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Abstract

This work investigates the regularizing effects of lower-order terms in nonlinear Dirichlet prob-

lems of the form:

{—div(qulp‘ZVu) +H(x,u,Vu) = f(x), inQ, "

u=0, on 0Q),
where Q c RN (N = 2) is a bounded domain, 1 < p < N, and f has poor summability. We demon-
strate how lower-order terms can enhance solution regularity, particularly when f € L!(Q) or other
Lebesgue spaces.

According to the work [8], this study focuses on four principal cases:

(A) For H(x,u,Vu) = ulu|"2, we establish existence of weak solutions in Wol’2 (Q) even when

fell(Q)

(B) With polynomial nonlinearities, we prove existence of distributional solutions in Wol’1 (Q) for

feLl"P@Q <psr)

(C) For gradient-dependent terms H(x, u,Vu) = ulul|” ~2|Vu|, we obtain solutions in WOI’I(Q) N

-1 1 N-1
L' (Q)when feL (Q)andl<rsm

(D) We compare these results with the semilinear case (p = 2), highlighting differences in regu-

larization mechanisms

The analysis employs a unified three-step approach: (1) approximation by regular problems, (2)
derivation of a priori estimates in WO1 s (Q), and (3) passage to the limit. Our results significantly ex-
tend previous work by demonstrating existence in borderline cases where the unperturbed prob-
lem (H = 0) admits no solutions. The findings have important implications for understanding
nonlinear elliptic equations with non-regular data.

Key words: Nonlinear Dirichlet problem, Existence, Regularity, Regularizing effects, Non-regular

data, W,"' (Q).



Résumé

Ce travail étudie les effets régularisants des termes d “ordre inférieur dans les problémes de Dirich-

let non linéaires de la forme :

2
u=0, on 09, ©)

{—div(IVuI”_ZVu) +H(x,u,Vu) = f(x), inQ,
ot Q c RN (N = 2) est un domaine borné, 1 < p < N, et f le terme source a une sommabilité lim-
itée. Nous montrons comment certains termes non linéaires d “ordre inférieur peuvent améliorer
la régularité des solutions, en particulier lorsque f € L'(Q) ou appartient 4 d“autres espaces de

Lebesgue.

En nous appuyant sur le cadre développé dans [8], nous considérons quatre cas représentatifs :

(A) Lorsque H(x,u, Vu) = ulul" "2, nous établissons"existence de solutions faibles dans W, *(Q)

, méme pour f € L'(Q)

(B) Pour des non-linéarités polynomiales, nous prouvons 1 existence de solutions distribution-

nelles dans WOM(Q), sous la condition f € L"'P(Q), avec 1 < p=r.

(C) Lorsque le terme d ordre inférieur dépend 4 la fois de la solution et de son gradient, ¢ est-a-

dire H(x, u,Vu) = ulu|"~2|Vul, nous obtenons des solutions dans 1"espace WOI'1 QNL1(Q),

N-1
N(p-1)°

pour des données f € L' (Q) et des exposants tels que 1 < r <

(D) Nous comparons ces résultats au cas semi-linéaire (p = 2), en mettant en évidence les dif-

férences fondamentales dans les mécanismes de régularisation.

Notre analyse suit une méthodologie unifiée en trois étapes :
1. Approximation par des problémes régularisés,
2. Obtention d“estimations a priori dans Wol’1 (Q),
3. Passage 4 lalimite 4 1"aide d "arguments de compacité et de semi-continuité inférieure.

Ces résultats étendent de maniére significative les travaux antérieurs en démontrant | existence de
solutions méme dans des cas limites, otle probléme non perturbé H = 0 n"admet aucune solution.
Ces travaux apportent un éclairage nouveau sur le réle des termes non linéaires d “ordre inférieur
dans I"amélioration de la régularité des équations elliptiques avec des données singuliéres.

mots-clés: Probléme de Dirichlet non linéaire, Existence, Régularité, Effets régularisants, Données

L 11
non réguliéres, W, (Q).
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List of Symbols

In what follows, we will use the following notations.

Rn

X

0Q

B(x,r)
O(a,r)
Sa(R™)

Euclidean, n-dimensional space.

Vecteur de R”?, x = (x1,X2,...,X,), X; ER, 1 <i < n.
Open set in R”.

The border of Q.

Open ball with center x and radius r > 0.
=QnB(a,r)={teQ:|t—al<r}.

={feLl (R"):pquf(r)—0forr—o0}.

loc

= ?clelgjl;(x,r) %dy <oo,Vr>0.
={veLP(Q): D%v e LP(Q) Ya € N" such that |a| < j}.

Sobolev space with 0 on 09).

Space of unlimited differentiable functions on Q with compact support.
The conjugate exponent of p.

:N—pp ; Sobolev conjugate.

N—
Is the set of functions in C*(Q) for all k.
The gradient of v.

Is the set of functions which have derivatives of order < k that are continuous in Q.



Introduction

In the study of nonlinear elliptic partial differential equations, understanding the analytic
properties of solutions becomes particularly important when dealing with irregular or extreme
data. This research highlights the crucial role of lower-order terms in enhancing solution regular-

ity, as these terms play a pivotal role in compensating for weak data summability.

This work focuses on analyzing boundary value problems of the form:

4)

~div(|VulP2Vu)+ H(x, u,Vu) = f(x), inQ;
u=0, on 0€);

where Q is a bounded ssubset in RV, N > 2, and f belongs to the class of weakly summable func-
tions. We investigate how the additional terms H(x, u, Vu) can improve the regularity of both the

solution u and its gradient Vu, compared to cases lacking such terms.

The problem (4) has been treated by [5, 6, 7, 8, 14], our aim to study the existence of solutions
belonging to Wol’1 (Q) even for irregular data, demonstrating the regularizing effect of additional
terms, we examine how polynomial and gradient-dependent terms enhance solution properties.
In addition we give illustrative examples demonstrating the effectiveness of these results for irreg-
ular data cases.

- The proofs rely on careful a priori estimates, truncation techniques, and compactness argu-
ments, leveraging tools from Sobolev spaces and nonlinear analysis. - The results highlight the
interplay between the structure of lower-order terms and the summability of data, demonstrating

how nonlinear terms can compensate for the lack of regularity in f.

This memory contains three chapters, The first chapter deals with some facts and difintions
on Sobolev spaces, Hilbert spaces, some of their properties, and further details on these spaces
because they also allows us to study the existence and regularity for our problem in Chapters 2 - 3.

We refer to [1],[12], [13], [16], [17], [18], [19],[22], and [3] for the theory of these spaces.

In the second chapter, we study Laplacian equation with Wol’2 (Q) solutions and p-Laplacian

equation WithWO1 P (Q) solutions as follow:



* (A): the Dirichlet problem:
—div(a(x)Du) +yulDu>=f, inQ y>0;
u=0, on 0Q;

with f(x) € L', According to [20], this problem has at least weak solution u € WOI’2 Q).

¢ (B): the Dirichlet problem:
AW +gx,u,Du)=f, in€;
u=0, on 0Q;

with f(x) € L' (Q), According to [13] , this problem has at least weak solution u € WO1 P (.

The Chapter 3 is devoted to studying the general case:

¢ (C): The case with polynomial lower order terms: We consider the problem:

—div(a(x,u,Vu) + g(x,u) = f(x), inQ;
u=0, on 0Q;
with
feLr(Q), l<psr.
Then, there exists u € WOI’1 () such that g(x, u) € L'(Q), which is a distributional solution as

mentioned in [7].

e (D): The case with gradient depending lower order terms: We take the following problem:

—div(a(x, u, Vi) + Aulu|""2|Vu| = f(x), inQ;
u=0, on 0Q;

where a: QxRxRY — RN satisfies classical hypotheses (see [21]); namely, a is a Carathéodory
function such that the following holds for almost every x € Q, for every s € R, for every
E£neRN:

a(x,s,6)¢ = all”,

la(x,s,&)| < BIEIP~, (5)

la(x,s,8) —alx, s,MI(c—n) >0,

where a, § are positive constants. Thus < is a pseudo-monotone (see [16]) and coercive dif-

ferential operator.

withf € LY(Q) and



Then, there exists u € WOI’1 (Q) N L""1(Q) such that

ulul"?|Vul e L1(Q),
which is a distributional solution as mentioned in [7] .

We highlight that all the results in Chapter 3 can be found in [7, 8]. Furthermore, some similar
works that employ a variety of techniques can be accessed by looking at[3], [5], and[6].

Tanking everything into account, this study provides a comprehensive analysis of how auxiliary
terms improve the properties of differential equation solutions, with special emphasis on critical
cases requiring careful handling of data regularity issues. The work bridges theoretical analysis
with practical applications, offering new insights into solving nonlinear elliptic equations under

minimal regularity assumptions.



Chapter 1

Fundamental properties of Sobolev spaces

In this chapter, we recall some facts and definitions on Sobolev spaces and present some of their
properties. For further details on Lebesgue and Sobolev spaces, we refer to [23], [24], [25], and [26].
We underline that Sobolev spaces constitute one of the most relevant functional settings for the

treatment of boundary value problems.

1.1 Carathéodory’s Function

The Carathéodory functions are used in solving problems in partial differential equations, so we

have the following definition:
Definition 1.1.1. /28] A function f (t, x) defined on
R:lt—7t|<a, |x-¢é|<b
is called a Carathéodory function if:
1. f(x,¢t) is continuous in t for almost every x
2. f(x,t) is measurable in x for every t
3. 1f(t,x)| < m(t) for some integrable function m(t)

Theorem 1.1.1 (Carathéodory’s Existence Theorem). /28] Under the above conditions, there exists

an absolutely continuous function u(t) satisfying:
u'(0) = f(t,u() a.e, uT)=¢
Remarks 1.1.1. A function a: Q x Rx RN — RN is called a Carathéodory function if
1. a(x,s,¢) is continuous in s, ¢ for almost every x

2. f(x,s,€) is measurable in x for every s,¢



1.2 The spaces W/”(Q) and W7 (Q)
Definition 1.2.1.

let 1 < p < oo, such that
LP(Q) = {f:Q — R; f measurable in addition [ |f|” < oo}
Note

= ([ 1ol as)’

L*(Q) = {f : Q — R; f measurable in addition 3C such that |f| <Ca.e}
Note

| £ ]| ooy = supess|£].
Definition 1.2.2.

Suppose 1 < p <oo. Then

Lp

loc

(Q) ={u: ue LP(K) for every compact subset K of Q},
e uislocally integrable in Qif u € L; ().

e Let u and v be locally integrable functions defined in Q2. We define vas the weak derivative

of u with respect to « if, for every ¢ € C3°(Q)
f uD%pdx = (-1)'% f vopdx.
Q Q
and we say that D%u = v in the weak sense.

* Let u and v be in Lf’oc(Q). We define v as the strong derivative of u with respect to « if, for
every compact subset K of , there exists a sequence {¢;} in C'I(K) such that ¢ j— uin

LP(K) and D% — v in LP(K).
Theorem 1.2.1.

If D%y = v and DPv = w in the weak sense then D%*Fy = w

in the weak sense.

Proof. lety € C(Q) and ¢ = DPy.Then

f uD*Pydx = (-1) f ¢vdx = (-1 f vDPydx = (1P f ywdx.
Q Q Q @

Definition 1.2.3.

Let u € C5°(R") be such that



1. suppu c B1(0) ,(recall that "supp" denotes the support of a function, and B;(c) denotes an

open ball of radius r and center c).
2. [ux)dx=1.

3. u(x)=0.
if € > 0 then we set (provided that the integral exists)

_A [,y
]gu(x)—gnfﬂu( - Ju(y)dy.

Jeu is called a mollifier of u. Note that if u is locally integrable in Q and if K is a compact subset

of Q then J.u € C*°(K) provided that € < dist(K,0Q).Suppose now that u € L;’OC(Q).
Jeu(x) = f Y ulx—ey)dy,
B (0)

soforp>1wehave(if%+%:1)

A 1
|Je ()] SfB o {ut{p}? lux—ey)ldy
1
s(f ({,u(y)}%)qu)%(f O lux—ep)Pdy)r.
B;(0) B1(0)

Hence |J.u(x)|P < [, B,0) PIu(x—ey)IPdy, and this trivially holds if p = 1 too. Integrating this, we

see that

fl]gu(x)l”def u(y)f lu(x—ey)|Pdxdy
K B, (0) K

5[ u(y)f lu(x)|”dxdy
B1(0) Ko

= | lux)|Pdx,
Ko

where Kj is a compact subset of O, K c Interior(Kp) and € < dist(K,0Kp) i.e. we have

I Jeullprxy < Nl pp k) - (1.1)
Lemma 1.2.1.
Ifue LfOC(Q) and K is a compct subset of Q then || Jou— ullpp(x) —0ase—0

Proof. Let Ky be a compact subset of Q where K c Interior(Kp) andlet e < dist(K,0Kp). Letd >0
and let w € C*°(Kp) be such that |u — wll;»g,, < 6. Then applying (1.1) to u — w, we get

IJeu—Jewl pp gy <96. (1.2)



However J, w(x) — w(x) = |, B0 () {w(x—ey) — w(x)} dy, and this goes to zero uniformly on K as

€ — 0. Hence, if € is sufficiently small, we have

IJew —wlip <6. (1.3)

Hence, by (1.2) and (1.3)
Weu—ullppgy < lw —ullpegy + e = Jewll pp ey + 1 Jew — wll pp gy < 306. (1.4)
Since § is arbitrary, || Jeu — ull px) — 0as e — 0. O

Theorem 1.2.2.

Suppose that u and v are in Lf’oc(Q). Then D%u = v in the weak sense if and only if D*u = v in the

strong L” (Q) sense.

Proof. Suppose that D%u = v. Let ¢ € Cg°(Q2) and let K = supp¢. Let € > 0 and take y € C'*(K) so

that ||y — ul| 4, <€ and | D%y - v, &, <. Then

<

qu“c/)dx—(—l)'“'f vpdx fu/D“(,bdx—(—l)lo"f GD%ydx
K K K K

+ -

f (u—y)D%pdx f(v—D“u/)(pdx
K K
= ”u_w”LP(K) ”Da¢||m(1<) 3 ” U_Daw”LP(K) ”(/’”Lq(lo

= 8(||Da¢||Lq(K) + ”‘»b”Lq(K))’

where ¢ is the conjugate exponent of p (if p = 1 then g = oo and if p > 1 then % + % =1). Buteis
arbitrary, so the LHS must be zero. So D*u = v in the weak sense.

