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Notations

R:a set of reel numbers.

C:a set of complex numbers.

N:a set of natural numbers .

Rn[X ]:a set of polynomial .

IDE: Integro-differential equation .

FIDE: Fredholm Integro-differential equation .
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general introduction

I
n the last years there has been a growing interest in the Integro-Differential

equation , it is an important field in modern Mathematics , where we can

find them in many fields which include ; engeneiring , mechanics potential

theory electronic ...etc

The Integro-Differential equation of the second kind is an equation in which

both differential and integral operators appeared in the same equation , and The

Fredholm IDE is characteriesd by the integral boundaries in which are fixed ,

we define it in the next form







y (n)(x) = f (x) +λ
∫ b

a
k(x , t)y(t)d t

y (n−k)(0) = α, k = 1, ..., n

with k(x,t) is a continuous function , y(x) is the required function and y (n−k)(0) is

the initial condition

A Taylor collocation method is presented to solve the FIDE numerically in terms of

Taylor polynomial using the Taylor polynomial points

y(x) =
N
∑

n=0

y (n)(c)
n!

(x i − c)n.

7



CONTENTS 8

those equations are usually difficult to solve analytically , So the aim of this thesis

is presenting a numerical methode ’Taylor collocation’ to find the approach solution

for FIDE where this work is organized in the folowing way:

Chapter one : is a remainder about some notions such ;functional, numerical

analysis and operators theory , we will mention respectivelly ;the Hilbert, Banach

...(etc)spaces, the Collocation method and taylor seriers finaly the linear ,bounded

...(etc) operators .

Chapter two: is an introductory concepts ,about Differential, Integral and Integro-

Differential equations , showing the relationship between IDE and IE.

Chapter three: will be about the method we will use for solving FDIE where we

will explain the steps of this method then we will apply it on some examples .

Chapter four : we will solve some equations and find the approach solution using

the Matlab programing then we will compare it with the exact solution

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



CHAPTER 1

REMAINDERS AND FUNDAMENTAL NOTIONS

I n this chapter we will remaind certain fundamental notions ,and the neces-

sary tools that we need in our thesis concerning the functional space and the

operators

1.1 Functional analysis notions

1.1.1 Normed space

Definition 1.1.1. Let E be a vectorial space in the field K = R or C we say that E is

normed vectorial space if it is endowed a norm ‖.‖.

Definition 1.1.2. (Norm) We call a norm in the space E any function denoted ‖.‖
defined from E to values in R; Such as

1. ‖x‖= 0⇔ x = 0

2. ‖λx‖= |λ| ‖x‖ f or al l x ∈ E, and λ ∈K

3.




x + y




≤ ‖x‖+




y




 f or al l x , y ∈ E

Theorem 1.1.1. All normed space is metrizable

proof

For all x,y ∈ E , we define the function f by f (x , y) =




x − y




 we observe that the

function is well metric in E because

f (x , y) =




x − y




= 0⇒ x − y = 0

9



1.1. FUNCTIONAL ANALYSIS NOTIONS 10

Hence

x = y

it’s obvious to see that f(x,y) is symmetrical

f (x , y) =




x − y






=




y − x




= f (y, x)

For the triangle inequality , we write

f (x , y) =




x − y




=




(x − z) + (z− y)






≤ ‖x − z‖+




z− y






= f (x , z) + f (z, y)

1.1.2 Banach space

Definition 1.1.3. We call Banach space (E,‖.‖) all normed vector and completed for

the distance deducted from its norm .

Definition 1.1.4. (Completed space) Normed space (E,‖.‖) is said completed if all

Cauchy sequence xn with element of E is a convergent sequence in E

∀ε > 0,∃Nε ∈ N ,∀p, q ≥ Nε⇒




xp − xq





< ε

Such as

lim
n→+∞

xn = x

Definition 1.1.5. (Cauchy sequence) Let xn be a sequence of element of normed space

(E,‖.‖) , we say that the sequence xn is Cauchy if the following relation is verified

∀ε > 0,∃Nε,∀p, q ≥ Nε we have




xp − xq





< ε

Theorem 1.1.2. Let xn be a cauchy sequence in normed space (E,‖.‖) contains a

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



1.1. FUNCTIONAL ANALYSIS NOTIONS 11

subsequence xnk
converges toward x. Hence the sequence xn is also convergent toward

the same element x

proof

Let xn be a Cauchy sequence then it comes

∀ε > 0,∃Nε,∀p, q ≥ Nε we have




xp − xq





< ε

We particular for nk ≥ Nε , having

∀p, nk ≥ Nε we have




xp − xnk





< ε

With the convergent of the sequence xn toward x

nk ≥ Nε ,




xnk
− x




< ε.

