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Introduction

Douglas was the first one who described the notion of majorization for bounded linear
operators in his book [5] for all 7" and S in B (H) such that H is a Hilbert space. Embray
generalized Douglas’s result in his book [7] for all 7" and S in B (E) such that E is a general
Banach space. Harte in his book [10] considers these concepts in the general context where
S and T are bounded linear operators with possibly different domain and range spaces. We

say that T € B (E, F') majorizes S € B(F,G) if there exists M > 0 such that
1S (a)]| < M ||T (a)]|, for all a € E.

In this work, we try to generalize this concept from the linear theory to the non linear
theory, which is Lipschitz case.

This memory has been organized as follows. The first chapter is an overview of notions
and basic concepts and results needed in the following chapters, these include the Lips-
chitz operators, Free Banach space and also we describe the Lipschitz compact and weakly
compact operators.

In the second chapter, we interested in Barnes article, we present the definition of ma-
jorization for bounded linear operators, some proprieties and their proofs. Next we will
see the notion of factorization. Furthermore, we investigate the relationships between the
concepts , majorization, factorization and range inclusion.

In the last chapter, we try to generalize the notion of majorization for Lipschitz operators
between metric spaces and Banach spaces. We prove that a Lipschitz map S is majorized
by a Lipschitz map 7" if and only if there exists V' € Lip, <m, F ) such that S =V o T,
where T" € Lip, (X, E) and S € Lip, (X, F).
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Chapter 1

Basic properties for Lipschitz

operators

In this chapter, we recall some basic informations and concepts those used in chapter 2 and
chapter 3. We start with some preliminaries on linear bounded operators we can consult
[6]. We also need the Lipschitz operators and some proprieties based on Weaver’s book [14],
the definition of the compact (resp, weakly compact) Lipschitz operators which is mainly

based in [11], and the Banach free space we used the paper of Godefroy [9].



1.1. Preliminaries on bounded linear operators

1.1 Preliminaries on bounded linear operators

Let E, F' be Banach spaces over the same field K (K = R or C). We recall that a Banach
space is a complete normed space (i.e., all Cauchy sequence on E converges on E), we denote
by B(E, F) the Banach space of all bounded linear operators 7' from E to F, under the
norm

1T} = inf{C' >0 [|T(a)l[p < Cllallg; Va e E}.
When F =K, B(E, F) is denoted by E* and it called the topological dual of E, and we

denoted by E** the second dual of E. The normed space E can be embedded isometrically

in £** in a natural way.

1. B — B
a — i(a)
via the formula
i(a) (a*) = a*(a) = (a*,a) for each a* € E*.
When the linear isometry a — i (a) from a Banach E into E** is surjective, the Banach
space E is called reflexive.
For T € B (E, F), we will consider the adjoint (dual) of T, the linear bounded operator
T* from F* to E* given by

T (b*)(a) = (T7(b"), a) = (b", T(a)).

The Hahn-Banach theorem is one of the most important and fundamental result in

Functional Analysis.

Theorem 1.1.1 (Hahn Banach Analytic Form) Let E be a Banach space and Ey be a
subspace of E . Let fy: Ey — R be a bounded linear operator. Then fo can be extended to

a bounded linear operator f : E — R such that || fol = || f|| -

1N
Ey—R

(i is the canonical injection from E to Ey and fo = f o1)



1.1. Preliminaries on bounded linear operators

Corollary 1.1.1 For every a in E, we have

lallg = sup [(f,a)].

11l px=1

1.1.1 Compact operators

Before we give the notion of compact operators, we will remind the concept of weak and
weak* topology.
Let E be a Banach space and E* its topological dual.

1. The weak-topology o (E, E*) on E, is the weakest topology such that each map a* € E*

1S continuous.

2. The weak*-topology o (E*, E) on E*, is the weakest topology such that each linear

operator

1s continuous.

Theorem 1.1.2 (Banach-Alaoglu theorem) The closed unit ball Bg« is compact in the
weak*-topology o (E*, E) .

Definition 1.1.1 An operator T : E — F s said to be compact (weakly compact) if

T(Bg) is compact (resp. weakly compact) in F. We denote by K(E, F) (resp. W(E, F)) the

set of all compact (resp. weakly compact) operators T : E — F.

Theorem 1.1.3 (Schauder’s theorem) Let T € K(E, F), so the following statements

are equivalent.

1. The operator T is on K(E, F).

2. The operator T* is on KC(F*, E*).

Proof. We find the proof in [6] page 485. m



1.1. Preliminaries on bounded linear operators

Theorem 1.1.4 (Gantmacher’s theorem) [6] Let T € W(E, F), so the following state-

ments are equivalent.
1. The operator T is on W(E, F).
2. The operator T* is on W(F*, E*).

Corollary 1.1.2 LetT : E — F be a bounded linear operator. If E or F' is reflexive then,

T is weakly compact (i.e., T (Bg) is o (E*, E) compact).

1.1.2 Linear p-summing operators

A linear map T': F — F' is called p-summing operator (1 < p < 00), if there exists a
constant C' > 0 such that for all n € N, aq, as...a, € E
;IIT(%)II < Cpfselég*glf(ai)lp- (1.1.1)
We denoted by II, (E, F) the space of all linear p-summing operators 7' : E — F and by
mp (T') the smallest C' verifying (1.1.1).

Remark 1.1.1 (II, (E, F),m, (-)) is a Banach space.

