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ABSTRACT

The main objective of this thesis is to offer a theoretical and numerical study on nonlin-
ear integral equations. We have used different fixed point theorems, and Leray-Schauder
principle to provide existence results for nonlinear integral equations on bounded
and unbounded domains, we have also presented efficient methods for solving such
equations with a thorough study on the convergence analysis. Furthermore, we have ap-
plied some of these methods, specially, spectral collocation methods and Sinc-Nystrom
methods in order to find numerical solutions of certain nonlinear integral equations,
these methods reduce the nonlinear integral equation to a system of nonlinear algebraic
equations and that algebraic system has been solved by Newton’s method. We have
derived an error analysis for the current methods, which prove that they have expo-
nential convergence order. Finally, several numerical examples are given to show the

effectiveness of our approaches.

Keywords: Nonlinear integral equations, fixed-point theorems, Urysohn integral equa-
tion, Hammerstein integral equation half-line, projection method, Sinc-Nystrom method,

convergence analysis.
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RESUME

L'objectif principal de cette thése est de proposer une étude théorique et numérique
sur les équations intégrales non linéaires. nous avons utilisé différents théoremes du
point fixe, et le principe de Leray-Schauder pour fournir des résultats d’existence pour
les équations intégrales non linéaires sur des domaines bornés et non bornés, nous
avons également présenté des méthodes efficaces pour résoudre de telles équations avec
une étude approfondie sur la convergence. En outre, nous avons appliqué certaines
de ces méthodes, notamment, la méthode spectrale de collocation, et la méthode de
Sinc-Nystrom pour trouver des solutions numériques de quelques équations intégrales
non lineaires, ces méthodes transforment 1’équation intégrale non linéaire en un systeme
d’équations algébriques non linéaires ce systeme algébrique a été résolu par la méthode
de Newton. Nous avons dérivé une analyse d’erreur pour les méthodes actuelles qui
prouvent qu’elles ont un ordre de convergence exponentielle. Enfin, plusieurs exemples

numeériques sont donnés pour montrer l’efficacité de nos approches.

Mots clés: Equations intégrales non lineaires, théorémes du point fixe, équation in-
tégrale d’Urysohn, équation intégrale de type Hammerstien, demi-droite, méthode de
projection, méthode de Sinc-Nystrom, analyse de la convergence.
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INTRODUCTION

T he subject of integral equations has held an eminent place in the attention of

mathematicians, such equations arise naturally in applications in diverse areas

of applied mathematics and physical sciences, engineering, biology and in many other
fields, they also provide an effective technique for solving a wide range of practical
problems.

Abel is the initiator of the mention of integral equations, in 1823 he proposed a general-
ization of the Tautochrone problem whose solution referred the solution of an integral
equation, recently has been dubbed “an integral equation of the first kind”, and in
1837 Liouville proved that determining a particular solution of a linear differential
equation of the second order might be obtained by solving an integral equation, known
as the integral equation of second kind, however, the term integral equation was first
proposed by Du Bois-Reymond in 1888, who defined an integral equation as an equation
in which the unknown function appears under one or more signs of definite integration.
Afterwards, in 1896, Vito Volterra built up a theory of integral equations, viewing their
solutions as a problem of finding the inverses of certain integral operators, without
forgetting to mention the famous paper of Fredholm which he published in 1903 and it
presented the fundamentals of the Fredholm integral equation theory. Poincaré, Fréchet,
Hilbert, Schmidt, Hardy and Riesz have also participated in the development of this
area of research.

In this thesis we are focused our study on the nonlinear integral equations. The most

general form of a nonlinear integral equation is:

F(u)(s) = AJ;) K(s,t,u(t))dt, s,teQ,
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where F a measurable function given on R, A a non zero real or complex scalar, K(s, t, u(t))
a measurable function on Q2 x R called the kernel of the integral equation and u(s) is
the unknown function.

In our work we will consider the theory of this class of integral equations, and we will
provide a comprehensive existence theory for them which have been given in various
literature on this regard [1, 4, 11, 18, 39, 41, 42, 59, 60].

In practice the nonlinear integral equations yield a considerable amount of difficulties
in solving them analytically, for this, there’s a great interest to solve them numerically,
in this thesis we will explain the most numerical methods which can be used to solve
these equations, namely, Nystrom method [2, 6, 5, 7, 26, 57], Projection methods, (see
the references [5, 7, 8, 26, 49, 58]) and Sinc approximation methods, (for more details,
see [51, 53, 54, 52]), we shall also conduct a thorough consideration to explicate the
convergence analysis for these methods.

Although the resolution of nonlinear integral equations is received a significant place in
the attention of researchers, their solving on the unbounded intervals is still a challenge
where there is a scarcity of research that’s interested to treating them in infinite intervals
(see [36, 48]), that’s why one of our main objectives of the present work is to solve and
study the convergence analysis for solutions of one of nonlinear integral equations,
namely, Hammerstein type integral equation on half-line (see [50, 3, 39, 2, 36]).

The layout of this thesis is as follows:

The first chapter introduces some basic results and fundamental theorems, such as,
compactness, compact operators and integral operators in Banach spaces, then, we recall
some definitions and techniques that are very important in the next chapters as Fréchet
derivative, Holder space and Gronwall inequalities.

In chapter two we present an introduction to the terminology and classification of
integral equations, and some theorems of fixed point to offer a comprehensive existence
theory for nonlinear integral equations.

In chapter three we will describe a various numerical methods with their convergence
properties, such as Nystrom method, Projection methods and Sinc approximation
method.

The subject of the last chapter is the application of certain numerical methods for
solving some nonlinear integral equations, such as nonlinear Volterra-Fredholm integral
equations and integral equation of Hammerstein type on half-line, in which we will
discuss our convergence analysis, and illustrate the efficiency of the present methods by

instructive examples.



CHAPTER 1

PRELIMINARY CONCEPTS

In this chapter we recall briefly some basic concepts and fundamental theorems con-
cerning the compactness, compact operators and integral operators in Banach spaces,
and we mention some examples of nonlinear integral operators with certain important
results that will be used through the thesis. Some definitions and techniques will also be
discussed in this chapter are very important in the next chapters as Fréchet derivative,

Holder space and Gronwall inequalities.

1.1 Compactness

Definition 1.1. (Compact set) A subset G of a normed space X is called compact if
every open cover H = {Q);} of G contains a finite subcover of G. In other words, for every

family H = {Q);},j € ] of an open sets with the property
GC U Q],
there exists a finite subfamily {Q;},j(k) €],k =1,2,---,n, such that
GC U Q](k)
k=1

Definition 1.2. (Relatively compact set) A subset G of a normed space X is called

relatively compact if its closure G is compact .
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Theorem 1.1. A bounded and finite dimensional subset G of a normed space X is

relatively compact.

Definition 1.3. (Collectively compact set) Let X and Y be normed spaces, and let B
denote the closed unit ball in X. Then a set A of bounded operators from X into Y
is collectively compact if and only if the set A(B) = {Ku, K e A, u € B}is arelatively

compact subset of Y.

Compactness in the space C(Q)
The space of continuous functions consist of all continuous maps of the closed interval
Q) into R"” denoted C((2) is equipped with the norm

lltlloo = sup |u(s)l.
seQ)

We recall that if () bounded and closed, C(Q)) is a Banach space.

Definition 1.4. (Equicontinuity) Let G : Q — IR" a set of continuous functions, we say
that G is equicontinuous at a point sy € Q if and only if for all € > 0 there exists 6 > 0
such that:

Yu e G,VseQ,|ls—sgll <6 then [|u(s) — u(sg)lle < €.

Theorem 1.2. (Arzela-Ascoli theorem) A subset G of C(Q) is relatively compact if and

only if it is bounded and equicontinuous.

Proof. (See [5]) O

Compactness in the space C;
Let C; denote the space of continuous functions on [0, o) having a limit as s — co. If

u € Cy, then u(oco) denotes lim u(s). The space C; is equipped with the norm
S—00

llullo = sup [u(s)l

s€[0,00)

With this norm it is a Banach space, since it is a closed subspace of Banach space of all

bounded continuous functions on [0, c0). The notation C; is that of Corduneanu [15].
Theorem 1.3. [15] Let Q € C;. Then Q) is compact in C; if the following conditions hold:

i) Q) is bounded in Cj,

ii) the functions belonging to () are equicontinuous on any compact interval of [0, o),

4
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iii) the functions from Q) are equiconvergent, that is, given ¢ > 0, there corresponds
S(e) > 0 such that |u(s) — u(oo)| < € for any s > S(e) and u € Q.

1.2 Compact operators

Definition 1.5. Let X and Y be two normed linear spaces and A: X — Y a linear map
between X and Y.
A is called compact operator if and only if one of the following three equivalent proposi-

tion is verified
i) For all bounded sets G C X, A(G) is relatively compact in Y.
ii) The image of the open unit ball under A is relatively compact in Y.

iii) For any bounded sequence {u,} in X there exists a subsequence {Au,, } of {Au,}

that converge in Y.
Definition 1.6. A compact operator A is called completely continuous if it is continuous.

Theorem 1.4. The sequence A, of compact operators defined from a normed space X

into a normed space Y converge uniformly to an operator A, say,
lim ||A, — Al =0.
n—-oo

Then the operator A is compact.

Proof. See [34] N

1.2.1 Compact integral operators

Definition 1.7. An integral operator K with continuous kernel K(s, t) is a linear operator
defined from C(Q)) into C(Q)) by

K(u)(s):jQK(s,t)u(t)dt, s, t€Q), (1.1)

with () is a compact set of IR” and K is continuous function from Q x () to R".

This operator is bounded with

K| :maxf K (s, t)|dt, (1.2)
seQ) Q
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Theorem 1.5. Let K(s,t) is Riemann-integrable as a function of ¢, for all s € (, and

further we assume the following

i. limmax max [ |K(s,t)—K(t,t)|dt = 0.

h—0s,7€Q |s—1|<h
i1. 1?6%2fo |K(s, t)|dt < oo.
Then the integral operator defined by (1.1) is compact on C(Q)) to C(€2).
Proof. See [5] ]

Remark 1.1. The assumptions i-ii are satisfied if K(s,t) is a continuous function of
(s,t) € Q.

1.3 Nonlinear integral operators

1.3.1 The Urysohn integral operator

Let () C IR" a bounded set, the nonlinear integral operator K defined by
IC(u)(s):j K(s, t,u(t))dt, VseQ, ueC(Q), (1.3)
Q

is called Urysohn integral operator with kernel K, this type of operators is also called
nonlinear Fredholm integral operators.

In the case that Q C IR and has the form Q) = [a,b] or Q) = [4,00), and if the kernel
K : Q% x R" — R" has the property that K(s, t,x) = 0 whenever ¢ > s and x € R”, then the
Urysohn operator (1.3) has the form:

K(u)(s) = JSK(S, Lu(t)dt, VseQ, (1.4)

and K is called nonlinear Volterra integral operator in the Urysohn form.

Theorem 1.6. [42] Let K :Q° xR" — R" be a continuous mapping. Then the Fredholm

operator K : C(Q) — C(Q) associated to K and given by (1.3) is completely continuous.

Proof. Firstly, we need to prove that K is compact, for this it must be shown that £(G)

where G is a bounded subset of C(Q) is relatively compact in C(Q).
The boundedness of G implies that

|ullo <c, Yueg,

6
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where ¢ is positive constant, then
1K (w)lloo < Mu(G),

with

M= max |K(s,t,z),
Q°xB,(0,R")

hence, the set K(G) is bounded in C(Q).
On the other hand, using the uniform continuity of K on the compact 52 X EC(O, R"), for
each ¢ > 0 there exists a 9, such that

IK(s,t,u(t)) — K(s',t,u(t))| <&, for all s,s’,t € Q with |s—s’| < 6, and u € G.
This immediately yields
() (s) = K(u)(s')| < ep(Q), for all s,s" € Q satisfying |s —s’| < 6, and u € G.

Thus K(G) is equicontinuous, and from the Arzela-Ascoli theorem we obtain that £ is
compact.

Next, we need to prove that K is continuous. Let uy e C (Q) and choose any number
R > |[uglleo- Let € > 0, since K is uniformly continuous on the compact set 52 x Br(0; R"™),
there exists a 6, > 0 such that for every u € C(Q) satisfying ||u — u|lo, < &, one has
u(t) € Bg(0;R") and

IK(s,t,u(t)) = K(s, t,uo(t))| <&, foralls,teQ.

Then

C(1)(s) — Ko (o) |<j|1<stu K(s,t g(£))d

<eu(Q

for every s € Q. Hence
(1) = K(uo)lloo < ep(Q),

whenever ||u — uyl| < O.. Therefore K is continuous at u. O

Corollary 1.1. Let R>0and K : Q’ x Bg(0;R") — R" be a continuous mapping. Then
the operator K : Bg(0; C(Q)) — C(Q) given by (1.3) is completely continuous.
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We can followed the same reasoning as in the proof of the previous theorem to

establish the following result.

Theorem 1.7. [42] Let K : [a,b]? x R” — IR" be a continuous mapping. Then the Volterra

operator K : C[a, b] — Cla, b] associated to K and given by (1.4) is completely continuous.

Corollary 1.2. Let R > 0 and K : [a, b]? x Bg(0;IR") — RR" be a continuous mapping. Then
the operator K : Bg(0; C[a, b]) — C|a, b] given by (1.4) is completely continuous.