Conversely, suppose that D“u = v in the weak sense and let K be a compact subset of Q. Then
Jeu e C*°(K) ife < dist(K,00) and we have for all x in K

X=y
€

D“]eu(x)z«e“”fQD?u( Yu(y)dy

:€_n(—1)|“|f D;‘,u(u)u(y)dy
Q &

_ X —
=€ "f pE=yvndy
Q £
= Jev(X).
ButbyLemma 121, ”]gu_ u”LP(K) — 0and ”Da]gu_ U”LP(K) = ”]gv_ U”LP(K) —0ase—0.

Thus D%u = v in the strong sense. O

Definition 1.2.4.

1/p
1. ||u||Hj,p(Q)=( Z ID“u(x)Ipdx) )

larl<j

2. CIP(Q) ={ueClQ): ulppq <oo}.



3. HI'P(Q) =completion of C/P(Q) with respect to the norm | | 5. ).

HJ'P(Q) is called a Sobolev space. We will encounter other such spaces as well. Recall that for
1 < p <oo, LP(Q) is the completion of C;°(Q2) with respect to the usual "p norm". This knowledge
allows us to see what members of H/?(Q).  Suppose that u,, is a Cauchy sequence in C/P(Q)
.Then for |a| < j, D%u,, is a Cauchy sequence in L”(Q). Hence, there are members u® of LP(Q)
such that D%u,,, — u® in LP(Q)) . Hence, according to our definition of strong derivatives, u° is in
LP(Q) and u® is the a strong derivative of u°. Hence we see that,

H'P(Q) ={ue LP(Q): uhas strong L”(Q) derivatives of order is less than or equals j in LP(Q)

and there exists a sequence u, in C/P(Q) such that D*u,, — D*uin LP(Q) } .
Definition 1.2.5.

WIP(Q)={ueLP(Q): D% e LP(Q) Ya € N" such that |a| < j}
Note

iy = lullrey + ). D] g (1.5)
lal=j

Lemma 1.2.2.

Let E cR" and let G be a collection of open sets U such that E c {{JU : U € G}. Then there exists a

family F of non-negative functions f € Cj° (R™) such that 0 < f(x) <1 and
(i) foreach f e F, there exists U € G such that suppf cU
(ii) if K c Eis compact then suppf N K is non-empty for only finitely many f € F,

(iii) ) f(x)=1foreachx€E,
feF

V) if G = {Q;,Q,,...} where each Q; is bounded and Q; c E then the family F of such functions
can be constructed so that F = {f}, f»,...} and suppfj cQ; .

The family of functions F is called a partition of unity subordinate to the cover G.
Theorem 1.2.3. (Meyers and Serrin, 1964) H)'P(Q) = W/P(Q).

Proof. We already know that H/'P (Q) ¢ W/P(Q).The opposite inclusion follows if we can show that
for every u € W/P and for every € > 0 we can find w € CJ'P such that for |a| < JH ID*w —D%ullpq) <
E.

Form=1let

. 1
Qm:{er:||x||<m ,dzst(x,aQ)>—}
m

andlet Qg = Q_; = @. let {y/,,} be the partition of unity of part (iv), Theorem (1.2.3) ,subordinate to

8



the cover {Qm+2 - ﬁm} .Each uvy,, is j times weakly differentiable and has support in Q2 Q.
.As in the "conversely" part of the proof of Theorem (1.2.2), we can pick Em>0s0 small that w,, =

Jem (U ) has support in Q43 — Q-1 and | wy, — uwm”W]p(Q) .Letw= Z w,, .This is a
m=1

C® function because on each set Q12 — Q,, we have w = Wyy_2 + Wy—1 + Wiy + Wms1 + Wyso.

Further.

D100l 50, = | 3 D=

LP(Q))

<

1”Doc(wm_ ”“:”m)”LP(Q)

£
m
12

= =E.

ﬁ[\/}gﬁ[\/}g

Remarks 1.2.1.
(i) The proof shows that in fact C*°(Q) n C/P(Q) is dense in W/'P(Q) .

(ii) Clearly members of C*°(Q) N C/'P(Q) are not necessarily continuous on Q) or even bounded
near Q2 . It would be very useful to have the knowledge that C*°(Q2) U C/'P (Q)
or C/(Q)u CI'P(Q) is also dense in WP (Q) .

Theorem 1.2.4.

If O has the segment property then the set of restrictions to Q of functions in Cj°(R") is dense in

wmP(Q) .
Theorem 1.2.5. Change of Variables and the Chain Rule.

Let V, Q be domains in R” and let T : V — Q be invertible. Suppose that T and T~! have contin-
uous, bounded derivatives of order is j . Then if u € W/P(Q)we have v = uo T € W/P(V) and the

derivatives of v are given by the chain rule.

Proof. Let y denote coordinates in Q and let x denote coordinates in V (y = T'(x)). If f € LP(Q)
then fo T € LP(V) because

f|foT|”dx:f|f|p]dys00nst.f |[fIPdy (1.6)
v Q Q

(Here J is the Jacobian of T71).

If ue WHP(Q), let {u,,} be a sequence in CiP Q) converging to u in WJP(Q) and set v,, = upo T .
By the chain rule, if |a| < j

D%y =Y (Dfuy)o TRy
B=a



Where the R, g are bounded terms involving T and its derivatives. But for |f] < j Dﬁu €
LP(Q) = (Dhuw) o T € LP(V) = (DB u) o TRy p € LP(V) since the Ry g are bounded.

Further,

Y (DY up—DBuyo TRy g
B=a

D%vy— Y (DYu)o TRy
B=a

LP(V) LP(V)
B, b
< ﬁga (Dyupm—Dyu)o TRep )
< const. Z (Dﬁum - Dﬁu) oT
B=<a Y g v
<const. ) (DPu,, - DPu
B=<a Y Yl

by (1.6). So (a =0 case), v, = v=wuoT in LP(V)and D{v,, — Z (Dgu) o TRy pin LP(V). This

B=a

shows that ve W/P(V) and D%v =) (Df u)o TRy p. O
P=a

Definition 1.2.6.
Woj P(Q) = { completion of C3°(Q) with respect to the norm | |y jp o}
Proposition 1.2.1. [26] Let Q) c RN be an open set. Then, the following statemente hold :

(i) Foreach1 < p < oo, W'P(Q) is a Banach space.
(i) Foreachl < p < oo, WLP(Q) is refelexive.

(iii) Foreach1 < p < oo, WV'P(Q) is a separable.

Proof.

(i) Let {u,},en be a Cauchy sequence in W'P(Q), with 1 < p < oo, Then, from (1.5) it follows that
{un}nen and {(un)xi}nezv ,with 1 =i < N, are Cauchy sequences in LP(Q) . Thus, since LP(Q) is a

Banach space, it follows that u, — n and (u,),, — g; in LP (Q) with u, g; € LP(Q) Therefore, since

f“n<l’xi :—fQ(un)xi(p Vo e C;°(Q).

Letting n — +oo
fuqox,. = —ngiq) Ve G
Therefore, we obtain that u € WhP(Q), uy; = gi and thus
N
lun = wllyiny = lun— ullppy + Zl |Un~gill 1) — 0

as desired.

10



(ii) Consider the space E = L”(Q) x LP(Q) which is reflexive since it is the product of reflexive
spaces. Set the operator T : W'P(Q) — E defined by Tu = (u,Vu) Then, T is an isometry, and
since WP (Q) is a Banach space, M = T (W7 (Q)) is a closed subspace of E since E is reflexive, Bg
is compact in the weak topology o (E, E*), and M is closed in the topology o (E, E*) Therefore, By
is compact in o (E,E*), and Therefore T (W7 (Q)) is reflexive .As a consequence, W' (Q) is also

reflexive .

(iii) Under the notation of (ii), and taking into account that E is separable, it follows that T’ (Wl’p (Q))

is separable and therefore W17 (Q) is also separable . O

Remarks 1.2.2.

(i) Saying that f € Woj P (Q)) is a generalized way of saying that f and its derivatives of order is
less than or equals j — 1 vanish on 9Q. e.g. WO1 P (Q) n W?P(Q) is a useful space for studying

solutions of the Dirichlet problem for second order elliptic PDE’s.

(ii) Cg Q) c Woj P (Q) because if f € Cg (Q), we know that if € is sufficiently small then
Jef € CP(Q) and J. f — fin| |y jpq) norm.

11



1.3 Extension Theorems

Most of the important Sobolev inequalities and embedding theorems that we will derive in the next
section are most easily derived for the space Woj P (Q) which can be viewed as being a subspace of

WP (R™).
Lemma 1.3.1.
Let ue€ R" and f € LP(R™). Set f5(x) = f(x+6u) . Then (lsirr(l)f(s = fin LP(R").

Proof. Given ¢ > 0, let ¢ € C5°(R") be such that ||f— (/)||L,,(Rn) < €. Since ¢s — ¢ uniformly on a

sufficiently large ball containing the supports of all ¢ (say, for 4 < 1), we can pick & so small that
”(lb - ()[)5 ”Lp(Rn) <¢e.Then

|f =15 ”LP([R") = ”f_()b”LP([R") * ||‘/’_¢5||LP(W) + ||(tb5_f5”LP(R") <3e.

Lemma 1.3.2.
LetR? = {x e R": x; > 0} .C®[R") n C/'P(R") is dense in W/P (R").

Proof. Suppose f is in W/'P(R") let € > 0 and pick ¢ € C®(R?) n C/'P(R")
sothat | D%¢ - D”‘f||Lp(R:,_) < eforall || < j.We take the vector of Lemma (1.3.1) to be u = (0,0,0,...,1)
and define functions y* € LP (R") as

D%p(x) ,x;>0
0 ,Xi <0

v (x) = {

Observe that for each § > 0 ,¢5 € C®(R"?) N C/'P(R?) . By Lemma (1.3.1), we can pick § > 0 so that,
forall jal< j,|w§—w* ||U,(W) < ¢. But this implies that | D*¢s — D“(/)”L,,(M) <e.
Hence

|D%ps - Daf”LP([Rz) = ||D%ps - Da(»b”LP([Rajf) +[ D% - Daf”LP(M) <2e.

Lemma 1.3.3.

There exists a linear mapping Ej : Wj’p(l]%ﬁ) — W P(R") such that Eof = finRY}
and HEof” wirgny < C ||f||Wj_,,(Rz) , where C depends on only n and p.

Proof. If f € C®(R",), define

fx) yXp 20
Epf(x) =1 /&

ZCkf(xl;xZ;---;xn—l,_kxn) ;xn<0

k=1

12



Where the constants ¢y are chosen so that Ey f (x) € C/ (R™) , i.e.

j+1
Y (k)™ =1, m=0,1,2,...,].
k=1

It is easy to check that there is a constant C depending on only n and p such that

|D“Eo f || 1y gny = C”Daf”LP(Rf)' (1.7)

If now f € W/P(R"), take a sequence f,, € C*°(R") n C/'P(R”?) converging to f in W/P(R") (we can
do this by Lemma 1.3.2). Then f;, is a Cauchy sequence and (1.7) implies that Ej f;,, is a Cauchy
sequence in W/”(R"). We denote the limitby Eo f . Since | D*Eq fin|| 1 gny < C|| D% fn ”L”(Rﬁ) taking
limits shows that f satisfies (1.7). |

Definition 1.3.1.

A domain Q is of class C™ if 0Q can be covered by bounded open sets Q; such that there are

mappings ¥ : Q; — B ,where B is the unit ball centered at the origin and
@) v;Q;nQ)=BnNRY
(i) v;(Q;nQ) =BNAR"
(i) ;e C™(Q))andy ;' € C™(B).
(Because of (iii), all derivatives of order is less than or equals m of ¥ ; and its inverse are bounded).
Theorem 1.3.1.

If Q is a bounded domain of class C" then there exists a bounded linear extension operator E :

WmP(Q) — WMP(R").
Definition 1.3.2.

A domain Q is said to satisfy the cone property if there exist positive constants « , i such that for

each x € Q) there exists a right spherical cone V, c Q with height /2 and opening a.

1.4 SobolevInequalities and Embedding Theorems

Theorem 1.4.1.

If O c R” satisfies the cone condition (with height & and opening « ) and if P > 1, mp > n then
W™P(Q) c Cg(Q) and there is a constant C depending on only a , h,n and p such that for all

ue WmP(Q),suplul<C leellwmp (-

13



Proof. Initially, suppose that u isin C™"(Q) .Let g € C*®(R) be such that g(f) = 1if t < % and g(t) =
0if £ =1.Let x € Q and let (r,0) denote polar coordinates centered at x. Here, 6 = (61,02,...,0,,—1)
denotes the angular coordinates and we can describe the cone with vertex x in polar coordinates

as Vy ={(r,0):0<r < h,0 € A} .Clearly, we have

h o r
u(x):—f0 E{g(ﬁ)u(n@)}dr
_ (_l)m h M1 am
= (m—l)!fo r P m{g( Yu(r, 9)}dr,

After m — 1 integrations by parts. Next, we integrate with respect to the angular measure d Sg ,not-

ing that the left-hand-side becomes a constant times u(x).
u(x)—cff g( )u(r 6)}drng

_Cff g( )u(r,e)} "~LirdSy
o

b m—-n

_fvxr P m{g( )u(r@)}dV

Applying Holder’s inequality to this, we obtain

lu)| <c|rm"

S a0}

sc¢ ” rm_n”Lq(Vx) | u”WmvP(Q).

”L‘i(Vx) .
X

But 1™ "isin LY(Vy) if n—1+(m—-n)qg > -1, which is the case because g = ;= £

; and mp > n Thus,
we obtain sup |u| < Cllullwmprq) - To extend this result to arbitrary u € W "’(Q),take a sequence
{uy} of functions in CmP(Q) converging to u in the | |yympq) norm.

Thensup |uj—ui| < C || uj showing that the sequence is a Cauchy sequence in Cg(Q).

= k|l ymp(y
Thus u is in Cp(€) and taking the limit of sup |u;| < C || 1|, m» o,shows that u satisfies the same

inequality. O
Corollary 1.4.1.

