N° d’ordre :

aluuall - walihgs 2040 deola

Université Mohamed Boudiaf - M'sila
Al ) el A i Jad Ay sanl
REPUBLIQUE ALGERIENNE DEMOCRATIQUE ET POPULAIRE
MINISTERE DE L’ENSEIGNEMENT SUPERIEUR ET DE LA RECHERCHE SCIENTIFIQUE

UNIVERSITE MOHAMED BOUDIAF —-M’SILA-

THESE

Présentée a la Faculté des Mathématiques et de l'Informatique
Département de Mathématiques
Pour I'obtention du diplome de doctorat en sciences
Spécialité: Mathématiques

Par:
Hassane BOUREMEL
Intitulée:

Clonal sets of a binary relation: Theory

and Applications

Soutenue publiquement le: 01 Juin 2017
Devant le jury:

AMROUNE Abdelaziz Professeur U. M’sila Président
ZEDAM Lemnaouar Professeur U. M’sila Encadreur

De Baets Bernard Professeur U. Gand (Belgique) Co-encadreur
TEOUAFAK Nour-Sadat Professeur U. lijel Examinateur
BOUDAOUD Abdelmadjid Professeur U. M’sila Examinateur
BOUCHAIR Abderrahmane MC(A) uU. Jijel Examinateur
RAUL Pérez-Fernadez Dr. U. Gand (Belgique) Invité



MsiLA UNIVERSITY
FAcuLTY OF MATHEMATICS AND
INFORMATICS

Clonal sets of a binary relation: Theory

and Applications

HASSANE BOUREMEL

THESIS SUBMITTED IN FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF
DOCTOR OF MATHEMATICS

ACADEMIC YEAR 2016-2017



Jury president: Prof. dr. A. Amroune
Faculty of of Mathematics and Informatics
Department of Mathematics

Msila University-Algeria

Supervisors: Prof. dr. Lemnaouar Zedam
Faculty of Mathematics and Informatics
Department of Mathematics

Msila University-Algeria

Prof. dr. Bernard De Baets

Faculty of Bioscience Engineering
Department of Mathematical Modelling,
Statistics and Bioinformatics

Gent University-Belgium

Examination committee: Prof. dr. N-s Touafak
Department of Mathematics

Jijel University-Algeria

Prof. dr. A. Boudaoud
Faculty Mathematics and Informatics
Department of Mathematics

University Msila University-Algeria

Dr. A. Bouchair
Department of Mathematics

Jijel University-Algeria

Honorary Member: Dr. R. Pérez-Fernandez
Faculty of Bioscience Engineering
Department of Mathematical Modelling,
Statistics and Bioinformatics
Gent University-Belgium



Hassane Bouremel

CLONAL SETS OF A BINARY RELATION:

THEORY AND APPLICATIONS

Thesis submitted in fulfillment of the requirements for the degree of
Doctor of Mathematics

Academic year 2016-2017



Please refer to this work as follows:
Hassane Bouremel(2017). Clonal sets of a binary relation: Theory and Applications,

Doctoral thesis, Faculty of Mathematics and Informatics, Msila University, Msila,
Algeria.

The author and the supervisors give the authorization to consult and to copy parts
of this work for personal use only. Every other use is subject to the copyright laws.

Permission to reproduce any material contained in this work should be obtained
from the author.



Acknowledgements

I acknowledge the presence of God who created me and gave me this rare privilege
to achieve my dream of attaining the highest qualification.

This thesis is an output of several years of research that was started at the university
of Msila with collaboration of the KERMIT laboratory of Gent university in
Belgium.

I would like to express my sincere gratitude to my supervisors Prof. dr. Zedam
Lemnaouar and Prof. dr. Bernard De Baets for the continuous support of my
Ph.D study and research, for their patience, motivation, enthusiasm, and immense
knowledge. Their guidance helped me in all the time of research and writing of
this thesis. It is a pleasure to convey my gratitude to them all in my humble
acknowledgement. I will never forget your guidance and the help you gave me even
during weekends, holidays and all other opportunities.

I sincerely thank the chairman of the jury committee, Prof. Abdelaziz Amroune,
and the other jury members, Prof. A. Boudaoud, Prof. N-s. Touafak, Dr. A.
Bouchair and our guest Dr. R. Pérez-Fernandez.

I wish to express my profound appreciation to my colleagues at KERMIT (Ghent
university Belgium) for the friendly atmosphere. I sincerely thank P. Rail and T.
Jawid for their kind help during my sty in Belgium.

I also wish to send my sincere gratitude to the Ministry of Higher Education and to
BBA university to help me and to gave me a scholarship for 11 months to complete
my Ph.D study and research.

I am very grateful to my mother ‘Hadda’. Her prayers, passionate encouragements,
and generosities have followed me everywhere to give me a lot of power. My deepest
gratitude goes to my sisters and my brothers. I wish to send my best regards to
my wife’s family especially my father-in-law Ibrahim and his wife Fatiha. I wish all
of you a prosperous life full of happiness and health. My lovely wife ‘Sabah’ and
my adorable children ‘Zakaria’ and ‘Wissal’, you were the main supporters of me
along my entire Ph.D. thesis. I am deeply grateful for your patience and sacrifices.
I hope I can compensate you with all my love for all the moments which I spent
far away from you.

To the spirit of my father who passed away, God have mercy on him.

Msila, march 2017
Hassane Bouremel






Table of contents

|Acknowledgements| v
Mntroductionl xi
(I Theory: Clonal sets of binary relation| 1
I1  Generalities on relations, residuated lattices and L-fuzzy relations |
—3 3
(1.1 Binaryrelations| . . . .. .. ... ... oo 3
[1.2  Lattices and closure operators|. . . . . . .. ... ... ... ..., 5
C2ZITatfices . - -« o v v vt 5

[1.2.2  Closure operator| . . . . . . . ... ... .. ... ...... 6
C3T00MNS -« o e e e e e e 7
(1.4 Residuated lattices . . . . . . . .. ... o oo 9
I1.4.1 Basic Concept| . . ... . ... ... . ... ..., 9

[1.4.2  Main properties| . . . . . .. ... oo 10

[1.5  Fuzzy sets and fuzzy relations on residuated latticel . . . . . . . .. 13
I1.5.1  L-Fuzzysets] . . ... ... ... ... .. ... 14

[1.5.2  L-Fuzzy relations| . . . . . ... ... ... 0. 14

11.5.3  L-Fuzzy equivalence relation| . . ... ... .. ... .... 15

|2 The clone relation of a binary relation| 19
2.1 _The clone relation of a strict order relationl . . .. ... ... ... 19
[2.2  The clone relation of a binary relation| . . . . . ... .. ... ... 20
221 Definition] . . . . . . .. .o 20

[2.2.2  Basic properties] . . . .. ... .. Lo 23

[2.2.3  Interaction of the clone relation with set operations| . ... 27

[2.3 A partition of the clone relation|. . . . . . . ... 31
[2.4  'T'he clone relation and the different types of disjoint union| . . . . 38
25 _The clonerelation of order sl . . . . . . .. ... ... .. ... .. 48

13 Clonal sets of a binary relation| 51
[3.1 Clonal sets of a binary relation| . . . . . . ... ... ... ..... 51
3.1.1  Definition and examples| . . . . . . ... .. ... L. 51

13.1.2  Properties of clonal sets of a binary relation|. . . . . . . .. 53

| disjoint union| . . . . . .. ..o Lo 59
[3.2  Lattice structure of the poset of clonal sets| . . . ... ... .. .. 61

vii



TABLE OF CONTENTS

13.2.1 The clonal closure operation and complete lattice structure |

| of the poset of clonal sets| . . . . ... ... ... ... ... 61
13.2.2  Principal filters of the poset of clonal sets| . . . . . . . ... 63
[3.3 Clonal degrees| . . . ... ... ... ... ... ... ... 64

I  Applications: Compatibility of fuzzy equivalence rela- |

tions| 69
4 Compatibility of a crisp relation with a fuzzy equivalence relation| 71
4.1 Two auxiliary relations|. . . . . . . ... ... o000 71
[4.2  Compatibility of a relation with the two auxiliary relations associated |

[ with its clone relationl . . . . . . . . .. .o Lo 75
4.2.1  Compatibility of fuzzy relations|. . . . . . .. ... ... .. 76

4.2.2  Compatibility of a relation R with the relations o, and o%| 77
[4.3  Compatibility of a relation with an L-tolerance or L-equivalence |

| relationl . . . . . . 79
4.3.1  Compatibility of a relation with an L-tolerance relation| . . 79

4.3.2  Compatibility of a relation with an L-equivalence relation| . 83

[ Compatibility of a fuzzy equivalence relation with an order rela- |

[tionl 87
BI Basicresultd. . . . . . .. .. ... ... 87
[5.2  Compatibility of an L-tolerance relation with an order relation| . . 89
5.3 Compatibility of an L-equivalence relation with an order relation| . 93

IGeneral conclusions| 97

Bib 0 D 98

viii



List of symbols
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Introduction

The clone relation of a strict order relation introduced by De Baets et al. [32]. This
notion is based on how elements are related w.r.t. each other in a partially ordered
set (poset, for short). Two elements of a poset are said to form a pair of clones
(or to be clones, for short) if every other element that is greater (resp. smaller)
than one of them is also greater (resp. smaller) than the other one. The clone
relation of a strict order relation always is a tolerance relation and it is built up by
two different types of pairs of clones: pairs of comparable clones (which constitute
an antitransitive relation) and pairs of incomparable clones (which constitute a
transitive relation). This partition of the clone relation played a key role in the
characterization of the L-fuzzy tolerance relations and the L-fuzzy equivalence
relations that a strict order relation is compatible with. Extending the definition of
the clone relation of a strict order relation to an arbitrary binary relation is a trivial
task. Nevertheless, when doing so, its properties significantly vary from these of
the clone relation of a strict order relation. For instance, this extension leads to the
distinction between two different types of pairs of comparable clones: pairs of clones
in which one element is related to the other and not the other way around (which
constitute an antitransitive relation) and pairs of clones in which both elements
are related to each other (which constitute a transitive relation).

When restricting to a total order relation, the clone relation coincides with the
covering relation, i.e., two elements are clones if and only if they are consecutive.
This notion of consecutive elements in a totally ordered set was already indepen-
dently considered in the field of social choice theory by Tideman under the same
name: clones. Clones are important in the field of social choice theory since they
can easily change the result of an election. Several methods have been proposed in
order to guarantee the independence of clones (see [68] [7T], [73]).

Outside the field of social choice theory, the notions of left and right trace of a
binary relation were introduced by Doignon et al. [38] based on a concept similar
to that of the clone relation. This notion played a key role in the characterization
of the basic properties of a fuzzy relation and of the compatibility of fuzzy relations
(see [2, 411 B3)).

The notion of compatibility of a given fuzzy relation with another one, extensively
studied in [53], establishes an interesting relation on the set of fuzzy relations. It
generalizes the notion of extensionality, introduced by Héhle and Blanchard [47], or
the equivalent notion of compatibility, as it was coined by Bélohldvek [2], of a fuzzy
relation w.r.t. a fuzzy equality relation. This notion appears, among others, in the
study of fuzzy lattices [Bl [57, [75] [74], in the study of fuzzy functions |33} [62] 63}, [64],
in the study of fuzzy order relations [9, [14] T3], B4] and in the lattice-theoretic

xi



approach to concept lattices [2].

Given the importance of fuzzy tolerance and fuzzy equivalence relations in the theory
and applications of fuzzy sets, it is not surprising that compatibility has mainly
been studied for a given fuzzy relation with the mentioned types of fuzzy relations.
In this context, some of the present authors have focused their attention on the case
where the given fuzzy relation is simply a crisp (strict) order relation, leading to
surprising negative results as well as interesting representation theorems [32]. These
results were obtained thanks to the introduction of the notion of clone relation
associated with a strict order relation. Recently, we hav been shown how a clone
relation can be associated with any crisp relation |20]. This clone relation allows
us to take a step further in this work and aim at characterizing the fuzzy tolerance
and fuzzy equivalence relations a given crisp relation is compatible with.

The main aim of this work is to analyse the properties of the clone relation of
binary relation in order to solve the general problem of characterizing the L-fuzzy
equivalence relations a given relation is compatible with. Also we aim to provide a
representation of all L-fuzzy equivalence relations compatible with a given order
relation.

This dissertation is structured as follows.
e Part I:

1. In Chapter 1, we provide generalities on binary relations, ordered sets,
lattice, complete lattice, residuated lattices and fuzzy relations that we
need throughout this thesis.

2. In Chapter 2, we focus on proprieties of clone relation of a binary relation.
First, we extend the notion of clone relation of a strict order relation to
an arbitrary binary relation. In particular, we introduce the partition
of the clone relation in terms of three different types of pairs of clones.
Second, we characterize the clone relation of the three different types of
disjoint union. Finally, we analyse the properties of the clone relation
of order n and the n-th power relation of the clone relation.

3. In Chapter 3, we extend the notion of clone relation of two elements to
a set of elements. In that way, we provide that the clonal set of a given
relation is based on how any two elements of this set are related in same
way w.r.t. to any other elements. We investigate the most important
properties of the clonal sets of a given binary relation, paying particular
attention to show that the set of all clonal sets of a binary relation is a
complete lattice with the usual intersection and a clonal closure union.

e Part II:

1. In Chapter 4, after recalling some basic definitions and properties on
compatibility of two L-fuzzy relations on a residuated lattice. In par-
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ticular related to the clone relation of a crisp relation, we study two
auxiliary relations associated with this clone relation. These auxiliary
relations respectively gather the reflexive related clones and the irreflex-
ive unrelated clones. Also we study the compatibility of a given crisp
relation with the latter auxiliary relations. The results are exploited to
characterize the fuzzy tolerance and fuzzy equivalence relations a given
crisp relation is compatible with. These characterizations turn out to
be pleasingly elegant and insightful.

2. In Chapter 5, we focus on other points related to this notion of compat-
ibility. We study the compatibility of a fuzzy equivalence relation with
an order relation, in that way we study the equivalent of the three type
of compatibility of fuzzy equivalence relation with an order relation, and
we provide a representation of all fuzzy equivalence relations compatible
with a given order relation.

e Finally, general conclusions and future research are drawn.

Most of our work presented in this dissertation has already been published or
submitted for publication in peer-reviewed international journals. Chapters 2, have
been described in [20]. Chapters 4, have been described in [26].
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PART 1

THEORY: CLONAL SETS OF
BINARY RELATION






1 Generalities on relations, residuated

lattices and L-fuzzy relations

The purpose of this first chapter is to provide a basic introduction to the binary
relations, posets, lattices, t-norm, residuated lattices. Next, we recall some basic
notions of fuzzy logic, L-fuzzy sets and L-fuzzy relations.

1.1. Binary relations

A binary relation on a set X is a subset of X2, i.e., it is a set of couples (z,y) € X2.
For a relation R C X2, we often write Ry instead of (z,y) € R. Two elements
and y of a set X equipped with a relation R are called comparable elements, denoted
by z }f y, if it holds that xRy or yRxz. Otherwise, they are called incomparable
elements, denoted by z ||z y, or simply z || y when no confusion can occur. We
denote by R® the complement of the relation R on X, i.e., for any z,y € X, xR
denotes the fact that (z,y) ¢ R. We denote by R! the transpose of the relation
Ron X, ie., for any z,y € X, xR'y denotes the fact that yRx. We denote by
R? the dual of the relation R on X, i.e., for any =,y € X, xR% denotes the
fact that yRx. A relation R on a set X is said to be included in a relation S
on the same set X, denoted by R C 5, if, for any x,y € X, xRy implies that
xSy. The union of two relations R and S on a set X is the relation R U S on
X defined as RUS = {(z,y) € X? | Ry V xSy}. Similarly, the intersection
of two relations R and S on a set X is the relation R NS on X defined as
RNS = {(z,y) € X? | xRy AxzSy}. If RNS =), then R and S are called disjoint
relations. The composition of two relations R and S on a set X is the relation
Ro S on X defined as Ro S = {(x,2) € X? | (y € X)(zRy A ySz)}. For any
n € N*| the n-th power relation R™ of R is recursively defined as follows:

(R'*=R)A(Vn > 1)(R"™ =R"oR).

A binary relation R on a set X is called:
(i) reflexive, if, for any x € X, it holds that xRx;

) irreflexive, if, for any « € X, it holds hat xR x;

(iii) symmetric, if, for any x,y € X, it holds that xRy implies that yRx;
)

antisymmetric, if, for any x,y € X, it holds that xRy and yRx imply that
T =Y
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(v) asymmetric, if, for any x,y € X, it holds that xRy implies that yRx;
(vi) tranmsitive, if, for any x,y, z € X, it holds that Ry and yRz imply that zRz;

(vi) antitransitive, if, for any z,y,z € X, it holds that xRy and yRz imply that
rR¢z;

(vil) complete, if, for any x,y € X, either Ry or yRz holds.

For a relation R on X, R* denotes its transitive closure, i.e., the smallest transitive
relation on X that contains R.

R = R",

k>1

where RF is the k-th power of R.

In addition to the transitivity of the relation R*, the following proposition shows
other basic properties of R* based on the properties of R.

Proposition 1.1. [27] Let R be a relation on X and R* be its transitive closure.
Then it holds that

(i) If R is reflexive, then R* is reflexive.
(i1) If R is symmetric, then R* is symmetric.
(iii) R is transitive if and only if R = R*.

We recall here a well-known result concerning the n-th power relation. For more
details, we refer to [27].

Proposition 1.2. Let R be a relation on a set X. The following statements hold:
(i) If R is reflexive, then it holds that (¥n € N*)(R™ C R™*1).
(ii) If R is transitive, then it holds that (¥n € N*)(R"*1 C R™).
(111) If R is reflexive and transitive, then it hold that (Vn € N*)(R" = R).
A binary relation R on a set X is called:
(i) a pseudo-order relation if it is reflexive and antisymmetric;
(i)
iii) a strict order if it is irreflexive and transitive;
)

(
(iv

an order relation if it is reflexive, antisymmetric and transitive;

a total order relation if it is reflexive, antisymmetric, transitive and complete;
((v)) a tolerance relation if it is reflexive and symmetric;
(vi) an equivalence relation if it is reflexive, symmetric and transitive.

A set X equipped with an order relation < is called a partially ordered set (poset,
for short), denoted (X, <). Further, {x,y}" denotes the set of all upper bounds
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of x and y, while {z,y}' denotes the set of all lower bounds of z and , i.e.,
{ryft={zeX|oz<zAy<zfand {m,y}={z€ X |2<2 A 2<y}.

A strict order relation < on a set X is a relation that is irreflexive (i.e., © < x
does not hold for any z € X) and transitive, implying that it is asymmetric (i.e.,
x < y implies =(y < z), for any z,y € X). To any order relation < corresponds
a strict order relation < (its strict part or irreflexive kernel): z < y if z < y and
x # y. Conversely, to any strict order relation < corresponds an order relation <
(its reflexive closure): x <y if z <y or z =y.

For any tolerance/equivalence relation R on a set X, the tolerance/equivalence
class of an element = € X is given by [z]gr = {y € X | zRy}.

For more details on binary relations, we refer to [Tl [24] [5T], 67, [69].

1.2. Lattices and closure operators

1.2.1. Lattices

Many important proprieties of an order set (L, <) are expressed in term of the
existence of certain upper bounds or lower bounds of subsets of X. We will be
particularly interested in two of the most important classes of ordered sets defined
in this way are lattice and complete lattice. We often write x V y instead of
sup{x, y} when it exists and x A y instead of inf{x, y} when it exists. Similarly we
write \/ S (the join of S) and A S (the meet of S) instead of sup S and inf .S when
these exist.

Definition 1.1. ([ZJ)]) Let (X, <) be an ordered set.
(1) If z Vy exists for all x,y € X, then (X, <) is called a \V-semi-lattice.
(ii) If x Ay exists for all x,y € X, then (X, <) is called a N-semi-lattice.
(i) (X, <) is called a lattice if it is both a NA-semi-lattice and a V-semi-lattice.
(iv) If VS, AS exist for all S C X, then (X, <) is called a complete lattice.

A subset M # 0 of a lattice (L, A, V) is called sub-lattice of L if, for any a,b € M,
it holds that a Ab € M and a Vb € M. A sub-lattice M of a lattice L is called
a convex sub-lattice of L, if x < z <y and x,y € M implies that z € M, for any
x,y,z € L.

A bounded lattice is a lattice that additionally has a greatest element 1 and a
smallest element 0, which satisfy 0 < 2 <1 for any « in X.

A lattice (L, <, A, V) is distributive if the following additional condition holds

xA(yVz)=(xAy)V(xAz), forany z,y,z € L.
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This means that the meet operation preserves non-empty finite joins. It is known
that the above condition is equivalent to its dual

xV(yAz)=(xVy) AN(zVz), forany z,y,z € L.
A lattice (L, A, V) is modular if the following condition holds:
x < z, implies that x V (y A z) = (z Vy) Az, for any z,y,z € L.
This condition is also equivalent to its dual
z <z, implies that z A (y V z) = (x Ay) V 2z, for any z,y,z € L.

The following theorem characterizes the modular lattice L.

Theorem 1.1. [24] Let be L a lattice.
(i) L is modular if and only if it has no sub-lattice of the form N,

(i) If L is distributive, then it holds that L is modular.

aVc=aVb
°
N
aw
ae |
N
/
°
alb
Figure 1.1: Hasse diagram of the lattice Ns.

A complemented lattice is a bounded lattice (L, A,V,0,1), in which any element x
has a complement, i.e., there exists an element y € L such that

zVy=landzAy=0.

An element may have more than one complement in general. However, if (L, A, V, 0, 1)
is distributive then every element will have at most one complement.

1.2.2. Closure operator
Definition 1.2. A closure operator on a set X is a mapping ~ : P(X) — P(X)
from the power set of X to itself which satisfies the following conditions:

(i) AC A, for any A € P(X);

(ii) AC B= AC B, for any A, B € P(X),
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(iii) A= A, for any A € P(X).
A subset A of a set X is called closed under a given closure operator ~ if A=A. The
set of all closed subsets of X is denoted by &, i.e., E={AC X | A= A},

In this work, we need the following well known result.

Theorem 1.2. [24] Let be X a set with a closure operator = : P(X) — P(X).
Then the set £ = {A C X | A= A} ordered by inclusion is a complete lattice, in
which

ANA;= NA;and V A;=(UA;),
iel i€l i€l i€l

for any family {A;}ier C E.

Remark 1.1. If (X, 1) is a topological space, then the topological closure map —
is a closure operator on P(X), and the set of all closed sets of P(X) is 7(X).

For more information on lattices, complete lattices and closur operators can be
found in, for instance,[19] 8], 24} [67].

1.3. T-norms

The history of triangular-norms(¢-norms) started with Menger [56]. His main idea
was to construct metric spaces where probability distributions are used to describe
the distance between two elements. Schweizer and Sklar [66] provided the axioms
of t-norms, as they are used today.

Definition 1.3. [58] A t-norm T on [0,1] is a function T : [0,1]* — [0, 1] satisfies
the following four axioms:

(T1) Commutativity: (Vz,y € [0,1))(T(z,y) = T(y, z));

(T2) Associativity: (Vx,y,z € [0,1])(T(z, T(y, 2)) = T(T(z,y),2)));
(T3) Monotonicity: (Vz,y,z € [0,1)(z <y = T(z,2) < T(y, 2));
(T4) Boundary condition: (Vx € [0,1))(T(z,1) = z).