1.3.2 The Nemytskii operator

Let () C R” be an open set and f : (O x R” — IR” be a given function, for each u define
the member Nyu by

[N¢(u)](s) = f(s,u(s)), for all s € Q. (1.5)

The operator Ny is said to be substitution or Nemytskii operator generated by f, this

operator occur frequently in connection with integral equations.

Definition 1.8. (L7-Carathéodory function) Let Q) be a closed domain in IR”, a function
f:QxR"— R"is a L1-Carathéodory function if the following conditions hold:

i) f(.,t):s— f(s,t)is measurable on () for each t € IR".
ii) f(s,.):t — f(s,t)is continuous on R" for almost all s € Q.

ii) For any r > 0, there exists y, € L7 such that |u| < r implies that |f (s, u)| < p,(s) for
almost all s € Q.

1.3.3 The Hammerstein integral operator

Let A be a linear Fredholm operator given by

A(u)(s) = jQK(s,t)u(t)dt, seq,

where K is the kernel, a Hammerstein operator is a nonlinear integral operator H
obtained from the composition of a Fredholm integral operator A with a kernel K and a

Nemytskii operator Ny associated to f as follows

H(u)(s) = (ANfu)(s) :J K(s, t)f (£, u(t))dt. (1.6)

Q

8



CHAPTER 1. PRELIMINARY CONCEPTS

Let X and Y a Banach spaces.

We assume that the following assumptions are fulfilled:
B;. A is compact operator.
B,. Ny is continuous from its domain D(Ny) C X into Y and Ny is bounded.

Lemma 1.1. [32] if By and B, are fulfilled, then the Hammerstein operator H defined
by (1.6) is completely continuous on D(Np).

1.4 The Fréchet derivative

The notion of differentiability can be generalized to Banach space in various ways, such
as, Fréchet differentiability, named after Maurice Fréchet (1878-1973), this technique of
differential calculus allows further investigation about nonlinear operators by establish-
ing a connection between them and linear operators, more precisely by the technique of
local approximation to a nonlinear operator by a linear one as we will see in chapter
three. Suppose we have an operator A mapping an open set () of a Banach space X into
a set D of a Banach space Y, we take a fixed point x; € (O and assume that there exists a
continuous linear operator F € £(X;Y) such that, for every x € X
A(xg +1rx)—A(xp)

11_% p = F(x), (1.7)

if the limit in equation (1.7) is uniform for all x € X with ||x|| = 1, then A is said to be
Fréchet differentiable at xy and in this case F = A’(x,) is called the Fréchet derivative
(which is unique) of A at x.

In other words, the Fréchet differentiability of an operator A at point x; in the direction
of h € X means that

Ao + 1)~ AGxo) = Elly _

lim
h—0 (L15%

Example 1.1. For X = C[0,1], Y = R and a fixed polynomial A(x) € R[x], the nonlinear
operator A : X — Y defined by

Alu) = EA(t)[u(t)mt,
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is Fréchet differentiable on X, because, for fixed u, h € X, and r > 0 we have

A'()(x) = lir% Au+ r);) —A(u)

_ m%{fol A)[u(t) + rx(t)]Pdt - J:A(t)[u(t)Pdt}

=lim 1A(t)[3u2(t)x(t)+3ru( t)x2(t) + r2x3(t)]dt

r—0 Jo

1
:J 3A(H)u?(t)x(t)dt,
0

hence the guess for the Fréchet derivatives of A at u is the linear operator,

1
F(x) = L 3A(H)[u(t)]>x(t)dt,

since

IE] = u < 3[lAll ]2,

thus, F is a bounded linear operator. Now we show that our guess F is the Fréchet

1 1
J A(H)[u(t)+h(t)]Pdt —J A(H)[u(t)]dt
0 0

1
—f 3A(H)[u(t)]Ph(t)dt
0

derivative of A at u:
. |A(u+h)—A(u)-F(h)| ..
lim =lim
h—0 [L1{s h—0 ||hllo

1
‘%E%WJ AW Bu(OR () + B(0))ds
2
h%”h” f |A()([u(t)]* + h(t))|dt =0,

because the integral is bounded for small A.

Therefore, A is Fréchet differentiable on X where for each u € X, and we have

10
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1.4.1 Differentiation of nonlinear integral operators

Consider the integral operator K defined by

1
K(u)(s) = J; K{(s,t,u(t))dt. (1.8)

Theorem 1.8. [23] Assume that the function K(s,t,u) is defined and continuous, and
has continuous derivatives K;(s,t,u) and K, (s,t,u), throughout the region (), then
the operator K defined by (1.8) maps Q into C[0,1] and is twice differentiable at each

interior point u, € (), and

1.5 Some useful spaces

In this section we recall definitions and properties of some useful spaces to the next
chapters, these spaces are required for the analysis of various numerical approaches for

solving integral equations.

Definition 1.9. Let X and Y be normed spaces, we say that a function u is Lipschitz

continuous if there exists a positive constant L such that
llu(x) —u@)ll < Lllx-vll, Yx,peX.

Definition 1.10. We say that a function u is Holder continuous with exponent k € (0, 1]

if for some positive constant L,
() = u@)l < Lilx-yll",  for x,y € Q.

Sobolev space

We define
Hm(Q) = {U € Lzzu(Q):”v”m,w < oo},

w

11
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the Sobolev space of all functions v(x) on () such that v(x) and all its weak derivatives

up to order m are in L2,(Q2), with the semi-norm

m 1/2
|v|H$,N(Q)[ Z |v|]%’w], (1.11)

k=min(m,N+1)

where P

ol = (Dwkw] s Tl =

It follows from [12] this useful lemma.

Lemma 1.2. Let v € H(QQ) for m > 5, there exists a positive constant C independent of
N such that

(v, @) = (v, PINI < CN""lpymn o IPllyas, V€ Py, (1.12)
where
N
W, P) = J x)dx, and (v, p)y = Zv<xj)q>(xj)wj.
j=0
Holder space

For k € (0,1], and r > 0, the Holder space C"*(Q) will denote the space of functions
whose r-th derivatives are Holder continuous with exponent k, this is a Banach space

equipped with the semi-norm

|95v(x) - dhv(p)|

lv]l, x = max max|8k |+sup i ,
0<k<r x xyeQ x—y|
XY

particularly, the Hélder space C%*(Q) is a subspace of C(Q) that involves functions that
are Holder continuous with the exponent k, and the Holder space C%!(Q) involves all
the Lipschitz continuous functions.

The following lemmas are necessary for determining our main results.

Lemma 1.3. [43] For a nonnegative integer r and k € (0,1), there exists a constant
C,x > 0, such that for any function v € C"*(Q), there exists a polynomial function
Tyv € Py such that

o = Tywlls < CreN ™"l i (1.13)

12
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Lemma 1.4. [14] Let A, be the operator defined by

A,(s) = Jx K(s, t)v(t)dt,

-1

then for any function v € C((Q2), there exists a positive constant C such that

A llox < Clvlle, 0<k<1. (1.14)

1.6 The Gronwall inequalities

In the following part we will present a generalisation of the Gronwall inequalities
which are used to prove convergence of a numerical method that it will be proposed to
approximate Volterra operators.

The following lemma of generalized Gronwall inequality can be found in [21].

Lemma 1.5. [21] Suppose that H > 0, let E(x) be a non-negative integrable function
satisfying
X
E(x) SHJ E(y)dy + G(x), xeQ,
-1

where G(x) is also an integrable function, then there exists a positive constant C such
that
[Ellyas < ClIGllys - (1.15)

[EllLe < ClIG]|pe - (1.16)

13



CHAPTER 2

GENERALITIES ON THE THEORY OF
NONLINEAR INTEGRAL EQUATIONS

In this chapter we present an introduction to the terminology and classification of inte-
gral equations through certain characteristics and criterions. We recall some theorems of
fixed point such as Banach’s fixed point theorem, Brouwer and Schauder’s theorems, and
nonlinear alternative of Leray-Schauder, then we applied them to a class of nonlinear
integral equations (which is the most general form of integral equations) to establish

some existence and uniqueness results of solution for these equations.

2.1 Classification of integral equations

An integral equation is an equation in which the unknown function of one or more
variables appears under an integral sign, one of the most inclusive and most standard

categories is that of equations assuming the form

h(s)
u(s):f(s)—i-/\f K(s,t,u(t))dt, (2.1)
8(s)
where g(s) and h(s) are the limits of integration, f(s) and K(s,t,u) are known functions,
A is a nonzero real or complex scalar, the function u(s) appears in the inside and outside
of the integral sign is the unknown function and the function K(s,t,u) is called the
kernel.

The integral equations can be classified according to the following basic characteristics.

14
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* The first one depends on the location of the unknown function, if it only appears
in the inside of the integral sign, we say integral equation of first kind, however, in
the equations of second kind, the unknown function also appear in the outside of

the integral sign.

* The second characteristic depends on the limits of integration,
- an integral equation in which the limits of integration are fixed is called a

Fredholm integral equation given in the form:

b
u(s)=f(s)+ /\f K(s,t,u(t))dt, (2.2)
a
- an integral equation in which one limit of integration is a variable is called a

Volterra integral equation given in the form:

S

u(s)=f(s)+ AJ K(s, t,u(t))dt,

a

- it should also be noted that the Volterra integral equation is a special case of
Fredholm integral equation, it is enough to take the kernel K(s, t, u(t)) = 0 if
a<s<t<b.

* Moreover, we say that the equation (2.1) is homogeneous if the function f(x) =0
in [a,b].

* Another description is related to the linearity of the kernel K(s, t,u) in respect of
third variable,

- if K(s,t,u(t)) is linear in respect of the the third variable .e.i.,
K(s,t,u(t)) = K(s, t)u(t),

the integral equation is called linear equation, otherwise, the equation is nonlinear,

in this case we have the following two most frequently forms given by

u(s) :f(s)+/\f K(s,t,u(t))dt, (2.3)
Q
u(s) :f(s)+/\f K(s, t)G(t, u(t))dt, (2.4)
Q

15
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are called Urysohn integral equation and Hammerstein integral equation respec-
tively.

* The last criterion in this classification is connected to improper integrals, an
equation is called singular if at least one limit of integration is infinite, or if the

kernel is unbounded in given interval, such as:

— The generalized Abel’s integral equation:

f(s):f “O_ 4 o<a<t.

(s—t)
— The Cauchy type integral equation:

“u(t)
(t—s)

dt, where A is a parameter.

u(s):f(s)+/\J;7

— The Wiener-Hopf integral equation:

f(s)=u(s)+ /\J- k(s —t)u(t)dt, where A is a parameter.
0

2.2 Fixed-point theorems and their applications to N.I.Es

In various branches of mathematical analysis we can solved many problems defined by
nonlinear functional equations by converting them to an equivalent problem of a fixed
point problems, in fact, an operator equation Gu = u maybe expressed as a fixed point
equation Au = u, where A is an operator. Here we discuss some different types of fixed
point theorems that prove the existence of solutions for nonlinear integral equations.

Starting from the basics of Banach’s contraction theorem, one of the most main results
and techniques that have been developed (see [11, 1, 60, 4, 45]), this theorem establishes
a general criterion guarantees that the iteration procedure of a function results a fixed
point. Then, we discuss the Brouwer fixed-point theorem which the finite dimensional
version of Schauder’s theorem, this latter stated that if () is a convex and compact
subset of a Banach space X and A is a self-continuous mapping, then A has at least one
fixed point, nevertheless, one of the defects of Schauder’s fixed point theorem is the
invariance condition A(Q)) C Q this must be insured for a bounded closed convex subset

Q) in a Banach space. The principle of Leray-Schauder allows for the avoidance of such

16
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a condition by requiring the fulfilment of a boundary condition.

2.2.1 Banach’s fixed-point theorem

Definition 2.1. A bounded operator A on a Banach space X is a contraction, if there
exists a constant L with 0 < L <1, such that

|A (1) = A(up)ll < Ljug —uyl, Yuy,u, € X.

Theorem 2.1. ( Banach’s fixed-point theorem (1922)) Let A be a contraction on a
Banach space X.
Then the equation

A(u)=u, (2.5)

has a unique solution on X, this solution is the fixed point of operator A.

Proof. Let uy € X be arbitrary, make a sequence in X by establishing u; = A(u() and
U, =A(u,) for n>0.

Let we first demonstrate that {u,} is a Cauchy sequence. From the contractivity of A, we
have

||un+1 - Mn” < L”un - un—l” < < Ln”ul - uO”;

form>n>1,

m—-n—1
ot — | < ||un+j+l - un+j||

j=0
m—n—1 .

< L™ ||uy = uol|
j=0
L

< Uy — Up|.
[y o]

Since L € (0,1), ||u,,, — u,|| = 0 as m,n — oo. Thus {u,,} is a Cauchy sequence in the Banach

space X, therefore {u,} converge to a limit u € X, by the continuity of A we have

Alu) = A(’}l_)l’l;lo Uy) = nh_{IgoA(un) = nh_{lgo Upy1 = U,

then u is a fixed point of A.

Now by contradiction we prove that u is unique.