Where the convergence of the sequence xn toward x

∀p , nk ≥ Nε ,




xp − x




=




xp − x + xnk
− xnk







≤




xp − xnk





+




xnk
− x




< ε

1.1.3 Hilbert space

Definition 1.1.6. A Hilbert space is a Banach space which contains an inner product .

Definition 1.1.7. (Inner product) Let E be a vectorial space in R , an inner product

in E is a mapping of E × E ∈ R , noted <.,.> verifying the following properties :

∀x , y, z ∈ E , λ ∈ R

1. < x , x >≥ 0

2. < x , x >= 0 ⇒ x = 0

3. < λx , y >= λ < x , y >

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



1.2. NUMERICAL NOTIONS 12

4. < x , y + z >=< x , y >+< x + z >

5. < x , y >=< x , y >

Remark 1.1.1. 1. A vectorial space that endowed an inner product is called an Eu-

clidien space or Prehilbertien space.

2. The definItion of inner product gives us the following statements

• < x + y, z >=< x , z >+< y, z > .

• < x ,λy >= λ < x , y > .

3. We can introduce the inner product as a norm defined by :

‖x‖=
p

< x , x >

1.2 Numerical notions

1.2.1 Collocation method

In mathematics,the collocation method is a method of numerical resolution of In-

tegral, Differential and Integro-Differential equations . the idea is choosing a finite

dimensional space of candidate solution ( in the general polynomials up to a certain

degree ) and a certain number of points in the domain (which called the collocation

points ) and selecting the solution which satisfied the equation giving to collocation

points .

1.2.2 Taylor series

Definition 1.2.1. Let y(x) be a function with derivatives of all orders in an interval

[a, b] wich contains an interior point c,

a Taylor series is a sum of polynomial terms that expressed the derivatives of y(x) ; to

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



1.2. NUMERICAL NOTIONS 13

approximate it at the single point x = c , the general form of the Taylor series is :

y(x) =
N
∑

n=0

y (n)(c)
n!

(x − c)n.

Where

y (n) are the Taylor cofficients

Theorem 1.2.1. For all n ∈ N, Taylor formula is given by :

y(x) =
N
∑

n=0

y (n)(c)
n!

(x − c)n

And let the Taylor polynomial be X = (x − c)n which form a base of Rn[X ]

proof

Let the Taylor polynomial be :

X = (x − c)n n= 0, 1, ..., N (01)

So we will demonstrate that (01) form a free familly of Rn[X ] We consider λ ∈ R
n=0,1,...,N such that :

λnX = 0

i.e

λ0(x − c)0+λ1(x − c)1+ ...+λN(x − c)N = 0

For x 6= 0

So we obtain

λ0 = λ1 = ...= λn = 0

Therefore , y(x) = (x−c)n is a free familly We can say that the Taylor’s polynomials

are linearly independent .

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



1.3. OPERATOR’S THEORY 14

1.3 Operator’s theory

1.3.1 Bounded linear operators

Definition 1.3.1. (The Linearity) Let E and F be two normed spaces , an operator A

defined in E to F is called linear if and only if :

• Additive condition:

∀ϕ1,ϕ2 ∈ E , we have A(ϕ1+ϕ2) = A(ϕ1) + A(ϕ2)

• Homogeneous condition :

∀ϕ ∈ E ,λ ∈ K we have A(λϕ) = λA(ϕ)

Definition 1.3.2. (Continuity of linear operator) Let E and F be two normed spaces

, a linear operator A defined in G ⊂ E to F is called continious in x0 of G if :

For all sequence xn of G converges toward x0 , the sequence A(xn) converges toward

A(x0) that means

lim
n→∞

A(xn) = A( lim
n→∞

xn) = A(x0)

Remark 1.3.1. Linear operator A is called continious in G if it is continious in each

point of the set G

Theorem 1.3.1. Let E,F be two normed spaces , a linear operator A defined in a subset

G ⊂ E to F is called continious everywhere in G If it is continious in point x0 of G

Definition 1.3.3. (Bounded operator) A linear operator A defined in E to F is called

bounded if there exists a positive constant C > 0 such that :

‖A(x)‖F ≤ C ‖x‖E ∀x ∈ E

Theorem 1.3.2. A linear operator A is continious iff it is bounded

proof

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



1.3. OPERATOR’S THEORY 15

We suppose that the operator A is bounded , we have

‖A(x)‖F ≤ C ‖x‖E

Or

‖A(x)− A(0)‖F ≤ C ‖x − 0‖E

Where the countinuity of the operator A in 0 such that

lim
n→∞

A(x) = A(0) where lim
n→∞

x = 0

Which leads to the countinuity everywhere .

