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Abstract: The goal of this paper is to present a direct method for an
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1 Introduction

In this work, we present a direct method for an approximative solution of a weakly
singular integral equations (WSIE) with logarithmic kernel on a piecewise smooth
integration path using an adapted quadratic spline, this approximation constructed by the
author (Nadir, 2012) gives an efficient approach to the analytical solution of WSIE. A
different quadrature method for solving WSIE for a closed curve, involving subtraction
of the singularity, was analysed in Prossdorf et al. (1993) and Saranen (1991), this kind of
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2 M. Nadir and B. Gagui

equations arises, for example, in electrostatics, fluid dynamics and in simulation of
cracks.

Also we note that, the solution of a large class of boundary-value problems in
mathematical physics can be reduced to WSIE of the form:

b(ty) 1
a()o(to) + =22 In(e=t0)g(0)de +— [ k(t,10)pto)dt = 1 (1), M
Tl r ITJT

where I' is any piecewise smooth closed contour (Muskhelishvili, 1953), ¢, and ¢ are
points on I', the known functions a(?), b(f) and (¢, y) are defined on I' and satisfying the
holder condition H(a), 0 < a < 1 (Muskhelishvili, 1953). Further, anywhere on I we
have:

a(t) =0, a'(t) # 0 and a'(¢) + 2b(f) # 0. ©)

As it is known, the integral of the dominant part of the above equation (1) exists in the
sense of a Cauchy principal value integral for all density ¢ that satisfies the holder
condition H(«) and also exists for all function ¢ € LZ(F):

The present note is divided into two parts. In the first one, we present a formulation of
the quadrature formula for the evaluation of weakly singular integral proposed by Nadir
(2012), this quadrature formula is based on the adapted quadratic approximation of the
density ¢(7):

In the second part, we present the numerical realisation of this approximation; also
the estimate of the error of the approximation integral was established. Besides, pointwise
convergence of the approximate solutions to an exact solution is obtained (Nadir, 2012;
Prossdorf et al., 1993; Sanikidze, 1971; Saranen, 1991).

A method to proceed is to solve the WSIE by numerical means, like the reduction to a
system of linear algebraic equations after the use of an appropriate quadrature rule.

2 Quadrature

We denote by ¢ the parametric complex function #(s) of the curve I' defined by:
1(s) = x(s)+iy(s), a < s < by,

where x(s) and y(s) are continuous functions on the finite interval of definition [a;, b;]
and have continuous first derivatives x'(s) and »'(s) never simultaneously null. Let N be

an arbitrary natural number, generally we take it large enough and divide the interval
[a1, b1] into N equal subintervals 1, I, ..., Iy by the points:

Sq :al+ai,l=bl—a1,0=0,1,2,...,N.
N

Further, we fix a natural number M > 1; and divide each of the segments [s,, s, + 1] by
the equidistant points:

[s,,,sg+1]={sg =850 < Sgp <. < Sgous :sﬁl}.
We introduce the notation:

tf,:t(sf,),tak:(s,,k); c=0,1,2,...N; k=0,1..2M.
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Assuming that, for the indices o, v =0, 1, 2, ..., N — 1 the points ¢ and # belong
respectively to the arcs f,7,.1 and £,4,+; where £,7,,; designates the smallest arc with ends
t,and t, + 1 (Nadir and Antidze, 2004; Nadir, 2010; 2012; Sanikidze, 1971).

For an arbitrary number ¢ = 0, 1, 2, ..., N — 1 we define the piecewise quadratic
Lagrange interpolation polynomial Sy(¢, ¢, o) dependent on ¢, ¢ and ¢ which represents
the quadratic approximation of the function density ¢ (¢) on the subinterval [#,, ¢,+] of the
curve I'. As we know, the interval [t,, t,1;] is divided into subintervals [, f,u:2)] of
length (fy4e2) — ta), k= 2i,i=0, 1, ..., M — 1. We interpolate the function density ¢(¢)
with respect to the values @(f,), @(fs4+1) and @(fyps2) at the points for, Loty and Ly
respectively with a quadratic polynomial, given by the following formula.

For 15 < toir2y.

