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Notations

N : Set of natural numbers.

Z : Set of integer numbers.

Z/nZ : Quotient group of Z modulo n.

[F, : The finite field of order q.

ged (a,b) @ The greatest common divisor of a and b.
lem (@, b) : The least common multiple of a and b.
d(z,y) : The Hamming distance between x and y.
w(z) : The Hamming weight of x.

C* : The dual code of C.

LCD : Linear codes with complementary duals.

[F; : The multiplicative group of nonzero elements of F,.
(a) : The principal ideal generated by a.

[F, [z] : The polynomial ring over the finite field FF,,.
©(n) : Euler’s function of n.

AT : The transpose of the matrix A.

det (A) : The determinant of the matrix A.

a = b(modn) : a is congruent to b modulo n.

a|b: a divides b.

deg (f) : The degree of the polynomial f.

f* : The reciprocal polynomial of f.
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Introduction

Coding theory originated with the 1948 publication of the paper “A mathematical theory
of communication” by Claude Shannon. For the past half century, coding theory has grown
into a discipline intersecting mathematics and engineering with applications to almost every
area of communication such as satellite and cellular telephone transmission, compact disc
recording, and data storage.

Cyclic codes over finite fields indeed play an important role in the theory of error-
correcting codes and have practical applications. These codes possess rich algebraic struc-
tures,which allow for efficient encoding and decoding operations.

This document is divided into three chapters. The first chapter is about coding theory
which serves as a recall of the essential concepts and notation that will be used in the subse-
quent chapters and will cover some generalities the code like, hamming distance, hamming
weight, distance of a code, linear codes and generator and parity-check matrix, dual codes.

Chapter 2 is about cyclic codes which is a special classes of linear codes. We present
some algebraic description of cycl codes.

Chapter 3 is about some properiete of LC'D cyclic codes over finite fields of length
N = 2p with p is an odd prime. More precsely,is about the minimal and maximal LC' D
cyclic codes of length 2p over the finite field IF, whith p is an odd prime, over the finite
fields F, of ¢ elements, where ¢ is an odd prime distinct from p and ¢(p) = p — 1 is the

multiplicative order of ¢ modulo 2p, i.e., ¢?~! = 1(mod 2p).



Chapter 1

Coding theory

1.1 Preliminaries
We begin with some basic definitions.

Definition 1.1.1 Let A = {a1,as,...,a,} be a set of size q, which we refer to as a code
alphabet and whose elements are called code symbols.

(i) A q-ary word of length n over A is a sequence w = wiws...w,, with each w; € A for
all i. Equivalently, w may also be regarded as the vector (wy, ..., wy,).

(i) A g-ary block code of length n over A is a nonempty set C' of q—ary words having
the same length n.

(i1i) An element of C' is called a codeword in C.

(iv) The number of codewords in C, denoted by |C|, is called the size of C.

(v) The (information) rate of a code C' of length n is defined to be (log,|C|)/n.

(vi) A code of length n and size M is called an (n, M)— code.

Example 1.1.1 A code over the code alphabet Fy = {0,1} is called a binary code; i.e., the
code symbols for a binary code are 0 and 1. Some examples of binary codes are:

(i) Cy ={00,01,10,11} is a (2,4)-code;

(i) Cy = {000,011,101,110} is a (3,4)-code;

(111) C3 = {0011,0101, 1010, 1100, 1001,0110} is a (4, 6)-code.



1.1. Preliminaries

A code over the code alphabet Fs = {0,1,2} is called a ternary code, while the term
quaternary code is sometimes used for a code over the code alphabet Fy. However, a code

over the code alphabet 7.4 = {0, 1,2, 3}is also some times referred to as a quaternary code .

1.1.1 Hamming distance

Definition 1.1.2 Let x and y be words of length n over an alphabet A. The (Hamming)
distance from x to y, denoted by d(x,y), is defined to be the number of places at which x
and y differ. If v = xq...x,, and y = y1...yn, then

where x; and.y;.are regarded as words of length 1, and

Lif z; # y;

d@m%‘) =

Example 1.1.2 (i) Let A = {0,1} and let x = 01010, y = 01101, z = 11101. Then

d(l‘, y) = 3,
d(y,z) = 1,
d(z,z) = 4.

(11) Let A ={0,1,2,3,4} and let x = 1234,y = 1423, z = 3214. Then

d(z,y) = 3,
dy,z) = 4,
d(z,z) = 2

Proposition 1.1.1 Let x, y, z be words of length n over A. Then we have
(i) 0 <d(z,y) <n,
(i1) d(z,y) = 0 if and only if v =y,
(i) d(zx,y) = d(y, v),
(iv) (Triangle inequality) d(x, z) < d(z,y) + d(y, z).



1.1. Preliminaries

1.1.2 Hamming weight

Recall that the Hamming distance d(z,y) between two words =z, y € Fy,

where 0 is the zero word.

Definition 1.1.3 Let x be a word in ¥y . The (Hamming) weight of x, denoted by wt(x),

1s defined to be the number of nonzero coordinates in x; i.e.,

wt(z) = d(z,0).

n
q ’

Remark 1.1.1 For every element x of ' , we can define the Hamming weightas follows:

lifx#0
0if z =0.

wt(x) = d(z,0) =

Then, writing € F; as © = (71, 7y,...,2,), the Hamming weight of = can also be
equivalently defined as
wt(x) = wt(xy) + wt(za) + ... + wit(z,).(1.1)
Lemma 1.1.1 If z, y € F?, then d(x,y) = wt(x — y).

q’

Proof. For z, y € Fy, d(z,y) = 0 if and only if z = y, which is true if and only if
x —y = 0 or, equivalently, wt(x —y) =0. m

Corollary 1.1.1 Let q be even. If v, y € Fy, then d(x,y) = wt(z +y).
For x = (w1, %2, ...,w,) and y = (y1,Y2, ---, Yn) in Fy, let

T xy = (T1Y1, T2Y2,s vy Tnln)-
Lemma 1.1.2 Ifx, y € F}, then

wt(x +y) = wt(z) + wt(y) — 2wt(x x y). (1.2)

mn

g we have

Lemma 1.1.3 For any prime power q and x, y € F
wt(z) + wt(y) > wt(z +y) > wt(zr) — wi(y). (1.3)

Definition 1.1.4 Let C' be a code (not necessarily linear). The minimum (Hamming)
weight of C, denoted wt(C'), is the smallest of the weights of the nonzero codewords of
C.



