T (x1

i , ..., x
m
i )

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 11

for all xj ∈ Ej, j = 1, ...,m. Moreover, ||T || = ||TL||.

In other words, the mapping T → TL from L(E1, ..., Em;F ) to L(E1⊗̂π...⊗̂πEm;F ) is an isomet-

ric isomorphism.

In particular, the vector spaces L(E1...Em;F ) and L(E1⊗̂π...⊗̂πEm;F )∗ are isometrically isomor-

phic. For more details refer to ([11],[22],[23]).

By definition homogeneous polynomials are the restriction to the diagonal of multilinear ap-

plications. One can shows that different multilinear forms may define the same polynomial.

To obtain a one to one correspondence we restrict ourselves to symmetric multilinear applica-

tons and symmetric tensors. Consider now a Banach space E and the symmetric m-fold tensor

product ⊗m,sE defined as the linear span of the elements in ⊗mE of the form x⊗ ...⊗ x, x ∈ E.

The projective s-tensor norm πs given by

πs(z) = inf

{
K∑
i=1

|λi|||xi||m : z =
K∑
i=1

λixi ⊗ ...⊗ xi

}
,

for z ∈ ⊗m,sE.

We associated to all m-homogeneous polynomial P ∈ P(mE;F ) an unique linear operator

PL ∈ L(⊗̂m,sπs E,F ) such that:

P (x) = PL(x⊗ ...⊗ x), for all x ∈ E.

The linear operator PL called linearization of P .

Consider the canonical m-homogeneous polynomial δm : E → ⊗m,sπs E defined by δm = x⊗ ...⊗x

Then, the diagram

E F

⊗̂m,sπs E

P

δm
PL

is commutative, that is P = PL ◦ δm.

The scalar case deserves special attention: when F = K we call

∆m : P(mE)→ (⊗̂m,sπs E)∗

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 12

the isometric isomorphism ∆m(P ) = PL for all P ∈ P(mE). Note that ∆−1
m = δ∗m.

We can associated to P other operator P ∗ the adjoint of P define from F ∗ into P(mE) given

by

P ∗(y∗)(x) := y∗(P (x)),

for y∗ ∈ F ∗ and x ∈ E. It is well known that

(u ◦ P )∗ = P ∗ ◦ u∗,

for all u ∈ L(F ;Z), where Z is a Banach space.

The next proposition give a direct connection between m-homogenuous polynpmial, his lin-

earization and adjont operator.

Proposition 1.8. ([21],Lemma2.1)

The following are equivalent for apolynomial P ∈ P(mE;F ):

(a) P is a finite rank polynomial.

(b)PL is a finite rank linear operator.

(c)P ∗ is a finite rank linear operator.

Proof. It is easy to check that P has finite rank if and only if there are K ∈ N,

polynomials Q1, ..., QK ∈ P(mE) and vectors b1, ..., bK ∈ F such that

P (x) =
K∑
j=1

Qj(x)bj

for every x ∈ E.

To prove equivalence (a)⇐⇒ (b) , let’s start with the first implication

(a) =⇒ (b) write

P =
K∑
j=1

Qj ⊗ bj

where Q1, ..., QK ∈ P(mE) and b1, ..., bK ∈ F .

Then

(Qj)L ∈ (⊗̂s,πn E)∗

University of M’sila Injective polynomial ideal and application



1.3. Multilinear mappings and m-homogeneous polynomials 13

for j = 1, ..., K, and

PL(x⊗ ...⊗ x) = P (x)

=
K∑
j=1

Qj(x)bj

=
K∑
j=1

(Qj)L(x⊗ ...⊗ x)bj

=

(
K∑
j=1

(Qj)L ⊗ bj

)
(x⊗ ...⊗ x)

for every x ∈ E. Since both PL and
∑K

j=1(Qj)L ⊗ bj are linear and continuous, we have

PL =
K∑
j=1

(Qj)L ⊗ bj.

(b) =⇒ (a) let

δm : E → ⊗̂s,πn E,

be the canonical m-homogeneous polynomial given by

δm(x) = x⊗ ...⊗ x.

Since

P = PL ◦ δm,

the range of P is contained in the range of PL, so P has finite rank.

