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Abstract

In this memory, we study and classify integral equations, and focus
on Volterra and Fredholm non-linear integral equations.

The aim of this paper is to prove the existence of solution of some
non-linear Fredholm and Volterra integral equation, integral equation
with Delay in Banach spaces, using Schauder’s fixed point theorem.

The Key words: Fredholm's integral equations, Volterra's integral
equations, Schauder's fixed point theorem, Riesz's theorem, integral
equation with Delay.



Résumé

Dans ce mémoire, nous avons étudie et classe les équations
intégrales, nous avons basé sur les équations intégrales non- linéaire
de Fredholm et de Volterr.

L'objectif de cette recherche est de prouver I'existance de la résolution
de quelques équations intégrales non-linéaire de Fredholm et de
Volterra, et équation intégrale avec retard dans I'espace de Banach,
En utilisant le théoréme du point fixe de Schauder.

Les mots clés: Equations intégrales de Fredholm, équations intégrales
de Volterra, Théoréme du point fixe de Schauder, Théoreme de Riesz,
équation intégrale avec retard.



Notation

n

o =

Q9 2

([a,0])
||

[

L7 (Q,R")

|y -
Conv A
Conv A

XE
C(2;R™)

set of all nonnegative real numbers.
set of all n—tuples z = (x1, 29, ..., T,,) .

open bounded of R".

Closed bounded of R".

integral operator.

the Banach space of all continuous functions from [a, b] into R™.

norm in X, also denoted by |. |,

max |¢ ()] © € R" bounded open, ¢ € C (Q,R").
e

space of all measurable functions ¢ : Q — R™ with [, |¢ (t)]" dt < oo
(2 C R™ open,of 1 < p < o0).

norm in L? (Q,R"), | ¢ |,= ([fy le @) dt)% :

convex hull of A.

Closed convex hull of A.

characteristic function of the set E.

the Banach space of all continuous functions from €2 into R".
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Introduction

Integral equations are very useful mathematical tools in both pure and applied math-
ematics, appear in various fields of science and numerous applications such that elasticity,
plasticity and mass transfer, oscillation theory, fluid dynamics, filtration theory, electrostatics,
electrodynamics, biomechanics, game theory, control, queuing theory, electrical engineering,
economics, medicine, etc.

An integral equation is defined as an equation in which the unknown function ¢ () to
be determined appear under the integral sign. Many initial and boundary value problems
associated with ordinary differential equation(ODE) and partial differential equation(PDE)
can be transformed into problems of solving some approximate integral equations.

A general from of an non linear integral equation in ¢ (t) is of the from

B(t)
o (1) :f(t)+A/(t) K (1,5, (s)) ds.

where K (t,s) is called the kernel of the integral equation, a (¢) and f (t) are the limits of
integration. It is to be noted here that both the kernel K (¢, s) and the function f (¢) in the
integral equation are given functions, A is a constant parameter.

If the lower limit of integration is constant and the upper one is variable we are in the
case of Volterra integral equations, but if the two terms of integration are constant, then we
are in the case of Fredholm integral equations.

The aim of this memory is to study the existence of the integral equations, and we
focus more on the non-linear Fredholm and Volterra, integral equation with Delay, by using
Schauder’s fixed point theorem(1930). Our work is divided as follows.

In the introductory chapter we recall some notions Ascoli-Arzela’s theorem, Hansdorft’s
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theorem, complety continuous operator, Shaefer’s fixed point theorem, Schauder’s fixed point
theorem.

In the second chapter we present integral equation and we illustrute different criteria
of classification of these equations, we focus on Fredholm and Volterra integral equations.
Finally we mention some theorems to prove existence of solutions of some kind of linear
integral equation (Riesz’s theorem and Fredholm’s Alternative).

In the final chapter we study the existence solutions of non-linear Volterra and Fred-
holm,integral equation with Delay,and Hammerstein integral equation, using Schauder’s fixed

point theorem.



Chapter 1

Preliminary results and necessary

definitions

In this section we provide some important definitions and theorems in the note. We also
touch on the fixed point theorems (Schaefer’s Fixed Point Theorem, Schauder’s Fixed Point

Theorem).

1.1 Definitions and Theorems
Proposition 1.1 (Hausdorff’s theorem [5]) Let (X, d) be a metric space. The following
statements are equivalent :

(1) Every sequence of elements of X has a convergent subsequence in X .

(7i) The space X is complete and for each ¢ > 0 it admits a finite covering by open balls of

radius €.
Proof. see [11I]. m

Definition 1.1 ([11]) A metric space X is said to be compact if it satisfies condition (i) (equivalently
(1) ) in proposition 1.1.

1.1.1 Ascoli-Arzela’s Theorem

Theorem 1.1 ([5]) Let X be a compact Hausdorff space. If F is an equicontintinuous and
pointwise bounded subset of C (X)), then F is totally bounded .

Proof. see [11I]. m



1.2. Fixed Point Theorem

1.1.2 completely Continuous Operator

Definition 1.2 ([5]) Let X be a Banach space. An operator T : X — X is called totally
bounded if for every bounded subset S of X, T (S) is compact. Moreover, T is said to be

completely continuous over X if it is continuous and totally bounded over X.

