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 ملخص

دراسة نظرية وعددية حول المعادلات التكاملية غير الخطيةة    تقديمالرئيسي من هذه الأطروحة هو الهدف 

حلةول وجةود  حةول  شودر لتةويير نتةائ  -ثابتة ، كما قدمنا مبدأ ليراي طة المختلف نظريا ت النق استخدمنا

سةالي  يعالةة لحةذ هةذه أ، كمةا قةدمنا  محةدود وغيةر  حةدود ممجةالات  يي خطيةغير ال لتكامليةلمعادلات ال

 طريقةة منهةا ،هةذه الطةر ، طبقنةا بعة  التقةار.  باضاةاية ىلةل  لة  حةولدراسةة متعمقةة مع المعادلات 

غيةر  تكامليةةلمعةادلات البع  الة يجةاد حلةول تقريبيةة مةن أجةذ ى نيسةترو -و طريقة سين التجميع الطيفي 

غيةر الخطيةة ىلةل نظةا  مةن المعةادلات الجبريةة غيةر الخطيةة  تكامليةالمعادلة ال، هذه الطر  تحول الخطية

تحلةي  للخطةف ييمةا يتعلةلأ بالأسةالي  الحاليةة التةي  ستخلصةناوا  هذا النظا  الجبري تم حله بطريقة نيوتن و

  ةهجنا التقريبيامنعد  أمثلة رقمية ضثبات يعالية  قدمنا وأخيرا،  أسيا للتقار.  تثبت أن لها ترتيبا

ريسون التكامليةة، معادلةة نظريات النقطة الثابتة، معادلة أومعادلات تكاملية غير خطية، :  كلمات مفتاحية

نسةترو ، تحليةذ -مرشةتاين، نصةف المسةتقيم العةددي،  طريقةة اضسةقاط، طريقةة سةين هاتكاملية من نةو   

 التقار. 



ABSTRACT

The main objective of this thesis is to offer a theoretical and numerical study on nonlin-

ear integral equations. We have used different fixed point theorems, and Leray-Schauder

principle to provide existence results for nonlinear integral equations on bounded

and unbounded domains, we have also presented efficient methods for solving such

equations with a thorough study on the convergence analysis. Furthermore, we have ap-

plied some of these methods, specially, spectral collocation methods and Sinc-Nyström

methods in order to find numerical solutions of certain nonlinear integral equations,

these methods reduce the nonlinear integral equation to a system of nonlinear algebraic

equations and that algebraic system has been solved by Newton’s method. We have

derived an error analysis for the current methods, which prove that they have expo-

nential convergence order. Finally, several numerical examples are given to show the

effectiveness of our approaches.

Keywords: Nonlinear integral equations, fixed-point theorems, Urysohn integral equa-

tion, Hammerstein integral equation half-line, projection method, Sinc-Nyström method,

convergence analysis.
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RÉSUMÉ

L’objectif principal de cette thèse est de proposer une étude théorique et numérique

sur les équations intégrales non linéaires. nous avons utilisé différents théorèmes du

point fixe, et le principe de Leray-Schauder pour fournir des résultats d’existence pour

les équations intégrales non linéaires sur des domaines bornés et non bornés, nous

avons également présenté des méthodes efficaces pour résoudre de telles équations avec

une étude approfondie sur la convergence. En outre, nous avons appliqué certaines

de ces méthodes, notamment, la méthode spectrale de collocation, et la méthode de

Sinc-Nyström pour trouver des solutions numériques de quelques équations intégrales

non lineaires, ces méthodes transforment l’équation intégrale non linéaire en un système

d’équations algébriques non linéaires ce système algébrique a été résolu par la méthode

de Newton. Nous avons dérivé une analyse d’erreur pour les méthodes actuelles qui

prouvent qu’elles ont un ordre de convergence exponentielle. Enfin, plusieurs exemples

numériques sont donnés pour montrer l’efficacité de nos approches.

Mots clés: Equations intégrales non lineaires, théorèmes du point fixe, équation in-
tégrale d’Urysohn, équation intégrale de type Hammerstien, demi-droite, méthode de
projection, méthode de Sinc-Nyström, analyse de la convergence.
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INTRODUCTION

T he subject of integral equations has held an eminent place in the attention of

mathematicians, such equations arise naturally in applications in diverse areas

of applied mathematics and physical sciences, engineering, biology and in many other

fields, they also provide an effective technique for solving a wide range of practical

problems.

Abel is the initiator of the mention of integral equations, in 1823 he proposed a general-

ization of the Tautochrone problem whose solution referred the solution of an integral

equation, recently has been dubbed ”an integral equation of the first kind”, and in

1837 Liouville proved that determining a particular solution of a linear differential

equation of the second order might be obtained by solving an integral equation, known

as the integral equation of second kind, however, the term integral equation was first

proposed by Du Bois-Reymond in 1888, who defined an integral equation as an equation

in which the unknown function appears under one or more signs of definite integration.

Afterwards, in 1896, Vito Volterra built up a theory of integral equations, viewing their

solutions as a problem of finding the inverses of certain integral operators, without

forgetting to mention the famous paper of Fredholm which he published in 1903 and it

presented the fundamentals of the Fredholm integral equation theory. Poincaré, Fréchet,

Hilbert, Schmidt, Hardy and Riesz have also participated in the development of this

area of research.

In this thesis we are focused our study on the nonlinear integral equations. The most

general form of a nonlinear integral equation is:

F(u)(s) = λ
∫
Ω

K(s, t,u(t))dt, s, t ∈Ω,

1



Introduction

where F a measurable function given on R, λ a non zero real or complex scalar, K(s, t,u(t))

a measurable function on Ω2 ×R called the kernel of the integral equation and u(s) is

the unknown function.

In our work we will consider the theory of this class of integral equations, and we will

provide a comprehensive existence theory for them which have been given in various

literature on this regard [1, 4, 11, 18, 39, 41, 42, 59, 60].

In practice the nonlinear integral equations yield a considerable amount of difficulties

in solving them analytically, for this, there’s a great interest to solve them numerically,

in this thesis we will explain the most numerical methods which can be used to solve

these equations, namely, Nyström method [2, 6, 5, 7, 26, 57], Projection methods, (see

the references [5, 7, 8, 26, 49, 58]) and Sinc approximation methods, (for more details,

see [51, 53, 54, 52]), we shall also conduct a thorough consideration to explicate the

convergence analysis for these methods.

Although the resolution of nonlinear integral equations is received a significant place in

the attention of researchers, their solving on the unbounded intervals is still a challenge

where there is a scarcity of research that’s interested to treating them in infinite intervals

(see [36, 48]), that’s why one of our main objectives of the present work is to solve and

study the convergence analysis for solutions of one of nonlinear integral equations,

namely, Hammerstein type integral equation on half-line (see [50, 3, 39, 2, 36]).

The layout of this thesis is as follows:

The first chapter introduces some basic results and fundamental theorems, such as,

compactness, compact operators and integral operators in Banach spaces, then, we recall

some definitions and techniques that are very important in the next chapters as Fréchet

derivative, Hölder space and Gronwall inequalities.