Conditions (T4) and (T3) imply that for any t-norm 7T it holds that T'(z,y) < z,
T(x,y) <y, T(x,y) < Min(z,y) and T'(z,0) = 0.

The following definition of a t-norm on a bounded partially ordered set (L, <) is
analogous to the definition of a t-norm on the real unit interval [0, 1].

Definition 1.4. [31] A t-norm T on a bounded poset (L, <) is a function T : L* —
L satisfies the following four axioms:

(i) Commutativity: (Vz,y € L)(T(z,y) =T (y, x));
(i1) Associativity: (Vx,y,z € L)(T(z,T(y,z)) = T(T(z,y),2)));
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(i1i) Monotonicity: (Vz,y,z € L)(x <y =T(x,2) <T(y,z));
(iv) Boundary condition (Vx € L)(T(x,1) = x).
Example 1.1. The following four operations are the most common t-norms:
T5) Minimum: Ty(z,y) = min{z,y}
T6) Product: Tp(z,y) = x.y
)
)

(
(
(T7) Lukasiewicz: Tr(x,y) = max{x +y — 1,0}
(

T8) Drastic product:
z if y=1
Tp(x,y) =<y if v=1
0 if z,y<l.

Let T be a t-norm on [0, 1].

An element a €]0, 1] is called a zero divisor of T' if there exists some b > 0 such
that T'(a,b) = 0.

An element a € [0,1] is called an idempotent element of T if T'(a,a) = a.

T is called Archimedean if T'(z,z) < x for every z € [0, 1].

Each a € [a, b] is an idempotent element of the Minimum ¢-norm Ty; (Actually Ty,
is the only t-norm whose set of idempotent is equal [0, 1]), T has no zero divisor.
Each a €]0,1[ is a zero divisor of the Lukasiewicz t-norm T}, as well of the Drastic
product t-norm Tp. For two t-norms T; and T3 on [0, 1], we define:

Tl § T2 -~ (Vﬁc,y S [07 1])(T1(:c,y) S T2($7y)) .

Let be T} and T5 two t-norms. If T} < T, then then T is called weaker than T5
(or, equivalently, T is called stronger than 7). Note that T is the weakest t-norm,
and T)y is the strongest t-norm, i.e. for any t-norm it holds: (T9) Tp < T < Ty.
Since T, < Tp, it obviously holds: (T10) Tp < Ty, <Tp < Ty.

Definition 1.5. [77] Let Ty and Ty be two t-norms. Ty is said to dominate Ty if
and only if, for any x,y, z,t € [0,1], it holds that:

TI(TQ(x7y)ﬂ T2(th)) > T2(T1(‘T> Z), Tl(yvt))

Lemma 1.1. ([30], [5)])
(i) Any t-norm T dominates itself.
(i) The minimum t-norm Ty; dominates any other t-norm.

(iti) If a t-norm Ty dominates another t-norm Ty, then Ty is stronger than Ts.
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Lemma [1.1] particularly implies that dominance is a reflexive and antisymmetric
relation on the set of t-norms. Note that it still remains an open problem whether
it is transitive.

1.4. Residuated lattices

1.4.1. Basic Concept

Residuated lattices, introduced by Dilworth and Ward [37] and some related
algebraic systems [60]play an important role because they provide an algebraic
frameworks to fuzzy logic and fuzzy reasoning. In this chapter, we recall some
important properties of residuated lattices which are related to our work in the
two last chapters on compatibility of crisp relation with fuzzy equivalence relations
and compatibility of order relation with fuzzy equivalence relations .

Definition 1.6. [3] A residuated lattice is an algebra (L, A\, V,*,—,0,1), or simply,
(L, *,—) where:

(i) (L,A,V,0,1) is a lattice (the corresponding order will be denoted by <) with
the least element 0 and the greatest element 1;

(i) (x,—) forms an adjoint couple on L, i.e. for any a,b,c € L:
(R1) Ifa<bandc<d then axc <bxd;

(R2) Ifb<cthena—b<a—c;

(R3) Ifa<bthenb—c<a—c

(R4) a*xb<cea<b— c (adjointness condition);

(#ii) (L,*,1) forms a commutative monoid, i.e. for any a,b,c € L:
(R5) (axb)xc=ax(bxc);
(R6) axb=bx*a;
(R7) 1xa=a.

Residuated lattice L is called complete if (L, A, V,0,1) is a complete lattice.
x and — called multiplication and residuum, respectively. Multiplication is isotone,

residuum is isotone in the first and antitone in the second argument (w.r.t. lattice
order <).

Example 1.2. Consider L = (0,a,b,¢,d,m,1) with 0 < a < b < m < 1 and
0<c<d<m<1l, but elements {a,c} and {b,d} are pairwise incomparable, the
Hass diagram of L is shown in Figure[I.3
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1
.

m

I\
N

Figure 1.2: Hasse diagram of L.

d

Then ([52], page 23) (L, A, V,*,—,0,1) becomes a residuated lattice relative to the
following operations:

= (0| al|b| c|d|m|1 *x | 0|lal|b|lc|d|m| 1
0| 1| 1|1 1|1|1]1 olo|lo|ojo|o| 0] 0
a |d| 1 |1|d|d| 1]1 a|0|lalal0]0] a]| a
bldim|1|d|d| 1]1 b|O0lalal|l0]|0] ald
c |l bl b|b| 1]|1]|1]1 c | 0]10]|0|clc|c]|ec
d|b|b|b|m|1|1]1 d|0]|0|0]c|c| c]|d
m| 0| b |b|d|d| 1]1 ml|Olala|lc|c|m|m
110|a|b|c|d|m]|l 1 |10la|blc|d|m]| 1

1.4.2. Main properties

In the following, we use £ to denote the class of all residuated lattices, and we always
suppose that L is a bounded lattice with the smallest element 0 and the greatest
element 1, x and — are two binary operations on L. In addition, we often use the
following derived operations: a® = 1,a” = a® ! *a, wheren € N and a € L.

The following Proposition lists the fundamental properties of residuated lat-
tices.

Proposition 1.3. [60, [61] If (L, *,—) € £, then the following statements hold:
(R8) a<b—axb;
(R9) (a—b)xa<b;

10
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(R10) fo:L — L,x — xxa preserves all joins existing in L, i.e.

(\/ a;)*a = \/(ai *xa);

i€l iel

(R11) go: L — L,x — a — x preserves all meets existing in L, i.e.

a—>(/\ai):/\(a—>ai);

iel i€l

(R12) hg: L — L,x + a*x preserves all joins existing in L, i.e.

a* (\/ a;) = \/(a*ai);

i€l i€l

(R13) kg : L — L,z — x — a changes all joins existing in L to meets, i.e.

(V ai) > b= \(ai = b);

i€l iel

S
l
o
IN
£}
l
=
l
£}
{
&
IS
3
S8
S
1
S
IN
£}
1
&
1
=
l
&

R22) a" <a™,n,m e N,m < n.

Proposition 1.4. [53] Let (L,*,—) be a residuated lattice. The following two
statements hold:

(i) xx(yNz) < (z*xy)A(zx*2),
(i) x > (ynz)=(x = y)A(z = 2).

The following proposition shows that under suitable conditions, the operations
and — are not independent.

Proposition 1.5. [60, [67] Let (L, A,V,0,1) be a complete lattice.

11
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(i) If % is a binary operation on L satisfying conditions (R1) and (R10), then
there exists a binary operation — satisfying conditions (R2), (R3) and (R4).
Such operation is unique which is determined by the following formula:

a%b:\/{xeLM:*agb}, a,be L

(i1) If — is a binary operation on L satisfying conditions (R2), (R3) and (R11),
then there exists a binary operation x satisfying conditions (R1) and (R4),
and such operation is unique which is determined by the following formula:

a*bz/\{zeL|a§b—>z}, a,be L

Now we characterize the residuated lattices by the following propositions.

Proposition 1.6. [60] Let (L,A,V,0,1) be a lattice. (L,*,—) € £ if and only if
the following conditions hold, for all a,b,c € L:

(i) (R4) axb<cea<b—c;
(ii) (R7) 1xa=a;
(i) (R20) a = (b—¢)=b— (a — ¢).

Proposition 1.7. [60/Let (L,A,V,0,1) be a lattice. (L,*,—) € £ if and only if
the following conditions hold, for all a,b,c € L:

(a —=b)*a<b;

R20)a— (b—c¢)=b— (a —¢);
R23) (aVb)xc=(axc)V (bxc);
(vi) (R24) a > bAc=(a—b)A(a—c).

Proposition 1.8. Let (L,A,V,0,1) be a lattice. (L,*,—) € £ if and only if the
following conditions hold, for all a,b,c € L:

(i) (R4) axb<cea<b—c
(ii) (R'7) 1 —=a=a;
(i) (R20) a —» (b—¢)=b— (a — ¢).
Proof. Tt is easy to see that (i),(ii) and (iii) hold in any residuated lattice. Con-
versely, it suffices to show that (i),(ii) and (iii) imply that (L, x, 1) is a commutative

monoid. We have z 1 < ¢ iff z < (1 — ¢t) iff (by (R'7)) = < ¢, which implies
xx1 = x. Furthermore, z xy < tiff < (y = ¢)iff 1 - = <y — ¢t iff (by

12
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R2)z— (1 —=2)<z—(y—t)iff (by (R20)) (1 = (z = 2) <y — (z — 1) iff
1<y—(z—=t)iff (by (R4)) lxy<az—otiffy<l—o(z—t)iffy<z—tiff
yxz <t le xxy=yx*z. Finally, (z*xy)*x2z<tiff .if 1 5z <y— (z >¢)iff
1<z—=(y—(z—1)iff (by (R20)) 1 <z— (y — (x = t)) iff..iff xx (y=*2) <t,
ie. (xxy)*z=xx*(yx*z). Therefore (L, *,1) is a commutative monoid. O

A residuated lattice satisfies the prelinearity axiom [3] if and only if (z — y) V (y —
x) =1 holds. A residuated lattice is divisible [3] if and only if x Ay = = % (x — y).
It can be shown [3] that divisibility is equivalent to the following condition: for
each = < y there is z such that z = y * z. A residuated lattice satisfies the law of
double negation(and is called integral, commutative Girard-monoid [3]) if and only
if x = (x — 0) — 0 holds.

Several important algebras are special residuated lattices: Boolean algebras (al-
gebraic counterpart of classical logic). Heyting algebras is a residuated lattice
where z xy = z A y. A BL-algebras [3] is a residuated lattice which is divisible
and satisfies the prelinearity axiom. An MV-algebras [3] [I7] is a residuated lattice
in which z Vy = (x — y) — y holds. Equivalently [49], an MV-algebras is a
residuated lattice which is divisible and satisfies the law of double negation. Thus,
each BL-algebras satisfying the law of double negation is an MV-algebras(which
is the way MV-algebras are defined in [46]). A II-algebras(product algebras)[46]
is a BL-algebras satistying (z = 0) - 0 < ((z*2) — (y*2)) — (zr — y) and
x A (z — 0) =0. A G-algebras (Godel algebras) is a BL-algebras which satisfies
x*x =z (i.e. a Heyting algebras satisfying the prelinearity axiom). A Boolean
algebras is a residuated lattice which is both a Heyting algebras and an MV-
algebras(relation to the usual axiomatization is © — y = 2’ V y).

More information about residuated and complete residuated lattices can be found
in [5l Bl 8 16}, 24], 46], 50, 67, 61].

1.5. Fuzzy sets and fuzzy relations on residuated
lattice

Analogously to the bivalent case, one can start developing a naive set theory
with truth values in an (appropriately chosen) complete residuated lattice L (the
classical bivalent case being a special case for L = 2). In this section we recall the
basic notions of fuzzy logic. In the following, L will be a (complete) residuated
lattice.

13
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1.5.1. L-Fuzzy sets

An L-fuzzy subset(L-set, for short) in a universe set X is a mapping A: X — L

assigning to every element x € X an element A(z) € L interpreted as the truth

degree to which x belongs to A. Ordinary crisp subset of X are considered as fuzzy

subset of X (or an L-subset) of X, taking membership values in the set {0,1} C L.

For later, LX denotes the set of all L-subsets of X, i.e. the set of all mappings

from X to L. Let A and B be two L-subsets of X.

The equality of A and B is defined as the usual equality of mappings, i.e. A =B

if and only if A(z) = B(z), for every z € X

The inclusion A < B is also defined pointwise: A < B if and only if A(z) < B(z),

for every z € X.

Endowed with this partial order the set £(X) of all L-subsets of X forms a complete

residuated lattice, in which the meet (intersection) /\ A; and the join (union)\/ A;
iel il

of an arbitrary family {A;};cr of L-subsets of X ,eare mappings from X ineto L

defined by

(/\ A)(z) = /\ Ai(z), (\/ A)(z) = \/ Ai(z)

i€l i€l i€l i€l
The product A ® B is an L-subset defined by A ® B(x) = A(x) ® B( ), for every
@ € X. The crisp part of an L-subset A of X is a crisp subset A = {r e X |
A( ) =1} of X. We will also consider A as a mapping A : X — L defined by
A(z) =1,if A(z) =1, and A(z) = 0, if A(x) # 1.

For more information on L-set can be found in, for instance, 5l B4l 46 [76].

1.5.2. [-Fuzzy relations

Fuzzy relations were first introduced by Lotfi Zadeh [76] as a natural generalization
of the usual crisp relations. Fuzzy relations play an important role in fuzzy modeling,
fuzzy diagnosis, fuzzy control and relational databases. They also have applications
in fields such as psychology, medicine, economics, and sociology. In many cases,
fuzzy relations can handle real life problems better than the crisp ones. Some
examples needed in this thesis are fuzzy tolerance, fuzzy equivalence, fuzzy equality,
used to study the compatibility of a crisp relation with the fuzzy equivalence rela-
tions and the compatibility of fuzzy equivalence relations with a given order relation.

Basic definitions

A binary L-fuzzy relation (an L-relation, for short) on X is a mapping R € LX*X,
that is to say, any L-subsets of X x X. For every z,y € X, the value R(z,y) is
called the degree of membership of (z,y) in R, and the equality, inclusion, joins,

14
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meets and ordering of fuzzy relations are defined as for fuzzy sets. The transpose
R! of R is the L-relation on X defined by Rf(y,z) = R(z,y). For crisp relations,
we use the usual infix notation, e.g. we write a < b instead of < (a, b).

For a t-norm T and L-relations R, S on X, the T-composition of R and S denoted
by Ro S, is a fuzzy relation on X defined by Note that if X is a finite set with n
elements, then R and S can be treated as n x n fuzzy matrices over L and Ro S is
the matrix product, whereas A o R can be treated as the product of a 1 x n matrix
A and an n X n matrix R.

Consequently, an L-relation R is x-transitive if and only if Ro R C R.

Moreover, for any L-relation R on a universe X, we will use the notation R(Y) =
ROV oR=RoR(™Y, i>2where R® = RoR.

Main properties
Let R € L**X be a binary L-relation on X. We are interested in the following
properties (see, for example [}, [12] 13} [15] 25 34 [39, 48, [77]):

e Reflexivity: R(z,z) =1, for any z € X,

e Irreflexivity: R(x,x) =0, for any x € X,

e Symmetry: R(z,y) = R(y,z), for any z,y € X,

e x-Asymmetric: R(x,y) * R(y,x) =0, for any z,y € X,

e x-Antisymmetric: x # y implies R(x,y) * R(y,z) =0, for any z,y € X,

o s« Transitivity: R(z,y) * R(y, 2) < R(x, z), for any z,y,z € X,

e Separability: R(x,y) = 1 implies that = y, for any z,y € X.

Note that R is called Strongly complete, if max(R(z,y), R(y,x)) = 1, for any
T,y €.

Proposition 1.9. [27] For any reflexive and *-transitive L-relation R on a universe
X, it holds that R = R, for any i > 2.

1.5.3. L-Fuzzy equivalence relation

Fuzzy equivalence relations were first introduced by Zadeh [77] as a generalization
of the usual crisp equivalence relations. They were found to be extremely useful
in such elds as Fuzzy Control, Approximate reasoning, Fuzzy Cluster Analysis
etc..

Definition 1.7. [Z]

(i) A binary L-relations E that are reflexive and symmetric are called L-fuzzy
tolerances (L-tolerances relation,for short).

15
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(i) A binary L-relations E that are L-tolerances and x-transitive are called
L-equivalences or L-similarities.

(iti) A separable L-equivalences relations are called L-equalities.

Note that 2-equality on X is precisely the usual equality (identity) Ix (i.e.
Ix(z,y) = 1 for x = y and Ix(z,y) = 0 for  # y). Therefore, the notion
of L-equality is a natural generalization of the classical (bivalent) notion.

For an L-set A in X and an L-equality £ on X we define the L-set Dg(A) by
Dg(A)(z) =V, A(z") * E(2’,z). Tt is easy to see that Dg(A) is the smallest
(w.r.t.C) L-set in X that is compatible with E and contains A.

Example 1.3. The equality degree is an L-equality on LX, for any X.

Definition 1.8. (Compatibility in sense of Bélohlavek)[2] A binary L-relation R
between X and Y is compatibility w.r.t. L-equalities Ex on X and Ey onY if

R(z1,y1) * (Ex (71, 22) * By (y1,92) < R(71,92)
L foranyx; € Xy, €Y (i=1,2).
By L&XEx) x (y, Ey) we denote the set of all L-relations between X and Y
compatible w.r.t Ex and Fy.

Definition 1.9. An L-order relation (L-order, for short) on a set X with L-equality
relation E is a binary L-relation R which is compatible w.r.t E and satisfies the
following three axioms

(i) R(z,z) =1 (reflexivity),
(i) R(z,y) N R(y,x) < E(z,y) (antisymmetry),
(ii) R(x,y) * R(y,z) < R(x,2) (transitivity).
If Ris an L-order on a set X with an L-equality E, we call the pair X = ((X, E), R)
an L-ordered set.
Remark 1.2. (1) Clearly, if L = 2, the notion of L-order coincides with the

usual notion of (partial) order.

(2) For a similar approach to fuzzy order (however, with a different formulation
of antisymmetry) see [10)].

The concept of L-equivalence relation above mentioned has been introduced, named
and studied in several different ways, it will be useful to give some other concepts
related to compatibility that is one among our aims in this work.

Let (L, *,—) be a (complete) residuated lattice and E, F' be L-equivalence relations

LXXY

on X and Y respectively. A fuzzy relation R on is called a perfect fuzzy

16
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function from X to Y w.r.t. E and F if and only if R satisfies the following four
conditions:

(i) R(z,y)*E(z,2") < R(2',y), for any x,2’ € X and any y € Y (Extensionality
w.r.t. E),

(ii) R(z,y)* E(y,vy") < R(z,y’), for any x € X and any y,y’ € Y (Extensionality
w.r.t. F),

(iii) For each z € X,y € Y such that R(x,y) =1,
(iv) R(z,y) * R(z,y') < F(y,y’), for any x € X and any y,y’ € Y.

A fuzzy relation R on L(X*X)*xX

operation on X ([34]).

satisfying the condition (iii) is said to be L-binary

Theorem 1.3. [J] Consider a reflexive and x-transitive binary fuzzy relation
R: X2 —[0,1] (often called fuzzy preordering). The relation R is a x-E-ordering
for some x-equivalence E if and only if, for all z,y € X,

R(z,y) * Ry, ) < E(x,y) < min(R(z,y), R(y, z))

Definition 1.10. (Compatibility in sense Bodenhofer [9])Let < be a crisp ordering
on X and let E be a fuzzy equivalence relation on X. E is called compatible with
=, if and only if the following implication holds for all z,y,z € X:

x 3y =z= FEx,z) <min(E(z,y), E(y, 2))

17






2 The clone relation of a binary relation

In this chapter, we extend the notion of clone relation of a strict order relation
introduced by De Baets et al.[32]to any binary relation. Although the definition
of such extension is trivial, the corresponding properties significantly differ from
those of the clone relation of a strict order relation. We analyse the most important
ones among these properties, paying particular attention to a partition of the
clone relation in terms of three different types of pairs of clones. Also in this
chapter, we characterize the clone relation of the three different types of union
of two relations defined on disjoint sets (the nondirectional disjoint union, the
unidirectional disjoint union and the bidirectional disjoint). We have concluded
this chapter by introducing the clone relation of order n.

The clone relation coincides with the covering relation, i.e., two elements are clones
if and only if they are consecutive. This notion of consecutive elements in a totally
ordered set was already independently considered in the field of social choice theory
by Tideman under the same name: clones. Clones are important in the field of
social choice theory. Several methods have been proposed in order to guarantee
the independence of clones (see [68], [7T], [73]).

2.1. The clone relation of a strict order relation

In this subsection, we recall the notion of clone relation of a strict order relation
introduced by De Baets et al. [32]. The clone relation ~ of a strict order relation
< is the binary relation on X defined by

Vze X\{z,yH)z<z e z<y)
rry if and
Vze X\{z,yD)z<zey<z).

Note that the clone relation = of a strict order relation < is a tolerance relation
on X. This clone relation can be partitioned!] as follows:

~=<UpUo Ud,

L Although the term ‘partition’ is used, any of the binary relations <, > and ¢ might be empty.
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where § = {(z,y) € X? | z = y} and the binary relations <, > and ¢ are pairwise
disjoint relations given by:

A=~ N K,
b=~ N>,
o=rN|,

where <= {(a,b) € X? | (a <b) A (fc € X)(a < c < b)} and > =<,

Note that, on the one hand, < and > are irreflexive, antisymmetric and antitransitive
and it holds that < = »f. On the other hand, ¢ is irreflexive, symmetric and
transitive. Hence, the clone relation of a poset can be partitioned in terms of two
types of pairs of clones: pairs of comparable clones (<Up) and pairs of incomparable
clones (¢).

2.2. The clone relation of a binary relation

In this section, we extend the notion of clone relation to an arbitrary binary relation.
The study of the basic properties of this clone relation and its relation with set
operations is also addressed.

2.2.1. Definition

The analysis of ‘likeness’ is a relevant matter of study in mathematics. Equivalence
relations, which form a basic concept in mathematics, define a natural notion of
‘likeness’ grouping elements in equivalence classes. When we drop transitivity and
allow an element to be ‘alike’ to two elements that are not ‘alike’ to each other,
one does no longer talk about equivalence relations but about tolerance relations.
Another natural way of defining such ‘likeness’ is based on how elements are related
w.r.t. the other elements. In that way, two elements are said to be ‘alike’ (from now
on clones) if they are related in the same way w.r.t. every other element.

Definition 2.1. Let R be a relation on a set X. The clone relation ~p of R is

the binary relation on X defined by

(Vz € X\ {z,y})(zRz < zRy)
r~ry if and (2.1)
(Vz € X\ {z,y})(zRz < yRz).

If x =i y, then we say that x and y are clones w.r.t. the relation R.

Remark 2.1. Let R be a relation on a set X. Then the following statements hold:
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(i) For any x,y € X, if x =g y, then it holds that

(Vze X\{z,y})(z |z = 2 ly).

(ii) For any set X of two elements, it holds that ~p= X?2.
(iii) For any set X, it holds that ~x>==p= X2.

The matrix representation of a binary relation R can be used for illustrating the
notion of clone relation and for facilitating the identification of clones in the finite
case. Let R be a relation on a finite set X = {z1,zo,...,z,} (n € N* ={1,2,3,...}).
For any z;,z; € X with 1 <4,j <mn, it holds thatEl

1 y if .%‘iR.Z'j y
Rij = .
0 ,ifz;R°x;.