Since our Banach space is C ([a, b]), then the following version of the Ascoli-Arzela theo-

rem is very useful in proving the total boundedness of our proposed operator.
Theorem 1.2 ([11])

(7) If the operator Ty, : D — Y; D C X, k = 1,2, ...are completely continuous and 7" : D — Y
is such that
T (p) = lim Tj (¢) (1.1)

k—o0

uniformly on any bounded subset of D, then T is completely continuous too.

(ii) Let D C X be a bounded closed set and T': D — Y a completely continuous operator.
Then there exists a sequence of continuous operator T : D — Y of finite rank

such that (1.1)) holds, uniformly on D, and

Ty (D) C conv (T (D))

for every k.

Proof. see [11]. =

Theorem 1.3 (Brouwer ’s theorem [11]) Let D C R" be a nonempty convex compact set

and let T : D — D be a continuous mapping. Then there exists of at least one ¢ € D with

T(p) = ¢.

Proof. see [11]. =

1.2 Fixed Point Theorem

Definition 1.3 ([3]) Let T be a defined in a Banach space E in itself, then for x € E, such
that o =T (p), is called a fixed point of the operator T.



1.2. Fixed Point Theorem

Definition 1.4 ([3]) Let T be an operator of a Banach space E in itself, the operator T is

said a contraction operator if it can be exist a positive constant k, such that 0 < k < land

|To; — Tyl <E|loy —@all, Yoy, 00 € E

Theorem 1.4 ([3]) Let T be a contraction operator in a Banach space E, the equation
Ty = ¢ admits a unique solution ¢ in E, this solution is said to be a fixed point of the

operator.

1.2.1 Schaefer’s Fixed Point Theorem

Theorem 1.5 (Schaefer’s Fixed -point Theorem [5]) Let X be a Banach space and let

T:X — X be a completely continuous operator. Then either :
1. The operator equation x = ATz has a solution for A = 1.
2. Theset ¢ = {z € X;2 = ATz, A € 0,1} is unbounded.

Proof. see [0]. =

1.2.2 Schauder ’s Fixed Point Theorem

Theorem 1.6 (Schauder[11]) Let X be a Banach space, K C X a nonempty conver com-

pact set and let T : K — K be a continuous operator. Then T has at least one fixed point

Proof. obviously T"is completely continuous. Consequently by Theorem 1.2 there exists

a sequence of continuous operators 7 : K — K of finite rank such that

T (p) = lmTj (¢)

Jj—oo
uniformly on K. Let n = n(j) be the dimension of the subspace X, generated by 7 (K).
We have

T, : KNX, - KNnX,.
Consequently by Brouwer’s theorem there exists ¢; € K N X,, with
T (¢5) = ;-

5



1.2. Fixed Point Theorem

Since K is compact there exists a subsequence of (gpj)convergent to some element ¢ € K. As
in Step 1 in the proof of Brouwer’s theorem we can conclude that 7' (¢) = ¢. =

The following variant of Schauder’s theorem is most useful in applications.

Theorem 1.7 (Schauder [11]) Let X be a Banach space, D C X a nonempty convex
bounded closed set and let T : D — D be a completely continuous operator. Then T has at

least one fixed point.
We can derive Theorem 1.7 from Theorem 1.6 via the following result.

Lemma 1.1 (Mazur [11]) The convex hull of any relatively compact subset of a Banach

space s relatively compact.
Proof. Let Y be a relatively compact subset of a Banach space X.Then, given ¢ > 0 we

find a finite number of elements of X, say ¢, ¢, ..., ¢,, such that

Y C ,nga (i) - (12)
Let
R = conv {@1; Py ey me} ’

Our goal is to prove that R is a relatively compact ¢ — net for conv (Y') . Once this is proved,
we may say that conv (Y') is a relatively compact set in base of Hausdorff’s theorem. To this

end consider an arbitrary elementy € conv (Y').We have
Y = Z)\j’l}j 7)\]' - O,Z)\j = 1,’Uj ey.
j=1 j=1
According to ,for each v; there is an i; € {1,2,...,m}with v; € B (@@-) .Then
0= Ny, DA (Uj - %;)
j=1 j=1
< 2N
j=1

Vi — @i | =€

and »_A;p; € R.This shows that R is an € — net for conv (V). Finally ,the compactness of
=1
R follows from the representation :

(=}



1.2. Fixed Point Theorem

Thus the proof is complete . m

Proof. (proof of Theorem 1.7) Since 7" is completery continuous and D is bounded the
set T'(D)is relatively compact. Mazur’s lemma then implies that the set K = conv (T' (D))
is compact (and obviously convex ). From T (D) C D and D closed convex it follows that

K C D. Now we apply Theorem 1.6 to the operator 7T: K — K. =



Chapter 2

Integral Equations

In this chapter we give the definitions and types of integal equations (classifications) that we
will use in the following chapter, with an introduction to the theory of these equations (the

Riesz theory and the alternative of Fredholm and Neumann series, ...).