In chapter two we present an introduction to the terminology and classification of

integral equations, and some theorems of fixed point to offer a comprehensive existence

theory for nonlinear integral equations.

In chapter three we will describe a various numerical methods with their convergence

properties, such as Nyström method, Projection methods and Sinc approximation

method.

The subject of the last chapter is the application of certain numerical methods for

solving some nonlinear integral equations, such as nonlinear Volterra-Fredholm integral

equations and integral equation of Hammerstein type on half-line, in which we will

discuss our convergence analysis, and illustrate the efficiency of the present methods by

instructive examples.

2



CHAPTER 1

PRELIMINARY CONCEPTS

In this chapter we recall briefly some basic concepts and fundamental theorems con-

cerning the compactness, compact operators and integral operators in Banach spaces,

and we mention some examples of nonlinear integral operators with certain important

results that will be used through the thesis. Some definitions and techniques will also be

discussed in this chapter are very important in the next chapters as Fréchet derivative,

Hölder space and Gronwall inequalities.

1.1 Compactness

Definition 1.1. (Compact set) A subset G of a normed space X is called compact if

every open cover H = {Ωj} of G contains a finite subcover of G. In other words, for every

family H = {Ωj}, j ∈ J of an open sets with the property

G ⊂
⋃
j∈J

Ωj ,

there exists a finite subfamily {Ωj(k)}, j(k) ∈ J,k = 1,2, · · · ,n, such that

G ⊂
n⋃
k=1

Ωj(k).

Definition 1.2. (Relatively compact set) A subset G of a normed space X is called

relatively compact if its closure G is compact .

3



CHAPTER 1. PRELIMINARY CONCEPTS

Theorem 1.1. A bounded and finite dimensional subset G of a normed space X is

relatively compact.

Definition 1.3. (Collectively compact set) Let X and Y be normed spaces, and let B
denote the closed unit ball in X. Then a set Λ of bounded operators from X into Y

is collectively compact if and only if the set Λ(B) = {Ku, K ∈Λ, u ∈ B} is a relatively

compact subset of Y .

Compactness in the space C(Ω)

The space of continuous functions consist of all continuous maps of the closed interval

Ω into R
n denoted C(Ω) is equipped with the norm

‖u‖∞ = sup
s∈Ω
|u(s)|.

We recall that if Ω bounded and closed, C(Ω) is a Banach space.

Definition 1.4. (Equicontinuity) Let G : Ω→R
n a set of continuous functions, we say

that G is equicontinuous at a point s0 ∈Ω if and only if for all ε > 0 there exists δ > 0

such that:

∀u ∈ G,∀s ∈Ω,‖s − s0‖ < δ then ‖u(s)−u(s0)‖∞ < ε.

Theorem 1.2. (Arzela-Ascoli theorem) A subset G of C(Ω) is relatively compact if and

only if it is bounded and equicontinuous.

Proof. (See [5])

Compactness in the space Cl
Let Cl denote the space of continuous functions on [0,∞) having a limit as s→∞. If

u ∈ Cl , then u(∞) denotes lim
s→∞

u(s). The space Cl is equipped with the norm

‖u‖0 = sup
s∈[0,∞)

|u(s)|.

With this norm it is a Banach space, since it is a closed subspace of Banach space of all

bounded continuous functions on [0,∞). The notation Cl is that of Corduneanu [15].

Theorem 1.3. [15] Let Ω ⊂ Cl . Then Ω is compact in Cl if the following conditions hold:

i) Ω is bounded in Cl ,

ii) the functions belonging to Ω are equicontinuous on any compact interval of [0,∞),

4



CHAPTER 1. PRELIMINARY CONCEPTS

iii) the functions from Ω are equiconvergent, that is, given ε > 0, there corresponds

S(ε) > 0 such that |u(s)−u(∞)| < ε for any s ≥ S(ε) and u ∈Ω.

1.2 Compact operators

Definition 1.5. Let X and Y be two normed linear spaces and A : X→ Y a linear map

between X and Y .

A is called compact operator if and only if one of the following three equivalent proposi-

tion is verified

i) For all bounded sets G ⊆ X, A(G) is relatively compact in Y .

ii) The image of the open unit ball under A is relatively compact in Y .

iii) For any bounded sequence {un} in X there exists a subsequence {Aunk } of {Aun}
that converge in Y .

Definition 1.6. A compact operator A is called completely continuous if it is continuous.

Theorem 1.4. The sequence An of compact operators defined from a normed space X

into a normed space Y converge uniformly to an operator A, say,

lim
n→∞
‖An −A‖ = 0.

Then the operator A is compact.

Proof. See [34]

1.2.1 Compact integral operators

Definition 1.7. An integral operatorKwith continuous kernel K(s, t) is a linear operator

defined from C(Ω) into C(Ω) by

K(u)(s) =
∫
Ω

K(s, t)u(t)dt, s, t ∈Ω, (1.1)

with Ω is a compact set of Rn and K is continuous function from Ω×Ω to R
n.

This operator is bounded with

‖K‖ = max
s∈Ω

∫
Ω

|K(s, t)|dt, (1.2)

5
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Theorem 1.5. Let K(s, t) is Riemann-integrable as a function of t, for all s ∈ Ω, and

further we assume the following

i. lim
h→0

max
s,τ∈Ω

max
|s−τ |≤h

∫
Ω
|K(s, t)−K(τ, t)|dt = 0.

ii. max
s∈Ω

∫
Ω
|K(s, t)|dt <∞.

Then the integral operator defined by (1.1) is compact on C(Ω) to C(Ω).

Proof. See [5]

Remark 1.1. The assumptions i-ii are satisfied if K(s, t) is a continuous function of

(s, t) ∈Ω.

1.3 Nonlinear integral operators

1.3.1 The Urysohn integral operator

Let Ω ⊂R
n a bounded set, the nonlinear integral operator K defined by

K(u)(s) =
∫
Ω

K(s, t,u(t))dt, ∀s ∈Ω, u ∈ C(Ω), (1.3)

is called Urysohn integral operator with kernel K , this type of operators is also called

nonlinear Fredholm integral operators.

In the case that Ω ⊂ R and has the form Ω = [a,b] or Ω = [a,∞), and if the kernel

K : Ω2 ×Rn→R
n has the property that K(s, t,x) = 0 whenever t > s and x ∈Rn, then the

Urysohn operator (1.3) has the form:

K(u)(s) =
∫ s

a
K(s, t,u(t))dt, ∀s ∈Ω, (1.4)

and K is called nonlinear Volterra integral operator in the Urysohn form.

Theorem 1.6. [42] Let K : Ω
2 ×Rn→R

n be a continuous mapping. Then the Fredholm

operator K : C(Ω)→ C(Ω) associated to K and given by (1.3) is completely continuous.

Proof. Firstly, we need to prove that K is compact, for this it must be shown that K(G)

where G is a bounded subset of C(Ω) is relatively compact in C(Ω).