1.3.2 Integral operator

Definition 1.3.4. We call integral operator all linear operator A defined in a normed

space E to normed space F given by the formula :

Aϕ(x) =

∫

G2

K(x , y)ϕ(y)d y x ∈ G1

Where

K(x,y) :mesurable function defined in mesury set G1 × G2 who is called the kernel of

integral operator A ϕ(y) : is mesurable function defined in G2

1.3.3 Differential operator

Definition 1.3.5. A linear Differential operator in ordre m is defined by

D =
m
∑

α=0

aα(x)D
α

Where the aα(x) are functions of n variable where they are called coefficients of oper-

ator D

Remark 1.3.2. Differential operator is an acting operator in the deferentiable func-

tions

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



1.3. OPERATOR’S THEORY 16

• When the function has single variable ;the differential operator is constructed

from ordinary derivates.

• When the function has miltiple variable ;the differential operator is constructed

form partial derivates .

When both differential and integral operator appeared in the same equation

we call it Integro-differential operator

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



CHAPTER 2

INTRODUCTION TO THE THEORY OF INTEGRAL AND

INTEGRO DIFFERENTIAL EQUATIONS

I n this chapter we will have a look at the theory of Integral and Integro-

Differential equation where we will mention different types of IDE and the rela-

tionship between IDE and IE and will show the analytic solution

2.1 Differential equation

Definition 2.1.1. Differential equation is an equation where its unknown term is a

function , which has a relation between this function and its derivative

d(n) y

d x (n)
+ a1(x)

d(n−1) y

d x (n−1)
+ ......+ an(x)y = F(x)

Where F(x) is given. With continious coefficients(a1, ..., an) and initial conditions:

y(a) = q0 , y ′(a) = q1........, y (n+1)(a) = qn−1.

Example 2.1.1.
(

y ′′(x) + 4y ′(x) = sin(x) 0≤ x ≤ 1

y(0) = 0 y(1) = 0

2.2 Integral equation

Definition 2.2.1. We call an Integral equation all functionall equation where the un-

known function y(x) appears under the sign of integration, the general form of an

17



2.3. INTEGRO-DIFFERENTIAL EQUATION 18

integral equation with unknown y(x) is given by:

y(x) = f (x) +

∫

E

k(x , t)y(t)d t

Where f (x), k(x , t) are given

E is measure space .

Example 2.2.1. 1. f (x) =
∫

E
k(x , t)y(t)d t, ( f irst kind).

2. y(x) = f (x) +λ
∫

E
k(x , t)y(t)d t, λ ∈ R (second kind).

2.3 Integro-Differential equation

Definition 2.3.1. The Integro-Differential equation is characterized by the existence

of one or more of the derivatives y ′(x), y
′′
(x)...y (n)outside the Integral side , plus the

Integral operator We define the IDE as :

y (n)(x) + a1 y (n−1)(x)....an y(x) = f (x) +

∫

E

k(x , t)y(t)d t.

Where a1, a2, ..an are constants.

f(x),k(x,t) are known functions.

y(x) is the unknown function,

2.4 Classification of IDE

We classificate the IDE based on their caracteristique such that :

1. Integration domain.

2. Kind of equation .

3. The nature of the function f(x) (homogenic).

4. The liniarity of the function y .

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



2.4. CLASSIFICATION OF IDE 19

5. The nature of the kernel and singularity.

In our thesis we will mention only the first type wich is integration domain (for

other types see [3])

We will define 3 forms of integration domain.

2.4.1 Fredholm Integro-Differential equation

The integral boundaries in FDIE are fixed , Which is given in the form :

y (n)(x) = f (x) +λ

∫ b

a

k(x , t)y(t)d t

2.4.2 Voltera Integro-Differential equation

In the VIDE one of the Integral boundaries is varied Which is given in the form

y (n)(x) = f (x) +λ

∫ x

0

k(x , t)(t)d t

2.4.3 Fredholm-Voltera Integro-Differential equation

Here both fredholm and voltera inetgral operators are coincide so we have :

y (n)(x) = f (x) +λ

∫ b

a

k(x , t)y(t)d t +λ

∫ x

0

k(x , t)y(t)d t.

Remark 2.4.1. We call the IDE is singular if either one or both of the integral bound-

aries are infinte, The kernel becomes infinte in the voisinage.