(b) =⇒ (c) from

P = PL ◦ δm

we conclude that

P ∗ = δ∗m ◦ P ∗L.

So the range of P ∗ is the image under δ∗m of a finite dimensional space, thus P ∗ has finite rank.

(c) =⇒ (b) it is well known that δ∗m is an isometric isomorphism, so

P ∗L = (δ∗m)−1 ◦ P ∗.

In particular, the range of P ∗L is contained in the range of P ∗, so P ∗L has finite rank.
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CHAPTER 2

INJECTIVE IDEAL POLYNOMIAL

I n this chapter, we present and study the Injective linear operator ideals. We outline the basic

theory of injective polynomials ideals, we give the definition, provide illustrative, example

and characterize injective polynomial ideals by names of the injective hull.

2.1 injective linear operator ideal

Definition 2.1. [15] A normed operator ideal (I; ||.||I) is said to be injective if

for every metric injective

i : F ↪→ G

and every u ∈ L(E,F ) it follows from:

i ◦ u ∈ I(E,G)

that u ∈ I(E,F ), moreover

||i ◦ u||I = ||u||I ,

i.e, the ideal does not depend on the image space.

Notation 2.2. ([18],page 421) Let us introduce the Banach spaces

E∞ := l∞(BE′) and E1 := l1(BE).

Recall that there is a canonical linear and isometric embedding :

JE : E → E∞

14



2.1. injective linear operator ideal 15

and also E∞ has the extension property that is, if F be a subspace of the normed space (E, ||.||), then

every continuous linear operators

T : F → E∞

extend to a continuous linear operators

T̂ : E → E∞

such that:

||T̂ || = ||T ||

Definition 2.3. Let I be an ideal . For arbitrary Banach spaces E and F , the injective of an operator

ideal denoted by I inj is defined by

I inj(E,F ) := {S ∈ L(E,F ); JF ◦ S ∈ I(E,F∞)} .

I inj be an ideal and , I is contained in it .

Here we can mention the most important and famous applications which are injective .

Example:

• The operator ideals LF of finite rank opertors (the range of the opertors generates a finite-

dimensional subspace of the target space) is injective

• The operator ideals LK of compact opertors (bounded sets are sent to relatively compact

sets) and LW of weakly compact opertors (bounded sets are sent to relatively weakly

compact sets) are injective.

• All ideals of opertors of summing type (absolutely summing, dominated, strongly sum-

ming, multiple summing, etc) are injective.

Proposition 2.4. I inj is the smallest injective ideal. Consequently, I is injective if I inj = I.

It is for this reason that named I inj is the injective hull of I.

University of M’sila Injective polynomial ideal and application



2.1. injective linear operator ideal 16

Proof. Let E,F,G be Banach spaces, and let J ∈ (F,G) be a homeomorphic embedding .

Let S ∈ L(E,F ) be such that :

J ◦ S ∈ I inj(E,G).

This means

JG ◦ J ◦ S ∈ I(E,G∞).

By extension property of F∞, there is a

J̃F ∈ (G∞, F∞)

such that:

J̃F ◦ JG ◦ J = JF .

From

JF ◦ S = J̃F ◦ JG ◦ J ◦ S ∈ I(E,F∞)

we conclude that S is in I inj(E,F ). Thus I inj is injective .

If I1 is injective ideal containing I, then S ∈ I inj(E,F ) implies

JF ◦ S ∈ I(E,F∞) ⊂ I1(E,F∞),

hence S ∈ I1(E,F ) by injectivity of I1.

This proves

I inj ⊂ I1
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2.2. Injective polynomail ideal 17

Similar to the linear case, we definded this concept in the nonlinear case (m-homogeneous

polynomials).

2.2 Injective polynomail ideal

A polynomial ideal is injective if the containment of a polynomial in the class depends on the

norm of the target space rather than on the space itself.

Definition 2.5. Let Q be a subclass of the class of homogeneous polynomials between Banach spaces

such that, for every m and any Banach spaces E and F , the component

Q(mE;F ) := P(mE;F ) ∩Q

is a linear subspace of P(mE;F ) containing the polynomials of finite type. The class Q is said to be:

(a) A polynomial ideal if :

t ◦ P ◦ u ∈ Q(mE;H).