The boundedness of G implies that

‖u‖∞ < c, ∀u ∈ G,

6
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where c is positive constant, then

‖K(u)‖∞ <Mµ(G),

with

M = max
Ω

2×Bc(0,Rn)
|K(s, t, z)|,

hence, the set K(G) is bounded in C(Ω).

On the other hand, using the uniform continuity of K on the compact Ω
2 ×Bc(0,Rn), for

each ε > 0 there exists a δε such that

|K(s, t,u(t))−K(s′, t,u(t))| < ε, for all s, s′, t ∈Ω with |s − s′ | < δε and u ∈ G.

This immediately yields

|K(u)(s)−K(u)(s′)| < εµ(Ω), for all s, s′ ∈Ω satisfying |s − s′ | < δε and u ∈ G.

Thus K(G) is equicontinuous, and from the Arzela-Ascoli theorem we obtain that K is

compact.

Next, we need to prove that K is continuous. Let u0 ∈ C(Ω) and choose any number

R > ‖u0‖∞. Let ε > 0, since K is uniformly continuous on the compact set Ω
2 ×BR(0;Rn),

there exists a δε > 0 such that for every u ∈ C(Ω) satisfying ‖u − u0‖∞ < δε one has

u(t) ∈ BR(0;Rn) and

|K(s, t,u(t))−K(s, t,u0(t))| < ε, for all s, t ∈Ω.

Then

|K(u)(s)−K(u0)(s)| ≤
∫
Ω

|K(s, t,u(t))−K(s, t,u0(t))|dt

< εµ(Ω),

for every s ∈Ω. Hence

‖K(u)−K(u0)‖∞ < εµ(Ω),

whenever ‖u −u0‖∞ < δε. Therefore K is continuous at u0.

Corollary 1.1. Let R > 0 and K : Ω
2 ×BR(0;Rn)→ R

n be a continuous mapping. Then

the operator K : BR(0;C(Ω))→ C(Ω) given by (1.3) is completely continuous.

7
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We can followed the same reasoning as in the proof of the previous theorem to

establish the following result.

Theorem 1.7. [42] Let K : [a,b]2 ×Rn→R
n be a continuous mapping. Then the Volterra

operatorK : C[a,b]→ C[a,b] associated to K and given by (1.4) is completely continuous.

Corollary 1.2. Let R > 0 and K : [a,b]2×BR(0;Rn)→R
n be a continuous mapping. Then

the operator K : BR(0;C[a,b])→ C[a,b] given by (1.4) is completely continuous.

1.3.2 The Nemytskii operator

Let Ω ⊂ R
n be an open set and f : Ω×Rn→ R

n be a given function, for each u define

the member Nf u by

[Nf (u)](s) = f (s,u(s)), for all s ∈Ω. (1.5)

The operator Nf is said to be substitution or Nemytskii operator generated by f , this

operator occur frequently in connection with integral equations.

Definition 1.8. (Lq-Carathéodory function) Let Ω be a closed domain in R
n, a function

f : Ω×Rn→R
n is a Lq-Carathéodory function if the following conditions hold:

i) f (., t) : s→ f (s, t) is measurable on Ω for each t ∈Rn.

ii) f (s, .) : t→ f (s, t) is continuous on R
n for almost all s ∈Ω.

ii) For any r > 0, there exists µr ∈ Lq such that |u| ≤ r implies that |f (s,u)| ≤ µr(s) for

almost all s ∈Ω.

1.3.3 The Hammerstein integral operator

Let A be a linear Fredholm operator given by

A(u)(s) =
∫
Ω

K(s, t)u(t)dt, s ∈Ω,

where K is the kernel, a Hammerstein operator is a nonlinear integral operator H
obtained from the composition of a Fredholm integral operator A with a kernel K and a

Nemytskii operator Nf associated to f as follows

H(u)(s) = (ANf u)(s) =
∫
Ω

K(s, t)f (t,u(t))dt. (1.6)

8



CHAPTER 1. PRELIMINARY CONCEPTS

Let X and Y a Banach spaces.

We assume that the following assumptions are fulfilled:

B1. A is compact operator.

B2. Nf is continuous from its domain D(Nf ) ⊂ X into Y and Nf is bounded.

Lemma 1.1. [32] if B1 and B2 are fulfilled, then the Hammerstein operator H defined

by (1.6) is completely continuous on D(Nf ).

1.4 The Fréchet derivative

The notion of differentiability can be generalized to Banach space in various ways, such

as, Fréchet differentiability, named after Maurice Fréchet (1878-1973), this technique of

differential calculus allows further investigation about nonlinear operators by establish-

ing a connection between them and linear operators, more precisely by the technique of

local approximation to a nonlinear operator by a linear one as we will see in chapter

three. Suppose we have an operator A mapping an open set Ω of a Banach space X into

a set D of a Banach space Y , we take a fixed point x0 ∈Ω and assume that there exists a

continuous linear operator F ∈ L(X;Y ) such that, for every x ∈ X

lim
r→0

A(x0 + rx)−A(x0)
r

= F(x), (1.7)

if the limit in equation (1.7) is uniform for all x ∈ X with ‖x‖ = 1, then A is said to be

Fréchet differentiable at x0 and in this case F = A′(x0) is called the Fréchet derivative

(which is unique) of A at x0.

In other words, the Fréchet differentiability of an operator A at point x0 in the direction

of h ∈ X means that

lim
h→0

‖A(x0 + h)−A(x0)−F(h)‖Y
‖h‖X

= 0.

Example 1.1. For X = C[0,1], Y = R and a fixed polynomial A(x) ∈ R[x], the nonlinear

operator A : X→ Y defined by

A(u) =
∫ 1

0
A(t)[u(t)]3dt,

9
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is Fréchet differentiable on X, because, for fixed u, h ∈ X, and r > 0 we have

A′(u)(x) = lim
r→0

A(u + rx)−A(u)
r

= lim
r→0

1
r

{∫ 1

0
A(t)[u(t) + rx(t)]3dt −

∫ 1

0
A(t)[u(t)]3dt

}
= lim
r→0

∫ 1

0
A(t)[3u2(t)x(t) + 3ru(t)x2(t) + r2x3(t)]dt

=
∫ 1

0
3A(t)u2(t)x(t)dt,

hence the guess for the Fréchet derivatives of A at u is the linear operator,

F(x) =
∫ 1

0
3A(t)[u(t)]2x(t)dt,

since

‖F‖ = sup
x,0

|F(x)|
‖x‖∞

≤ 3‖A‖∞‖u‖2∞,

thus, F is a bounded linear operator. Now we show that our guess F is the Fréchet

derivative of A at u:

lim
h→0

|A(u + h)−A(u)−F(h)|
‖h‖∞

= lim
h→0

1
‖h‖∞

∣∣∣∣∣∣
∫ 1

0
A(t)[u(t) + h(t)]3dt −

∫ 1

0
A(t)[u(t)]3dt

−
∫ 1

0
3A(t)[u(t)]3h(t)dt

∣∣∣∣∣∣
= lim
h→0

1
‖h‖∞

∣∣∣∣∣∣
∫ 1

0
A(t)[3u(t)h2(t) + h3(t)]dt

∣∣∣∣∣∣
≤ lim
h→0

‖h‖2∞
‖h‖∞

∫ 1

0

∣∣∣A(t)([u(t)]2 + h(t))
∣∣∣dt = 0,

because the integral is bounded for small h.