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



2.5. CONVERTING FREDHOLM INTEGRO-DIFFERENTIAL EQUATION INTO FREDHOLM INTEGRAL
EQUATION 20

2.5 Converting Fredholm Integro-Differential equation into

Fredholm integral equation

Let us consider the foLlowing FIDE
(

y ′(x) = p(x)y(x) + q(x)−
∫ 1

0
k(x , t)y(t)d t 0≤ x ≤ 1

y(0) = α

Where p(x), q(x) and k(x , t) are continious functions, We put :

y ′(x) = z(x) (1)

We integre both sides of (1) w.r.t to t from 0 to x we find

y(x) = α+

∫ x

0

z(t)d t (2)

Substituting (1) and (2) in the FIDE above

We get :

z(x) = p(x)

�

α+

∫ x

0

z(t)d t

�

+ q(x)−
∫ 1

0

k(x , t)

�

α+

∫ t

0

z(s)ds

�

d t

We put

g(x) = αp(x) + p(x)

∫ x

0

z(t)d t + q(x) +α

∫ 1

0

k(x , t)z(t)d t

And

h(x) = p(x)

∫ x

0

z(t)d t +

∫ 1

0

k(x , t)

�
∫ t

0

z(s)ds

�

d t

Hence

z(x) = g(x) + h(x)

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



2.6. ANALYTIC SOLUTION 21

We have

∫ 1

0

k(x , t)

�
∫ t

0

z(s)ds

�

d t =

∫ 1

0

�
∫ t

0

k(x , s)ds

�

z(t)d t

We put

k′(x , t) =

∫ 1

t

k(x , s)ds

We substitute in h(x) we find

h(x) = p(x)

∫ x

0

z(t)d t +

∫ 1

0

k′(x , t)z(t)d t

Hence

h(x) =

∫ 1

0

�

a(x).H(x , t) + k′(x , t)
�

z(t)d t

Where

H(x , t) =

(

1 (s− t)≥ 0,

0 (s− t)< 0.

We put

R(x , t) = p(x).H(x , t) + k′(x , t).

Finaly we get the FID ;

z(x) = g(x) +

∫ 1

0

R(x , t)z(t)d t.

2.6 Analytic solution

A real function y(x) is called analytic if it has derivatives of all orders such that

Taylor series at any point c in its domain .

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



2.6. ANALYTIC SOLUTION 22

The generic form of Taylor series at x=0 can be written as :

N
∑

n=0

anxn

For solving Fredholm Integro-Differential equation we will assume that the solution

is analytic

Therefore possesses a Taylor series where the coefficients an will be determined

recurrently

Substuting Taylor series in FIDE we find :

 

∞
∑

n=0

anxn

!(n)

= T ( f (x)) +λ

∫ b

a

 

k(x , t)
∞
∑

n=0

antn

!

Where T(F(x)) is the Taylor series for f(x)

Example 2.6.1. Let us consider the folowing FIDE :
(

y ′(x) = 4+ 4x +
∫ 1

−1
(1− x t)y(t)d t 0≤ x , t ≤ 1

y(0) = 1

We substitute the Taylor series form in the equation we find

 

∞
∑

n=0

anxn

!′

= 4+ 4x +

∫ 1

−1

 

(1− x t)
∞
∑

n=0

antn

!

This leads to :

∞
∑

n=1

nanxn−1 = 4+ 4x +

∫ 1

−1

 

(1− x t)
∞
∑

n=0

antn

!

After integrating the right side of the integral and collecting the coefficients of like

powers of x we find :

a1+2a2x+3a3x2+ ...= 6+
2

3
a2+

2

5
a4+

2

7
a6+

2

9
a8+(4−

2

3
a1−

2

5
a3−

2

7
a5−

2

9
a7)x

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



2.6. ANALYTIC SOLUTION 23

Equating the coefficients of like powers of x in both sides gives

a1 = 6, an = 0, n≥ 2

Where the exact solution is given by

y(x) = 1+ 6x

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation



CHAPTER 3

NUMERICAL RESOLUTION FOR FREDHOLM

INTEGRO-DIFFERENTIAL EQUATION BY TAYLOR

COLLOCATION METHOD

I n this chapter , the Taylor Colocation method is developed for FIDE

Where we explained the different steps , with an illustrating example

3.1 Description of the method

We have the Fredholm Integro-Differential equation :

m
∑

k=0

pk(x)y
(n)(x) = f (x) +λ

∫ b

a

k(x , t)y(t)d t (eq:1)

Where the known functions f(x) , pk(x) , k(x,t) are defined on the a ≤ x , t ≤ b, λ is

a real parameter , y(x) is the unknown function We mention that the condition in the

most general can be written in the form :

m−1
∑

j=0

�

ai j y
( j)(a) + bi j y

( j)(b) + ci j y
( j)(c)

�

= λi; i = 0, 1....m− 1 (eq:2)

Where a ≤ c ≤ b , ai j, bi j, ci j are appropriate constants

We have the truncated Taylor series is

y(x) =
N
∑

n=0

y (n)(c)
n!

