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Index of notation

R Relation

dom(R) Domain of R

rang(R) Range of R

[a] Equivalence class defined by a

A/ R Quotient set of A with respect to R

S Set of all words of length n

A Empty string (null word)

S Set of all words from >

SF Set of all words of length greater than or equal to 1 in >
S Semigroup S with adjoined unit

|G| Order of a group G

(S) Subgroup of G generated by S

End(G) Set of all endomorphisms of a group G

Aut(G) Set of all automorphisms of a group G

SxT Direct product of semigroups

Gx H Direct product of groups

SxeT Semidirect product of semigroups with respect to 6
G xg H Semidirect product of groups with respect to
SoT Wreath product of semigroups

ST Set of all fuctions from the monoid 7" to the semigroup S
AW, B Wreath product of groups

S(M) Semigroup of a state machine M

(o, 3): M — M’ State machine homomorphism

M = M’ Isomorphic state machines

M <M Covering (state machine)
MANM Restricted direct product of state machines

M x M’ (Full) direct product
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MwM’
Mo M

Cascade product

Wreath product
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General Introduction

The theory of machines that has developed in last twenty years has had a considerable
influence, not only on the computer systems, but also biology, biochemestry, etc. So here
we will interest in mathematical theory of various types of machines.

The area of mathematics that is of most use to us is that which is known as Modern (or
abstract) algebra. For a hundred years, algebra has developed in different directions. The
advent of the theory of machines, has provided us with new motivation for the development
of algebra.

Recently the semigroups and groups has become an intresting area of study, and one of
their operations is semidirect product and wreath product .

What we will be doing is to to apply this operations on state machines, by looking at
various types of machines, their properties, and we will replace a general state machine by
a collection of "algebraically simpler" machines connected up in suitable ways (cascade and
wreath product).

This work is devided into three chapters

First we begin with some elementary material concerning the theory of semigroups and
groups.

In the second chapter we have direct product, semidirect product and wreath product
of semigroups and groups.

The third chapter examines many elementary properties of the state machine, the ways
in which it can be connected together (direct, cascade and wreath product) and the use of

this in decompostion theorem.



Chapter 1

algebraic preliminaries

Algebraic notions and connections used later are presented in this chapter.

1.1 Binary operation

Definition 1.1.1 If A is a set, the direct product A x A consists of all ordered pairs (a,b)
with a,b belongs to A. Using this terminology, a binary operation ,x, on a set A is just a
function from A x A to A.we denote the image of the pair (a,b) under this function by axb.
In other words, the binary operation * assigns to any two elements a and b of A the element
axb of A.

o Many symbols are used for binary operation; like +, -, o, A, %, %, ......

e A binary operation on a finite set can often presented conveniently by means of a table.

1.2 Relations and mappings

Relations are one of the basic building blocks of mathematics.

1.2.1 Binary relation

Definition 1.2.1 A relation R from a set A to a set B is a subset of A x B and we say

that a is related to b under R if the pair (a,b) belongs to the subset, and we write this as

aXb .



1.2. Relations and mappings

o A relation from a set A to itself is called a relation on A or a relation over A.

e "Equals” is a relation on any set A and is defined by the subset {(a,a) | a € A} of
A x A.

e dom R = {a | 3b,aRb} is the set of all such a’s for which there exists at least one b
such that ab holds, this set is called the domain of R.

e rang N = {b| Ja,aRdb} is called the range of RN.

1.2.2 Equivalence relation

Definition 1.2.2 A relation R on a set A is called an equivalence relation if the following

conditions hold

(i) aRa for all a € A, (reflexive condition)
(i1) if aRb, then bRa, (symmetric condition)
(1i1) if aRb and bRc then aRc. (transitive condition)

o If R is an equivalence relation on A and a € A, then [a] = {x € A | 2Ra}is called the

equivalence class containing a, the set of all equivalence classes is called the quotient set of

A by R and is denoted by A/ R. Hence

A/R={[a] | a € A}.

1.2.3 Mapping

In set theory mappings are a special binary relations.

Definition 1.2.3 A relation ¢ from a set A to the set B satisfying the condition (1) is
called a mapping from A into B (In words : every element of dom R is in relation ¢ with

exactly one element of rang R ).

apby, apby = by = by. (1)



1.3. Pointwise operation

e Distinct elements of A can be mapped by ¢ on the same element of B.
e A mapping is often also called a function. the image of a under the mapping  is

denoted by p(a) or ayp, then, for any relation ¢
ap = {b| apb} .
e A function (mapping) ¢ : A — B is called injective or one-to-one if
olar) = p(ag) = a1 = ay for all ay,ay € A.
e ¢ 1s called surjective or onto if
Vbe B,3a € A:b=p(a).

e A bijective function or one-to-one correspondence is a function that is both injective
and surjective.

e a permutation of a set A is simply a bijection from A to A.

1.3 Pointwise operation

Definition 1.3.1 Pointwise operation is an extension of an algebraic operation x on a set
A to a set of functions on a set B taking values in A. If f,qg are functions taking values in

A then the pointwise extension of a binary operation * is
fxg:b— f(b)xg(b) for each b € B

n

The terme "pointwise addition ", "pointwise multiplication"” are also used.

1.4 Monoids and semigroups

We will usually drop the multiplication symbol "."when dealing with products of elements,

writing ab in place of a.b.



1.4. Monoids and semigroups

1.4.1 Monoid

Definition 1.4.1 A monoid (M, .,e) consists of a set M together with a binary operation

”

on M and identity element ”e” such that

R

(i) The operation ”.” is associative; that is

(a.b).c = a.(b.c) for all a,b,c € M.
(i1) There is an identity element e € M such that
e.a=a.e=a foralla € M.

e The closure axiom is already implied by the definition of a binary operation.
e [f the operation is commutative, that is, if a.b = b.a for all a,b € M then, the monoid

15 called commutative or abelien, in honor of the mathematician Niels Abel.