2.1 Definition of Integral Equations

Definition 2.1 A functional equation in which the unknown fonction is shown under the

integration sign is called an integral equation [ .

This is usually the equation with respect to the unknown ¢ of the from

[EK(t,s,gp(s))ds:)\go(t)—i—f(t), te E (2.1)

Where FE' is a measure space, f (t) a given measurabe fonction on E, A a given scalar which
can be real of complex, and K (¢, s, (s)) a measurable fonction on E3 called the kernel of
the integral equation.

With all these date, our problem is to find the function ¢ that satisfies the equation ([2.1J).

1. For the study of the following integral equation

/K(t,s,gp(s))dt:)\go(t)—i-f(t), te E (2.2)
E
We restrict ourselves to Lp (E) avec (1 < p < +00).

Implicily, for function f € Lp (E), we are looking for function ¢ in Lp (E) verifies this
equation, this means that in this restriction, we use only the kernels K (¢, s) for which

Ty isin Lp (F) when ¢ is.



2.2. Classifiction of Integral Equations

2. if we have
K (t,s,0(s)) = K (t,s) o (s)
the equation becomes linear, ie
£ = [ Kits)o (s ds— e 0
is otherwise becomes a non-linear integral equation.
3. Note that the equation can be written as an operator
Te=Mp+f
or the operator 7' is written as
To(t) = /EK (t,s,¢(s))dt.

4. The most general type of integral equation

Mwmwsz+A4Kﬁ»w@»w

The function h () determines the type of the equation.

2.2 Classifiction of Integral Equations

The Classifiction of Integral Equations is centred on three basic characteristics that describe

their overall structure, it is useful to mention them before going into detail.

1. The type of an equation refers to the location of the unknown function. For first type
equations, the unknown function only appears inside the integral sign. However, for

second type equations, the unknown function also appears outside the integral sign.

2. The historical description Fredholm and Volterra concerns the bounds of integration.
In a Fredholm equation, the bounds of integration are fixed, in the Volterra equation

the bounds of integration are undefined.

3. The adjective singular is sometimes used on the one hand, when the integration is
improprer, on the other hand if one or both of the bounds of integration is unbounded

on the given range, obviously, an integral equation can be singular in both directions.



2.3. Linear Integral Equations

2.3 Linear Integral Equations

2.3.1 Fredholm Integral Equation

A Fredholm linear Integral Equation such that both limits of integration are constant is an

equation with one unknown ¢ (t), of the from

h(#) o (t) = F (1) + A / K (t5) o (s)ds, (2.3)

where f (t), K (t, s) are known functions and A\ is a non-zero, real or complex parameter.

The function h (t) determines the type of the integral equation.
1. If h(t) = 0, the equation (2.3)) is written
b
[+ )\/ K (t,s)¢(s)ds =0. (2.4)
and is called the Fredholm integral equation of the first kind.

2. If h (t) = ¢ = constant, the equation (2.3)) is written
b
co(t)=f({t)+ )\/ K (t,s) ¢ (s)ds. (2.5)
and is called the Fredholm integral equation of the second kind.

If h(t) # 0, Thus the from (2.3) is called the Fredholm integral equation of the third
kind.

Remark 2.1 We distinguish two cases :

i- If f(t) = 0, the equation (£2.3) is said to be homogeneous.

ii- If f (t) # 0, the equation (2.3) is said to be non-homogeneous.

2.3.2 Volterra Integral Equation

A volterra linear integral equation such that both limits of integration are variable, an equa-

tion of the form

h(t)e(t)=f()+ )\/ K (t,8) ¢ (s)ds. (2.6)

10



2.4. Nonlinear Integral Equation

1. we call the volterra integral equation of the first kind, if & (¢) = 0, so the equation ({2.6))

1s written

f(t)—i—)\/tK(t,s)go(s)ds:O (2.7)

2. we call the integral equation of volterra of the second kind, if h (t) = ¢ = constant # 0,

so the equation ([2.6) is written

co(t) :f(t)+/\/ K (t,5) i (s) ds. (2.8)

If h(t) # 0,Thus the from is called the volterra integral equation of the third kind.
Remark 2.2 We distinguish two cases :
i- If f(t) =0, the equation is said to be homogeneous.
ii- If f (t) # 0, the equation ([2.6]) is said to be non-homogeneous.

Remark 2.3 The volterra integral equation is a special case of the fredholm integral equation,

it 1s sufficient to take the kernel K wverifies the condition.

K (t,s) =0, pourt<s

2.3.3 Abel Integral Equation

An equation of the from .
v (s)
T ds=f(t). 2.
/a(t_s)as f(@) (2.9)

where « is a constant, 0 < o < 1.