(x − c)n (eq:3)
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3.1. DESCRIPTION OF THE METHOD 25

Where y (n)(c) are Taylor coefficients .

We assume that the solution of (eq:1) can be truncated Taylor series as (eq:3) If we

suppose that the functions pk(x) in (eq:1)are defined in a ≤ x ≤ b and k(x,t) is

defined also and if bounded variation in a ≤ x , t ≤ b, that is k(x,t) can be expanded

to Taylor series If we put

n= 0⇒ y(x) =
y (0)(c)

0!
(x − c)0

n= 1⇒ y(x) =
y (1)(c)

1!
(x − c)1

n= 2⇒ y(x) =
y (2)(c)

2!
(x − c)2

...

n= N ⇒ y(x) =
y (N)(c)

N !
(x − c)N

We can see that

A=
�

y (0)(c) y (1)(c) y (2)(c) ...y (N)(c)
�t

X =
�

(x − c)0 (x − c)1 (x − c)2 ....(x − c)N
�

M0 =



















1
0!

0 0 0 ...0

0 1
1!

0 0 ...0

0 0 1
2

0 ...0

0 0 0 1
3!

...0

0 .. .. .. ... 1
N !



















So that we can write the solution in the matrix form such as ;

[y(x)] = X M0A

and now we apply the Taylor collocation method,

We define the Taylor collocation points by :

x i = a+ i
b− a

N
; i = 0, 1..N ; x0 = a, x1 = b (eq:4)

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation
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We substitute (eq:4) into (eq:1) we find

m
∑

k=0

pk(x i)y
(n)(x i) = f (x i) +λI(x i) (eq:5)

Where

I(x i) =

∫ b

a

k(x i, t)y(t)d t.

With the same method we did to (eq:3) we can write The matrix form of the system

(eq:5)

P0Y (0)+ P1Y (1)+ ...+ PmY (m) =
m
∑

k=0

PkY (k) = F +λI (eq:6)

Where

Pk =















P0(x0) 0 . . . 0

0 P1(x1) . . . 0
... ... . . . ...

0 0 . . . Pm(xN)















; F =



















f (x0)

f (x1)

f (x2)
...

f (xN)



















; Y k =



















y (0)(x0)

y (1)(x1)

y (2)(x2)
...

y (m)(xN)



















;

I =



















I(x0)

I(x1)

I(x2)
...

I(xN)



















We derivate the function (eq:3) w.r.t x we find :

y ′(x) = y (n)(c)
n×(n−1)×...×1

n(x − c)n−1

y ′(x) = y (n)(c)
(n−1)×...×1

(x − c)n−1

Then we derivate for the second time we find :

y
′′
(x) = y (n)(c)

(n−1)×(n−2)×...×1
(n− 1)(x − c)n−2

y
′′
(x) = y (n)(c)

(n−2)×...×1
(x − c)n−2

...

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation
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Hence we find the kth derivative :

y (k)(x) =
N
∑

n=k

y (n)(c)
(n− k)!

(x − c)n−k a ≤ x ≤ b

Substituting in (eq:4) we find :

y (k)(x i) =
N
∑

n=k

y (n)(c)
(n− k)!

(x i − c)n−k a ≤ x ≤ b

With the same method we find the matrix form :

[y (k)(x i)] = C MkA (k = 0,1, ..., N) (3.1)

Where

C =















X x0

X x1
...

X xN















=















(x0− c)0 (x0− c)1 . . . (x0− c)N

(x1− c)0 (x1− c)1 . . . (x1− c)N
... ... . . . ...

(xN − c)0 (xN − c)1 . . . (xN − c)N















A=















y (0)(x)

y (1)(x)
...

y (n)(x)















Mk =

























0 0 . . . 1
0!

0 . . . 0

0 0 0 1
1!

. . . 0
... ... . . . ... ... . . . ...

0 0 . . . 0 0 . . . 1
(N−k)!

... ... . . . ... ... . . . ...

0 0 . . . 0 0 . . . 0
























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We write the system (eq:6) as :
 

m
∑

k=0

PkC Mk

!

A= F +λI (eq:8)

Now we truncated the kernel k(x,t) to Taylor series (when x = c and t = c) in order to

find the matrix I

k(x , t) =
N
∑

n=0

k(n)(c)
n!

(x − c)n.
N
∑

m=0

k(m)(c)
m!

(t − c)m

k(x , t) =

∫ b

a

k(n+m)(c)
n!m!