By definition, it holds that x; ~g x; if, and only if, for any k ¢ {4, j}, it holds
that R;r = Rj, and Ry; = Ry;. This means that x; and z; are clones if and
only if the row and column corresponding to x; coincide with the row and column
corresponding to x;, with the exception of the four elements contained in the
intersection of these two rows with these two columns. This is illustrated in

Figure 2.1}

I R 71 e Tj .- In
1 Ry ... [ Ru Ry | ... Rin
R= . . . . .
€ ‘ le Rji Rjj Rjn ‘
xn Rnl . e an cee an ce e RTLTL

Figure 2.1: Natural interpretation of the clone relation by means of the matrix repre-
sentation of R.

Example 2.1. Let R be the relation on X = {a,b,c,d, e, f} defined by the graph
in Figure[2.3

In this work, a relation R is identified with its characteristic mapping x g, i.e., xg(z,y) = 1 means
2Ry and xgr(z,y) = 0 means zRy. In a finite setting, a relation can be conveniently represented
as a matrix such that R;; = xr(x;, zj).
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! (A

ae eC ec

be o] of

Figure 2.2: Graph of a relation R on the set X = {a,b,c,d,e, f}.

The matrixz representation of the relation R is given by:

a b c d e f

a 1 1.1 1 0 0

b 001 00O
R= ¢ 01 1000
d 01 1.0 00

e 0000 1O

f 0 000 01

Since the row and column corresponding to b coincide with the row and column
corresponding to ¢ (without taking the four elements in the intersection of rows and
columns into account), it holds that b =g c. In general, the clone relation of R is
given by:

a b c d e f

a 1001 00

b 01 1.0 00

RR= ¢ 01 1.0 00
d 1001 00

e 000 0 11

f 000 0 11

For any relation R, the clone relation of R obviously is reflexive and symmetric.
Therefore, the following result is straightforward.

Proposition 2.1. Let R be a relation on a set X. The clone relation =g of R is
a tolerance relation.

In general, the clone relation ~r does not need to be an equivalence relation, as
can be seen in Example

Example 2.2. Let X = {1,2,3} and < be the usual strict order relation. We can

see that ~. is not an equivalence relation. For instance, it holds that 1 ~~ 2 and
2 ~. 3, while 1 %< 3.
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§2.2. The clone relation of a binary relation

2.2.2. Basic properties

In this subsection, we discuss the most relevant properties of the clone relation.
First, it is trivial to prove that the clone relation of a relation R always coincides
with the clone relation of the complement, the transpose and the dual of R.

Proposition 2.2. Let R be a relation on a set X. Then the following statements
hold:

(Z) %RCZ’QJR,
(ZZ) RRt=~R.

(iii) ~pa=rp.

Proof. (i) For any z,y € X, it holds that

(Vz € X\ {z,y})(2R°z & zRy)
T Rpe Yy < < and
(Vz € X\ {z,y})(xR°z < yR°z)

(Vz € X\ {z,y})(zRx < zRy)

< 4 and
(Vz € X\ {z,y})(zRz & yRz)
& T RRY.

(ii) For any z,y € X, it holds that

(Vz € X\ {z,y})(zR'z & zR'y)
TRty & < and
(Vz € X\ {z,y})(zR'2 & yR'z)

(Vz € X\ {z,y})(xRz < yR2)

< 4 and
(Vz e X\ {z,y})(2Rz < zRy)
& T RRY.

(iii) It is straightforward due to the two preceding statements.
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Second, it can be proved easily that the reflexivity of R has no impact on the clone
relation.

Proposition 2.3. Let R and S be two relations on a set X. If for any z,y € X
such that x # y it holds that xRy < xSy, then the clone relation of R and the
clone relation of S coincide, i.e., xp=~g.

Note that, as a consequence of Proposition 2.3} we conclude that the clone relation
does not take reflexivity or irreflexivity into account. Actually, the relation of an
element with itself does not affect the clone relation.

Corollary 2.1. Let R, R' and R” be three relations on a set X. If R = RU
{(z,z) € X?} and R" = R\ {(x,z) € X?}, then it holds that ~p=~p ==pn.
This result is illustrated in the following example.

Example 2.3. In Figure[2.5, the graphs of three relations R, R' and R" on the
set X = {a,b,c} such that R is neither reflexive nor irreflexive, R’ is reflexive and
R is irreflexive are shown. Note that R, R’ and R coincide for any two different
elements. Hence, it holds that

RR=NR =RRr= {(aa a)7 (ba b)v (C’ C)? (a’ b)7 (bv CL)} .

Q \

AN A A
R R R"

Figure 2.3: Graphs of three relations R, R" and R” on the set X = {a,b, c}.

Remark 2.2. If (X, <) is a poset and < is the strict order relation associated to
the order relation <, then, from Comllary it follows that ~¢=r~.. Note that
De Baets et al. [32] defined the clone relation of a poset (X,<) by means of the
strict order relation < but, in fact, if they had defined this clone relation by means
of the order relation <, then the result would have been the same.

In the following proposition, we study when the clone relation ~p is transitive, i.e.,
when it is an equivalence relation.

Proposition 2.4. Let R be a relation on a set X. If there do not exist x,y € X
such that x ~g y, rRy and yR x, then it holds that ~p is an equivalence relation.

Proof. Since ~p is a tolerance relation (see Proposition [2.1)), it suffices to prove
that &g is transitive. Let x,y,z € X be such that x =~ y and y ~r z. Suppose
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§2.2. The clone relation of a binary relation

that « #p 2. It follows that there exists ¢ € X \ {«, 2} such that (¢Rzx and tR°z)
or (xRt and zR°t) or (tRz and tR°zx) or (2Rt and zR°t).

(i) Let us consider the case where tRz and tR°z. We distinguish two cases:
t#yandt=y.

(a) If t # y, then from x ~p y and y ~p z, it follows that tRy and tR°y, a
contradiction.

(b) If t =y, then it follows that yRz and yRz. Since z ~p y, y ~r z and
T %R z, it follows that x # y # z # x. Moreover, as y ~p z, it follows
that zRx and yR°z and, as x ~g ¥, this implies that 2Ry and yR°z. At
the same time it holds that y ~r z, a contradiction with the hypothesis.
Therefore, ~p is transitive.

(ii) The other cases where (xRt and zR°t) or (tRz and tR°x) or (2Rt and zR°t)
are analogously proved.

O

In particular, the conditions of Proposition [2.4] are satisfied for any symmetric
relation.

Corollary 2.2. Let R be a relation on a set X. If R is symmetric, then it holds
that =g is an equivalence relation.

Corollary 2.3. Let R be a relation on a set X. If R =~p, then it holds that R is
an equivalence relation.

An equivalence relation is always included in its clone relation, as is expressed in
the following proposition.

Proposition 2.5. Let R be a relation on a set X. If R is an equivalence relation,
then it holds that R Cxpg.

Proof. Let R be an equivalence relation and z,y € X be such that xRy. Let us
suppose that x #g y. Since R is an equivalence relation and x #p vy, it follows that
there exists z € X \ {z,y} such that (zRz and zR°y) or (zRy and zR°x). Due to
the symmetry and transitivity of R, it follows that (zRy and zRy) or (zRx and
zRx), which leads to a contradiction. Hence, it holds that x ~g y and, therefore,
R Q%R. O

The necessary and sufficient conditions that an equivalence relation needs to satisfy
in order to coincide with its clone relation are provided in the following proposition.
In words, an equivalence relation coincides with its clone relation if and only if
there is at most one singleton equivalence class.
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Proposition 2.6. Let R be a relation on a set X. If R is an equivalence relation,
then it holds that R ==p if and only if there do not exist x,y € X such that x # vy,

[z]r = {2} and [y]r = {y}

Proof. (=) Let R be an equivalence relation on X such that R =~p and suppose
that there exist z,y € X such that z # y, [z]g = {z} and [y]r = {y}. It follows
that xR°z and that yR°z for any z € X \ {z,y}, therefore it holds that = ~p v,
a contradiction with R =~p and zR°. Hence, there do not exist z,y € X such
that z # y, [v]gr = {z} and [y|r = y.

(<) From Proposition it follows that R Capg. It remains to prove that ~zrC R.
Let R be an equivalence relation on X such that there do not exist z,y € X
such that @ # y, [2]g = {2} and [y]r = {y}. Let us suppose that ~zpZ R. As
R is reflexive, it holds that there exist z,y € X such that x # y, x =~ y and
xR. Since ([x]r # {z} or [y]r # {y}) and = # y, it follows that there exists
z € X\ {z,y} such that Rz or yRz. As x =g y, it implies that (zRz and yRz)
or (yRz and xzRz). Since R is an equivalence relation, it follows that xRy, a
contradiction. Hence, ~rC R and, therefore, ~xp= R. O

In general, the fact that R is an equivalence relation does not necessarily lead to
~rC R, as can be seen from Example 2:4]

Example 2.4. The relation R defined in Figure[2.4) is an equivalence relation on

the set X = {a,b,c,d,e}.

a4 —— o

\_/r
U, U,
Figure 2.4: Graph of an equivalence relation R on the set X = {a,b,c,d,e}.

The matriz representations of R and ~p are given by:

Qo o

O O = = =g
O O~ =
SO O~ ~ = O
S = O O O &
_ o O O o O
Q0 o e

O O = ==Y
S O = ==
S O~ = = O
— — O O O
= =0 O O ®

We can see that d ~p e and dR°. Hence, it holds that ~grZ R. Note that it
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§2.2. The clone relation of a binary relation

holds that =~rZ R, due to the fact that there are two equivalence classes formed by
singletons. Note that, as expected due to Proposition[2.5, it holds that R C~pg.

The composition of any symmetric relation with its clone relation is always included
in that relation. In addition, we will prove that the clone relation of any symmetric
relation is the greatest symmetric relation that satisfies this inclusion.

Proposition 2.7. Let R be a relation on a set X. If R is symmetric, then the
following two statements hold:

(i) ~pg is the greatest symmetric relation S such that Ro S C R.

(19) ~p is the greatest symmetric relation S such that So R C R.

Proof. Let R be a symmetric relation on X.

(i) Let us suppose that there exists a symmetric relation S on X such that
RoS C Rand S Z~pg. It follows that there exist z,y € X such that zSy
and x #gr y. As x %g y and R is symmetric, it follows that there exists
z € X \{z,y} such that (2Rz and zR°y) or (2Ry and zR°z). Let us consider,
w.l.o.g, that zRx and zR“y. Since zRx and xSy, it follows that z(R o S)y.
As Ro S C R, it follows that zRy, a contradiction. Hence, we conclude that
S Q%R.

(i4) As R and S are symmetric, it holds that Ro S = S o R. Therefore, the result
follows from statement ().

O

2.2.3. Interaction of the clone relation with set operations

This subsection is devoted to discuss the interaction of the clone relation with the
most common set operations.

Proposition 2.8. Let R and S be two relations on a set X. If R C S, then the
following statements hold:

(i) ~r N ~s\rRCs.

(i) =sC (Rr N =g\r) U ((RR)° N (Rs\r))-

Proof. (i) Suppose that R C S and let 2,y € X be such that z(~g N ~g\r)y.
It follows that © ~g y and x ~g\p y. Therefore, for any z € X \ {z,y}, it
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holds that

xSz < (xRzV x(S\ R)z)
< (yRz Vy(S\ R)z)
& ySz.

In a similar way, we prove that zSz < zSy. Hence, it holds that x ~g y.
Therefore, it holds that ~r N ~g\ rC~s.

(ii) Suppose that R C S and let z,y € X be such that x ~g y. Since it trivially
holds that X? = (~r U(=r)) N (Fs\r U(=s\r)°), it follows that one of the
following statements holds: (=g N ~g\r)y or z(~r N(~s\r))y or T((~r
)N =a\r)y or z((~r)° N (Rs\r))y. We will prove that z((~r)°N ~s\r)Y
and z(~g N(~s\r))Y-

(a) Suppose that (z(~r)°% and x ~g\r y). Since z(~g)y, it follows that
there exists z € X \ {z,y} such that one of the following statements
holds: (xRz and yRz) or (yRz and xR°z) or (zRx and zRy) or (zRy
and zR°x). Any of these cases contradicts the fact that (z ~g y and
r ~g\g y). For instance, if (xRz and yR°z), then, since R C S, it
follows that 2Sz. Since z ~g y and z € X \ {z,y}, it follows that ySz.
On the one hand, since ySz and yR°z, it follows that y(S \ R)z. On
the other hand, since xRz, it follows that (S \ R)°z. a contradiction
with the fact that x ~g\ g y. The other cases where (yRz and xR°z) or
(zRx and zR°y) or (zRy and zR°x) are analogously proved.

(b) Suppose that (z ~g y and z(=g\r ¥)°). Since z(~g\ )%y, it follows
that there exists z € X \ {z,y} such that one of the following statements
holds: (z(S \ R)z and y(S \ R)°z) or (y(S\ R)z and z(S \ R)°z) or
(z(S\ R)x and z(S\ R)“y) or (2(S\ R)y and z(S\ R)z). Any of these
cases contradicts the fact that (z ~g y and x ~p y). For instance, if
(z(S\ R)z and y(S \ R)z), then it follows that (xSz and xR¢z) and
(yS°z or yRz). Therefore, it holds that (zSz and yS°z) or (zR°z and
yRz), a contradiction with the fact that (z =g y and = ~pr y). The other
cases where (y(S\ R)z and (S \ R)“z) or (2(S\ R)x and z(S \ R)y)
or (z(S\ R)y and z(S \ R)°x) are analogously proved.

Hence, it holds that (z ~p y and z =g\ g y) or (z(=r)% and z(~g\r)Y)-
Therefore, it holds that ~5C (~r N ~g\r) U ((Rr)°N (Rs\r))-

O

The following corollary follows immediately from statement (ii) of Proposition 2.8]
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Corollary 2.4. Let R and S be two relations on a set X. Then it holds that

~prusC (Rr N~s\r) U ((=Rr)" N (=s\r)°) -

Note that, in general, if R and S are two binary relations on a set X such that
S C R and ~pi and ~g are their respective clone relations, then it does not
necessarily hold that ~g¢C~pg, as can be seen in Example

Example 2.5. Let us consider two binary relations R and S on the set X =
holds that S C R, a =g b, while a(~g)°b. Hence, ~sZ~pg.

The following corollary follows immediately from Proposition [2:2]

Corollary 2.5. Let (R;);cr be a finite family of relations on a set X. The following
statements hold:

(i) =y R,=% n Re-
iel iel

(ZZ) %_ﬁ Ri:%.u Rf
iel i€l

In the following, we discuss the interaction of the clone relation with the intersection
and the union.

Proposition 2.9. Let R and S be two relations on a set X. The following
statements hold:

(i) ~p N ~s=~pns N ~p\s N Fs\R-

(i) =~r N ~s=~pus N Xr\s N ~s\R-

Proof. (i) We need to prove that ~r N ~sC~prns N ~p\g N ~g\r and that
RRrns N =Rpr\s N R\RERR N Rs.
(a) First, we prove that ~zr N ~sC ~pns N ~p\s N ~s\r- Let z,y € X be

such that z(~gr N ~g)y. It follows that © ~g y and = =g y. Therefore,
for any z € X \ {z,y}, it holds that

z(RNS)z < xRz NxSz
< yRz ANySz
< y(RNS)z.

In a similar way, we prove that z(RNS)x < z(RNS)y. Hence, it holds
that z(~grns)y and, thus, that ~p N ~gCrrns. Moreover, for any
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z € X \ {z,y}, it holds that

2(R\ S)z & xRz N xSz
< yRz ANyS°z
S y(R\9S)z.
In a similar way, we prove that z(R \ S)z < z(R\ S)y. Hence, it

holds that z(~p\g)y and, thus, that ~r N ~sC~pk\g. The fact that
~p N ~sgC~g\ g is proved in an analogous way.

(b) Second, we prove that Xrns N ~r\s N ~s\rRC~<Rr N ~g. We have that

Rrns N=p\s N Rs\r =~RnS N RR\(rRNS) N RS\ (RNS)
= (~Rrns N =r\(rns)) N (Frns N ~s\(rNS))-
From Proposition it follows that (®rns N ~g\(rns) S~r and
(®Rrns N =g\ (rRns) CRs-

(ii) From (i), it follows that ~re N Rge=Rpenge N Rpe\ge N Fge\ ge-
Since ~pe=R~R, Rge=Rg, FRense =~ Rrus)c=~Rrus, K¢\ 5S¢ = S\ R and
S¢\ R® = R\ S, it follows that ~r N Rs=~prus N Rs\r N ~R\s -

O

The following corollary is a direct result of Proposition 2.9]

Corollary 2.6. Let R and S be two relations on a set X. The following statements
hold:

(i) =r N ~sCxRns.
(it) ~p N ~sCRRUS.

Note that the converse inclusions do not necessarily hold, as can be seen in

Example

Example 2.6. Let R, S, RUS and RN S be the four relations defined on the set
X ={a,b,c,d} by the graphs in Fz'gure

\ \ N N

ae —> e C ae —> e C ae —> eC ae —> e C

X

be —> e be o be —> e be LX)
v v v v
R S RUS RNS

Figure 2.5: Graphs of four relations on the set X = {a,b, ¢, d}.
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We can see that:
(a) a =pns ¢, while a(~g)°c. Hence, NpnsZ~r N ~g.
(b) ¢ =Rrus d, while c(~=g)°d. Hence, ~pusZ~p N ~g.
(¢) a=pus b, while a(=r)°b and a(~g)°b. Hence, ~rusZL~gr U ~g.

(d) a =g c, while a(~pys)c. Hence, ~p U ~gZ~pys.

2.3. A partition of the clone relation

De Baets et al. [32] provided a partition of the clone relation for the special case
of an order relation. Here, we extend this partitioxﬂ to the case of an arbitrary
binary relation.

Definition 2.2. Let R be a relation on a set X. The following binary relations
on X are defined:
(i) <r = {(z,y) € X* |z =p y NaRy NyR°x Ax # y}.
(ii) bp = {(z,y) € X? | s ®ry ANyRx ANz Ry A x # y}.
(iii) or = {(z,y) € X? |z ~gr y AzRy ANyRx Az # y}.
(iv) or = {(x,y) € X? |z ~gp y NoRy AyR°z Nz # y}.
Remark 2.3. Note that <t; =g, oy = og and o = op.

Given Definition [2.2] it is immediately clear that the clone relation ~p of any
relation R can be written as follows:

~Ar=<rUbrUogrUogr U/,

where § = {(z,y) € X? |z = y}.

Definition 2.3. Let R be a relation on a set X. The triplet (dg,or,oR) is called
the (canonical) partition of the clone relation ~g.

Note that in the canonical partition we do not explicitly mention >y (as it equals
<) and § (as it does not depend on the relation R).

Remark 2.4. As discussed by Roubens and Vincke [GH], any reflexive binary
relation Q on a set X allows to partition X? into four disjoint parts: a strict
preference relation P = Q N (Q')¢ (which is irreflexive and asymmetric) and
its transpose Pé, an indifference relation I = Q N Q' (which is reflexive and
symmetric) and an incomparability relation Jg = Q° N (QY)® (which is irreflexive

Although the term ‘partition’ is used, any of the binary relations <g, br, ogr and ¢r might be
empty.
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and symmetric)
X?=PyUPHUlIyU Jg.

We can see that the partition of the clone relation is closely related with this result.
Indeed, extending the above definition to an arbitrary binary relation R, we can
write

X2 = PrUPLUIR\O)UJRrUJ,

and hence
XR = ~RQR ﬂXz

NPr) U (=g NPg) U (=g N(Ir\5)) U (r NJr) U (=g N6)

= %R
:QRUDRUORUORU(S.

Example 2.7. Let R be the relation defined in Example|2.1l. The matrix repre-
sentations of the relations <g, >gr, ogr and or are given by:

a b c d e f a b c d e f

a 000 1 00O a 0000 O0°O

b 0000 OO b 0000 OO

<R = ¢ 0000 OO PrR= ¢ 0 00 0O OO
d 0000 OO d 10 00 00

e 0000 OO O e 0 00O OO

f 0000 OO f 0 00O OO

a b c d e f a b c d e f

a 0 00O OO a 0 00O OO

b 001 00O b 0 00O OO

oOR= ¢ 01 00 0O SR= ¢ 0000 0O
d 0 00O OO d 0 00O OO

e 0 000 OO O e 0 000 01

f 0000 OO O f 0000 10

Note that =g can be written as:
RR=<p+Pr+or+or+4.

From the definition of the partition of the clone relation and from Proposition [2:2]
and Corollary the following results are straightforward

Corollary 2.7. Let R be a relation on a set X. Then the following statements
hold:

(1) (QRe,0Re,9Re) = (PR,OR,OR)-
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(ii) (Qgt,oRt,oRt) = (PR, OR,OR)-
(Z”) (<]Rd7 ORd, <>Rd) = (<]R7<>Ra OR)'

Corollary 2.8. Let R, R' and R” be three relations on a set X. If R = RU
{(z,z) € X?} and R" = R\ {(z,z) € X?}, then it holds that

(i) <gp = <pr =dgr.
(ii) >r =>pr =Dpgr.
(iii) op = o = op.
(iv) op = o = Opw.

Note that, depending on the properties of R, some of the relations <g ,or and op
may be already determined.

Proposition 2.10. Let R be a relation on a set X. The following statements hold:
(i) If R is symmetric, then 4 = > = 0.
(i1) If R is antisymmetric, then ogr = ().

(111) If R is complete, then og = 0.

Proof. Let R be a relation on X.

(i) If R is symmetric, then, for any x,y € X, it holds that 2 Ry and yRx. Hence,
it holds that <r =g = 0.

(ii) If R is antisymmetric, then, for any z,y € X, it holds that xRy and yRx
implies that z = y. Hence, it holds that og = 0.

(iii) If R is complete, then, for any x,y € X, it holds that xRy or yRx. Hence, it
holds that op = 0.

O

Remark 2.5. Note that o was not considered in [32] because an order relation is
always antisymmetric. In case the relation R is a total order relation (or, in general,
antisymmetric and complete), the relations o and og are no longer relevant as
they are empty. In this case, the clone relation coincides with the usual covering
relation for (total) order relations, as discussed in [32].

The previous proposition serves to characterize the properties of the clone relation of
particular types of binary relations, such as order relations or equivalence relations,
in terms of the properties of its partition. For this purpose, we analyse some basic
properties of the relations <g, bg, og and ©og.

Theorem 2.1. Let R be a relation on a set X. The following statements hold:

(1) If x <Ry, then, for any z € X \ {z,y}, © =g z implies that x >R z.
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(ii) If x>y, then, for any z € X \ {x,y}, © =g z implies that x <R z.
(tit) If xory, then, for any z € X \ {z,y}, x =g z implies that x op z.

(w) If xory, then, for any z € X \ {z,y}, © =g z implies that x oR z.

Proof. (i) Let z,y € X and z € X \ {z,y} be such that x<zy and x ~g z. Note
that 2 # y. On the one hand, since xRy, yR°x,  ~g z and y € X \ {x, z},
it follows that zRy and yR¢z. On the other hand, since zRy, yR°z, © ~g y
and z € X \ {z,y}, it follows that zRzx and xR z. As = ~p z, it follows that
TPDRZ.

(#4) The proof is analogous to that of (7).

(13i) Let z,y € X and z € X \ {z,y} be such that x og y and z ~r z. Note
that & # y. On the one hand, since xRy, yRx, x =r z and y € X \ {z, 2},
it follows that zRy and yRz. On the other hand, since zRy, yRz, * ~g y
and z € X \ {z,y}, it follows that zRx and xRz. As z ~p z, it follows that
T OoR z.