Example 1.4.1 The algebraic objects (N, +); (N, X); (Z,4); (Z, x); (Q,+) are all commut-

ative monoids.

Example 1.4.2 A computer receives its information from an input terminal that feeds in a
sequence of symbols, usually binary digits consisting of 0’s and 1’s. If one sequence is fed in
after another, the computer receives one long sequence that is the concatenation of the two
sequences. These input sequences together with the binary operation of concatenation form
a monoid.

e Let Y be any set (sometimes called alphabet), and let X" be the set of n-tuples of elements
in Y. We write an n-tuple as a string of elements of ¥ without any symbols between them.
The elements of X" are called words of length n over X, then if « € ¥, length of « is the
number of the symbols, and it is denoted by |a|. A word of length 0 is an empty string and
it is denoted by A .

e Let X* denote the set of all words from ¥ more formally
Sr=XUstuz?u.... =Jxz

Then (X*,-) is called the free monoid generated by X, where the binary operation - is
concatenation, and the identity is the empty word A. If we do not include the empty word

A, we optain a semigroup, this is often denoted by X , that’s mean ¥* = LTU {A} .



1.4. Monoids and semigroups

1.4.2 Semigroup

sometimes an algebraic object would be a monoid but for the fact that it lacks an identity

element; such an object is called semigroup.Hence

Definition 1.4.2 A semigroup (S,.) is just a set S together with an associative binary

operation, that is

(a.b).c = a.(b.c) for all a,b,c € S.

Example 1.4.3 The algebraic objects (N, +); (Z,+); (R, 4) are all semigroups, however

(Z,—) 1is not a semigroup because subtraction is not associative, in general,

(a—b)—c#a—(b—c).

Remark 1.4.1 Let S be a semigroup. suppose that S is not a monoid, choose any element

e ¢ S, the set S" = SU{e} is a monoid under the multiplication * on S° and unit element e

ab if a,b € S
a*xb= bifa=e wherea,beS.
aifb=ce

e If S is already a monoid then S* = S.

1.4.3 Congruence relation on a semigroup

Definition 1.4.3 Let S be any semigroup, a congruence relation on S is an equivalence

relation ~ satisfying

a ~ bandc~d= ac~ bdsuchthat a,b,ce S or

a ~ b= as~bsand sa~ sbforallscS.



1.5. Groups theory

Proposition 1.4.1 Let S be a semigroup and ~ a congruence relation on S. Consider the
set of all equivalence classes defined on S by ~ , denote this set by S,/ ~ . We define a
multiplication on S/ ~ as follows

Let [a],[b] € S/ ~

Put [a] x [b] = [ab] (a,b € S)

Then the set S/ ~ under the operation * is a semigroup. We call (S, ~,x) the quotient

semigroup of S with respect to ~ .

Proof. This proof from [3]

The operation x is well defined for if

[a] = [c] and [b] = [d] then

a ~ cand b~ d , consequently

ab ~ c¢b and ¢b ~ cd and so ab ~ cd (as ~ is transitive)
that is [ab] = [cd] and thus [a] % [b] = [c] * [d] .

Now we will prove that « is associative on S/ ~

Let [a], [b],[c] € S/ ~ then

(‘[a] x [b]) % [¢] = [ab] x [c]

Then (S ~,*) is a semigroup. m

1.5 Groups theory

1.5.1 Group

ey

Definition 1.5.1 A group (G, .) is a set together with a binary operation”.” satisfying the
following axioms

MM

(i) The operation”.” is associative; that is

(a.b).c = a.(b.c) for all a,b,c € G.



1.5. Groups theory

(ii) There is an identity element e € G such that
e.a=a.e=a foralla € G.

(iii) Each element a € G has an inverse element a™* € G such that

e [f the operation is commutative, the group is called commutative or abelain.

e A group (G,.) is called cyclic if there exists an element g € G such that
G={g"|nelk}

The element g is called a generator of the cyclic group .
o The number of elements in a group G is written |G| and is called the order of the

group.

Example 1.5.1 Let G be a set of complex numbers {1, —1,i, —i} and let”.” be the standard
multiplication of complex numbers, then (G,.) is an abelian group, because
e The product of any two of these element is an element of G, and this can be represented
in the Table 1.1.
o Multiplication of complex numbers is always associative and commutative.
e The identity element is 1.
e The inverse of each element a from G is the element 1 /a. Hence

17l =1, (=)= 1,5 = —i, (=)' =1

1 -1 —1
1 1 -1 —1
—1|-1/1 -1 |1
1 ) — | =11
—1 | =1 |1 1 —1

Table 1.1 group G.



1.5. Groups theory

Remark 1.5.1
e The identity element of a group (monoid) is a unique element and we can denote it by
eq or lg.

o If the element a has an inverse, this inverse is a unique element.

Proposition 1.5.1 Ifa,b, and c are elements of a group G , then
(i) (a™) 7! =a.
(ii) (ab)™' =b~ta™L.
(111) ab = ac or ba = ca implies that b = ¢ (cancellation law).
Proof. [9] (i) The inverse of a™! is an element b such that a='b =ba™! = ¢ , but a is
such an element (because a™! is the inverse of a), and we know that the inverse is unique.
Hence (a™')™! = a.
(ii) Using associativity, we have
(ab)(b~ra™) = a((bb~Ha™t) = alea™) = aa™t =e.
Hence b=*a™" is the unique inverse of ab.
(iii) Suppose that ab = ac. then a~'(ab) = a~'(ac), so (a™'a)b = (a"ta)c. that is,

eb=ec and b= c. similarly ba = ca implies thatb=c. m

1.5.2  subgroup

Definition 1.5.2 If (G, .) is a group and H is non empty subset of G, then (H,.) is called
a subgroup of (G,.) if the following conditions hold

(i) a.b € H for all a,b € H (closure).