(x − c)n(t − c)md t

Hence

knm =
1

n!m!

∂ n+m

∂ xn∂ xm

So the formula becomes

k(x , t) =
N
∑

n=0

N
∑

m=0

knm(x − c)n(t − c)m

We can write the matrix form of k(x,t) by the formula :

[k(x , t)] = X KT t (eq:9)

Where

K =















k00 k01 . . . k0N

k10 k11 . . . k1N
... ... . . .

kN0 KN1 . . . kNN















X =
�

(x − c)0 (x − c)1 . . . (x − c)N
�

; T =
�

(t − c)0 (t − c)1 . . . (t − c)N
�t

Hence ; we have

[y(x)] = X M0A , [y(t)] = T M0A (eq:10)

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation
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We find the expression of the integral I in the matrix form by :

I(x) =

∫ b

a

(X KT t T M0A)d t (eq:11)

Such that we define :

H = [hnm] =

∫ b

a

T t T d t

T t T =















(t − c)0 (t − c)1 . . . (t − c)n

(t − c)1 (t − c)2 . . . (t − c)n+1

... . . . ...

(t − c)m . . . . . . (t − c)n+m















So we integre the matrix we find

∫ b

a

T t T d t =















(t − c)|ba
1
2
(t − c)2|ba . . . 1

n+1
(t − c)n+1|ba

1
2
(t − c)2|ba

1
3
(t − c)3|ba . . . 1

n+1
(t − c)n+1|ba

... ... ...
1

m+1
(t − c)m+1|ba

1
m+2
(t − c)m+2|ba . . . 1

n+m+1
(t − c)n+m+1|ba















We conclude the general form of hnm

hnm =
(b− c)n+m+1− (a− c)n+m+1

n+m+ 1
|n,m=0,1...,N (eq:12)

We substitute (eq:12) in (eq:11) we find the final formula of the matrix I

I = CKHM0A (eq:13)

Finaly we substitute (eq:13) in (eq:6) We have
 

m
∑

k=0

PkC Mk −λCKHM0

!

A= F (eq:14)

We assume that

W =
m
∑

k=0

PkC Mk −λCKHM0
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So (eq:14) becomes

WA= F (eq:15)

W = [wi j] =
m
∑

k=0

PkC Mk −λCKHM0

So we write the augmented matrix :

[W ; F] =















w00 w01 . . . w0N ; f (x0)

w10 w11 . . . w1N ; f (x1)
... ... . . . ...

wN0 wN1 . . . wNN ; f (xN)















As we know that solving the FIDE is by finding the Taylor coefficients that presented in

the vector A Such that

A=W−1F (eq:16)

Now we represent the matrix form of the condition giving in (eq:2) using the truncated

Taylor series ; we find

m−1
∑

j=0















ai j















N
∑

n= j

y (n)(c)
(n− j)!

(a− c)n− j

︸ ︷︷ ︸

y ( j)(a)















+ bi j















N
∑

n= j

y (n)(c)
(n− j)!

(b− c)n− j

︸ ︷︷ ︸

y ( j)(b)















+ ci j















N
∑

n= j

y (n)(c)
(n− j)!

(c− c)n− j

︸ ︷︷ ︸

y ( j)(c)















= λi

i = 0,1..., m− 1, a ≤ c ≤ b

Like the previous method we find the matrix representations of : y ( j)(a) , y ( j)(b) and

y ( j)(c) as :

[y ( j)(a)] = PM jA

C. Bentoumi Numerical method for Fredholm intergro-differential equation by Taylor collocation
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[y ( j)(b)] =QM jA

[y ( j)(c)] = RM jA

such that

P =
�

(a− c)0 (a− c)1 . . . (a− c)N
�

Q =
�

(b− c)0 (b− c)1 . . . (b− c)N
�

R=
�

(c− c)0 0 . . . 0
�

Substituting in the matrix representation of the condition

We find
m−1
∑

j=0

(ai j P + bi jQ+ ci jR)M jA= [λi]

We put

Ui =
m−1
∑

j=0

(ai j P + bi jQ+ ci jR)M j ≡ [ui0 ui1 . . . uiN]

i = 0, 1 . . . , m− 1

Hence

The matrix form of the condition becomes

UiA= [λi]

So that the augmented matrices of theme are

[Ui;λi] =
�

ui0 ui1 . . . uiN ; λi
�

(eq:17)

Hence Replacing the m rows matrices of (eq:17) by the last m rows of augmented

matrix of [W;F] we get the augmented matrix;

[W̃ ; F̃]
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Where

W̃ =





























w00 w01 . . . w0N

w10 w11 . . . w1N
... ... . . . ...

wN−m,0 wN−m,1 . . . wN−m,N

u00 u01 . . . u0N
... ... . . . ...

um−1,0 um−1,1 . . . um−1,N





























, F̃ =





























f (x0)

f (x1)
...

f (xN−m)

λ0
...