Remark 1.1.2 FEvery Banach space E is isometric to a subspace of C (K) such that Kis
compact set. K = (Bg+,0 (E*, E)). Indeed,
Define
it B — C(K)
a — if(a)=a=a,-)
such that, a (f) = {(a, f), for all f € K.
We have

‘|i<a)“C(K) = HaHC(K)

= sup [a (f)]

fekK

= sup [f (a)]

fekK

(Hahn Banach) = ||al|



1.2. Lipschitz operators

And, we put
J:C(K) — Ly (K, )

(J is the canonical injection from C (K) to L, (K, p)).

Theorem 1.1.5 Let 1 < p < oo the following statements are equivalents for a linear map-

pingT: E — F:
1. Tell,(E,F).

2. There is a positive constant C' and Radon probability p on K such that
i <c( [ lanra) (112)

foralla € E.

3. The following Diagram commute

E 5 F
Li tT
S 8,
N N
C(K) —5 L (K, p)

1.2 Lipschitz operators

The aim of this section is to give the necessary properties for Lipschitz operators and we
will define the notion of compacity in the Lipschitz case. We refer to reader Weaver’s book
[14] for more information on Lipschitz operators and to A. Jimenez-Vargas, J. M. Sepulcre,

M. Villegas-Vallecillos [11] for Lipschitz compact operators.

Definition 1.2.1 We say that X is a metric space if it is non empty set equipped with a

function d from X? into R such that for all x,y,z in X, we have
1. d(z,y) = 0if x = y (separation),

2. d(w,y) = d(y, z) (symmetry),



1.2. Lipschitz operators

3. d(z,y) < d(x,z) 4+ d(z,y) (triangular inequality).

Definition 1.2.2 A pointed metric space (X,d,e), is a metric space (X,d) with a distin-
guish element e € X. We denoted by

My (X) = {The space of all complete pointed metric spaces} .

Definition 1.2.3 A map f : (X,dx) — (Y, dy) between two metric spaces is called Lipschitz

if there is a positive constant C such that
Ve,y € X, dy(f(z), f(y)) < Cdx(z,y). (1.2.1)

For a Lipschitz map f, we define its Lipschitz constant by

{dy (f(:v),f(y))}

dX (I,y)

||f||Lip = Lip (f) = sup
T#y

= inf {C, verifying (1.2.1)}.
Let (X, ex,dx), (Y, ey,dy) be pointed metric spaces. We say a map f : (X, ex,dx) —
(Y, ey, dy) preserves distinguished point if f(ex) = ey.
We denoted by Lipg(X,Y) the Banach space of Lipschitz functions from X to Y which

preserves distinguished point equipped with the Lipschitz norm Lip (f). If Y = R then
Lipg(X,R) = Lip, (X) = X# is called Lipschitz dual.

Definition 1.2.4 A map [ : (X,dx) — (Y,dy) is called bi-Lipschitz or quasi-isometry, if
f is bijective and both f, f~1 are Lipschitz. In this case X andY are called quasi-isometric

(Nik Weaver).
A bi-Lipschitz function [ is an isometry if

Ve,y € X, dy (f (2), f(y) = dx(2,y).

Proposition 1.2.1 Let X,Y,Z be pointed metric space and f: X — Y g:Y — Z be
Lipschitz maps. Then go f: X — Z is Lipschitz map and Lip (g o f) < Lip (g) Lip (f).

Proof. For z, y in X, we have

dz (go f(x),g0 f(y)) < Lip(g)dy (f(z), f(y))
< Lip (¢) Lip (f) dx (2, y) .



1.2. Lipschitz operators

and this shows the proposition. m

The following theorem can be viewed in [14].

Theorem 1.2.1 (Nonlinear Hahn-Banach theoram) Let Xy be a subset of a metric
space (X,d) and let fo: Xog — loo (I) be a Lipschitz operator. Then fy can be extended to
a Lipschitz operator f : X — U (I) such that Lip (fy) = Lip (f) (we say that { (I) is a

I

XO—ﬂ))goo ([)

I-injective).

(1 is the canonical injection from Xy to X and fo = foi).

Proof. By considering each coordinate separately, it suffices to prove that for R instead of

lo (I). Fix z in X — X. We must find a value for f(z) such that for all z in X

F(2) = fl@)] < Lin()d(z, 2), Ve € X,

or equivalently

f(y) = Lip(f)d(y,2) < f(z) < f(z) + Lip(f)d(z, 2), Vy € Xo

hence

sup (f(y) — Lip(f)d(y, 2)) < f(2) < inf (f() + Lip(f)d(z, 2))

y€Xo

It is possible because for all x,y in X, we have

f(z) = fly) < Lip(f)d(x,y) < Lip(f)(d(z, z) + d(y, 2)).

Define the function f: X — R by the formula

f(z) = inf (f(x)+ Lip(f)d(z, 2)),

z€Xo

To see that this function satisfies the results, fix an arbitrary o € Xo. Then, for any x € X,
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fwo) = f(z) < Lip(f)d(zo,2),
< Lip(f) (d(x0, 2) +d(z, 7)) .
This implies (that f(z) + Lip(f)d(z, z) is bounded below)

f(zo) — Lip(f)d(zo, 2) < f(x) + Lip(f)d(z, 2).