(ii) a=* € H for all a € H (emistence of inverses), And we will denote this by H <g G.

Example 1.5.2 o {e¢} and G are trivial subgroup of (G,.).
o (Z,+) is a subroup of (Q,.).



1.5. Groups theory

1.5.3 Subgroups generated by subsets

Definition 1.5.3 Let S be a subset of a group G. Then the subgroup of G generated by S,
denoted by (S) , is defined to be the intersection

()= K
SCK
K<qgG

Then this definition ensures that (S) is the smallest subgroup of G containing S.

Remark 1.5.2 Ifthe set S in the definition above happens to be a finite, say S = {g1, g2, ---gn }
then we normally write (g1, g2, ...gn) instead of ({g1, g2, ..-gn}) when speaking about this sub-

group.

1.5.4 Normal subroup

Definition 1.5.4 A subgroup H of a group G is called normal subgroup of G if

g 'hg € Hforallge Gandhe H or
Hg = gH forallgeG.

e Let G be a group with subgroup H, the right cosets of H in G are equivalence classes
under the relation R defined by ab~! € H. We can aslo define the relation L on G so that
aLb if and only if b~'a € H, this relation is an equivalence relation, and the equivalence
class containing a is the left coset aH = {ah | h € H}.

e If H is a normal subgroup of GG, then, the right coset and the left coset of H in G are
the same, that is, Ha = Ha for all g € G.

And this is helps us to give this theorem.

Theoreme 1.5.1 If N is a normal subgroup of G, the set of cosets G/N ={Ng | g € G}
forms a group (G /N, .) where the operation is defined by (Ng1).(Nga) = N(g1g2), this group
18 called the quotient group of G by N .

10



1.6. Morphisms

1.5.5 Action of a group on a set

Definition 1.5.5 The group (G,.) acts on the set X if there is a function such that when

we write g(x) for (g, x) we have

P:Gx X — X

(1) (9192)(x) = 91(g2(2)) for all g1, 92 € G, v € X.
(i1) e(x) = z if e is the identity of G and r € X.

1.6 Morphisms

1.6.1 Group morphism

In group theory, the most important functions between two groups are those that "preserve"

the group operations, and they are called homomorphisms (or morphisms).

Definition 1.6.1 If (G,.) and (H,*)are two groups, the function f : G — H called a group
morphism if

fl91-92) = f(g1) * f(g2) for all g1, 92 € G.

e A group morphism f : G — G will be called an endomorphism, the set of all
endomorphism of a group will be denoted by End(G).

Example 1.6.1 e For each real number c, the formula c(z +y) = cx + cy for all x and y
in R says that the function f.(x) = cx is a group homomorphism.
e For all positive numbers x and y , Jxy = /Ty , so the square root

function f:RT — R | where f(x) = & is a homomorphism.

Proposition 1.6.1 Let f : G — H be a group morphism, and let e and ey be the identities
of G and H, respectively. then

(i) f(ec) = en.
(ii) f(a™) = (f(a))™" for alla € G.

11



1.6. Morphisms

Proof. this proof from [9]
(i) Since f is a morphism

flec) flec) = flec-eq) = flec) = f(ea)-en

Hence (i) follows by cancellation law in H (proposition 1.1.)
Then f(eq) = en.

(ii) We have

fla) f(a™h) = fla.a™) = flea) = en by ().

Hence f(a™ 1) is the unique inverse of f(a);that is, f(a™') = (f(a))™!. =
1.6.2 Semigroup morphism

Definition 1.6.2 Let (S, T) and (T, %) be a semigroups, the function g : S — T is a semi-

group morphism if

(1 T w2) = g(x1) * g(x2) for all z1, x5 € S.
Example 1.6.2 Let S = (N, +) and T' = (N,.); and define g(n) = 2" for all n € N. Now;
gl +m) = 2™ = 273" — g(n).g(m)
And hence g : S — T is a semigroup morphism.

Remark 1.6.1 the set of all endomorphism of a semigroup S will be denoted by End(S),
and this set form a semigroup under the composition of functions. Hence (End(S),0) is a

SeMigroup.

1.6.3 monoid morphism

Definition 1.6.3 If (M, *) and (M, ) are monoids with identities ey and ey respectively,
the function h : My — My is a monoid morphism if the two conditions hold

(i) h(a xb) = h(a) A h(b) for all a,b € M;.

(i1) h(e1) = es.

12



1.7. Isomorphism

1.7 Isomorphism

Definition 1.7.1 A group isomorphism is a bijective group morphism, if there is an iso-
morphism between the group (G,.) and (H,x*), we say that the two groups are isomorphic
and write (G,.) = (H, *).

e A group isomorphism g : G — G will be called an automorphism, the set of all
automorphism of a group will be denoted by Aut(G).

e A semigroup (monoid) isomorphism is a bijective semigroup (monoid) morphism.

13



Chapter 2

Direct product, semidirect product

and wreath product

Semigroups (groups) can be joined together in various way to produce more semigroups

(groups). So we will examine here some important methods of doing this.

2.1 direct product

2.1.1 direct product of semigroups

Proposition 2.1.1 Let S and T be semigroups, consider the set S X T, the cartesian product

"N

of S and T, and define a multiplication”.” on S x T as follows

(z1,91)-(22,42) = (122, 91%2) for all x1, 20 €S, y1,yp €T

The result is a semigroup (S x T, .) which is called the direct product of S and T', written
SxT.

Proof. It is easy to show that this product is associative. ®

14



2.1. direct product

Example 2.1.1 Let S = (N, +) and T = (N, x), then in the direct product S x T we have

(n,r).(m, k) = (n+m,rk) where n,m € S, r,k € T.