1.1. Preliminaries

1.1.3 Distance of a code

Apart from the length and size of a code, another important and useful characteristic of a

code is its distance.

Definition 1.1.5 For a code C' containing at least two words, the (minimum)distance of

C, denoted by d(C), is d(C) = min{d(x,y) : x,y € C,x # y}.

Definition 1.1.6 A code of length n, size M and distance d is referred to as an (n, M, d)-

code. The numbers n, M and d are called the parameters of the code.
Example 1.1.3 Let C' = {00000,00111,11111} be a binary code Then d(C) = 2 since

d(00000,00111) = 3
d(00000,11111) = 5
d(00111,11111) = 2

Hence, C' is a binary (5, 3, 2)-code.

Example 1.1.4 Let C = {000000,000111,111222} be a ternary code (i.e. with code alpha-
bet {0,1,2}). Then d(C) = 3 since

d(000000,000111) = 3,
d(000000,111222) = 6,
d(000111,111222) = 6.

Hence, C' is a ternary (6, 3,3) — code.

Since the distance of a code is related to the error detecting and error-correcting capa-

bilities of the code we have.

Definition 1.1.7 Let u be a positive integer. A code C is u-error-detecting if, whenever a
codeword incurs at least one but at most u errors, the resulting word.is not a codeword. A

code C' is exactly u -error-detecting if it is u-error-detecting.but not (u + 1)-error-detecting.



1.1. Preliminaries

Example 1.1.5 The binary code C = {00000,00111,11111} is 1-error detecting since

changing any codeword in one position does not result in another.codeword. In other words,

00000 — 00111 needs to change three bits,
00000 —— 11111 needs to change five bits,

00111 — 11111 needs to change two bits.

In fact, C is exactly 1-error-detecting, as changing the first two positions of 00111 will result

in another codeword 11111 (so C' is not a 2-error-detecting code).

Example 1.1.6 The ternary code C' = {000000,000111, 111222} is 2-error-detecting.
since changing any codeword in one or two positions does not result in another codeword.

In other words,

000000 —— 000111 needs to change three positions,
000000 — 111222. needs to change six positions,

000111 — 111222 needs to change six positions.

In fact, C' is exactly 2-error-detecting, as changing each of the last three positions of 000000
to 1 will result in the codeword 000111 (so C' is not 3-error-detecting).

Theorem 1.1.1 A code C' is u-error-detecting if and only if d(C) > u+ 1; i.e.,a code with

distance d is an exactly (d — 1)-error-detecting code.

Proof. Suppose d(C') > u+1. If ¢ € C and x are such that 1 < d(c,z) < u < d(C), then
x ¢ C; hence, C' is u-error-detecting. On the other hand, if d(C) < u + 1, i.e., d(C) < u,
then.there exist c1,cy € C. such that 1 < d(cq, ) = d(C) < u. It is therefore possible that
we begin with ¢; and d(C') errors (where 1 < d(C') < u) are incurred such that the resulting

word is ¢g, another codeword in C'. Hence, C' is not a u-error-detecting code. m

Definition 1.1.8 Let v be a positive integer. A code C' is v-error-correcting if minimum
distance decoding is able to correct v or fewer errors, assuming that the incomplete decoding
rule is used. A code C' is exactly v-error-correcting if it is v-error-correcting but not (v+1)-

error—correcting.



1.2. Linear codes

Example 1.1.7 Consider the binary code C = {000, 111}. By using the minimum distance
decoding rule, we see that:

-if 000 1is sent and one error occurs in the transmission, then the received word (100,010
or 001) will be decoded to 000;

-if 111 is sent and one error occurs in the transmission, then the received word (110,101
or 011) will be decoded to 111.

In all cases, the single error has been corrected. Hence, C is 1-error-correcting.

If at least two errors occur, the decoding rule may produce the wrong code word. For
instance, if 000 is sent and 011 s received, then 011 will be decoded to 111 using the minimum

distance decoding rule. Hence, C' is exactly 1-error-correcting.

Theorem 1.1.2 A code C is v-error-correcting if and only if d(C) > 2v + 1;.i.e., a code

with distance d is an exactly (d — 1)/2-error-correcting code.

1.2 Linear codes
We are now ready to introduce linear codes and discuss some of their elementary properties
Definition 1.2.1 A linear code C of length n over F, is a subspace of Iy

Example 1.2.1 The following are linear codes:

(1) C={(M\ A, ..., A) : X e Fy}. This code is often called a repetition code.
(i) (¢ = 2) C = {000,001,010,011}.

(i4i) (¢ = 3) C = {0000, 1100, 2200, 0001, 0002, 1101, 1102, 2201, 2202}.
(i) (¢ = 2) C = {000,001, 010,011, 100,101,110,111}.

(iv) (¢ =2) C = {000,001,010,011, 100,101,110, 111}.

Definition 1.2.2 Let C be a linear code in Fy. The dimension of the linear code C' is the

dimension of C' as a vector space over F, , i.e., dim(C).
Definition 1.2.3 If C' is a linear code, then the minimum distance d of C' is defined as

d = min{d(z,y)|z,y € C,z # y} = min{w(z)|x € C,z # 0}.



1.2. Linear codes

This distance is usually denoted by d and so we speak of a [n, k, d]-code.
Theorem 1.2.1 Let C be a linear code over F,. Then d(C) = wt(C).