17
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Assume that A possesses two or more distinct fixed points, say #; and u,, Then
lluy = uoll = l|A(u1) = A(up)ll < Lijuy —usl,

this implies that ||u; — u,|| = 0 since 0 < L < 1, so a contractive mapping’s fixed point is

unique. ]

Theorem 2.2. Let A be an operator on a Banach space X with A" is a contraction. Then
the equation
Alu)=u,

has a unique solution on X.
Proof. As a result of the theorem, A" has a fixed point noted by 1, then
1A (uo) — uoll = |A™(A(ug)) — A" (o)l
< Ll|A(ug) = uoll,
implies that Aug = uy since 0 <L < 1.

The uniqueness is clear since a fixed point for A is also a fixed point for A”. O

2.2.2 Existence and uniqueness of solution for N.I.E via Banach’s fixed

point theorem

2.2.2.1 For nonlinear Volterra integral equation

Theorem 2.3. Assume that K(s,t,u) is defined and continuous on the square a <s,t <b
and that it satisfies a Lipschitz condition of the form

K (s, £,11) = K(s, £, up)|| < Lluy — u5l.

Assume further that f € C[a, b]. Then the nonlinear Volterra integral equation

S

u(s) :f(s)+AJ K(s,t,u(t))dt, (2.6)

a

has a unique solution on the interval [4, b] for every value of A, where a <s <b.

Proof. 1f it can be proved that an adequate power of the continuous operator
K :Cla,b] - Cla,b],

18
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defined by

S

K(u)(s) :f(s)+/\f K(s,t,u(t))dt, (2.7)

a
is a contraction for every valued of A, then it will be obvious as an application of theorem
(2.1) that K has a unique fixed point, implying that the equation (2.6) has a unique
solution.

Let uy,u, € Cla,b] and s € [a,b], we will show that for any n > 1

AL (b —a)"
I ) el < TE S g, 2.8

For n =1, we have

(1)) — K (1)(5)] = MJ (K(s,t, 101 (1)) K(s, 1, (1)1
< |AL|f 1 (1) — (1)l dt
<IALI(b - )l  wslle,

this implies that |[KC(uq) — K(us)|| < |AL(b = a)||uq — u3|eo-
Assume that the property (2.8) is verified for n = m, and we will show that (2.8) is

verified forn = m+ 1.
I (g ) (5) = K™ (1) ()] = IRC(KC™ (1)) (5) = KC(K™ (142) ) (5)

= |AJS[K(5, t, KM uq(t))— K(s, t, K" uy(t))]dt]

< |/\|f LIC™ 1y )(8) — K™ (1) (1)t

S
AL (b — a)™
<pil [ Ly - s
a .

|/\|m+1Lm+1(b _ a)m+1

S Uy —u
(m+1)' ” 1 2”001

hence
|/\|m+1Lm+1 (b _ a)m+1

1 1
I ) = K ()l < ol ol
then the property (2.8) is valid for all n > 0.
Since the sequence W — 0 there exist a power 1, such that w <1, this
implies that K0 is a contraction. [

19
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2.2.2.2 For nonlinear Fredholm integral equation

Theorem 2.4. Assume that K(s,t,u) is defined and continuous on the square a <s,t <b

and that it satisfies a Lipschitz condition of the form
|K(s,t,uy)—K(s,t,uy)| < Llug — us|.

Assume further that f € C[a,b]. Then the nonlinear Fredholm integral equation

b

u(s)=f(s)+ AJ K{(s,t,u(t))dt, (2.9)

a

has a unique solution on the interval [a,b] whenever A < 1/(L(b —a)).

Proof. If it can be proved that the operator
K:Cla,b] - Cla,b]

defined by
b

K(u)(s) :f(s)+/\J- K{(s,t,u(t))dt,

a
is a contraction for the constrained values of A specified in the statements of the theorem,
then it will be obvious as an application of Banach’s fixed point theorem (theorem 2.1)
that K has an unique fixed point, implying that the integral equation (2.9) has a unique
solution.

Let uy,u, € Cla,b] and s € [a,b], we have

b
IC(u1)(s) = K(u)(s)] = I/\f (K(s, £, u1(t) = K(s, t, up(t))dt]

a

< |/\|L(b - a)”ul - u2||001

this implies that
|AMIL(b—a) <1,

(we can select A < L;), then K is a contraction operator. ]
(b—a)

20
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2.2.3 Brouwer’s fixed-point theorem

Theorem 2.5. ( Brouwer’s fixed-point theorem (1912)) Let O C IR” be a nonempty,
convex and compact set and let A : (3 — () be a continuous mapping. Then A has at

least one fixed point.

Proof. (See [59]) N

2.2.4 Schauder’s fixed-point theorem

Theorem 2.6. ( Schauder’s fixed-point theorem (1930)) Let X be a Banach space, Q C
X a nonempty convex compact set and let A : (2 — () be a continuous operator. Then A

has at least one fixed point.

Proof. Since A is a continuous mapping and () is a compact, A is uniformly continuous,
hence, for all € > 0, there exists a constant 6 > 0 such that for every x,y € () satisfying
llx — p|l < 6, we have that ||A(x) — A(y)|| < ¢, furthermore, there exists a finite set of
points {x;,---,x,} C () such that the open balls with radius ¢ centred at x; cover Q, i.e.

Qc U B(xj,0).
1<j<p
Let G = vect (A(xj))1<j<p, then G is of finite dimension, and Q" = NG is a compact

convex and of finite dimension.

For 1 <j <p, we define the continuous mappings '¥; : X — R by

0, if||x—x]-||25,

P15, eyl

1 =, if otherwise .

Obviously W, is strictly positive on B(x;,6) and is equal to zero outside, hence

p
VxeQ, Z\yj(x) >0,
j=1

this implies that the continuous mapping ¢; defined as follows

Wj(x)

A v

satisfying
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for every x € Q.
Let us now define for all x € (3, the mapping g by

=1

g is continuous mapping defined on Q) into (2%, and if we take the restriction g/Q* — QF,

the Brouwer fixed-point theorem implies that g has a fixed point y € 0%, furthermore,

=1
p
=) @A) -Alx),

j=1

if ¢;(y) # 0 then ||y — x;)|| < ¢, this yields, [|A(y) — A(x;)|| < ¢, and for all j

llpj (@A) - Al < e9;(p),

then

p
IA@) =7l < ) llp;R)AE) - A
j=1

< Zé‘(ﬂj(y) =&

p

j=1

this means that, for each € > 0, there exists y = y(¢) € QQ such that ||[A(y) — y|| < €, hence
VmeIN 3y, €Q:||A(Yy)—vmll <277,

Since () is a compact, {y,,},cz has a subsequence {y,,x}rez convergent to some element
y* € (), and since A is continuous, the sequence A(y,,x) converge to A(y*), thus A(y*) = v”,
i.e. y*is at least one fixed point of A on Q). [
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The following variation of Schauder’s theorem is more commonly utilised in applica-

tions.

Theorem 2.7. Let X be a Banach space, () C X a non empty convex bounded closed set

and let A: () — Q) be a completely continuous operator. Then A has a fixed point

2.2.5 Existence of continuous solutions for N.I.E via Schauder’s fixed

point theorem

2.2.5.1 For nonlinear Fredholm integral equation

We consider the nonlinear Fredholm integral equation of second kind defined by
b
u(s):f K(s,t,u(t))dt, se€lab]. (2.10)
a

Theorem 2.8. [42] Let R > 0 and K : [a, b]x[a, b]x Bg(0;R) — IR be a continuous mapping.

Assume
M|b—-al <R, (2.11)

where

M = max |K(S, t,u)|,
[a,b]2xBg(0;R)

Then (2.10) has at least one solution u € C[a, b] with |||, < R.

Proof. In accordance with the corollary (1.1), the operator
K : Bg(0;Cl[a,b]) — Cla,b]
is completely continuous, at the same time, (2.11) implies that
K(Bg(0;Cla, b])) € Br(0;Cla, b]).
Thus, the conclusion follows from the variant of Schauder’s theorem (theorem 2.7). [J

2.2.5.2 For nonlinear Volterra integral equation

We consider the nonlinear Volterra integral equation of second kind defined by

u(s):JSK(s,t,u(t))dt, a<s<b. (2.12)
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Theorem 2.9. [42] Let R > 0 and let K : [a,b] x [a,b] x Bg(0,R) — R be continuous.
Assume that there exist constants «, p € R, such that

IK(s,t,v)| < aly| + B,

for all s,t €[a,b],y € R. Then (2.12) has at least one solution u € CJa, b].

Proof. We can followed the same reasoning as in the proof of theorem 2.8 with the use
of corollary 1.2 and the variation of Schauder’s theorem 2.7 to establish the proof of this

theorem. For more details see [42]. O

2.2.6 Nonlinear alternative of Leray-Schauder

Theorem 2.10. (Leray-Schauder alternative) Let X be a Banach space, Q) a closed,
convex subset of X, and let G C Q) an open subset of (), with uy € G. Suppose that

A: G — Q is a continuous, compact. Then either
(i) A has a fixed point in G, or
(ii) thereisa u € dG, with u = (1 — A)ug+ AA(u) for some A € (0,1).
Proof. A proof of this classical result and of other similar results of Leray-Schauder

principle is given in [18, 22, 41, 42] and it is based on transversality theory. [

2.2.7 Existence of continuous solutions for Hammerstien integral equa-

tion on half-line via nonlinear alternative

We consider the Hammerstien integral equation defined by

u(s)=g(s)+ J;)wK(s,t)f(t,u(t))dt, s €[0,0). (2.13)

In this section we apply a nonlinear Alternative of Leray-Schauder to establish conditions
under which equation (2.13), will have solutions u € C; such that lim u(s) exists.
S—00

Theorem 2.11. [39] Suppose that 1 < p < co and let g be such that (1/p) + (1/g) = 1.

Assume that:
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° geC. (2.14)
e fin L7-Carathéodory. (2.15)
e K;=K(s,t) € LP[0,c0) for each s € [0, o). (2.16)
e The map s — K is continuous from [0, o0) to LP[0, o), (2.17)

and

e there exists K € L[0, o0) such that K, — K in L[0,00) as s = o0 (2.18)

hold.

In addition, suppose there exists a constant M > 0, independent of A, with

llullo = sup |u(s)l= M,

s€[0,00)

for any solution u € C; to

u(s) = /\(g(s) + LOOK(S, t)f(t,u(t)dt], sel0,00), (2.19)

for each A € (0,1). Then (2.13) has at least one solution u € C;.

Proof. The authors in this proof showed that the well defined operator H : C; — C;
defined by:

H(u)(s) = g(s)+ LmK(s,t)f(t,u(t))dt, s €0, 00),

has a fixed point, since this latter is a solution of equation (2.13).

To justify the above statement, firstly, they have showed that H : C; — C; is a continuous
on [Sy, o), with Sy > 0, through the assumptions 2.14-2.18 and the Lebesgue dominated
convergence theorem. Then, by means of the assumptions 2.14-2.16 and the pointwise
convergence of H on the interval [0, S|, together with the Lebesgue Dominated Conver-
gence Theorem and the compactness of [0, Sy], it have been proved that H is continuous
also on [0, Sy] and thereby they obtain the continuity of H on [0, o).

Then, for proving the compactness of H : C; — C; it enough to select a bounded set A in
C; and it have been showed that H(A) satisfies the three conditions of theorem 1.3.
Therefore, by applying the Nonlinear Alternative with Q = X = C;and G ={u € C; : |u|y < M}
it can be concluded that H has a fixed point (the possibility (ii) of the theorem 2.10

cannot occur), that is, equation (2.13) has a solution u € C;. ]
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CHAPTER 3

SOME NUMERICAL METHODS FOR
SOLVING NONLINEAR INTEGRAL
EQUATIONS

In this chapter, various numerical methods are presented and analysed for the solution
of nonlinear integral equations. The main aspect of these methods is the discretization of
the equation u = Ku by substituting it with a series of finite-dimensional approximation
problems u, = K, u,, with n — oo, the types of this discretization are: (1) Projection
methods, with the most common ones being collocation and Galerkin methods, and (2)
Nystrom method. We also presented in this chapter the Sinc approximation methods

which are an optimal basis for the approximation in spaces of functions that are analytic.

3.1 Projection methods

Projection methods for solving the nonlinear integral equation

u(s):fQK(s,t,u(t))dt, se(), (3.1)

are mainly based to the choice of a finite-dimensional set of functions thought to include
a function u,,(s) approach to the exact solution u(s), this required numerical solution
u,(s) is chosen by having it satisfy (3.1) approximately. There are various senses in
which u,(s) can be said to "satisfy (3.1) approximately,” and these lead to different types
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of methods. The most popular of these are collocation methods and Galerkin methods,
and they are defined below. General theoretical frameworks for projection methods

have been provided in number of references, such as [5, 7, 8, 16, 17, 25, 49, 58].

3.1.1 Projection operators

Definition 3.1. Let X be a normed space and Y C X a non trivial subspace, a projection

operator from X into Y is a bounded linear operator P : X — Y such that
Pu)=u Yu e X. (3.2)

from (3.2) we have
thus

furthermore
IPll = IP?|| < ||PII?,

this mean that
2|l > 1. (3.4)

Orthogonal projection operators

Definition 3.2. Let X be a Hilbert space, and let (,-) denote the inner product for X, a

projection operator P is orthogonal if and only if
(Pu,(I -P)v)=0, Yu,v e X.