So f(z) is well-defined. Also, if z € X, the above shows that f(z) = f(z). Finally (by
definition of the inf), for z,y € X and € > 0, choose x, € X, such that

F(z) > f(z.) + Lip(f)d(z,2.) — €

Then
fly) = f(z) < flz:)+Lip(f)d(y, =.) — f(z.) — Lip(f)d(z, z.) + €

< Lip(f)d(y,2) +e

Thus, we see that fvis indeed Lip(f)-Lipschitz. m

A

1.2.1 Lipschitz free space

It is proved without any reference to molecules (see the definition of molecules in [1])
that the closed linear subspace of (X #)* spanned by the evaluation function ¢, : X — K,
given by

0. (f) = f(z), forall x € X

is a predual of X# (we note that any weak*-closed linear subspace M of a conjugate space
E* is itself a conjugate space. This follows from the observation that Bj; is compact in the
weak*-topology). This space was called Lipschitz-free space and denoted F (X) by Godefroy
and Kalton in [9].

Definition 1.2.5 The Lipschitz free space on X is

Lipg(X)*

F(X,dx) = span{d,,z € X}



1.2. Lipschitz operators

Put now

Ml £(x4y) = inf {Z |a] d(ﬂfjvyj)}

j=1
over all representation of m = Zaj (593], — (5%,) :
j=1
We notice that Lipschitz free space is introduced by Godefroy and Kalton in 2003 (see

[9]), although this space was presented at the first time by Arens-Eells on 1956 (they used

the molecules).

Proposition 1.2.2 For any metric space X, F (X,d)" tometpically Lipy(X).

Proof. We define a linear surjective isometry J on Lipy(X) with values in F (X,d)* by
J(f)(9:) = f(x) and we extend by continuity to F (X,d). Consider f in Lipy(X) and m in
span {d,, « € X} such that m = Za@-dm. J(f)(m) = Zaif (x;) . We show that J is a

i=1 i=1
surjective isometry.

a) Consider f in Lip,(X) and m in F (X,d). We have

IO = Um0

)<f ) (Lipg (X),Lipo (X))
< Lip(f) Imllzx
and we obtain ||J(f)| < Lip (f).
b) Let (z,y) be in X and put m = M We have ||m| £y, = 1 because dx is an

d(z,y)
isometry see Proposition 1.2.4 below and

v

|J(f) (m)]
‘f(@—f(y)‘
d(z,y)

1)z x a)-

Vv

(we take the sup) > Lip (f).
¢) Consider p € F (X,d)". Then ¢ is determinate by 4, for every z in X. We put for
every z in X, f (z) = ¢ (9,) and we prove that f is Lipschitz and J(f) = .
(1) We show that f € Lipy(X).
- f(0) = ¢ (do) = ¢ (0) = 0.
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- Let x,y be in X

(@)= f W) = le(0a) =@ (5y)]
= [, 0z — 0y)|
< llellzeeay 1100 = 0yll wipy -

< “SOHJE(X,d)* d(z,y).

(1) Let m = Zai&gi be in span {J, : * € X}. Then, ¢ (m) = Zaif () = J(f)(m).
i=1 i=1
This ends the proof. =
To demonstrate the following proposition, we need the following definitions. Let F be a

Banach space.

Definition 1.2.6 (convex part) A non-empty set C' of E is convex if, for all z,y € C
and 0 € [0, 1], we have 0z + (1 — 0)y € C, it is clear that every subspace of E is conver and

any non-empty intersection of the convex parts of E is convex.

Definition 1.2.7 (Convex hull) The convex hull of a non-empty set C' of E is the inter-
section of all convex parts of E containing C, it is the smallest convex part of E containing
C, it is noted by co (C) and we have
co(C) = {zn:&xz neN,x € C,0; > O,EH:QZ» = 1} .
i=1 j=1
Definition 1.2.8 (Absolutely convex) A non-empty set C' of E is absolutely convex if,
for all z,y € C' and 61,05 € K such that |61] + |02| < 1, we have 01x + Oy € C. Such parts

are always contains the element 0.

Definition 1.2.9 (Absolutely convex hull) The absolutely convex envelope of a non-
empty set C' of E is the intersection of all absolutely convex parts of E containing C', it

is noted by T' (C') and we have

F(C)I {Z@xlnEN,xl EC,QlEk,Z@ S 1}

i=1 j=1
We can consult the proof of the following proposition in [11]. By applying the bipolar

theorem, we give a precise description of Br(x) by means of the Lipschitz evaluation func-
0z — 0 ~
tionals 0, ) = a0 1)/ defined on X#, where (z,y) runs through X = {(z,y) € X% : 2 # y}
T,y




1.2. Lipschitz operators

Proposition 1.2.3 The closed unit ball of F (X) is the closed absolutely convezr hull of the
set {5(%@,) D (z,y) € )?} in (X#)" (i.e., Brx) =T (5;( <)?>> :

Proposition 1.2.4 Define

5)(2X—) .F(X

~—

r — Ox(x) =196,

The application dx is an isometry, i.e., for every xq,xs in X , one have ||dx (x1) — 0x (x2)|| =

d (.731, .CEQ).

Proof. For z;,7, € X , and for all ¢ € X we have in the first part

10x (1) = 0x (22)l],. ., = 1021 = Oas | 7,
= sup |[0g, (@) — O, ()]
PEBr(x)*
(J(g)=9) = sup  [(0zy — Ouy, J (9))]
J(9)EBF(x)*

= Sup |<6$1_6$27g>|
9By y

< sup [(g(21) — g (22)]
9EB x4

< sup Lip(g)d(xy,22) < d(zq,22).
9By

It implies [|0z, — 0z, || 7(x) < d (21, 22). In the second part, we put f, = d (-, z) —d (e, z) such
that f, € X# and Lip (f.) = 1.