Lemma 2.1.1 Given three semigroups S, T, W, we can form the direct product (S xXT)x W ;

similarly S x (T'x W) and the relationship between these two semigroups is the isomorphism

0
(SxTYW =8 x (T xW).
Proof. the isomorphism is
f o (SxT)W — 8 x (T x W) defined by
f(z,y),2) = (z,(y,2)) wherex € S;ye T,z e W.
u

2.1.2 Direct product of groups

Proposition 2.1.2 If (G,0) and (H,*) are two groups, then (G x H,-) is a group under

the binary operation - defined by
(91, h1) - (g2, h2) = (g1 © g2, ha *x ha) where g1, 92 € G5 hi,hy € H

The group (G x H,-) is called the direct product of the groups (G,o) and (H, ).
Proof. We will prove that (G x H,-) is a group

e For the fact that (G,0) and (H,x*) are associative we have

((g1, h1) - (92, h2)) - (g5, ha) = (g1 © g2, ha * ha) - (g3, hs)

= ({910 92) © g3, (h1 * ha) * hs)
= (910 (g2 0 93), 1 * (hg * h3))
= (g1, 1) - (92 © g3, ha * h3)

= (g1, M) - (92, h2) - (g3, h3))

Where g1, g2, 93 € G and hy, ho, hs € H.

15



2.2. semidirect product

Then the operation” -7 is associative on G X H.

o The identity element of G x H is (eq, en), where eq is the identity element of G and
ey 1s the identity element of H.

e the inverse of (g,h) is (g7, h™'), where (g,h) € G x H.

Hence (G x H,-) is a group. m

Example 2.1.2 Let Cy = {e, g}, be a set, the direct product of Cy with itself is
Cy x Cy ={(e,e),(e,9),(g,€),(g,9)}, and its table is given in Table 2.1.
We see that Cy x Cy is a group, where (e, e) is the identity element and the inverse of

each element of Cy x Cs is the same element .

(e;e) | (e,9) | (9,€) | (9,9)
(e;e) | (e;e) | (e,9) | (g.€) | (9,9)
(e,9) | (e,9) | (e;e) | (9,9) | (9,¢€)
(g.€) | (g:¢) | (9:9) | (e;e) | (e, 9)
(9.9) | (9,9) | (g.€) | (e.q) | (ese)

Table 2.1. Group Cs x Cs.

2.2 semidirect product

2.2.1 semidirect product of semigroups

Proposition 2.2.1 Given any semigroups S and T, suppose that 0 : T — End(S) is a

semigroup morphism. Then (S x T, ®) is a semigroup under the operation ® defined by

()@ (z,y) = (20(y)(z),yy) where
v, € S, yy el
Oy = S—S

’

Oy)(x) € §

The semigroup (S x T, ®) is called the semidirect product of S and T with respect to 0
and it is denoted by S xq T.

16



2.2. semidirect product

Proof. From [3], so we will prove that ® is associative on S x T
Letx,z' 2" € S;:y,y,y €T so

1" "

(@) ® (= y)) @ (") = @0y)() yy) @ (@",y")
(

Yy yy'), as T is a semigroup
z,y)® (2'0(y) ("), y'y")
)@ (z",y"))

Then & is associative on S x T, hence (S X T, ®) is a semigroup. ®

2.2.2 semidirect product of groups

Proposition 2.2.2 Given any groups G and H and a morphism 0 : G — Aut(H), denote
the automorphism 6(g) by 8, , then G x H is a group with the multiplication -

(91,11) - (g2, h2) = (9192, by, (h2)) where
91,92 € G; hy,hg € H
0, € Aut(H)
04, (he) € H

The group (G x H ,-) is called the semidirect product of G and H with respect to 6 and
it 1s denoted by G x¢ H.

2

Proof. e we will prove that the operation” -7 s associative on G x H

Let g1, 92,93 € G5 hi,he,hs € H.

17



2.2. semidirect product

((g1,h1) - (g2, h2)) - (g3, h3) = (9192, h10y, (h2)) - (g3, h3)
= (9192 g3, by, (h2)b,g,(N3))
= (192 g3, M0y, (h2)b,,(04,(h3))), as 0 is a group morphism
= (9192 g3, 10y, (h204,(h3))), as 0, € Aut(H)
= (g1 G293, M0, (haby,(R3))), as G is a group
= (91, 1) - (9293, h2992(h3))
= (91, 11) - ((g2, h2) - (93, h3))
Then - s associative on G X H.
o The identity element of G x H is (eg,ex)
(g:h) - (ec, en) = (gea, hby(en))
= (g, hen), as 0, € Aut(H)
= (9, h).
And
(ec,en) - (9,h) = (eqyg, enbeq(h))
= (g,egid(h)), as 0 is a morphism
= (g, h).
e The inverse of (g,h) is (g7, 0,-1(h™1)) where (g,h) € G x H
Its easy to find this inverse so

First because of the bijectivity of 0, , there exist an element h' € H such that

0,(h) = h,

Then

(g,h) - (g7 1) = (997", hy(h))
= (997" hh ™)
= (eq,en).