Proof. Recall that for any words x, y we have d(z,y) = wt(x — y) By definition, there
exist 2/,1y/ € C such that d(x/,y/) =d(C), so

Since 2/ —y/ € C.
Conversely, there is a z € C'\{0} such that wt(C) = wt(z), so

wt(C) = wt(z) = d(z,0) > d(C).
u

Example 1.2.2 Consider the binary linear code C' = {0000, 1000,0100, 1100} .

Because
wt(1000) = 1;
wt(0100) = 1;
wt(1100) = 2.

Then, the minimum distance d = 1.

Remark 1.2.1 A linear code C of length n and dimension k over F, is often called a g—ary
[n, k]-code or, if q is clear from the context, an [n, k| — code. It is also an (n, q")-linear code.

If the distance d of C' is known, it is also sometimes referred to as an [n, k,d|-linear code.

Remark 1.2.2 (Some advantages of linear codes) The following are some of the reasons
why it may be preferable to use linear codes over nonlinear ones:

(1) As a linear code is a vector space, it can be described completely by using a basis.

(17) The distancode are faster and sice of a linear code is equal to the smallest weight of its
nonzero codewords.

(1ii) The encoding and decoding procedures for a linear mpler than those for arbitrary non-

linear codes.



1.2. Linear codes

1.2.1 Generator and parity-check matrix

Knowing a basis for a linear code enables us to describe its codewords explicitly. In coding
theory, a basis for a linear code is often represented in the form of a matrix, called a
generator matrix, while a matrix that represents a basis for the dual code is called a parity-

check matrix. These matrices play an important role in coding theory.

Definition 1.2.4 (i) A generator matriz for a linear code C' is a matriz G whose rows form
a basis for C.
(ii) A parity-check matriz H for a linear code C' is a generator matriz for the.dual code

Ct.
We clearly have GHT = 0.

Theorem 1.2.2 If G = [Ix|A] is a generator matriz for the [n,k] code C in standard
form,then H = [—AT|I,,_4] is a parity check matriz for C.

Proof. : We clearly have HGT = — AT + AT = O. Thus C is contained in the kernel of
the linear transformation x — Hz?. As H has rank n — k, this linear transformation has

kernel of dimension £, which is also the dimension of C'. The result follows m

Example 1.2.3 The matriz G = [I4|A], where

[
S = O O

0
0
0
1

—_— = = O

1
0
1
1

o O = O
[ s T S Y

18 a generator matriz in standard form

=~

or a [7,4] binary code that we denote by H a

parity check matrix for H is

0111100
H=[-A"l,4J=]1 1011010
1101001

This code is called the [7,4] Hamming code.



1.2. Linear codes

Lemma 1.2.1 Let C be an [n, k|-linear code over F, , with generator matriz G Then v € F}
belongs to C+ if and only if v is orthogonal to every row of G; i.e., v € C+ < vG = 0.
In particular, given an (n — k) x n matriz H, then H is a parity-check matriz for C' if and

only if the rows of H are linearly independent and HGT = O.

Proof. Let r; denote the ith row of GG. In particular, r; € C for all 1 < < k, and every
¢ € C' may be written as.

C = )\17"1 + ...+ )\krk

where A1, ..., A\, € F,. If v € C*, then v-c =0 for all ¢ € C. In particular, v is orthogonal
tory, for all 1 <i < k;i.e., vGT = 0. Conversely, if v-7; = 0 for all 1 < i < k, then clearly,
for any

c=Mr1+ ...+ M\ € C,
vee=M-r1)+ ..+ M(v-1) =0,

For the last statement, if H is a parity-check matrix for C, then the rows of H are linearly
independent by definition. Since the rows of H are codewords.in C'*, it follows from the
earlier statement that HGT = O. Conversely, if HGT = O, then the earlier statement shows
that the rows of H, and hence the row space of H, are contained in C*. Since the rows.of
H are linearly independent, the row space of H has dimension n — k, so the row space of H

is indeed C'*. In other words, H is a parity-check matrix for C. m

Remark 1.2.3 An alternative but equivalent formulation for Lemma 1.2.1 is the following:

Let C be an [n, k]-linear code over F, , with parity-check matrix H. Then.v € [y belongs
to C' if and only if v is orthogonal to every row of H; i.e.,

v e C e vHT =0. In particular, given a k x n matriz G, then G is a generator matric
for C' if and only if the rows of G are linearly independent and HG' = O.

One of the consequences of Lemma 1.2.1 is the following theorem relating the distance

d of a linear code C' to properties of a parity-check matriz of C.

Theorem 1.2.3 Let C' be a linear code with parity-check matriz H. Then
(1) C' has distance > d if and only if any d — 1 columns of H are linearly.independent;
and

(17) C has distance < d if and only if H has d columns that are linearly.dependent.

10
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Corollary 1.2.1 Let C' be a linear code and let H be a parity-check matrixz for C'. Then
the following statements are equivalent:

(1) C has distance d;

(17) any d — 1 columns of H are linearly independent and H has d columns that are

linearly dependent.

Example 1.2.4 : Determine the set of code words for the (7,4)-code with the generator

matrix
1 01

1 0
01101
11100
1 0

0
0
1
010 0

= o O O

Solution 1.2.1 : First, we consider all the 16 possible message words (0000), (1000), (0100), ..., (1111).
Substituting G and v = (1000) gives the code word as follows:

1101000
0110100
C=<1000> 2(1101000>
1110010
1010001

Stmilarly, substituting all other values of u, we may find out the other code words. Just
to illustrate the process, we find out another code word by substituting u = (1111) which

gives

cz(l 11 1)

2(1111111>.