Whenever t ∈ L(G;H) , P ∈ Q(mF ;G) and u ∈ L(E;F ).

(b) A polynomial hyper-ideal if:

t ◦ P ◦Q ∈ Q(mnE;H).

Whenever t ∈ L(G,H) , P ∈ Q(mF ;G) and Q ∈ P(nE;F ).

Suppose that there is a function :

||.||Q : Q → R

whose restriction to each component Q(mE;F ) is a norm such that :

||λ ∈ K→ λm||Q = 1

for every m. (Q, ||.||Q) is said to be:

(a’) A normed polynomial ideal if, in (a)

||t ◦ P ◦ u||Q ≤ ||t||.||P ||Q.||u||.
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2.2. Injective polynomail ideal 18

(b’) A normed polynomial hyper-ideal ideal if, in (b)

||t ◦ P ◦Q||Q ≤ ||t||.||P ||Q.||Q||m.

If each component (Q(mE;F ), ||.||Q) is a Banach space, then (Q, ||.||Q) is said to be a Banach polynomial

ideal or a Banach polynomial hyper-ideal. If the norm is the usual sup norm , we speak of a closed

polynomial ideal or a closed polynomial hyper-ideal.

The mth-component of a polynomial ideal Q , defined as

Qm =
⋃
E,F

Q(mE,F ),

is called a (normed, Banach, closed) ideal of m-homogeneous polynomials. Of course, its linear component

Q1 is an operator ideal.

Remark 2.6. [9] Just to mention a few illustrative examples, the class of nuclear polynomials is a Banach

polynomial ideal that fails to be a hyper-ideal and the classes of compact and weakly compact polynomials

are closed hyper-ideals.

Definition 2.7. A polynomial ideal Q is said to be injective if P ∈ Q(mE,F ) whenever

P ∈ P(mE,F ) and :

j : F → G

is a metric injection such that:

j ◦ P ∈ Q(mE,G).

A normed polynomial ideal (Q, ||.||Q) is injective if Q is an injective polynomial ideal and, in the situa-

tion above:

||P ||Q = ||j ◦ P ||Q.

We can mention a few examples which succeed to be injective

Example 2.8. [9]

• The ideals PF of finite rank polynomials is injective.
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2.3. characterization by injective hull 19

• The ideals PK of compact polynomials and PW of weakly compact polynomials are injective.

• All ideals of polynomials of summing type (absolutely summing, dominated, strongly summing,

multiple summing, etc) are injective.

2.3 characterization by injective hull

In this part we aim to characterization injective polynomial ideal by means of the injective hull

and establish the properties of a hull procedure.

Proposition 2.9. (a) Let Q be a polynomial ideal . Then there exists a unique smallest injective polyno-

mial ideal Qinj containing Q. For P ∈ P(mE;F )

P ∈ Qinj(mE;F )⇐⇒ IF ◦ P ∈ Q(mE; l∞(BF ∗)),

where IF is the canonical metric injection.

(b) Let (Q, ||.||Q) be normed (Banach) polynomial ideal . Then there exists a unique smallest normed

(Banach) injective polynomial ideal (Qinj, ||.||Qinj) containing Q and such that :

||.||Qinj ≤ ||.||Q.

For P ∈ P(mE;F ),

P ∈ Qinj(mE;F )⇐⇒ IF ◦ P ∈ Q(mE; l∞(BF ∗),

and

||P ||Qinj := ||IF ◦ P ||Q. (2.1)

The ideal Qinj (normed, Banach ideal(Qinj, ||.||Qinj)) is called the injective hull of the ideal Q

(normed, Banach ideal(Q, ||.||Q)).

Proof. Qinj and ||.||Qinj are defined according to (2.1).

We check only the hyper-ideal property, the other statements follow from standard arguments.

Let Q ∈ P(nE;F ), P ∈ Qinj(mF ;G) and t ∈ L(G;H) be given.

By the definition of Qinj(mF ;G):

IG ◦ P ∈ Q(mF ; l∞(BG∗)).
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2.3. characterization by injective hull 20

Since IG is a metric injection, an application of the metric extension property of l∞(BH∗) the

operator IH ◦ t gives rise to an operator S ∈ L(l∞(BG∗); l∞(BH∗)) such that :

IH ◦ t = S ◦ IG,

and

||S|| = ||IH ◦ t||.