Second we know that 0,1 = (0,)~*, as 0 is a morphism, then
Og-1(h™") = 0,-1(04(R))

= (05) 71 (0, ("))
=1

18



2.3. Wreath product

And this give us
Oy-1(h) = 01 ((h™)71)
= (0 (b))~

— K1
Then
(g7 B') - (g, h) = (g7 g, W by-1(R))
= (g7tg,h'h' ™)
- (eGa €H>'

Then the inverse element of (g, h) is (g7*, 0,-1(h™1)).
Hence (G x H ,-) is a group. =

2.3 Wreath product

2.3.1 Wreath product of semigroups

Proposition 2.3.1 Let S and T be two semigroups, and T" be a monoid, and let ST denote
the set of all functions from the monoid T" to the semigroups S, then

The set ST x T is a semigroup under the multiplication o

(fsy1) 0 (g,52) = (f © g, y112)

Where fog € ST is defined by (fog)(z) = f(2)g(zy1) forz €T, f,ge ST, y1,yp €T
We call the semigroup ST x T the wreath product of S and T and write it as So T .
Proof. From [3], we will prove that o is associtive on ST x T so
Let f,g,h € ST and yy,vs,y3 € T then
(((fr91) 0 (g:92)) © (h,ys)) = (f © g, p112) © (h, ys)
=((fog)oh,yiy> ys)
And
((f,1) 0 ((9,92) © (h,ys))) = (f,91) 0 (g © b, y2y3)

fo(goh),yi yays3)
fo(goh),yiya y3), as T is a semigroup

= (
= (
Then, we will prove that (f og)oh = fo(goh).
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2.3. Wreath product

Let z € T", then
((fog)oh)(z) = (fog)(z)h(zy1y2)

= f(2)g9(zy1)h(z31y2)
And
(folgoh))(z) = f(2)(goh)(zy1)

= f(2)g(zy1)h(zy192)

So we proved the associativity of the multiplication on the set ST x T .

Hence the ST x T is a semigroup under the multiplication o . m

2.3.2 Wreath product of groups

The wreath product of two groups A and B is consructed in the following way.

Proposition 2.3.2 Let AP be the set of all functions defined on B with values in A. With
respect to pointwise multiplication, this set is a group; B acts on AP as a group of auto-

morphisms in the following way
ifbe B, ¢ e AP then ¢’ (z) = ¢p(xb™Y) forz € B

with respect to this operation, one can form the semidirect product W of B and AP, that

is, the set of all pairs (b, ¢) where b € B, ¢ € AB, with multiplication operation given by

(b, ¢)-(c; ) = (be, ¢*) where b,c € B, ¢, ¢ € AP

The resulting group W is called the wreath product of A and B, and is denoted by
AW, B (or AB).

Proof. This proof from [5] is devided into three parts.

Part 1

o first we will prove that the set A® forms a group such that for any ¢,, ¢, € A5,
let ¢, ¢, in AP be defined for all z € B by

(9102)(z) = ¢1()Pq(w)

Thus composition of functions is pointwise.
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2.3. Wreath product

(i) AP is non-empty and is closed with respect to multiplication. If ¢, ¢, € AZ, then
O1(), p9(x) € A, for all x € B
Hence ¢, ().¢y(z) € A.This implies that (¢;¢,)(x) € A and so ¢,¢, € AP.
(i1) since multiplication is associative so also is the multiplication in AZ.
(ii7) the identity element in AP is the map e : B — A given by
e(r) =14 forallz € B,14 € A.
(iv) every element ¢ € AP is defined for all 2 € B by ¢ '(z) = (¢(z))~".
Thus AP is a group with respect to the multiplication defined above.
Part 2
e second we will prove that B acts on A as a group of automorphisms,
assume that B acts on AP as follows
Bx AP — AB: (b, ¢) — ¢° such that
For z € B we have ¢’(2) = ¢(xb™') ,b € B,¢" € AP
Take ¢, ¢y, d, € AB b, by, by € B then
(i) (¢")(x) = ¢" (xb3 ")

= ¢((xby )by )

= ¢(z(bib2) ™)

= ()

= ¢ (2)¢5(2).
Then B acts on AP as a group of automorphisms.
Part 3
e Now we can construct the wreath product W of A and B, that is, the semidirect
product of B and AZ,

Then we will prove that B x A® is a group with multiplication

(b;0)-(c, ¥) = (be, ¢°9).
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2.3. Wreath product

Then

(1) closure property follows from the definition of multiplication.

(i1) Take ¢,1,n € AP and b, c,d € B. then
((b:9).(c,;¥)).(d,m) = (be, d).(d, )

= ((be)d, (¢°9) ).
Also we have

(b, ¢)-((c, ¥).(d;n))

(b, 0)-(cd, v"n)
= (b(cd), 6™(4)"n))
((be)d, ¢ (1")).

Now if x € B then
(¢“Y) () = (¢“¢)¥(z)n(z), (from pointwise multiplication)
(6°) ()3 (z))n(x), (from part 2 (iii))

And

o) (z) = ¢°U(z)(¥n)(z), (from pointwise multiplication)
= ¢™(2) (" (x)n(z))
= (¢ (2)y"(x))n(x), (from part 1 (i7))

And thus we have established the associativity of the multiplication on the set Bx A%,

(441) We know that for every ¢ € AP ¢'% = ¢ (part 2 (ii))

now for every b € B, the map ¢ — ¢” is an automorphism of AZ. Also if e is the identity

element in AP then e’ = e
(b,9).(1p,¢) = (b1, ¢'7¢)
= (b, ¢e)
= (b,¢).
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2.3. Wreath product

Also

(1g,€).(b, ¢) = (15b, e’¢)
= (b, e9)
= (b,9)

Thus identity element exists.
(iv) (b:0).(07" (07" ) = (b 6" (67)" )
= (15,6" (7))

And
(O (07 (b,0) = (0710, ((671))0)

= (15, ((67)")’9)-
If v € B then
¢b71(¢_1)b_1(x) = ¢b71(x)(¢_1)b_1(m) (pointwise multiplication)

= (¢¢™ )" (z) (part 2 (iii))
= ()
= e()
Also
(67" o) = (71" )P(x)d(x)
= (¢7 ") "(x)¢(x) (part 2 (i)

= e()
Thus the inverse element of (b, ) is (b, (¢ )").