λm−1





























If
�

�W̃
�

� 6= 0 we write

A= W̃−1 F̃

Finaly We provide our work by an a example :

3.1.1 Example

Let us consider the FIDE :
(

y ′′+ x y ′− x y = ex − 2sin(x) +
∫ 1

−1
sin(x)e−t y(t)d t − 1≤ x , t ≤ 1

y(0) = 1 y ′(0) = 1

Which has the exact solution given by : y(x) = ex

We approximate the solution y(x) using the Taylor polynomial for N=3

y(x) =
3
∑

n=0

y (n)(0)
n!

xn

We have a =−1 ,b = 1, c = 0, λ= 1,

P0 =−x, P1 = x, P2 = 1

f (x) = ex − 2sin(x), k(x , t) = sin(x)e−t

We have

w =
2
∑

k=0

PkC Mk −λCKHM0
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So that

w = P2C M2+ P1C M1− P0C M0− CKHM0

And the Collocation points are :

x i =−1+ i
2

3
i = 0, 1,2, 3

Hence

p2=















1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1















, p0= p1=















−1 0 0 0

0 −1
3

0 0

0 0 1
3

0

0 0 0 0















M0 =















1 0 0 0

0 1 0 0

0 0 1
2!

0

0 0 0 1
3!















, M1 =















0 1 0 0

0 0 1 0

0 0 0 1
2!

0 0 0 0















, M2 =















0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0















K =















0 0 0 0

1 −1 1
2
−1

6

0 0 0 0

−1
6

1
6
− 1

12
1

36















, H =















2 0 2
3

0

0 2
3

0 2
5

2
3

0 2
5

0

0 2
5

0 2
7















, C =















1 −1 1 −1

1 −1
3

1
9
− 1

27

1 1
3

1
9

1
27

1 1 1 1















And we have the augmented matrix of the conditions are




1 0 0 0 ;1

0 1 0 0 ;1




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After calculating we find

W =















53
18
−47

18
103
36

1307
756

53
486
−477

697
609
479
− 499

1319

1 0 0 0

0 1 0 0















And the matrix form of F:

F =















1372
669
462
337

1

1















We have A=W−1F

A=















1

1
475
526
241
481















Finaly we obtain the approximate solution :

y(x) = 1+ x + 0.5003x2+ 0.1669x3 ∼= ex
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CHAPTER 4

COMPARISON BETWEEN

THE EXACT AND THE APPROACH SOLUTION

I n this chapter we worked on some examples then we compared between their exact

and approach solution in tables and strengthen our work by grafics

4.1 Example 1

Let us consider the following FIDE :
(

y ′′+ x y ′− x y = ex − 2sin(x) +
∫ 1

−1
sin(x)e−t y(t)d t − 1≤ x , t ≤ 1

y(0) = 1 y ′(0) = 1

35
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We mentioned in the Chapter 3 that the exact solution is given by yex(x) = ex

x exact(n=3) approach(n=3) error(n=3) approach(n=7) error(n=7)

0 1.0000 1.0000 0 1.0000 0

0.1000 1.1052 1.1046 5.7220e-004 1.1052 1.5710e-008

0.2000 1.2214 1.2187 2.6739e-003 1.2214 5.4584e-008

0.3000 1.3499 1.3429 6.9673e-003 1.3499 7.5564e-008

0.4000 1.4918 1.4776 1.4237e-002 1.4918 3.3868e-008

0.5000 1.6487 1.6233 2.5403e-002 1.6487 8.5675e-010

0.6000 1.8221 1.7806 4.1534e-002 1.8221 4.0990e-007

0.7000 2.0138 1.9499 6.3865e-002 2.0138 2.5302e-006

0.8000 2.2255 2.1317 9.3812e-002 2.2255 9.1895e-006

0.9000 2.4596 2.3266 1.3299e-001 2.4596 2.5903e-005

1.0000 2.7183 2.5350 1.8325e-001 2.7182 6.2489e-005
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4.2 Example 2

Let us consider the following FIDE
(

y
′′
(x) = ex − x +

∫ 1

0
x t y(t)d t; 0≤ x , t ≤ 1

y(0) = 1 y ′(0) = 1

Where the exact solution is given by yex(x) = ex

x exact(n=3) approach(n=3) error(n=3) approach(n=7) error(n=7)