For all 1,25 € X we have We have

102, — (szuf(x) = fgup [(0zy = Oy, [

X#

> ‘(511 _5I27f:v1>|
> |fa:1 (xl) - f:m (x2)|

Z d([L’l,CCQ) .

This ends the proof. m

10



1.2. Lipschitz operators

Theorem 1.2.2 [1/] Let E be a Banach space. For any Lipschitz operator T € Lip, (X,E),
there is a unique linear map Ty, : F (X) — E such that T =Ty, 0 6x, with | 11| = Lip (T)

and such that the following diagram commutes

X——F
Ox

F(X)

T
1L

Definition 1.2.10 Consider X,Y in Mg and let T : X — Y be a Lipschitz map which
preserves base point, Sawashima [13],[3] define the Lipschitz adjoint (dual) of T which is a
bounded linear operator noted by T# from Y#to X* given by

T#(g)(x) = (9o T)(x) = g (T(x)), Vg € Lip, (V).

IfY = E is a Banach space, The restriction of T* to E* is called the Lipschitz transpose
map of T and denoted by T*. Such that |T#|| = Lip (T) = || T

1.2.2 Lipschitz compact operators

If X is a metric space and E is a Banach space, by the Lipschitz image of a mapping
T : X — FE we mean the set
{T(x) —T(y)
d(z,y)

It is immediate that T : X — E is a Lipschitz mapping if its Lipschitz image is a bounded

cx,y € X, x;éy}.

subset of E. This motivates the following definition.

Definition 1.2.11 [11] Let X be a pointed metric space and E a Banach space. We say
that a base-point preserving map T : X — E is Lipschitz compact (resp, Lipschitz weakly

compact) if its Lipschitz image is relatively compact (resp, relatively weakly compact) in E.

We denote by Lipy, (X, E) and Lip,,, (X, E) the sets of Lipschitz compact and weakly com-
pact operators from X to FE, respectively. Plainly,

Lipy, (X, E) C Lip,,, (X, E) C Lip, (X, E).

11



1.2. Lipschitz operators

Observe that Lipy, (X, E) and Lipy,, (X, F) are linear subspaces of Lip, (X, E) .
Next we study the relation between the compactness of a Lipschitz operator f € Lip, (X, F)
and the compactness of its linearization 77, € B (F(X), E).

Lemma 1.2.1 [11] Let T € Lip, (X, E), we define the following application

(5;( : )? — (X#)*
(z,y) — 05 (2,9) = day)

7 (ox (%)) < 7 (T (05 (%)) < T (72 (05 (%))

Proof. We show that Ty, (35 (X)) < 7y (T (35 (X)) ) . We have

Then

e <X> cr <5X (X)) ( with definition)

then

7. (65 (X)) < 70 (T (5 (¥))).
For the second inclusion we take z; € T7, (f ((5 5 <)? ))) implies 32, € T (5 5 <)? )) , such
that z; = 17, (22) . This implies that there is b, € T’ (5)? ()?)) such that, zo = limb,,, and

by = 2&5(4”)@”)). We have

Where z; € T <TL (6;( ()?))) . We finally get

70 (%)) € 1 (F (05 (£))) €T (12 (o5 (X))

And this ends the proof. m

12



1.2. Lipschitz operators

Proposition 1.2.5 Let X be a pointed metric space, E be a Banach space andT € Lip, (X, E).
Then T is a Lipschitz compact if, and only if, Ty, is compact.

Proof. We have

Ty (05 (X)) = {T0 (9 (&.9); 2.y € X, 2 £9)}

~{n (i) e ooy
e )
A

; 1,y € X, x%y}-

According to the previous Lemma 1.2.1 and the Proposition 1.2.3, we have

Itismean{%; x,y e X, x#y} c Ty (B;(X)) Cf({%; r,y € X, a:;«éy})

We assume that T}, is compact, therefore 77, (B].-( X)) is compact, then

{T(I) —T(y)
d(z,y)

is compact ( closed on a compact is compact), which implies that 7" is Lipschitz compact.

;€ X, x#y},

Now we assume that 7' is Lipschitz compact, therefore

{T(x) —T(y)
d(z,y)

; T,y € X, x%y},
is compact consequently
sy € X, w#y},
is compact ( if A is relatively compact==T' (A) is compact). We also have
) <7 (1 (55 ()
Hence the proposition ensure that m is compact implies that T} is compact. =

Proposition 1.2.6 [11] Let X be a pointed metric space and E is a Banach space. The

following are equivalent.

13



1.2. Lipschitz operators

1. The Lipschitz operator T is Lipschitz weakly compact.
2. The linearization Ty, in B(F (X), E) is weakly compact.

3. There exist a reflexive Banach space F, a bounded linear operator f € B(F,E) and
Lipschitz operator g € Lipy (X, F) such that T = fog .

Proof. The proof of previous proposition is valid to show the equivalence between (i) and
(7). If (di) holds, applying the Davis, Figiel, Johnson and Petczynski theorem, there exists
a reflexive Banach space I’ and operators f € B(F,E) and S € B(F (X),F) such that
T, =foS. Let g=Sodx. Clearly, g € Lipy, (X, F) and T =Tpo0dx = foSody = fog,

and this proves (¢i) . Finally, (i) implies (¢7) is trivial. m

Theorem 1.2.3 Let X be a pointed metric space and E be Banach space. Consider T in
Lip, (X, E). The following properties are equivalent.