(iv) Let ¢,y € X and z € X \ {z,y} be such that z op y and = ~p z. Note that
x # y. On the one hand, since z || y, * ~g z and y € X \ {z, 2z}, it follows
that z || y. On the other hand, since z || y,  ~r y and z € X \ {z,y}, it
follows that z || . As x =g z, it follows that = og 2.

O

Corollary 2.9. Let R be a relation on a set X. Then there are no z,y,z € X
such that r<gy and y<gr z and z <R x.

Proof. Suppose that there exist z,y,z € X such that z <gy, y<r z and z <p z.
Since xRy, z ~g « and y € X \ {x, z}, it follows that zRy, which contradicts

The (ir)reflexivity and (anti)symmetry of the relations <, bgr, <g Ubg, og and og
is discussed in the following proposition.

Proposition 2.11. Let R be a relation on a set X. The following statements hold:
(i) <R is irreflezive and antisymmetric.
(ii) >g is irreflexive and antisymmetric.

(i1i) <r Ubpg is irreflezive and symmetric.

(iv) og is irreflexive and symmetric.

(v) oR is irreflexive and symmetric.
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Proof. By definition, the relations <y, br, or, og and <g U g are irreflexive. Next,
for any z,y € X, it is immediate to see that both (x <gr y and y<g z) and (z>gry
and y >R ) are impossible; this implies that < and >g are antisymmetric. Since
ab, = > and b, = <p, it follows that <g Ub>g is symmetric. In addition, as
ol = op and of, = op, it follows that op and og are symmetric. O

In the following proposition, we discuss the (anti)transitivity of the relations <g,
>R, dg UDR, or and og.

Proposition 2.12. Let R be a relation on a set X. The following statements hold:
(i) <r is antitransitive.
(ii) >gr is antitransitive.
(i) <r U R is antitransitive.
(iv) or U is transitive.

(v) og Ud is transitive.

Proof. (i) Let z,y,2z € X be such that x<gy and y<r z. Suppose that z<gz. It
follows that z<ry, x =g z and z € X \ {z,y}. Therefore, from Theorem [2.1
it follows that xz >g 2z, a contradiction. Hence, <g is antitransitive.

(ii) The proof is analogous to that of (i) .

(iii) Let x,y,z € X be such that z(<r Urpr)y and y(<g Ubg)z. From (i) and (i)
it follows that (z<ry and y<g z) and (x>ry and y>g 2) lead to, respectively,
z(<gr)z and x(>g)2. In addition, due to Corollary 2.9, we have that (z <py
and y<dg z and x>g 2) and (x>ry and y>gr 2 and x 4R z) are not possible.
On the other hand, if « # z then the cases (x<gy and y>g 2) or (x> y and
y <R z) are not possible, due to Theorem if z = z, then x(ag U>g)°x, due
to the irreflexivity of < Urg . We conclude that < U g is antitransitive.

(tv) Let z,y,2z € X be such that z(ogr U d)y and y(or Ud)z.
(a) If x =z or x =y or y = 2z, then it trivially holds that z(ogr U J)z.

(b) The case x # z, x # y and y # z. First, we prove that =g z. Suppose
that x #Zp z, then it follows that there exists ¢t € X \ {z, 2z} such that
(tRz and tRz) or (tRz and tR°zx) or (xRt and zR°t) or (2Rt and 2 R°t).
If, for instance, (tRx and tR°z), then, since yRz, it follows that t # y.
AstRx, tR°z, x =r y, y ~p z and t € X \ {x,y, 2}, it follows that tRy
and tR°, a contradiction. The other cases where (tRz and tR°x) or
(xRt and zR°t) or (#Rt and zR°t) are analogously proved. We conclude
that  ~g z. Second, as zory, z =g x and x € X \ {y, 2}, it follows
from Theorem 2.1] that z og 2.

We conclude that z(og U d)z and, therefore, op U ¢ is transitive.
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(v) The proof is similar to that of (iv).

From Propositions 2.11] and 2:12] the following result follows.
Corollary 2.10. Let R be a relation on a set X. Then it holds that (qg U>g U J)

is a tolerance relation and that (or UJ) and (or Ud) are equivalence relations.
For any x,y € X, there exists at most one element z such that x ~ z and z ~p y
and x %R y.

Proposition 2.13. Let R be a relation on a set X. For any two elements x,y € X,

if there exists z € X such that x =g z, z ~p y and x %R y, then it holds that (z<pz
and z<gy) or that (y<g z and z <R x), that z is unique and that [z)~, = {x,y, z}.

Proof. Let z,y € X be such that there exists z € X such that z =g 2z, z &p y and
x %pr y. This implies that  # z # y # x. Hence, (x<dg z or x >R 2z Or T 0R 2 OF
xog z) and z ~g y. From Theorem and Corollary it follows that (x og 2z
or zog z) and z =g y implies y ~g x, a contradiction. We only need to consider
the cases (x<p z or > z) and z =g y. From Theorem it follows that (x <g 2z
and z<g y) or (y<g z and z <R x) are the only possible cases.

Suppose now that z is not unique, i.e., 3z’ € X \ {x,y, 2z} such that  ~p 2z’ and
y =g z'. Therefore, it holds that (x <p 2’ and 2z’ <g y) or (y <g 2z’ and 2’ <4i ).
From Theorem [2.1} as x <g 2z and x =g 2/, it follows that x >g 2/, a contradiction.
Hence, 2]~y = {z,y, 2}. O

Next, we provide an important result w.r.t. the structure of the intersection of two
tolerance classes of the clone relation.

Proposition 2.14. Let R be a relation on a set X. For any two elements x,y € X,
it holds that

(i) If x =gy, then it holds that

[~ Jifr =y,
{z,y} ,if TARYV I DRY,
{z,y}U{z € X |zorx Azogy} ,ifzory,
{z,ylU{z € X |zogxzAzopy} ,ifzory.

(i) If x #r y and [~y N [Y]ag #£ 0, then it holds that

[I]ZR n [y]%R = {Z}’

where z € X s the unique element such that x> z and z>ry or that y>gr 2
and z>R .
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Proof. (i) Let x,y € X be such that z =g y.

(a) If x = y, then it trivially holds that

(b) If z<ry, then we will prove that there does not exist any z € [x]~, N[Y]~p
such that z € X \ {z,y}. Suppose that such z exists. It then follows
from Theorem that z<p x and y<g 2z, a contradiction (Corollary .
Hence, it holds that

[x}%R N [y]%R = {x,y}
The proof is analogous for x >g y.

(c) If z o y, then, for any z € [z]x,, N [y]~, such that z € X\ {z,y}, it
follows from Theorem [2.] that z og x and z og y. Hence, it holds that

[t)xr N [Ylan = {2y} U{z € X |zorz A 20RY}.

(d) If x or y, then, for any z € [z]~, N [Y]~y such that z € X \ {z,y}, it
follows from Theorem [2.1] that z og z and y og 2. Hence, it holds that

[)ap N [Y]ap = {z,ytU{z € X |z0gx A2z0oRY}.

(i) Let z,y € X be such that z #r y and [z]~, N [Ylxp # 0 and let z €
[]~p N [Y]ap. It follows from Proposition that z is the unique element
such that x ~g z, y =g z and that x %g y. Hence, it holds that

[x]zR N [y]zR = {Z} N
O
Example 2.8. Let R be the relation defined in Example . It holds that [a)~p, =

{a7 d}’7 [b]%R = {bac}’7 [C]%R = {b’ C}7 [d]%R = {aa d}7 [e]%ﬂ = {6a f}7 [f]%R = {6, f}
Therefore, it holds that:

lal<, N ldl~p = {a,d},
by Nlelxn = {bsc},
€l N f]xn ={e [}
lelay Nldlxr =0
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Example 2.9. Let R be the relation defined in Ezample [2.4 For any n € N*
with n # 1, it holds that [n]~_ = {n—1,n,n+ 1} (1]~. = {1,2}). As, for any
ni,ne € N*, the fact that [ni]~_ N [na2]~_ # 0 and that ny %pr no implies that
niy = no + 2 or that ny = no — 2, it follows that:

{ng—l ,ifn2>n1,

no+1 ,ifng >ng.

2.4. The clone relation and the different types of
disjoint union

In this section, we characterize the clone relation of the three different types of
union of two relations defined on disjoint sets.

For a relation Rp defined on a set P, we write P = (P, Rp) and we call P an
equipped set.

Definition 2.4. An equipped set P = (P, Rp) is called a reduction of another
equipped set Q = (Q, Rq) if the following two statements hold:

(i) PCQ.
(ii) For any xz,y € P, it holds that xRpy if and only if zRgy.

If an equipped set is a reduction of another equipped set, then the clone relation
of the second one is included in that of the first, as can be seen in the following
proposition.

Proposition 2.15. Let P = (P,Rp) be a reduction of Q = (Q,Rg). For any
x,y € P, it holds that x ~g,, y implies that © =g, y.

Proof. Let x,y € P be such that =g, y. It holds that (:Rgx < zRqy) and
(xRgz < yRgz), for any z € Q \ {z,y}. Since P = (P,Rp) is a reduction of
Q = (Q, Rg), it follows that, for any z € P\ {x,y}, it holds that (zRpx < zRpy)
and (zRpz < yRpz). Hence, it holds that « ~p y. O

Remark 2.6. Note that, throughout this section, =g, should be understood as the
clone relation of Rp in P and not in PUQ. The same applies to =g .

Note that the converse of the statement in Proposition does not hold, as can
be seen in Example

Example 2.10. Let us consider the sets P = N and Q = R equipped with the
usual strict order relation <. It obviously holds that P = (N, <y) is a reduction of
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Q = (R, <g). Howewver, it holds that 1 =~ 2, while 1 %, 2. Hence, if x ~p y for
some x,y € P, then it does not necessarily hold that x =g y.

For any two equipped sets P = (P,Rp) and Q = (Q, Rg), we say that P and
Q are disjoint if P and @ are disjoint. The union of two disjoint equipped sets
is called a disjoint union. There are three different types of disjoint union: the
nondirectional disjoint union, the unidirectional disjoint union and the bidirectional
disjoint union.

The most common disjoint union is the nondirectional disjoint union, where the
relations between elements in the same original set are kept and elements in different
original sets are considered incomparable.

Definition 2.5. Let P = (P,Rp) and Q = (Q, Rg) be two disjoint equipped
sets. The nondirectional disjoint union P U Q of P and Q is the equipped set
PUQ=(PUQ,RpURg).

The unidirectional disjoint uniorﬂ is the disjoint union where the relations between
elements in the same original set are kept and, for any element z in the first
equipped set and any element y in the second equipped set, it holds that z is
related with y but y is not related with z.

Definition 2.6. Let P = (P,Rp) and Q = (Q, Rg) be two disjoint equipped
sets. The unidirectional disjoint union of P and Q is the equipped set ]P’ﬁ@ =
(PUQ, RPBRQ), where

RpURg = Rp URGU (P x Q).

The bidirectional disjoint union is the disjoint union where the relations between
elements in the same original set are kept and, for any element x in the first
equipped set and any element y in the second equipped set, it holds that z is
related with y and y is related with x.

Definition 2.7. Let P = (P,Rp) and Q = (Q, Rg) be two disjoint equipped
sets. The bidirectional disjoint union of P and Q is the equipped set ]P’@Q =
(PUQ, RP@RQ), where

RpURy= RpURQU (P xQ)U(Qx P).
Remark 2.7. Both the nondirectional disjoint union and the bidirectional disjoint
union are commutative, while the unidirectional disjoint union is not.

The three types of disjoint union are illustrated in the following example.

Example 2.11. Let P = {a,b}, Q = {c,d}, Rp = {(b,a)} and Rg = {(¢,d),
(d,c)}. The graphs of the three different types of disjoint union are shown in

Note that, if P = (P,Rp) and Q = (Q, Rg) are two disjoint posets, then the unidirectional
disjoint union of P and Q is known as the linear sum P @ Q (see [24]).
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Figure 2.6

P . Q P . Q P . Q

ae | eC ae —— ecC ae —— ecC

be 3 o bo—:>od bo—i)od
PUQ PUQ PTQ

Figure 2.6: Graphs of the three different types of disjoint union of two disjoint equipped
sets.

Now we characterize the clone relation of the three different types of disjoint union
of two disjoint equipped sets. First, the clone relation of the nondirectional disjoint
union is characterized.

Proposition 2.16. Let P = (P, Rp) and Q = (Q, Rg) be two disjoint equipped
sets. The clone relation ~pr of the nondirectional disjoint union R = Rp U Rq is
given by

RR=RRp URR, U(P x Q) U (Q x P)),

where P = {x € P | (VYy € P\ {z})(x [[rp )} and Q| = {z € Q | (Vy €
Q\{z})(z [[rg ¥)}-

Proof. (i) First, we prove that ~g, U~pg, U(P| x Q) U (Q x P|) C=g.

(a) Let x,y € P be such that  ~g, y. By definition of the nondirec-
tional disjoint union, it follows that, for any zg € @, (2qR°x A 2gRYy)
and (zR°2q N yR°zq). Therefore, it holds that (zqRx < zg9Ry) and
(xRzg < yRzg). Since P and @ are disjoint sets and = ~pg, y, it
follows that z,y € Q and, for any zp € P\ {z,y}, (zpRpx & zpRpy)
and (xRpzp < yRpzp). As P is a reduction of PUQ, it follows that,
for any z € (PUQ)\ {z,y}, (*Rx < zRy) and (zRz < yRz). Hence,
it holds that z ~pr y, and, thus, ~r, C~p. In an analogous way, we can
prove that ~r,C~pg.

(b) Let x € P and y € @ be such that (x,y) € (Pj x Q). On the one hand,
by definition of P and @y, it holds that for any z € (PUQ)\{z,y}, 2 [ rp
x and 2 ||r, y. On the other hand, by definition of the nondirectional
disjoint union, it holds that z ||r, ¥ and z ||r, z. Therefore, it follows
that z ||[g ¢ and z ||g y, for any z € (PUQ) \ {z,y}. This implies that
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x ~p y. Hence, it holds that (P| x Q) C~g. In an analogous way, we
can prove that (Q x P|) C~g.

(ii) Second, we prove that ~r C~pg, U ~r, U(P| x Q) U (Q) x P). Let
x,y € PUQ be such that z ~p y. There are four cases to consider: (z € P
andy € P)or(z € Qandy € Q)or (zx € Pandy € Q) or (z € Q and
y € P).

(d)

If z,y € P, then, since P is a reduction of PUQ and x ~p vy, it follows
from Proposition that x =g, v.

If 2,y € Q, then, again from Proposition it follows that z ~g,, ¥.

If z € P and y € Q, then one of the following cases holds: (z € P\ P}
andyecQ)or (zePandyecQ\Q)) or (r € Pjand y € Q). We will
show that the two first cases lead to a contradiction.

() Suppose that z € P\ P and y € Q, then there exists z € P\ {z}
such that zRpx or xRpz. This implies that zRx or xRz. Since
y € @, it follows that z ||g y. From (zRx or zRz) and z ||g y, it
follows that x #g y, a contradiction.

(B) Suppose that z € P and y € Q \ Q|, then as in («), it follows that
x %R vy, a contradiction.

If z € Q and y € P, it follows analogously to (c) that (z,y) € Q) x .
O

Corollary 2.11. Let P = (P, Rp) and Q = (Q, Rg) be two disjoint equipped sets.
The partition (<g,or,or) of the clone relation =g of the nondirectional disjoint

union R =

Rp U Rq is given by:

(i) <r = <rp U<Ry;

(i) or = orp UoR,;
(iti) op = opp Uory U (P x Q) U (Q) x P)).
These results are illustrated in the following example.

Example 2.12. Let P = {a,b,c}, Q = {d,e, f}, Rp = {(a,b)} and Ry =
{(e,d),(d,e)}. The graphs of the relations Rp and R¢ are shown in Figure[2.7]

The matriz representations of ~g, and =g, are given by:

S
S = = Q9
O~ Vo>
_ o O O

o
O = = Q
O R = O
_ O O =%
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P

be de of

Figure 2.7: Graphs of the relations Rp and Rq.

In addition, the matriz representation of the clone relation ~gr,ur, of the nondi-
rectional disjoint union Rp U Rg is given by:

a b c d e f

a 1 1.0 0 0 0

b 1 1.0 0 0 O

NRpURgQ= C 0010 01
d 000110

e 000110

f 001 001

Note that P = {c} and Q| = {f} and, therefore, it holds that (P xQ))U(Qx P) =
{(c. ), (f,9)}.

Next, the clone relation of the disjoint unidirectional union is characterized.

Proposition 2.17. Let P = (P, Rp) and Q = (Q, Rg) be two disjoint equipped
sets. The clone relation ~g of the unidirectional disjoint union R = RpURg is
given by

~NRp=~pRp URR, U(Po X Q) U (Qe x P),

where P, = {x € P | (Vzp € P\ {z})(zpRpx N 2R%zp)} and Q— = {y € Q |
(Vzq € @\ {y})(yRozq A 2o Roy) [}

Proof. (i) First, we prove that ~gr, U~g, U(P, x Q) U (Q x P,) C~p.

(a) Let x,y € P be such that  ~p, y. By definition of the unidirec-
tional disjoint union, it follows that, for any zg € @, (2gR°x A 2gR°y)
and (zRzg A yRzg). Therefore, it holds that (zgRz < zgRy) and
(xRzg < yRzg). Since P and @ are disjoint sets and = =g, y, it
follows that z,y € Q and, for any zp € P\ {z,y}, (zpRpx < zpRpy)
and (zRpzp < yRpzp). As P is a reduction of PUQ, it follows that,
for any z € (PUQ) \ {z,y}, (*Rx < zRy) and (zRz < yRz). Hence,

5 Note that both P_, and Q. are either the empty set or a singleton.
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it holds that z ~pr y, and, thus, ~r, C~pr. In an analogous way, we can
prove that ~r,C~pg.

(b) Let x € P and y € @ be such that (z,y) € P, x Q. Let z €
(PUR)\{z,y}.

(o) If zRx, then, by definition of unidirectional disjoint union, it must
hold that z € P. Tt follows that (z,y) € P x @ and, therefore, zRy.

(8) If zRy, then, since y € @, it must hold that z € P. Since z € P_,,
it follows that zRpx, and, therefore, zRzx.

(v) If xRz, then, since x € P_,, it must hold that z € Q). Since y € Q,
it follows that yRgz, and, therefore, yRz.

(6) If yRz, then, by definition of unidirectional disjoint union, it must
hold that z € Q. It follows that (z,2) € P x @ and, therefore, zRz.

Hence, it holds that z ~g ¥y, and, thus, P_, X Q.. C ~g. In an analogous
way, we can prove that Q. x P, C=p.

(i) Second, we prove that ~p C~p, U ~p, U(P, x Q) U (Q~ x P_,). Let
x,y € PUQ be such that z ~ y. There are four cases to consider: (z € P
andy€eP), (z€Qandye®),(xePandye@)or (x€Q and y € P).

(a) If z,y € P, then, since P is a reduction of ]P’@Q and x ~pg vy, it follows
from Proposition that x =g, y.

(b) If z,y € Q, then, again from Proposition it follows that = ~g, ¥.

(c) If x € P and y € Q, then, on the one hand, for any zg € @, it follows
that zRzg and zgR°x. Since x =g v, it holds that yRzg and zg Ry,
for any zg € Q \ {y}. Hence, it holds that y € Q.. On the other
hand, for any zp € P, it holds that zp Ry and yR zp. Since z =g y, it
follows that zp Rz and xR¢zp, for any zp € P\ {z}. Hence, it holds
that x € P_,. Thus, it holds that (z,y) € P X Q.

(d) If x € Q and y € P, it follows analogously to (c¢) that (z,y) € Q x P.
O

Corollary 2.12. Let P = (P, Rp) and Q = (Q, Rg) be two disjoint equipped sets.
The partition (dg,or,or) of the clone relation =g of the unidirectional disjoint
union R = Rp U Rq s given by:

(i) <r = <Rrp Udpy U (P X Q).
(ZZ) OrR =ORp UoR,.
(ZZZ) OR = ORp UOR,-

These results are illustrated in the following example.
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Example 2.13. Let P = {a,b,c}, Q = {d,e, f}, Rp = {(a,b),(¢,b)} and Rg =
{(e,d), (e, f)}. The graphs of the relations Rp and R¢q are shown in Figure .

P |

VoA

Figure 2.8: Graphs of the relations Rp and Rg.

The matriz representations of ®gr, and =g, are given by:

>

= O = 2
o = O o
— O = 0

o

= O =
o R OO
— O = Y

Cc

In addition, the matrixz representation of the clone relation R RpT Ro of the unidi-

rectional disjoint union RPGRQ s given by:

a b c d e f

a 101 0 00

b 01 0010

NRpTURo™ C 101 0 00
d 000 1 01

e 010010

f 000 101

Note that P, = {b} and Q. = {e} and, therefore, it holds that (P_, x Q) U
(Q % PH) = {(b7 e)? (evb)}'

As the unidirectional disjoint union is not commutative, we also analyse the unidi-
rectional disjoint union RQC?RP. The matriz representation of the clone relation
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R R TRe of the unidirectional disjoint union RQBRP is given by:

a b c d e f

a 101 000

b 01 00 00

RRoURp— € 101 0 00
d 000 101

e 000 010

f 000 1 01

One may note that R R TR and R RoTRe do not coincide. For instance, it holds
that b R RpTRg © but b #RQ@RP e.

We finish this subsection by characterizing the clone relation of the bidirectional
disjoint union.

Proposition 2.18. Let P = (P, Rp) and Q = (Q, Rg) be two disjoint equipped
sets. The clone relation =g of the bidirectional disjoint union R = RP@RQ 18
given by

Rr=~pp, URR, U(Ps x Qu) U (Qes x Py,

where P, = {x € P | (Vzp € P\ {z})(zRpzp A zpRpz)} and Qo = {y € Q |
(V2@ € @\ {yH(yRezq N 2qRqy)}-

Proof. (i) First, we prove that ~r, U~pg, U(Pus X Q) U (Qu X Py) Cxg.

(a) Let z,y € P be such that z ~g, y. By definition of the bidirec-
tional disjoint union, it follows that, for any zg € @, (2qRx A 29 Ry)
and (zRzg A yRzg). Therefore, it holds that (zgRz < zgRy) and
(zRzg < yRzg). Since P and @ are disjoint sets and = ~pg, y, it
follows that z,y ¢ Q and, for any zp € P\ {z,y}, (zpRpx < zpRpy)
and (xRpzp < yRpzp). As P is a reduction of IP’@Q, it follows that,
for any z € (PUQ) \ {z,y}, (Rx < zRy) and (zRz < yRz). Hence,
it holds that z ~g y, and, thus, ~gr,C~pr. In an analogous way, we
prove that ~r, C~g.

(b) Let x € P and y € @ be such that (z,y) € Py X Q. Let z €
(PUQ)\{z,y}.

(a) If zRx, then we distinguish two cases: z € Q or z € P. If z € Q,
then, by definition of @, it follows that zRgy. Hence, it holds
that zRy. If z € P, then it holds that (z,y) € P x @ and, therefore,
zRy.

(8) If zRy, then we distinguish two cases: z € Q or z € P. If z € Q,
then it holds that (z,2) € @ X P and, hence, zRz. If z € P, then
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by definition of P,,, it follows that zRpx. Hence, it holds that zRzx.
(v) If Rz, then we prove in an analogous way to («) that yRz.
(0) If yRz, then we prove in an analogous way to (5) that zRz.