0 1.0000 1.0000 0 1.0000 0

0.1000 1.1052 1.1052 2.6525e-005 1.1052 9.7676e-010

0.2000 1.2214 1.2216 1.7679e-004 1.2214 3.2358e-009

0.3000 1.3499 1.3503 4.7216e-004 1.3499 4.9497e-009

0.4000 1.4918 1.4926 8.1167e-004 1.4918 6.7194e-009

0.5000 1.6487 1.6497 9.5913e-004 1.6487 8.6506e-009

0.6000 1.8221 1.8226 5.2893e-004 1.8221 9.9418e-009

0.7000 2.0138 2.0127 1.0297e-003 2.0138 1.2198e-008

0.8000 2.2255 2.2211 4.4500e-003 2.2255 1.2712e-008

0.9000 2.4596 2.4489 1.0667e-002 2.4596 4.2589e-008

1.0000 2.7183 2.6974 2.0839e-002 2.7183 3.9510e-007
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4.3 Example 3

Let us consider the following FIDE
(

x y ′(x) + y(x) = 3x2+ 14
3

x + 2−
∫ 1

−1
(x + t)y(t)d t 0≤ x , t ≤ 1

y(0) = 2
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The exact solution is given by y(x) = x2+ 2

x exact(n=3) approach(n=3) error(n=3) approach(n=7) error(n=7)

0 2.0000 2.0000 0 2.0000 0

0.1000 2.0100 2.0100 4.4409e-016 2.0100 4.4409e-016

0.2000 2.0400 2.0400 0 2.0400 0

0.3000 2.0900 2.0900 4.4409e-016 2.0900 4.4409e-016

0.4000 2.1600 2.1600 0 2.1600 0

0.5000 2.2500 2.2500 0 2.2500 4.4409e-016

0.6000 2.3600 2.3600 4.4409e-016 2.3600 4.4409e-016

0.7000 2.4900 2.4900 4.4409e-016 2.4900 8.8818e-016

0.8000 2.6400 2.6400 4.4409e-016 2.6400 4.4409e-016

0.9000 2.8100 2.8100 4.4409e-016 2.8100 1.3323e-015

1.0000 3.0000 3.0000 4.4409e-016 3.0000 6.2172e-015
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4.4 Example 4

Let us consider the following FIDE :
(

y ′(x) = 4+ 4x +
∫ 1

−1
(1− x t)y(t)d t 0≤ x , t ≤ 1

y(0) = 1

In this example we will compare between the approach, exact and the analytic solution

for n=5

x exact approach error analytic error

0 1.0000 1.0000 0 1.0000 0

0.1000 1.6000 1.6000 0 1.6000 0

0.2000 2.2000 2.2000 0 2.2000 0

0.3000 2.8000 2.8000 4.4409e-016 2.8000 0

0.4000 3.4000 3.4000 1.3323e-015 3.4000 0

0.5000 4.0000 4.0000 2.6645e-015 4.0000 0

0.6000 4.6000 4.6000 6.2172e-015 4.6000 0

0.7000 5.2000 5.2000 1.0658e-014 5.2000 0

0.8000 5.8000 5.8000 1.8652e-014 5.8000 0

0.9000 6.4000 6.4000 2.9310e-014 6.4000 0

1.0000 7.0000 7.0000 4.6185e-014 7.0000 0
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Conclusion

in this thesis we had presented

• An analaytic method for solving linear FIDE of second kind which is the series

solution method

• A numerical method called Taylor Collocation method ,where we wrote the solu-

tion as a Taylor series

In the end we proposed some FIDE and tested this method ,

when we compared the exact solution of the example 3 which is a polynom to the

approch solution we recognized that they are too close and we found the error almost

null
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T he objective of this work is proposing a method which is Taylor Collocation method for solving linear

Fredholm integro-Differential equation numerically, using Taylor collocation points ,

this method is based on transforming the IDE into a matrix equation which leads to a system of linear algebric

equation where we can solve it easly . and we presented some examples to prove the effectiveness of our method

keywords: integro-differential equations, Taylor polynomials and series, Taylor collocation point..

I ’objectif de ce travail est de proposer une méthode qui est la méthode de collocation de taylor pour résoudre

les équations integro-différentielles linéaires numériquement utilisant la méthode des points de collocation de

taylor

cette méthode est basée sur la tronsformation des EIDs en equation matricielle qui mene vers un system d’équation

linéaire algebrique , où nous pouvons le resoudre aisement .

Nous avons aussi présenté quelques examples pour preuver l’éfficacité de notre méthode .

Keywords:

les équations integro-differentielle, les polynomes et les séries de taylor, les points de collocation de Taylor
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