Example 3.1. Let {¢, },,>1 be an orthonormal basis of the space X and X,, = span {¢@q,---, @,},

for any u € X, the formula
n
Py(u) = Z(”,(PO(PI‘;
i=1
defines an orthogonal projection from X onto X,,.

Interpolatory projection operators

Let X be a normed vector space, and X,, is an n-dimensional subspace of X with a

basis {¢1,---,@,}, let x1,---,x,, be interpolation nodes in the interpolation region (2, the
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interpolation function u, € X,, is given to approximate a given function u € X where the

interpolation problem is as follows: Given data yy,---,v, find u, € X, given by

u,(x) = Z“j(Pj(x):
=

such that the interpolation conditions

Uy (xi) = Vi, i=1,---,n,

are satisfied.
Thus, we find the coefficient ay,---, a, by solving the system

n

Zajq)j(xi) =i =1 ,n (3.5)
j=1

The necessary and sufficient condition for the system (3.5) to have a unique solution is

det[@;(x;)] = 0.

Thus, the solution of the interpolation problem is

n

Pou)(x) = ) ulxi)ep(x),

i=1
where P, is the interpolatory projection operator from X into X,.

Example 3.2. ( Lagrange interpolation ) Let X is C[a,b] and Py the space of all poly-
nomials of degree not more than N. For any u € C[a,b] we can define the Lagrange

interpolating polynomials I f]’ﬁ u € Py as

N a,p
X —X;
1P u(x) = Zu(x]‘.“'ﬁ)L]‘.”ﬁ (),  LiP(x)= [ — (3.6)
j=0 i= Xj TX
where {Lo.(’ﬁ}?f:0 is the Lagrange interpolation basic functions associated with Gauss-

)

Jacobi quadrature points {x]q’ﬁ W

=0’ which are the roots of the Jacobi polynomials J ;fl
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The functions L;(’ﬁ satisfy the special interpolation conditions
: 0, i1#j,
L;'Xﬁ(xi):éji = o (3.7)
1, 1=7j.

and they form a basis for Py.

The following lemmas are necessary for determining our main results.

Lemma 3.1. [37] Let I f,’ﬁ v be the interpolation operator associated with the Gauss-Jacobi
points, then for any function v € H]'(I), there exists a positive constant C independent
of N such that

, 1_
o =I5 il < CN2 "l (3.8)
o = Iy llyas < CN "ol (3.9)

Lemma 3.2. [33] Let {L]-}?]:0 be the N-th Lagrange interpolation polynomials associated
with the Gauss-Jacobi points. Then

logN), if -1<a,p<-3

; (3.10)
N7+max{“'ﬁ}), if otherwise.

1 e = max S 11 = |
Hwa—@giijN—cx
j=0

Lemma 3.3. [37] For every bounded function v(x), there exists a positive constant C
independent of v such that
I vl < Cllvllgs. (3.11)

3.1.2 Principle of projection methods

Let X be a Banach space, the most popular choices are C(Q) and L?(Q), consider the

Urysohn integral operator
IC(u)(s):J K{(s,t,u(t))dt, se(Q), (3.12)
Q
we are interested in a solution of the operator integral equation

u=Ku, (3.13)
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let X,,,n > 1, be a sequence of finite dimensional subspaces, with X,, having dimension
N for notational simplicity, and let P, be a projection of X onto X,,, it is usually assumed
that

P,u > u,asn—oo, VYuel, (3.14)

the projection method for solving (3.13) is to seek an approximate solution u,, € X,,, such
that u,, satisfies the operator equation

u, = P,K(uy,), (3.15)

thus, we find an approximate fixed point problem which can be written in the following
equivalent form
P,(I -K)(u,) =0, u, €X,. (3.16)

Lemma 3.4. [5] Let X be a Banach space and let {P,} be a family of bounded projections
on X with

P,u > uasn—oo, VYuelk,

if £: X — X is a compact operator, then
I -P,K|| = 0as n— co. (3.17)

Theorem 3.1. [5] Assume K : X — X is bounded, with X a Banach space, and assume
that
A-K: X—X.

Further assume
IX-P,K|| — 0as n— co. (3.18)

Then for all sufficiently large 1, say n > N, the operator (A — P,K)~! exists as a bounded

operator from X to X, moreover, it is uniformly bounded:

sup||(A - PnIC)_1|| < 0.
n>N

3.1.3 Convergence of projection methods

After we approximated the equation (3.13) by the system (3.15), we want to prove that
for all sufficiently large n, (3.15) has a unique solution, we also trying to obtain bounds
on the rate of convergence of u, to u. For this we apply the procedure of linearisation

(see [5]), in this approach we linearise the problem and apply the Banach Fixed-point
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theorem.
Firstly, we substitute the nonlinear function by an approximating linear Taylor series in
a point u

K(u) = K(ug) + K'(uo)(1 = ug),

where K’(ug) denote the Fréchet derivative of C(u) at u.

Then, we discussed the error in linearisation of () about a point (u):
R(u;uq) = K(u) = [K(ug) + K (uo) (1 — ug)),

the error R(u;u() has properties that are useful in the study of convergence.

Lemma 3.5. [5] Let X be a Banach space, and let E be an open subset of X, let L : E C
X — X be twice continuously differentiable with K£”(u#) bounded over any bounded
subset of E.

Let B C E be a closed, bounded, and convex set with a non-empty interior. Let 1, belong

to the interior of B, and define R(u;ug), as above. Then for all u;,u, C B,
1 2
IR(uy;up)|| < EMllul —us||%, (3.19)
with M = sup,,.5|IK”(u)||. Moreover
17 (1) = K (u)| < Mllug — uyl,
implying K’(u) is Lipschitz continuous, and
1

[IR(u1;0) = R(ug; ug)|l < M [|luy — uoll - 5”“1 — up||{llug — usll. (3.20)

After that, we make on K and {P,} the following assumptions.

Ay. K:ECX — X is a completely continuous nonlinear operator.

A,. The equation (3.13) has a unique isolated solution u* € X within the ball
B(u*,e)={u€E/|lu—-u’|| <&}

for some ¢ > 0,
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Aj. K is twice continuously differentiable over E with

M= sup [IK”(u)|l< co. (3.21)

ueB(u*,¢€)
Ay. The projection operators {P,} are pointwice convergent to the identity on X

P,(u) > uasn—oo, VYuelX.

The assumption A; implies that L = K’(1*) is a compact linear operator, also from the

assumption A4 we can apply the lemma 3.4 to obtain
(I -P,)L|| = 0 as n — oo, (3.22)
hence for all sufficiently large n, n > N, the operator (I — P,L)~! exists and

supl|(I - P,L) ™| < oo,
n>N

that is a result from the theorem 3.1.
By this result, we seek to show that for all sufficiently large n, (3.15) has a unique

solution within B(u", ), for some 0 < ¢; < ¢, by expending K(u,,) about u*, we obtain
K(u,) = K(u*)+ L(u, —u") + R(u,; u”),
hence, we can rewrite the equation (3.15) as the equivalent equation
(I-P,L)(u, —u*)=P,u"—u"+ P, R(u,;u"), (3.23)
let y,, = u, —u”*, then

Vn = (I - PnL)_l(Pnu* - u*) + (I - PnL)_lR(Vn +u’ u*)

(3.24)
= Fu(Yn)-

From the various results and the Banach contractive mapping theorem, we can show
that the fixed-point equation (3.24) has a unique solution y,, this prove that the ap-
proximating equation (3.15) has a unique solution u,, in some ball of fixed radius about

*

u-.
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The rate of convergence

Theorem 3.2. [8]If 1 is not eigenvalue of L = K’(u*), then there are nonnegative sequence

{w,} convergent to zero, such that
|lot,, — u*|| < C(1 +wy,)||Pu™ — u||. (3.25)
Proof. We can rewrite (3.23) as the equivalent identity
(I -=L)(u, —u*)=(P,—I)L(u, —u™)+ (P, — I)u™ + P,R(u,; u’),

and then bounding the right side, we obtain (3.25). The constants are given by

Cla, + Pry) IR (14,5 17|
= =l - P,)L|, - A
wn 1 _ C(an + Prn), ai’l ||( 71) ” rn ||un _ u*”
C=lI-0",  sup|BJI<P<oo.
n
0
3.1.4 Collocation method
We consider the Urysohn integral equation
u(s):f(s)+j K(s,t,u(t))dt, seQ. (3.26)
Q

let X be C(Q)), and let X,, be a finite dimensional subsequence of X, define P, to be the
interpolatory projection operator of X onto X,,.
let

N
Uuy(s) = Z“j(Pj(S):
o1

where {(p]-};\leis a basis of X, and pick distinct node points sy, ---,sy € (Q and require

N N
Ru(si)= ) ajpjlsi) = f(s) - LK(si, H)ajpi(t)dt=0, (3.27)
i=1 i=1

where R, is called the residual in the approximation of the equation when using u ~ u,,.
By forcing R,, be approximately 0 at the collocation points sy,s,,--+,5y we can determine

the coefficients {ay,---,ay}. The hope is for the resulting function u,(s) to have a good
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approximation of the exact solution u(s).

3.1.5 Galerkin method

Let X be L?(Q) or some other Hilbert space, and let X,, be a finite dimensional subspace
of X. Define P, to be the orthogonal projection operator of X onto X,,, based on using
the inner product of L?(Q), thus

(P,u,v) =(u,v), allve X,

let {(p]-}?]: , be a basis of X,, the Galerkin method for solving the Urysohn integral

equation (3.26) is to seek an approximate solution u, € X, where,

N
un(s) = Z“j(Pj(S)’
=1

such that
(R, 9j) =0, j=1---,N

This yields to the non-trivial system
N N
Zaj<§0j'(Pi> ={f,pi)+ (IQK('; t,Zaj(p]-(t))dt, ®i), i=1,---,N. (3.28)
= =1

Solving this system leads to determine the coefficients {aj}?rzl, therefore we find the

resulting function u,(s) which we hope will be very close to the exact solution u(s).
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3.2 The Nystrom methods

In this section, we will approximate a class of nonlinear integral equations of the second
kind by the so-called quadrature or Nystrom method, in which the integral terms is
approximated by an ordinary quadrature rule.

Let Q: X = C[a,b] = R be an integral operator defined by

and let Q,, : X — R be a discrete operator defined by the quadrature rule

n
_ Zw](.”’ g(x](.”>), (3.29)
=1

the values { ;n)}]_l are called the quadrature nodes and { ;n)}]_l are called weights.

Definition 3.3. A sequence of quadrature rules Q,(g) is called convergent if

Q.(g) = Q(g) as n— oo, forall geX,

i.e., if the sequence of linear functionals Q,(g) converges pointwise to the integral Q(g).

Theorem 3.3. [26] The quadrature rules (Q,,) converge if and only if
Q,(g2) = Q(g) as n — oo, for all g in some dense subset G C Cla, b],
and

sulew | < oo.

ne]N

3.2.1 Principle of Nystrom methods

Consider the Urysohn integral equation
b
u(s) = f(s) +J K(s, t,u(t))dt, s€Q =[ab], (3.30)

where f € X = C(Q)) and K(s,t,u(t)) given with an appropriate smoothness assumption,

the right-hand side of (3.30) defines a completely continuous operator from some open
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domain D C X into X, explicitly
b
K(u)(s) = f K(s,t,u(t))dt, se Q.
a
Thus, solving (3.30) is equivalent to solve the operator equation
u=f+K(u), (3.31)

using the quadrature formula (3.29) to approximate the integral in (3.30) and the
Nystrom method to (3.30) is : Find u,,(s) such that

n
,(s) = f(s)+ Zw;”)K(s, (" u,(e"), seq, (3.32)
j=1

where u,(s) is an approximation to u(s), we rewrite the approximating numerical integral

equation (3.32) in operator notation as
u, = f+K,(uy,), (3.33)

where the discrete integral operators K,,, n > 1, is defined by

n
KC,y(u)(s) = Zw;”)K(s, t](.n),u(t;.n))), seq. (3.34)
j=1

A solution to the functional equation (3.32) may be obtained by determining {un(sgn))},

thus (3.32) is reduced to the finite nonlinear system
n
zi=f(s\") + Zw;”)K(sﬁ”),t;”),z;”)), i=1,-,m, (3.35)
j=1

where the interpolatory function

satisfies (3.32).
The formulas (3.32) and (3.35) are completely equivalent in their resolvability (for more

details see[28, 5]), practically, we solve (3.35), however we use (3.32) for the theoretical
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convergence analysis.

3.2.2 Convergence analysis

In the present section we’ll discuss the existence and the convergence of an approximate
solution of (3.33) in neighbourhood of an isolated solution of (3.31), where the basic
notions for deriving the order of convergence is based on the theory of collectively
compact operators (see[13, 2]) for this we shall assume that (3.31) has an isolated

solution u, € X, e.i., there is some ball
B(ug,0) ={ue X :||lu—-ugl| <06, >0}

that contains no solution of (3.31) other than u,, and the compact operator K is possesses
a continuous first and a bounded second derivative on B(u, ).

For ease of reference, the following required assumptions are mentioned from [6, 57].
Aq. (K, :n>1}is collectively compact family on X.
Aj. K, is pointwise convergent to K on X.