Hence, it holds that x =~y y, and, thus, P, X Q., C~g. In an analogous
way, we can prove that Q. x P, C~pg.

(ii) Second, we prove that ~r C~p, U ~r, U(Ps X Q) U (Qu X Py). Let
x,y € PUQ be such that « ~g y. There are four cases to consider: (z € P
andy € P)or (z € Qandy € Q) or (x € Pandy € Q) or (z € Q and
y € P).

(a) If x,y € P, then, since P is a reduction of P@Q and x ~p vy, it follows
from Proposition that z =g, y.

(b) If z,y € Q, then, again from Proposition it follows that = ~g,, ¥.

(¢) If x € P and y € @Q, then, on the one hand, since x € P, it follows,
by definition of bidirectional disjoint union, that xRzg and zg Rz, for
any zg € Q. Since x =g y, it follows that yRzg and zgRy, for any
zg € Q\ {y}. Hence, it holds that y € Q.. On the other hand, since
y € Q, it follows that yRzp and zp Ry, for any zp € P. Since x ~g v,
it follows that xRzp and zp Rz, for any zp € P\ {z}. Hence, it holds
that = € P.,. Thus, it holds that (z,y) € Py X Q.

(d) If z € Q and y € P, it follows analogously to (c) that (z,y) € Q« X Ps,.
O
Corollary 2.13. Let P = (P, Rp) and Q = (Q, Rg) be two disjoint equipped sets.

The partition (dr,or,or) of the clone relation ~p of the bidirectional disjoint
union R = Rp U Rg is given by:

(i) 9 = <rp U<Ry;
(“) OR =OR, U ORg U (P<—> X Q(—)) U (Q<—> X P<—>);'
(ZZZ) OR = ©Rp UORQ.

These results are illustrated in the following example.

Example 2.14. Let P ={a,b,c}, Q ={d,e, f}, Rp = {(a,¢),(c,a),(c,b),(b,c)}
and Rg = {(d,e), (e,d), (d, f), (f.d), (e, f),(f,e)}. The graphs of the relations Rp
and Rq are shown in Figure [2.9,
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Figure 2.9: Graphs of the relations Rp and Rg.

The matriz representations of ~g, and =g, are given by:

IsH
_ = =
= = S

e
1
1
1

S
S = = Q9
O = =~
= o O O
[

In addition, the matriz representatwn of the clone relation = ~RpTRo of the bidi-

rectional disjoint union Rp T Rq is given by:

a b c d e f

a 1100 00

b 1 1.0 0 00

NppOre= C 001111
d 001 111

e 001 111

f 001 1 11

Note that P, = {c} and Q = {d, e, f} and, therefore, it holds that (P x Q) U
(QH X P<—>) = {(Cv d)? (C’ e)? (C7 f)7 (dv C)7 (6,6), (fv C)}

We conclude this section by discussing when the clone relation of the different types
of disjoint union of Rp and R¢ coincide with the union of the clone relations of
Rp and Rg.

Theorem 2.2. Let P = (P,Rp) and Q = (Q, Rg) be two disjoint equipped sets.
The following statements hold:

(i) ®RpUR,=RR U =q if and only if (Vo € P)(Jy € P\ {z})(xRpy vV yRpx)V
(Vz € Q)(Fy € @\ {z})(zRqy V yRqx).

(1) =g, Tr,=~r U Rq if and only if (Ve € P)(3y € P\ {z})(zRpy VyR%x) V
(va'e Q)Ey € Q\ {z})(zRGy vV yRqx).

(iii) R, 55 r,=R~r U Rq if and only if (Vo € P)(3y € P\{z})(zRpy VyRpx)V
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(Ve € Q)(Fy € Q\ {z})(xRoy V yRG).

Proof. (i) Note that, due to Propositionm (RRpUR,=RR U =) is equivalent
to (P =0) vV (Q) = 0). Furthermore, it trivially follows that, by definition
of P and Qy, (P} = 0) vV (Q = 0) is equivalent to (Vo € P)(3y € P\
{z})(@Rpy v yRpx) Vv (Vo € Q)(3Fy € Q \ {z})(zRqy V yRqw).

(ii) Note that, due to Proposition (zRPURQ:zR U =) is equivalent to
(P, =0)V (Qe = 0). Furthermore, it trivially follows that, by definition
of P, and Q, (P = 0) V (Q~ = 0) is equivalent to (Vx € P)(Jy €
P\{a})(@Rpy VyRpz) vV (Vo € Q)(Fy € @\ {z})(xRGy V yRox).

(iii) Note that, due to Proposition ('NVRP‘?RQ =~p U =) is equivalent to
(Py =0)V (Qe = 0). Furthermore, it trivially follows that, by definition
of Py, and Q, (P = 0) V (Q = 0) is equivalent to (Vo € P)(Jy €
P\ {z})(@Rpy VyRpz) vV (Vo € Q)(Jy € Q\ {z})(zRGy V yRGz).

O

Corollary 2.14. Let P = (P, Rp) and Q = (Q, Rg) be two disjoint equipped sets.
The following statements hold:

(i) If either Rp or Rq is complete, then Xr,ur,=~pr U =q.
(i1) If either Rp or Rq is symmetric, then RppTRo="R Y ~q-

(iii) If either Rp or Rq is antisymmetric, then ~p G p =~r U~q-

2.5. The clone relation of order n

In this section, we provide the definition of the clone relation of order n and we
analyse its properties. The n-th power relation (/z)" of the clone relation ~p is
addressed in this section.

The clone relation of order n of a relation is the clone relation of the n-th power of
that relation.

Definition 2.8. Let R be a relation on a set X and n € N*. The clone relation
of order n of R is the clone relation ~g» of R"™.

If x ~pr y, then we say that x and y are clones of order n.
The following corollary is a direct result from Proposition [1.2

Corollary 2.15. Let R be a relation on a set X, n € N* and ~pn~ be the clone
relation of order n of R. The following statements hold:
(i) If R is reflexive, then it holds that (Vn € N*)(~ 5 . =~g»).

i=

(ii) If R is transitive, then it holds that (Vn € N*)(= " Ri:mR).
i=1
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Properties similar to that of (i) and (iii) in Proposition [I.2] are satisfied by the clone
relation of order n, while a similar property to that of (ii) in the same proposition
does not necessarily hold.

Proposition 2.19. Let R be a relation on a set X, n € N* and ~g» be the clone
relation of order n of R. The following statements hold:

(i) If R is reflexive, then it holds that (¥n € N*)(~pn CrRpn+1).
(it) If R is transitive, then it does not necessarily hold that (Vn € N*)(~gn+1 Crpgn ).

(iii) If R is reflexive and transitive, then it hold that (Vn € N*)(mgn=~p).

Proof. (i) Let R be a reflexive relation on X and n € N*. For any z,y € X, it
holds that

(Vz € X\ {z,y})(zR"z & zR"y)
T RRpn Y & and
(Vz € X \{z,y})(zR"z & yR"z)
(Vz € X\ {z,y})(zR"z ANzRx < zR"y A yRy)
& and
(Vz € X\ {z,y})(@Rz ANzR"z & yRy ANyR"z)
(Vz € X\ {z,y})(zR" o & 2R y)
= and

(Vz € X\ {z,y})(zR""z & yR"T12)
= T %Rn+1 y

Thus, it holds that ~gn CrRgn+1.

(ii) Let us consider the relation R defined on the set X = {a,b,c} by R =
{(a,b), (a,c),(b,c)}. We can see that R is a transitive relation and that
R? = {(a,c)}. Tt is clear that a ~g b, while a #g2 b. Thus, it holds that

szng.

(iii) Let R be a reflexive and transitive relation on X. Due to Proposition it
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holds that (¥n € N*)(R™ = R). For any z,y € X, it holds that

(Vz € X\ {z,y})(zR"z & zR"y)
T Rpn Y & and
(Vz e X\ {z,y})(@R"z & yR"z)

(Vz € X\ {z,y})(2Rz < zRy)
& and

(Vz € X\ {z,y})(zRz & yRz)
< TRRY.

Thus, it holds that ~gn=~p.
O
Next we provide some properties of the n-th power relation (=g)™ of the clone

relation ~g. It must be remarked that the n-nth power of the clone relation does
not coincide with the clone relation of order n.

Proposition 2.20. Let R be a relation on a set X, n € N* and ~g» be the clone
relation of order n of R. The following statements hold:

(i) (Yn € N*)((=r)" C (=r)"").
(i) (vn € N°)(U (~r)' = (=r)").
(#i) If R is symmetric, then it holds that (Vn € N*)((=g)" =~g).

Proof. Let R be a relation on a set X.

(i) Due to Proposition 2.1} we know that ~p is reflexive. It follows from Proposi-
tion [L.2] that (VYn € N*)((=g)" C (g)"*Y).

(ii) It follows directly from (7).

(iii) From Corollary it holds that, if R is symmetric, then ~p is an equivalence
relation. In particular, ~g is a reflexive and transitive relation. It follows from
Proposition [[.2] that (Vn € N*)((~g)" =~r). O
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3 Clonal sets of a binary relation

In this chapter, we extend the notion of clone relation of tow elements to a set of
elements and called the clonal set of a binary relation. In that way, the clonal set
of a given relation is based on how any two elements of this set are related in same
way w.r.t. to any other elements no in this set. We investigate the most important
properties of the clonal sets of a given binary relation, paying particular attention
to show that the set of all clonal sets of a binary relation is a complete lattice with
the usual intersection and a clonal closure union.

3.1. Clonal sets of a binary relation

3.1.1. Definition and examples

The notion of clonal set is a natural extension of the clone relation to more than
two elements. Informally, a clonal set is a set of which any two elements are related
in the same way with any other element not belonging to this set.

Definition 3.1. Let R be a relation on a set X. A subset A of X is called a clonal
set of R if

(Ve,y € A)(Vz € X \ A)((zRx & zRy) N (zRz < yRz)).

We denote by Cg the set of all clonal sets of R. Obviously, if | X| < 2, then it holds
that Cr = P(X), where P(X) is the power set of X.

The matrix representation of a binary relation R on a set X can be used for
illustrating the notion of a clonal set of R in the finite case. Let R be a relation on
a finite set X = {1, 29, ...,2n} and A be a subset of X. We denote by 14 the set
of indices corresponding to A, i.e., [4 = {i € {1,2,...,n} | x; € A}. By definition,
A is a clonal set of R if and only if, for any ¢,j € I4 and any k ¢ [ 4, it holds that
Rii, = Rj, and Ry; = Ry;. This means that A is a clonal set of R if and only if the
row and column corresponding to any element x; € A coincide with the row and
column corresponding to any other element z; € A with the exception of the |A|?
elements contained in the intersection of these |A| rows with these |A| columns.
This is illustrated in Figure|3.1

Note that, if A is a clonal set of a relation R on a set X, then A€ does not necessarily
need to be a clonal set of R, as can be seen in Example
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T AU ¥ 7 Ty ... Tn
- Ry ...[Bu| ... Ry |...|Rul|... R,
o |[Ra o] Ra | o | Ry || Ru [ Rar]
r= z;  |[R Rji R:jj Rjs Ry, |
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Figure 3.1: Natural interpretation of the clonal set A = {z;,z;,2;} by means of the
matrix representation of R.

Example 3.1. Let R be the relation on X = {a,b,c} defined by R = {(a,c), (b,c)}.
As A = {a} is a singleton, it holds that A € Cr, while one could easily verify that
A¢ = {b, C} ¢ CR.

eC

ae e}

Figure 3.2: Graph of the relation R in example

The following results easily follow from the definition of a clonal set.

Proposition 3.1. Let R be a relation on a set X and A be a subset of X.
(i) If A= 0, then A € Cr. Therefore,  is the smallest clonal set of R.
(ii) If A = {x}, then A € Cg.

(i) If A= {x,y}, then A € Cr if and only if x =g y.
(iv) If A= X, then A € Cr. Therefore, X is the largest clonal set of R.

(v) For any element a € X, it holds that the set [a]~, ={b€ X |br~pga} is a
clonal set of R.

In case no element is related with any other element or all elements are related
with all other elements, all subsets of X are assured to be clonal sets. We mention
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that throughout this work, P(X) always denotes the power set of the set X.

Proposition 3.2. Let R be a relation on a set X and Ix be the identity relation
on X. If RC Ix or X?\Ix C R, then Cr = P(X).

Any subset of elements that are unrelated to all other elements of a binary relation
is a clonal set.

Proposition 3.3. Let R be a relation on a set X. Any subset of the set {x € X |
(Vy € X \{z})(z || y)} of incomparable elements of R is a clonal set of R.

In particular, it holds that Cx2 = Cy = P(X).

Next, we denote by Ag the set of elements not belonging to A and to which an
element of A is related, i.e. Ag ={y€ X\ A| (Jz € A)(zRy)}.

3.1.2. Properties of clonal sets of a binary relation

In this subsection, we discuss the most relevant properties of the clonal sets of a
binary relation.

It can be easily seen that the relations between the elements of a subset A of X
have no impact on this subset being a clonal set of R, as can be seen from the
following proposition.

Proposition 3.4. Let R; and Ry be two binary relations on a set X and A be a
subset of X. If R1\A% = Ry\A?, then it holds that A € Cr, if and only if A € Cg,.

Proof. Let A be a clonal set of Ry. Since (Vz,y € A)(Vz € X\ A)(zR1x < zRiy A
xRz < yRyz), it follows that (Va,y € A)(Vz € X \ A))(zR2x < zRoy A zRaz &
yRyz). Hence, A is a clonal set of Rs. O

The following proposition states that the set of clonal sets of a given relation
always coincides with the set of clonal sets of its transpose, its complement and its
dual.

Proposition 3.5. Let R be a relation on a set X and A be a subset of X. Then
it holds that Cr = Crt = Cre = CRa.
Proof. First, we prove that Crp = Cgrt. For any A € Cpg, it holds that

AeCr & (Va,ye A)(Vz€ X\ A)((zRx < zRy) A (zRz < yRz))
& (Vz,y € A)(Vz € X\ A)((zR'z & yR'2) A (2R'z & zR'y))
& A eCpe.
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Similarly, we show that Cr = Cr-. For any A € Cg, it holds that

AelCr & (Vo,y e A)(Vz € X\ A)((zRz < zRy) A (tRz < yRz))
& (Va,y€ A)(Vz € X\ A)((2R°x & zR°Y) A (xR°z & yR 2))
& A€ Cpge.

Finally, the fact that Cr = Cra follows from the two preceding results. O

The following proposition characterize the clonal sets of equivalence relation by
mean of the equivalence classes of this relation.

Proposition 3.6. Let R be an equivalence relation on a set X. A subset A of X
it is a clone set of R if and only if is either a subset of an equivalence class of R
or the union of two or more equivalence classes.

Proof. (=): Let A € Cr. We need to prove that A is a subset of an equivalence
class of R or the union of two or more equivalence classes of R. If A = (), then
clearly it holds that A C [z]g, for any z € X. If A # (), then it follows that there
exists a such that a € A. We distinguish two cases

(i) For all z € A, zRa, which implies that A C [a]g.
(ii) There exists b € A such that bR a.

(a) We prove that [a]g C Aand [b]g € A. Assume that [a]g € A or
[blr € A. If for instance, [alg € A, then it follows that there exists
¢ such that cRa Ac & A. Since A € Cr, c € X \ 4, a,b € A and
cRa, it hold that cRb. Since R is equivalence, it follows that bRa, a
contradiction. The other case is analogously proved. We conclude that

laJr € A, [blr € A and [a]g # [b] -

(b) We prove that for any = € A, it holds that [z]g C A. Let z € A and
assume that there exists zop € X such that zy € [z]g and 2o € A. Since
A€Cr,zp€ (X\A), z,a € A and xRz, it follows that xqRa. Hence,
xo € [a]g. Since [a]g C A, it follows that zo € A, a contradiction. We
conclude that for any x € A, [z]gp C A. Hence, Uzecalz]r C A, and
obviously, A = Uycalz]|r.

Since a,b € A, [a]gr # [b]r and A = Uzcalx]r, we conclude that A is the
union of two or more equivalence classes of R.

(<): Let A C X. We need to prove that if A is either a subset of an equivalence

class of R or the union of two or more equivalence classes, then A is a clonal set of
R.

(a) Suppose that there exists a such that A C [a]g. For any z,y € A and
z € X\ A, it follows that x,y € [a]g, which implies that zRz < zRy and
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xRz < yR. Hence, A € Cpg.

(b) Suppose that A is the union of two or more equivalence classes and let
x,y € Aand z € X \ A. It follows that there exist a, b such that z € [a]gp C A
and y € [b]g C A, this implies that 2Rz, zRy, Rz and yRz (other wise
z € [a]r U [b]r, and hence z € A, a contradiction). Thus, 2Rz < zR°y and
2Rz < yR°z. Therefore A € Cg.

O

Now, we discuss the intersection and union of clonal sets. First, we prove that the
family of clonal sets is closed under intersection.

Proposition 3.7. Let R be a relation on a set X and (A;)icr a family of clonal
sets of R. It holds that _QIAi € Cr.

Proof. Let x,y € ‘ﬂIAi and z € X \ ‘OIAi' It follows that there exists ig € I such
S 1€

that z € X \ 4,,, and z,y € A;,. Since A4;, € Cg, it follows that 2Rz < zRy and
xRz < yRz. Hence, it holds that _QIAi € Cg. O

Together with Proposition we obtain the following corollary.
Corollary 3.1. Let R be a relation on a set X. It holds that (Cgr, C,N,0,X) is a

complete N-semi-lattice.

In general, the union of clonal sets does not need to be a clonal set, as can be seen
in Example 3.2

Example 3.2. Let R be the relation in Example[5.1. As every singleton is a clonal
set, it holds that {a},{c} € Cr, while {a,c} & Cr (it suffices to see that bRc while
bRa).

However, in case their intersection is not empty, the union of a family of clonal
sets is a clonal set.

Proposition 3.8. Let R be a relation on a set X and (A;)ier a family of clonal
sets of R. If ‘ﬁIAi # (), then it holds that AUIAZ‘ € Cg.
1€ 1€

Proof. Let z,y € 'LeJIAi and z € X \ (EJIA’) It follows that z € X \ A;, for any
K2 K]
i € I and there exist j,k € I such that z € A; and y € Aj. Since ﬂIAi # (), it
1€

follows that A; N Ay # 0, which implies that there exists ¢ such that ¢t € A4; and
te A, As Aj, Ay, € Cr, z,t € A and y,t € Ay, it holds that

(zRx & zRt & zRy) A (zRz & tRz < yRz) .

This implies that (zRx < zRy) A (xRz < yRz). Hence, _gIAi € Cr. O
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The following corollary follows immediately from the above propositions.

Corollary 3.2. Let R be a relation on a set X. For any x,y,z € X such that
x~Rpy andy =g z, it holds that {x,y, 2z} € Cg.

The following proposition states that any subset such that any two element on in
it are clone related is a clonal set.

Proposition 3.9. Let R be a relation on a set X and A be a subset of X. If
A? C=p, then any A’ C A is a clonal set of R.

Proof. Let A2 C~pg and consider A’ C A. For any z € X \ A" and z,y € A', it
holds that (z,y) € (A’)2 C A2 C~p. Asx =gy, it follows that (: Rz < 2Ry) and
(xRz < yRz). Hence, A’ is a clonal set of R. O

For a relation R on a set X, let R* denote its transitive closure, i.e., the smallest
transitive relation on X that contains R. The transitive closure R* of any relation
R can be characterized as:

R =|JRF,

k>1

where R* is the k-th power of R. The transitive closure of a reflexive (resp.
symmetric) relation is reflexive (resp. symmetric) as well.

Proposition 3.10. Let R be a relation on a set X and R* be its transitive closure.
It holds that Cr C Cr~.

Proof. Let A € Cg. Consider z,y € A and z € X \ A such that zR*z or R*z. For
instance, if zR*x, then it follows that there exists an integer n > 1 such that zR"x,
which implies that for any ¢ € {1,2,...,(n — 1)} there exists t; € X such that

2R" %, and t; R'x .

It holds that 3i € {1,2,...,(n— 1)}, t;,  Aor Vi€ {1,2,...,(n — 1)}, t; € A.

(i) Suppose that 3i € {1,2,...,(n — 1)}, t; € A. Let j = Maxz(1,2,...,(n — 1))
such that ¢; € A.

(a) If 5 = 1, then it follows that 2R V¢, and t1Rz. Since A € Cg,
z,y € A, t; € A and t; Rz, it follows that ¢, Ry. As zR™ V¢, and ¢, Ry,
it follows that zR™y. Hence, zR*y.

(b) If 1 < j <mn—1, then it follows that ¢;41 € A, zR("*j)tj, t;Rtj+1 and
tj+1R(j_1)x . Since A € Cg, tj41,y € A, t; € A and t;Rtj4,, it follows
that ¢; Ry. As zR("_j)tj and t; Ry, it follows that zR(M+1=7)y Hence,
zR*y.

(c) If j = n —1, then it follows that ¢,_o € A, zRat,_2, t,—oRt,_1 and
tnflR(n_S).’E .
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Since A € Cg, th_2,y € A, t,_1 ¢ A and t,_oRt, 1, it follows that
tn—oRy. As zR"2t, 5 and t,_sRy, it follows that zR(™~Vy. Hence,
zR*y.

(ii) Suppose that Vi € {1,2,...,(n —1)},t; € A. Tt follows that t; € A, 2Rty

and t;R™ Yz, Since A € Cr, t1,y € A, z ¢ A and zRty, it follows that
zRy. Hence, zR*y.

The case where xR*z is analogously proved. We conclude that Cr C Cg-. O

Note that the converse of the above proposition does not necessarily hold, as can
be seen in the following example.

Example 3.3. Let R be the relation R on X = {a,b,c,d} defined as R =
{(a,¢),(a,d), (b, c),(c,d)}. One easily verifies that R* = {(a, ¢), (a,d), (b, ¢), (b,d), (¢,d)}.
It holds that {a,b,c} € Cr«, while {a,b,c} & Cr.

°d °d
a0—>g<—0b a0—>z<—0b
R R

Figure 3.3: Graph of the relation R and its transitive closure R* in Example

Proposition 3.11. Let R and S be two relations on a set X. The following
statements hold:

(i) CrNCs = Crns N Cr\s N Cs\R;

(ii) CrNCs = Crus ﬂCR\S ﬂCs\R.

Proof. (i) We need to prove that Cr N Cs € Crns N Cr\s N Cs\r and that
Crns NCr\s NCs\r € CrNCs.

(a) Let A be a subset of X such that A € Cr NCg. For any z,y € A and
for any z € X \ 4, it holds that

2(RNS)x zRx A z5x)

&
< (zRy A zSy)
< zZ(RNS)y.

Similarly, it holds that
z(RNS)z < y(RNS)z.
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Hence, Cr N Cs C Cgrns.

Moreover, for any z € X \ Aand for any x,y € A, it holds that

z(R\ S)x < (zRx A zS5)
< (zRy A z5%)
< z(R\9)y.
Similarly, it holds that

z(R\S)z & y(R\S9)z.

Hence, Cr N Cs € Cr\s- The fact that Cr N Cs C Cg\ g is analogously
proved.

Let A be a subset of X such that A € Crns NCr\s N Cs\g. For any
x,y € A and for any z € X \ A, it holds that

zRr & (zRx AzSz)V (zRx A 258°)
<  (2Ry A zSy) V (zRy A 25%)
& ((RNS)y) Vv (2(R\ Gy)
< zRy.

Similarly, it holds that
Rz & yRz.