_ =k O
—_ = = O
o = O O
- o O O

10
01
0 0
0 0

S = = =

The total linear block code for the given generator matrix is shown in Table *

11



1.2. Linear codes

Table * The (7,4) Linear Block Code

Messages (u) Code Words (c)
(0000)/(0o0o00000)
(1tooo)/(1101000)
(o100)/(0110100)
(1t1o00)/(1o011100)
(oo1o0)/(1110010)
(to1o0)/(oo11010)
(o110)[(1000110)
(1t110)/(0101110)
(o001 )[(1010001)
(1too1)[(o111001)
(oro01)[(1100101)
(11o1)[(00011001)
(oo11)[(010001 1)
(tor11)[(1001011)
(o1 11)[(0010111)
(trr)(11111010)

Theorem 1.2.4 Let G be a generator matriz of a linear code C'. Then the rows of G form
a basis of C.
Proof. The k rows of G are clearly linearly independent by the definition of G. If r is a

row vector of G, then rHT =0, so Hr' =0, whencer € C. =

1.2.2 Dual codes

Definition 1.2.5 Letu = uy...u,, andv = vy...v,, be vectors in Fy and let u.v = uv1+-+u,v,

denote the dot product of u and v over Fy. If u.v =0, then u and v are called orthogonal.

12
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Definition 1.2.6 Let x = (z1x9...7,,) and y = (Y1Ya...yn) be two vectors of length n over a

field F, Then, by the intersection x x y of x and y, we mean the vector

rxy = (T1Yy1  ToYgeeeweo.. TnYn)

while by their scalar product x.y we mean the element

.Y = T1Y1 + Tays + o+ Toyn of Fy

Thus

Example 1.2.5 Let X, Y Z T be for vectors of length n over a field Fy where

X = (1101) Y = (1111)
Z = (101011) T = (110101)
then X Y = (110 1) XY=1+1+40+1=1
and Z+T = (10000 1) ZT =1404+0+0+0+1=0

Definition 1.2.7 Two vectors x and y of the same length n over F, are called orthogonal
ifxy=0

or equivalently x.y" = y.o =y.a? =0

Definition 1.2.8 Let C be a linear (n, k) code over F, The dual (or orthogonal) code C*+
of C' is defined by
C+ ={ueF}/uv=0 forallve C}.

Theorem 1.2.5 Let C be a linear code of length n over F, Then,
(i) 1C] = ¢57©) | i.c..dim(C) = log,|C|
(it) C* is a linear code and dim(C) + dim(C+) = n;
(ii7) (CH)t =C.

Example 1.2.6 Consider the (4,7)binary Hamming code

0000000, 0001011, 1110100, 1000101, 0111010, 1100010, 0011101, 0110001,
1001110, 1011000, 0100111,0101100, 1010011, 0010110, 1101001, 1111111

13
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It is a 7,4, 3]linear code with the basis {111010,0111010,0011101,0001011}. As a conse-
quence of this, it follows that the code words of the (4,7) Hamming code are in one-to-one

correspondence with the code words of the code generated by the matrix

1110100
0111010
0011101
0001011

A wvector (x1xow3247576)18 orthogonal to C iff it is orthogonal to the basis vectors. For this,

we have These imply
T1+2Tog+2T3+2Ts = 0
To+ T3+ 2Ty + 26 = 0
T3+ Tyg+T5+2T7 = 0

ry+ze+x1 = 0

These tmply

Ty = T1+ X9+ T3
T7 = XT9-+ T3
Ty = I1+ T3
Tg = T1+ T2

In matrixz form, these equations can be rewritten as

T

X2

—_ = = O

0
0
1
0

- o O O

110
1 01
000
100

S k=

L7
Thus the generator matriz of the dual code C*+ is

1001110
G=|0100111
0011101

14



1.2. Linear codes

In view of this, it follows that C* is a linear code of dimension 3. All the code words of C+

are:
000000 0 .oveeeveeiiiiiiiiinnn, 1101001
1 001010 . 1010011
01 00111 .. 0111010
0011101 . 1110100

Example 1.2.7 (i) (¢ = 2) Let C = {0000,1010,0101, 1111}, so dim(C) = logs|C| =
logad = 2. 1t is easy to see that C*+ = {0000,1010,0101,1111} = C,s0 dim(C*) = 2.

(i) (¢ = 3) Let C = {000,001, 002,010,020,011,012, 021,022}, s0 dim(C) = logs|C| =
log39 = 2. One checks readily that C*+ = {000, 100,200}, so dim(C*) = 1.

Definition 1.2.9 Let C be a linear code.
(i) C is self-orthogonal if C C C*.
(ii) C is self-dual if C =C*

Example 1.2.8 Let C be a binary self dual code of length 4. Then its dimension is clearly
2. The vectors (1100) and (1010) are linearly independent over Fy and so generate a space
of dimension 2. But

(1100)(1010)* # 0

and so the space generated by these two vectors is not a self dual code.
However, the code

C = {0000, 1100, 0011, 1111}

generated by 1100 and 0011 is self dual. Following are the other self dual codes of length

{0000, 0101, 1010, 1111} ieeieiiiieeiiieee e {0000, 1001, 0110, 1111}.
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Chapter 2
Cyclic Codes

2.1 Introduction

We now turn to special classes of linear codes C' for which (aqg, ...,a,_1) € C implies that
(an_1,G0,...yan_2) € C. Let again [y, n = 2, be the n — dimensional vector space of
n — tuples (ag, ..., a,_1), with the usual operations of addition of n — tuples and scalar
multiplication of n — tuples by elements in F,.

The mapping

T F;—F
(Goy ooy @p1) > (Qp_1,00, ..y Qy_2)

is a linear mapping, called a "cyclic shift."

We shall also consider the polynomial ring F,[z]. Now F,[z] is not only a commutative
ring with identity but also a vector space over F, with countable basis 1,z,2?, .... in the
natural way. This is often expressed by calling F,[z] an F, — algebra. We define a subspace

[F,[z] of this vector space by

Vo ={ag+az+ ...+ a, 12" a; € F,,0<i<n—1}

We can identify the two spaces V,, and Fy by the isomorphism

0 IFZ —V,

(Goy ooy Q1) > (Ao + @12 + ... + ap_12™ ).

16



2.2. Algebraic description of cyclic codes

Definition 2.1.1 A linear code C' of length n over I, is called cyclic if any cyclic shift of

a code word is again a code word, i.e., if (ay, ..., an—1) is in C then 50 s (An_1, Ao, ..., Gp_2).