(f To(k+1)

)
( o(k+1) — 1 k)
tok)
)

SZ((pa t, J) -

()

lo(k+2) — sz)

Lok (f zr(k+2))

o(k+2) ~ lo(k+1)

)¢(to(k+1>) 3)

(rf(k+1) — ok (
(t—to (f ta(k+1))

(to'(k+2) — ok )(fa(k+2) —lo(k+1)

) §0(fa(k+2) ),

this piecewise quadratic interpolating polynomial exists and is unique.
We define for an arbitrary numbers ¢ and v, such that 0 < g, v < N — 1; the following
continuous function £,.(¢, t, t;), dependents on ¢, ¢ and #y:

Uy (p31,10) =V (@31, 1) fort 1

B (031, 10) = {0 “)

fOrtZto

The function Ua(g; t, t) represents a modified quadratic interpolation of the function
density ¢(7) on the subinterval [¢,, #,+1] of the curve T
Indeed, for #, <t < f,412)and ¢t — £, # 1, we put:

(t —tg(k+1) )(t _to(k+2)) (t )ln(tak _tO)

U, (0;t, ¢
o (b5 10)= (a(km—tok)( o(k+2) — gk) In(t—1ty)
(1=t ) (£ = tohs2)) In (1) —to )
B O (torty ) ——F———
(J<k+l> _tvk) o(k+2) — zr(k+1)) ln(t—to)

(1
(1=t (f ta(k+1))

( o(k+2) — Jk)( o(k+2) ~ Lo (k+1)

111(¢a(k+2) —to)
) (ﬂ(ta(k+2) ) ln(t ~ l‘o)

and the function V,.(¢; t, ) is given by:
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l‘ lo(k+1) (t a(k+2) In(t —to)

)

(tothsny = tot ) (foihrn) — rfk) In(z-1)
)
)

Vo’v ((psty tO) = SZ ((0, tO) V)

(t—tx

-S> (@; to, v
2( ‘ )(a(k+1) — ok W loh+2) — n(k+l)) In(r-1)

(f rf(k+2) In (ta(kJrl) —1 )
(

f Lok )T — a(k+1)) ln(la(k+2)—f0)

ok (
(toks2) —tok ) (toksr) = tokeny)  In(—10)

+85 (fﬂ; fo, V)

where the function ¢ represents a given function on the curve I" and of the class H():
Denoting by w,(¢; ¢, t,) the cubic approximation of the density ¢(f) at the point
t ety trl, to € [t th]and 0 <o, vS N—1 by:

Voo (038, 10) = 0(10) + B (031, 10). Q)

Using the quadratic spline interpolation of the kernel (¢, #)) and of the density ¢(¢), the
regular part of the singular integral equation (1) will be obtained as:

Kot) =— [ k(t.10)ploy

J ~
=— L k(t,10)@(t)dt

k (IUZk ) )(D(IO'ZIC )

_ ifM_IJ‘W‘HD (t_ta(2k+l))(t_ta(2k+2))
i ey = ook (fa(2k+1) —lo2k )(tn(2k+2) - JZk)
(t =tk )(f _ta(2k+2))
- k(¢ Lt ot dt
(ta(2k+1) _taZk)(ta(2k+2) —fa(2k+1)) ( 7D 0)¢( Uukﬂ))
(t_tak)(t_ta(kﬂ))

(ta(k+2) —tok )(ta(k+2) - zr(k+1))
=Ko (1)
Let Ap(t,) denote the left side of the equation (1):
Ap(to) =(al +bW +K) p(to)

~a(0)o(0)+ 2 [ (1) gt + L [ k(e )otords
14 r YT

k(to2ks2)s t0 ) @ (toars2) ) dt.

= a)p(0) + 2L [ in(a1) (o0 p(a0))at+ [ k(1,10 )oter
=(al +bW, +K)o(to)

and A§(fy) be the adapted quadrature interpolation formula for the operator Ag(7) given
by:
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A5(to) =al + W + K) (1)

b(t;) _frln(t—to)ww (@31, ’O)d”%jr’;(fs to) @(1)dt

T

:a(l‘o)@(fo)*'m_'. In(r—10) B (93 2, to)d“ri.j k(t,t0)@(0)dt
i r Tl dT

~(al +b771+ B) (1.

=a(t)p(to)+

We denote by the function ¢(¢) the approximate solution of (1) and find it from the
equality of the functions e IZI(Z)(tO) and f{ty) at the points ¢, (6=0,1, ..., N-1,k=0, 1,
ey 2M).

3 Main result

Theorem: The weakly singular integral equation of the form (1) with the condition (2) has
a unique solution ¢(f) and an approximate solution ¢(¢#) converges to the solution ¢(¢)

with the following estimation:
CInQMN) G |
QMN)*  (MN)?’

lo(6)— ()] < M,N>1,

where the constants C; and C, depend only on the curve I" and the holder constant of the
function ¢.