E F G H l∞(BH∗)

l∞(BH∗)

Q P t

IG

IH

s

Therefore,

IH ◦ t ◦ P ◦Q = (S ◦ IG) ◦ P ◦Q

= S ◦ (IG ◦ P ) ◦Q ∈ Q(mnE; l∞(BH∗)),

that is:

t ◦ P ◦Q ∈ Qinj(mnE;H),

and

||t ◦ P ◦Q||Qinj = ||IH ◦ t ◦ P ◦Q||Q

= ||S ◦ IG ◦ P ◦Q||Q

≤ ||S||.||IG ◦ P ||Q.||Q||m

= ||IH ◦ t||.||IG ◦ P ||Q.||Q||m

≤ ||t||.||P ||Qinj .||Q||m.

Corollary 2.10. (a) A polynomial ideal Q is injective if and only if Q = Qinj .

(b) A normed (Banach) polynomial ideal (Q, ||.||Q) is injective if and only if Q = Qinj isometrically.

Next we check that the correspondence Q → Qinj is a hull procedure in the sense of [23].

We state only the case of normed/Banach polynomial ideals/hyper-ideals.
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2.3. characterization by injective hull 21

Proposition 2.11. Let (Q, ||.||Q) and (R, ||.||R) be normed (Banach) polynomial ideals. Then:

(a) (Qinj, ||.||Qinj) is a normed (Banach) polynomial ideal .

(b) If Q ⊆ R and ||.||R ≤ ||.||Q, then : Qinj ⊆ Rinj and ||.||Rinj ≤ ||.||Qinj .

(c)(Qinj)inj = Qinj and ||.||(Qinj)inj = ||.||Qinj .

(d)Q ⊆ Qinj and ||.||Qinj ≤ ||.||Q.

Proof. (a) and (d) follow from Proposition 2.10 and (c) follows from Corollary 2.11.

To prove (b), let P ∈ Qinj(mE;F ) be given.

Thus

IF ◦ P ∈ Q(mE; l∞(BF ∗)) ⊆ R(mE; l∞(BF ∗)),

what gives

P ∈ Rinj(mE;F ).

Moreover,

||P ||Rinj = ||IF ◦ P ||R

≤ ||IF ◦ P ||Q

= ||P ||Qinj .
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CHAPTER 3

CHARACTERIZATION OF INJECTIVE
m-HOMGENEOUS POLYNOMIALS

T hrough this chapter we will answer the question:

Can injective polynomial ideals be characterized by some related domination property ?

And we charecterize the the polynomial duals.

3.1 The Domination Property

The next propostion is left as an exercice in ([15], EX9.10(6)). We give a short proof the sake of

completeness.

Proposition 3.1. [7] An operator ideal I is injective if and only if the following condition holds:

if u ∈ I(E;F ), v ∈ L(E;G) and there exists a constant C > 0 (eventually depending on E, F, G, u, v)

such that

||v(x)|| ≤ C||u(x)||

for every x ∈ E then v ∈ I(E;G).

Proof. Assume that I is injective and let u ∈ I(E;F ), v ∈ L(E;G) be such that:

||v(x)|| ≤ C||u(x)||

for every x ∈ E. This inequality guarantees that the map

W : u(E) ⊆ F → G,W (u(x)) = v(x),

22



3.1. The Domination Property 23

is a well defined continuous linear operator.

Considering the canonical metric injection

JG : G→ l∞(BG∗),

by the extension property of l∞(BG∗), there is an extension w̃ ∈ L(F ; l∞(BG∗)) of JG ◦ w to the

whole of F .

From

w̃ ◦ u = JG ◦ v,

we conclude that JG ◦ v belongs to I, and the injectivity of I gives v ∈ I(E;G). The converse is

obvious.

Transposing the linear domination property above literally to the polynomial case, we end

up with the following:

Definition 3.2. A polynomial idealQ is said to have the strong domination property if given polynomi-

als P ∈ Q(mE;F ) and Q ∈ P(mE;G) such that

||Q(x)|| ≤ C.||P (x)||,

for every x ∈ E and some constant C ≥ 0 (eventually depending on E,F,G, P,Q,m), then

Q ∈ Q(mE;G).