Aj. For n>1, K, possesses a continuous first and a bounded second Fréchet derivatives
on B(ug, ). Moreover,
1Co1| < A < oo

Lemma 3.6. ( Weiss [57] ) Assume that [[-K’(u)] is nonsingular and that the hypotheses
A1 —Aj hold. Then the linear operator [I — K;,(u()] are nonsingular for sufficiently large
n, say n > ny, and

T =K (o)1 < B < co. (3.36)

Theorem 3.4. Assume that the assumptions of lemma 3.6 hold. Then there exists a
positive integer n; such that, for all n > ny, (3.33) has a unique solution u,, € B(uy, 9).

Furthermore, there exists a constant C independent of n such that
g = unll < ClIC(uo) = Kn(uo)ll-
Proof. By subtracting (3.31) from (3.33) we obtain

Ug—Uy = K(”O) - Kn(un)r
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by adding the term K} (u()(1o — u,,) on both sides we have
[ = K3y (uo) (1o — 1) = Kusg) = K (140) — [ (1) = KCyn(0) — Ky, (110) (s — 149) ).

The term K, (u,,) — KC,,(1g) — K, (149) (1, — g) has been bounded by the term %/\Huo —u,|)?

( see [6] ), then from lemma 3.6 we have

1
g = nll < BIKA1t0) = Koy (u)ll + 5 Allug - ],

hence
[1K(149) = KC (1o
g — ) < V0= Tt
T2
1-55
This completes the proof. O

Remark 3.1. From this theorem we can conclude that the rate of convergence of u,, to 1,
is that of numerical integration approach applied to (1) and this is usually simple to
get it.
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3.3 Sinc approximation methods

The Sinc approximation methods are based primarily on the Cardinal function which
plays the same role as polynomials in the classical numerical methods. These techniques
of approximation was first considered in [24, 29], nevertheless, Stenger in [51] was the
first who explained a detailed and a thorough consideration about the Sinc approxima-
tion methods. This Cardinal function which was mentioned earlier is noted by Sinc (x),

and it is defined in the whole real line by:

' siné;zx), x%0,
Sinc (x) = (3.37)
1, x=0,
—6m —4r —2 0 2 4 6
T T T T T T T T |
1.0 I N n
U sin(x)
UAS (| ! ! { ” | —
0.6 - o
0_2 - ! | ! ! I ] J—
NAT V\’)" Y v U MV XY TN
—02F .
Lok b by sty Dl 5 li

Figure 3.1: The Sinc function.

although, there is more powerful notation for the Sinc function. Namely, if k an
element of Z, and h > 0, we define the translated Sinc functions with evenly spaced

nodes by:

S(k,h)(x) = Sinc (% —k),

where S(k, h)(x) will be referred as the K’th Sinc function, with step size h evaluated at

X.
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we note that

S(k,h)(jh) = Sinc (%h —k) = Sinc (j—k)

The following properties are easily shown.
(i) Sinc (.) is an even function.
(ii) {xeR: Sinc (x) =0} =2Z".

(iii) {7 Sinc (x)dx = ["7( Sinc (x))?dx =1.

3.3.1 Exact interpolation and quadrature via Sinc method

Definition 3.4. Let h > 0, and let W(7) denote the family of all analytic functions f € C,
such that

f eL*(R),

and such that for all ze C
|f(Z)| < Cen|z|/h,

with C is a positive constant.

Theorem 3.5. (Paley-Wiener theorem) Assume that f € W(7), Then fe LZ(%, 7)and

f@) =5 | flre

Theorem 3.6. If f € W(7), Then for all z€ C,

f(z)=C(f,h)(z) = Z f(kh)S(k,h)(z), (3.38)
k=—c0
and oo
f(kh) = %J_Oo f(t)S(k, h)(t)dt, (3.39)
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furthermore, if f € L'(IR),
J- fhde=h ) f(kh)
- k=—00

Proof. Since f € W(7;), The Theorem (3.5) gives

= [ freea,

and we have

+00

e = Y ek h)(2), % <x< %

=00

yields

F@ =5 [ F0 ) stk
2 k=

- Z.o S(k, h)(z) [% jh f(x)eikhxazx]
k=—c0 T

= Y f-kI)S(kh)(2)
k=—00

- Z £(kh)S(k, h)(z).
k=—c0

On the other hand we have

r

=R

A

f(2)= f(x)e dx

-
h
C

X +00
[ f(t)e”‘tdt] e "dx

(@

(@

f(t) [Jh ei"(t‘z)dx] dt
%

7T
h
+

|- R F[-

r
—0

f(#)

|
C

+00

—ih [e(m(t_z)/h) _e(—in(t—z)/h)]dt
27 (t —z)
t—z

f(t) sinc (T)dt'

|
8

= =N
%8%

|
8
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then

sl =1 [ swstenind:

Now, for proving the quadrature formula (3.40) we replace z by t € R in (3.38) and

integrate the result over RR,

J:mf(t)dt:f_oo io f(kh)S(k, h)(t)dt

® k=—co
- i f(kh)JwS(k,h)(t)dt,
= .

from the equality
we obtain

3.3.2 Sinc approximation methods on real-line

Whereas the interpolation and quadrature formulas in the previous section are exact,
however, there are some functions don’t belongs to W(7) when we approximated it by
its Cardinal series has errors that decrease exponentially.

So we need to substitute the class W(7) by class of functions with less constraints where
the formulas of theorem (3.5) are fulfilled, nevertheless, because the approximation of f
will be on IR, it must be assumed that f is analytic in a domain containing IR, let D; be
the infinite strip domain of width 2d, d >0, defined by

Dyj={z¢C:z=x+iy,|y|<d}. (3.41)
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3.3.2.1 Infinite term of Sinc approximation on real-line

Definition 3.5. Let H!(D,) denote the family of all functions f that are analytic in D,
such that

N(f,Dq) = (LD If(Z)IIdZI) < 0.

Let us use the notation ||f]|| to denote sup|f(x)|.
xelR

Theorem 3.7. [54] Let f € H!(D,), Then

If = C(f, || < CeT™ ¥ = O(e ™M), (3.42)
Moreover
J f(x)dx—h Z f(kh)| < C*e~2md/h = O(e=2md/hy, (3.43)
-0 k=—c0

where C and C* are constants.

3.3.2.2 Finite term of Sinc approximation on real-line

although the infinite Sinc approximation may be very accurate, as stated in theorem 3.7,
there might still be a problem from the points of view of numerical computation. So,
these functions must be identified as analytical functions in D, for which we can get a

close approximation of f via
N
Cn(f,h)(x)= Z f(kh)S(k, h)(x), for relatively small N.
k=-N

Definition 3.6. Let a > 0 and let £,(D,) denote the set of all functions f analytic in Dy,
such that for some constant C > 0, and all z € D,;, we have
||

(1+]ez))*

f(z2)l<C

and for all x e R
|f (x)] < Ce™@H,
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Theorem 3.8. [53] Let f € £,(D;), then taking

- n_dl/Z . @1/2
“\aN/|] 7 \aN ’

there exist a positive constants C and C* depending only on f, d and «, such that

a)

If = Cn(f, )l < CYNe Vrden, (3.44)

< Cre~V2mdaN, (3.45)

0 N
|REEDWILS
—oo k=N

3.3.3 Sinc approximation methods on arcs T

In this section we’ll expand the results for approximation on IR to approximate functions
over infinite, semi infinite, and finite intervals, in fact, over arcs I.

For this purpose a conformal maps ¢ that transform I' to IR are desirable.

Definition 3.7. Let D be a domain in C with boundary points a # b. Let ¢ denote a
conformal map of D into D, such that, ¢(a) = —co and ¢(b) = 0.
Denote by w = 1(z) the inverse of mapping ¢ and let

I'={weC:w=1(x),x e R} = Pp(R).

Let H!(D) denote the set of all functions f that are analytic in D, such that

N(f, D)= LD £ (2)lldz] < oo,

and let L, (D) denote the set of all functions f analytic in D, such that for some constant
C >0, and all ze D, we have
et

f@) s C—7——F5
f Z (1+|e¢(z)|)2a

As we have see earlier the assumption that f € H!(D;) guarantees us the rapid
convergence of Sinc approximation on R, the same convergence rate, is reachable

under more general conditions, to accomplish an accurate interpolation (respectively,
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quadrature) on the arcs T, all that is required is that ¢’f (respectively, f ) is belongs to
H(D), because if f € H!(D,), then

f [f ()du] < oo,
oD,

this means that

[ @iy @i <
JD
that it is necessary to have f¢’ e H! (D).

Theorem 3.9. [53] Assume that f1p’ € L,((D,)) for d with 0 < d < %, let N be a positive

integer, and
. wd 1/2 o 27ed 1/2
“\aN]| 7\ an ’
then there exist constants C and C*, independent of N, such that

a)

N
If = Y xSk h)o pll < CVNe VN,
k=-N

N
J‘f(x)dX—h* Z f(xk)l,b,(kh) < C*e_\/m‘
r —

Example 3.3. The case of I' = (a,b), where —co <a < b < co.

In this case we take

z—a
w:qb(z):lnb_z,
hence bt
a+ be
pw) = 14+ev’

The conformal map ¢ transforms the complex domain

D:{z:x+iy:|argz a‘<d<z},

b-z 2
into the infinite strip
Dd:{w:a+iﬁ:|ﬁ|<d<§}.
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the basic functions in the interval (a4, b) defined by

sinfre((x)-kh)/h] i
S(k,h)o p(x) = TOE-FR/R $(x) = kh,
b P (x) = kb,

= Sinc [(¢(x) — kh)/h]

Since

. 1) k:])
S(k,h)(jh) = 6kj = ,
0, k=j.

Then, the nodes of the function S(k, ) o ¢p(x) are:

a+ bekh

X = (P_l(kh) = W;

and the finite approximation of interpolation and quadrature for a function f(x) on
[a,b] are defined by

Numerical test

We wish to approximate the function g on the interval (0,1) where

the numerical results of the approximation of quadrature and interpolation for the

function g on (0,1) are represented in Table 3.1 and Figure 3.2.
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Table 3.1: Absolute error between the exact and the Sinc Approximate integration of g

N h errors

10 | 9.935e-01 | 4.8473e-05
20 | 7.025e-01 | 9.3278e-07
30 | 5.736e-01 | 4.2550e-08
40 | 4.967e-01 | 3.0967e-09
50 | 4.443e-01 | 3.0548e-10
60 | 4.056e-01 | 3.0548e-10
70 | 3.755e-01 | 5.2651e-12
80 | 3.512e-01 | 9.9476e-13
90 | 3.312e-01 | 3.979e-13

100 | 3.142e-01 | 5.6843e-14

N=20 Maximum absolute error=5.6700e-06 N N=40 Maximum absolute error=4.8763e-08

Figure 3.2: Sinc approximate interpolation of g.
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Example 3.4. The case I = [0, o)
We take

hence

The conformal map ¢ transforms the complex domain
D ={zeC:larg(z) <d},

into the infinite strip
Dd:{w:a+i/3:|ﬁ|<d<%}.

The nodes of the function S(k, h) o ¢(x) are:
xe = ¢~ (kh) = €,

and the finite approximation of interpolation and quadrature for a function f(x) on
[0, 00) are defined by

N

fx) = ) fx)S(k ) olog(x),

k=-N

0 N
J f(x)dx~h Z F(xp)e ™.
0 k=N

Numerical test

We wish to approximate the function f on the interval [0, c0) where

the numerical results of the approximation of quadrature and interpolation for the
function f on (0,1) are represented in Table 3.2 and Figure 3.3.
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Table 3.2: Absolute error between the exact and the Sinc Approximate integration of f

N h errors

10 | 9.935e-01 | 4.8005e-03
20 | 7.025e-01 | 3.0982e-04
30 | 5.736e-01 | 3.7787e-05
40 | 4.967e-01 | 6.4089e-06
50 | 4.4443e-01 | 1.3422e-06
60 | 4.065e-01 | 3.2657e-07
70 | 3.755e-01 | 8.9018e-08
80 | 3.512e-01 | 2.6549e-08
90 | 3.312e-01 | 8.5220e-09
100 | 3.114e-01 | 2.9092e-09

N=50 Maximum absolute error=7.4088e-04

Figure 3.3: Sinc approximate interpolation of f.
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In our work and as we will see in the next chapter, we're particularly interested to
explain Sinc-approximations in the semi infinite interval [0, c0).
In this interval, we can adapt the Sinc approximation with the aid of the following
useful “ Single-Exponential transformations " given by Stenger [53] (denoted briefly by
SE):
s, () =€, g, (t) = arcsinh (e'),

or by ones of the following transformations

Yo, (1) = Por, (S sinht),  pp, () = Ysg, (Tsinht), Yo, (1) ==,

These are known as " Double-Exponential transformations " (DE), where Takahasi and
Mori was the first to introduce them [55, 56]. The following theorems show the expo-

nential convergence of the SE-Sinc approximations and the DE-Sinc approximations.