If Q c R" satisfies the cone condition (with height & and opening a ) and if p > 1,(m—-k)p > n
then WP (Q) c Cg (Q)and there is a constant C depending on only &, &, n, k and p such that for
all ue Wm’p(Q) sup IDauI <C ” I/L” wWmp(Q) -

lal<k

Theorem 1.4.2.

If Q c R" is any domain and p > n then WO1 PQ) < CO(Q)), where @ = 1 - % and there exists a

constant C depending on only p and n such that for all u € WO1 P ()

[u(x) = u(y)l - L
——=<C D; .
”x_y”a i:zi” il r
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Theorem 1.4.3.

If Q cR" is any domain and p < n then W’ VP (Q) < L' (Q) where r = p P and there exists a constant

C depending on only p and n such thatforall u € W0 P
n
lllzriy < C Y IDsullpqy) -
i=1

Remark 1.4.1.

Suppose that a,b =0 and 1 < p, g < oo in addition % -+ % = 1, the Young inequality is expressed by

P pd
ab< + 2
2

which is more general than the previous one

(ag)” (%)q
< + =
p

daP + C(6)b1.

foralld = &
Remark 1.4.2.

¢ [Pi j — 1,1, 1 i _
Suppose that u; € L1(Q),i = (1,2,3,...,m) and pl+p2+p3+...+pm_l.

The Holder’s inequality is expressed by

f luupus... umldx < luyll ey ) luzllzrz @) - - - N mll Lom ) (1.8)
Q

Proof. of Theorem1.4.3 It suffices to prove the result for u € Cé (R™). First we prove the result for
the case p = 1. For each i we have
Xi o0
Iu(x)lsf IDiuIdxiSf |D;uldx;.
—0o0 —00

Multiplying these n inequalities together and taking the n — 1 the root gives

1
1

lu(x)| T ]‘[ (foo |Dl~u|dx,-)n_ (1.9)

o0

Observe that f |D;x|dx; does not depend on x; , but it does depend on all n —1 of the remain-
—00

ing variables. We integrate each side of (1.9) with respect to x; and use the generalized Holder

inequality with p; = m = n—1 to obtain

1

1
o0 n oo 71 foo nh oo L
f lu("Tdx; < (f |D1u|dx1) 1 f [ (f |DiU|dXi) “dx
T oo —00 =2
S N -
= (f |D1M|dx1) Il (f ID,-uldxidxl) )

—00 i=2

|_

N
,_.
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The RHS is still a product of n — 1 functions of x, , so we integrate each side with respect to x»,

again applying (1.8) with p; = m = n — 1.Continuing in this manner, we finally obtain

1
n n-1
f lu(x)|»1dx < (H ID,-uIdx)
R R

i.e.

n %
Ln TR — l:ll |D;uldx

<

1 n

— Z |Di uldx

n :

Here we have used the fact that an arithmetic mean is no less than a geometric mean of the same

numbers. This proves the result for the case p = 1.

For p>1,lety= ('Z__l;p 1+ 22 1) ,Since y > 1 and u € C} (R") , it follows that |u|" € C}(R").

n-—1 n(p=1)
Dilul" = ﬂlul nr (£Dju).
We apply the p =1 case to |u|” and obtain

n-=1

B 1
U |u|npdx) =)y — BP0y 55 | Dyul dx

lln R nN—Pp

p-1
(n 1) (p=1) _p_ 7 |
n(n 5) Z( (|u| n—P M ldx) I D;ull rpwm)
-1
_(n-1) p &
 TE p) Iul” P dx | Diull pwm
Hence e
a2 e (n—1)
( RnlUl"Pd}C) < nn _’Z Z IIDlulle(Rn)
which is the desired result. As usual, to obtain the same result for a function u € WO1 PQ),we just
take a sequence of functions in Cé (R™) converging to u. O
Remark 1.4.3.

WO1 P (Q) < L7 (Q),where r is given above. But obviously WO1 P (Q) < LP(Q),s0 by the following inter-
polation lemma, WO1 P (Q) c L9(Q) for all g satisfying p < g < r. If Q is bounded then clearly this
holds for all g satisfyingl<g<r.

Lemmal.4.l. Ifs<g<rand¢pe L (QnNL(Q), thenpe L1(Q) and

[ P e ey et

s(r—q)
q(r—s)°

where 1 =
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Corollary 1.4.2.
For every domain Q in R” there exists a constant C depending on only n and p such that

(i) if kp < nthen Wok’p(Q) c Lnf_l];p (Q) and for each u € Wok'p(Q)

lull < Cllullykp
Ln—kp(Q) w @

(ii) if kp > n then Wok’p (Q) € C™%(Q) , where m is the integer satisfying 0 < k— m — % <1and

a=k-m- % . Further, if u € Wok’p (Q) then
[ u”cm,a(g) =ClI u”wkyp(g) .

Remarks 1.4.1.

(@) Ifkp=nand p>1then Wok’p(Q) c L9(Q) for all g satisfying p < g < o0
k-1,
(i) fkp>n,p>1and % is an integer then Wok’p @Qcw, ” q(Q) for all g satisfying p < g < co.
(iii) fkp>nand p=1(so % is obviously an integer) then Wok'p Q) c CE‘”(Q).

Corollary 1.4.3.

IfQisabounded C' domain in R” (or any other domain such that there exists a bounded extension
operator E: WYP(Q) — WP (R™) then the statements concerning the spaces Wok’p (Q) in Corollary
(1.4.2) and in the remark following the corollary also apply to the spaces W*P(Q)). However, the

constant C may also depend on Q.

Proof. The cases for k =1 dealt with in Theorems (1.4.2) and (1.4.3) are easily seen to have their
counterparts here because of the extension operator. Inspection of the proof of Corollary (1.4.2)
shows how the results for k > 1 may be derived from the results for k = 1 without any additional

assumptions on the domain. O
Definition 1.4.1.

Let A and B be Banach spaces. If A c B, we say that A is continuously imbedded in B ((in symbols,

this is written A — B) if there is a constant C such that | x|z < C | x]| 4.

The theorems in this section provide examples of Embeddings and are called Sobolev Embedding

ﬂ
Theorems.e.g. Wol’p(Q) — L7 (Q) for p > n.

It is easy to see that A — B is equivalent to the identity mapping from A into B being continuous.

17



1.5 Compactness Theorems

Lemma 1.5.1.

Suppose that Q is a bounded domain. If
1. 0< A <1 then C™*(Q)) is compactly imbedded in C"*(Q).
2. 0<v < A<1then C"™*(Q) is compactly embedded in C™"(Q) .

Proof. Tt suffices to prove the results for m = 0 because, once this is done, we can apply this case

to the derivatives of the functions and deduce the result for general m. Let {fj} be a sequence in
0,4 (¢ .

C%*(Q) such that || f; oL@y

sequence is a bounded, equicontinuous set of functions. By the Arzela-Ascoli Theorem, there ex-

< M. But this implies | fj(x) = fj(y)| = M ||x - y||/1 , showing that the
ists a subsequence {fjx} that converges in C(Q). Thus C®*(Q2) is compactly imbedded in C(<).

We show below that the same subsequence also converges in C*¥(Q). Suppose that 1 € C*(Q).

Then

ly(x) =y (I
[wlo, =sup
’ IS
(xX) =y (y) iy
|- y||

= ([y],,) " (maxy])'*

We apply this to fjx — fjr , noting that [fjx — fjrloa < [fjxloa + [fjrloa = 2M, and obtain

[fik = firly,, <2M7A(max| fje - firD' 7,

showing that the subsequence is a Cauchy sequence in C*¥(Q)) (because it converges in C(Q)).

Thus the subsequence converges in C%" (Q). O
Corollary 1.5.1.

If Qisbounded, kp>nand0< k—m— % <1 then Wok'p (Q) is compactly embedded in C™#(Q)) if

n
p<k-m-12.

Proof. Leta=k-m-2 Then Wkp Q) — C™%(Q) — C™F(Q),and the second, Embedding is

compact. O
Corollary 1.5.2.

IfQ isabounded C! domain (or any other domain for which there is a bounded extension operator
E:W'P(Q) — W'P(R"),Kp>nand0< k—m— £ <1then WkP (Q)is compactly imbedded in

C’"ﬁ( )zf,B<k m-1.
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Proof. Let ¢ € C3°(R") be such that supp ¢ is contained in some ball B containing Q

and ¢ = 1 on Q.Then we can define E: WP (Q) — W, " (B) by E (f) = ¢E (f).

By Corollary (1.5.1),W01 P (B) is compactly embedded in C%#(B).Hence W'?(Q)is compactly em-
bedded in C%F(Q).The result for general k can be deduced from the k = 1 case by considering
derivatives of the functions (as in the proof of Corollary (1.4.2) (b), deduce that if u € WP (Q) and
|Bl = m then DPu e W"Ta (Q),which is contained in C%%(Q2)). O

Definition 1.5.1.

A subset E of a metric space is said to be totally bounded if Ve > 0, E can be covered by finitely

many balls of radius € .
Theorem 1.5.1.

Let E be a subset of a complete metric space X. Then the following statements are equivalent.
(i) Eis compact.
(ii) Everysequence in E has a convergent subsequence.

(iii) E is totally bounded.

Theorem 1.5.2.

if Q is bounded and p < n, then Wol'p Q) — L9(Q) forall g = nnTpp.

Proof. Consider first the case g = 1. Let A be a bounded set in WO1 P (). We may consider the
members of A as members of WP (R")with supports contained in Q. let Ay ={Jpu: uc Al.Note

that we have

Jhu(x)l<h” f )Iu(Z)Idz<h "(maxp) [l ull 1 q)

and

Dol <7 [ i (*25) [lu@ldz < 17 maxiDiph el

Since Q is bounded, || ull1(q) < const. ||ullzpq) . The inequalities above show that A, is a bounded
equicontinuous set of functions in C(Q). By the Arzela-Ascoli Theorem, every sequence in Ay, has
a subsequence that converges in C Q). Obviously, such subsequences also converge in L'(Q), so

we see that Ay, is totally bounded in LY(Q).

If ue Athen

u(x) — Jpu(x) zf p(2)(u(x) — u(x—hz))dz

|z|]<1

izl g
:f p(z)f ——u(x—ri) drdz.
lzl<1 0 or Izl
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Thus el
() - Tpu(o)| < f 0(2) f y
|z|]<1 0 i=1

Integrating this with respect to x, we find

flu(x)—]hu(x)ldxsf |Diu ( —r—)
Q lzl<1 |zl

hlzl
:f p(z)f Zf |D;ju(x)|dxdrdz
|z|]<1 0 i=1JQ

n
=f p@hlzl)_ | IDju(x)ldxdz
lz|<1 i=1JQ

Diu( — rﬂ)‘drdz

hlzl n
dxdrdz

(1.10)

n

<h) | IDju(x)ldx
i=1/€

< hB,

Where B is a constant depending on our bound of members of A in WO1 P Q.

Let € > 0. Since Ah is totally bounded in L' (Q), we can cover Ay, by a finite number of balls B; of
radlus .Leth= .By (1.10), if J,u € B; ,then u is contained in a ball of radius € centered at the
center of B;. Thus, A is covered by a finite number of balls of radius €. i.e. A is totally bounded in

L' (Q). Thus WO1 P(Q)is compactly imbedded in L' Q).

Suppose ¢ € Wl'p (Q). Then ¢ € L"% (Q) by Theorem 1.4.3 and we get from Lemma 1.4.1
(w1ths— land r = —) that

Pl Y e e

L” p(Q)

1-1
1 n
<Cleltio (£ 100l
1=

Now let {u;,} be a bounded sequence in Wol’p (Q) and assume || um”WI,p(Q) < M.Since Wol’p (Q) is
0

compactly imbedded in L! (Q2), we can extract a subsequence {u,,} that converges in L! (Q).

Applying the inequality above to u, — U, ,noting that H Um; — Uy WP Q) <2M,
0
We obtain
A
— < —
” Umy kllra) ~ const. H Ump = Wmpe|| 1)

showing that the subsequence is a Cauchy sequence in LY (Q). Hence the subsequence converges

in L9 (Q) and WO1 PQ)is compactly imbedded in L7 (Q). O

Corollary 1.5.3.

If kp < nand Q is bounded then W’ kop (Q) is compactly imbedded in L7 (Q) for all g < 5= k 5

LL
Proof. Wok'p (Q) is continuously imbedded in W, =*=DP (), which is compactly imbedded in L9 (Q2)
ifg< nfzp ,by Theorem (1.5.2). O
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Corollary 1.5.4.
The same compactness results hold for wkrP Q) if Q is a bounded, C! domain (or any other type

of bounded domain for which there is an extension operator E: wbp(Q) — wbhP (R").

1.6 Interpolation Results

The following results are very useful in PDE theory. We make use of Theorem 1.6.1 in our proof of

Garding’s Inequality in our study of elliptic problems.
Theorem 1.6.1.

Letue Wok’p (Q).Then for any £ >0 and any 0 < |B| < k
; B
[DPu),, g < ENulliven+ CeFP Ul

Where C is a constant depending only on k.

Proof. We prove the result for || = 1, k = 2. The general result is easily obtained from this case by

induction. In fact, we show that for each i

First suppose that u € Cg (R) and consider an interval (a, b) oflength b—a=¢. If y € (a, “T”) and

0%u
dxl?

ou

> =€
axi

72
+?”””LV (1.11)

Lp

LpP

ZE€E (%, b), then by the Mean Value Theorem there is a p € (a, b) such that

u(z) —u(y)
2=y

W' (p)|=

3
<= (1u@I+1u))

Consequently, for every x € (a, b), we obtain

3 b
lu' (x)| = SE(Iu(Z)|+|u(y)|)+f lu" (p)ldzt.

a

X
u'(p) +f u"(ndt
p

Integrating with respect to y and z over the intervals (a, “T”) and (%, b) respectively, we obtain

/ b 2 ]'8 b
|u(x)|sf |u (t)|dt+?f lu()|dt,
a a

so by Holder’s inequality and the inequality (A + B)? < 2P~1(AP 4+ BP),

b p
[ e
S b » b p-1 (18)P [ P ) b p-1
<2 |u"(0)|" dr ldt|  +— lu(n|P dt 1dt

b p rb
=2p~! e”‘lf |u"(t)|pdt+(18) f Iu(t)lpdt).
a a

gp+1

b p p
|t/ (0|7 <2P! (fa |u”(t)|dz‘) Jg
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Integrating this with respect to x over the interval (a, b) gives

b b p rb
f|u’(x)|pdx:2p_1(£pf |u”(t)|pdt+(1£8; f |u(t)|Pdt).