Example 2.1.1 1) The binary linear code C' = {000,110,101,011} is cyclic since 110 €
C=011eC;10leC =110 C; 011 e C = 101 € C.
2) The binary code C' = {000, 110,101} is not cyclic becouse 110 + 101 = 011 ¢ C.

2.2 Algebraic description of cyclic codes
There is a beautiful algebraic description of cyclic codes. To obtain this we define a map

0:F — F,lz]/(2™ — 1)

q

where (2" — 1) denotes the ideal of the polynomial ring F,[x] generated by 2" — 1, by

0(ag, ..., p_1) = (o + @17 + ... + ap_12" *)Va; € F,,0<i<n-1

Observe that F,[z]/(z" — 1) is also a vector space over F, and € is a vector space
isomorphism. Let C' be a linear code of length n over F,, i.e. C' is a subspace of Fy. Then
9(C') is a subspace of F[z]/(z"—1). Let a = (ag, a1, ...,an—1) € C. Then (a,_1, a0, ..., An—2) €
C iff

1 “1
Un_1+ aoT + ... + ay 22" = x(a, + @17+ ... + ap_12"7)

is in 0(C) From this it follows that C' is a cyclic code iff #(C) is an ideal in the quotient
ring F,[x]/(2"—1). Identifying the element (a,, ..., a,—1) in C with the corresponding element
(a + a1z + ... + a,_12™ 1) or with the polynomial (a, + a1z + ... + a,_12" ') of degree at
most n — 1, we may regard a cyclic code C' of length n as an ideal of the quotient ring

Fyl]/(2" = 1).

Theorem 2.2.1 A linear code C in ¥y is cyclic if and only if C' is an ideal in

R, :=F,z]/ (2" —1).

17



2.2. Algebraic description of cyclic codes

Proof. If C is an ideal in F [z]/ (z" — 1) and c(z) = ¢y + croz+-+c,_12™ 1 is any
codeword, then zc(x) is also a codeword, i.e. (¢,_1,¢q,C2, ..., o) € C.

Conversely, if C is cyclic, then for every codeword c¢(z) the word xc(x) is also in C.
Therefore z'c(z) is in C for every 4, and since C is linear a(x)c(z) is in C for every polynomial

a(x). Hence C' is an ideal. m

Example 2.2.1 In the ring Foz]/(2® — 1), the subset I = {0,1+ x,z + 2,1+ 2?} is an

ideal.
Theorem 2.2.2 The rings Z, F,[x] and Fy[z]/(z" — 1) are all principal ideal rings.

Proof. Let I be an ideal of Z. If I = {0}, then I =< 0 > is a principal ideal. Assume
that I # {0} and let m be the smallest positive integer in /. Let a be any element of . By

the division algorithm, we have
a=qm+r (2.1)

for some integers ¢ and 0 < r < m — 1. The equality (2.1) implies that r is also an element
of I since r = a — gm. This forces r = 0 by the choice of m. Hence, I =< m >. This shows
that Z is a principal ideal ring.

Using the same arguments, we can easily show that F,[z] is also a principal ideal ring.
Essentially the same method can be employed for the case F,[z]/(z™ — 1). Since this case
is crucial for this chapter, we repeat the arguments. The zero ideal is obviously principal.
We choose a nonzero polynomial g(z) of a nonzero ideal J with the lowest degree. For any

polynomial f(x) of J, we have

for some polynomials s(z),r(z) € F,[z] with deg(r(z)) < deg(g(x)). This forces r(z) =0,
since r(z) = f(x) — s(z)g(x) € J and g(z) has the lowest degree among the nonzero

polynomials of J. Hence, J =< g(z) >. =

18



2.2. Algebraic description of cyclic codes

Example 2.2.2 let [ = {0,1+ z,z + 2%, 1 + 22}, the ideal I is principal.
In fact, I =<1+ x > . Note that

( ) = 1+2°=0=(1+z+2")(1+2)
( ) = 1+a=(z+2°)(1+x)
r(1+2) = v+2°=1+2H)1+2)

( ) = 14+22=(1+2)(1+2)
Theorem 2.2.3 Let C be a cyclic code of length n over F,. Then

(1) There ezists a unique monic polynomial g(x) of smallest degree in C.

(2) C generated by g(x) and can be discribed by

C=A{g(@)f(x) | f(z) € Rn}.

(3) The dimension of C' is k =mn — r, where r = deg(g(x)).
(4) g(x) divides " — 1 in F,[z].
(5) Any element c(x) € C can be written uniquely as c(x) = g(x) f(x) in F,[z].

Ezample 2.2.3 (7,4) Cyclic Code Generated by the Polynomial g(x) =1+ x + a3
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2.2. Algebraic description of cyclic codes

Messages | Message Polynomial f(x) Code Polynomial c(z) = g(z) f(x) Code word
0000 0 0(1+z+2°) =0 0000000
0001 ||| 23 (142 +23) =23 + 2t + 28 0001101
0010 || z* P?1+x+2%) =22+ 2%+ 2° 0011010
0011 || 2% + 2® (2 +23)(1+a+23) =22+ 2% + 25+ 2f 0010111
0100 ||| = r(1+z+2%) =2+ 22 + 2t 0110100
0101 || o + 2® (z+23)(1+x+2®)=z+2>+ 23+ 28 0111001
0110 || = + 2? (z+2)1+z+2®)=x+23+2*+2° 0101110
0111 || z + 2% + a3 (z+22+23) (142 +2%) =2 +2°+ 2" 0100011
1000 ||| 1 l+z+23)=1+2+2° 1101000
1001 ||| 1+ 2® A+23)(1+z+23)=1+z+2"+2° 1100101
1010 ||| 1+ 22 1+2)(1+z+2%) =14z +2%+ 25 1110010
1011 || 1+ 2%+ 23 A+224+23)(1+z+2%)=1+z+ 2>+ 23+ 2 +2° +2° | 1111111
1100 || 1+ = l+2)(1+z+23)=1+22+2%+ 24 1011100
1101 ||| 1+ = + 23 A+z+23)(1+z+2%)=1+2>+2° 1010001
1110 || 1+ 2+ 2? l+z+2®)1+z+2®)=1+2*+2° 1000110
Mt | 1+z+22+23 | Q+z+22+2%) 1+ +23) =1+ 23 +2° + 28 1001011

Example 2.2.4 The polynomial 7 — 1 factorize over the finite field Fy into different irre-

ducible polynomials as:

tf—1=(z+1) (" +o+1) (2P +2+1).