1. T is a Lipschitz compact (weakly compact).

2. Tt is compact (resp, weakly compact) from E* into X¥.

Proof. We can find the proof in [11]. =

14



Chapter 2

Majorization and factorization for

bounded linear operators

In this chapter, we will describe the notion of majorization, factorization, some properties

and their proofs. We are interested in Barnes article [2].

15



2.1. Majorization

2.1 Majorization

Let E,F,G and @ be Banach spaces. For T' € B(E,F), let R(T) = {T'(a) : a € E} be
the range space of T and N(T') = {a € E : T (a) = 0} be the null space of T

Definition 2.1.1 Assume that T € B(E,F) and S € B(E,G). Then we say T majorizes
S if there exists M > 0 such that

15 (a)[| < M ||T (a)]]
foralla € E.
Remark 2.1.1 Assume that T € B(E, F), it is easy to proof these following statements.

1. If 51,5 € B(E,G) and T majorizes S1 and Sy, then T majorizes Sy + Ss.

2. If Se B(FE,G), Re B(G,Q) and T majorizes S, then T majorizes RS.
Proposition 2.1.1 Let T € B(E,F) and S € B(E,G). The following are equivalent:

1. T majoriozes S.

2. There exists V € B (R (T), G) such that S =V oT.

3. Whenever {an}, oy € E with ||T (a,)|| — 0, then ||S (a,)|| — 0.

Proof. Assume that T' majoriozes S and we will verify that (2) holds. Define

V: R(T) — Z
T(a) — V(T (a))=S5(a)

The map V is well defined since N (7') C N (.9) it is clear that V' is linear. Now
VAT ()]l = IS (a)]

< M|T(a)].

Thus, V' has a bounded extension, which we also denoted by V', on R (T"). From the definition
of V,S=VoT.
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2.1. Majorization

Now we want to prove (2) = (1). Suppose (2) holds, then there is V' € B (R (T), G)
such that S =V o T, this implies that for all « € F, we have

15 (@)l = [[V o T (a)
< [IVIFNT ()] -

This means that 7" majorizes S.

Suppose that T majorizes S. So whenever {a,}, . € X,
15 (an) || < M|T (an)]| -

If |T (a,)|| — 0 then we have ||S (a,)|| — 0. this shows that (3) holds.
Now, suppose that (2) holds. So whenever {a,}, .y C F,

15 (an)|l = IV (T (an))]
< [IVIFNT (an)ll -

If || T (an)]] — 0 then we have ||.S (a,)|| — 0. this shows that (3) holds.
Assume that the property in (3) holds. Note that this property implies that N (7") C
N (S). As above, define V' by

V. R(T) — Z
T(a) — V(T (a))=S(a)

It is clear that V' is linear map. As a consequence of the assumption in (3), V' is a continuous
map. This verifies that (2) holds.
This ends the proof. =

Proposition 2.1.2 Let T € B(E,F), S € B(E,G), and that T majorizes S.

1. If T is compact, then S is compact.

2. If T is weakly compact, then S is weakly compact.

Proof. Since T' majorizes S, we have from Proposition 2.1.1, there exists V € B (R (T), G>

such that S = V oT. Assume that T is compact operator. Since the composition of a

17



2.1. Majorization

bounded operator with compact operator is a compact operator ([6], Theorem 4, p.486).
This implies that (1) holds.
The proof of (2), is the same using ([6], Theorem 5, p.484). When 7' is weakly compact

operator. H

Theorem 2.1.1 1. Assume that T € B(E,F) andS € B(E,G). Suppose that T ma-
jorizes S. Then R(S*) CR(T*).

2. Consider T € B(E,F) and S € B(FE,G). Suppose that R(S*) CR(T*). Then T

magorizes S.
3. Take T in B(E,F) and S in B(G,F), and that R(S) CR(T). Then T* majorizes S*.

4. Suppose that E is reflexive. Assume that T € B(E,F) and S € B(G, F), and that
T* majorizes S*. Then R(S) CR(T).

Proof.

1. Suppose that T" majorizes S. So by Proposition 2.1.1, there exists V' € B (R (T), G>
such that S =V oT. Let ¢* € G* and for all a € F,

(a,5"(c")) = (S (a),c")
— (VoT(a),c)
= (T'(a), V" ("))

P

where V* (¢*) is a continuous linear functional on R (T"). Let V* (¢*) be any extension

of V*(¢*) to F* (Hahn-Banach theorem). Then for all z € X,

e~

(a,57 (")) = (T'(a),V*(c*))
— (@, 7" (V* (),
Thus, S*(¢*) =T* <V/*\(—c?)> . This shows R(S*) CR(T™).
2. Assume the hypotheses in (2). Note that N(7') C N (). Then the linear map

V: R(T) — G
T(a) +— V(T'(a)) =S (a)

18



2.1. Majorization

is well defined, for all a € E. Suppose V is unbounded. Then there exists a sequence
{a,} € E with ||T (a,)|| = 1 for all n € N, and ||S (a,)|| — +oo. Let ¢* € G* be

—~——

arbitrary, and choose V* (¢*) € F* such that S* (¢*) = T* (\;‘\(c/*))

Then

(5 (an) , )| = [{an, 5™ ("))

e~ —

= (@ 7" (V> ()

= | @), (7 @)

‘(V* C*) H for all n > 1.

IN

It follows from the uniform boundedness principale that ||.S (a,)|| is bounded, a con-
tradiction. Thus we have that V' is bounded on R (7)) and S =V o T, so T majorizes
S.