2.4 Nonlinear Integral Equation

2.4.1 Fredholm Integral Equation

The nonlinear Fredholm integral equation of the first kind takes the form

f)+ )\/ K (t,s,¢(s))ds=0 (2.10)

Is called Fredholm’s integral equation of the second kind, the equation of the from.
b
cot) = £+ [ K(tsp(o)ds 2.11)

11



2.4. Nonlinear Integral Equation

where ¢ =constant# 0, and thirdly, of the from
b
R0 =10+ A [ K(tsp(s) ds
Remark 2.4 We distinguish two cases :

i- If f(t) = 0, Thus the equation is said to be homogeneous.

ii- If f (t) # 0, Thus the equation is said to be non-homogeneous.

2.4.2 Volterra Integral Equation

The non-linear integral equation of volterra of the first kind takes the from

f(t)—l—)\/ K (t,s,p(s))ds = 0.

Is called volterra’s integral equation of the second kind,the equation of the from.

co(t)=f(t) +)\/tK(t,s,<p(s))ds.
where ¢ =constant# 0, and thirdly, of the from
HOP ) =50+ [ Kt () ds
Remark 2.5 We distinguish two cases :

i- If f(t) = 0, Thus the equation is said to be homogeneous.

ii- If f (t) # 0, Thus the equation is said to be non-homogeneous.

2.4.3 Abel Integral Equation

An equation of the form

o (1) = / (t— 5" g (o (s)) ds.

—00

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

or —oo < t,0 < a < 1, and g : [0;+00[ — [0;+00] such as g (0) = 0 and g (t) > 0 For all

t> 0.

For more intormation see [9].

12



2.5. Mixed Integral Equation

2.4.4 Uryson and Hammerstein Integral Equation

1. An equation of the Uryson form is given by

()= f(t) —i—/ﬂK(t,s,gp(s))ds, sef (2.17)

where K and f are arbitrary functions.

)=+ [ K9P (o(s)ds s€0

such that F' is a non-linear function.

2. An equation of the Hammerstein form is given by

e(t)=f(t) +/9K(t,s)g (s, (s))ds, s € (2.18)

For more intormation see[2] .

Remark 2.6 Hammerstein’s equation is a special case of Uryson’s equation.

2.5 Mixed Integral Equation

2.5.1 Fredholm-Volterra Integral Equation

An equation of the form

b b
h(t)g)(t,s)+)\/ K(t,y)@(y,s)dy—i—)\/ F(s,z)p(t,x)de= f(t,x), s€[0,5], § < oc.
(2.19)

The function h determines the type of the integral equation.

2.5.2 Volterra-Fredholm Integral Equation

An equation of the form

h(t)gp(t,s)—i—/os/ K (t,s) F (s,x) ¢ (y,z)dyde = f (t,s), s €[0,5], S <oo. (2.20)

13



2.6. Singular Integral Equation

2.6 Singular Integral Equation

An integral equation is said to be singular if one or both limits of integration are infinite, or

the kernel becomes infinite in the neighbourhood of thelimits of integration.

Definition 2.2 Consider the following integral equation.

)= f(t)+ /Q M (t,s) K (t,s) p(s)ds. (2.21)

we say that( is singular if M (t,s) admits a singularity or the domain T is un bounded.

2.6.1 Volterra and Fredholm Type Singulaite

Consider the second kind integral equation of the form.

e((t)=f(t) —I—/ M (t,s) K (t,s)p(s)ds, a <t < oo. (2.22)

where K (t,s) is weakly singular, in general K (¢, s) is given by

K(t.s) t—s™", 0<a<1
75 =
log |t — s

So

1. The equation ([2.22)) is volterra.

2. If t = b, the equation (2.22)) is Fredholm.
3. The case where K (t,s) = |t —s|", 0 < a < 1, is called an algebraic singularity.

4. The case where K (t,s) = log |t — s|, is called logarithmic singularity.

Definition 2.3 (Carleman Integral Equation) An equation of the form

a<t)i/_ dei/_ 5 eyds = £ 1), (2.23)

m o 15—t m ) 15—t

where a,b and ¢ are continuous function.

For more information see [?7].

14



2.7. Integral Equation With Delay

2.6.2 Cauchy type singularity

Let D be a bounded and convex domain in a complex plane, then the Cauchy integral gives

by the formula.
1 (s
2m Jop s —1

ds=f(t), seC. (2.24)

Definition 2.4 A Cauchy integral equation is an equation of the form.

a(t>¢<t)+b(t)/¢(sids+/FK(t,s)w(s)ds:f(t). (2.25)

rs—

such as I' = 0D.

2.7 Integral Equation With Delay
We call integral equation with Delay, The equation of the from

o= [ rseds

In this equation ¢ () is the proportion of infectives in a population at time, and f (¢, ¢ (¢))

is the proportion of new infectives per unit time.