Theorem 3.10. [53] The following is true for i = 1,2. Assume that f1" € L,(¢sg,(Dy)) for
d with 0 <d < 7/2. Then, there exists a constant C, independent of N, such that

< Ce~V2adN (3.46)

0 N
| e Y s i g
k=—-N

271td

where h = N

Theorem 3.11. [56] The following is true for i = 1,2,3. Assume that fi’ € L,(¥pg,(Dy))

for d with 0 < d < 7t/2. Then, there exists a constant C, independent of N, such that
—21dN

< Cexp ( i ) ),

log(8dN/a (3-47)

) N
| rwe=n Y s, Gy, k)
k=—-N

where h = W'
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CHAPTER 4

RESOLUTION OF NONLINEAR
INTEGRAL EQUATIONS

In this chapter we try to apply some of methods derived from those that we saw
earlier. In the first section, we presented a Jacobi spectral collocation method to solve
nonlinear Volterra-Fredholm integral equations with smooth kernels, the main idea
in this approach is to convert the original problem into an equivalent one through an
appropriate variable transformations, so that the resulting equation can be accurately
solved by using spectral collocation at the Jacobi-Gauss points. The convergence and
errors analysis are discussed for both L* and weighted L% norms, and we confirm the
theoretical prediction of the exponential rate of convergence by the numerical results
which are compared with well known methods. In the second section, we proposed
two numerical methods to solve the nonlinear integral equation of Hammerstein type
on the half-line, by using a Sinc-Nystrom method based on Single-Exponential (SE)
and Double-Exponential (DE) transformations, where the problem is converted into a
nonlinear system of equations. We provided an error analysis of the proposed schemes
and showed that these methods have exponential convergence rates. Finally, several

numerical examples are given to show the effectiveness of the present methods.
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4.1 Solving nonlinear Volterra-Fredholm integral equa-

tion by using a Jacobi spectral collocation method

We consider the nonlinear Volterra-Fredholm integral equations given by the general

form:

1

u(s)=g(s) +L Vs, t)gbl(u(t))dt—i-J; F(s, t)y(u(t))dt, se[0,1], (4.1)

where the kernels V, F, and g, ¢y, 1,, are given smooth functions about their variables,
and u(s) is the unknown function to be determined.

the present section is the subject of our research which was published in [19] where we
developed an accurate spectral method based on useful generating set of orthogonal
polynomials to solve equation (4.1). Evidently, at first we must transform the problem
set in the given interval to [-1, 1] by means of an appropriate variable transformation.
Then, we apply the standard spectral Jacobi-collocation method to the resulting equation
in which Jacobi-Gauss points are utilized together with Legendre-Gauss quadrature to

reduce it to the solution of nonlinear equations.

4.1.1 Description of the method

Before proceeding to discuss the Jacobi spectral collocation method for Eq. (4.1), we

need to introduce the following notations, let I = [~1,1], and w®P(x) = (1 —x)*(1 + x)? be
a weight function, for a, f > —1. For a given positive integer N, we denote by {aﬁ,"? }?’: 0
the points of Gauss-Jacobi quadrature formula, which are the roots of Jacobi polynomials
ap
]N+1'
For convenience, we consider the following variable transformations
_x+1 o+l

S=—— t= > , x, V€I,
so that Eq. (4.1) becomes

x 1

U =G+ | Toopwn Uy s | Fleppaondy, (32
-1 -1
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where

2
oo =s[%").
P[5 )
Fron- {1221
Then we introduce the linear transformation
v=9(x,0)= x;19+x;1, x,0€Q,

which transfers the first integral term in (4.2) to the form

x 1
| Ve wonay =23 | ey o Ui onae.

Hence, Eq. (4.2) becomes

1

1
U(x) = G(x) + J: V(x,0)1(U(y(x,0))d6 + I F(x,0)p,(U(0))d0, (4.3)

1 -1

where

V(x,0) = %V(x,y(x,e)), F(x,0) = F(x,0).

The spectral Jacobi-collocation method for solving Eq. (4.1) is to seek an approximate

solution Up(x) € Py, such that Uy(x) satisfies Eq. (4.3) at the collocation points crf,’,f,

i.e.,

1
Un(og?) = Glog®)+ | Viowt,0)p1(Un(yn’(0))de
j i) j j

1
+ | Foll oalUy(ondo, (4

where yi‘][j (0):= y(oﬁ”? ,0). The integral terms in the above equation can be accurately

approximated by using Legendre-Gauss quadrature formula. Let {Qk,wk}kN:() be the
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Legendre-Gauss nodes and weights, and there holds

1
| 7ot omwtsie) de~Zwkv ot 009 (UNGEE O, (45)

1
J_IF(GN] 0)2(Un(0))d6 ~ ZkaaN] WUy (61))- (4.6)

Next, by using the Lagrange interpolation to approximate the nonlinear parts in (4.5)

and (4.6), namely,

N
PUN SO ~ IV (@1 (Un (3500 = Y i (OF L35 (0)),
i=0

N
Pa(Un(0) ~ Iy (2(Un(0)) = ) a(ON)L;(0),

j=0

where [“];lj = UN(U;\X]”?), we get the full collocation scheme

-

N
V= Glow)+ Y ¥ (ogt, 001y (01 (Un (" (01))
k=0
Zka (on 5 001N (2(Un(60). (4.7)

We can get the values of Uﬁ,’f,j =0,1,...,N, by solving (4.7).
An approximate solution of Eq. (4.2) will be given by:

zZ

Ux) ~Uy(x) = Y OyiL(),

=0

since the exact solution of the original equation (4.1) can be written as

u(s)=U(x), wherex=2s-1, s,xel.
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4.1.2 Error estimates

From all the following, we assume that the nonlinear functions i; and ¥, and all its

derivatives up to order m satisfy a local Lipschitz condition, such that for every vy,
v, € C(I)

ok ok .
a—ykllbl‘(vl)—a—ykl’bi(vz) SLiklvl—Uz, 121,2. k:1,2,---,m,

we also consider that

L = max Lj.
1<k<m

Error estimate in L*°-norm

Theorem 4.1. Let U be the exact solution of the nonlinear Volterra-Fredholm integral
equation (4.2), which is assumed to be sufficiently smooth. Let the approximated
solution Uy be obtained by using the spectral scheme (4.7), assume that in Eq. (4.1)
the nonlinear functions 1, and ¢, and all its derivatives up to order m satisfy a local
Lipschitz condition. Then there is a positive constant C such that the errors satisfy for
m>1,
1, a,p
U = Unllzee < CN27"(|U g (ry + x My llzeo), (4.8)

where

X = 1V llzes oy (U)o gy + I s (U g g
_1 , B
+ NI UYL (Ul + Tl (U)l=),

SZ”I;\] = max V(GI‘\X]”?I.)

0<j<N

TZ’,?\I = max ‘f((fﬁ,ﬁ’?,@)

7N (1) 0<j<N HN(1)

Proof. At the collocation points x = Gﬁ;f , we have UN(G;[]:? ) = Uﬁ;f . We subtract (4.7)
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from (4.3) we obtain

Uloy!) - Un(oy) = <V<oNf’9> PL(U N O)

+(Flon,0),1,(U ()
—(V(on 5 ) I 01 (UN RO
~(F( aﬁf )1 ﬁt,bz(UN()»N

= (V(ox",0), 91 (U (0)) - 1 (Un (w3 (0)
+<P(UN] 0), P2(U(0)) - o(Un(6 ))>+](UN])

where
Jlonh) = <v<oNf 6) 1 (Un (o (0)

~(V(oyh,o) “ﬁl,bl(UN(y;'f())»N
+<P<aN] 0), 2(Un(0))) — (o, ) Iy a(Un () (4.9)

Let the error function be written as

then

E(oy ) = (V(ox",0), 91 (U 5(0) = 01 (Un (93 5(0)
+ (Floyh,0),92(U(0) = o Un () + ] (o5, (4.10)

multiplying L;(x) on both sides of (4.10) and summing up from j =0 to N, yield

N
U= Uy () = Q0+ 17 Qa0 + )Ty Ly (4.11)
j=0

where

Ql<x>=f V(6,9 (91 (UD) - 1 (Un )] d,

-1

and
1

Q2<x>:f_ Flx ) [92(U ()~ 2 Uy ()] d.

1
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By adding and subtracting Q;(x) and U(x) into the right-hand side of (4.11) we get

|<f 176 9) 1 (U@)) - 1 (Un )]l + 10 () — 1A U ()

N
+1Qu () - I Qi 0l + I Qo)+ J(og L

j=0
<L V , Y E d + I
max 70 |f| dy Z

where

N
Lx) =) ToghHL;)
j=0

I3(x) = Q1 (x) ~ 1P Q (%),
Iy(x) = [I57 Qy ()l

Then the Gronwall inequality (1.16) gives

IEl|Lee < C(IH1llpeo + o llee + |15l ze0 + [allp)

Due to (3.8) we have
1_
Ml = U = 17" Ullges < CN2"|U g

From (4.9) we have

oyl <

KV (on%,0), 1 (Un (s (0 = (V(ox ), Ty lpl(UN(yN]()»m
+(E(oy?,0), 92(Un (0) ~ (Floy?, ), Iy
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Thus, the right hand side of the above inequality is less or equal to

V(g 0), 11 (Un(oy"(0)) - “"”%(UN@;@(-))»

+ V(0,00 1y ﬁt,bl(UN(yfs']( N =V (o, I3 91 (Un (5]
+[Flog ™, 0), 02 (Un(0) - Iy p2(Un (0))]

+ [(E(on,0), I 2(Un(0))) ~ (Flon ), Iy o (Un (),

hence by using (1.12) we have
max oI < 20Vl (Un) = I (Un)ls

m a,p a.p ap
# CN" max V(0 i) max I r (U G5 Ol

+ 2| Flle 2 (Un) = Iy (Ul

+CN™™ [max IF(ON Mz ||IN 2(UN)lya-

From (3.8) we obtain

< 7_m (e8] m,
ogl]i)z(vll(GN )l < CN 2 V]|olgpy (Un)l g g

a,p
+CN”~ Ogijegﬁ]IV(UN] )|H’”N(I)012]%71(\]||7101(UN(3}N,]‘(9)))”L°°
+ CNj_m”f”L‘x"lpZ(UN)lHL’erN(I)

— = _a,p
# CN max (F(oy ) gy 12Ul (4:19)

From the definition of semi-norm (1.11) we have

1 (Un)leza) = 11 (Un) = 91.(U) + 1 (D)l e
S|17b1(lj)_11D1(l]N)|H’"N +|l1b1( )leN (I)

S[ I A2

k=min(m,N+1) ay

2

1/2
(U- UN) aﬁ] +|¢1(U)|H$'N(I)-

w%

Since the nonlinear function 1, and its derivatives of orders 1,...,m satisfy the Lipschitz

58



CHAPTER 4. RESOLUTION OF NONLINEAR INTEGRAL EQUATIONS

condition, we have

o, ’

yF ——(U-Uy)

<LUU=-Upn)IEas min(mN+1)<k<m

wP

hence

IA

|91 (Ul gm 1 L'l|Ellyas + 11 (U)lrgry
w' (1)

L””E”L‘>0 + |¢1(U)|H{Z"N(I)’ (4.20)

IA

where L" and L” are positive constants.

Similarly, we can obtain

IA

Bo(Unlizzy < LIElos + 12Ul

< LVIElg + [$2(U) g g (4.21)

A

Therefore, combining (4.19), (4.20), (4.21), with (3.10) yields

LMl = IIZIJ oMLl < max V(o I s

< CNF Tl (L El o + 11 (U)o I

a,p
+CN™ Org]agle(UN s Mg gy (LIE| oo + 1101 (U)ol " oo

+ CN T [Fl|ges (LEllss + 192 (U) gy IRl

a.p
# O ma (o g (LIE + 2 (Dl . (4.22)

Let A, be the operator be defined in Lemma 1.4 and we consider v(x) = ¢ (U(x)) —
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1 (Upn(x)), from (1.13) and (1.14) we obtain

13l = 14, (I = Iy )llgeo
= 1A, = Ty AN = Iyl
< |lA, = T Ayl = Il oo
< CorNFI Aok (1 + M llze)
< CorN Fllpe (1 + My llgo)
< CoxN "1 (U(x) = 1 (U ()l (1 + 1137 1 10)
< Cor LN F|Ellge (1 + 11 llpo). (4.23)

Finally, we have

gl = 187 Qall o

a,p a,p
< ma on I oo
< max [Qa(oy DI Il

1
waﬁ;’iwmzww»—¢2<UN<y>>]dy I e

< 2L||Fllp |Ell sl Pl (4.24)

Combining (4.18), (4.22), (4.23), (4.24) with (4.17) gives the desired estimate (4.8). [

Error estimate in L?A)“'ﬁ —norm

Theorem 4.2. Assume that the hypotheses in Theorem 4.1 hold, and k € (0,1). Then
U = Unlyos < CN (Ul g+ N 720 + (U gy gy + XN llo)), (4.25)
where 8:1/;\],’(2?\] and y are given as in Theorem 4.1 and
p= N%Ilfllpo LN, N%‘m(si”’f\] + Tf;ﬁ,)

Proof. By using (4.12) and the Gronwall inequality (1.15) we have

ElLyes < Cllllyap + allyap + 15]lpars + [ Lallyap)- (4.26)
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From (3.9) we have

Mllyes = 10U =I5 Ullyos < CNT"1U g (4.27)

By Lemma 3.3 we have

IEall s = | Zf oL (e < ClIls (4.28)
Combining (4.19), (4.20), (4.21) leads

1_ 7 7
IEallyes < CN 2 Vllg (LElyes + 191 (D)l e )
+ ON" ma (Vo gy (Il + 11 (D))
1_ ”
+ CN 2 |[Flles (Ll youp + [92(U) g )
+ CN™" max |F(0N - )|HmN (L||E||Loo + P2 (U)l| e )- (4.29)

0<j<N

Let consider v(x) = 11 (U(x))—1; (Un/(x)), similarly to the estimate of [|I5]|;_ and by using
(1.13) and (1.14) we have

1l = (IR = 1A, lyas
= I~ Iy P)(A, — Ty A llyes
< [l A, = Ty Ayllyes + 1 (A, = T Ay llyes
< CllA, = Ty Aylle
< CN M4, llox
< CN Mol

< CN "My (U) = 1 (Un)lze
< CLNM|E||; . (4.30)
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From (3.11) we obtain

allyes = 187 Qollyes
< CllQs e

<C ma aa”?