Therefore, A is Fréchet differentiable on X where for each u ∈ X, and we have

A′(u)(x) =
∫ 1

0
A(t)[u(t)]2x(t)dt, x ∈ X.

10
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1.4.1 Differentiation of nonlinear integral operators

Consider the integral operator K defined by

K(u)(s) =
∫ 1

0
K(s, t,u(t))dt. (1.8)

Theorem 1.8. [23] Assume that the function K(s, t,u) is defined and continuous, and

has continuous derivatives K ′u(s, t,u) and K ′′
u2(s, t,u), throughout the region Ω, then

the operator K defined by (1.8) maps Ω into C[0,1] and is twice differentiable at each

interior point u0 ∈Ω, and

K′(u0)(x(s)) =
∫ 1

0
K ′u(s, t,u0(t))x(t)dt. (1.9)

K′′(u0)((x,y)(s)) =
∫ 1

0
K ′′u2(s, t,u0(t))x(t)y(t)dt. (1.10)

1.5 Some useful spaces

In this section we recall definitions and properties of some useful spaces to the next

chapters, these spaces are required for the analysis of various numerical approaches for

solving integral equations.

Definition 1.9. Let X and Y be normed spaces, we say that a function u is Lipschitz

continuous if there exists a positive constant L such that

‖u(x)−u(y)‖ ≤ L‖x − y‖, ∀x,y ∈ X.

Definition 1.10. We say that a function u is Hölder continuous with exponent k ∈ (0,1]

if for some positive constant L,

‖u(x)−u(y)‖ ≤ L‖x − y‖k , for x,y ∈Ω.

Sobolev space

We define

Hm
w (Ω) = {v ∈ L2

w(Ω),‖v‖m,w <∞},

11
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the Sobolev space of all functions v(x) on Ω such that v(x) and all its weak derivatives

up to order m are in L2
w(Ω), with the semi-norm

|v|Hm,N
w (Ω) =

 m∑
k=min(m,N+1)

|v|2k,w


1/2

, (1.11)

where

‖v‖m,w =

 m∑
k=0

|v|2k,w

1/2

, |v|k,w =
∥∥∥∂kxv∥∥∥wα,β .

It follows from [12] this useful lemma.

Lemma 1.2. Let v ∈Hm
w (Ω) for m > 1

2 , there exists a positive constant C independent of

N such that

|〈v,φ〉 − 〈v,φ〉N | ≤ CN−m|v|Hm,N
w (Ω)‖φ‖wα,β , ∀φ ∈ PN , (1.12)

where

〈v,φ〉 =
∫ 1

−1
v(x)φ(x)dx, and 〈v,φ〉N =

N∑
j=0

v(xj)φ(xj)wj .

Hölder space

For k ∈ (0,1], and r ≥ 0, the Hölder space Cr,k(Ω) will denote the space of functions

whose r-th derivatives are Hölder continuous with exponent k, this is a Banach space

equipped with the semi-norm

‖v‖r,k = max
0≤k≤r

max
x∈Ω

∣∣∣∂kxv(x)
∣∣∣+ sup

x,y∈Ω
x,y

∣∣∣∂rxv(x)−∂ryv(y)
∣∣∣∣∣∣x − y∣∣∣k ,

particularly, the Hölder space C0,k(Ω) is a subspace of C(Ω) that involves functions that

are Hölder continuous with the exponent k, and the Hölder space C0,1(Ω) involves all

the Lipschitz continuous functions.

The following lemmas are necessary for determining our main results.

Lemma 1.3. [43] For a nonnegative integer r and k ∈ (0,1), there exists a constant

Cr,k > 0, such that for any function v ∈ Cr,k(Ω), there exists a polynomial function

TNv ∈ PN such that

‖v − TNv‖L∞ ≤ Cr,kN−(r+k)‖v‖r,k . (1.13)

12
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Lemma 1.4. [14] Let Av be the operator defined by

Av(s) =
∫ x

−1
K(s, t)v(t)dt,

then for any function v ∈ C(Ω), there exists a positive constant C such that

‖Av‖0,k ≤ C‖v‖L∞ , 0 < k < 1. (1.14)

1.6 The Gronwall inequalities

In the following part we will present a generalisation of the Gronwall inequalities

which are used to prove convergence of a numerical method that it will be proposed to

approximate Volterra operators.

The following lemma of generalized Gronwall inequality can be found in [21].

Lemma 1.5. [21] Suppose that H ≥ 0, let E(x) be a non-negative integrable function

satisfying

E(x) ≤H
∫ x

−1
E(y)dy +G(x), x ∈Ω,

where G(x) is also an integrable function, then there exists a positive constant C such

that

‖E‖wα,β ≤ C ‖G‖wα,β . (1.15)

‖E‖L∞ ≤ C ‖G‖L∞ . (1.16)
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CHAPTER 2

GENERALITIES ON THE THEORY OF

NONLINEAR INTEGRAL EQUATIONS

In this chapter we present an introduction to the terminology and classification of inte-

gral equations through certain characteristics and criterions. We recall some theorems of

fixed point such as Banach’s fixed point theorem, Brouwer and Schauder’s theorems, and

nonlinear alternative of Leray-Schauder, then we applied them to a class of nonlinear

integral equations (which is the most general form of integral equations) to establish

some existence and uniqueness results of solution for these equations.

2.1 Classification of integral equations

An integral equation is an equation in which the unknown function of one or more

variables appears under an integral sign, one of the most inclusive and most standard

categories is that of equations assuming the form

u(s) = f (s) +λ
∫ h(s)

g(s)
K(s, t,u(t))dt, (2.1)

where g(s) and h(s) are the limits of integration, f (s) and K(s, t,u) are known functions,

λ is a nonzero real or complex scalar, the function u(s) appears in the inside and outside

of the integral sign is the unknown function and the function K(s, t,u) is called the

kernel.

The integral equations can be classified according to the following basic characteristics.

14
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• The first one depends on the location of the unknown function, if it only appears

in the inside of the integral sign, we say integral equation of first kind, however, in

the equations of second kind, the unknown function also appear in the outside of

the integral sign.

• The second characteristic depends on the limits of integration,

- an integral equation in which the limits of integration are fixed is called a

Fredholm integral equation given in the form:

u(s) = f (s) +λ
∫ b

a
K(s, t,u(t))dt, (2.2)

- an integral equation in which one limit of integration is a variable is called a

Volterra integral equation given in the form:

u(s) = f (s) +λ
∫ s

a
K(s, t,u(t))dt,

- it should also be noted that the Volterra integral equation is a special case of

Fredholm integral equation, it is enough to take the kernel K(s, t,u(t)) = 0 if

a ≤ s < t ≤ b.

• Moreover, we say that the equation (2.1) is homogeneous if the function f (x) = 0

in [a,b].