2.8 Reduction of ODEs to the Volterra I1E

Consider an ordinary differential equation (ODE) of the first order

dy

- = f(t 2.2
with the initial condition

y (to) = o, (2.27)

where f (¢,y) is defined and continuous in a two-dimensional domain G which contains the
point (o, yo) -

Integrating (2.26)) subject to (2.27) we obtain

o(t) =0+ / f (5. (s)) ds, (2.28)

which is called the Volterra integral equation of the second kind with respect to the
unknown function ¢ (s). This equation is equivalent to the initial value problem(2.26) and
(2.27). Note that this is generally a nonlinear integral equation with respect to ¢ (s).
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2.8. Reduction of ODEs to the Volterra IE

Consider now a linear ODE of the second order with variable coefficients
v+ AWy +B)y=9g(1) (2.29)
with the initial condition
y (to) = o, ¥ (to) = w1, (2.30)
where A (t) and B (t) are given functions continuous in an interval G which contains the
point to. Integrating y"in ([2.29) we obtain

y’(t):—/tA(s)y’(t)dt—/tB(t)y(@dH/xg(:c)dﬁyl. (2.31)

to to xo

Integrating the first integral on the right-hand side in ([2.31)) by parts yields
t

0 =-a0y0 - [ (BO-AO)yOas [t Atwin @

to to

Integrating a second time we obtain

y(t) = dt—/to /t sdt+// 5) dsdt(2.33)

+ [A (750) Yo + 1] (t —to) + Yo

Using the relationship

/t: /t:f(s) dsdt = /t: (t =) f(s)ds, (2.34)

we transform (2.33]) to obtain

y(t) = —/t{A(sH(t—s)[(B(s)—A’@))}}y(s)dH/t(t—s>g<s)ds4<2.35)

to to

+ [A (to) yo + y1] (t — to) + vo. (2.36)

Separate the known functions in (2.35) and introduce the notation for the kernel function

K (t,s)=—A(s) + (s — t) [(B (s)— A’ (s))] , (2.37)
ft)= /t (t —s)g(s)ds+ [A(to) yo + y1] (t — to) + o (2.38)

Then becomes
y(t)=7f)+ t K (t,s)y(s)ds, (2.39)

to
which is the Volterra IE of the second kind with respect to the unknown function ¢ (s).

This equation is equivalent to the initial value problem ([2.29)) and (2.30). Note that here we

obtain a linear integral equation with respect to y (t) .

16



2.9. Existence and Uniqueness of Solution for Linear Integral Equation

Example 2.1 Consider a homogeneous linear ODE of the second order with constant coef-
ficients

Y +wly=0 (2.40)
and the initial conditions (at ¢ty = 0)
y(0)=0, y (0)=1. (2.41)

We see that here
At)=0, B(t) =w? 9o =0, y1 = 1.

if we use the same notation as in (2.29)) and (2.30)).
Substituting into (2.35) and calculating (2.37) and (2.38),

K(t,s) = w(s—1),
f) =t

we find that the IE (2.39)), equivalent to the initial value problem (2.40) and (2.41)), takes

the form

y(t)=1t+ /Ot (s —t)y(s)ds. (2.42)

2.9 Existence and Uniqueness of Solution for Linear

Integral Equation

2.9.1 Riesz’s Theorem

In this paragraph, we denote by A : X — X the compact linear operator norm space in itself.

we present the basic theorem for an equation

p—Ap=Tf.

The operator T is defined as
T=I—-A

Where I designate the identity operator.

Theorem 2.1 ([3]) The null space of the oprator T i.e. The kernel of the operator T.
N(T)=ker(T)={p e X;Tp =0}

s a finite dimensional subspace.

17



2.9. Existence and Uniqueness of Solution for Linear Integral Equation

Proof. The kernel of the linear operator bounded 7' is a closed subspace of X.Since each
sequence ¢,, — p,n — oo and Ty, = 0, then we have T'p = 0, So ¢ € ker (T') equivalent to
a Ap = .

And so the restriction of A in ker (T") coincides with the identity operator on ker (T'), the
operator A is compact in X and so make ker (7") compact on ker ("), since ker (T') is closed.

Therefore ker (T') is of finite dimension. m
Theorem 2.2 ([3]) The image of the operator T i.e
R(T) ={Teip € X}

18 a closed and finite co- dimensional linear subspace.

Proof. The image of the operator T' is a subspace. Let f be an element of T (X),
then there exists a sequence (p,) in X such that T'p,, — f,n — oo,we choose the best

approximation Yy,,, ¢.e

X €Im(T')

we define the sequence
@:wn_XnvnENJ
who is bounded .

We suppose that the sequence (g,,) is not bounded, then we can extract a sub-sequence

(@n(k)) , such that Hiﬁn(k)H > k, for all £ € N,now we pose

wk - f”(k) 7k € Na
[ |
with ||¢,|| = 1 and A is compact, then there exictsts a subsequence Vi) such that Ay —

Y, j — oo in addition

_ 178wl _ TPl

Ty, = == <
8w k

— 0, k— oo,
since the sequence (T'p,,) is converged and therefore bounded. Therefore

Ty — 0,7 — o0,

then, we obtain

Vi) = Tn() + Apy — ¥, J — 00

18



2.9. Existence and Uniqueness of Solution for Linear Integral Equation

and since T is bound, and by the two previous equations we conclude that Ty = 0.