Then the cyclic codes of length Tover Fy are

(1) =
((z + ))
(2
(2
((z +
((

B +z+1)).
4+ 2?4+ 1)).

1) (x® +z+1)).
r+1) (27 + 22 +1)).
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2.2. Algebraic description of cyclic codes

(P4 x+1) (23 +22+1)).

(0) = {0}

2.2.1 Generator and parity-check polynomials

Definition 2.2.1 Let g(x) be a generator polynomial of a cyclic code C. Then h(x) =
(™ —1)/g(x) is called a check polynomial of C.

Theorem 2.2.4 Let g(x) be the generator polynomial of a cyclic code C of length n. If the
degree of g(x) is r, then the dimension of C' = (g(x)) is k = n —r and C has generator

matrix
g() Jdo G Gnr O 0 0
o= rg(w) _ 0 g9 0 Gn—t O 0
" tg(z) 0 0 0 g o Gk
Let

be the check polynomial of degree k for a cyclic codes C' in R,. Then
1) A parity check for C' is given by

hg ... hy hye O .. 0 0 O
B 0 hy .. hy hp O ... 0 O
0O ... 0 0 0 hg ... by ho

2) The dual code C* of C is a cyclic code of dimension r with a generator polynomial

1

1
h(z) = xkh(g) = hi 4 hg_12 + ...+ hoat.
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2.2. Algebraic description of cyclic codes

Example 2.2.5 Consider the binary [7,4]—cyclic code with generator polynomial g(x) =

1+ 22 + 23 Then this code has a generator matriz

g(x) 1011000

o zg(x) _ 0101100
22g(z) 0010110

3g(z) 0001011

Example 2.2.6 Let C be the binary [7,4]—cyclic code generated by g(x) = 1+ 2? + 3. Put
h(z) = (2" = 1)/g(z) =1+ 2% + 2% + 2.
Then hl(x) =1+ + 2% + 2* is the parity-check polynomial of C. Hence

1110100
H=10111010
0011101

s a parity-check matriz of C.
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Chapter 3

Some LC'D cyclic codes of length 2p

over finite fields

3.1 Introduction

In this chapter, we are intersted to construct two classes of LC'D cyclic codes of length 2p
over IF,, with p and ¢ are distinct odd primes where ¢(p) = p — 1 is the multiplicative order
of ¢ modulo 2p. (¢ denotes Euler’s phi-function).

The objective of this chapter is to determine two classes of LC'D cyclic codes of length
2p over F, with p and ¢ are distinct odd primes, where p(p) = p — 1 is the multiplicative
order of ¢ modulo 2p.

3.2 Preliminaries

3.2.1 Polynomials over a finite field

Definition 3.2.1 Let f(z) = a,a™ + ap_12" ' +++a12 + ag be a polynomial over F, with

a, and ag are nonzero. The reciprocal f*(x) of f(x) is defined by

[r(@) = ag'a" f(a™).
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3.2. Preliminaries

Proposition 3.2.1 Let h(x), f(z) € Fy[z]. Then
(h(x)f(2))" = h*(x) ().

Definition 3.2.2 (Irreducible Polynomials) A polynomial f(x) is irreducible in I, [z]

if f(x) cannot be factored into a product of lower degree polynomials in F,[z].

Minimal and maximal cyclic codes

Let F, be a finite field with ¢ elements and n € N*, where (n,q) = 1.
Let 2" — 1 = my (x) mg () ...my () is the complete factorization of 2™ — 1 over F, into

different irreducible polynomials.

Definition 3.2.3 The cyclic code generated by m; (z) is called a maximal cyclic code and
denoted by M;. The code generated by (z" — 1)/m; () is called a minimal cyclic code and

denoted by m;. Minimal cyclic codes are also called irreducible cyclic codes.

Example 3.2.1 The polynomial 27 — 1 factorize over the finite field Fy into different irre-

ducible polynomials as:
' =1=(z+1) (" +2+1) (2 +22+1).

Then the maximal cyclic codes of length T over Fy are exactly
(my(x)), (ma(z)) and (ms(x)) with
myi(z) = (r+1).
ma(z) = 23+ 2+ 1.
and mz(z) = 23 + 2% + 1.
The minimal cyclic codes of length 7 over Fy are exactly
(meh) - (ah ) and (i pwith
=@ +r+ )@+ + )=+ 2P+t + 23+ + 1
rl =@+ ) (@ +22+ 1) =2t + 22+ +1.
ol (1) (B 4r+1) =2t P+ a4 1

ms(x)
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3.2. Preliminaries

If C' is a cyclic code of length n over F,, then a complement of C' is a unique cyclic code
C*¢ such that C'+C°¢ = F; and CNC° = {0}. We call this code the cyclic complement of C.
Let F, be a finite field with ¢ elements, where ¢ is a prime power. An [n, k] linear code
C over F, is a linear subspace of I} with dimension . Let C' be an [n, k] linear code over

F,. Then the dual code of C' is defined as:
Cr={beF,:bc" =0VceC},

where be! denotes the standard inner product of the two vectors b and c.
The code C* is an [n,n — k] linear code.
A generator matrix of C' is a k X n matrix whose rows are a set of basis vectors of C.

A parity-check matrix of C' is a generator matrix of C*
Definition 3.2.4 A linear code with a complementary dual (an LCD code) was defined to

be a linear code C' whose dual code C* satisfiesCy N C*+ = {0}.