Given a polynomial P ∈ P(mE;F ) and a metric injection

J : F → G,

we have

||P (x)|| = ||j(P (x))||

= ||(j ◦ P )(x)||,

for every x ∈ E.
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3.1. The Domination Property 24

Remark 3.3. The strong domination property is sufficient for a polynomial ideal to be injective: every

polynomial ideal with the strong domination property is injective.

In the linear case, the proof that every injective operator ideal has the domination property

depends heavily on the linearity of the underlying operators, so it is not expected that every

injective polynomial ideal has the strong domination property.

We also note that there is an example of an injective polynomial ideal failing the strong domi-

nation property, which establishes that this property does not characterize injective polynomial

ideals ( For more see [9]). This poses two questions: Can injective polynomial ideals be charac-

terized by some related domination property? If yes, is this characterization useful? Next we

answer these two questions affirmatively.

Definition 3.4. A polynomial idealQ is said to have the weak domination property if given polynomials

P ∈ Q(mE;F ) and Q ∈ P(mE;G) such that∥∥∥∥∥
K∑
i=1

λiQ(xi)

∥∥∥∥∥ ≤ C.

∥∥∥∥∥
K∑
i=1

λiP (xi)

∥∥∥∥∥
for all K ∈ N, x1, ..., xK ∈ E, λ1, ..., λK ∈ K and some constant C ≥ 0 (eventually depending on

E,F,G, P,Q,m), then Q ∈ Q(mE;G).

Theorem 3.5. A polynomial ideal is injective if and only if it has the weak domination property.

Proof. Suppose thatQ is an injective polynomial ideal and let P ∈ Q(mE;F ) and Q ∈ P(mE;G)

be such that ∥∥∥∥∥
K∑
i=1

λiQ(xi)

∥∥∥∥∥ ≤ C.

∥∥∥∥∥
K∑
i=1

λiP (xi)

∥∥∥∥∥ (3.1)

for all K ∈ N, x1, ..., xK ∈ E, λ1, ..., λK ∈ K and some constant C. Let us see that the operator

W : span {P (E)} ⊆ F → G,

W

(
K∑
i=1

λiP (xi)

)
=

K∑
i=1

λiQ(xi),
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is well defined: indeed,

K∑
i=1

λiP (xi) =
l∑

j=1

αjP (xj)

=⇒

∥∥∥∥∥
K∑
i=1

λiP (xi)−
l∑

j=1

αjP (xj)

∥∥∥∥∥ = 0

(3.1)
=⇒

∥∥∥∥∥
K∑
i=1

λiQ(xi)−
l∑

j=1

αjQ(xj)

∥∥∥∥∥ = 0

=⇒
K∑
i=1

λiQ(xi) =
l∑

j=1

αjQ(xj).

The linearity of W is clear and its continuity follows from∥∥∥∥∥W
(

K∑
i=1

λiP (xi)

)∥∥∥∥∥ =

∥∥∥∥∥
K∑
i=1

λiQ(xi)

∥∥∥∥∥
(3.1)

≤ C.

∥∥∥∥∥
K∑
i=1

λiP (xi)

∥∥∥∥∥ .
Then there exists a (unique) bounded linear operator

W1 : span {P (E)} ⊆ F → G,

such that

W1|span{P (E)} = W.

Denoting by

i : span {P (E)} → F,

the formal inclusion operator and by

P0 : E → span {P (E)} ,

the obvious polynomial, we have the diagram

E span{P (E)} F

G l∞(BG∗)

P0

Q

i

W1

JG◦W1

W̃1

JG
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3.1. The Domination Property 26

As i is a metric injection, from the metric approximation property of l∞(BG∗) there exists an

operator W̃1 ∈ L(F ; l∞(BG∗)) such that

JG ◦W1 = W̃1 ◦ i,

and

||W̃1|| = ||JG ◦W1||.

From

(W1 ◦ P0)(x) = W1(P (x))

= W (P (x))

= Q(x),

for every x ∈ E, that is

Q = W1 ◦ P0

we conclude that

JG ◦Q = JG ◦W1 ◦ P0

= W̃1 ◦ i ◦ P0

= W̃1 ◦ P.