We now subdivide R into intervals of length € and obtain by adding all of these inequalities that

e} (o] p [e]
f |u'(x)|pdx52”_l(£pf |u”(t)|pdt+(1€8:f Iu(t)lpdt). (1.12)

Suppose now that u € Cg° (R™) . Then we can apply (1.12) to u regarded as a function of x; and

integrate with respect to the remaining variables to obtain

p
f dx<2P! spf
R" R

Taking the pth root of this and using (AP + BP)!/P < A+ B, we obtain (1.11). (Actually, we don’t quite

p
dx+

ou

axi

o

Oxl?

(18)P
epP

Iulpdx)
[RVI

obtain (1.11). We actually obtain the inequality (1.11) for 2¢ instead of € . But since ¢ is an arbitrary
positive constant, (1.11) holds). Finally, to obtain the result for u € W (Q) , we take a sequence of

functions in C3° converging to u. i
Corollary 1.6.1.

The interpolation inequality stated in Theorem 1.6.1 also applies to members of W*P(Q), provided
that Q is a bounded C? domain (or any other domain for which there is a bounded extension

operator E : WP (Q) — W?P(R"). Here the constant C may also depend on p and €.

Proof. Because of the extension operator, an inequality of the form (1.11) holds for functions in
W2P(Q). O

The Spaces H™(Q2) and H"(Q)

The following abstract theorem is a flexible tool for generating Sobolev Spaces. The ingredients of

the construction are:
(i) The space D'(Q;R"™), in particular, for n =1, D' (Q).
(ii) Two Hilbert spaces H and Z with Z — D'(Q;R") for some n = 1. In particular

v, —vinZ implies v, — vin D' (Q;R™). (1.13)

(iii) Alinear continuous operator L: H — D'(;R") (such as a gradient or a divergence).
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Theorem 1.6.2.

Define
W={veH:Lve Z}

and

(u,V)w =W, v)g + (Lu, Lv) 7. (1.14)

Then W is a Hilbert space with inner product given by (1.14). The embedding of W in H is contin-

uous and the restriction of L to W is continuous from W into ~Z.

Proof. Thus W is an inner-product space. It remains to check its completeness. Let {vi} be a

Cauchy sequence in W. We must show that there exists v € H such that
vy — vin H

and

Lvi,— Lvin Z.

Observe that {vy} and {Lv} are Cauchy sequences in H and Z, respectively. Thus, there exist v € H
and z € Zsuch that

vy — vin Hand Ly, — zin Z.

The continuity of L and (1.13) yield
Lvy — Lvin D'(Q;R™andLv;, — z in D' (Q;R").
Since the limit of a sequence in D’(Q;R") is unique, we infer that Lv = z. Therefore
Lvi,— LvinZ

and W is a Hilbert space.

The continuity of the embedding W < H follows from
Il g < llullw
while the continuity of Ly : W — Z follows from

ILullz < llullw .
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The space H!(Q)
Let Q € R" be a domain. Choose in Theorem 1.6.2:
H=1*(Q),Z=L*(QR") — D' (O;R")

and L: H— D' (Q;R"™)given by
L=V

where the gradient is considered in the sense of distributions. Then, W is the Sobolev space of the
functions in L2(Q), whose first derivatives in the sense of distributions are functions in L2(Q). For

this space we use the symbol H 1(Q). Thus:
H'(Q) ={ve*(Q):Vve L*(Q;RM}.
In other words, if v € H'(Q), every partial derivative d,, v is a function v; € L?(Q). This means that

(0x,0,0) == (1,0,0) 12 (Q) = (vi,9) 2 (Q), VpeDQ)

Or, more explicitly,

fv(x)@xiqo(x)dx:—f vi(x)px)dx, Yee D).
Q Q

In many applied situations, the Dirichlet integral
[wor
Q

represents an energy. The functions in H!(Q) are therefore associated with configurations having

finite energy. From Theorem 1.6.2 and the separability of L%(Q), we have:
Proposition 1.6.1.
HY(Q) is a separable Hilbert space, continuously embedded in [2(Q). The gradient operator is

continuous from H!(Q) into L2(Q;R™).

The inner product and the norm in H LQ) are given, respectively, by

(u, V)HI(Q):f uvdx+f VuVvdxand IIullip(m:f uzdx+f IVul®dx.
Q Q Q Q
Exemple 1.6.1.

Let Q = By2(0) = {x€R?:|x| < 1/2} and u(x) = (-loglx)% x # O. We have, using polar coordi-

nates,
1/2

f uzdx:an (—logr)*@rdr < oo, for everya € R,
By/2(0) 0
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so that u € L?(B;/2(0)) for every a € R. Also:
_ -2 a-1 . _
Uy, = —ax;|x|"“(=log|xD",i=1,2

and therefore

IVul =|a(-loglx)® | 1xI~".
Using polar coordinates, we get
1/2
f IVul*dx = Znazf llogr|**~*r~tdr.
B1/2(0) 0

This integral is finite only if 2 —2a > 1 or a < 1/2. In particular, Vu represents the gradient of u in
the sense of distribution as well. We conclude that u € H!(B;(0)) only if a < 1/2. We point out that

when a > 0, u is unbounded near 0.
Proposition 1.6.2.

Let ue L?(a,b) . Then ue H'(a, b) if and only if © is continuous in [a, b] and there exists
w € [2(a, b) such that
y
u(y) = u(x) +f w(s)ds, Vx,y € la,Db]. (1.15)
X

Also u' = w

Proof. Assume that u is continuous in [a, b] and that (1.15) holds with w € [%(a,b). Choose x = a.

Replacing, if necessary, u by u — u(a), we may assume u(a) = 0, so that
y
u(y) :f w(s)ds, Vx,y € la,Db].
a

Let ¢ € D(a, b). We have:

b
(U, 0)=—(u¢')= —f u(s)@'(s)ds

a

b1 rb
:—f f w(t)dt] @' (s)ds
a LJa

by pb
:—f f(p'(s)ds

b
:f pwt)dt={w,p).

w(tdt

Thus v/ = w in D'(a, b) and therefore u € H'(a, b). From the Lebesgue Differentiation Theorem we

deduce that #’ = w a.e. as well. Viceversa, let u € H' (a, b). Define
X
v(x) :f u'(s)ds, x€[a,b). (1.16)
a
The function v is continuous in [a, b] and the above proof shows that v’ = v’ in D' (a, b).
u=v+0C, CeR,
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and therefore u is continuous in [a, b] as well. Moreover, (1.16) yields

y
u(y) —u(x) = v(y) - v(x) :f u'(s)ds

X

which is (1.15). O

Since a function u € H' (a, b) is continuous in [a, b], the value u(xo) at every point xy € [a, b] makes
perfect sense. In particular the trace of u at the end points of the interval is given by the values

u(a) and u(b).

The space H; (Q)
Let Q € R" be a domain. We study an important subspace of H! (Q).
Definition 1.6.1.

We denote by H& (Q) the closure of D(Q) in H' (Q).

Thusu e H& (Q) if and only if there exists a sequence {(p k} c D(Q) such that oy — uin H 1(Q), that
is, such that both ||(pk — u||L2(Q) —0and ||V(pk — Vu”LZ(Q,Rn) —0as k— oo.

Since the test functions in D(Q2) have zero trace on 0Q2, every u € H& (Q) inherits this property and
it is reasonable to consider the elements H& (Q) as the functions in H!(Q) with zero trace on 9.

Clearly, H& (Q) is a Hilbert subspace of H LQ).

An important property that holds in Hé (Q), particularly useful in the solution of boundary value
problems, is expressed by the following inequality of Poincaré. Recall that the diameter of a set Q
is given by

diam(Q) = sup |x—yl.
x,y€Q

Theorem 1.6.3.

Let Q c R" be a bounded domain. There exists a positive constant Cp (a Poincaré’s constant)

depending only on n and diam()), such that, for every u € Hé (Q),
||u||L2(Q) = Cp ”Vu”LZ(Q;[Rn)- (1.17)

Proof. We use a strategy which is rather common for proving formulas in H& (Q). First, we prove
the formula for v € D(Q); then, if u € H& (Q2), we select a sequence vk < D(Q2) converging to u in

the H'(Q) norm as k — oo, that is

” vk - uIle(Q) d O, ||Vvk_vu”L2(Q;Rn) -0
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In particular

I Uk”LZ(Q) - ||u||L2(Q) ’ ”vvk”LZ(Q;[Rn) - ”vu”LZ(Q;Rn)

Since (1.17) holds for every vy, we have

” Uk”LZ(Q) < Cp ”V vk”LZ(Q;R”)

Letting k — oo we obtain (1.17) for u. Thus, it is enough to prove (1.17) for v € D(Q2). Assume
without loss of generality that 0 € Q, and set r)rcleaglxl < M = diam(Q) < oco. Applying the Gauss
Divergence Theorem, we can write

deiv(vzx)dx:O, (1.18)

Since v = 0 on Q. Now,

div(v?x) =2vVv-x+ nv?

2 %)
f dx:——f vVv-xdx
Q nJao

Since Q is bounded, using Schwarz’s inequality, we get

2 oM 1/2 1/2
fvzdx:—lf vVv~xdx|S—(f vzdx) (f IVvlzdx)
Q n Jo n Q Q

Simplifying, it follows that

So that (1.18) yields

| U||L2(Q) <CplV U”LZ(Q;[RH)

with Cp = %4 Inequality (1.17) implies thatin H& (Q) the norm || ul 1) is equivalent to |Vl ;2q.gny . Indeed

ey = /Nl (@) + IV ull?, (@R
and from (1.17),
”Vu”LZ(Q;[Rn) < ” u”Hl(Q) < \/ Czp +1 ||vu||L2(Q;Rn)
Unless explicitly stated, we will choose in H& (Q)
(u, U)Hé(Q) = (Vu, VU)LZ(Q;Rn) and ” u”H&(Q) = |Ivu”L2(Q;Rn)

as inner product and norm, respectively.
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The dual of H; (Q)

In the applications of the Lax-Milgram theorem to boundary value problems, the dual of H ()

plays an important role. In fact it deserves a special symbol.
Definition 1.6.2.

We denote by H™!(Q) the dual of H} (Q) with the norm
IFN g1y = sup{|Fv| :ve Hy(Q), Vi) < 1}_

The first thing to observe is that, since D(Q) is dense (by definition) and continuously embedded

in H& Q),H Q) isa space of distributions. This means two things:

(@) If Fe H 1(Q), its restriction to D(Q) is a distribution.

(b) If EGe H1(Q) and Fp = G for every ¢ € D(Q), then F = G.

To prove (a) it is enough to note that if ¢ — ¢ in D(Q), then @k — @in HO1 (Q) as well, and
therefore Fpok — F¢ Thus F € D(Q). To prove (a) let u € Hé (Q) and ¢ — u in Hé (Q), with
@k € D(Q). Then, since Fpy = G@j, we may write

Fu= lim F¢r= lim G¢r=G
h—+00

h—+oo

whence F = G.
Thus, H(Q) is in one-to-one correspondence with a subspace of D'(Q) and in this sense we
will write H™1(Q) ¢ D'(Q) . Which distributions belong to H~!(Q)? The following theorem gives a

satisfactory answer.
Theorem 1.6.4.

H'(Q) is the set of distributions of the form
F=fo+divf (1.19)

where fj € [2(Q) and =01, e L%(Q;R™). Moreover:

1EN 10 = {CP | foll 20y + ”f”LZ(Q;[R")}- (1.20)

Proof. Let F € H }(Q). From Riesz’s Representation Theorem, there exists a unique u € H(} Q)
such that
(u, V) g1y = Fv, Yve Hy(Q)

Since

(u, U)H(}(Q) =(Vu,Vv) 2 qrny = —{divVu, v)
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in D'(Q) , it follows that (1.19) holds with fy =0 and f = —Vu. Moreover,

I Fll 1) = ||””H5(Q) = ”f”LZ(Q;[R”)

Viceversa, let F = fy +divf, with fy € [2(Q) and f= L2(Q;R™) . Then F € D'(Q) and,

letting (F, v) = Fv, we have,
Fv :f fovdx+f f-Vvdx, Yve D)
Q Q
From the Schwarz and Poincaré inequalities, we have

|Fvl = {CP 1 o]l 2 + ”f”L?(Q;Rn)} 1ol 2 oy - (1.21)

Thus, F is continuous in the H&—norm. It remains to show that F has a unique continuous exten-

sion to all H; (Q) . Take u € Hy(Q) and {vx} < D(Q) such that [|v; — ull g1 (- Then, (1.21) yields

|Fvi— Fopl < {CP ||f0||L2(Q) + ”f”LZ(Q;[RZ”)} Ik = Vh”Hé(Q)

Therefore {Fvy} is a Cauchy sequence in R and converges to a limit we may denote by Fu, which

is independent of the sequence approximating u, as it is not difficult to check. Finally, since
|Ful = lim |Fug| and lull g1 o) = Hm Vel 1
b it Hy(@ = = VERIHG (@)

from (1.21) we get:
|Ful = {CP | 7ol 2y + ”f”LZ(Q;W)} lull o
showing that F € H}(Q). O
Theorem 1.6.5.
says that the elements of H~!(Q) are represented by a linear combination of functions in L?((Q)

and their first derivatives (in the sense of distributions). In particular, L?(Q) — H~1(Q).

The spaces H"(Q2),m > 1

By involving higher order derivatives, we may construct new Sobolev spaces. Let N be the number

n
of multi-indexes a = (a1, -, @) such that |a| = Z a; < m. Choose in Theorem (1.6.2)
i=1

H=1?Q), Z=IL*QRY)cD'QRY),
and L: [2(Q) — D'(Q;R") given by
Lv={D" V}Ialsm'

Then W is the Sobolev space of the functions in L?(Q), whose derivatives (in the sense of distribu-
tions) up to order m included, are functions in L?(€2). For this space we use the symbol H™(Q).
Thus:

H™Q)={vel*: D% e [*(Q), Va<m}.
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From Theorem (1.6.2) and the separability of L?(Q), we deduce:
Proposition 1.6.3.

H™(Q) is a separable Hilbert space, continuously embedded in L?(Q). The operators D%, |a| < m,
are continuous from H(Q) into L?(Q).