• Another description is related to the linearity of the kernel K(s, t,u) in respect of

third variable,

- if K(s, t,u(t)) is linear in respect of the the third variable .e.i.,

K(s, t,u(t)) = K(s, t)u(t),

the integral equation is called linear equation, otherwise, the equation is nonlinear,

in this case we have the following two most frequently forms given by

u(s) = f (s) +λ
∫
Ω

K(s, t,u(t))dt, (2.3)

u(s) = f (s) +λ
∫
Ω

K(s, t)G(t,u(t))dt, (2.4)

15
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are called Urysohn integral equation and Hammerstein integral equation respec-

tively.

• The last criterion in this classification is connected to improper integrals, an

equation is called singular if at least one limit of integration is infinite, or if the

kernel is unbounded in given interval, such as:

– The generalized Abel’s integral equation:

f (s) =
∫ s

0

u(t)
(s − t)α

dt, 0 < α < 1.

– The Cauchy type integral equation:

u(s) = f (s) +λ
∫ a

b

u(t)
(t − s)

dt, where λ is a parameter.

– The Wiener-Hopf integral equation:

f (s) = u(s) +λ
∫ ∞

0
k(s − t)u(t)dt, where λ is a parameter.

2.2 Fixed-point theorems and their applications to N.I.Es

In various branches of mathematical analysis we can solved many problems defined by

nonlinear functional equations by converting them to an equivalent problem of a fixed

point problems, in fact, an operator equation Gu = u maybe expressed as a fixed point

equation Au = u, where A is an operator. Here we discuss some different types of fixed

point theorems that prove the existence of solutions for nonlinear integral equations.

Starting from the basics of Banach’s contraction theorem, one of the most main results

and techniques that have been developed (see [11, 1, 60, 4, 45]), this theorem establishes

a general criterion guarantees that the iteration procedure of a function results a fixed

point. Then, we discuss the Brouwer fixed-point theorem which the finite dimensional

version of Schauder’s theorem, this latter stated that if Ω is a convex and compact

subset of a Banach space X and A is a self-continuous mapping, then A has at least one

fixed point, nevertheless, one of the defects of Schauder’s fixed point theorem is the

invariance condition A(Ω) ⊂Ω this must be insured for a bounded closed convex subset

Ω in a Banach space. The principle of Leray-Schauder allows for the avoidance of such
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a condition by requiring the fulfilment of a boundary condition.

2.2.1 Banach’s fixed-point theorem

Definition 2.1. A bounded operator A on a Banach space X is a contraction, if there

exists a constant L with 0 < L < 1, such that

‖A(u1)−A(u2)‖ ≤ L‖u1 −u2‖, ∀u1,u2 ∈ X.

Theorem 2.1. ( Banach’s fixed-point theorem (1922)) Let A be a contraction on a

Banach space X.

Then the equation

A(u) = u, (2.5)

has a unique solution on X, this solution is the fixed point of operator A.

Proof. Let u0 ∈ X be arbitrary, make a sequence in X by establishing u1 = A(u0) and

un+1 = A(un) for n > 0.

Let we first demonstrate that {un} is a Cauchy sequence. From the contractivity of A, we

have

‖un+1 −un‖ ≤ L‖un −un−1‖ ≤ · · · ≤ Ln‖u1 −u0‖,

for m ≥ n ≥ 1,

‖um −un‖ ≤
m−n−1∑
j=0

‖un+j+1 −un+j‖

≤
m−n−1∑
j=0

Ln+j‖u1 −u0‖

≤ Ln

1−L
‖u1 −u0‖.

Since L ∈ (0,1),‖um−un‖ → 0 as m,n→∞. Thus {un} is a Cauchy sequence in the Banach

space X, therefore {un} converge to a limit u ∈ X, by the continuity of A we have

A(u) = A( lim
n→∞

un) = lim
n→∞

A(un) = lim
n→∞

un+1 = u,

then u is a fixed point of A.

Now by contradiction we prove that u is unique.
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Assume that A possesses two or more distinct fixed points, say u1 and u2, Then

‖u1 −u2‖ = ‖A(u1)−A(u2)‖ ≤ L‖u1 −u2‖,

this implies that ‖u1 −u2‖ = 0 since 0 < L < 1, so a contractive mapping’s fixed point is

unique.

Theorem 2.2. Let A be an operator on a Banach space X with An is a contraction. Then

the equation

A(u) = u,

has a unique solution on X.

Proof. As a result of the theorem, An has a fixed point noted by u0, then

‖A(u0)−u0‖ = ‖An(A(u0))−An(u0)‖

≤ L‖A(u0)−u0‖,

implies that Au0 = u0 since 0 < L < 1.

The uniqueness is clear since a fixed point for A is also a fixed point for An.

2.2.2 Existence and uniqueness of solution for N.I.E via Banach’s fixed

point theorem

2.2.2.1 For nonlinear Volterra integral equation

Theorem 2.3. Assume that K(s, t,u) is defined and continuous on the square a ≤ s, t ≤ b
and that it satisfies a Lipschitz condition of the form

‖K(s, t,u1)−K(s, t,u2)‖ ≤ L‖u1 −u2‖.

Assume further that f ∈ C[a,b]. Then the nonlinear Volterra integral equation

u(s) = f (s) +λ
∫ s

a
K(s, t,u(t))dt, (2.6)

has a unique solution on the interval [a,b] for every value of λ, where a ≤ s ≤ b.

Proof. If it can be proved that an adequate power of the continuous operator

K : C[a,b]→ C[a,b],
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defined by

K(u)(s) = f (s) +λ
∫ s

a
K(s, t,u(t))dt, (2.7)

is a contraction for every valued of λ, then it will be obvious as an application of theorem

(2.1) that K has a unique fixed point, implying that the equation (2.6) has a unique

solution.

Let u1,u2 ∈ C[a,b] and s ∈ [a,b], we will show that for any n ≥ 1

‖Kn(u1)−Kn(u2)‖ ≤ λ
nLn(b − a)n

n!
‖u1 −u2‖∞, (2.8)

For n = 1, we have

|K(u1)(s)−K(u2)(s)| = |λ
∫ s

a
[K(s, t,u1(t))−K(s, t,u2(t))]dt|

≤ |λL|
∫ s

a
|u1(t)−u2(t)|dt

≤ |λL|(b − a)‖u1 −u2‖∞,

this implies that ‖K(u1)−K(u2)‖ ≤ |λ|L(b − a)‖u1 −u2‖∞.

Assume that the property (2.8) is verified for n = m, and we will show that (2.8) is

verified for n =m+ 1.

|Km+1(u1)(s)−Km+1(u2)(s)| = |K(Km(u1))(s)−K(Km(u2))(s)|

= |λ
∫ s

a
[K(s, t,Kmu1(t))−K(s, t,Kmu2(t))]dt|

≤ |λ|
∫ s

a
L|Km(u1)(t)−Km(u2)(t)|dt

≤ |λ|
∫ s

a
L
|λ|mLm(b − a)m

m!
‖u1 −u2‖∞dt

≤ |λ|
m+1Lm+1(b − a)m+1

(m+ 1)!
‖u1 −u2‖∞,

hence

‖Km+1(u1)−Km+1(u2)‖ ≤ |λ|
m+1Lm+1(b − a)m+1

(m+ 1)!
‖u1 −u2‖∞,

then the property (2.8) is valid for all n > 0.