Hence, Crns N CR\S N CS\R C Cpg.
Due to symmetry, it also holds that Crns NCr\s NCs\r € Cs-

Hence, Cr NCs = Crns ﬂCR\S ﬂCS\R.

(ii) From (i), it follows that CreNCgse = Crense NCge\ge NCge\ ge. Since Cre = Cr,
Cse = Cs, Crense = Crus)e = Crus (see Proposition , R\ S°=S\R
and S¢\ R® = R\ S, it follows that Cr NCs = Crus N CR\S N CS\R-

O

Corollary 3.3. Let R and S be two binary relations on a set X. The following

statements hold:

(1)) CrNCs C Crns;

(i) CrNCs C Crus-
Corollary 3.4. Let R and S be two relations on a set X. If R C S, then it holds

that

(i) CrNCs = CrNCs\R;
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(ii) Cr N Cs = Cs N Cs\ s

(m) CRQCS\R =Cg mCS\R-

Proof. Suppose that R C S.
(i) Since Cyp = P(X), it follows from Proposition i) that CrNCs = CRNCs\r-
(ii) Since Cy = P(X), it follows from Proposition ii) that CRNCs = CsNCg\ r-

(iii) Follows from(i) and (ii).

3.1.3. Characterization of the set of clonal sets of the nondi-
rectional disjoint union

In this subsection, we characterize the set of clonal sets of the unidirectional disjoint
union of two relations defined on disjoint sets.

For a relation Rp defined on a set P, we write P = (P, Rp) and we call P an
equipped set.

Proposition 3.12. Let P = (P, Rp) be a reduction of Q = (Q, Rg). It holds that
Cro € Crp-

Proof. Let A € Cg,,. It holds that (2zRqz < zRqy) and (rRqz < yRqz), for any
z € @\ Aand for any z,y € A. Since P = (P, Rp) is a reduction of Q = (Q, Rg), it
follows that, for any z € P\ A and for any x,y € A, it holds that (zRpx < zRpy)
and (zRpz < yRpz). Hence, it holds that A € Cr,. Thus, Cr, C Cg,. O

Remark 3.1. Note that, throughout this section, Cr, should be understood as the
set of clonal sets of Rp in P and not in PUQ. The same applies to Cr,, .

Note that the converse of the statement in Proposition does not hold, as can
be seen in Example

Example 3.4. Let us consider the sets P = N and Q = R equipped with the
usual strict order relation <. It obviously holds that P = (N, <y) is a reduction
of Q = (R, <g). Howewver, it holds that {0,1} € C.,, while {0,1} & C.,. Hence,
C<N - C<R'

Proposition 3.13. Let P = (P, Rp) and Q = (Q, Rg) be two disjoint equipped
sets. The set of clonal sets Cr of the nondirectional disjoint union R = Rp U Rq
s given by

Cr =Cgr, U CRQ @] {Aie] S 'P(EUQ},
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where A; NP # 0 and A; NP # 0, for any i € I such that P ={S C P | (Vx €
S)(Vy € P\S)(x lrp 9)}, Q ={5 S Q| (V& € 5)(Vy € @\ S)(x [lry y)} and
P(gug) is the set of all subset of PUQ .

Proof.

(a)

(i) First, we prove that Cr, U Cr, U{Aicr € P(PUQ)} C Cg.

Let A C P be such that A € Cgr,.. By definition of the nondirectional
disjoint union, it follows that, for any zo € @ and for z,y € P, (2gR°z A
zoRy) and (xR°2g ANyR°zq). Therefore, it holds that (zg Rz < zgRy)
and (zRzg < yRzg). Since P and @ are disjoint sets and A € Cg,, it
follows that A Z @ and, for any zp € P\ A, (zpRpx < zpRpy) and
(xRpzp < yRpzp). As P is a reduction of PUQ, it follows that, for
any z € (PUQ)\ A, (zRx < zRy) and (xRz < yRz). Hence, it holds
that A € Cg, and, thus, Cr, C Cr. In an analogous way, we can prove
that CRQ C Cpg.

Let A € P(PUQ) be such that ANP # () and ANQ # 0. By
definitions of I P, Q: and the nondirectional disjoint union, it holds that
for any z € (PUQ)\ Aand for 2,y € A, 2 |rp 2, 2 |ro ¥ 2 |Rp ¥
and z ||g, ®. Therefore, it follows that z ||g = and z ||g ¥y, for any
z € (PUQ)\ A and for any z,y € A. This implies that A € Cr. Hence,
it holds that P(PU Q) C Crg.

(ii) Second, we prove that Cr C Cr,U Cr, U{Aic; € P(PUQ)}. Let AC PUQ
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(a)

(b)
()

be such that A € Cr. There are three cases to consider: A C P or A C Q or
or (ANP #0and ANQ #0).

If A C P, then, since P is a reduction of PUQ and A € Cg, it follows
from Proposition B.12] that A € Cg,..

If A C Q, then, again from Proposition it follows that A € Cg,,.

If ANP # () and ANQ # 0. Tt follows that there exist a, b such a € ANP
and b € AN Q. Assume that A ¢ PUQ, it follows that there exists
z0 € (PUQR)\ A and there exists zp € A such that 2oRpxo or xoRyzo or
zoRgxo or xoRgzp. If for instance, zoRpxo, then it follows that zo Rz
and zp, 29 € P. Since A € Cr, 20 € (PUQ) \ A, x0,b € A and zgRzg
it follows that zoRb, a contradiction with the fact that z5 € P and
b € Q. The other cases where x¢gR,zg or zoRgxo or xgRgzy are proved
analogously. Hence, A € PUQ.

Finally, we conclude that Cr = Cr, U Cr, U {Aicr € P(PUQ}.
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3.2. Lattice structure of the poset of clonal sets

In this section, we study the lattice structure of the poset of clonal sets of a given
relation R. We show that the set of clonal sets of R ordered by the set inclusion is
a complete lattice with set intersection as meet operation and clonal closure of set
union as join operation. Also, we show that the principal filters of this complete
lattice are complete sublattices with set intersection and union as meet and join
operation, respectively.

3.2.1. The clonal closure operation and complete lattice struc-
ture of the poset of clonal sets

For a given relation R on a set X, we define the mapping ~: P(X) — P(X) for
any subset A of X as follows:

A=(\{BecCr|ACB}.

The following proposition shows that the mapping ~ is a closure operator on
X.

Proposition 3.14. Let R be a relation on a set X. The mapping ~: P(X) = Cr
defined by
A-(\(BecrlAcBY,

is a closure operator on X.

Proof. Let A € P(X), from Proposition it holds that A is a clonal set.
(i) Let A € P(X). Obviously, it holds that A C A.

(i) Let A, B € P(X) such that A C B. Since B C B, it follows that A C B.
Since B is a clonal set and A is the smallest clonal set containing A, it follows

that A C B.
(ii) Let A € P(X). Since A is a clonal set, it follows that A € {B € Cr | A C B}.
Hence, A=A
We conclude that the mapping ~ is a closure operator on X. O

The operator ~ is called the clonal closure operator on X, and for any subset A of
X, A is called the clonal closure of A.

The following corollary is immediate.

Corollary 3.5. Let R be a relation on a set X and A be a subset of X. A is a
clonal set of R if and only if A = A.
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From Propositions and we obtain the following corollary.
Corollary 3.6. Let R be a relation on a set X and A, B € Cr. Then it holds that

(i) ANB = AN B;
(ii) If AN B # 0, then it holds that AUB = AU B.

The following result discusses the complete lattice structure of the set of clonal
sets. It follows from Proposition [3.14] and Theorem [I.2]

Theorem 3.1. Let R be a relation on a set X. Then it holds that (Cg, C,N, U, 0, X)
is a complete lattice in which

DAi=U4 (){B€Cr|(¥ieI)(A C B)},

for any family (A;)ier in Cg.

Remark 3.2. (i) It is important to mention that although (Cr,<C,N,0) is a
complete lattice, it is not a complete sublattice of (P(X), C,N,U).

(i1) In general, the complete lattice (Cr, C,N, O) 18 neither modular, nor comple-
mented, as can be seen in the following example.

Example 3.5. Consider the set X = {1,2,3} C N equipped with the usual order
relation <. It holds that C< = {0,{1},{2},{3},{1,2},{2,3},X}. The Hasse
diagram of the complete lattice (C<, C, N, O) s shown in Figure . Since N5 C Cr
(consider, for example N5 = {0,{1},{3},{2,3}, X}), it follows that C< is neither
distributive nor modular. Moreover, it is not complemented either. Indeed, there
does not exist a clonal set A € C< such that {2} N A= and {2} UA = X.

o

’

Figure 3.4: Hasse diagram of the complete lattice (C<, C,N,0)
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3.2.2. Principal filters of the poset of clonal sets

In this subsection, we show that the principal filters of the poset of clonal sets
(Cr, C) are complete sublattices of the complete lattice (Cgr, C,N, U, 0, X) with set
intersection and union as meet and join operation, respectively.

A nonempty subset F of a poset (P, C) is called a filter if the following conditions
hold:

(i) for any A, B € F, there exists element C' € F such that C' < A and C < B;

(ii) for any A € F and B € P, A < B implies that B € F, i.e., F is an upper
set.

The principal filter generated by an element A € P is the smallest filter that
contains A, and is given by the set {B € P | A C B}.

The following example shows that principal filters of a complete lattice (P, C N, U)
does not necessarily constitute sublattices with set intersection and union as meet
and join operation, respectively.

Example 3.6. Consider the poset (P, C) of all filters of the lattice L = {0,a,b,¢,1}
giwen by the Hasse diagram in Figure [3.5,

1

0
Figure 3.5: Hasse diagram of the lattice L = {0, a, b, ¢, 1}.

Let (P,C,N,0) be the complete lattice of filters of (P, C) in which U is the filter
closure of the union. Let Fy1y denote the principal filter of the complete lattice (P, C
,N,0) generated by the filter {1}, i.e., Fay = {1}, {e, 1}, {a,c, 1}, {b,c, 1}, L}.
Since {a,c,1} U{b,c,1} = {a,b,c,1} & F(1y, it holds that Fy1y is not a sublattice
with set intersection and union as meet and join operation, respectively.

Let B be a clonal set of R and Fp be the principal filter of (Cgr, C) generated by
B, i.e.,

.FBZ{CECR|BQC}.
The following theorem shows that any principal filter of the complete lattice

(Cr, C,N, 0,0, X ) is a complete sublattice with set intersection and union as meet
and join operation, respectively. theorem
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Theorem 3.2. Let R be a relation on a set X, B be a noempty clonal set of
R and Fp be the principal filter of (Cr,C) generated by B. Then it holds that

(Fp,<,N,U, B, X) is a complete sublattice of (Cr,<,N,0).

Proof. Let (A;)ier be a family in Fg. From Proposition [3.7] it follows that ,ﬁIAi
1€

is a clonal set of R. Since B C iQIAi, it follows that iQIAi € Fp. Also, from
Proposition it follows that igIAi is a clonal set of R. Hence, Z_QIA,- = EE =
ingi‘ Since B C z‘LeJIAi’ it follows that iLeJIAi € Fp. Hence, (Fp,C,N,U) is a
complete sublattice of (Cr,C,N,0). Moreover, it is clear that 0z, = B and
1r, = X. O

Remark 3.3. The fact that any principal filter Fp of the complete lattice (Cr, C
.1, 0,0, X) is a complete sublattice of (P(X), C,N,U) implies that it is a distributive
and residuated sublattice, where AQB=ANB and A— B=U{C € Fg | A®C C
B}, for any A,B € Fp.

3.3. Clonal degrees

For any integer m, we can define a natural binary relation expressing that elements
belong to a clonal set of size at most m.

Definition 3.2. Let R be a relation on a finite set X. For any m € N, the binary
relation ©'f on X is defined as

o = {(z,y) € X* | (GA € Cr)(z,y € AN|A| <m)}.

It is straightforward to prove that the relations (% )n,_; constitute a nested
family.

Proposition 3.15. Let R be a relation on a finite set X. For any m € N, it holds
that ©'p C Rt

Some basic properties of this relation depend on the chosen integer.
Proposition 3.16. Let R be a relation on a finite set X.
(i) For any z,y € X, it holds that x = y if and only if Tpky.
(ii) For any z,y € X, it holds that x ~g y if and only if vo%y.
(i11) For any x,y € X, it holds that z@'Ly.

Proof. Statement (i). For any z,y € X such that z = y, it holds that {x} = A € Cg,
z,y € A and |A| = 1 < 1. Therefore, zpky. For any z,y € X such that zpky, it
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holds that there exists A € Cg satisfying that z,y € A and |A| = 1. Therefore,
=1

Statement (ii). For any x,y € X such that « ~g y, we distinguish two cases x =y
and z # y. In case x = y, from(i), we know that z¢kLy, and, from Proposition
we conclude that zp%y. In case z # y, it holds that {z,y} = A € Cr (and,
additionally, z,y € A and |A| = 2 < 2). Therefore, zp%y. For any z,y € X such
that z¢%y, it holds that JA € Cg satisfying that 2,y € A and |A| = 2. Therefore,

TRRY.

Statement (iii). We recall that X € Cgr. Therefore, for any z,y € X, it holds that
z,y € A= X and |A| = n < n). Therefore, zphy. O

Obviously, the relations (¢5)% _; are a tolerance relations.

Proposition 3.17. Let R be a relation on a finite set X. For any m € N, ¢} is
a tolerance relation.

Proof. For any = € X, due to the fact that {z} € Cx and |{z}| < m, for any
m > 1, it follows that z¢pFx. Hence, ¢ is reflexive, for any m > 1. The
symmetry property is evident. We conclude that, for any m > 1, ¢ is a tolerance
relation. O

Obviously, as ¢}, is the identity relation, it trivially is an equivalence relation. How-
ever, for any m > 2, the relation ¢’ does not necessarily need to be an equivalence
relation. For instance, let us consider the set of real numbers R equipped with the
usual order relation <. It holds that 1oZm and meZ(2m — 1), for any m > 2.
However, as it does not hold that 1o (2m — 1), we conclude that the transitivity
property might not be fulfilled.

Note that the relations (¢%)r,_; can be characterized by means of the clonal
closure operator of the set consisting of both elements.

Proposition 3.18. Let R be a relation on a @it\e set X. For any xz,y € X and
any m € N, it holds that xRy if and only if |[{z,y}| < m.

Proof. Consider m € N and z,y € X such that xp}y. It follows that there exists
A € Cr such that 2,y € A and |A] < m. By definition of clonal closure of {x,y}, it
is the smallest clonal set containing {x,y}. Therefore, {z,y} C A and |{z,y}| < m.

Consider m € N and z,y € X such that |{/xE~| < m. Note that for A = @ it
holds that A € Cg, z,y € A and |A| < m. Therefore, zp}y. O

Finally, the preceding analysis allow us to introduce the notation of clonal degree of
two elements as a tool to quantify how far two elements are from being clones.
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The clonal degree is then introduced as a tool allowing to compare how far two
elements are from being clones.

Definition 3.3. Let R be a relation on a finite set X. For any z,y € X, the
clonal degree c¢(xz,y) of x and y is defined by

c(z,y) =min{m € {1,...,n} | xRy} — 1.

Remark 3.4. As a consequence of Proposition it holds that c(x,y) =
{z,y} =1, for any z,y € X.

An important observation concerns the fact that the clonal degree constitutes a
metric on X.

Proposition 3.19. Let R be a relation on a finite set X. The clonal degree
function ¢: X x X — R defines a metric on X.

Proof. Non-negativity. For any z,y € X, it holds that x¢%y. Therefore, it holds
that min{m € {1,...,n} | z¢By} > 1 and, therefore, c(z,y) > 0.
Identity of indiscernibles. For any z,y € X, it holds that

clz,y) =0« min{m € {1,... ,n} | zpRy} =1

& TRy
Sr=y.

Symmetry. For any z,y € X, it holds that

c(z,y) =min{m € {1,...,n} | zpRy} — 1
=min{m € {1,...,n} | ypRz} —1
=y, 7).

Triangle inequality. For any x,y, 2z € X, it holds that

{z,2} C{z,y} U{y, 2} C{z,y} U{y, z}.
Removing {z} on both sides, it follows that

{z, 2}\{z} € ({z,y\{z}) U ({y, 2}\{z}) .
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We conclude that

ez, z) = |{z,2}] ~ 1
= |{z, 23\ {«}]
< |(fz.y M\ =) U (T, 21\ {2})]
< [z, y)\a} ] + [{y, )\ =}
=c(z,y) + c(y, 2) .

O

Example 3.7. Let R be the relation on X = {a,b,c,d, e, f} defined by the graph

in Figure[3.69

be

Y

Figure 3.6: Graph of a relation R on the set X = {a,b,c,d,e, f}.

o of

It holds that {e.f} = fe.f.c}, {a.d} = {a.d}, {a.} = {a.c.hde f} = X.
Hence, it holds that c(e, f) = |{e, f,c}| — 1 = 2, ¢(a,d) = [{a,d}| — 1 = 1,
c(a,c) =|X|—-1=5.

Proposition 3.20. Let R be a relation on a set X and R* be its transitive closure.
It Cr kgl R; holds that Cr C Cgx.

Proof. Let A € Cgr. Consider z,y € A and z € X \ A such that zR*z or xR*z. For
instance, if zR*x, then it follows that there exists an integer n > 1 such that zR"z,
which implies that for any ¢ € {1,2,...,(n — 1)} there exists t; € X such that

2R" %, and t; R'x .
It holds that i € {1,2,...,(n —1)},t; € Aor Vi € {1,2,...,(n — 1)}, ¢; € A.

(i) Suppose that Ji € {1,2,...,(n —1)},t; € A. Let j = Max(1,2,...,(n — 1))
such that ¢; € A.
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(a)

(b)

(i)

If j = 1, then it follows that zR" V¢, and t;Rz. Since A € Cg,
z,y € A, t; € A and t; Rz, it follows that ¢, Ry. As zR™ V¢, and ¢, Ry,
it follows that zR™y. Hence, zR*y.

If 1 <j <n—1,then it follows that ;1 € A, zR™~9t;, t;Rt; 1 and
t;v1RU=Yx . Since A € Cg, tj+1,y € A, t; € A and t;Rt;1, it follows
that t; Ry. As zR("_j)tj and ¢; Ry, it follows that 2zR("*1=7)y Hence,
zR*y.

If j = n— 1, then it follows that t,_o € A, zRot,_o, t,_oRt,_1 and
tn_lR(niL‘)’)I’ .

Since A € Cg, th—2,y € A, t,—1 € A and t,_oRt,_1, it follows that
tn—oRy. As zR"2t, 5 and t,_sRy, it follows that zR(™~1y. Hence,
zR*y.

Suppose that Vi € {1,2,...,(n — 1)}, t; € A. Tt follows that t; € A, zRt;
and t; R Vz. Since A € Cg, t1,y € A, z ¢ A and zRt,, it follows that
zRy. Hence, zR*y.

The case where zR*z is analogously proved. We conclude that Cr C Cg=. O
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APPLICATIONS:
COMPATIBILITY OF FUZZY
EQUIVALENCE RELATIONS
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4  Compatibility of a crisp relation with

a fuzzy equivalence relation

The aim of this chapter is to generalize the characterization of the L-fuzzy toler-
ance/equivalence relations that a strict order relation is compatible with (see [32]),
to any relation, i.e., the representation of the L-fuzzy tolerance/equivalence relations
that a binary relation is compatible with.

The notion of compatibility is an important extension of the extensionality of a
mapping between two universes with L-fuzzy equalities introduced by Hohle and
Blanchard [47]. Also, this notion is similar to the compatibility of a fuzzy relation
with respect to an L-fuzzy equality /equivalence rlation introduced by Bélohldvek [2].
The notion of compatibility has been used in various contexts. For example, it is
used in the study of fuzzy lattices and fuzzy functions [B], 211, B4l [57], also it used
to improve results on fuzzy partial orderings obtined by Zedeh [77].

After recalling some basic definitions and properties on compatibility of two L-
fuzzy relations on a residuated lattice. In particular related to the clone relation
of a crisp relation introduced in chapter 1 and the partition of this clone relation
in terms of three different types of pairs of clones. More specifically, reflexive
related clones and irreflexive unrelated clones turn out to play a key role in the
characterization of the fuzzy tolerance and fuzzy equivalence relations that a given
(crisp) relation is compatible with., we study two auxiliary relations associated
with this clone relation. These auxiliary relations respectively gather the reflexive
related clones and the irreflexive unrelated clones. Also we study the compatibility
of a given crisp relation with the latter auxiliary relations. The results are exploited
to characterize the fuzzy tolerance and fuzzy equivalence relations a given crisp
relation is compatible with. These characterizations turn out to be pleasingly
elegant and insightful.

4.1. Two auxiliary relations

In this section, we study a subrelation of o and a subrelation of ¢g, associated
with the clone relation ~p of a given relation R. These subrelations will turn out
to be useful technical tools in the following sections.

Definition 4.1. Let R be a relation on a set X and ~p be the clone relation of R
with corresponding or and or. The following relations on X are defined:

(i) or = {(,y) € or | xRz N yRy}.
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(ii) o4 = {(z,y) € or | xR A yR°y}.

Obviously, of, is a subrelation of o and o% is a subrelation of og. Informally,
o, consists of ‘reflexive related clones’, while o% consists of ‘irreflexive unrelated
clones’.

Remark 4.1. Definition[/.1] implies that, for a given relation R on a set X, the
following two cases are impossible: (xo'hy and yo'yz), as well as (xolyy and yo'y z).

Proposition 4.1. Let R be a relation on a set X and =p be the clone relation of
R with corresponding o and olé. Then the following statements hold:

(i) If R is reflexive, then o}, = og and o% = ().
(ii) If R is irreflezive, then o = op and o’y = 0.

Since or and ¢ are irreflexive and symmetric, the following proposition is imme-
diate.

Proposition 4.2. Let R be a relation on a set X and =g be the clone relation of
R with corresponding oYy and o%. Then the following statements hold:

(i) The relation o is irreflexive and symmetric.
(ii) The relation % is irreflexive and symmetric.

(iii) The relation o'y U o' is irreflexive and symmetric.

Corollary 4.1. Let R be a relation on a set X and =g be the clone relation of R
with corresponding o and 03%, Then the following statements hold:

(i) The relation o}, U4 is a tolerance relation.
(i) The relation o' U § is a tolerance relation.
(iii) The relation o'y U oYy UG is a tolerance relation.

The following proposition shows the relation between the subrelations associated
with the clone relation ~g and the subrelations associated with the clone relations
R pe,~pt and ~pa. To that end, we need the following lemma.

Lemma 4.1. Let R be a relation on a set X. Then the following statements hold:
(’L) RRe=~RR.
(Z’L) "Rt=~R.

(ZZZ) RRI=RR.

Proof. For any z,y € X, it holds that
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(Vz € X \{z,y})(#R°x < zR°)
T Rpe Yy < < and
(Vz e X\ {z,y})(zR‘2 & yRz)

(Vz € X\ {z,y})(zRzx < zRy)

< ¢ and
(Vz € X\ {z,y})(zRz < yRz)
< T =RY.

(ii) Is proved analogously.
(iii) Follows immediately from (i) and (ii).
O

Proposition 4.3. Let R be a relation on a set X and ~pr be the clone relation of
R with corresponding o and 011'%. Then the following statements hold:

(i) (OfesOge) = (O, OR)-
(i) (9%, 0R:) = (of, OR)-

(iii) (9%a,ka) = (0: OF)-

Proof. Let R be a relation on a set X.
(i) We need to prove that o, = 0%y and 0%, = of.