The inner product and the norm in H™(Q) are given, respectively, by

(u, V)gm) = Z D*uD%vdx.

la|l=smvQ

and
Ll |D“u|2dx.

lal<m
If ue H™(Q), any derivative of u of order k < m
belongs to H™%(Q) and H™(Q) — H™ *(Q), k= 1.
Trace Theorems In the following results, a vector x in R” is denoted by x = (x',x,) , where x’

belongs to R"!,

Lemma 1.6.1.

If ue WHH(R™) , then for every { € R, the function v(x) = u(x/,{) is in L' (R""!) , and
IVl 1 gn-1) < lull 1 gny + 1Dy ull 1 gny

Proof. It suffices to prove the result for the case { = 0 and u € C;°(R"). By the Mean Value Theorem

1
f f |u(x’,xn)|dx’dxn:f lux',0)| dx’'
0 [Rn—l [Rn—l

for integrals

for some o € [0, 1]. But
o
lu(x',0)| = lu(x’,0) —f Dpu(x', n)dt|
0
1
< |u(x',0)|+f |D,u(x',t)|dt.
0
Integrating this over R"~! gives

1
vl en-1y < lu(x’,0)|ldx' + |D,u(x', t)\dtdx'
L (R ) Rn—l n—1 0

1 1
:f f |u(x’,a)|dx’dt+f f D u(x',t)|dtdx’.
0 Rn—l Rn—l 0
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Lemma 1.6.2.

If u e WHP(R") where p < n, then for every { € R, the function v(x') = u(x’,{) isin L" (R""1), where

_ (n-1p 14 np-1)
n—-p n—p

and there is a constant C depending on only n and p such that
l U”Lr (R-1) = C”ullwl P(RM) -

Proof. We can assume that p > 1 because the p =1 case is dealt with in the previous lemma.

We first show that if u € WYP(R") then w = |u|” € WH1(R") and
lwlip1gny < CllDul EZ(IW) Il e @my, 1 Diwll 1 ey < C DU gy - (1.22)

It suffices to prove this result for the case u € C3° (R™). Let g = ﬁ.Then (r-1)g-= (n p) , SO by
the Sobolev Embedding Theorem 1.4.3,

np
(n—p)

|||u|r_1||g,,(Rn) < const. | Dull, &n

and combining this with Holder’s Inequality, we get the first of (1.22):
lwll 11 gy :f|u|fdx: f |l Muldx < Nullppgm || 16| g gny < cOnst. I DUl T gy el Loy -
Since D;w = +r|u|""'D;u , we obtain the second of (1.22):
IDiwl ey = 7 [[16" ™| 1 ey IDi tll o gy < const. I Dullp g, -

We now apply Lemma 1.6.1 to w and immediately obtain the inequality

1
;

10l oty < const. (||Du|| )

Lp([Rn 1 “u”Lp([Rn 1+ IDull}

<const. (” u”Lp([Rn—l) + ”Du”Lp([Rn—l)) .

Lemma 1.6.3.

If u € WEP (R™) where kp < n, then for every ¢ € R,the function v (x') = u(x/,¢) is in L" (R"71),

where
_ (n-1p
n-kp

and there is a constant C depending on only 7, k and p such that

IVl r @e-1y = Cllullyip gy -
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Penalization operators

Let E be a reflexive Banach space, we will always assume that the norm of E and that of its dual E

are strictly convex.
Definition 1.6.3.

We call penalization operator (attached to K) any operator  of E — E having the following prop-
erties:

f is monotone bounded and semicontinuous of E — E
S={B(v)=0,ve E}.
Theorem 1.6.6.

We assume E defined as above and let F a duality operator of E — E related to ® we therefore
have (F(u),uw) = |F(w) . llull, |F(w)l. = ®(ul), where ||| is the norm in E ,dual of ||-|| .So if Pg

denotes the projection operator of E — S such that u € E ,Psu is the only element of S such as
lu—Psull <llu—s|| VseS.

the operator 3 given by
p(u) = F(u— Psu),

is a penalty operator.

Penalty application

Theorem 1.6.7.

We assume E defined as before. Let A be an operator of E — E ,pseudomonotonic and coercive

in the sense :

Jvg € S such as
(A(v),v—vp) _

Il — +00, if || V|| — oo.

So for everything f € E ,3ue Ssuchas
(A(w),v—u)={f,v—u) Yves.
Remark 1.6.1.

Let W be a Banach space of strictly convex norm as well as that of its dual and suppose that

1. V < W with continuous injection, V.c W (so W/ c V')
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2. K is a closed convex set in V and in W. We can then consider a penalization operator at-

tached to K in the space W, such that:
B is monotone bounded and semicontinuous of W — W’
k={p(w)=0,weW}.
Exemple 1.6.2.

We take V = H} (Q), A given by

0
A((P) = - ?,]'21 aixl(al]%) + apQ, ap, dij € LOO(Q))
Z?j:l aij¢i¢j= a(f% + ---+€%),a¢ >0, V& eR, ae. of(,
ap(x) = ay, a.e. of Q,

and either

k=4{B(w)=0,we Hy}.

We can still apply the remark 1.6.1.
we project in L?(Q), with W = L?(Q) and k = {f(w) = 0, w € L*(Q)}.
we choose

p(w) =F(w-Prw)

with
F=identity

and Prw = w* such as

wkx) fwx)=0
0 ifw(x)<0

The corresponding equation is therefore:

Aug — %u; =f
ue € Hy (Q).

1.7 Some basic Formulas

Theorem 1.7.1. (Holder’s inequality).
Assume that fe LP and g € L” with1 < P < oo. then fge L' (Q) and

fﬂlfgl <I£1, gl

33



Proof. We first consider the case where 1 < p,g < oo (the cases p=1,g =00 0or p =00,q =1 are
simpler and handled separately).

To begin with, the key ingredient is Young’s Inequality, which states that for a,b =0,

P pd
ab<® ¢ b—
P 4
This follows from the concavity of the logarithm:
1 1 P b
In(ab) =Ina+Inb=—In(a”) + —In(b?) <In £, —) .
p q 2

In addition, assume || f], = gll; = 1 (otherwise, normalize f and g). Then, applying Young’s

Inequality pointwise:
| f(0)IP N lg(x)|

q

lf(x)gx)| =

Integrating both sides over X gives:

1 1 1 1
flf(x)g(x)ldu(x)S—f If(x)l”d,u(x)+—f g Tdu(x)=—+—=1.
X pJx qJx p 4

Thus, [ fglhi=1=I1flplgllg-
Moreover, for arbitrary f # 0 and g # 0, define:

_ f .- &
T=1r 7 el

Then [ fll, = I§ll; = 1, and by Step 2:
Ifglh <1.

Multiplying through by | 1, [ g1l 4 gives the desired inequality.
Special Cases:
-If p=1and g = oo, then ||gllo, = esssup|gl|, and the inequality follows from |fg| < | |- l1gllco

almost everywhere. - If p = co and g = 1, the argument is symmetric. |

Theorem 1.7.2. (Poincaré’s inequality)

Ifve Wol’z(Q), then there exists a positive constant C = C(l) such that

f v < Cf Vol
Q Q

To start with, since C°(€) is dense in H& (Q), it suffices to prove the inequality for u € CZ°(Q2) and

Proof. We proceed in several steps:

extend by density.
Additionally, fix x € Q and let w € $""! be a unit vector. Since u has compact support, there exists

to > 0 such that u(x + tw) = 0 for ¢ = y. By the fundamental theorem of calculus,
© d
u(x) = —f —u(x+tw)dt.
o dt
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Taking absolute values and using the chain rule gives

oo

oo
|u(x)] Sf [Vu(x+ tw)'wldtsf IVu(x + tw)|dt.
0 0
Correspondingly, integrate over w € $" 1

1 oo
< — Vu(x +tw)|dtdw.
lu(x)] |§n—1|f§n-1f0 Vu(x+tw)ldtdw

Besides, let y = x + tw, so t" 'dtdw = dy. Then

IVu(y)l

< .
= 1G] o Tyt Y

Along with, square both sides and integrate over (:
2" ¢ Vel Y
l2l72 ) < o Ukn =y 1 y| dx.
By the Hardy-Littlewood-Sobolev inequality for the Riesz potential, we obtain

In conclusion, the inequality extends to all u € HO1 (Q) by density of CZ°(Q). |

Theorem 1.7.3. (Sub Representation Formula )

Let Q c R" be a bounded domain, and let u € C'(Q) n WP (Q) for some 1 < p <oo. Then, for any
ball Br(x) c Q, there exists a constant C = C(n) > 0 such that:

IVu(y)l
Iu(x)—uBRlsCf % :
Br(x) [X— Y

where ug, = ﬁfBR(x) u(y) dy is the average of u over Br(x).

Proof. We proceed in steps:

Firstly, let x € Q and Br(x) c Q. For any y € Br(x), we express y in polar coordinates centered at x:
y=x+rw, wherer=[x-y, weS"

Then, the volume element becomes dy = r"* " 'drdw.

Secondly, for almost every w € $"!, we write u(x) in terms of its radial derivative:
"o
ulx)=ulx+rw) —f —u(x+sw)ds.
0 0s

Averaging over r € [0, R] gives:

1 (R 1 (R )
u(x) = —f nr lu(x + rw)dr——f nr"‘l(f —u(x+sw)ds|dr.
R™ Jo R™ Jo 0o Os
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Thirdly, integrate over w € S~! and divide by the surface area |S"|:
n R
u(x) = —f f r"lu(x + rw) drdw — (remainder term).
RS Jgn-1 Jo

The first term simplifies to the average up,:

1 n R
ug, = — u(y)d :—f f r"lux+ro)drdo.
B = 1 Bal Jgpeo YT REST Jsur Sy

Fourthly,the remainder term is:

n R r
‘—_f f r”_l(f Vu(x+sw)-wds) drdw‘.
R™MS™ 1| Jsn-1 Jo 0

Since |w| = 1, we have:

IVu(x+ sw) -] <|Vu(x+ sw)|.

Changing the order of integration and using Fubini’s theorem, we get:

R
Iu(x)—uBRlsCf f IVu(x + sw)|s" ' dwds.
0 §n—l

Reverting back to Cartesian coordinates (y = x + sw, dy = s" 'dsdw):

IVu(y)l

|u(x) —up,l<C )
K Br(x) |lx—yl*1

Finally, for u € WP (Q), we use a density argument: approximate u by smooth functions uy €
C*®(Q) n WP (Q) and pass to the limit. The constant C depends only on the dimension 7.

O

Theorem 1.7.4. (Tonelli’s Theorem) Assume that E c R" and E c R" are measurable sets and f :

E x F — R is a nonnegative measurable function. Then, we have the followings:

Fora.e. x€E, f(x,.) is measurablein E

Fora.e. y€F f(,y)is measurablein E.

The function
g(x)=fFf(x,y)dy, (resp. h(y):fEf(x,y)dx)

is measurable in E (resp. F).

We have the following equality of the integrals(in R)

fEXFf(x,y)dxdy:fEU;f(x,y)dy)dx:fF(fEf(x,y)dx)dy
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Proof. We proceed in several steps.
First, assume f = yg where E € o ® 98 is a measurable set. By the definition of the product measure

u x v, we have:
f Yed(uxv)=(uxv)(E).
XxY
By the construction of the product measure, we know:

(,uXV)(E):fXV(Ex)du(x)=fy,u(Ey)dV(y),

where Ex = {y € Y:(x,y) € E} and EY = {x € X : (x,y) € E}. Thus, for indicator functions, the

theorem holds:

f XEd(,UXV):f (f XE(x,y)dV(y))du(x)=f (f )(E(x,y)du(x))dwy).
XxY X Y Y \JX

By linearity, the result extends to non-negative simple functions f =Y." | ¢;xg;.
Including, for a general non-negative measurable f, we approximate it by an increasing sequence

of simple functions f,, | f. By the Monotone Convergence Theorem (MCT):

f fduxv)= limf fnd(uxv).
XxY n—o JxxyY

Applying the result for simple functions:

f fnd(uxw=f (f fn(x,y)dV(y))du(x).

XxY X \JY

For each x, f,,(x,-) 1 f(x,-), so by MCT again:
fyfn(x,y)dV(y)Tfyf(x,y)dV(y).

Thus, taking the limit:

f(f fn(x,y)dv(y))du(x)rf U f(x,y)dv(y))du(x).
X Y X \JY

A symmetric argument applies to the other iterated integral, proving:

fd(uxv)=f (f f(x,y)dv(y))du(x)=f (f f(x,y)du(x))dv(y).
XxY X \JY Y \JUX

Furthermore, the measurability of x — [, f(x, y) dv(y) follows from the fact that it is the limit of the
measurable functions x — [ f,(x,y) dv(y) (which are measurable since f}, are simple). Similarly
for y— [ f(x,y) du(x).

Since all steps hold for non-negative measurable functions on o-finite spaces, Tonelli’s theorem is

proved. |

Consider the central hypothesis in the Lebesgue Dominated Convergence Theorem, namely that
there is a function g integrable on E such that for all n, | f;| < g on E. This hypothesis implies two

properties of { f;;} that are important in their own right.
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1.8 Vitali’s Convergence Theorems

Proposition 1.8.1. Let f be integrable over E. Then for everye > 0 thereisad > 0 such thatif A E
and m(A) <6 then [;|f| <e.

Definition 1.8.1. A family & of measurable functions on E is uniformly integrable over E if given

€ >0 thereisad >0 such that if A< E and m(A) <6 then [;|f| <€ forall fe F.

Remark 1.8.1. (1) Note that the only assumption about A in both the proposition and the definition
is that m(A) < 6. That is, the inequality holds for any subset A as long as m(A) <9.
(2) Note that if the sequence [, satisfies|f,| < g for some integrable function g on E, then the family

{fn} is uniformly integrable over E.

Theorem 1.8.1 (Vitali). Let m(E) < oo and suppose that the sequence {f,} is uniformly integrable

over E. If f,, — f pointwise a.e. on E, then f is integrable on E and [y, f, — [ f asn — oo.