But since
There are
Hsonk {
1

> inf ||©,) = Xn
Bl 1220, ]

= = lar —xall =1
o]l 7

This contradicts the fact that it 1, — 1,7 — oo.Therefore (p,) is bounded, and
since A is compact, we can extract a sub-sequence (@n(k)) such that (A@n(k)) converges for

k — oo.Because T'p,,) — f, k — oo, and by

Pty = TOny + ALniy

It can be seen that ¢, ) — ¢ € X, k — oo, but Ty, 4y =Ty € X, k — oco. ®

Theorem 2.3 ([3]) It exists a unique r € N called the Riesz number of the operator T' such
that :

{0} =ker (T°) C ker (T*) C ... C ker (T") C ker (T"*1)

E=Im(T°) >Im(7T") > ... >Im(77) D> Im (T"").

And we have the direct sum
E=%ker(T")@Im(T").
Proof. For evidence see [7]. m
Theorem 2.4 ([3]) Under the same conditions in the previous theorems, then
1. I — A is injective if and only if it is surjective.
2. If I — A is injective, then the inverse operator (I — A)™' : X — X is bounded.

Proof. By theorem 2.2 | the injectivity of the operator I — A is equivalent to r = 0.
And by theorem 2.3, the surjectivity of the operator I — A is equivalent to » = 0, since the

injective and the surjective of the operator I — A are equivalent.
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2.9. Existence and Uniqueness of Solution for Linear Integral Equation

It remains to show that 7! is bounded when T = I — A is injective. Assume that 7~ lis
not bounded then there exists a sequence (f,,) of X with || f,|| = 1tell that [|T~'f,|| > n for
all n € N, we define

fn T 'f,
9n = T T P = ey VREN
[T fall [T fall
then g, — 0,n — o0, and||¢,|| = 1 for all n. Since A is compact, we can extract a subsequence

(‘Pn(k)) such Ap, 4y — ¢ € X, k — o0, then since

0, — Ap, = gn

we observe that ¢, ;) — ¢, k — oo and ¢ € Im (T') . Consequently ¢ = 0,contradiction .
Car

.|| = 1 pourtout n.

2.9.2 Fredholm’s Alternative
1. If the homogeneous equation
p—Ap=0 (2.43)

admits only the trivial solution ¢ = 0, there for all f € X the equation

p—Ap=f (2.44)
admits a unique solution ¢ € X and this solution depends on the continuity of f.

2. If the homogeneous equation (2.43)) does not admit the trivial solution ¢ = 0, then it
has only a finite number m € N of solutions ¢, ¢, ..., ¢, of X are linearly in dependend
and the non-homogeneous equation ([2.44)) is unsolvable or its solution is of the general

from.

P=0 + > gy,
k=1

Where aq, as, ..., o are complex arbtrary numbers and ¢ a solution particular of the

non- homogeneous equation.
Proof. For evidence see [7]. m

Definition 2.5 ([3]) Let A : X — X be compact linear operator in a norm space within

itself.
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2.9. Existence and Uniqueness of Solution for Linear Integral Equation

The complex number \ is called an eigenvalue, if there exists an element ¢ € X, ¢ # 0

such that Ap = Ap
1. The number ) is called a regular value of A.

2. If (M — A)_l exists and bound, then the set of all regular values of A is called the set
of resolvers p (A) and R (\; A) = (A — A)™"

3. The complement of p (A) in C is called the specter of A, note o (A) and r (A) = sup ||
Ao (a)
is called the spectral raduis of A.

2.9.3 Series Neumann

Theorem 2.5 ([3]) Let A be a boindary linear operator of Banach E space in itself, with
| Al < A.

Then Ay = A — Al admits a boundary inverse operator given by the series

o8] Ak
-1

k=0
addition
1
(A= \I ) _
= =4
Proof. Since [|[A/)\|| < 1,we have
Ak > b
=0 k=0
Therefore, since the space L (E, )1s complete, thenn there is a boundary operator B in F
such that
=0
By the way

(A=X)B = (A—X\I) (if—:)

k=0
= Y (A-X)—
k=0
Ak+1_/\Ak
= —
k=0 A

Ak+1 Ak
— AZ <Ak+1 — > = -\,
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2.9. Existence and Uniqueness of Solution for Linear Integral Equation

As well as
B =\ AF
—1 . o
(A=A =—— = _ZV'
k=0
To demonstrate the second relationship, we observe that

1 oo
A < —E

k=0

1

1 1

Ak
NI =T1A]

A= TlAl

Corollary 2.1 ([3]) Let A be a bounded linear operator in a Banach space, then the equation
T =x9+ Nz

admits a unique solution given by
[e.e]
T = ZA’“A’“Q:O, avec ||| Al < 1.
k=0

Theorem 2.6 ([3]) Under the assumptions of the theorem 2.5, the method of successive

approximations

Pni1 = Ao, +g, n=0,1,2, ...

Converges to the unique solution ¢ of the equation Ap — ¢ = g, for all g € X and ¢, is

arbitrary in X.