Proof: We can write the integral equation (1) as:
Ap=(al +bW +K)p=f,

while as an approximating equation in the space H(«) we consider:
Ap=(al +pW +K) G = f.

It follows from [6] that, for all ¢(¢) in H() we have:
- il < LRCHN,

and also it is known that:

G

|ko- K| < Nk

for all K compact and ¢ € H(@).
It is easily to see that:
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lo—4]= aét) b)) (Wp—175) + (Ko - Kp)
<l O (7o 175) + (Ko~ 5)
L) [P I I P,
< 2o o )
< G 1n(2MN)+ Cy S M.N>1,
(2MN)* (MN)?
where C; =sup @‘ C| and C; = sup|—|C;.
¢ |a(t) ¢ |a(t)

4 Numerical experiments

In this section, we describe some of the numerical experiments performed in solving the
WSIE (1). In all cases, the curve I" designates the unit circle and we chose the right hand
side f{¥) in such way that we know the exact solution. This exact solution is used only to
show that the numerical solution obtained with our method is correct.

We apply the algorithms described in Antidze (1975), Nadir and Antidze (2004) and
Nadir (2012) to solve WSIE and we present results concerning the accuracy of the
calculations. In this numerical experiments it is easily to see that the matrix of the system
of algebraic equation given by our approximation is invertible, confirmed in Nadir and
Antidze (2004) and Sanikidze (1971).

In each table, ¢ represents the exact solution given in the sense of the principal value
of Cauchy and ¢ corresponds to the approximate solution produced by our

approximation at points values interpolation (Nadir and Antidze, 2004; Nadir, 2012).

Example 1: Consider the weakly singular integral equation:
1
costop(ty)+ —_J. In(7—1y) p(t)dt = 3t, costy + 13 costy,
i IT

where the curve I' designates the unit circle and the function density ¢ is given by the
following expression:

o(t) =1> +3t.
The approximate solution @(z) of ¢(¢) is obtained by our modified quadratic spline
approximation for N = 20.
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Table 1
example 1

Shows the exact and the approximate solution and the computed the error for the

Values of points t

Exact solution ¢

Approximate solution @

Error

1.000e+00 +0.000e+00i
7.071e-01 +7.071e-01i
0.000e-00 +1.000e+00i

—7.071e-01 +7.071e-01i
—1.000e+00 +0.000e+00i

—7.071e-01 —7.071e-01i
0.000e-00 —1.000e+00i
7.071e-01 -7.071e-01i

4.000e+00 +0.000e+00i
2.121e+00 +3.121e+00i
—1.000e+00 +3.000e+00i
—2.121e+00 +1.121e+00i
—2.000e+00 +1.224e—161
—2.121e+00 —1.121e+00i
—1.000e+00 —3.000e+00i
2.121e+00 —3.121e+00i

4.000e+00 —4.071e-14i

2.121e+00 +3.121e+00i
—1.000e+00 +3.000e+00i
—2.121e+00 +1.121e+00i
—2.000e+00 —2.498e-15i
—2.121e+00 —1.121e+00i
—1.000e+00 —3.000e+001
2.121e+00 —3.121e+001

9.050e-14
1.030e-14
4.440e-15
3.972e-15
2.620e-15
4.930e-15
3.179%-15
9.310e-14

Example 2: Consider the weakly singular integral equation:

1 1
—to¢(to)+—.j In(z—1t0) p(r)dt =
2 i Jr

1
2

toIn(t, +3),

where the curve I' designates the unit circle and the function density ¢ is given by the

following expression:

o(t) =In(t +3).

The approximate solution @(z) of ¢(¢) is obtained by our modified quadratic spline

approximation for N = 20.