Hence B x AP is a group with respect to the multiplication defined above. m
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Chapter 3

Machines and its decomposition

In this chapter we will recognize the state machines and we will find that they are natural
subjects for study also we can initiate the algebraic theory of these objects. As with other

algebraic theories one approach is the decompostion of state machines.

3.1 Basic definitions on state machines

3.1.1 State machine

Definition 3.1.1 A state machine is a triple M = (Q, X%, §) where Q) is a finite set of states,
Y 1s a finite set of symbols called the input alphabet and d : Q X ¥ — Q is a partial function
called the transition function.

e A partial state machine is such where 6 may be undefined for some combinations of
state and symbols.

o A state machine M = (Q, %, 0) is called complete if the partial function § : Q X X — Q
is in fact a function. In this situation we can specify what the resultant 6(q, o) is, for all
possible combinations of ¢ € QQ and o € X.

e the transition function can be extended naturally to sequences of input symbols, by

letting 0(q,wo) = 6(0(q,w), o), and to set of states by letting 6(Q',0) = {d(q,0) : ¢ € Q'}.
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3.1. Basic definitions on state machines

3.1.2 How to represente a state machine

A state machine is often descriped by means of a table (called the transition table) because
we will write the transition function ¢ in tabular form.

This form of representation can be sisualized by a directed graph (diagram) whose nodes
correspond to states and its edges to transitions (see figure 3.1).

Although such a representation is finite, it might be impractical in many situations where
the state space is large.

e We have a simple example that show us the representation of a state machine M such

that Q = {p,q,r} , ¥ = {a,b,c} and a transition function .

Olplqglr
alqlql|r
b|p|p|D

clqgl|r|r
Table 3.1 Transition table of M.

a,c

Figure 3.1 A state machine M.
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3.1. Basic definitions on state machines

Here 6(r, b) is undefined, we write it as @ in the table, the fact that §(r,b) is undefined
is indicated on the diagram by the lack of an arrow labelled by b emanating from the state

r, and we call M an incomplete state machine.

Example 3.1.1 suppose that Q ={1,2,3,4,5,6}, ¥ = {00,01},
1 23 45 6 1 2 3 4 5 6

)= 5002 7501:
3121 35 4 5 3 3 3 3

Then M = (Q,% ,0) is a state machine with siz states and two inputs,

M1l28|4|5]|6
oo | 3121|385

oL 415313383
Table 3.2 The transition table of M.

O1
O1
18]
0 o
1 e Oo 2 | Co 3 ”
84 ]
O O1
Co
5 | 6
OCo

Figure 3.2 the state machine M.

From the table and the diagram we can see that the state machine M 1is complete.
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3.2. The semigroup of a state machine

3.1.3 How the state machine operate

We will present the machine M = (Q, 3, 0) with a symbol o € ¥ while it is in some state, say
q € . The machine then moves to state d(¢, o) € Q. This notation is a little cumbersome,
so we will introduce another consept.

e Let 0 € X, define 0, : Q — @ by ¢d, = §(q,0) for each ¢ € Q)

The machine may not be complete, so d, may only be a partial function of @) to itself,
so each input o € ¥ yieldz a partial function d, : Q) — Q.

e Suppose that o is applied to the machine in the state ¢ then the machine moves to
state gd,. If further, another input ¢’ € ¥ is applied we get the resultant state ¢d,0,.

e Now let @ € Xt and suppose that & = 0,03.....0;, then we define §, : Q@ — Q by
@0a = @05 0gy.-e... 0oy -

3.2 The semigroup of a state machine

Proposition 3.2.1 Let M = (Q,>_,9) be a state machine and consider the set 3 of all

words of length greater than or equal to 1 in the alphabet X . Define a relation ~ on X1 by
an~ &0, =05 wherea, € Xt

The relation ~ 1s a congruence on X1, and we can construct the quotient semigroup
Xt~

We call this semigroup, the semigroup of the state machine M, the notation used being
S(M). The elements of S(M) will be equivalence classes [a] ,a € X7

Proof. From [3]

We will prove that ~ is a congruence on X"

The relation ~ is easily seen to be an equivalence relation because of

The reflexivity of ~ , that is, 0, = 0 for any o € X7, then a ~ a.

The symmetry of ~ , that is, a ~ < §, = 05 where o, f € ¥7, and we have 05 = d,
then B ~ a.
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3.3. State machine homomorphism

The transitivity of ~ , that 1s,

an~ & 0,=205 and f~ v < dg =0, where a, B,y € BT

And we have 6, = 0g = 0, then a ~ 7.

Since ¥ has a natural semigroup structure, using concatenation of words as the
operation, it is natural to ask whether ~ is a congruence on X+, then

If a,8,v € &t and a ~ [ then §, = d5 and for any q € Q

@0~y0 = (q01)d0 = (q0+)dp = @05 and so 6, = 03 which yields yo ~ 3, etc .

We now construct the quotient semigroup X%,/ ~ . ®

3.3 State machine homomorphism

Definition 3.3.1 Let M = (Q,%,5) and M' = (Q', X ,8') be state machines.
leta:Q — Q ; [B:%X — X'be mappings (functions) such that

a(d(g,0)) € 0'(alq), B(0)) for any g € Q , 0 €3,

This means that if (q, o) is undefined we put a(6(q,0) = & and if 6(q, o) is defined then
5 (a(a), Bo)) s also and a(3(g, @) = &'(a(q), B(o))

We call the pair (o, 3) a state machine homomorphism from M to M’ and write

(o, B): M — M.

e If a and [ are both bijective functions, then the pair (o, [3) is a state machine

isomorphism and we write M = M’.
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3.3. State machine homomorphism

Example 3.3.1 Let M = (Q,%,0) be the state machine defined by the diagram

Figure 3.3 The state machine M.

Such that Q@ = {0,1,2} , ¥ ={o,7}.
If M' = (Q',%,8') is the state machine defined by the diagram

o

O
Figure 3.4 The state machine M'.