Since P ∈ Q(mE;F ), the ideal property of Q gives

JG ◦Q ∈ Q(mE; l∞(BG∗)).

The injectivity of Q and the fact that JG is a metric injection give Q ∈ Q(mE;G), showing that

Q has the weak domination property.

Conversely, suppose that Q is a polynomial ideal with the weak domination property.

Given P ∈ P(mE;F ) and a metric injection

j : F → G,
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such that

(j ◦ P ) ∈ Q(mE;F ),

we have ∥∥∥∥∥
K∑
i=1

λiP (xi)

∥∥∥∥∥ =

∥∥∥∥∥j
(

K∑
i=1

λiP (xi)

)∥∥∥∥∥
=

∥∥∥∥∥
K∑
i=1

λi(j ◦ P )(xi)

∥∥∥∥∥
for all K ∈ N, x1, ..., xk ∈ E and λ1, ..., λK ∈ K. The weak domination property of Q gives

P ∈ Q(mE;F ), proving that Q is injective.

Now we apply the characterization above to establish a quite useful formula regarding

composition polynomial ideals, whose definition goes back to Pietsch [24], and we recall now:

Given an operator ideal I, a polynomial P ∈ P(mE;F ) belongs to I ◦ P(mE;F ) if there exist a

Banach space G, a polynomial Q ∈ P(mE;G) and an operator u ∈ I(G;F ) such that

P = u ◦Q.

It is well known that I ◦ P is a polynomial hyper-ideal.

Proposition 3.6. ([8],Proposition 3.2) Let I be an operator ideal.

(a) The following are equivalent for A ∈ L(E1, ..., Em;F ):

(a1) A ∈ I ◦ L(E1, ..., Em;F )

(a2) AL ∈ I(E1⊗̂π...⊗̂πEm;F ).

(b) The following are equivalent for P ∈ P(mE;F ):

(b1) P ∈ I ◦ P(mE;F ).

(b2) PL ∈ I(⊗̂n,sπ E;F ).

(b3) PL,s ∈ I(⊗̂n,sπ E;F ).

(b4) P̌ ∈ I ◦ L(mE;F ).

(b5) There is A ∈ I ◦ L(mE;F ) such that Â = P .
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3.1. The Domination Property 28

Theorem 3.7. For every operator ideal I,

I inj ◦ P = (I ◦ P)inj.

In particular, the polynomial hyper-ideal I inj ◦ P is injective.

Proof. Given

P ∈ I inj ◦ P(mE;F ), P = u ◦Q,

for some Banach space G, Q ∈ P(mE;G) and u ∈ I inj(G;F ). Then the factorization

IF ◦ P = IF ◦ u ◦Q,

with

IF ◦ u ∈ I(G; l∞(BG∗)),

shows that IF ◦ P belongs to I ◦ P . This proves that

I inj ◦ P ⊆ (I ◦ P)inj. (3.2)

Let us prove that I inj ◦ P is injective. Let P ∈ I inj ◦ P(mE;F ) and Q ∈ P(mE;G) be such that∥∥∥∥∥
K∑
i=1

λiQ(xi)

∥∥∥∥∥ ≤ C.

∥∥∥∥∥
K∑
i=1

λiP (xi)

∥∥∥∥∥
for all K ∈ N, x1, ..., xK ∈ E, λ1, ..., λK ∈ K and some constant C ≥ 0. Call PL and QL the

linearizations of P and Q on the (completed) projective symmetric tensor product, that is

PL : ⊗̂m,sπ E → F,

and

QL : ⊗̂m,sπ E → G,

are bounded linear operators such that

PL(⊗mx) = P (x),

and

QL(⊗mx) = Q(x),
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for every x ∈ E. Given

z =
K∑
i=1

λi ⊗m xi,

in the (incomplete) symmetric tensor product ⊗m,sπ E, we have

||QL(z)|| =

∥∥∥∥∥
K∑
i=1

λiQ(xi)

∥∥∥∥∥
≤ C.

∥∥∥∥∥
K∑
i=1

λiP (xi)

∥∥∥∥∥
= C.||PL(z)||.

The continuity of P , of Q and of the norm give that

||QL(z) ≤ C.||PL(z)||,

for every z ∈ ⊗̂m,sπ E .