Proof. We proceed in several steps:
Since {f,} is uniformly integrable, for any € > 0, there exists § > 0 such that for any measurable

A c E with m(A) < 6, we have
flfn|<e for all n.
A

By Egorov’s Theorem, since f,, — f pointwise a.e. on E and m(E) < oo, for any 6 > 0, there exists a
measurable subset B < E such that m(E\ B) <6 and f;, — f uniformly on B.
The uniform convergence on B implies that f is measurable on B, and since m(E \ B) < §, the

uniform integrability condition ensures that

f | fnl <€ forall n.
E\B

By Fatou’s Lemma, we have
| f| <liminf | fnl <e.
L\B f n—oo JE\B fn

Thus, f is integrable on E\ B. On B, f is the pointwise limit of integrable functions f,,, and hence
integrable. Therefore, f is integrable on E.
We now show that [ f,, — [ f. For any € > 0, choose § > 0 as in the uniform integrability condi-

tion. By Egorov’s Theorem, select B € E such that m(E\ B) <6 and f;, — f uniformly on B.

Then,
UEf”‘fEf Sf,g'fn-fl=fB|fn—f|+fE\B|fn—f|.

For the first term, since f;, — f uniformly on B, there exists N such thatforalln = N, | f,,(x)—f (x)| <

€ for all x € B. Thus,

f |fn— fl<e-m(B) <e-m(E).
B
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For the second term, by the uniform integrability and the integrability of f, we have

fE\Blf”_ﬂSfE\B|nt+[E\B|f|<e+e:2e:.

[ -1

Since € > 0 is arbitrary, it follows that
lim f fn= f f.
n—oo E E

Combining these, we get

<e-m(E)+2e.

O

Theorem 1.8.2 (Vitali converse). Let m(E) < oo and suppose that {h,} is a sequence of non-negative
integrable functions that converge pointwise a.e. on E t0 0. Then li’r1n Jehn =0 ifand only if {h,} is

uniformly integrable over E.

Proof. We prove both directions of the equivalence.
Part1

Assume {h,} is uniformly integrable. Since h,, — 0 pointwise a.e. and m(E) < oo, by Vitali’s Con-

vergence Theorem (Theorem 0.1), we have:
limfhn:fO:O.
n—oo E E

Assume lim,,_.o, /| g hn = 0. We must show that {£,} is uniformly integrable.

Part 2

Fix e > 0. Since fE h,, — 0, there exists N € N such that for all n = N:

€
<.
fE”<2

Foreachn=1,...,N—1, since h; is integrable, by Proposition 0.1, there exists §,, > 0 such that for

fhn<e.
A

Let § = min(d1,...,0N-1, 35), where C is a bound for [ h,, (which exists because [; h, — 0).

any measurable A < E with m(A) <d,:

Now, for any measurable A ¢ E with m(A) <6: - If n= N, then:

fhnsfh,,<f<e.
A E 2

-If n < N, then by the choice of 6 < ,:
f h, <e.
A

Thus, for all n, f 4 hn < e whenever m(A) < 6, proving that {h,,} is uniformly integrable.
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Proposition 1.8.2. Let f be integrable over E. Then for every € > 0 there is a subset Ey < E with

m(Ey) < oo such thath_EO Ifl<e.

Definition 1.8.2. A family & of measurable functions on E is tight over E if given € > 0 there is a

subset Ey < E with m(Ey) < oo such thath_Eo |fl<eforall feZ.

Remark 1.8.2. Note that if the sequence f, satisfies |f,,| < g for some integrable function g on E,
then the family {f,} is tight over E.

Theorem 1.8.3 (Vitali). Let{f,} be a sequence that is uniformly integrable and tight over E. If f, — f

pointwise a.e. on E, then f is integrable on E and [, f, — [ f as n — oo.

Proof. The proof is based on the following steps:
Since {f}} is tight, for € = 1, there exists Ey < E with m(Ep) < oo such that:

f |fnl <1 foralln.
E\E,

On E; (which has finite measure), since {f}} is uniformly integrable and f,, — f a.e., by Theorem

0.1 (Vitali’s Convergence Theorem for finite measure spaces), f is integrable on Ej and:

fogg .
Eo Eo
For E\ Ey, by Fatou’s Lemma:

n—oo

f | f] < liminf | fnl < 1.
E\E, E\E,

Thus f is integrable on all of E.
For any € > 0, by tightness there exists E; < E with m(E;) < oo such that:

f |fnl <€ forall n.
E\E,

Again by Fatou’s Lemma:

n—oo

f [f] < liminf [fnl <e€.
E\E1 E\El

Fix € > 0. Choose:
1. E; € E with m(E;) <oosuch that [p\p, |ful <€ and fp g, | f] <e (by tightness)
2. 6 > 0such that for any A € E, with m(A) <8, [, |ful <€ for all n (uniform integrability on E)
3. By Egorov’s Theorem, find B < E» with m(E, \ B) < § where f;, — f uniformly

Now decompose:

|51

Each term is bounded:

[a-n)

st\EZ|fn|+fE\E2|f|+sz\BIfnl+sz\BIfI+
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First two terms < € by tightness

Third term < € by uniform integrability (m(E> \ B) < 6)

Fourth term < € by Fatou’s Lemma

Last term < € - m(B) for large n by uniform convergence

[5-[ s

Since € was arbitrary, the result follows. |

Thus for sufficiently large n:

< 5¢

Theorem 1.8.4 (Vitali converse). Let {h,} be a sequence of non-negative integrable functions on E
that converge pointwise a.e. on E t0 0. Then li’r1n Jehn =0 ifand only if{h,} is uniformly integrable

and tight over E.

Proof. We prove both directions of the equivalence.
(=) Assume lim,, .o [ By = 0:
1. For anye >0, since fE h,, — 0, there exists N such that for all n = N, jE h, <el2.

For 1 < n < N, since each h,, is integrable, by Proposition 0.1 there exists 6, > 0 such that for

any A ¢ E with m(A) <§,, we have [, h, <e.
Take 6 =min(dy,...,0n-1,€/(2supysy 1 Akll1)). Then for any A with m(A) <:
* For n< N: [, h, <e by construction

* Forn=N: [,hy,< [phy<el2<e

2. Fore >0, since [ h, — 0, there exists N such thatfor n= N, [, h, <e.

For 1 < n < N, since h,, is integrable, by Proposition 0.2 there exists E,, € E with m(E,) < oo

such that [i,p hy <e.

Take Eo = U\ E,, which has finite measure. Then:

* Forn<N: [pp hn < [pp, hn<e

* Forn=N: [p\p hn< [phn<e

(<) Assume {h,} is uniformly integrable and tight:

Given e > 0:

1. there exists Ey € E with m(Ey) < oo such that fE\EO h,, <e/2 for all n.

41



2. On Ej (finite measure), since {h,} is uniformly integrable and h, — 0 a.e., by Theorem 0.1:

Ep

So there exists N such that for n = N, on h,<el2.

3. Thus for n= N:

fhn:f hn+f h,<el2+el2=¢
E Eo E\E,

Hence lim, .o [ hn, =0.
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Chapter 2

Elliptic equations with Wol’p (Q) solutions

The compactness method is widely used in the study of Dirichlet problems involving the p-Laplacian
and partial differential equations (PDEs) with growth conditions. In this chapter, we study the ex-
istence and uniqueness of solutions for both the Laplacian problem and the p-Laplacian problem
using the compactness method as in [1]. Through this chapter we use u(x) = u* (x) — u~ (x) where
u* and u~ denote the positive part and negative part of a function u, respectively. These are de-

fined as follows: u* (x) = max{u(x),0}, u~ (x) = max{—u(x),0}, where |u(x)| = u* (x) + u (x).

° ° ° 1,2 .
2.1 Laplacian equations with W, (Q) solutions
In this part, we study the existence of solutions for nonlinear elliptic equations of the form:
ue Wy*(Q): —div(a(x)Du) + yulDul* = f, y>0. 2.1)

Where Q is a bounded subset of RV and —div(a(x)Du) is a Leray-Lions operator with a(x)Du is a

Carathéodory function such that a(-) = C.
feLl' Q) (2.2)
We give the definition of a weak solution to the problem (2.1).

Definition 2.1.1. Let f € L'(Q). A function u € Wol’2 (Q)is called weak solution of problem (2.1) in

the sense that

(=div(a(x)Du), v) +nyu|Du|2v = fov, Yve WOI’Z(Q) N L®(Q).
withyu|Dul|? € L}(Q).
We have the following theorem

Theorem 2.1.1. [13] Under the assumption (2.2), there exists a solution u € WOI’Z(Q) to the problem
(2.1) withyu|Dul? € L' (Q).

The proof of theorem 2.1.1 is based on three steps:
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Proof. Stepl: Approximation
Let {f;} be a sequence in LP'(Q) such that f, — f in LY (Q) with Il fellzr < 11 fli;1. Let ue be a solution

of the approximate problem:
—div(a(x)Du.) + yue|Duel* = f.  in 2'(Q), (2.3)

where u, € Wol’z(Q) and )fu,EIDu,SI2 e L1 (Q).
Step 2: A Priori Estimates
Multiply the equation (2.3) by Ty (u.), where Ty is the truncation function at height k, we obtain:

aLuHustmmhh

Next, we prove:
f |Yue|Due|2|Sf |f.|, foranyteR".
|uel>t

|ue|>t

This is achieved by testing the equation with y; (), where {y/;} is a sequence of smooth, increasing

functions converging to the sign function:

1 ifs>t,
y(s)=40 if-t<s<t,
-1 ifs<-t.

Passing to the limit, we derive:

1
f |D”“f|25_f |fel, fort=o.
|ue|>1 Y Jluel>t

Combining these estimates, we get:

o
< —

1 o 1
|DuF:j’ |DuF+j‘ |Duel® < —| n1+—f ||s(—+—%|nL
fQ ‘ luel<o ‘ lte|>0 ‘ a Jely Y Jluel>o Ie a vy fle

Thus, {1} is bounded in WOI'Z(Q)..
Step3: Passage to the Limit

Since {u.} is bounded in Wol’2 (Q), we may extract a subsequence (still denoted u,) such that:
ue — u weaklyin WOI'Z(Q), stronglyin L?(Q2), anda.e. in Q.

We now prove:

+ +

u;, — u" stronglyin WOI'Z(Q).

Let k > 0. Test the equation with Ty (u; — u™). On the set where Ty (1} — u*) > 0, we have u, > 0,

and by the sign condition, g(x, u¢, Du¢) = 0. Thus:

(A(ue), T (uf —u™)) Sf feTr(uf —u™).
Q
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Since u. = u} on {u; > u™}, we rewrite this as:
an(x)Du:-D(Tk(u:—qu)) szfeTk(u:—qu).
Passing to the limit, we obtain:
lli%fg [a(x)Duf — a(x)Du®)] - D(Ti(ui —u™)) =0.
For k — oo, the right-hand side vanishes uniformly in €, leading to:
llil(l)fg [a(x)Du} — a(x)Du™)]-Du} —u*)=0.

By the Leray-Lions lemma, this implies the strong convergence of u} in WOI'Z(Q).

A similar argument, using Ty (¢, — u~)" and ¢, ((u; — Tx(17))7) as test functions, shows:
u, — u_ stronglyin Wol'2 Q).

Combining these results, we deduce:

Du, — Du strongly in L?(Q) and a.e. in Q.
The continuity of g in (s, ¢) and Vitali’s theorem yield:

yue|Duel* — yulDul* in L'(Q).

Finally, passing to the limit in the weak formulation:

(—=div(a(x)Du.), v) +fQ)/u€|Du€|2 V= foev,

we obtain the desired solution u € WOI'Z(Q) satisfying:

(—div(a(x)Du),v)+fYuIDulzv:ffv, Vv e W) (Q)n L(Q.
Q Q

Remark 2.1.1. e If f =20, the solution u is non-negative.
e For f =0, additional integrability properties may hold, but some terms could still be infinite.

* An example inR? shows that certain nonlinear terms may not belong to L' even if the solution

. . 1
isin Ho-
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. . 0 1 y [
2.2 p-Laplacian equations with W, " (Q) solutions
In this part, we study the existence of solutions of nonlinear elliptic equations of the type
ue WP (Q): Aw) + gx,u, Du) = f € L' (Q). (2.4)

Where Q is a bounded open set of RV, N=2 1< p < oo, and A is a nonlinear operator from

Wol’p(Q) into its dual W17 (Q), 1/p+1/p’ = 1, defined by
A(u) = —div(a(x, u, Du)),

with a(x, s, ¢) OxRxRY > RN isa Carathéodory function such that there exist >0, k € LY (Q),

a > 0 such that

la(x,s,6)| < BUsIP~H+1E1P ™ + k), (2.5)
(a(x,s,8)—alx,s,m)-(E-n) >0, VE#n, (2.6)
a(x)syé—)'ézalé-lp) (27)

Assume that g(x, 5,&) : Q x R x RV — R is a Carathéodory function such that
g(x,5,¢6)s=0, (2.8)
and there exist 0 > 0, y > 0 such that |g(x, 5,{)| = y[¢|P; |s| = o,
1g(x, 5,1 < s (17 + c(x)), (2.9)
Where b is a continuous and increasing real function, c(x) € L'(Q), ¢(x) = 0, and
feLl'(. (2.10)
We are interesting in studying the following theorem.[20]

Theorem 2.2.1. [8] Under the assumptions (2.5)-(2.10), there exists a solution u € WO1 P (Q) to the
problem (2.4).

The proof of theorem 2.2.1 based on three steps:

Proof. Stepl: Approximation We take a sequence f.(f. € L?(Q), Ve > 0) which converges to f in
LY (Q) with || fellzr < |l fli;1. Define u, to be a solution of the equation

A(ue) + g(x, ue, Due) = f;  in2'(Q),
X (2.11)
ue € Wy (Q), g(x, ue, Due) € L' (Q).