(a) By definition, o’. = {(z,y) € X? | (x oge y) A (zR°z) A (yR°y)}. Since
ore = {(z,y) € X? | 2 ~pe y A xRy A yR°z} and ~pr.=~p (see
Lemma, it follows that oj. = 011'%.

(b) By definition, o%. = {(x,y) € X? | (x ore y) A (zRx) A (yRy)}. Since
ope = {(z,y) € X* | (z ~pe y) A (zRy) A (yRx)} and ~Rpe=mp, it
follows that o%. = of.

(ii) Is proved analogously to (i).
(iii) Follows immediately from (i) and (ii).

O

The following proposition identifies two important implications, which will be
helpful in the proofs in Section 5.
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Proposition 4.4. Let R be a relation on a set X and =g be the clone relation of
R with corresponding o and <>§2. Then the following statements hold:

(1) If x o y, then, for any z € X \ {z,y}, x =g z and zRz imply that x o' =
and y o’ z.

(ii) If x o' y, then, for any z € X \ {z,y}, x ~gr 2z and 2Rz imply that x o, 2
and y o'y 2.

Proof. Let x,y € X

(i) Let z € X\ {x,y} be such that oy, =g z and zRz. Note that  # y. On
the one hand, since zRy, yRz, x =g z, and y € X \ {z, 2}, it follows that zRy
and yRz. On the other hand, since zRy, yRz, x =r y and z € X \ {z,y}, it
follows that zRz and xRz. As z =g z, xRz and zRz, it follows that x of, z.

Next, we prove that y o%; z. As yRy and zRz, it remains to prove that
y ~p z. Suppose that y #pr z, then there exists t € X \ {y, 2z} such that
(yRt and zR°t) or (zRt and yR°t) or (tRy and tR°z) or (tRz and tR°y).
Suppose, for instance, that (yRt and zR°t). Since zRz, it follows that
t € X\ {x,y,2}. It then holds that z ~g y and = ~g z imply that (zRt and
xR°t), a contradiction. The three other cases lead to a similar contradiction.
Hence, y ~r z, and, therefore, y o’ 2.

(ii) Let z € X \ {z,y} be such that z o, y and z ~p 2. Note that = # y. On the
one hand, since z |gr ¥, * =r z and y € X \ {z, 2z}, it follows that z ||r .
On the other hand, since z |z y, z =g y and z € X \ {z,y}, it follows that
z||r . As x =g 2, R and zR°z, it follows that z o, 2.

Next, we prove that y oﬁz z. As vy ||gr 7, yR°% and zR°z, it remains to
prove that y ~r z. Suppose that y #p 2, then it follows that there exists
t € X\ {y, z} such that (yRt and zRt) or (2Rt and yR°t) or (tRy and tR°z)
or (tRz and tR°y). Suppose, for instance, that(yRt and zR°t). Since yR*t,
it follows that t € X \ {x,y, 2z}. It then holds that x ~g y and © =g 2z imply
that (xRt and xR°t), a contradiction. The three other cases lead to a similar
contradiction. Hence, y ~g z, and, therefore, y ozé z.

O
The following proposition discusses the transitivity of the relations o’ U d, o5 U §
and o, U o, U 4.

Proposition 4.5. Let R be a relation on a set X and ~g be the clone relation of
R with corresponding o’y and o%. Then the following statements hold:

(i) The relation o’y U J is transitive.

(i) The relation o% U J is transitive.
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(iii) The relation o'y Ut UG is transitive.

Proof. Let R be a relation on a set X.
(1) Let x,y,2 € X be such that z(o} U d)y and y(o Ud)z.
(a) If x =z or x =y or y = %, then it trivially holds that x (o} U d)z.

(b) If x # 2z, z # y and y # z, then it holds that (z o’ y) and (y o’ z). Since
op is transitive, it holds that x og z. As xRx and zRz, it follows that
x o z. Hence, x(o; U d)z.

We conclude that o; U is transitive.
(ii) Let z,y,2 € X be such that z(o% U §)y and y(os U §)z.
(a) If =z or x =y or y = z, then it trivially holds that z(¢% Ud)z.

(b) If z # z, x # y and y # z, then it holds that (z o’ y) and (yo% z). Since
opR is transitive, it holds that z ¢ z. As xRz and zR°z, it follows that
x 0% 2. Hence, z(o% UJ)z.

We conclude that o% U § is transitive.
(iii) Let 2,9,z € X be such that z(o%, Uo% U )y and y(o Uok Ud)z.
(a) If . =z or x =y or y = z, then it trivially holds that z(o%, U <% U §)z.

(b) Ifz # 2, x # y and y # z, then since (zohyAyoh 2) and (zohyAyo 2)
are two impossible cases, it follows that (z(o U d)y A y(o’p U d)z) or
(z(0% U )y Ay(oh Ud)z). From (i) and (ii), it follows that x(o%; Ud)z
or z(o% Ud)z. Hence, it holds that z(o%, Uoh Ud)z2.

We conclude that o', U 0’}{ U4 is transitive.

From Corollary [4.1] and Proposition [£.5 the following result follows.

Corollary 4.2. Let R be a relation on a set X and ~pg be the clone relation of R
with corresponding o'y, and o'. Then it holds that o’y U§, % Ud and o’y Uok UG
are equivalence relations.

4.2. Compatibility of a relation with the two aux-
iliary relations associated with its clone rela-
tion

In this section, we study the compatibility of a relation with the two subrelations
o’ and ot associated with its clone relation.
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4.2.1. Compatibility of fuzzy relations

In this subsection, we recall some basic definitions and results on compatibility, right
compatibility and left compatibility of two L-relations on a universe X. Further
information can be found in [32] B3]. We pay particular attention to the case
where the first L-relation considered is a crisp relation, in particular a pseudo-order
relation.

Definition 4.2. [53] Let Ry and Ry be two L-relations on a universe X.

(i) Ry is called left compatible with Ry, denoted RV Ra, if it holds that Ry (x,y)x*
Ra(,2) < Ri(2,y), for any v,y,z € X.

(i) Ry is called right compatible with Ro, denoted R1V, Ro, if it holds that
R1<-'I»',y) * R?(y?t) < Rl(x?t)7 fOT any x, yat € X.

(iti) Ry is called compatible with R, denoted R1V R, if it holds that
Rl(xvy) * RQ(Q?,Z) * R?(y?t) < Rl(zvt); fO’f’ any Yy, z,t € X.

Lemma 4.2. [53] Let Ry and Ry be two L-relations on a universe X. Then it
holds that

(’L) ]leleQ and Rlvr RQ, then R1VR2.

(i1) If R1V Ry and Ry is reflexive, then R1V; Re and R1V, Rs.

Lemma 4.3. [53] Let R be an L-relation on a universe X and (S;)ier be a family
of L-relations on X. Then it holds that

(i) RV, S;, for anyi € I, if and only if RV, (LEJISZ)
7

(i) RV S;, for any i € I, if and only if RV, <'UISi>'
1€

Let R be a relation on a set X and E be an L-relation on X, then compatibility of
R with E states that

7(zRy) * E(x,2) * E(y,t) < 7(zRt), (4.1)

for any x,y, z,t € X. Note that throughout this work, we use the notation 7 to
refer to the characteristic mapping of a relation R on a set X, i.e., 7(zRy) =1 if
xRy, while 7(zRy) = 0 if zR°y.

The following theorem shows that the only reflexive L-relation that a pseudo-order
relation is compatible with, is the equality relation.

Theorem 4.1. A pseudo-order relation R on a set X is compatible with a reflexive
L-relation on X if and only if E is the crisp equality on X.
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Proof. Suppose that R is compatible with E. It follows that
T7(zRx) * E(z,z) * E(z,y) < 7(zRy),

for any z,y € X. Since R and E are reflexive, it follows that F(z,y) < 7(zRy),
for any x,y € X. Similarly, it holds that E(z,y) < 7(yRx), for any z,y € X.
Hence, E(z,y) < min(r(zRy), 7(yRx)), for any z,y € X. On the one hand, since
R is antisymmetric, it follows that E(x,y) = 0, for any z,y € X such that x # y.
On the other hand, since F is reflexive, it holds that E(z,z) =1, for any € X.
Therefore, F is the crisp equality on X.

Conversely, it is obvious that R is compatible with the crisp equality. O

The above theorem implies the following corollary shown earlier in [53].

Corollary 4.3. An order relation R on a set X is compatible with an L-tolerance
or L-equivalence relation E if and only if E is the crisp equality on X.

4.2.2. Compatibility of a relation R with the relations o
and o',

In this subsection, we prove some key results, which will be helpful in the proofs of
our main theorems.

Proposition 4.6. Let R be a relation on a set X and ~g be the clone relation of
R with corresponding o'y and o%. Then the following statements hold:

(i) R is compatible with of,.

(i) R is compatible with o'.

Proof. Let R be a relation on a set X.
(i) In view of Lemma [£.2] it suffices to prove that R V;o%, and R V0%

(a) Let z,y,z € X, then we need to prove that
T(xRy) * 7(x of 2) < 7(2Ry) .

(1) If xR or z(o’;)°z, then 7(xRy) * 7(x o z) = 0 and the inequality
is trivially fulfilled.

(2) If zRy and x oY, z, then we distinguish three cases: x #y # z, =y
and y = z:

(a) If ¢ # y # z, then since Ry and z ~p z, it follows that zRy.
Hence, it holds that 7(zRy) * 7(x o’y 2) < 7(2Ry) = 1.
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(8) If =y, then, by definition of of, it follows that 7(x o z) <
T(zRx). Hence, it holds that 7(zRz) * 7(x o} z) < 7(2Rx).

(v) If y = 2, then, by definition of o, it follows that 7(x o}, y) <
T(yRy). Hence, it holds that 7(xRy) * 7(z o y) < 7(yRy).

We conclude that R V; of,.
(b) Let z,y,t € X, then we need to prove that
T(xRy) * T(y ox t) < 7(xRL) .

(1) If Ry or y(o%)°t, then T7(zRy) * 7(y of t) = 0 and the inequality
is trivially fulfilled.

(2) If xRy and y o'y t, then we distinguish the following cases:

() If y # x # ¢, then since xRy and y ~p t, it follows that zRt.
Hence, it holds that 7(zRy) * 7(y o t) < 7(xRt) = 1.

(B) If 2 = y, then, by definition of o', it follows that 7(z o}, t) <
T(xRt). Hence, it holds that 7(xRx) * 7(x o'y t) < 7(zRt).

(v) If z = ¢, then, by definition of o%,, it follows that 7(y o ) <
T(xRx). Hence, it holds that 7(zRy) * 7(y o x) < T(zRzx).

We conclude that R V;of.

(ii) Can be proved analogously.

Combining Proposition Lemma [£:3] and the fact R is compatible with ¢, we
obtain the following corollary.

Corollary 4.4. Let R be a relation on a set X and ~p be the clone relation of R
with corresponding o% and o'. Then it holds that R is compatible with (o', U US).

From Propositions [4-1] and [26] we obtain the following corollary.

Corollary 4.5. Let R be a relation on a set X and ~p be the clone relation of R
with corresponding o and °§z~ Then the following statements hold:

(i) If R is reflexive, then R is compatible with og U 4.

(i1) If R is irreflexive, then R is compatible with og U 4.
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4.3. Compatibility of a relation with an L-tolerance
or L-equivalence relation

In this section, we study the compatibility of an arbitrary relation with an L-
tolerance or L-equivalence relation.

4.3.1. Compatibility of a relation with an L-tolerance rela-
tion

In this subsection, we characterize the L-tolerance relations that a given relation is
compatible with.

Theorem 4.2. Let R be a relation on a set X and ~g be the clone relation of
R with corresponding o% and o% and E be an L-tolerance relation on X. Then it
holds that R is compatible with E if and only if E C o' Uoh U4.

Proof. Suppose that R is compatible with E, i.e. 7(zRy)*E(z, 2)*E(y,t) < 7(zRt),
for any z,y,z,t € X. Let a,b € X. If a =b or E(a,b) =0, then it trivially holds
that E(a,b) < 7(a(o Uol U)b). If a # b and E(a,b) > 0, then we need to
prove that 7(a(o’ Uo%)b) = 1, i.e. it holds that (aRb A bRa A aRa A bRb) or
(a ]| bAaR%a AbRCD), as well as a ~g b.

(i) First, we prove that (aRb A bRa A aRa AbRD) or (a || b A aR%a A DRD).
On the one hand, since F is symmetric and R is compatible with F, it follows
that
7(aRb) * E(a,b)x E(b,a) < 7(bRa) .

—— ——
>0 >0

This implies that 7(aRb) < 7(bRa). On the other hand, it follows that

7(bRa) * E(b,a) * E(a,b) < 7(aRb),
—_——— ——
>0 >0
whence also 7(bRa) < 7(aRb). Therefore, 7(aRb) = 7(bRa), i.e. (aRb A bRa)

orall b

(a) If (aRb AbRa), then we need to prove that (aRa A bRb).
On the one hand, since FE is reflexive and R is compatible with E, it
follows that
7(aRb) x E(a,a) *x E(b,a) < 7(aRa) .

—_—— —— —\—
=1 =1 >0

This implies that 7(aRa) = 1, i.e. aRa. On the other hand, it follows

79



CHAPTER 4. COMPATIBILITY OF A CRISP RELATION WITH A FUZZY EQUIVALENCE RELATION

that
7(bRa) * E(b,b) * E(a,b) < 7(bRb) ,
=1 =1 >0

whence also DRb.
(b) If a || b, then, in an analogous way, we can prove that (aR°a A DR°D).
We conclude that (aRb A bRa A aRa A bRD) or (a || b A aR°a A bRCD).

(ii) Second, it remains to prove that a =g b. Let ¢ € X \ {a,b}. We distinguish
four subcases.

(a) If aRe, then since F is reflexive and R is compatible with E, it follows
that
0 < E(a,b) = 7(aRc) * E(a,b) x E(c,c) < 7(bRc) .

—— N N~
=1 >0 =1

This implies that 7(bRc) > 0, whence bRe.

(b) If bRe, then since E is reflexive, symmetric and R is compatible with E,
it follows that

0 < E(a,b) = 7(bRc)* E(b,a) *E(c,c) < 1(aRc).
—— —\—  —\—
=1  =E(ab>0 =1

This implies that 7(aRc) > 0, whence aRec.

(c¢) If cRa, then since E is reflexive and R is compatible with E, it follows
that

0 < E(a,b) = 7(cRa) * E(c,c) * E(a,b) < 7(cRb) .
=1 =1 >0

This implies that 7(cRb) > 0, whence cRb.

(d) If cRb, then since E is reflexive, symmetric and R is compatible with E,
it follows that

0 < E(a,b) = 7(cRb)* E(c,c)x E(b,a) < 7(cRa).
—— —— N —
=1 =1 —E(ab)>0

This implies that 7(cRa) > 0, whence cRa.
We conclude that a = b

Finally, we conclude that E C of, Uo% U 4.

80



84.3. Compatibility of a relation with an L-tolerance or L-equivalence relation

Conversely, if E C o}, Uo% U 4§, then due to the monotonicity of *, it holds that
T(zRy) * E(x, 2) * BE(y,t) < 7(xRy) * 7(2(0’p Uoh Ud)2) * T(y(oh Uk U)H),
for any z,y,2,t € X. From Corollary [£.4] it follows that
T(zRy) * E(x, 2) x E(y,t) < 7(2Rt),

for any x,y, 2,t € X. Hence, R is compatible with E. O]

From Corollary [£.] and Theorem [£:2} the following result is straightforward.

Corollary 4.6. Let R be a relation on a set X and ~pr be the clone relation of
R with corresponding oY, and o%. Then it holds that o', Uo% U 4§ is the greatest
L-tolerance relation on X that R is compatible with.

Proposition -1 and Theorem 2] lead to the following corollary.

Corollary 4.7. Let R be a relation on a set X, ~p be the clone relation of R
with corresponding o and olé and E be an L-tolerance relation on X. Then the
following statements hold:

(i) If R is reflexive, then R is compatible with E if and only if E C op UJ.
(ii) If R is irreflexive, then R is compatible with E if and only if E C op UJ.
Combining Proposition [4.3] and Theorem [4.2] we obtain the following corol-

lary.

Corollary 4.8. Let R be a relation on a set X, ~p be the clone relation of R
with corresponding o and o% and E be an L-tolerance relation on X. If R is
compatible with E, then it holds that the relations R, R® and R are compatible
with E.

The following lemma will be useful in the proof of our representation theorem, i.e.
the representation of the L-tolerance relations a given relation is compatible with.
Its proof is straightforward.

Lemma 4.4. Let R be a relation on a set X and ~p be the clone relation of R
with corresponding oy and oﬁ{, Let « and B be two L-tolerance relations on X
such that o C o'y U and B C o'y U, then the union E = aU 3 is the L-tolerance
relation on X given by

yif e =y,

a(r,y) , if zohy,
B(z,y) , if zogy,
0 , otherwise.
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Theorem 4.3. Let R be a relation on a set X, ~p be the clone relation of R with
corresponding o and ozk and E be an L-tolerance relation on X. Then it holds
that R is compatible with E if and only if there exist two L-tolerance relations «
and 3 on X with a C o, U and B C oY U such that E = a U .

Proof. Suppose that R is compatible with E. Consider the L-relations « and 3 on
X defined by

(2,9) E(z,y) , if (z,y) € o UJ,
a(z,y) =
Y 0 , otherwise,

E(z,y) , if (z,y) € o), UF,

0 , otherwise.

Note that if (z,y) € o U, then it also holds that (y,z) € of U 4. Similarly,
if (z,y) € o% UG, then also (y,z) € o% UJ. Hence, a and 3 are L-tolerance
relations on X. Since R is compatible with F, it follows from Theorem that
E C o Uoh Ud, whence E(z,y) = 0 if x(o; Uoh Ud)¢y. Hence, it follows that
E=aUpg.

Conversely, let a C o Ud and 5 C <>§% U d be two L-tolerance relations on X.

Lemma [44] implies that £ = a U S is an L-tolerance relation on X.
Since £ C ojh U olé U §, Theorem guarantees that R is compatible with
E. O

As a corollary, we obtain the following representation of the crisp tolerance relations
a given relation is compatible with.

Corollary 4.9. Let R be a relation on a set X, =g be the clone relation of R with
corresponding o, and o% and E be a tolerance relation on X. Then it holds that
R is compatible with E if and only there exist two L-tolerance relations o and 3
on X with a C o UJ andﬁgolé Ud such that E = o U .

Remark 4.2. In the setting of Corollary[f.9, we have:
(i) If « =6 and B =6, then E =0.
(ii) If a=o% U§ and B = ok UJ, then E = o’y U ok US.

Combining Proposition and Theorem we obtain the following corollar-

1€s.

Corollary 4.10. Let R be a reflexive relation on a set X, =g be the clone relation
of R with corresponding oy and E be an L-tolerance relation on X. Then it holds
that R is compatible with E if and only if there exists an L-tolerance relation o
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on X with « Cor U such that

Br.y) a(z,y) , if (z,y) Eor UL,
T,y) =
Y 0 , otherwise.

Corollary 4.11. Let R be an irreflexive relation on a set X, ~r be the clone
relation of R with corresponding o and E be an L-tolerance relation on X. Then it
holds that R is compatible with E if and only if there exists an L-tolerance relation
B on X with f C or U such that

5(xay) ,if(fE,y)EORU57
0 , otherwise.

E(x,y) = {

Corollary 4.12. Let (X, <) be a poset, = be the clone relation of the strict order
relation corresponds the order relation < and E be an L-tolerance relation on X.
Then it holds that < is compatible with E if and only if there exists an L-tolerance
relation S on X with B C oU§ such that

BE(x,y) = {ﬁ(xvy) , if (z,y) €0 U0,

0 , otherwise.

4.3.2. Compatibility of a relation with an L-equivalence re-
lation

In this subsection, we characterize the L-equivalence relations a given relation is
compatible with.

Proposition 4.7. Let R be a relation on a set X and =p be the clone relation of
R with corresponding oy and <>Zé. Let a and B two L-equivalence relations on X
such that a C o', U§ and B C o% UG, then the union E = aUf is an L-equivalence
relation on X.

Proof. Due to Lemma [f4] E is an L-tolerance relation. It remains to show that £
is *-transitive. Let x,y, 2z € X, then we need to show that

E(z,y) * E(y,2z) < E(z,2).

Let z,y,z € X such that E(z,y) > 0 and E(y, z) > 0. We consider the following
cases.
(i) If x =y or y = z or © = z, then the inequality E(z,y) * E(y,z2) < E(z, z)
trivially holds.
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(ii) Suppose that = # y, y # z and @ # z. Sin@e E C o Uolh, it follows 'that
(o yNyofz)or (xofpyAyolhz) or (0 y Ay ol z) or (xohyAdgz).

(a) From the definition of o, and o%,, it follows that the cases (zof,yAyoh 2)
and (x o y Ay o’ z) are impossible. Otherwise, it would follow that
(yRy A yR°y), a contradiction.

(b) If (z o, y Ay o z), then it follows that z o} y,y ~r z, 2Rz and
z € X\ {z,y}. From Proposition it follows that z o}, z. Hence,
E(z,y) = a(z,y), E(y,z) = oy, z) and E(z, z) = a(z, z). Since a is *-
transitive, it holds that a(z, y)*xa(y, 2) < a(z, 2), i.e., E(z,y)*E(y, z) <
E(z,z).

(c) If (z o y Ay ol 2), then it follows that x o% y, y ~p 2z, zR°2 and
z € X \ {z,y}. From Proposition it follows that x o% z. Hence,
E(z,y) = B(x,y, E(y,z) = B(y,2) and E(zx,z) = B(x,z). Since [ is *-
transitive, it holds that 5(z,y)*5(y, 2) < B(z, 2), i.e., E(z,y)*E(y, z) <
E(z, z).

We conclude that E = U 3 is an L-equivalence relation on X. O

Combining Theorem [4.3] and Proposition [£.7] easily leads to the following theo-
rem.

Theorem 4.4. Let R be a relation on a set X, ~g be the clone relation of R with
corresponding o'y, and o and E be an L-equivalence relation on X. Then it holds
that R is compatible with E if and only if there exist two L-equivalence relations o
and 3 on X with a C o, U§ and B C oY U such that E = a U .

Proof. Theorem states that R is compatible with E if and only if there exist
two L-tolerance relations av and 8 on X with a C o, Ud and 8 C 033 U J such that
FE = a U S, where

(z.9) E(z,y) , if (z,y) € o UJ,
alz,y) =
Y 0 , otherwise,

E(w,y) , if (2,y) € o U4,
0 , otherwise.
Let z,y,z € X, then we need to show that
a(z,y) * a(y, z) < a(z, )

and

B(z,y) * By, 2) < B(z,2).
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(i) First, we prove that a(z,y) * a(y, z) < a(z, 2).
(a) f £ =y or y = z or & = z, then this inequality trivially holds.
(b) Suppose that = # y, y # z and x # 2.

(1) If z(c%)°y or y(o)¢z, then it follows that a(x,y) = 0 or a(y, z) = 0.
Hence, it holds that a(z,y) * a(y, 2) < a(x, 2).

(2) If z o y and y o} z, then it follows that = o, y, ¥ ~gr 2, 2Rz
and z € X \ {z,y}. From Proposition [4.4] it follows that z of, .
As z o y, y o z and x o}, z, it follows that a(z,y) = E(z,y),
a(y,z) = E(y, z) and a(z,z) = E(x, z). Since E is x-transitive, it
holds that a(z,y) * a(y, z) < a(z, 2).