Since the sequence |λ|
nLn(b−a)n
n! → 0 there exist a power n0 such that |λ|

n0Ln0 (b−a)n0

n0! < 1, this

implies that Kn0 is a contraction.
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2.2.2.2 For nonlinear Fredholm integral equation

Theorem 2.4. Assume that K(s, t,u) is defined and continuous on the square a ≤ s, t ≤ b
and that it satisfies a Lipschitz condition of the form

|K(s, t,u1)−K(s, t,u2)| < L|u1 −u2|.

Assume further that f ∈ C[a,b]. Then the nonlinear Fredholm integral equation

u(s) = f (s) +λ
∫ b

a
K(s, t,u(t))dt, (2.9)

has a unique solution on the interval [a,b] whenever λ < 1/(L(b − a)).

Proof. If it can be proved that the operator

K : C[a,b]→ C[a,b]

defined by

K(u)(s) = f (s) +λ
∫ b

a
K(s, t,u(t))dt,

is a contraction for the constrained values of λ specified in the statements of the theorem,

then it will be obvious as an application of Banach’s fixed point theorem (theorem 2.1)

that K has an unique fixed point, implying that the integral equation (2.9) has a unique

solution.

Let u1,u2 ∈ C[a,b] and s ∈ [a,b], we have

|K(u1)(s)−K(u2)(s)| = |λ
∫ b

a
(K(s, t,u1(t))−K(s, t,u2(t))dt|

≤ |λ|L(b − a)‖u1 −u2‖∞,

this implies that

|λ|L(b − a) < 1,

(we can select λ < 1
L(b−a) ), then K is a contraction operator.
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2.2.3 Brouwer’s fixed-point theorem

Theorem 2.5. ( Brouwer’s fixed-point theorem (1912)) Let Ω ⊂ R
n be a nonempty,

convex and compact set and let A : Ω→Ω be a continuous mapping. Then A has at

least one fixed point.

Proof. (See [59])

2.2.4 Schauder’s fixed-point theorem

Theorem 2.6. ( Schauder’s fixed-point theorem (1930)) Let X be a Banach space, Ω ⊂
X a nonempty convex compact set and let A : Ω→Ω be a continuous operator. Then A

has at least one fixed point.

Proof. Since A is a continuous mapping and Ω is a compact, A is uniformly continuous,

hence, for all ε > 0, there exists a constant δ > 0 such that for every x,y ∈Ω satisfying

‖x − y‖ ≤ δ, we have that ‖A(x) − A(y)‖ ≤ ε, furthermore, there exists a finite set of

points {x1, · · · ,xp} ⊂Ω such that the open balls with radius δ centred at xj cover Ω, i.e.

Ω ⊂
⋃

1≤j≤p
B(xj ,δ).

Let G = vect (A(xj))1≤j≤p, then G is of finite dimension, and Ω∗ = Ω∩G is a compact

convex and of finite dimension.

For 1 ≤ j ≤ p, we define the continuous mappings Ψj : X→R by

Ψj =

0, if ‖x − xj‖ ≥ δ,

1− ‖x−xj‖δ , if otherwise .

Obviously Ψj is strictly positive on B(xj ,δ) and is equal to zero outside, hence

∀x ∈Ω,
p∑
j=1

Ψj(x) > 0,

this implies that the continuous mapping ϕj defined as follows

ϕj(x) =
Ψj(x)∑p
k=1Ψk(x)

,

satisfying
p∑
j=1

ϕj(x) = 1,
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for every x ∈Ω.

Let us now define for all x ∈Ω, the mapping g by

g(x) =
p∑
j=1

ϕj(x)A(xj),

g is continuous mapping defined on Ω into Ω∗, and if we take the restriction g/Ω∗→Ω∗,

the Brouwer fixed-point theorem implies that g has a fixed point y ∈Ω∗, furthermore,

A(y)− y = A(y)− g(y)

=
p∑
j=1

ϕj(y)A(y)−
p∑
j=1

ϕj(y)A(xj)

=
p∑
j=1

ϕj(y)(A(y)−A(xj)),

if ϕj(y) , 0 then ‖y − xj)‖ ≤ δ, this yields, ‖A(y)−A(xj)‖ ≤ ε, and for all j

‖ϕj(y)(A(y)−A(xj))‖ ≤ εϕj(y),

then

‖A(y)− y‖ ≤
p∑
j=1

‖ϕj(y)(A(y)−A(xj))‖

≤
p∑
j=1

εϕj(y) = ε,

this means that, for each ε > 0, there exists y = y(ε) ∈Ω such that ‖A(y)− y‖ < ε, hence

∀m ∈N ∃ym ∈Ω : ‖A(ym)− ym‖ < 2−m,

Since Ω is a compact, {ym}m∈Z has a subsequence {ymk}k∈Z convergent to some element

y∗ ∈Ω, and since A is continuous, the sequence A(ymk) converge to A(y∗), thus A(y∗) = y∗,

i.e. y∗ is at least one fixed point of A on Ω.
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The following variation of Schauder’s theorem is more commonly utilised in applica-

tions.

Theorem 2.7. Let X be a Banach space, Ω ⊂ X a non empty convex bounded closed set

and let A : Ω→Ω be a completely continuous operator. Then A has a fixed point

2.2.5 Existence of continuous solutions for N.I.E via Schauder’s fixed

point theorem

2.2.5.1 For nonlinear Fredholm integral equation

We consider the nonlinear Fredholm integral equation of second kind defined by

u(s) =
∫ b

a
K(s, t,u(t))dt, s ∈ [a,b]. (2.10)

Theorem 2.8. [42] Let R > 0 and K : [a,b]×[a,b]×BR(0;R)→R be a continuous mapping.

Assume

M |b − a| ≤ R, (2.11)

where

M = max
[a,b]2×BR(0;R)

|K(s, t,u)|,

Then (2.10) has at least one solution u ∈ C[a,b] with ‖u‖∞ < R.

Proof. In accordance with the corollary (1.1), the operator

K : BR(0;C[a,b])→ C[a,b]

is completely continuous, at the same time, (2.11) implies that

K(BR(0;C[a,b])) ⊂ BR(0;C[a,b]).

Thus, the conclusion follows from the variant of Schauder’s theorem (theorem 2.7).

2.2.5.2 For nonlinear Volterra integral equation

We consider the nonlinear Volterra integral equation of second kind defined by

u(s) =
∫ s

a
K(s, t,u(t))dt, a ≤ s ≤ b. (2.12)
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Theorem 2.9. [42] Let R > 0 and let K : [a,b]× [a,b]×BR(0,R)→R be continuous.

Assume that there exist constants α,β ∈R+ such that

|K(s, t,y)| ≤ α|y|+ β,

for all s, t ∈ [a,b], y ∈R. Then (2.12) has at least one solution u ∈ C[a,b].