< C max

1
max | Fo plaU) - wa(Un)ldy

< CL|IFl=lIEl| = (4.31)

The desired estimate (4.25) is obtained by combining (4.27)-(4.31), (4.26) and taking

into account the convergence result in Theorem ?2?. O]

4.1.3 Numerical examples

In this section, some illustrative examples are provided to demonstrate the applicability
of the designed method. The calculations performed in the examples are calculated by
Matlab software, and a Core i5-2520M CPU 2.5 GHZ and 4 GB RAM are used to run the

programs.

Example 4.1. Consider the nonlinear Volterra-Fredholm integral equation,

1

u(s)=g(s)+ J:(s— t)uz(t)dt—i-f (s+t)u(t)dt, se]0,1],

0

with

Table 4.1 shows the numerical errors obtained by using the spectral method described
above with a = = —-3/4. Table 4.2 shows the comparison of the absolute errors of
this method for N = 5 at some equally-spaced points on [0, 1] with those previously
obtained by using three other collocation methods: The first is based on Chebyshev
approximation [10], the second is based on rationalized Haar functions (RH) [38], while
the third is based on multiquadrics radial basis functions (MQ-RBFs)[40] in which the
zeros of the shifted Legendre polynomial are chosen as collocation points. We observe

that the numerical results are in good accordance with the theoretical analysis and
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from comparison, we can see that the proposed method is better than the considered
literature methods.

Table 4.1: The L* and L2, errors for Example 4.1

N 2 4 6 8

L* Error 6.0526e-02 | 4.5375e-04 | 1.3323e-15 | 1.5543e-15

L2 Error 9.7168e-02 | 2.7076e-04 | 9.3726e-16 | 8.2961e-16

Table 4.2: Absolute errors for Example 4.1

s Present method | Method of [10] | Method of [38] | Method of [40]
for N =5 for N =5 for N =16 for N =10