Since

P ∈ I inj ◦ P(mE;F ),

that

PL ∈ I inj(⊗̂
m,s
π E;F ).

Now the injectivity of I inj and Proposition 3.1 give

QL ∈ I inj(⊗̂
m,s
π G;F ).

We get

Q ∈ I inj ◦ P(mG;F ),

proving that I inj ◦ P has the weak domination property, hence it is injective by Theorem 3.5.

Combining this with (3.2), with I ⊆ I inj and with Proposition 2.11(b), we get

(I inj ◦ P)inj = I inj ◦ P

⊆ (I ◦ P)inj

⊆ (I inj ◦ P)inj,
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which gives the desired formula. The second assertion follows from Proposition 2.9.

Lemma 3.8. ([?],Lemma 3.4) Let I1, I2, I be operator ideals, m ∈ N and E,E1, ..., Em, F be Banach

spaces.

(a) If

I1 ◦ L(E1, ..., Em;F ) ⊆ I2 ◦ L(E1, ..., Em;F ) then

I1(Ej;F ) ⊆ I2(Ej;F )

for every j = 1, ...,m. In particular, If

I ◦ L(E1, ..., Em;F ) = L(E1, ..., Em;F ), then

I(Ej;F ) = L(Ej;F )

for every j = 1, ...,m.

(b) If

I1 ◦ P(mE;F ) ⊆ I2 ◦ P(mE;F ) then

I1(E;F ) ⊆ I2(E;F ).

In particular, if

I ◦ P(mE;F ) = P(mE;F ) then

I(E;F ) = L(E;F ).

Corollary 3.9. The following are equivalent for an operator ideal I:

(a) I is an injective operator ideal.

(b)I ◦ P is an injective polynomial hyper-ideal.

(c) (I ◦ P)m is an injective ideal of m-homogeneous polynomials for some m ∈ N.

Proof. (a) =⇒ (b) follows from Theorem 3.5 and Corollary 2.10, (b) =⇒ (c) is obvious and

(c) =⇒ (a) follows from [From the lemma 3.8].

Remark 3.10. The corollary above gives another proof that the polynomial ideals of finite rank, compact

and weakly compact polynomials are injective.
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3.2 injective polynomial dual

Next result asserts that the polynomials belonging to the polynomial dual of an operator ideal

I are exactly those polynomials that admit a factorization through Idual :

Theorem 3.11. ([6],Theorem 2.2) Let I be an operator ideal. Then the adjoint of a continuous homoge-

neous polynomial P belongs to I if and only if P admits a factorization

P = u ◦Q

where the adjoint of the linear operator u belongs to I. That is,

IP−dual = Idual ◦ P

If (I, ||.||I) is a normed operator ideal, then

||.||IP−dual = ||.||Idual◦P .

Proof. Let E and F be Banach spaces, m ∈ N and P ∈ P(mE;F ). Assume that

P ∈ IP−dual(mE;F ),

that is

P ∗ ∈ I(F ∗;P(mE)).

By ⊗̂πsn , we denote the completed symmetric n-fold tensor product of E endowed with the

s-projective tensor norm πs, by PL we denote the linearization of P , that is,

PL ∈ L(⊗̂πsn E;F ), PL(x⊗ ...⊗ x) = P (x).

Consider the canonical isometric isomorphism

JEn : P(mE)→ (⊗̂πsn )∗,

JEn (Q)(x⊗ ...⊗ x) = Q(x).
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For ϕ ∈ F ∗ and x ∈ E,

(
JEn ◦ P ∗

)
(ϕ)(x⊗ ...⊗ x) = JEn (P ∗(ϕ))(x⊗ ...⊗ x)

= P ∗(ϕ)(x)

= ϕ(P (x))

= ϕ(PL(x⊗ ...⊗ x))

= (PL)∗(ϕ)(x⊗ ...⊗ x),

and since JEn ◦ P ∗ and (PL)∗ are both linear and continuous, it follows that

(PL)∗ = JEn ◦ P ∗.

So

(PL)∗ ∈ I(F ∗; (⊗̂πsn E)∗),

that is

PL ∈ Idual(⊗̂
πs
mE;F ).