Proposition 3.2.2 Let C be a linear code of length n over F,. Then C' is LC'D if and only
ifFy =C® Ct, i.e., [y is the direct sum of C' and Ct.

Proof. Directly follows from the Definition 3.2.1 and the fact dimp, (C')+dimg, (C*+) = n.

The proof is finished. =
Example 3.2.2 Let C be a binary [3,2] code. If
C = {000, 001, 100, 101},

then
C+ ={000,010}.

Since C N C* = {0} we deduce that C is an LCD code.

The linear code C of length n over the finite field F, is said to be cyclic if C' is an ideal
in the principal quotient ring R,, := F,[z]/ (2" — 1).
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3.2. Preliminaries

Let C = (g (z)) be a cyclic code of length n over F,, the dual code of C'is C*+ = (h* (z)),
where 2" — 1 = g(x)h(z)
and

B (z) = h(0)~"zeo®p( L),

T

The integer k = n — deg g(x) is the dimension of C' and |C| = ¢*.

We recall some definitions as below:

e A polynomial f(z) is said to be self-reciprocal if f(z) = f*(z), where f*(z) is the

reciprocal polynomial of f(z).

e A cyclic code C' = (f (z)) of length n over F, is LC'D cyclic codes if f(x) is a

self-reciprocal polynomial.

3.2.2 The structure of LC'D cyclic codes

A necessary and sufficient condition for the existence of LC'D cyclic codes of length n over

F, is given.

Theorem 3.2.1 Let C be a cyclic code of length n over F, with generator polynomial g(x)
and ged(n, q) = 1. Then the following statements are equivalent.

(1) C is an LCD cyclic code.

(2) g(x) is self-reciprocal, i.e., g* (z) = g(x).

Proof. (1) is equivalent to C' + C*+ = F", if and only if C' = (g(x)) and C*+ = (h* (z))

q’

where h (z) = wg?;)l. We get that C' and C* are both reversible.

It is equivalent to (2)).

The proof is finished. =
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3.3. LC'D cyclic codes of length 2p

3.3 LCD cyclic codes of length 2p

3.3.1 Factorization of 2z’ —1 over F,

In this section, we consider the complete factorization of 2% — 1 over F,, with p and ¢ are

distinct odd primes and ¢(p) = p — 1 is the multiplicative order of ¢ modulo 2p.

Proposition 3.3.1 Let F, be a finite field with q elements and p be an odd prime coprime

toq, thenz® —1 =[] ms(x), where
5€{0,1,2,p}

S

ol\T

3

3

1\

3

2\ T

(z)
p(z) = z+1,
(z)
(z)

The cyclic codes
Mo = (mo(x)), My = (my(x)), My = (ma(x)), My = (ma(z)),

are all the distinct maximal cyclic codes with length 2p over IF,.We also have

_ (2% — 1) (2% — 1) (2?2 — 1), __ (2% — 1)

mo = (———=),m, = My =
'~ T S ) )
are all the distinct minimal cyclic codes with length 2p over [F,.

)ym1 =

3.3.2 Maximal and minimal LC'D cyclic codes of length 2p

In this paragraph we are intersted to determine two classes of LC'D cyclic codes of length
2p over F,, with p and ¢ are distinct odd primes and ¢(p) = p—1 is the multiplicative order
of ¢ modulo 2p.

The following tables, gives the generating polynomial and the corresponding reciprocal

polynomial of the above maximal and minimal codes.

Table 3.1: The reciprocal polynomial of the generating polynomial of the maximal cyclic

codes of length 2p over F,
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3.3. LC'D cyclic codes of length 2p

) ) The reciprocal polynomial
Codes | Generating polynomial g (z)

g* (x) of g (x)

Moy mo(z) mo(x)
My, | mp(x) myp(z)
M, mi(z) mi(z)
My ma(z) ma(z)

Table 3.2: The reciprocal polynomial of the generating polynomial of the minimal cyclic

codes of length 2p over [,

) . The reciprocal polynomial
Codes Generating polynomial g ()
g" (x) of g (x)
g = <<;3j§(;;>> my () X my () X my(z) my() X my(z) X my(x)
i, = <(f,f,f<;§)> mo(x) x my(x) X ma(z) mo(x) x my(z) X ma(z)
= <<;gjj(;;>> mo(z) X my(x) X my(z) mo(x) X my(x) X my(zx)
my = <‘f,f§(;§)> mo(x) x myp(x) x ma(x) mo(x) x my(x) x ma(x)

Proposition 3.3.2 Every mazimal cyclic code of length 2p over F, is an LC'D mazimal
cyclic code of length 2p over F,, where p and q are distinct odd primes with ¢(p) =p—1 is

the multiplicative order of ¢ modulo 2p.
Proof. Let C' = (g(z)) be a maximal cyclic code of length 2p over F,. Then, from Table

4.1, g(z) is a self-reciprocal. By Theorem 4.2.2, the code C' is an LC'D cyclic code. m

Proposition 3.3.3 Every minimal cyclic code of length 2p over Fy, is an LC'D minimal
cyclic code of length 2p over F,, p and q are distinct odd primes and ¢(p) = p — 1 is the

multiplicative order of ¢ modulo 2p

Proof. Let C' = (g(z)) be a minimal cyclic code of length 2p over F,. Then, from Table
4.2, g(x) is a self-reciprocal. By Theorem 3.2.1, the code C' is an LC'D cyclic code. m
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3.4. Some LCD cyclic codes of length 2p

3.4 Some LCD cyclic codes of length 2p

In this section we determine the generating polynomial of the dual of maximal and minimal
LCD cyclic codes of length 2p over F,, with p and ¢ are distinct odd primes and ¢(p) = p—1
is the multiplicative order of ¢ modulo 2p.