. Now Take T" and S are as in (3) with R(S) CR(T). This implies that N(7™) CN(S*).
Indeed, let b eN(7™) C F* and for all @ € E we have

(T7(b) ,a) = (b, T (a))
=0.

This implies b L R(T"). As R(S) CR(T') then we have b L R(S). So for all c € G

(0,5 (c)) =
this implies
(5% (b),c) =0
This mean b €N(S*).
Define
U: R(T*) — zZ*

T (b*) — U (T* (b)) = S5* (b*)
for all b* € F™ it is clear that U is well defined. If U is unbounded, then there exists
(b%) € F* such that ||T* (b})]| = 1 for all n € N,
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2.1. Majorization

while ||S* (05)|| = ||U (T (b%))|| — +o0. For an arbitrary ¢ € G, choose a € E such
that S (¢) =T (a). Then

[{e; S ()] = [{S (¢) , br,)]
(T (a), ¢
[{a, T" (b7))]

< [laf-

From the Uniform Boundedness Principale, [|S* (b))]| is a bounded sequence. This

contradiction proves that U is bounded. Therefore, since S* = U o T™, T* majorizes
S*.

. Consider the hypotheses in (4). By Proposition 2.1.1, S* = VoT™* where V : R (T*) —
G* is a bounded linear map. Then V* : G** — R(T*) . Assume that ¢ € G is arbitrary.

Then ¢ € G** and V* (¢) € R(T™) . Let V* (¢) be any extension of V* (¢) to E** (Hahn

Banach theorem)
V*(c)

R(T*) —2=R
l V(o)

E*

Since E is reflexive, 3a € E such that (a,a*) = <V* (c),a*> for all a* € E*. For all
b* € F*,

(5(c),b%) = (¢, 57 (b%))

Therefore S (¢) =T (b), so R(S) C R(T).

This ends the proof. m

The dual properties in the theorem above combined with Proposition 2.1.1 yield the

following results concerning range inclusion.
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2.2. Factorization

Proposition 2.1.3 Consider T € B(E, F) and S € B(G, F).

1. If R(S) CR(T) and T is compact, then S is compact.

2. If R(S) CR(T) and T is weakly compact, then S is weakly compact.

Proof. Assume that the hypotheses in (1), Since R(S) € R(T'), by Theorem 2.1.1 part 3,
T* majorizes S*. Now T™ is compact, and so by Proposition 2.1.2, S* is compact. Therefore
S is compact (Schauder’s theorem 1.1.3).

Assume that R(S) C R(T), from Theorem 2.1.1 part 3 , T majorizes S*. Now T is weakly
compact, and by Proposition 2.1.2, S* is weakly compact. Therefore S is weakly compact

(Gantmacher’s theorem 1.1.4). =

2.2 Factorization

Assume that T' € B(E, F') and S € B(E,G). Then we say that S is left multiple of T if
there exists V' € B(F,G) such that S = V o T. There is a similar terminology for when S
is a right multiple of T', S = T o U. In either case we say that S factors with respect to T.

Recall that a closed subspace M of E is complemented if there exists a closed subspace N

of F such that E =M @& N.

Theorem 2.2.1 Assume T € B(E, F).

1. If S € B(E,G) is majorized by T and R(T) is complemented, then there exists V &
B(F,G) such that S =V oT.

2. If S € B(G,F) with R(S) € R(T') and N(T') is complemented, then there exists
U € B(G,E) such that S=T o U.

3. If S € B(E,G) with R(S*) C R(T™*) and R(T) is complemented, then there exists
V € B(F,G) such that S =V oT.

4. Assume that E is reflexive. If S € B(G, F), T* majorizes S*, and N (T') is comple-
mented, then there exists U € S € B(G, E) such that S =V oT.
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2.2. Factorization

Proof.

1. R(T) is complemented that is mean there exists a closed subspace N of F' such that

F = R(T) @ N. from Proposition 1.2.3, there exist V € B (R (T),G) such that
S =V oT, (Simply extend V to be the zero operator on N). (1) holds.

2. Assume the hypotheses in (2). Let W be closed subspace of E with £ = N(T") & W.
Let T : W —» F be the restriction of T to W. Now T! is closed linear map on R(T),
and since R(S) C R(T), T 0 S : G —s W is a closed, hence bounded operator by
the Closed Graph Theorem. We may consider U = T108 as an operator in B(G, E).

Clearly, S=T oTt0o S =ToU.

3. Assume the hypotheses in (2). We have R(S*) C R(7T™), so from Theorem 2.1.1 (2),
T majorizes S and by part (1), then there exists V € B(F,G) such that S =V oT.
(3) holds.

4. (4) verifier from Theorem 2.1.1 (4) and part (2).

This ends the proof. =
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Chapter 3

Majorization and factorization for

Lipschitz operators

In this chapter, we will define the concept of majorization for Lipschitz operators, and
we study some proprieties concerning this concept. Finally, we interested in particular in

Pietsch factorization theorem and some application of this notion.
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3.1. Majorization

3.1 Majorization

Let X, Y be pointed metric spaces and E, F' and G be Banach spaces. Recall that the
image of Lipschitz operator T' € Lipy(X, E) is defined and noted by

(T'(x) —T(y))
d(z,y)

We assume the base point of 7' (X) is 0.

ImLip(T):{ :x,yGX,x%y}.