0 8.88e-16 0.20e-9 8.00e-6 1.92¢-8

0.2 4.44e-16 7.35e-9 4.00e-6 4.16e-9

0.4 2.22e-16 7.93e-9 1.10e-5 2.53e-9

0.6 0.00e+00 2.55e-9 1.30e-5 1.92e-9

0.8 0.00e+00 3.98e-9 1.40e-5 1.83e-9
1 6.66e-16 2.64e-9 1.40e-5 5.07e-9

10°

T
—¥— L™ error

~~~~~ --B-- L:/ error

T T S . o Cils - i DD . ol

10-20 .
2 3 4 5 6 7 8 9 10

N
Figure 4.1: The errors in L* and L2 norms versus the number of collocation points for
Example 4.1.
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Example 4.2. Consider the Volterra integral equation

S
u(s)=s+coss—1+ J sin(u(t))dt, se][0,1],
0
where u(s) = s is the exact solution. Table 4.3 shows the numerical errors for & = 1/4 and
p =1/3. Table 4.4 shows a comparison of the absolute errors at some points with those

obtained using fixed point technique and cubic B-spline wavelets [31].

Table 4.3: The L*® and L2 errors for Example 4.2

N 2 4 6 8 10

L™ error 5.1387e-03 | 1.8428e-05 | 2.7832e-08 | 2.3683e-11 | 1.2546e-14

L2, error 2.7245e-03 | 9.1760e-06 | 1.3662e-08 | 1.1807e-11 | 6.5577e-15

Table 4.4: Absolute errors for Example 4.2

s Present method | Method of [31]
for N =10 for N =10
0 5.38e-14 0.00e+00
0.2 4.69e-15 4.22e-08
0.4 1.08e-14 1.09e-08
0.6 5.55e-16 2.35e-08
0.8 6.66e-15 1.42e-08
1 3.56e-14 2.63e-08

Example 4.3. Consider the Fredholm integral equation
1
u(s) = et —f e Hud(t)dt, se[0,1],
0
where u(s) = e° is the exact solution. Table 4.5 shows the numerical errors for a = = 1/2.

Table 4.6 shows the absolute errors at some points compared with those obtained Haar

wavelets [9].
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AN —¥— L™ error
> 2
104+ N —-0— L error |

108

errors

10101

10-12 =

1014

10—16 L L L
2 3 4 5 6 7 8 9 10
N
Figure 4.2: The errors in L and L2, norms versus the number of collocation points for

Example 4.2.

Table 4.5: The L* and L2, errors for Example 4.3.

N 2 4 6 8 10

L™ error 6.3352e-02 | 2.4390e-03 | 3.5130e-05 | 2.8389e-07 | 1.4804e-09

L2, error 5.0454e-02 | 1.2316e-03 | 1.7110e-05 | 1.3598e-07 | 7.0234e-10

Table 4.6: Absolute errors for Example 4.3

s Present method | Method of [9]
for N =10 for N =32
0.1 6.14e-10 2.05e-03
0.3 7.50e-10 8.69e-03
0.5 9.17e-10 1.87e-02
0.7 1.12e-09 2.93e-03
0.9 1.37e-09 2.16e-02

65



CHAPTER 4. RESOLUTION OF NONLINEAR INTEGRAL EQUATIONS
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Figure 4.3: The errors in L* and L2 norms versus the number of collocation points for
Example 4.3.

4.2 Solving nonlinear integral equation of Hammerstein

type on half-line by using a Sinc-Nystrom method

We consider the nonlinear integral equation of Hammerstein type on the half-line given

by the general form

u(s)— Joook(s, t)f(t,u(t))dt = g(s), sel=[0,00), (4.32)

where k, ¢, and f are known functions and u is a solution to be determined.

Recently, there are a various of researches that was interested about solving integral
equations on bounded intervals, such as [27, 30, 35, 44, 46, 47]. However, the numerical
solving of N.I.LEs on unbounded domains are still a challenge where there is a scarcity of
researches that’s interested in this regard.

This section is the subject of our work which have been published [20], where we
presented two numerical schemes for solving Eq. (4.32). The first one is based on the
SE-Sinc transformations, that have indicated the order of convergence O(exp(-CVN))
and the second one is based on the DE-Sinc transformations, which improve the rate of

convergence to O(exp(—C(N/logN))).
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We can write Eq.(4.32) in operator notation as
Z-Kfju=g, (4.33)
where

(KCF)(u)(s) = jk(s, HE(tu(t)dt, sel. (4.34)

I

This operator is defined on the Banach space X = Hol(D) N C(D), where Hol(D) denotes
the family of analytic functions, and D is a simply connected domain in C which satisfies
IcD.

4.2.1 Sinc-Nystrom method

4.2.2 SE-Sinc scheme

Let k(s,.)f (., u())gngl() €L, (EDSE,-(Dd)) for all s € I. Then the discrete SE-Sinc operator
can be defined by

(KX ) (u(s) = h Z (65, u(£™)) i, (jh). (4.35)

j=—N

The Nystrom method applied to (4.32) is exploited to find ui]Ei such that

hZ ST F (877, u(E]5) ) i (jh) = 8(5), (4.36)

j=—N

where the quadrature points are defined by

SE; ) )
t]E :l:bSEi(]h), j=-N,---,N.

Solving (4.36) reduces to solving a finite dimensional nonlinear system. For any solution

of (4.36) the values uﬁlEi(thi) at the quadrature points satisfy the nonlinear system

a0k ) K EOF (7 0) 96 ) = 8(), L= NN,
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Then the approximate solution ui,Ei(s) at an arbitrary point s, can be expressed as

)+ h Z (1 ult] ), ) (4.37)

j=—N

Equation (4.36) can be written in the following discrete SE-sinc operator equation

(I—ICIS\]Eif)uIS\TEi =g. (4.38)

4.2.3 DE-Sinc scheme

Let k(s,.)f (., ”(-))‘1[’1/)51»(-) € Lo(¥pE,(Dy)) for all s € I. Then, the discrete DE-Sinc operator
can be defined by

(KN"F)(u(s) =h Z (£, u(t75)) g (). (4.39)

j=—N

The Nystrom method applied to (4.32) is exploited to find uﬁEi such that

~h Z £ (25 () i, (i) = (), (4.40)

where the quadrature points are defined by

Ph = Ypp (jh), j=-N--N.

solving (4.40) reduce to solving a finite dimensional nonlinear system. For any solution

of (4.40) the value uII\)]E (t]DE ) at the quadrature points satisfy the nonlinear system

N
un (105 =)k (575 a7 e ) = g(47), 1= N, N,
j=—N

Then the approximate solution uﬁE"(s) at an arbitrary point s can be expressed as

N
() =g(s)+ ) k(s 7 F (8 (e )9 (D) (441
=N
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Equation (4.40) can be written in the following discrete DE-Sinc operator equation

(Z-K7f)uy" =g (4.42)

4.2.4 Convergence analysis

Throughout this section, we discuss the convergence of the SE and DE Sinc-Nystrom
methods on the semi-infinite interval I = [0, co), we first consider the SE-case. Assume
that u and g belong to the space C, the space of all continuous functions on [0, o)
having a limit at infinity.

Also, we suppose that (4.33) has an isolated solution u, € C; and the compact operator

K f possesses a continuous first and a bounded second derivative on B(u, o) where
B(ug,0) ={u € C; : ||lu —ugpllyg £ 0, 0> 0}.

For prove the following theorem we need to mentioned the following required condi-

tions, let the kernel k(.,.) satisfy
Aj. k(s,t)is bounded and continuous on I x I.
Aj. k(s,t) is continuous uniformly with respect to s for all s,t € I.
Aj. Foreachtel, k(s,t) > 0as s — oo.
We also assume that the following conditions are met on the nonlinear function f(.,u(.))
By. f(s,u)is defined and continuous on I x RR.
B,. f(s,u)is bounded for s € I uniformly for u in any bounded set.
Bj. the partial derivative f,(s,u) = %f(s, u) exists and is continuous on I x R.

: o 2 : :
By. the second partial derivative f,, (s, u) = %f(s, u) exists, continuous on I x IR, and

bounded for s € I uniformly for u in any bounded set.

Theorem 4.3. Let A; —Aj and B; — By hold, assume that k(s,.)f (., u(.))1’(.) € Lo (¢sE,(Dyg))
with 0 < d < 7/2 and u € B(uy, ), then

Ci. {ICZS\]Eif : N > 1} is a collectively compact family on C;.

C,. ICi,Ei f is pointwise convergent to Kf on C;.
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Cs. For N > 1, ICIEIEif possesses a continuous first and a bounded second Fréchet

derivatives on B(ug, 0). Moreover,
SE;
KN )<y < oo,
where y is a constant independent of N.

Proof We recall that the set {ICIS\,Ei f : N > 1} is a collectively compact family on the
Banach space C; if the set A = {(IC?VEif)u :N > 1,u € B}, (where B is the unit ball in C))
is a relatively compact subset of C;, we deduce that the set {ICZS\,Ei f : N > 1} is collectively
compact if A is equicontinuous at each point s € I, equiconvergent at infinity and
bounded.

From (4.35) we have

(X7 ) (u() = (KR £ ) (w(sp| < Z (7,155 = s, 1) [ (15 (7P s, ),

due to the uniform continuity of the kernel k(s, t) with respect to s, we can obtain
'(ICSE f) (ICSE f) ))' — 0ass’ —s,¥sel, uniformly for N >1,  (4.43)

hence, we conclude that A is equicontinuous at each point of I.
Also from (4.35)

(R £ ) o |<hZ‘k £ (5757 i i), (4.44)

hence by the condition A3, the set {(IC}S\]Eif)u | N > 1, u € B} is equiconvergent to zero at
infinity.
Next, we seek to show that A is bounded. It follows from the assumption of theorem
3.10 that

(K3 Fyu(s) — (Kf)u(s), forallsel.

It is known that pointwise convergence on the interval [0, co) of a family that is equicon-
tinuous at each point of [0, ) and equiconvergent at infinity is sufficient to guarantee

uniform convergence, hence
. SE;
Alzlfio”(KN flu—(Kf)ullo =0,
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for all u € C;, then
SE;
sup (Ko f)ully < oo,
N

since {ICIS\]Eif} is a sequence of bounded operators on the Banach space Cj, it follows from

the uniform-boundedness (Banach-Steinhaus) theorem that

SE;
sup ||y fll < o0,
N

thus, A is bounded.

So from the above-mentioned discussions, C; holds.

Due to the Theorem 3.9 the assumption C, holds immediately.
The condition B3 implies that Kf is Fréchet differentiable with

(Kf) (u)x(s) = J;k(s, t)fu(t,u(t))x(t)dt, sel, xe B(ugy,0),

and the condition B, leading to the existence and the boundedness of the second Fréchet

derivative with
(f) (u)(x,p)(s) = Lk(s, t) fuu(t, u(t)x(t)y(t)dt,  se€l, x,9 € B(ug,9),

similar to (/CZS;,E"f), (ICIS\,Eif)’ and (ICZS\IEif)” can be defined by the SE-Sinc quadrature

formula as follows

(KR f) h§ W (65 )l ™), (445)
j=—N
(K F) v =h Y k(s 5 fu (65, (7)) i, (xS P p(e5), (4.46)
X ] ]
=

by considering 4.45 and 4.46 in B(u, 6) and the boundedness of f,, (s, u) it is easily to
concluded C;.

Theorem 4.4. Assume that the assumptions of Lemma 3.6 hold. Then there exists a
positive integer N; such that, for all N > N;, Eq. (4.38) has a unique solution ui,Ei €

B(ug,9). Furthermore, there exists a constant C independent of N such that

ug—un || < Cexp(-V2mdaN). (4.47)
H N Ho
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Proof By subtracting (4.33) from (4.38) we obtain
=y = (Kf) (o) = (KR ) (uxf),

by adding the term (ICZS\,Eif)’(uO)(uO - uli,Ei) on both sides we have

|2~ X ()] (o = 1) =)o) - /CSE"f o) = [0EX" ) m) = (X" ) (wo)
—(KFFY (o) (udf ‘—uo)].
By condition C3, the term IC f IC f uy) — (ICIS\,Eif)'(uO)(uIiEi—uO) has been

bounded by the term 2y||u0 - uN ||0, then from Lemma 3.6 we have

, 1 .
[0 w7 < B0 tat0) = R ) ta o + 5 7g = 313,
hence

”u _ ” </3||(’Cf)(uo)—(K]SyEif)(uO)||0
0N ||, = 1)

: 1 ﬁﬁyé ||(’Cf)(u0)—(’Czstif)(uo)Ho-
-2

Then by using Theorem 3.10 we obtain the desired result.

Concerning the convergence of the DE-Sinc Nystrom method, we can define the as-
sumptions C; — Cj3 for the DE-case by replacing the SE-transformation sg. with DE-
transformation ¢pg,. Then we can formulate and prove the following Theorem in the

same way as in the SE-case.

Theorem 4.5. Assume that the same assumptions of Lemma 3.6 are satisfied for the
DE-case. Then there exists a positive integer N; such that, for all N > N;, Eq.(4.42) has
a unique solution uﬁEi € B(ug, ). Furthermore, there exist a constant C independent of
N such that

(4.48)

DE; —21dN
_ i, < st i
||ll0 uy ”0 = Cexp(log(SdN/(X))

4.2.5 Illustrating examples

In this section, we show numerical results that illustrate the theoretical results obtained

previously. As we mentioned in the preceding section, the convergence of the SE-Sinc
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and DE-Sinc methods depends to the parameters a and d, the important parameter d

value is 1.57 for both methods, and the parameter a changes by each Example.

Example 4.4. Consider the following nonlinear integral equation
u(s) + I e (1) dt = 675,
0

where the exact solution is given by u(s) = 3¢™*, Table 4.7 shows a comparison of the
maximum absolute errors obtained using SE-Sinc and DE-Sinc methods with a =1,

respectively a = 3, and those obtained from [36].

Table 4.7: Maximum absolute errors for Example 4.4.

N SE1 SE2 DE1 DE2 DE3 [36]

8 | 2.17e-04 | 9.98e-04 | 6.10e-05 | 8.84e-09 | 6.36e-08
16 | 3.31e-05 | 2.38e-05 | 4.79e-08 | 3.55e-15 | 1.33e-15 | 6.54e-03

32 | 2.54e-07 | 1.19e-07 | 5.03e-11 | 1.78e-15 | 1.33e-15 | 8.39e-04

64 | 1.02e-10 | 6.94e-11 | 2.22e-15 | 2.66e-15 | 2.22e-15 | 1.05e-04

108

errors

10-10 L

10—12 =

10—14 L

»

10—16
10 20 30 40 50 60 70

N

Figure 4.4: The SE and DE-sinc Nystrom results for Example 4.4.
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Example 4.5. Consider the following nonlinear integral equation

©o e—(s+t) e s
“(S)+L v T3 E

S

whose exact solution is u(s) = e~%, we choose a = 1, for the SE-Sinc method and a = 2,

for the DE-Sinc method, the obtained numerical results are given in Table 4.8.

Table 4.8: Maximum absolute errors for Example 4.5.

N SE1 SE2 DE1 DE2

4 | 1.83e-02 | 2.00e-03 | 1.46e-02 | 1.46e-05
8 | 2.33e-04 | 1.16e-04 | 1.50e-03 | 1.09e-08
16 | 1.67e-05 | 2.12e-06 | 3.15e-05 | 6.88e-15

32 | 1.18e-08 | 7.65e-09 | 1.08e-08 | 2.22¢e-16

64 | 9.69e-11 | 2.62e-12 | 5.15e-13 | 4.44e-16

—¥— sE1
ol —B—sEe2| |
10 —0—DEL

—©— DE2

1041

106 1

errors

10—10 =

10»12 L

1014

1016 I I I I
0 10 20 30 40 50 60 70

Figure 4.5: The SE and DE-sinc Nystrom results for Example 4.5.

Example 4.6. Consider the following nonlinear integral equation

2
 $3+3s2+75+5

u(s) +j e Dy 2(1)dt = sin(s)
0
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whose exact solution is u(s) = sin(s), we choose a = 5, for the SE-Sinc method and a =9,

for the DE-Sinc method, the numerical results for this Example are given in Table 4.9.

Table 4.9: Maximum absolute errors for Example 4.6.

N SE1 SE2 DE1 DE2 DE3

4 | 2.45e-02 | 1.32e-02 | 4.72e-02 | 7.59e-04 | 1.30e-03
8 | 4.70e-03 | 3.70e-03 | 6.50e-03 | 6.86e-05 | 2.05e-04
16 | 6.01e-04 | 7.75e-04 | 2.80e-03 | 4.40e-07 | 1.75e-06
32 | 8.86e-06 | 4.51e-05 | 1.93e-04 | 4.73e-11 | 2.36e-10

64 | 2.03e-07 | 1.70e-06 | 3.03e-06 | 3.05e-16 | 2.16e-16

T
—¥— SE1
—B—sE2

—O6— DE2
—3— DE3

1041

100

108

errors

10101

l0—12 =

1014+

10-16
0 10 20 30 40 50 60 70

N

Figure 4.6: The SE and DE-sinc Nystrom results for Example 4.6.
Example 4.7. Consider the following nonlinear integral equation on the half-line

u(s)+ JOOO e ) cos(u(t))dt = e~*(1 —sin(1)),

5, we choose o = 1, for SE-Sinc method and

where the exact solution is given by u(s) = e~
a = 2, for DE-Sinc method, the numerical results for this Example are given in Table

4.10.

75



CHAPTER 4. RESOLUTION OF NONLINEAR INTEGRAL EQUATIONS

Table 4.10: Maximum absolute errors for Example 4.7.

N SE1 SE1 DE1 DE2
4 | 9.00e-03 | 3.60e-03 | 1.35e-02 | 1.39¢-05
8 | 1.65e-04 | 2.15e-04 | 1.40e-03 | 1.92e-08
16 | 4.43e-05 | 2.15e-04 | 3.23e-05 | 9.77e-15
32 | 8.32e-08 | 1.54e-08 | 1.10e-08 | 3.33e-16
64 | 1.41e-10 | 6.12e-12 | 5.08e-13 | 6.66e-16
10°
—¥— sE1
2L —HB—se2| |
10° —6—DEL
—©— DE2
1041
100
élo'*‘
1010
10121
10141
—9

10716 o

Figure 4.7: The SE and DE-sinc Nystrom results for Example 4.7.
Example 4.8. Consider the linear integral equation

where g(s) is selected so that the exact solution is u(s) = m, Table 4.11 shows the

numerical results using DE1-Sinc and DE2-Sinc methods with a = 7.
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Table 4.11: Maximum absolute errors for Example 4.8.

N DE1 DE2

4 | 1.63e-03 | 9.91e-04
9 | 7.81e-04 | 1.97e-07
12 | 1.50e-05 | 4.96e-10
15 | 2.65e-06 | 1.90e-11
18 | 9.94e-08 | 5.28e-13

21 | 9.96e-08 | 1.65e-14

errors

I I I I I I I I
6 8 10 12 14 16 18 20 22
N

Figure 4.8: The SE and DE-sinc Nystrom results for Example 4.8.
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CONCLUSION AND PROSPECTS

I n this work we’ve been concerned with the study and the resolution of nonlinear

integral equations, where we have provided a comprehensive existence theory for

these equations, specially, for Urysohn integral equation which is the most general form
of a nonlinear integral equations, and also for the integral equation of Hammerstein
type in half-line which will later be included on subject of our work. We have also
presented the main types of numerical approximation methods for solving nonlinear
integral equations, such as Projection methods, Nystrom methods, and Sinc methods.
The projection methods is based on the projection of our equation in a subspace of
finite dimension, where we select a finite dimensional set of functions that is hoped
to include a function u,(s) close to the exact solution u*(s), this required numerical
solution u,(s) is chosen by having it satisfy our integral equation approximately. In
the convergence analysis we have used the procedure of linearisation and the standard
contractive mapping theorem, to show that the speed of convergence of u, to u* is
exactly the same as that of P,u” to u”, thus it does not depend explicitly on the operator
IC, but only on the approximation properties of P, u".

The Nystrom methods or quadrature methods is depend on the approximation of the
definite integral that appear in our integral equation over the interval () = [4,b] by a
finite sum, to seek an approximate solution in a finite number of points. The study of
convergence analysis of these methods is based on the collectively compact operators
theory, and it leads to consider that the speed of this convergence is the same of the
numerical integration technique which applied.

As regards the Sinc methods, through our work we have explained that these methods

are suited and very accurate for solving nonlinear integral equations, for such problems,
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Conclusion and prospects

the resulting system of algebraic equations can always be written down explicitly, and
is relatively small in size, furthermore, we have proved that these methods have an
exponential convergence order.

Finally, we have tried to apply the present methods for solving some nonlinear integral
equations, specifically, the nonlinear Volterra-Fredholm integral equations which have
been solved by a Jacobi spectral collocation method, where we have stated the theorems
on the convergence and error estimates of the method, and we have proved them for
both L* and weighted L? norms. Furthermore, we have approximated the solution of
the integral equation of Hammerstein type on half-line by using a combination of the
Sinc quadrature rule with the Nystrom method, such method have been developed by
means of the Single Exponential (SE) and Double Exponential (DE) transformations,
and their convergence has been discussed where the numerical results have confirmed
the theoretical prediction of the exponential rate of convergence.

This work could be extended to solve nonlinear quadratic integral equations on un-
bounded intervals by using the Sinc-Nystrom method where we anticipate a good
results.

We look forward to consider a suitable numerical methods for solving quadratic integral
equations defined on bounded domains, specifically, the Chandrasekhar’s equation, that

is given by the the following expression:
1

u(s)=1+ u(s)j S w(tyu(t)dt,
0

S+t

where u(s) is a continuous function in [0, 1], and the kernel 51 (t) is continuous and

nonnegative in [0,1] x [0, 1].
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Abstract :

The main objective of this thesis is to offer a theoretical and numerical study on nonlinear
integral equations. We have used different fixed point theorems, and Leray-Schauder
principle to provide existence results for nonlinear integral equations on bounded and
unbounded domains, we have also presented efficient methods for solving such equations
with a thorough study on the convergence analysis. Furthermore, we have applied some of
these methods, specially, spectral collocation method and Sinc-Nystrom method in order to
find numerical solutions of certain nonlinear integral equations, these methods reduce the
nonlinear integral equation to a system of nonlinear algebraic equations and that algebraic
system has been solved by Newton's method. We have derived an error analysis for the
current methods, which prove that they have exponential convergence order. Finally, several
numerical examples are given to show the effectiveness of our approaches.

Keywords: Nonlinear integral equations, fixed-point theorems, Urysohn integral equation,
Hammerstein integral equation, half-line, projection method, Sinc-Nystrom method,
convergence analysis.

Résumé :

L’objectif principal de cette thése est de proposer une étude théorique et numérique sur
les équations intégrales non linéaires. Nous avons utilisé différents théorémes du point fixe, et
le principe de Leray-Schauder pour fournir des résultats d’existence pour les équations
intégrales non linéaires sur des domaines bornés et non bornés, nous avons également
présenté des méthodes efficaces pour résoudre de telles équations avec une étude approfondie
sur la convergence. En outre, nous avons appliqué certaines de ces méthodes, notamment, la
méthode spectrale de collocation, et la méthode de Sinc-Nystrém pour trouver des solutions
numériques de quelques équations intégrales non linéaires, ces méthodes transforment
I'équation intégrale non linéaire en un systéme d'équations algébriques non linéaires ce
systeme algébrique a été résolu par la méthode de Newton. Nous avons dérivé une analyse
d’erreur pour les méthodes actuelles qui prouvent qu’elles ont un ordre de convergence
exponentielle. Enfin, plusieurs exemples numériques sont donnés pour montrer 1’efficacité de
nos approches.

Mots clés: Equations intégrales non linéaires, théoremes du point fixe, équation intégrale
d'Urysohn, équation intégrale de type Hammerstien, demi-droite, méthode de projection,
méthode de Sinc-Nystrom, analyse de la convergence.
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