We have

P ∈ Idual ◦ P(mE;F ),

and

||P ||Idual◦P = ||PL||Idual

= ||(PL)∗||I

=
∥∥JEn ◦ P ∗∥∥I

≤
∥∥JEn ∥∥ .||P ∗||I

= ||P ||IP−dual .

Conversely, assume that

P ∈ Idual ◦ P(mE;F ).

Then

P = u ◦Q with u∗ ∈ I(G;F ),
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and Q ∈ P(mE;G) for some Banach space G. It follows that

P ∗ = Q∗ ◦ u∗ ∈ I(F ∗;P(mE)),

by the ideal property of I, hence

P ∈ IP−dual(mE;F ).

In the normed case, given ε > 0 ,G, u and Q can be chosen such that

||u||Idual .||Q|| ≤ (1 + ε)||P ||I◦P .

So

||P ||IP−dual = ||P ∗||I

= ||Q∗ ◦ u∗||I

≤ ||Q∗||.||u∗||I

= ||u||Idual .||Q||

≤ (1 + ε)||P ||Idual◦P .

Letting ε→ 0 we obtain ||P ||IP−dual ≤ ||P ||Idual◦P .

The next application concerns the polynomial dual IP−dual of a given operator ideal I de-

fined in [6] as

IP−dual(mE;F ) = {P ∈ P(mE;F ) : P ∗ ∈ I(F ∗;P(mE))} ,

where P ∗ is the Aron-Schottenloher adjoint of P , that is,

P ∗(ϕ)(x) = ϕ(P (x)).

Definition 3.12. An operator ideal is said to be symmetric if

I = Idual

Corollary 3.13. A symmetric operator ideal is injective if and only if its polynomial dual is an injective

polynomial ideal.
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Proof. Since

IP−dual = Idual ◦ P

for every operator ideal I [From Theorem 3.11], the result follows from Corollary 3.9.

Now we characterize the polynomial duals of the ideal Dp of Cohen strongly p-summing

operators (see [[7],[10]]). and Jp for the ideal of p-integral operators (see [23]).

Corollary 3.14. DP−dualp = (Jp∗ ◦ P)inj .

Proof. In

DP−dualP = DdualP ◦ P = Πp∗ ◦ P = JinjP ∗ ◦ P = (JP ∗ ◦ P)inj

Πp∗ denotes the ideal of absolutely p∗-summing operators. the first equality follows from The-

orem 3.11, the second from ([10]), the third from [[23], Theorem 19.2.7] and the fourth from

Theorem 3.7.

To complete the answer to the question ask at the beginning, (see[9] Example 3.10) give an

example of an injective polynomial ideal failing the strong domination property, which estab-

lishes, in particular, that the weak and the strong domination properties are not equivalent.
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 ملخص

. المتجانسةفي هذا العمل سنقوم بدراسة النظرية الأساسية للمؤثر المثالي المتباين لكثيرات الحدود   

  ؟ كما نتطرق الى دراسة خاصية الهيمنة وهل تميز المؤثر المثالي المتباين لكثيرات الحدود المتجانسة 

ونميز أيضا ثنائيات الحدود ونقدم مثالا على ذلك.     

   : الكلمات المفتاحية

 كثيرات الحدود المتجانسة . ,الجداء الموتر  ,فضاء بناخ  ,نظرية الهيمنة  ,المؤثر المثالي 

 مؤثر مثالي متباين.

 

Abstract 

In this study, we will discuss, the basic theory of injective ideals of  m-homogeneous 

polynomials, we characterize injective polynomial ideals by means of a domination property, 

and also we characterize the polynomial duals an example is given. 

Key-words:  Banach spaces,  polynomial ideals, domination 

property, operator  ideal ,  m- homogeneous polynomials,  injective  operator  ideal,  Tensor 

products . 

 

Résumé 

Dans cette étude, nous discuterons de la théorie de base des idéaux injectifs de polynômes m-

homogènes, nous caractérisons les idéaux polynomiaux injectifs  par la  propriété de 

domination et que nous caractérisant également le dual  polynomiaux  par un exemple est 

donné. 

Mots clés :  Espace de Banach , idéaux polynomiaux,  domination Propriété,   

Polynômes  m-homogènes,  Opérateur injectif Idéal,  Produits Tensor. 
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