Where @ = {a,b,c} , ¥ ={o,7,p}.
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3.4. Coverings

Define

a:Q—-Q byall)=a2)=a;a(l)=0
B:EX—=XbyBlo)=0;pB(r)=1

Then («, 8) : M — M’ is a homomorphism; note that
a(0(2,7)) =2 C §((2),6(1)) = b

a(5(0,0)) = a = §(a(0), (o))

etc.

3.4 Coverings

Definition 3.4.1 Let M = (Q,%,5) and M’ = (Q',%',§") be state machines. If 1 : ¥ — ¥/

is a function and ¢ : Q' — Q is a surjective partial function such that
0(e(q), ) S (d'(q, ¥(a))) for ¢ € Q" and o € X
We say that (¢, ) is a covering of M by M', written M < M.
Remark 3.4.1 If M and M’ are state machines with the same alphabet > than
5(p(q),a) Cp(8'(¢' ) ford € Q' and a € 2
and we say that ¢ is a covering of M by M.

Example 3.4.1 Let M be a state machine defined by the diagram

Figure 3.5 The state machine M.

Such that @ = {0,1} , ¥ = {0, 7} with transition function 6.

30



3.5. Products of state machines

And M’ by

O
Figure 3.6 The state machine M'.

Such that Q' = {x,y,z} , ¥ = {0, 7} with transition function ¢'.
Defining p:x — 0,y —1and 1y :0 — o , T — T does not yield a covering (¢, 1x)

since 6(¢(y),7) =0¢ (0 (y, 7)) = 2.
However by butting a surjective partial function ¢' : x — 0, z — 1 we may check that

(¢’ 1s) gives a covering M < M’ because

3.5 Products of state machines

There are many major methods of connecting up the state machines, so this various products

show us how to do this

Let M = (Q,%,0) and M’ = (Q',%', ") be state machines.
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3.5. Products of state machines

3.5.1 Direct product

Restricted direct product

Definition 3.5.1 Suppose that M and M’ are state machines with the same input set X,

that’s mean X = Y'. connecting them up in this way, will produce a new state machine
MAM =(QxQ',% ,5\N§) where

6AN(q,q),0) = (6(q,0),8(q,0)) foroc € X, (q,¢) € Q x Q
We call this machine the restricted direct product of M and M’.

The (full) direct product
Another type of connection can be made, even when the input alphabets are different.
Definition 3.5.2 Let M and M’ be state machines, and we will define
Mx M =(QxQ X xY §xd) where
(0% ) ((q,9),(0,0") = (0(¢,0),8'(¢',0")) foroc €%, 0" € ¥, (¢,¢) €Q x Q'

This state machine is called the full direct product of M and M’.

3.5.2 Cascade product

Definition 3.5.3 Suppose that M and M’ are state machines, we will define the cascade
product of M and M’ with respect to w : Q' x ¥/ — X by

MwM' = (Q x Q', ¥, 6*) where

0“((¢,¢),0") = (6(q;w(q’,0")),0'(¢", 0")) for o’ € 2, (¢,¢') € @ x Q"

3.5.3 Wreath product

Definition 3.5.4 The wreath product of state machines M and M’ is M o M’ such that
MoM =(Qx@Q,59 x ¥, )

8°((q, "), (f. o) = (6(q, f(d)),8' (¢, o)) for o' €%, f €S9, (q,¢) € Q x Q.
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3.5. Products of state machines

Remark 3.5.1 The wreath product (cascade product) of more than two state machines,

MioMyo Mo ..... o M, is defined as (...(M; o My) o Mzo....) o M,.

Example 3.5.1 Let M be state machine given by

o o]

T T
Figure 3.7 The state machine M.

Where @ = {0,1} ,% = {0, 7}.
And M’ given by

O
Figure 3.8 The state machine M.

Where Q' = Q = {0,1} , X' = {o}.
Define a mapping w: Q' x ¥ — ¥ by w(0,0) =0, w(l,0) =T.
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3.5. Products of state machines

Now we will define the cascade product MwM' which has diagram

Figure 3.9 The cascade product of M and M'.

such that MwM' = (Q x @', %', §%) where

§°((0,0),0) = (6(0,w(0,0)),0'(0,0)) = (1,1)
5°((0,1),0) = (6(0,w(1,0)),0'(1,0)) = (0,0)
0“((1,0),0) = (6(1,w(0,0)),0'(0,0)) = (1,1)
5°((1,1),0) = (6(1,w(1,0)),0(1,0)) = (0,0)

Finaly we examine the wreath product of M and M', such that the input alphabet is
Y@ x ¥'. Denote the four elements of X2 by «, 3,7, n where

a0)=a(l)=0  ;B0) =0, A1) =~

Y(0)=7,91) =0 ;n(0) =n(1) =T,

then the state machine M o M’ has the table

5° 1 (0,0) | (0,1) | (1,0) | (1,1)
(@, 0) | (1,1) | (1,0) | (1,1) | (1,0)
(B,0) | (1,1) | (0,0) | (1,1) | (0,0)
(v,0) 1 (0,1) | (1,0) | (0,1) | (1,0)
(n,0) | (0,1) | (0,0) | (0,1) | (0,0)

Table 3.3 the transition table of M o M'.
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3.6. Decomposition

3.6 Decomposition

Definition 3.6.1 Let M = (Q, %, J) be a state machine. A cascade decomposition for M
18 a covering

M S lelNQWQ....wn_an

Where Ni, Ns, ...., N, are state machines, such that this machines are simpler than M ;
usualy this means that the state sets of N1, N, ...., N, are all "smaller” than the state set
of M, the connecting mapping wi,ws, ....,wn_1 are defined suitably (a cascade or restricted

direct product).