Thus, « is *-transitive.
(ii) Second, we prove that S(x,y) * 8(y, z) < B(zx, 2).
(a) f z =y or y = z or & = z, then this inequality trivially holds.
(b) Suppose that x # y, y # z and x # 2.

(1) If z(o%)y or y(o%)¢z, then it follows that 8(x,y) = 0 or B(y,z) = 0.
Hence, it holds that 8(x,y) * B(y, 2) < B(z, 2).

(2) If z 0% y and y o% z, then it follows that z o}, y, y ~ z, 2Rz
and z € X \ {z,y}. From Proposition it follows that z o% 2.
As z oy, y ol 2 and z oY 2, it follows that B(z,y) = E(z,y),
By, z) = E(y, z) and B(z,z) = E(x, z). Since F is *-transitive, it
holds that S(z,y) * B8(y, 2) < B(z, 2).

Thus, § is *-transitive.
We conclude that a and 8 are L-equivalence relations on X.

For the converse, Proposition [I.7] guarantees that £ = U 8 is an L-equivalence
relation on X. O

As a corollary, we obtain the following representation of the L-equality or equivalence
relations a relation is compatible with.

Corollary 4.13. Let R be a relation on a set X, =g be the clone relation of R
with corresponding o'y, and o and E be an L-equality relation on X. Then it holds
that R is compatible with E if and only if there exist two L-equality relations o and
B on X with o C oz U6 cmd5§<>§2 Ud such that E = aU .

Corollary 4.14. Let R be a relation on a set X, =g be the clone relation of R
with corresponding o’y and o' and E be an equivalence relation on X. Then it
holds that R is compatible with F if and only if there exist two equivalence relations
a and B on X with a« Coy US and B C 0% U such that E = a U .

85



CHAPTER 4. COMPATIBILITY OF A CRISP RELATION WITH A FUZZY EQUIVALENCE RELATION

From Proposition [I.1] and Theorem [£.4] we obtain the following representation
of the L-equivalence relations that a reflexive or irreflexive relation is compatible
with.

Corollary 4.15. Let R be a reflexive relation on a set X, =g be the clone relation
of R with corresponding oy and E be an L-equivalence relation on X . Then it holds
that R is compatible with E if and only if there exists an L-equivalence relation o
on X with a C or U4 such that

E(z.y) a(z,y) ., if (z,y) EopUJ,
T,y) =
Y 0 , otherwise.

Corollary 4.16. Let R be an irreflexive relation on a set X, ~r be the clone
relation of R with corresponding 03% and E be an L-equivalence relation on X. Then
it holds that R is compatible with E if and only if there exists an L-equivalence
relation 8 on X with 8 C og UJ such that

Blx,y)  if (z,y) €or U,
0 , otherwise.

E(.Z‘,y) = {

Corollary 4.17. Let (X,<) be a poset, =~ be the clone relation of the strict order
relation corresponds the order relation < and E be an L-equivalence relation on X.
Then it holds that < is compatible with E if and only if there exists an L-equivalence
relation 8 on X with 8 C oUJ such that

0 , otherwise.

E(z,y) = {B(x,y) , if (v,y) €0UD,
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5 Compatibility of a fuzzy equivalence
relation with an order relation

In previous chapter, we studied the notion of compatibility of crisp relations
with a fuzzy relation, and provided a representation of all fuzzy tolerance and
fuzzy equivalence relations that a given crisp relation is compatible with. This
representation generalized the characterization of the fuzzy tolerance/equivalence
relations that a strict order relation is compatible with, introduced in [32].

In this chapter, we aim to highlight other points related to this notion of compati-
bility. We study the compatibility of a fuzzy equivalence relation with an order
relation, and provided a representation of all fuzzy equivalence relations compatible
with a given order relation. It shows that under mild conditions, the compatibility
of a fuzzy equivalence with an order relation is a trivial notion.

After providing that the three types of compatibility of any fuzzy equivalence
relation with an order relation are equivalent. We introduce three auxiliary relations
associated with a poset (X, <). These auxiliary relations are respectively, the set
of couple elements where their set of lower bound no empty, the couple of elements
where their set of upper bound no empty and the couple of elements where their
set of lower or upper bound no empty.

We study the compatibility of the order relation with corresponding its latter
auxiliary relations. The results turn out to play a key role in the characterization
of the fuzzy equivalence relations compatible with an order relation.

5.1. Basic results

In what follows, we will use the following lemma.

Lemma 5.1. [53] For any two L-relations Ry and Ry on X, the following equiva-
lences hold:

i) Ry is left-compatible with Ry if and only if R: is right-compatible with Ra;
1
i) Ry is right-compatible with Ry if and only if R: is left-compatible with Ry;
1
(iii) Ry is compatible with Ry if and only if RY is compatible with Rs.

Note that the relation R = X? is left-, right-compatible and compatible with any
L-relation on X.

The following proposition provides that the three types of compatibility (see,
Definition |4.2)) of any L-tolerance (and, in particular, L-equivalence) relation with
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an order relation are equivalent.

Proposition 5.1. Let (X, <) be a poset and E be an L-tolerance relation on X.
Then the following statements are equivalent:

(i) E is left-compatible with <;

(ii) E is right-compatible with <;
(i) E is compatible with <.
Proof. (i) = (4i1): Since F is left-compatible with <, it follows from Lemma i)
that E! is right-compatible with <. As E is symmetric, it holds that E is right-

compatible with <.
(#4) = (i4i): Since E is symmetric and E is right-compatible with <, it follows that

Exz,y)«m(x < z)x7(y <t) = E(y,x)«7(x < 2) x7(y < t)
< E(y,z)x7(y <1)
= E(z,y)x7(y <1)
< E(z,t),
for any z,y,z € X. Hence, F is compatible with <.
(#1) = (4): Follows from Lemma ii). O

Since the three types of compatibility of any L-tolerance (and, in particular, L-
equivalence) relation with an order relation are equivalent, in the following two
sections, we only consider the compatibility while using the inequality

E(z,y)*7(x < 2) < E(z,y) , (5.1)

for any z,y,z € X .

Moreover, the left-compatibility (resp. right-compatibility) of any L-relation with
a given strict order relation < is equivalent to the left-compatibility (resp. right-
compatibility) with the corresponding order relation <.

Proposition 5.2. Let (X,<) be a poset, < be the corresponding strict order
relation and E be an L-relation on X. Then it holds that

(i) E is left-compatible with < if and only if E is left-compatible with <;
(ii) E is right-compatible with < if and only if E is right-compatible with <;
(iii) E is compatible with < if and only if E is left- and right-compatible with <.

Proof. Let x,y,z € X

(i) Suppose that E is left-compatible with <. Since 7(z < 2z) < 7(x < 2), it
holds that E(z,y) * 7(x < z) < E(x,y) * 7(x < z). Hence, E(z,y) x 7(z <
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z) < E(z,y). Thus, E is left-compatible with <.

Conversely, the fact that F is left-compatible with < and with the crisp
equality then implies that

E(z,y)+7(x < 2) = E(2,y) * (1(z < 2) V7(z = 2)) < E(2,9).
Thus, E is left-compatible with <.
(ii) Follows from Lemma and (i).

(iii) Follows from Lemma [4.2] (i) and (ii).

5.2. Compatibility of an L-tolerance relation with
an order relation

In this section, we will provide a characterization of the L-tolerance relations that
are compatible with a given order relation. First, we introduce the following binary
relations V and A on X associated with the poset (X, <):

v ={(z,y) € X* | {z,y}' £ 0},
s={(z,y) € X* | {z,y}" #0}.

Also, we will use the following notation:

K =vUa={(x,y) € X?| {z,y} #0V {x,y}" #£0}.

Obviously, it holds that (< U <) C (v A). Clearly, V, A and X are tolerance
relations.

Example 5.1. Let (X, <) be the poset given by the Hasse diagram in Figure

V4

t x

Figure 5.1: Hasse diagram of the poset (X, <) with X = {z,vy, 2, t}.
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It holds that

v = 06U{(z,y), (y,2), (x,2),(2,2), (1), (4, 1), (4, 2), (,9)},
A =0U{(z,y), (y,2), (2,2), (2,2), (1), (4, 1), (¢, ), (2, 1)} -

The following proposition is straightforward.

Proposition 5.3. Let (X, <) be a poset and consider the relations V, A and K.
Then it holds that

(i) If (X, <) is a A-semi-lattice (resp. a \V-semi-lattice), then Vv = X2 (resp.
A= X2).

(ii) If (X,<) has a smallest (resp. a greatest) element, then V. = X2 (resp.
A= X2).

(iii) If (X, <) is a bounded poset or a lattice, then V. =nr=K = X?.

Remark 5.1. In general, the relations V, A and X are not transitive, as is the
case for the poset of Example[5.1}

The following proposition shows that the tolerance relation V is compatible
with <.

Proposition 5.4. The relation V associated with a poset (X, <) is compatible with
<.
Proof. Let x,y,z € X, then we need to prove that

T(zVy) x7(x < 2) < 7(2VyYy).

If v°y, then this inequality trivially holds. If xVy, then there exists ¢ € X such
that ¢ < x and ¢ < y. Hence,

T(aVy)*x7(x < 2) < (e <) AT(c < Y)) *T(x < 7).
The fact that x < A implies that
(tle<)ATle<y)) Tz <2) <1< 2)AT(c < y) <T(2VY).

Hence,
T(zVy) x7(x < 2) < 7(2VYy).

Thus, V is compatible with <. O

Remark 5.2. The relations A and X associated with a poset (X,<) are not
necessarily compatible with <. Indeed, consider the poset of Example[5.1 It is
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clear that
Tz at)xT(x<z)£1(zAt).
=1 =1 =0
This implies that A is not compatible with <. Similarly, it follows that X is not
compatible with <.

The following proposition will be useful in the proof of our representation theorem
of the L-tolerance relations that are compatible with a given order relation.

Proposition 5.5. Let (X, <) be a poset and E be an L-tolerance relation on X.
If E is compatible with <, then V C E.

Proof. Suppose that F is compatible with < and consider x,y € X such that zvy.
Then there exists ¢ € X such that ¢ < z and ¢ < y. Due to the compatibility of F
with < and the reflexivity of E, it holds that

E(c,e)x1(c < x) < E(c,x).
=1 =1
Hence, E(c,z) = 1. Again, the symmetry of E and its compatibility with < imply
that
E(z,c) *x1(c<y) < E(z,y).
——
=E(c,z)=1 =1

Hence, E(z,y) =1, and thus v C . O

Since <C V, another necessary condition, but less demanding is given by <C F.

Proposition [5.5] states a necessary condition for the compatibility of an L-tolerance
relation FF with an order relation <. However, it is not a sufficient condition as
can be seen in Example In case E is an L-equivalence relation, we will show
in the next section that this condition becomes necessary and sufficient.

Example 5.2. Consider the poset of Example[5.1} Consider the tolerance relation
E on X defined as: E = X2\ {(z,t),(t,2)}, then it holds that Vv C E. However,
since

T(E(z,t)) x7(z < 2) £ 7(E(z,1)),

it 1s clear that E is not compatible with <.

Also, we know that < U <! is a tolerance relation on X and < C (< U <).

However, since
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it is clear that < U <! is not compatible with <.

Propositions [5.4] and [5.5] imply that the relation V is the smallest L-tolerance
relation on X that is compatible with <, while X? is the greatest one.

In view of Proposition [5.3] we obtain the following corollary. It shows that under
mild conditions, the compatibility of an L-tolerance relation with an order relation
is a trivial notion.

Corollary 5.1. Let (X,<) be a poset and E be an L-tolerance relation on X .
If (X,<) is a A-semi-lattice or has a smallest element, then it holds that E is
compatible with < if and only if E = X2.

Definition 5.1. Let (X, <) be a poset, Y be a nonempty subset of X? and E be
an L-relation on X. E is called increasing on'Y if for any (z,y), (2,t) €Y such
that © < z and y < t, it holds that E(z,y) < E(z,t).

The following representation theorem characterizes the L-tolerance relations that
are compatible with a given order relation.

Theorem 5.1. Let (X,<) be a poset and E be an L-tolerance relation on X.
Then it holds that E is compatible with < if and only if there exists an L-tolerance
relation o on X with o C V€U § such that o is increasing on V¢ and E =V U a.

Proof. Suppose that F is compatible with <, then it follows from Proposition ii)
that v C E. Consider the L-relation « on X defined by @« = (E\ V)Ud =
(ENVve)Ud=EN(veUd), ie.,

(2,9) E(z,y) , if (z,y) € veUd,
alx,y) =
Y 0 , otherwise.

It is obvious that « C VU § and E = V U «. It remains to show that « is an
L-tolerance relation on X that is increasing on v¢. Note that if (z,y) € VU J,
then it also holds that (y,z) € V¢ U . Hence, « is an L-tolerance relation on
X. Since « is symmetric, in order to show that « is increasing on V¢, it suffices
to show that x < z implies that a(z,y) < a(z,y), for any (z,y), (z,y) € V.
Let (z,y), (z,y) € V° such that x < z, then it holds that a(z,y) = E(x,y) and
a(z,y) = E(z,y). The compatibility of E with < implies that

E(x,y)«7(x < 2) < E(2,y) .
=1

Hence, a(z,y) < a(z,y).

Conversely, let a be an L-tolerance relation on X with a« C V¢ U § such that «
is increasing on V¢ and F = V U a. Since V and « are L-tolerance relations on
X, it holds that E is an L-tolerance relation on X. It remains to show that F is
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compatible with <, i.e.,

E(z,y) «m(x < 2) < E(z,9),
for any z,y,z € X. We consider the following cases:

(i) The case xVy, i.e., E(z,y) = 7(xVy). It then follows from the compatibility
of v with < (see Proposition that

E(z,y)*7(z < 2)

INIA
S

0

&

(ii) The case zV°y, i.e., E(z,y) = a(z,y). We consider two subcases:

(a) The case zVy, i.e., E(z,y) = 7(2Vy) = 1. It then trivially holds that
E(x,y)«7(x < 2) < E(z,y) =1.

(b) The case 2V°y, i.e., E(z,y) = a(z,y). If =(x < z), then it trivially holds
that

E(z,y)«7(z < 2)=0< E(z,y).

If x < z, then the fact that « is increasing on V¢ implies that

E(z,y)x7(z < 2) =

5.3. Compatibility of an L-equivalence relation with
an order relation

In this section, we will provide a characterization of the L-equivalence relations
that are compatible with a given order relation.

Theorem 5.2. Let (X,<) be a poset and E be an L-equivalence relation on X.
Then the following statements are equivalent:

(i) E is compatible with <;
(ii) < CE

(iii) v C E;
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(iv) o CE;
(v) XCE.

Proof. (i) = (ii): Since E is compatible with <, it follows from Proposition [5.5]
that Vv C F. Since < C V, it holds that < C F.

(#9) = (4i1): Let x,y € X such that vy, then there exists ¢ € X such that ¢ <z
and ¢ < y. Since < C F, it follows that E(c,z) = E(c,y) = 1. The symmetry and
s-transitivity of E then imply that

E(c,x)*xE(c,y) = E(x,¢) * E(c,y) < E(x,y).
=1 =1
Hence, E(z,y) = 1. Thus, Vv C E.
(#it) = (iv): Let 2,y € X such that z A y, then there exists ¢ € X such that
z < c and y < ¢. This implies that Ve and yVe. Since V C E, it follows that
E(x,c) = E(y,c) = 1. The symmetry and x-transitivity of E then imply that

E(z,c)x E(y,c) = E(x,c) x E(c,y) < E(z,y) .
T T

Hence, E(x,y) = 1. Thus, A CE.
(iv) = (v): Let z,y € X such that Ky, then it holds that xVy or = A y.

(a) If A y, then from the hypothesis A C E it follows that F(z,y) =1.

(b) If xVy , then there exists ¢ € X such that ¢ <  and ¢ < y. This implies that
x Acand y A c. Since A C E, it follows that E(z,¢) = E(y,c¢) = 1. The
symmetry and s-transitivity of F/ then imply that

E(z,c)x E(y,c) = E(x,c) x E(c,y) < E(z,y) .
H:,l_/ i’l_/

Hence, E(z,y) = 1.
We conclude that X C F.

(v) = (4): Since <C X C F, it follows that
E(xz,y)«7(x < 2) < E(x,y) x E(x, 2).

By the symmetry and *-transitivity of E, it follows that E(z,y)*7(x < 2) < E(z,y).
Thus, F is compatible with <. O

In view of Proposition [5.3] we obtain the following corollary. In addition to the
case of L-tolerance relations, it shows that there exist several other mild conditions
under which the compatibility of an L-equivalence relation with an order relation
is a trivial notion.

94



§5.3. Compatibility of an L-equivalence relation with an order relation

Corollary 5.2. Let (X, <) be a poset and E be an L-equivalence relation on X .
If at least one of the following conditions is satisfied:

(i) (X, <) is a A-semi lattice;
(i1) (X, <) is a V-semi lattice;
(iii) (X, <) has a smallest element;
(iv) (X,<) has a greatest element,
then it holds that E is compatible with < if and only if E = X?2.

For a relation R on a set X, let R* denote its transitive closure, i.e., the smallest
transitive relation on X that contains R. The transitive closure of a reflexive (resp.
symmetric) relation is reflexive (resp. symmetric) as well.

As a consequence of Theorem[5.2] the following proposition shows that the transitive
closures V*, A* and X* coincide and are compatible with <.

Proposition 5.6. Let (X, <) be a poset, then it holds that the transitive closures
v*, A* and X* coincide and are compatible with <.

Proof. First, note that the transitive closures V*, A* and X* are equivalence
relations on X. Next, we show that V* = X*. Since Vv C V*, it follows from
Theorem [5.2] that V* is compatible with <. Again, from Theorem [5.2] it follows
that X C v*. The fact that X* is the smallest transitive relation containing X
then implies that X* C v*. Conversely, since Vv C X, it holds that v* C X*. Thus,
v* = K*. In similar way, we show that A*= K*. Finally, Theorem [5.2] guarantees
that the relation F = v* =A*= X* is compatible with <. O
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General conclusions and future research

In this thesis, we have extended the notion of clone relation of a strict order relation
to an arbitrary binary relation. Throughout this work, the basic properties of this
clone relation have been analysed. We have also proposed a partition of the clone
relation in terms of three different types of pairs of clones. One type of pairs of
clones leads to an antitransitive relation, while both the two other types of pairs of
clones lead to a transitive relation. This partition of the clone relation has not only
been an important tool in the proofs of this work, but it also helps to gain a deeper
understanding of the structure of the clone relation and it will be a key element in
future work. The clone relation of the three different types of disjoint union has
been characterized. We have investigated the most important properties of the
clonal sets of a given binary relation, as well as we have provided that the set of
all clonal sets of a binary relation is a complete lattice with the usual intersection
and a clonal closure union.

In this work, we have tackled and solved the general problem of characterizing
the L-tolerance and L-equivalence relations a given relation is compatible with.
To that end, we have expanded our knowledge on the clone relation of a relation
by studying two important subrelations of the partition of this clone relation,
informally described as reflexive related clones and irreflexive unrelated clones.
Also, we have studied the compatibility of a L-equivalence relations relation with
an order relation, and we have provided a representation of all fuzzy equivalence
relations compatible with a given order relation.

Future work is anticipated in multiple directions. First, we will extend the clone
relation of a binary relation to fuzzy relations. In this context, connections with
the field of fuzzy preference modelling, in particular the study of additive fuzzy
preference structures [28] [72], will be explored. Second, we will extend the clonal
set of binary relation to fuzzy clonal set. Third, the future work will be directed
towards the characterization of the L-tolerance and L-equivalence relations a given
L-relation is compatible with. This requires a lot of preparatory work, in particular
the proper generalization of the notion of clone relation from crisp relations to
L-relations.
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Résumé de la these en francais.

Le but principal de ce travail est d'analyser les propriétés de la relation clone et I'ensemble clonal d'une
relation binaire du c6té théorique, afin de résoudre le probléme général de caractérisation des relations L-
équivalence floues definies sur une residuated lattice une relation binaire donnée est compatible avec
(Le cote application). En outre, nous visons a fournir une représentation de toutes les relations L-
tolerence floues et L-équivalence floues sont compatibles avec une relation d'ordre donnée.

Dans cette thése, nous avons étendu la notion de relation clone d'une relation d'ordre stricte introduite
par De Baets et al. a une relation binaire arbitraire. Les propriétés basiques de cette relation de clone ont
été analysées. Nous avons également proposé une partition de la relation de clone en termes de trois types
différents de paires de clones. Un type de paires de clones conduit a une relation anti transitive, tandis que
les deux autres types de paires de clones conduisent a une relation transitive. Cette partition de la relation
de clone a non seulement été un outil important dans les preuves de ce travail, mais elle permet également
de mieux comprendre la structure de la relation de clone et ce sera un élément clé dans les travaux futurs
particulier dans I'étude des compatible des relations floues. La relation clone des trois types différents
d'union disjointe a été caractérisée. Dans ce travail, nous avons abordé et résolu le probléme général de la
caractérisation des relations L-équivalence, une relation donnée sont compatible avec. A cette fin, nous
avons développé nos connaissances sur la relation clone d'une relation en étudiant deux auxiliaires
importantes relations de la partition de cette relation de clone (clones liés réflexive et clones non reliés
non réflexive). En outre, nous avons étudié la compatibilité d'une relation L-équivalence avec une relation
d'ordre et nous avons fourni une représentation de toutes les relations L-équivalence floues compatibles
avec une relation d'ordre donnée. Enfin, des conclusions générales et des recherches futures sont tirées.
Mots clés: Relation binaire, relation d'ordre (stricte), relation de clone, ensemble clonal, union disjointe,
treillis complet, residuated lattice, T-norme, relation d'équivalence L-floue, relation de tolérance L-flou,
Opération de fermeture, compatibilité.



Abstract of the dissertation in English.

The main aim of this work is to analyze the properties of the clone relation and clonal set of a binary
relation on the theoretical side in order to solve the general problem of characterizing the L-fuzzy
equivalence relations defined on resituated lattice a given relation is compatible with (::the application
side). Also, we aim to provide a representation of all L-fuzzy equivalence relations compatible with a
given order relation.

In this thesis, we have extended the notion of clone relation of a strict order relation introduced by De
Baets et al. to an arbitrary binary relation. Throughout this work, the basic properties of this clone relation
have been analysed. We have also proposed a partition of the clone relation in terms of three different
types of pairs of clones. One type of pairs of clones leads to an antitransitive relation, while both the two
other types of pairs of clones lead to a transitive relation. This partition of the clone relation has not only
been an important tool in the proofs of this work, but it also helps to gain a deeper understanding of the
structure of the clone relation and it will be a key element in future work especially in the study of the
compatibility of fuzzy relations. . The clone relation of the three different types of disjoint union has been
characterized. In this work, we have tackled and solved the general problem of characterizing the L-
equivalence relations a given relation is compatible with. To that end, we have expanded our knowledge
on the clone relation of a relation by studying two important subrelations of the partition of this clone
relation, informally described as reflexive related clones and irreflexive unrelated clones. Also, we have
studied the compatibility of a L-equivalence relations relation with an order relation, and we have
provided a representation of all fuzzy equivalence relations compatible with a given order relation.
Finally, general conclusions and future research are drawn.

Keywords: Crisp relation, order (strict) relation, Clone relation, Clonal set, Disjoint union, Complete
lattice, residuated lattice, T-norm, L-fuzzy equivalence relation, L-fuzzy tolerance relation, Closure
operation, Compatibility.
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