Proof. We can followed the same reasoning as in the proof of theorem 2.8 with the use

of corollary 1.2 and the variation of Schauder’s theorem 2.7 to establish the proof of this

theorem. For more details see [42].

2.2.6 Nonlinear alternative of Leray-Schauder

Theorem 2.10. (Leray-Schauder alternative) Let X be a Banach space, Ω a closed,

convex subset of X, and let G ⊂ Ω an open subset of Ω, with u0 ∈ G. Suppose that

A : G→Ω is a continuous, compact. Then either

(i) A has a fixed point in G, or

(ii) there is a u ∈ ∂G, with u = (1−λ)u0 +λA(u) for some λ ∈ (0,1).

Proof. A proof of this classical result and of other similar results of Leray-Schauder

principle is given in [18, 22, 41, 42] and it is based on transversality theory.

2.2.7 Existence of continuous solutions for Hammerstien integral equa-

tion on half-line via nonlinear alternative

We consider the Hammerstien integral equation defined by

u(s) = g(s) +
∫ ∞

0
K(s, t)f (t,u(t))dt, s ∈ [0,∞). (2.13)

In this section we apply a nonlinear Alternative of Leray-Schauder to establish conditions

under which equation (2.13), will have solutions u ∈ Cl such that lim
s→∞

u(s) exists.

Theorem 2.11. [39] Suppose that 1 ≤ p ≤ ∞ and let q be such that (1/p) + (1/q) = 1.

Assume that:
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• g ∈ Cl . (2.14)

• f in Lq −Carathéodory. (2.15)

• Ks = K(s, t) ∈ Lp[0,∞) for each s ∈ [0,∞). (2.16)

• The map s→ Ks is continuous from [0,∞) to Lp[0,∞), (2.17)

and

• there exists K̃ ∈ Lp[0,∞) such that Ks→ K̃ in Lp[0,∞) as s→∞ (2.18)

hold.

In addition, suppose there exists a constant M > 0, independent of λ, with

‖u‖0 = sup
s∈[0,∞)

|u(s)| ,M,

for any solution u ∈ Cl to

u(s) = λ
(
g(s) +

∫ ∞
0
K(s, t)f (t,u(t))dt

)
, s ∈ [0,∞), (2.19)

for each λ ∈ (0,1). Then (2.13) has at least one solution u ∈ Cl .

Proof. The authors in this proof showed that the well defined operator H : Cl → Cl
defined by:

H(u)(s) = g(s) +
∫ ∞

0
K(s, t)f (t,u(t))dt, s ∈ [0,∞),

has a fixed point, since this latter is a solution of equation (2.13).

To justify the above statement, firstly, they have showed thatH : Cl → Cl is a continuous

on [S0,∞), with S0 > 0, through the assumptions 2.14-2.18 and the Lebesgue dominated

convergence theorem. Then, by means of the assumptions 2.14-2.16 and the pointwise

convergence of H on the interval [0,S0], together with the Lebesgue Dominated Conver-

gence Theorem and the compactness of [0,S0], it have been proved that H is continuous

also on [0,S0] and thereby they obtain the continuity of H on [0,∞).

Then, for proving the compactness of H : Cl → Cl it enough to select a bounded set Λ in

Cl and it have been showed that H(Λ) satisfies the three conditions of theorem 1.3.

Therefore, by applying the Nonlinear Alternative with Ω = X = Cl andG = {u ∈ Cl : |u|0 <M}
it can be concluded that H has a fixed point (the possibility (ii) of the theorem 2.10

cannot occur), that is, equation (2.13) has a solution u ∈ Cl .
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CHAPTER 3

SOME NUMERICAL METHODS FOR

SOLVING NONLINEAR INTEGRAL

EQUATIONS

In this chapter, various numerical methods are presented and analysed for the solution

of nonlinear integral equations. The main aspect of these methods is the discretization of

the equation u =Ku by substituting it with a series of finite-dimensional approximation

problems un = Knun, with n→∞, the types of this discretization are: (1) Projection

methods, with the most common ones being collocation and Galerkin methods, and (2)

Nyström method. We also presented in this chapter the Sinc approximation methods

which are an optimal basis for the approximation in spaces of functions that are analytic.

3.1 Projection methods

Projection methods for solving the nonlinear integral equation

u(s) =
∫
Ω

K(s, t,u(t))dt, s ∈Ω, (3.1)

are mainly based to the choice of a finite-dimensional set of functions thought to include

a function un(s) approach to the exact solution u(s), this required numerical solution

un(s) is chosen by having it satisfy (3.1) approximately. There are various senses in

which un(s) can be said to "satisfy (3.1) approximately," and these lead to different types
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of methods. The most popular of these are collocation methods and Galerkin methods,

and they are defined below. General theoretical frameworks for projection methods

have been provided in number of references, such as [5, 7, 8, 16, 17, 25, 49, 58].

3.1.1 Projection operators

Definition 3.1. Let X be a normed space and Y ⊂ X a non trivial subspace, a projection

operator from X into Y is a bounded linear operator P : X→ Y such that

P (u) = u ∀u ∈ X. (3.2)

from (3.2) we have

P 2(u) = P (P (u)) = P (u),

thus

P 2 = P , (3.3)

furthermore

‖P ‖ = ‖P 2‖ ≤ ‖P ‖2,

this mean that

‖P ‖ ≥ 1. (3.4)

Orthogonal projection operators

Definition 3.2. Let X be a Hilbert space, and let 〈·, ·〉 denote the inner product for X, a

projection operator P is orthogonal if and only if

〈P u, (I − P )v〉 = 0, ∀u,v ∈ X.

Example 3.1. Let {ϕn}n≥1 be an orthonormal basis of the spaceX andXn = span {ϕ1, · · · ,ϕn},
for any u ∈ X, the formula

Pn(u) =
n∑
i=1

〈u,ϕi〉ϕi ,

defines an orthogonal projection from X onto Xn.

Interpolatory projection operators

Let X be a normed vector space, and Xn is an n-dimensional subspace of X with a

basis {ϕ1, · · · ,ϕn}, let x1, · · · ,xn be interpolation nodes in the interpolation region Ω, the
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interpolation function un ∈ Xn is given to approximate a given function u ∈ X where the

interpolation problem is as follows: Given data y1, · · · , yn find un ∈ Xn given by

un(x) =
n∑
j=1

αjϕj(x),

such that the interpolation conditions

un(xi) = yi , i = 1, · · · ,n,

are satisfied.

Thus, we find the coefficient α1, · · · ,αn by solving the system

n∑
j=1

αjϕj(xi) = yi , i = 1, · · · ,n. (3.5)

The necessary and sufficient condition for the system (3.5) to have a unique solution is

det[ϕj(xi)] , 0.

Thus, the solution of the interpolation problem is

Pn(u)(x) =
n∑
i=1

u(xi)ϕi(x),

where Pn is the interpolatory projection operator from X into Xn.