Table 2
example 2

Shows the exact and the approximate solution and the computed the error for the

Values of points t

Exact solution ¢

Approximate solution @

Error

1.000e+00 +0.000e+001
7.071e-01 +7.071e-01i
0.000e-00 +1.000e+00i

—7.071e-01 +7.071e-01i
—1.000e+00 +0.000e+001

—7.071e-01 —7.071e-01i
0.000e-00 —1.000e+00i
7.071e-01 -7.071e-011

1.386e+00 +0.000e+001
1.328e+00 +1.884¢-01i
1.151e+00 +3.217¢-01i
8.752e-01 +2.991e-01i
6.931e-01 +6.123e-17i
8.752e-01 —2.991e-01i
1.151e+00 —-3.217e-01i
1.328e+00 —1.884e-01i

1.386€e+00 +5.880e-06i
1.328e+00 +1.884¢-01i
1.151e+00 +3.217¢-01i
8.752e-01 +2.991e-01i
6.931e-01 +6.123e-17i
8.752e-01 —2.991e-01i
1.151e+00 —-3.217e-01i
1.328e+00 —1.884e-011

5.901e-06
1.075e-05
1.315e-05
3.908e-05
5.402¢-05
4.362e-05
1.179¢-05
1.137e-05

Example 3: Consider the weakly singular integral equation:

zg¢(t0)+i,j In(t—1t,)p(t)dt = £ sint,
7L YT

where the curve I' designates the unit circle and the function density ¢ is given by the

following expression:

o(t) = sin(?).
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The approximate solution @(z) of ¢(¢) is obtained by our modified quadratic spline
approximation for N = 20.

Table 3 Shows the exact and the approximate solution and the computed the error for the
example 3

Values of points t Exact solution ¢ Approximate solution @ Error

1.000e+00 +0.000e+00i 8.414¢-01+0.000e+00i 8.414¢-01 —1.986¢-051 4.512e-05
7.071e-01 +7.071e-01i 8.189¢-01 +5.835e-01i 8.189¢-01 +5.836¢-011i 1.009¢-04
0.000e-00 +1.000e+00i 9.448e-17 +1.175¢+00i 1.403e-04 +1.175e+00i 2.836e-04
—7.071e-01 +7.071e-01i  —8.189¢-01 +5.835¢-01i  —8.187¢-01 +5.833¢-01i 1.856¢-04
—1.000e+00 +0.000e+00i  —8.414e-01 +6.616e-17i  —8.415¢-01 +1.355¢-04i 1.430e-04
—7.071e-01 —7.071e-01i —8.189¢-01 —5.835¢-01i  —8.188¢-01 —5.834¢-01i 1.692e-04
0.000e-00 —1.000e+00i —2.834e-16 -1.175¢+00i  1.019e-04 —1.175e+00i 1.060e-04
7.071e-01 -7.071e-01i 8.189¢-01 —5.835¢-01i 8.189¢-01 —5.836e-011 1.212¢-04

Example 4: Consider the weakly singular integral equation:

2togo(t0)+i.j In(t—ty)p(t)dt =
LT

3
(to+2)

where the curve I' designates the unit circle and the function density ¢ is given by the

following expression:

1
1)=——.
olt) t+2

The approximate solution @(z) of ¢(¢) is obtained by our modified quadratic spline

approximation for N = 20.

Table 4 Shows the exact and the approximate solution and the computed the error for the
example 4

Values of points t Exact solution ¢ Approximate solution @ Error

1.000e+00 +0.000e+00i ~ —3.333e-01 +0.000e+00i  —3.333e-01 +2.789¢-06i  6.058e-06
7.071e-01 +7.071e-01i —3.458e-01 +9.032¢-02i  —3.458e-01 +9.031e-02i  9.803e-06
0.000e-00 +1.000e+00i —4.000e-01 +2.000e-01i ~ —4.000e-01 +1.999¢-011  2.404e-05
—7.071e-01 +7.071e-01i  —5.953e-01 +3.256e-01i  —5.954¢-01 +3.257¢-01i 1.099¢-04
—1.000e+00 +0.000e+00i  —1.000e+00 +1.224e-161  —1.000e+00 —4.160e-041  4.571e-04
—7.071e-01 —7.071e-011 —5.953e-01 —3.256e-011  —5.954e-01 —3.257¢-01i 1.298e-04
0.000e-00 —1.000e+00i —4.000e-01 —2.000e-011 ~ —4.000e-01 —2.000e-01i 1.557¢-05

7.071e-01 —7.071e-01i

—3.458e-01 —9.032¢-02i

—3.458e-01 —-9.031e-02i

1.018e-05
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5 Conclusions

We have considered the numerical solution of WSIE and have presented an efficient
scheme to compute this approximate solution. The essential idea is to find a combination
of functions of approximation for the function density where we can be using it to
remove integrable singularities. The regular part where it is the remaining integrands are
well behaved and pose no serious numerical problem. The numerical solution of WSIE
was verified by comparing the analytical and numerical solutions which agree well.
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