Step 2: A Priori Estimates Multiplying the equation in (2.11) by T (u) and using (2.5)-(2.8), we get

aL|DTk(ue)|psknﬁnL1, 2.12)

46



where Ty (v), k € R*, is the usual truncation in WO1 P (). Now we shall prove that

f |g(x, ue, Dute)| Sf |f.|, foranyteR". (2.13)
|uel>t

|uel>t
Let v;(s) be a sequence of real smooth increasing functions with 1,(/:. € L*°(R) and vy;(0) = 0. The

choice of ¥;(u) as test function in (2.11) yields

ng(x, Ue, Duc)y;(ue) < Lﬁ:u/z(ue) (2.14)
If y;(s) converges to the function y(s) defined by

1 ifs=t
p(s)=40 if-t<s<t
-1 ifs<-¢

We obtain the estimate (2.13) which implies

1
f |Du.|? < —f Ifel, fort=o. (2.15)
[ue|>t Y Jlue|>t

Hence from (2.12) and (2.15) we get

o 1 o 1
f |Du€|p:f IDuelerf |Due|p5_”ﬁ:”L1+_f |fe|5(—+—
Q luel<o lue|>0 a Y Jluel>o a Yy

Step3: Passage to the Limit From the previous estimations, we can extract a subsequence, still

Iflp.  (2.16)

denoted by ue, with

U —u in WO1 P (Q)-weakly, LP (Q)-strongly and a.e. (2.17)
First, we see that
uf - u* in WO1 P (Q)-strongly. (2.18)

Let k be a positive constant greater than . We use in (2.11) Ti(u) — u*) as a test function (where

T is the truncation at +k) and we have
(Alwe), Tetusf =+ [ g0 tes DU Tetas? = ')+ [ fTtusf = ). (2.19)
Q Q

Note that where Ty (1) (x)—u* ()" >0, one has u] (y) > 0, hence . (y) > 0 and from (2.8) g(x, ue(x), Duc(y)) =

0. Therefore from (2.19) we deduce
(Alue), T (u —u™)) SfoeTk(u:— u’).
Since ue(y) = u} (y) on the set {x € Q: u} (y) > u*(y)}, we can also write
fﬂa(x, e, Dul ) DT (u) —u™) szfeTk(u:— u")
which implies

lirr& la(x, ue, Du) — a(x, ue, Dut) DTy (u) —u™) =0. (2.20)
e—0Jo
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We recall again that, where (1] (y) — u" (x))* >0, we have u/ (y) = u.(x). By (2.15), we deduce that

f la(x, ue, Du)) — a(x, ue, Du™)1D(u; — u™) Sf la(x, ue, Due) — a(x, ue, Du™)1D(ue — u™)
ul-ut>k

ue>k

<c {f |Du€|p+f |u€|p+f k()()”+f |Du+|”}
Uc>k Uc>k uc>k ue>k
Scz{f |ﬁ|+f |u€|”+f k(X)p'+f IDu+|p}:= R (k).
us>k us>k ue>k ue>k

If k tends to +oo the right-hand side of (2.21) tends to zero (uniformly with respect to €). From this

(2.21)

observation and (2.20) we deduce that
lim | {a(x, ue, Dul) — a(x, ue, Du")D(u)) —u*) =0. (2.22)
e—=0Jq

In the next step we study the behaviour of z; := (1} — Tr(u"))”. We use as a test function in (2.5)

ve =Pa((uf — Tr(w)7) (2.23)
where A
Pals)=se™, A=-—3 (2.24)

Note that if v.(x) # 0 then 0 < u} (x) < k. Hence v, € WO1 "P(Q) N L®(Q) and v, is an admissible test

function in (2.5). We deduce

La(x,ug,Dug)Dzm;L(z;)+ng(x,ug,Dug)<lm(z;):fﬂfgdu(z;). (2.25)

On the other hand since ¢ (z;) # 0, where 0 < u/ (x) < k, we have ¢, (z;) bounded in L>*(Q), then

f fepa(z,) —>f foa((u™ —Tr(w ™)) =0.
Q Q
Thus passing to the limit in ¢, for k fixed, in (2.25) we have

lim | ~la(x, ue, D) = alx, te, DT NID(wf) = Te(u™)™ <0. (2.26)
e=0Jq

We can write the following equalities

Jo —la(x, ug, Du}) — a(x, ug, Du™)D(u}) — u'*)
= ka(u+)<u8+5u+ la(x, us, Duf) — a(x, us, Du™)1D(uf) —u")
+Jur <1t lalx, ug, Duf) — a(x, us, Du)|D(uf) —u™))
3 = Srcur=ue<ur 100X, Ue, DUl) = alx, ue, Du™)D(wf — u) (2.27)
+fQ —la(x, ue,Du;’) —a(x, ue,DTk(u+))]D(u: - Ti(u™))
+ Jo —la(x, ue, DTy (u*)) — a(x, ue, Du)D(u} — Tr(u*))~
+ it <1t la(x, ue, Duf) — a(x, ue, Dut)1D(Ty(u™) —u™),

because
xeQ: TiwhH<ul <u"t={xeQik<u <uTtuixeQ: Trw" <ul <u™;ul <k
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and the last set is empty. Now we study the last four integrals. The first can be estimated as in
(2.21). It goes to zero as k — oo, uniformly with respect to €. For the second we have the limit
(2.26). For fixed k, the third integral converges to zero (if € — 0) and

1/p

f la(x, ug, Duy) — a(x, ug, Du)ID(Tp(u™) —u®)| < c3 U |ID(Ty(u™) = u™)IP
uf <Tp(ut) Q

which converges to zero, for k — +oo. Therefore (2.27) yields

lim | {a(x, ug, Dul) — a(x, ue, Du)1D(u} —u*) =0. (2.28)
£—0Jo
From (2.22) and (2.28) we deduce that
lir% la(x, ug, Du)) — a(x, ue, Du™)1D(u} —u*) =0. (2.29)
E—)

Q

By a variation of a result of Leray-Lions [21], (2.29) implies

£

uf —ut in W, (Q)-strongly. (2.30)

Now we want to prove that

u, —u in Wol’p(Q)-strongly. (2.31)

£

The proof of the convergence (2.31) is achieved using as test functions Ty (u; —u~)* and ¢ ((u; —
Ti(u™))7) and working as in the previous steps. From (2.30) and (2.31) we deduce that for some
subsequence

Due — Du in LP(Q)-strongly (2.32)

and

Du,— Du a.e.in Q. (2.33)
Since g(x, s,¢) is continuous in (s,¢) we have
g(x, us(x), Dus(x)) — g(x, u(x), Du(x)) a.e. (2.34)
Thus in order to prove that
g(x,ue, Du,) — g(x,u,Du) in L'(Q). (2.35)
It is sufficient to prove that, for any measurable subset E of (2, we have

|11€i|m0f |g(x,ue, Due)| =0, uniformlyin €. (2.36)
—~0JE

We can write

flg(x, ue,Due)I=f lg(x, ue,Due)|+f |g(x, ue, Dute)l,
E EnXg,

EnX;,

where

X7 ={x€Q:|u.(x)| < m}
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Yy, ={xeQ:|u.(x)| > mj.

So, using (2.7), we get

fE|g(x, e, D) Sb(m)fE(lDuel”+C(X))+fl ol

Ue|>m

Using (2.17), (2.32) and (2.35) it is easy to pass to the limit in

<A(ue),V>+f g(x, ue,Due)v:f fv
Q Q

to obtain

<A(u),v>+f g(x, u,Du)v=f fv
Q Q

foranyve Wol’p(Q) N L>®(Q).
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Chapter 3

Elliptic equations with general lower-order
lerms

In this chapter, we discuss two cases: the case with a polynomial lower-order term, and the case
with gradient-dependent lower-order terms employing the compactness method.

The results presented in this chapter have been published in [8, 11].

Assumptions on the principal part:

We study differential operators with a general principal part «/ acting on the Sobolev space WO1 P Q).

The operator is defined as:

o (v) = —div(a(x, v,Vv)) 3.1)
where the nonlinearity a: Q x R x RY — RV satisfies the following standard conditions (cf. [21]):

* ais a Carathéodory function

e For almost every x € Q, all se R, and all § #1 € RY:
a(x,s, &) - &= alélP, (coercivity)
la(x,s,&)| < ﬁlélp_l, (growth condition) (3.2)
[a(x, s,)—alx,s, 17)] -({—n) >0, (strict monotonicity)

with a, B > 0 being positive constants. Following [16], the operator &« is pseudo-monotone and

coercive.

Lower Order Terms

We consider two types of lower order terms H:

Polynomial Type: A Carathéodory function g: Q x R — R satisfying:

{ g(x,s)sign(s) = Als|"%, (3.3)

V1>0:supg<,18(x,s)| = hy(x) € L'(Q),

where A >0 and r > 1. A typical example is:
g(x,s) = b(x)sls|" ™,
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with b e L}(Q) and b(x) = A > 0 almost everywhere in Q.

Gradient-Dependent Type: A function of the form g(x, u)|Vu|, where g(x, s) = As|s|" -2,

Now, let us distinguish the following cases:

3.1 Case with Polynomial lower order term

Theorem 3.1.1. [8] We make the following assumptions:

e The structural conditions (3.2) and (3.3)

* The integrability condition:
fel’(Q), wherel<p=<r' (3.4)

with r’ denoting the conjugate exponent of r (i.e., % + % =1).
Under these hypotheses, there exists a function u € WOM(Q) with g(x,u) € L'Y(Q) that serves as a

distributional solution to the boundary value problem:

{—dlv(a(x, u,Vu))+gx,u) = f(x), inQ, (3.5)

u=0, on 0Q).
Remark 3.1.1. We shall investigate the regularizing effect induced by the lower-order term g(x, u)
on the solutions of the Dirichlet problem (3.5). Specifically, we will examine how the presence of

g(x, u) influences.

Remark 3.1.2. Note that the summability condition (3.4) is weaker than the corresponding assump-
tion in (3.6), particularly in the case when
pN
N-1

r>

This inequality implies the following relation between the exponents:
r’ N
Fi N < —,
p (p-1)N+1
where r' denotes the conjugate exponent of r (i.e., % + % =1).
Remark 3.1.3. * A partial result for the case r = 2 was established in [4].

Remark 3.1.4. We recall that when g =0 and [ € L™ (Q) with m < (p*) (which implies that f does
not belong to the dual of WO1 P (Q) and consequently u ¢ WO1 P (Q)), the Calderén-Zygmund theory
for infinite energy solutions (see [11, 12, 14]) establishes the following regularity results:

N pN
—_— <m<——
(p—1N+1 (p—1)N+p

N 1 11
andl<p<2—ﬁz>u€W0 Q).

> uUe Wol’(p_l)m* Q),
(3.6)

m-= —
(p—1DN+1
Note that:
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N
e The condition m > ————— ensures that (p—1)m* > 1
(p—-1N+1

1
e Therestriction1 < p <2 - — implies ——— > 1
N (p—-1DHN+1

Remark 3.1.5. When considering boundary value problems with a lower order term g(x, u) that
maintains the same sign as u, the aforementioned existence results remain valid due to the coercive
properties of g§. Moreover, as demonstrated in [15, 20], the presence of a lower order term satisfying
assumption (3.3) can enhance, in certain cases, the summability results for Vu established in (3.6).

Specifically, [20] establishes the following regularity results:

Ifr' <sm< (p*) withr > p*, there exists a weak solution u € Wol’p(Q);

r Lm_p* 3.7)
If—<m<r, there exists a distributional solutionue W, " (Q).
p

!/
r
For the case 1 < m < —, the concept of distributional solution becomes inadequate, and the frame-

work of entropy solutions becomes necessary (see [2]). In the present work, we extend this analysis to
!

-
the borderline case m = —, which yields distributional solutions in Wol’1 Q).
p

Proof. Consider the sequence of approximate Dirichlet problems:

u, € WP (Q),
f) (3.8)

oA (Up) + g(x,Uup) = ———,
8 1+ 4| f(x)]

where:

* of is the operator defined in (3.1)
* g(x,-) satisfies assumption (3.3)
e feL™Q) forsomem=1
Proposition 3.1.1. Foreach n e N:
1. There exists a weak solution u,, to problem (3.8) (see [18])
2. Every solution u,, belongs to L*°(Q)) (see [22])
To start with, for s € R and k € R*, we define the truncation operator Ty by
T (s) = max{—k, min(k, s)}.
Thanks to the positivity properties of g, the following estimates hold (using only | fl11q)), as
provedin [11, 2, 14]:

(AT k, (3.9)
a

f IV T )P dx <
Q

b
p*

a(p-1)&F

f flog(1 + |uu}*" dx
Q

sa(p—l)f |Vlog(1+|un|)|pdxsf |fldx, (3.10)
Q Q

where .# is the Sobolev constant.
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Remark 3.1.6. From estimate (3.10), we derive the following measure estimate:

*

P

I fllz B
Q- > k< . 11
meas{x € Q: [up (X)] 2 I < a(p-1)Flogl + k)P -

Proposition 3.1.2. The sequence {log(1 + |uy,|)} is bounded in WO1 P Q). Consequently, up to a sub-

sequence (still denoted by {u,}), there exists a measurable function u such that:
Uy(x) — ulx) a.e inQ. (3.12)
Moreover, by (3.9), we have:
Tye(un) — Ti(u)  weakly in W, P (Q). (3.13)

In addition, we state a modified version of a classical result by H. Brezis and W. A. Strauss [19, 17,

11, 20]:

Theorem 3.1.2. For f € L"(Q) withm =1 and k = 0, we have

1
18 (x, w1 (i)™ dix < f )™ dx, (3.14)
‘[kslu,,l § f " A !

where h(t) = t|t]" 2.

For 1 < m < oo, define the truncation function:

0 ifo<str=<k,
0 s(t—k)  ifk<r<k+§,
Vo ift=k+9,

—Yis(—1) ifr<0.

Using v = Ih(un)lm_lwk,(s(un) € WO1 'P(Q) as a test function in (3.8), we apply Holder’s inequality to

obtain:

1/m
f 18 (x, w1 dx < ( f Iflmdx)
k+8<|upl k<lunl

1 1 1/m’
x (—f |g(x, up)l|h(up)|™ " dx
A Jk<)up|
The result (3.14) follows by Fatou’s lemma as 6 — 0.
For the case m = 1, using ¥ 5 (1) as test function yields:
f lg(x, un)ldxsf |f(x)|dx. (3.15)
k5|un| kslunl

From (3.14) and assumption (3.3), we derive:

1 mi/m'
[ |t ™ Vdx < (—) f |fI™dx, (3.16)
k<1l A k<1
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which implies the global bound:
f Iu I dx (Al/m

g(x,u,) — g(x,u) in L}(Q).