Table 3.3: The generating polynomial of the dual of maximal cyclic codes of length 2p over

Fy

Generating polynomial Generating polynomial

Code C

of C of C*+
M, mo(z) my(z) X my(x) X ma(x)
M, my(x) mo(z) X my(z) X ma(zx)
M, my(x) mo(z) X my(x) X ma(x)
M, ma(x) mo(z) X my,(x) X my(x)

Table 3.4: The generating polynomial of the dual of minimal cyclic codes of length 2p over
F

q

Generating polynomial Generating polynomial
Codes C
of C of C+

— 1-2177

my = <(m0(x§)> mp(z) X my(x) x ma(x) | me(x)

—~ IZPf

7o = (2220 | ing(2) x ma(a) x male) | my(a)

— I2p7

my = <(m1(x§)> mo(z) X my(x) X ma(x) | my(x)

— I2p—

My = <(m2(x§)> mo(z) X my(x) X my(z) | ma(x)

Example 3.4.1 Take g = 7, p = 11. Then 2% — 1 = [T ms(x), hence the LCD
s€{0,1,2,11}

maximal cyclic codes My, My, My, My of length 22 over F; and the LC' D minimal cyclic
codes my, mi1, My, My of length 22 over F; are given below:

(a) There are the following minimal polynomials

mo(z) =2 —1, my(x) =+ 1,

my(z) =at — 2%+ 2% — a8+ 2" —ab + 2% —at 423 -2+ -1,

mo(x) =2 + 20+ 2% + ¥+ 2"+ S+ S+t P+t + L

(b) If gs(x) is the generating polynomial of my then we have:
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3.4. Some LCD cyclic codes of length 2p

go(z) = (ij(;) Zop2l 20 4 19 4 18 4 0T 4 016 L o154 04 g 08 | 012 4 oIl 4 10 4 a0 4

A LA R R R S N B S I

34_1
911@) _ (:m(x)) — g2l 20 4 19 A8 4 AT 016 4 015 g 04y A3 012 a1 000 4 09

B’ b -t -1,

g,(x) = (fnz:(;;) =2 !t — g1,
g2(x) = (i:(;) =2 M 4z —1.

(c) Table 3.5: The generating polynomial and dimension of the LC'D mazimal cyclic codes
of length 22 are given by:

LC'D Mazximal cyclic code
of length 22 over F;

Generating polynomial mo(x) | ma(x) | mi(x) | me(x)

Dimension 21 21 12 12

(d) Table 3.6: The generating polynomial and dimension of the LC' D minimal cyclic codes
of length 22 are given by:

LCD Minimal cyclic code | __ o g _
myg mi my Mo
of length 22 over F;
Generating polynomial 9o(x) | gu(z) | 9,(7) | g,()
Dimension 1 1 10 10
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Conclusion

This work,is about some classes of cyclic codes over finite fields of length N = 2p with
p is an odd prime. More precsely,is about the minimal and maximal LCD cyclic codes
of length 2p over the finite field F, whith p is an odd prime, over the finite fields F, of ¢
elements, where ¢ is an odd prime distinct from p and p(p) = p — 1 is the multiplicative

order of ¢ modulo 2p, i.e., ¢?"1 = 1(mod 2p).

31



Bibliography

[1] G.K. Bakshi, M. Raka, A class of constacyclic codes over a finite field, Finite Fields
Appl. 18 (2) (2012) 362-377.

[2] G.K. Bakshi, M. Raka, Self-dual and self-orthogonal negacyclic codes of length 2p™ over
a finite field, Finite Fields Appl. 19 (1) (2013) 39-54.

[3] S. Batra, S. K. Arora, Some cyclic codes of length 2p™, Des. Codes Cryptogr. 61(1),
41-69 (2011).

[4] L. Heboub, Sur les codes cycliques mazimaux de longueuer n, Thése de doctorat .Uni-

versité de M’sila, 2023.

[5] W. C. Huffman, V. Pless, Fundamentals of Error-Correcting Codes, Cambridge Uni-
versity Press, 2003..

[6] C. Li, C. Ding , S. Li, LC'D cyclic codes over finite fields, IEEE Trans. Inf. Theory 63
(2017) 4344-4356.

[7] R. Lidl, G. Pilz, Applied Abstract Algebra, Springer-Verlag. Ney York, 1998.
[8] S. Ling, C. xing, Coding Theory, A First Course, Cambridge University Press, 2004.

9] F. J. MacWilliams, N. J. A. Sloane, The Theory of Error-Correcting Codes, North-
Holland Mathematical Library, North-Holland,Amsterdam, 1977.

[10] J. L, Massey, Linear codes with complementary duals, Discrete Math. 106/107 (1992)
337-342.

32



BIBLIOGRAPHY

[11] S. Roman, Coding and information thory, Springer-Verlag, 1992.
[12] L. R. Vermani, Elements of algebraic coding theory, Chapman & Hall. 1996.

[13] A. Saha, N. Manna, S. Mandal, Information theory coding and cryptography,Dorling
Kindersley (India) Pvt. Ltd. , 2013.

33



-

LA

el Juals dila (e Al Jics qu»du\‘;;mjum\sawm,m

F, [x]
R, =1
TN (x" -1)
Uaa S daaiadll 4y ) sall @l il daaie Al )0 g8 ALl 038 (ga (ulsY] Cargll
Al il aall dadia (A sall dudadll el 2l dualisd) i)
Abstract

This work focuses on the theory of error-correcting codes, specifically the investigation of cyclic codes.

A cyclic code of length N over the finite field Fq can be defined as a principal ideal of the quotient ring

r _FE[x]
N N :
(x"-1)
The main objective of this memory is the study of LCD cyclic codes.
Keywords: Linear and cyclic codes, LCD cyclic codes.
Résume
Ce travail se concentre sur la théorie des codes correcteurs d'erreurs, et plus particuliérement sur

I'étude des codes cycliques.

Un code cyclique de longueur N surle corps fini Fq peut étre défini comme un idéal principal de

. F,[x]
I'anneau quotient RN = N :

(x"-1)
L'objectif principal de ce mémoire est I’étude des codes cycliques LCD.

Mots clés: Codes linéaires et cycliques, codes cycliques LCD.