Proof. On garlic la successive

Yo = g
Y = AQOO"‘Q
o, = Api+g=Ap +Ag+g

Pn = Agpn—l—i_ga

SO
n—1

Pur = AMp + Y A,
k=0
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2.9. Existence and Uniqueness of Solution for Linear Integral Equation

Hence =

n—oo

n—1 oo
lim ¢, = lim ZAkg = ZAkg =(I—-A""g
k=0 k=0
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Chapter 3

Applications of the Schauder Fixed
Point Theormes on Nonlinear Integral

Equations

In this chapter we talk about the applications of Schauder’s fixed-point theorem on nonlinear

integral equations of Frodholm and Volterra type, integral equations with Delay.

3.1 Existence of solution for Nonlinear Fredholm In-

tegral Equations

3.1.1 Homogeneous Nonlinear Fredholm Integral Equation

consider the non-linear Fredholm integral equation of the second kind

o(z) = / k(e 9,0 (2)) dy, x € [0,1 (3.1)

If we are looking for a continuous solution ¢ for equation (3.1]) in the ball of centre 0 and
radius R, Bg (0;C ([0,1]);R), form the space C ([0,1];R), then it can be reformulated as a
fixed point problem under appropriate assumptions suppsu:

k:[0,1] x [0,1] x [-R, R] — R is continuous

M = " .
0.0 x| BB | k(z,y,2) |<
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3.1. Existence of solution for Nonlinear Fredholm Integral Equations

we consider the Banch space E = C'([0,1];]| . ||c) of continuous functions of [0, 1] in R

with the norm || ¢ ||oo= sup | ¢ (x) .
z€[0,1]

We define the operator T : B (0;C ([0,1]);R) — C'([0,1] ; R) given by

T (o) (z) = / k(r, 9,0 () dy, x € [0,1 (3.2)

The operator T applies the ball B (0;C ([0,1]);R), on itself. Therefore, the integral
equation (3.1)) is equivalent to the fixed point problem Tp = ¢ or T is defined by (3.2)).

Remark 3.1 The operator T is continuous and compact, and then, by the shauder fized point
theorem, T has at least one fized point in the ball Br (0; C ([0,1]);R), which is a solution of
the interal equation in the ball By (0;C ([0,1]);R).

3.1.2 Non-Homogeneous Nonlinear Fredholm Integral Equation

Theorem 3.1 ([5]) Consider the nonlinear Fredholm integral equation :

go(t):f(t)+/bg(t,s,g0(t))ds, —o0<a<t<b< 400 (3.3)

Where f (.) € C ([a,b]) . Assume that the function g (¢, s, ) satisfies the following conditions

sup (19 05,91, |2 (.5.60)] ) <V OV (1), [ 52 15,0 < Va0 00 1o,
(3.4)
Where Vi (.) € C([a, b)), Vo (.) € L' ([a, b]) , ¢ () is positive and bounded over [0, +oc[and
1 () is positive and continuous over [0, +00[. Under the above conditions, equation has
a solution in C ([a, b]) .

Proof. We first define the operator 7" on C ([a,b]) by : =

b
To0) = £(0)+ [ g0 ds
The proof of the theorem is divided into two steps .
First step : In this step, we prove that 7' : C'([a,b]) — C([a,b]) is continuous . We

first show that Ty (t) € C ([a, b]) , whenevery (t) € C ([a,b]) . Let (¢,), be a sequence in [a, b]

converging to t . Since
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3.1. Existence of solution for Nonlinear Fredholm Integral Equations

T ()~ Te ()] < 'f(tn) - g (s (5)) ds (ro- [ bg(t,s,ws))ds) bf))

< 1t - F(O)]+ / 19 (tar 5,0 (8)) — 9 (£ 5,0 ()] ds

and

IN

9 (tns 8,0 ()] + 19 (£, 5,0 (5))]
Vi(tn) + VA ()] Va(s) o (] ¢(s) )

[ Vi) [+ [Vi(®) [[Va(s)o(le(s) )

(tnseu[gw | Vi (tn) | s | Vi (t) |> Vals)sup | o (u) |
(VA oo 11V loo) Va(s)sup | é(u) |

2 il Vatshsup [ o) |

2| Vi lloo Va(s)My € L'([a, b]).

’g (tm S, ¥ (S)) ) (t? S, ¢ (S>>’

IN

IN - IN A

IN

then using the continuily of g (¢, s, ) w.r.t .t and applying the dominated the convergence
theorem to ([3.5]), one concludes that

lim [T (1) = Te ()] <l |£(6) = £ O+ [ im g (tn s, (5) ~ g (8,50 (5)] ds

n—o0 n—oo

= 0

Hence T (.) € C ([a,b]) . Next, we prove that the operator 7" is continuous overC ([a, b)) .
Let (¢,,),, € C ([a,b])be a sequence converging uniformly to ¢ (.). Since C ([a, b])is complete,
thenp (.) € C'([a,b]). Next, Vt € [a,b], we have

b
Ten (t) — T ()] < / 19(t 5,00 (3)) — 9 (£ 5,0 (3))] ds

b
0
S ’Qpn (8) - @(8)‘ ‘% (ta 8798¢n (S) + (1 - 05)@(‘9)) dSa 0< 95 < 17

a

IN

lon — @l Vil / Va ()¢ (B (3) + (1 — 6) 0 (s)]).
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3.1. Existence of solution for Nonlinear Fredholm Integral Equations

Since @, (.) converges uniformly to ¢ (.) € C ([a,b]) , then Vt € [a,b], |0sp,, (s) + (1 — 05) ¢ (s)]
is contained in a compact set K of [0, +oo[, then there exists a constant My, such that ¥Yn € N
and Vs € [0,1] we have ¢ (|05¢, (s) + (1 —05) ¢ (s)|) < My. By combining the previous two

inequalities, one concludes that

1T, = Tollo < llon = @l [Villo [[Vally My,

or equivalently, the operator 7" is continous over the Banach space C ([a, b]) .