Definition 3.1.1 Assume that T € Lip,(X, E) and S € Lipy(X, F). Then T majorizes S

if there exists a constant C' > 0 such that

15(x1) = S(xa)|| < CNT (1) — T2l

for all xy,x5 € X.
Remark 3.1.1 Let T € Lip, (X, E). The proof of the two following statements is easy:

1. If S1,S5 € Lipy (X, F) and T majorizes Sy and Sy, then T majorizes Sy + Ss.

2. If S € Lipy (X, F), R € Lipy (F,G) and T majorizes S, then T majorizes RS.

Proposition 3.1.1 Consider two Lipschitz maps T € Lipy(X, E) and S € Lipy(X, F).
Then T majorizes S if, and only if, there exists V € Lip, (T(X), F) such that S =V oT
and Lip(V') < C.

Proof. Assume that 7" majorizes S. Define
Ve T(X) — F
T(x) — V(T(x))=S(x)
The Lipschitz operator V' is well defined. Indeed, if T'(z1) = T'(x2) = z, we have V(T'(x;)) =
S(x1) and V(T'(x2)) = S(z2). So,
IV (T(z1)) =V (T(z2))|| = [|S(z1) — S(z2) ||
< CO|T(21) — T(zo)]]
=0.
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3.1. Majorization

and this implies that V' is well defined. From the definition of V', we have T' =V o S such
that Lip(V') < C. Since the base point of T'(X) is 0, V' preserving the base point.

X—2+F
| A
T(X)

We end the proof by extended V' by density to T'(X). Thus, V' € Lip, (T(X), F) :

The converse is clear. m

Proposition 3.1.2 LetT € Lip, (X, E), S € Lip, (X, F). If the linearization of T ( i,e. Tr)

magorizes the linearization of S (i,e. Sr) then T majorizes S.

Proof. Assume that 77, majorizes Sy, then there exists a constant C' > 0 such that
|SL (m)|| < C|| T (m)|| for all m € F (X).

Such that m = Zaiémyi. Take 1 = 1 and «; = 1 then we have
i=1

152 By Il < C N T ()l -

This implies,
1S (z) = Sy < C|T (x) = T(y)| -

for all x,y € X. Thus, T majorizes S. m

Proposition 3.1.3 Assume that T € Lip, (X, E), S € Lip, (X, F) and Ty, majorizes Si.
1. If T s Lipschitz compact, then S is Lipschitz compact.
2. If T is Lipschitz weakly compact, then S is Lipschitz weakly compact.

Proof.

1. Suppose that T is Lipschitz compact operator, then we have from Proposition 1.2.5,
T, is compact operator. Since the Proposition 2.1.2 we find that Sy is compact

operator. Thus, S is Lipschitz compact operator by Proposition 1.2.5.
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3.1. Majorization

2. The proof is the same using Proposition 1.2.5 and 2.1.2 when 7' is weakly compact

operator.

This ends the proof. m

Theorem 3.1.1 1. Let T € Lip, (X, E) and S € Lip, (X, F). Assume that T majorizes
S. Then R(S') CR(T").

2. Suppose that T € Lip, (X, E), S € Lip, (X, F) such that R(S*) CR(T"). Assume that

T is injective, then T majorizes S.

3. Assume that T € Lip, (X, E) and S € Lip, (Y, E), and that Imy;, (S) C Impg, (T).

Then Tt majorizes S*.

Proof.

1. Suppose that 7" majorizes S, so by Proposition 3.1.1, there exists V' € Lip, (T (X), F>
such that S =V oT. Now T* € B (E*,X#) and St € B (F*,X#) . Consider b* € F*.

For all x € X we have

|S*(07) ()] = [b" (S ()]
= [o" (V(T ()]
= |V () (T ()] -

e~

Where V! (b*) in (X)#. Let V't (b*) be any extension of V*(b*) to E* ( nonlinear

Hahn Banach theorem),

T LR

l Vi)
E
Then for all x € X we have

[(567) (@)] = [V (07) (7' ()
=|( (@) @]

Thus, S* (b*) =T" (V/th/*)> . This shows R (S*) C R (T").
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3.1. Majorization

2. Let T € Lip, (X, E), S € Lip, (X, F) such that R(S*) CR(T"), suppose that T is

—_——

injective. Let b* € F* be arbitrary and choose V* (b*) € E* such that
St(b*) = T (V/tfb/)> (3.1.1)
Then

b (V (T (@) = V (T ()] = " (S () = S (9)]
= IV (S (2)) = " (S ()]
= |S" () (x) = 5 (b") ()]

T (V) (@) =T (V) ()

—_——

= [V ) @ (@) - V) (@ )|

< Lip (V! (1)) I7() = T(3)]]

(By equality 3.1.1) =

Using the Theorem of Hahn Banach, we find

V(T () = V(T (y) < [V IT(z) = T(w)ll.

Thus, we have that V is Lipschitz operator on T'(X) and S = V o T, so T" majorizes
S.

3. Now assume T" € Lip, (X, E) and S € Lip, (Y, E). Since Imp, (S) C Impg;, (T) we
find N(T") CN(S?). Indeed, for all a* eN(T") C E*, and for all z,2” € X we have

T'oa* () —T'oa* (') =0—-0=0,
this implies,
a* (T (z) =T (2")) =0.

Thus,
a* (Impp (T)) = {0}

As Imp, (S) € Impi, (T), then we have a* (Imyp;, (S)) = {0} this implies for all
2,2 €Y
a*(S(z) =S () =0.
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3.1. Majorization

This implies,
Stoa*(z) —Stoa* (2) = 0.

Take 2’ = ey, this mean S* o a* (z) = 0 for all z € Y. Thus a* eN(S5?).