Remark 3.6.1 Recall that the cascade product is a generalization of the restricted direct
product so that this type of decomposition will be the most general. however if we can replace
some of the cascade products by restricted direct products we will do so because this will yield

a much more effecient covering. (The semigroup of the covering machine will be smaller).

3.7 Permutation-reset machines

An important class of state machines are permutaion-reset state machines, before we start

this section, we will give some definition.

Definition 3.7.1 A reset state machine M = (Q, %, §) is a state machine in which input
o € X either defines an identity on Q) or |(Q)d,| = 1.

Definition 3.7.2 A permutation state machine M = (Q ,3, d) is a state machine in which

input gives a permutation of Q, that is, (Q)0; = Q for all & € X.

3.7.1 Permutation-reset machine

Definition 3.7.3 Let M = (Q, 3, 0) be a state machine with |Q| > 1 and suppose that for
each o € X either (Q)d, = Q or |(Q)d,| = 1, then we call M a permutation-reset machine.

(each input defines a permutation of QQ or a reset).

Now we will examine a method of decomposing them.
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3.7. Permutation-reset machines

Theoreme 3.7.1 Let M be a permutation-reset machine then
M < NwP

Where N is a reset machine and P s a permutation machine.
Proof. From [3]
o Let M =(Q,%, §), and X can be devided into two disjoint subsets

Y=0U= on

(1]

=
Where © 1is the set of all permutation inputs of M, and = is the set of all reset inputs
of M, that is,

©={0eX|(Q) =Q}
And

E={oeX[[(Q))]=1}.

e Define G to be the subgroup of S(M) generated by O, then the elements of G are
equivalence classes, [a] .

And put P = (G,3, &) where

(@] = 0([a],0) =[ad] ,0€0,ac 6
[e] e = o([a],§) =[] ,£€E ac®

We have af) € ©* and [af] € G then P is a permutation machine.
o Let N =(Q,G x X, §") where

5*(q,(9,€)) = 6 (8(8(q, @), €), )

such that g =[a| € G, a € O* ( €E, g€ Q
With notation

9075.6) = 40a0¢(da)
Now 6, is a permutation of Q , as a € ©*, and so (§,)~" is defined.
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3.7. Permutation-reset machines

Furthermore ‘(Q)éz‘%M = [(Q)0a0¢(00) M =1
Because (Q)d, =Q  (a € ©F)
(@ =1 (€eD)
And thus N is a reset machine.
o The state machine N* consists of the state machine N with the identity map 1g

adjoined, we thus adjoin a new symbol A to the set G X ¥ and
N =(Q,(G x X)U{A},0™) where

40(g.e) = 0(ge) for € Q, g€ G, { € 2
And

405 =q forq € G.

e Now definew : G x ¥ — G x X U{A} by

A ifo €O

(9.0) ifc €=
We may form the cascade product N'wP; the state mapping of this machine will be

denoted by 0“
Then N'wP = (Q x G,X%,0%) where

w(g,0) =

6“((q,9),0) = (6" (q,w(g,0)),0(g,0))

With notation
(q,9)0% = (q :Eg?(,),gga) forqe @, g€ ol € G,a €O 0.
e The covering map ¢ : Q X G — Q) between M and N'wP is defined by

©(q,9) = q0a = (g, @) (*)

where g = [a] € G, q € Q.
We must now establish the covering properties for ¢
First ¢ is clearly surjective as G # & and 0, is a permutation of Q, (o € ©F)

Now we will verify the last condition of covering

5(¢(q,9),0) € 9(0“((q,9),0)).
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3.7. Permutation-reset machines

Then we will examine the cases of o € X
Let 0 € © and (q,9) € Q x G. If g = [a] where a € ©*, then
0(¢(g; [a]), o) = 6(3(q, @), 0)

= 6(q, a0)

= ¢(g; [ao]),  from (¥)

Since ao € ©*. Hence

p(0°((g, [a]), ) = (6™ (¢, w([a] , 0)), ([a] , 7))
= (6" (¢, M), 0([a] ,0)), as 0 € ©
= (g, [ac]), as 0 € ©

Then

5(e(a,9),0) = ¢(6((¢; 9), 7))

If o € Z and (q,9) € Q x G with g = [a] for a € ©*

Then

6((q,[a]),0) =6(0(q, ), 0)
= 5(Q7 U)

Also

Then 6(¢(q,9),0) = ¢(6“((¢,9),0))-

Hence in all cases

d(p(q,9),0) € ©(0°((q,9),0)).
Then M < NwP. =
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3.7. Permutation-reset machines

Example 3.7.1 Consider the state machine M = (Q, %, ) defined by

T

Figure 3.10 The state machine M.

where Q ={0,1,2} , ¥ ={o,7},
This machine is a permutation-reset machine such that the permutation machine

P = (Z3,%, d) is given by

[o]

Figure 3.11 The permutation machine P.
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3.7. Permutation-reset machines

Where Z3 = {[1], [o], [¢%]}.
N =(Q,(Z3 x £) U{A},0™) is a reset machine given by the table

o 0112

A 0112
(1],0) | @ |2 | o
([1],7) |2 |0 @
([o],0) |2 |2 | @
(o], 7) |22 | @
([0%],0) | @ |2 | @
([e?],7) | @ |1 | @

Table 3.4 The trasition table of N .
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Conclusion

In this project, we presented a way to produce more semigroups and groups from an initial
semigroups and groups using semidirect product and wreath product. We know that the
problem of decomposing a state machine was studied quite thoroughly and various methods
were proposed in order to improve its effeciency, so in this project we have seen a method
of decomposing a general state machine into "algebraically simpler" machines doing the
same work as the original state machine by choosing a suitable ways like cascade product
or restricted direct product of state machines.

The subject discussed here is undergoing much rapid development and it is likely that

over the next few years many new useful results will appear.
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