Second step : In this step, we prove that T" has a fixed point in C' ([a, b]) by applying the
Schaefer fixed-point theorem. We first prove that T is totally bounded, By Ascoli -Arzela’s
theorem, we need only prove that F = {Tp,;n € N} is equicontinuous and bounded for

every uniformly bounded sequence(y,,), of C ([a,b]). Since

b
Te, (t) =T, (1) = 'If f(r )|+/ (t,5,0,(s)) = g (7,5,0, ()| ds

IN

£ () r+/|t—r|‘ (40, (t—7), 5.0, (5))
< 1F () = £ @]+ 1= )] [Vl [Vally Mo

d8,0<9t<1

then F is equicontinuous. Moreover, it is clear that F is bounded if (¢, ), is bounded.
Hence F is totally bounded and, consequently, T" is totally bounded over C ([a,b]). Since
we have already shown that T is continuous, we conclude that 7' is completely continuous
over C' ([a,b]). Finally, define the set ¢ by ¢ = {¢ € C([a,b]),3IN €]0,1][;p = \Tp}. We
prove that ¢ is bounded. Let ¢ (.) € €. Then V¢ € [a, b], we have

b
e ()] = T @) < ||f||oo+/ g (£, 5,0 (s)ds < [ fllo + IVl ||Vz||21;13|¢(y)|
< Nl + VALV M.

Hence, the set ¢ is bounded. Finally, by applying Schaefer’s fixed-point theorem, one con-
cludes that T has a fixed point in C' ([a, b]) or, equivalently, has a continuous solution
over C' ([a,b]).

Condition (3.4)) with bounded ¢ (.) is a limitation of Theorem 1.1 . Nonetheless, by using a
convenient new norm .||, and the Schauder fixed-point theorem, one can extend the result of
the previous theorem to more general nonlinear integral equations under weaker conditions.

This is the subject of the next theorem.

Theorem 3.2 ([5]) Consider the nonlinear integral equation
b
ga(t):f(t)+/g(t,s,@(s))ds, —oo<a<t<b<+o0 (3.6)

27



3.1. Existence of solution for Nonlinear Fredholm Integral Equations

Assume that f (.) is bounded and g (t, s, p) satisfies the following conditions :

g (£, 5,0)l < Vi) Va(t) o (lel), 'g—i(ts,w)' <Vi(®)Va(t) ¥ (lel), (3.7)

where Vi(t) is a measurable and bounded positive function, ¢(.)is positive and measurable

function satisfying the condition

sup () =L <400 (3.8)

z>0 ¥
and 1 (.) is a positive and continuous function over [0,400[. Moreover, assume that there
exists a continuous and strictly positive function p (.) satisfying the following condition :

E 1

Wil | 2| <. 39)

1

Under these conditions, the nonlinear integral equation (3.6) has a solution in C ([a,b]) .

Proof. We first note that .|| ,defined on X = C ([a,b]) by |¢ll, = 51[1% I (t) @ ()] is a
t€la,

norm on X. Moreover, by using conditions on y (.), one shows that X = (C ([a,b]),|.][,) is
a Banach space. Next, let » > 0 be a positive real number, to be fixed later on, and define a

closed ball B, of X by
B,={peC(lob); el <r}.
It is clear that B, is a closed and convex subset of X. Then, prove that the operator T

associated with (3.6)) is continuous over X. Finally, show the inclusion

1/l
T (B,) C By, ¥r > £ =
L= LVl [[V2/plly

To.

Hence by using Schauder ’s fixed -point theorem, one concludes that (3.6)) has a solution in

B,, and consequently it has a solution in C([a,b] ). =

Example 3.1 Consider the following nonlinear integral equation :

go(t):f(t)—1—/01(t—i—a)(s—kﬁ)ln(l—i—gﬁ(s))ds, 0<t<1, (3.10)

where f € C ([a,b]), a and § are two parameters satisfying 0 < o < 1 and 8 > 0. Using the
notation of Theorem 3.2, one gets Vy (t) =t + a, Va(s) = s+ 8, ¢ (¢) = lim(1 + ¢?) and

Y (p) = 1J2r“;2. It is clear that ¢ (.) satisfies condition with L = land ) (.) is a continuous

and positive function over [0, +oo[. Next, consider the function p(t) =e ', t € [0,1]. In this

case, it is ea