Now Define
U: R(TYH — Y#
T (a*) +—— U(T"(a*)) =S (a*)
for all a* € E* it is clear that U is well defined. Now, we will prove that U is bounded.
For an arbitrary y,y’ €Y, clgloose xg, xy € X such that S (y) =S (V') =T (xo) =T (7).

Let m € Bz(y), then m = Zai(syd%
j=1

(8" () (m)] = | (8" (e"),, (Z%ﬁyw;-) ‘
= Z%‘ (5" (), (511]%)‘
=[S 51y -0 )
[S50 e 0 s@»ﬂ
= Z% (oz* (T(xoj) T(xgj)))|
— Zaj (T" (%), <5x0jxgj>|
< s |(T'oa"), ()
m/ E€Br(x)

< o a), | < Lip (* o).
Taking the supremum over m € Bz(y). Thus,

Lip (U (T* (a*))) = Lip (5" (a*)) < Lip (T* (a")),
U is bounded. Therefore, since S* = U o T, then T* majorizes S*.

This ends the proof. m
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3.2. Applications

Proposition 3.1.4 Assume that T € Lip, (X, E) and S € Lip, (Y, E) .
1. If Impiy (S) € Imypi, (T) and T is Lipschitz compact, then S is Lipschitz compact.

2. If Impi,(S) € Impi, (T) and T is Lipschitz weakly compact, then S is Lipschitz

weakly compact.

Proof.

1. Assume the hypotheses in (1). Since I'mp;, (S) € Imp, (T') by Theorem 3.1.1 part
(3), T" majorizes S*. As T is compact then T" is compact, By Proposition 2.1.2 part
(1), S* is compact. Therefore, S is Lipschitz compact from Proposition 1.2.3.

2. The proof of (2) is the same as the proof of (1), using the fact that T is Lipschitz

weakly compact if and only if 7" is weakly compact (see Proposition 1.2.3).

The proof is complete. =

3.2 Applications

Let (1 < p < o0), Farmer and W-B Johnson introduces the class of Lipschitz p-summing
operator T': X — FE in [8]. Recall that a Lipschitz map T is p-summing if there exists
C' > 0 such that for all {z;} o, <o {¥i} 1< s <00 0 X and all {a;},; .o C Ry, we have

n

ST (@)~ TP < sup Y alf (@)~ f @l (3.21)

i—1 FeBx# i
The space H£ (X, F) of Lipschitz p-summing from any pointed metric space into Banach
L

space is a Banach space under the norm 7, (+) such that

sz (T) = inf {C, C verifying 3.2.1}.

Remark 3.2.1 FEvery pointed metric space (X,d) is isometric to a subspace of C (Bx#) .
Indeed,

Define
’ixf X — C(BX#)

r —  ix(x)
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3.2. Applications

such that, ix(f) = f(x), for all f € Bx#.
We have
lix(21) —ix(z2)l| = sup [ix (21) (f) = ix (x2) ()]
fEBX#
= sup [f(x1) = [ (22)]

fEBX#
o M@ =T,
fEBX# d(xlw/L‘Q)

(‘rly :CZ)
<d(x1,22) .

In other side, take fo (1) = d (-, 29) —d (0, 23) is in X#, has Lipschitz constant 1 and satisfies
|fo (z1) — fo (z2)| = d(x1,22). This implies that ||ix (1) — ix (z2) || = d (21, 22) and hence

0 s isometry.

Theorem 3.2.1 (Domination, Factorisation ) Let1 < p < oo. The following properties

are equivalent for a Lipschitz map T : X — FE.
a) The mapping T is Lipschitz p-summing .

b) there is a positive constant C' and a probability . on Bx# such that for all x,y € X we

have

P

1T (x) =T (y)ll <C (/ |f () —f(y)lpdu)
By
(Pietsch domination)

c) For the canonical injection J of C (Bx#) into L, (Bx#, 1), the following diagram com-

mute
X x, E
dix T
Tp .
ix (X) = Su S, = (Jp oix (X))
N N
J

Proof. we find the proof (a) <= (b) in [§].
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3.2. Applications

(b) = (c¢). Assume that T € Lip, (X, E) is Lipschitz p-summing (1 < p < co) then

there is a positive constant C' and probability p on By# such that

B =

1T (2) =T (y)l < C </B | (z) = f(y)lpdu>

For all x,y € X.
Then put f = J, oiyx. Then we have

17 (z) =T (W)l < CllJpoix(@) = Jpoix W)l

By ott)

This mean J, o tx majorizes 7. From proposition 3.1.1 there is T € Lip, <Jp oix (X), E>
such that T' = T(Jp 0lix).

(¢) = (a) obvious. =
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Abstract

In this work we studied the majorizing of linear operators introduced by Barnes. We
generalized this concept to the Lipschitz case. Finally we studied as a particular case

the Pietsch factorization theorem and some applications of this notion.

Key—Words: Lipschitz operators, Lipschitz compact (weakly compact) operators,
Lipchitz p-summing operators, majorization, factorization.

Résume

Dans ce travail nous avons étudié la majoration des operateurs linéaires introduits par
Barnes. Nous avons geéneralisé ce concept au cas Lipchitzien, finalement nous avons
étudie comme cas particulier le théoréme de factorisation de Pietsch et certaine
applications de cette notion.

Mots-Clés : opérateurs Lipchitzien, opérateurs Lipchitzien compact (faiblement
compact), opérateurs Lipchitzien p-sommable, majoration, factorisation.