For f € L"(Q), m = 1, we have:

The proof uses Vitali’s theorem, relying on:
¢ Almost everywhere convergence from (3.12)
e Equi-integrability established via (3.11) and (3.15)

With m = r'/p, (3.16) becomes:

1 mi/m' ,
f lun|"'Pdx < (—) f IfI""Pdx.
k<1l A k<1

Using careful test function selection and Holder inequalities, we obtain:

) 1/p
fIVunIdstf,A(f Ifl””dx) ,
Q Q

establishing {u,} is bounded in Wol’1 Q).
The sequence solves:

o (U,) =y, with {y,} compactin L'(Q),

leading to the key result:
Vu,(x) — Vu(x) a.e. in Q.

We need the following lemma:

Lemma 3.1.1. Let{u,} be a sequence of solutions of the Dirichlet problems

Up € Wol’p(Q) :—div(a(x, un, Vuy)) = yn(x),
with p > 1, | ynllp1 ) < L. Assume (3.2) and that
” un” WOI'I(Q) <M.

Then Vu,, converges (up to a subsequence) a.e. toVu.

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

Proof. In this proof, many times we extract a subsequence {u,,}, but we still denote it by {u,} for

simplicity. As a consequence of the bound (3.24), we have that
up(x) converges to u(x) almost everywhere.

Moreover, (3.9) gives

L
f IV Te(un)l? < =k,
Q a
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so that
VTy(u,) converges weakly to VTi(u) in W, 7 (Q).

Let0<8 < % and k > 0. Consider

Ion= fQ Ha(x, tn, Vity) = a(x, un, VIV (uy — )}’ .
We shall prove that the previous integral converges to zero. Indeed, it is equal to

) {lalx, un, Vitn) — a(x, tn, Vi)V (1, — u)}o + fA {la(x, un, Vi) — a(x, ty, Vi)V (uy — w)° = Ic n+Lagn,
k k

where

Cr={xeQ:lux)| <k}, Ar={xeQ:|lulx)|>k}.

Here we repeat the proof of [3] (see also [10, 7]) and we use the same notations (we denote by w; (k)
quantities such that limy_., w;(k) = 0). The only difference is that we will only use the following

inequality

nynT]-[un—Tk(u)] <jL VYj>O0.

so that we have the following estimate

limsupllc,n + La,nl < w1 () + (L) + w2 (k), Vj>o0.

n—o0
Therefore

f {la(x, tn, Vit,) — a(x, up, V)V (u, — u)}? — 0,
Q

thatis

@, tn, Vitn) = a(, tn, VIV (U = )11, o — 0,

which implies

{la(x, u,, Vu,) —alx, u,, Vi)V (u, — u)}e — 0 almost everywhere,
and also (since 8 is positive)

{la(x, un,Vuy,) —a(x, u,, Vu)lV(u, — u)} — 0 almost everywhere.

In [21], itis proved that, under our assumptions on the function a(x, s,¢), the previous limit implies
that

Vu,(x) — Vu(x) almosteverywhere. O

Thus, we can use the last Lemma and we deduce that (up to a subsequence)

Vu,(x) convergesa.e.to Vu(x). (3.25)

56



Thanks to (3.20) and to (3.11), for every measurable subset E c Q2, we have

f Vit sf |VTk(un)|+f Vit
E E {k<lunl}

f IV T ()|
Q

k”f”Ll(Q)
a

3 |~

p
=<

% 1-1 1 L
meas(E) 7 +(Cf)? [f ltnl?
{k<lupl}

r_/
f 17
{k<luul}

Thus, the sequence {Vu,} is equi-integrable. By Vitali’s Theorem, we obtain

1 4
p P’

1
< meas(E)' " +Cra

Vu, convergesto Vuin (L'(Q)". (3.26)

Moreover, (3.25) implies that a(x, u,(x), Vu,(x)) converges a.e. and, since (note that p—1<1)

f|a(x, 1 (), V() sﬁf Viun()P < CLIEI,
E E

2-p
1

the Vitali Theorem yields
a(x,u,,Vu,) convergesto a(x,u,Vu)in (Ll(Q))N. (3.27)

Finally, it is possible to pass to the limit in the weak formulation of (3.8) and we prove (recall (3.18),
(3.26), (3.27)) that u is a distributional solution of (3.5):
ue Wy (), gle,w e LN (Q):

Joale, u, Vi)V + [ glx, we = [o f(X)e,
Yo e CLQ.

The following example provides a finite energy solution of a boundary value problem with poly-

nomial order term and non-smooth datum. O

Exemple 3.1.1. Here, we consider the boundary value problem (3.5) in radial coordinates with
Q=B0,1), p=2, gxs)=slsI""? and A=-A.

Let r > 2%, so that the interval (—+%;, =2

-2, 822 is not empty. We choose'y € (-%5,%52). The function

-2’ 2
w(|x|) = |x|7Y —1 is positive and belongs to WOI'Z(Q), sincey < % Moreover, w is a solution of (3.5)
with
fUxh =N =2=pylx™"? + (2 =D
If we write

FUxD =y(N=2=p)xl" T2 + x| 77D~ [(x ™)+ (x7 =- 1D,

we note that the second term is the most singular (sincer > 2+ % ) and it belongs to the Marcinkiewicz

N N o . _
space M1 (Q). Then f ¢ L%+ (Q) if 5055 < 55, which is true since we have 575 < 252 (thanks

20-1)
to the assumptionr >2*). Thus, w € Wol'z(Q), eveniff ¢ L+ Q).

N
2(r-1)

Moreover, we note that in this example, the assumptionr' < m means > r', which is equivalent

toy < g; with our assumption we have




3.2 Case with Gradient depending lower order terms

Theorem 3.2.1. [7] We assume (3.2) and (3.30). Let f € L}(Q) and

N-1
1<r5m. (3.28)

Then, there exists u € Wol’1 Q) N L"~YQ) such that
ulul"?|\Vul e L1(Q),

which is a distributional solution of the boundary value problem:

T r—2 = ]
{ div(a(x,u, Vu) + Aulul""?|Vul = f(x), inQ, (3.29)

u=20, on 0Q.

Remark 3.2.1. If f € L'(Q), and the existence ofWOI’p-solutions, if f € L™(Q), with m < (p*)' suit-
ably chosen.

p = . 3.3

since otherwise both problems (3.5) and (3.29) have solutions in WO1 "1(Q), with g > 1, already in the
case f € L (Q) (see [11, 12, 15, 20]).
Proof. To begin with, we consider the Dirichlet problems

fx)
1+ f(x)|

The existence of a weak solution u,, is proved in [18]. In addition, every function u, belongs to

un € Wy'P(Q): —div(a(x, un, Vin)) + Aty tin]" 2| Vity| = (3.31)

L>*(Q) (see [22]). We follow the approach already used in [13]: we take Ty (u,) as a test function,

then we have
Q {k<lupl}
which implies

1
1- Kllfl 1) )P
Siuni<ry 1V unl <12 A) ’

”f"Ll(Q)
‘/t{k<|u |}|V I’l|< Ak’ TAkRT-1

and (with the simple choice k =1)

1
fIV <10 (||f||L1(Q)) ”f”Ll(Q). (3.33)

A

Then the sequence {u,} is bounded in Wol’1 (Q). Thus, up to a subsequence still denoted by {u,},

the sequence {u,} converges to some function u strongly in L°(Q), p < %, and almost every-
where in Q. Furthermore
G
meas{k < |uyl|} < 7 (3.34)
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Let s (s) be the function already used in the previous section; choosing ¥ 5 (u,) as test function

in (3.31) and dropping a positive term we have

Af Wks (Ul ™ IVt :f | f(x).
{k+8<unl} {k<|unl}

Letting 6 — 0 we deduce

Af 1" V| Sf If 0l (3.35)
{k<lunl} {k<lunl}

which also gives
Al a9 < [ 1f oL 3.36)
Q Q

We notice that, the inequality (3.36) and the Sobolev inequality get
A
=S [ f |l "
r Q

Another factor is, since the lower order term is bounded in L' (Q),

1
< f |f ()] (3.37)
Q

which in turn gives u € L'"7(Q).

—div(a(x, u,, Vu,))is bounded in L' (Q) (3.38)
as in the proof of Theorem 3.2.1 we can again use Lemma 3.2.1 to deduce that
Vu,(x) — Vu(x) a.e.in Q.

In order to pass to the limit in the approximate problems (3.31), first of all we have to prove the
equi-integrability of the lower order term.

Let E be a measurable subset of Q, by the Holder inequality, (3.32) and (3.35) we have

1
_ o r _ k\r L
f|un|r Vil < k7 1[ |VTk(un)|+f " [Vitn] < k7 1(nfup(m—) |El” +f £,
E E k<|uy| a {k<luy,l}
and working as in the proof of Theorem 3.2.1 we obtain
l}silmoflunlr_IIVunlsa uniformly with respect to n.
—-0JE

Now, we apply the Vitali theorem as follows:

First, we show that the sequence {Vu,} is equi-integrable. From(3.32), we have:

f Vil < 1O
{lunl<k}
T

IVu,| < .
f{ksmnn P Ak

For any measurable subset E c (), the integral of |Vu,| over E is split into two parts:

fIVunlsf IVun|+f IVuy|.
E Enfluy|<k} {k=<|upl}
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Using the estimates above:

1
k”f”Ll(Q)E 1-1 ||f||L1(Q)

Vu,|<|———| |E| »+——.
[ n|( a )|| L

”f” Jat Q)
Akr-1

For any € > 0, choose k large enough so that the second term < €/2. Then, choose |E|

small enough so that the first term (%)% |E Il_% < ¢/2. This ensures that for any E with |E]|
sufficiently small, [;|Vu,| < € uniformly in 7.

Since {Vu,} is bounded in L'(Q) (from (3.33)) and equi-integrable, Vitali’s theorem implies that
Vu, converges strongly to Vu in L' (Q) (as stated in (3.40)).

Second, we prove that the sequence {u,|u,|" 2|\Vu,l}is equi-integrable to pass to the limit in the

weak formulation. From (3.35), we have:

f |un|"1|Vun|sf 1f(x)].
{k<|unl} {k<|unl}

For any measurable subset E c Q, split the integral:

f |7 Vit < kf‘lf IV T )| +f " V14
E E {k<lupnl}

Using the estimates from (3.32) and (3.35):

1
k P i
fE|un|r‘1|Vun| <k (W)p " +f{ 1F0)l.

k<|upl}

For any € > 0, choose k large enough so that f{kslunl} |f(x)] <&/2 (since f € L'(Q)). Then, choose

1
Kl fll P 1-1 . : .
— (9)) |E|" 7 < €/2. This ensures uniform equi-

|E| small enough so that the first term k" -1 (
integrability of {1, |1, |" 2|V u,|}.

The sequence {unlun""?|Vu,|} is bounded in L'(Q) (from(3.36)) and equi-integrable. By Vitali’s
theorem, it converges strongly to u|u|"2|Vu| in L' (Q) .

The convergence of the principal part a(x, u,, Vu,) in L'(Q) is also derived using Vitali’s theo-
rem. From the growth condition, |a(x, u,, Vu,)| < ﬁqunlp‘l. Since p—1<1, and {Vu,} is equi-
integrable, {IVu,|P~ 1} is also equi-integrable. Vitali’s theorem ensures that a(x, u,, Vu,) converges
to a(x, u,Vu) in L' (Q).

Vitali’s theorem bridges the gap between pointwise convergence (established earlier) and strong

convergence in L!(Q), ensuring the existence of a distributional solution u to the boundary value

problem (3.29). In the end, we conclude that

Unlunl""%|Vu,| convergesin L'(Q) to ulul" ?|Vul. (3.39)
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Then, for every measurable subset E < ), we have

U IVunISf |VTk(un)|+f V|
E E tke<lunl}

[ _1 A fllp

p
< leVTk(un)l Akr-1
1
k » 1
gy Ifllzq meaS(E)l_p+”f”Ll(Q).
a Akr—l

Thus the sequence {Vu,} is equi-integrable and we get
Vu, convergesto Vuin (L'(Q)".

Since p —1 < 1 we deduce that

a(x,un,Vu,) convergesto a(x,u,Vu)in (Ll(Q))N.

(3.40)

Then it is possible to pass to the limit in the weak formulation and we prove (recall (3.40), (3.39))

that u is a distributional solution of (3.29), that is

ue W' (Q), wulul"?Vule L'Q):

fa(x,u,Vu)Vqu ululr_ZIVulq):ff(x)(p, |
Q Q Q

Ve CLlQ).

Next, as in the previous section, we provide a Dirichlet problem with gradient depending lower

order term, non smooth data and finite energy solutions.

Exemple 3.2.1. LetQ = B(0,1), r > % andy = % Then the function
ulx)=1x"r-1
is a positive weak solution of the problem
uc WOI’Z(Q) c—Au+u TVl = f(x),

with

FO=y[(N=y=2)xI"7"2 + |x|" 0D (x| - 1)" ]

and f ¢ L% (Q).
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Conclusion and Further Prospects

In this work, we have studied the regularizing effects of lower-order terms in nonlinear Dirichlet

problems of the form:

—div(\VulP~2Vu) + H(x,u,Vu) = f(x), inQ,
u=0, on 092,

where Q is a bounded open subset of RY (N = 2) and f has poor summability. We discuss the
following key findings: First, the presence of terms like g(x, ) = u|u|"~2 can regularize solutions,
allowing for distributional solutions in Wol'1 (Q) even when f € L"'P(Q), where 1 is the conjugate
exponent of r. This extends previous results by showing that weaker summability conditions on
f can still yield solutions with minimal regularity. Second, terms like H(x,u, Vu) = ulu|""?|Vu|

provide stronger regularization, enabling solutions in Wol’1 (Q) even for f € L'(Q), provided 1 < r <

N-1
N(p-1°

WO1 " (©). In addition, concrete examples illustrate the theory, showing how specific choices of f

For f € L™ (Q) with m in a suitable range, solutions can achieve higher regularity, such as

and lower-order terms lead to solutions with finite energy or minimal regularity. Moreover, the
work bridges gaps in existing literature, particularly for borderline cases where traditional meth-

ods fail.

Overall, this work provides a comprehensive analysis of how lower-order terms can enhance the
regularity of solutions to elliptic equations with non-smooth data, offering new insights into the
solvability and properties of such problems. The results are significant for understanding the be-

havior of nonlinear PDEs in applied mathematics and engineering contexts.

This work opens several directions for future research. We propose the following problem: Find u

satisfying:

—div(|VulP2Vu) + H(x,u,Vu) = f(x), inQ,
u=0, on 09,

where Q is a bounded open subset of RY (N =2), and f is ameasure on Q.
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