Example 3.2. ( Lagrange interpolation ) Let X is C[a,b] and PN the space of all poly-

nomials of degree not more than N . For any u ∈ C[a,b] we can define the Lagrange

interpolating polynomials Iα,βN u ∈ PN as

I
α,β
N u(x) =

N∑
j=0

u(xα,βj )Lα,βj (x), L
α,β
j (x) =

∏
i,j

x − xα,βi
x
α,β
j − x

α,β
i

, (3.6)

where {Lα,βj }
N
j=0 is the Lagrange interpolation basic functions associated with Gauss-

Jacobi quadrature points {xα,βj }
N
j=0, which are the roots of the Jacobi polynomials Jα,βN+1.
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The functions Lα,βj satisfy the special interpolation conditions

L
α,β
j (xi) = δji =

0, i , j,

1, i = j.
(3.7)

and they form a basis for PN .

The following lemmas are necessary for determining our main results.

Lemma 3.1. [37] Let Iα,βN v be the interpolation operator associated with the Gauss-Jacobi

points, then for any function v ∈Hm
w (I), there exists a positive constant C independent

of N such that

‖v − Iα,βN v‖L∞ ≤ CN
1
2−m|v|Hm

w (I), (3.8)

‖v − Iα,βN v‖wα,β ≤ CN−m|v|Hm
w (I). (3.9)

Lemma 3.2. [33] Let {Lj}Nj=0 be the N -th Lagrange interpolation polynomials associated

with the Gauss-Jacobi points. Then

‖Iα,βN ‖L∞ = max
x∈I

N∑
j=0

|Lj(x)| =

O(logN ), if − 1 < α,β ≤ −1
2 ,

O(N
1
2 +max{α,β}), if otherwise.

(3.10)

Lemma 3.3. [37] For every bounded function v(x), there exists a positive constant C

independent of v such that

‖Iα,βN v‖wα,β ≤ C‖v‖L∞ . (3.11)

3.1.2 Principle of projection methods

Let X be a Banach space, the most popular choices are C(Ω) and L2(Ω), consider the

Urysohn integral operator

K(u)(s) =
∫
Ω

K(s, t,u(t))dt, s ∈Ω, (3.12)

we are interested in a solution of the operator integral equation

u =Ku, (3.13)
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let Xn,n ≥ 1, be a sequence of finite dimensional subspaces, with Xn having dimension

N for notational simplicity, and let Pn be a projection of X onto Xn, it is usually assumed

that

Pnu→ u, as n→∞, ∀u ∈ X, (3.14)

the projection method for solving (3.13) is to seek an approximate solution un ∈ Xn, such

that un satisfies the operator equation

un = PnK(un), (3.15)

thus, we find an approximate fixed point problem which can be written in the following

equivalent form

Pn(I −K)(un) = 0, un ∈ Xn. (3.16)

Lemma 3.4. [5] Let X be a Banach space and let {Pn} be a family of bounded projections

on X with

Pnu→ u as n→∞, ∀u ∈ X,

if K : X→ X is a compact operator, then

‖K− PnK‖→ 0 as n→∞. (3.17)

Theorem 3.1. [5] Assume K : X → X is bounded, with X a Banach space, and assume

that

λ−K : X−→X.

Further assume

‖K− PnK‖→ 0 as n→∞. (3.18)

Then for all sufficiently large n, say n ≥N , the operator (λ− PnK)−1 exists as a bounded

operator from X to X, moreover, it is uniformly bounded:

sup
n≥N
‖(λ− PnK)−1‖ <∞.

3.1.3 Convergence of projection methods

After we approximated the equation (3.13) by the system (3.15), we want to prove that

for all sufficiently large n, (3.15) has a unique solution, we also trying to obtain bounds

on the rate of convergence of un to u. For this we apply the procedure of linearisation

(see [5]), in this approach we linearise the problem and apply the Banach Fixed-point
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theorem.

Firstly, we substitute the nonlinear function by an approximating linear Taylor series in

a point u0

K(u) =K(u0) +K′(u0)(u −u0),

where K′(u0) denote the Fréchet derivative of K(u) at u0.

Then, we discussed the error in linearisation of K(u) about a point (u0):

R(u;u0) =K(u)− [K(u0) +K′(u0)(u −u0)],

the error R(u;u0) has properties that are useful in the study of convergence.

Lemma 3.5. [5] Let X be a Banach space, and let E be an open subset of X, let K : E ⊆
X → X be twice continuously differentiable with K′′(u) bounded over any bounded

subset of E.

Let B ⊂ E be a closed, bounded, and convex set with a non-empty interior. Let u0 belong

to the interior of B, and define R(u;u0), as above. Then for all u1,u2 ⊂ B,

‖R(u1;u2)‖ ≤ 1
2
M‖u1 −u2‖2, (3.19)

with M = supu∈B ‖K′′(u)‖. Moreover

‖K′(u2)−K′(u1)‖ ≤M‖u2 −u1‖,

implying K′(u) is Lipschitz continuous, and

‖R(u1;u0)−R(u2;u0)‖ ≤M
[
‖u1 −u0‖ −

1
2
‖u1 −u2‖

]
‖u1 −u2‖. (3.20)

After that, we make on K and {Pn} the following assumptions.

A1. K : E ⊆ X→ X is a completely continuous nonlinear operator.

A2. The equation (3.13) has a unique isolated solution u∗ ∈ X within the ball

B(u∗, ε) = {u ∈ E / ‖u −u∗‖ ≤ ε}.

for some ε > 0,
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A3. K is twice continuously differentiable over E with

M = sup
u∈B(u∗,ε)

‖K′′(u)‖ <∞. (3.21)

A4. The projection operators {Pn} are pointwice convergent to the identity on X

Pn(u)→ u as n→∞, ∀u ∈ X.

The assumption A1 implies that L =K′(u∗) is a compact linear operator, also from the

assumption A4 we can apply the lemma 3.4 to obtain

‖(I − Pn)L‖ → 0 as n→∞, (3.22)

hence for all sufficiently large n, n ≥N , the operator (I − PnL)−1 exists and

sup
n≥N
‖(I − PnL)−1‖ <∞,

that is a result from the theorem 3.1.

By this result, we seek to show that for all sufficiently large n, (3.15) has a unique

solution within B(u∗, ε1), for some 0 ≤ ε1 ≤ ε, by expending K(un) about u∗, we obtain

K(un) =K(u∗) +L(un −u∗) +R(un;u∗),

hence, we can rewrite the equation (3.15) as the equivalent equation

(I − PnL)(un −u∗) = Pnu
∗ −u∗ + PnR(un;u∗), (3.23)

let γn = un −u∗, then

γn = (I − PnL)−1(Pnu
∗ −u∗) + (I − PnL)−1R(γn +u∗;u∗)

≡ Fn(γn).
(3.24)

From the various results and the Banach contractive mapping theorem, we can show

that the fixed-point equation (3.24) has a unique solution γn, this prove that the ap-

proximating equation (3.15) has a unique solution un in some ball of fixed radius about

u∗.
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The rate of convergence

Theorem 3.2. [8] If 1 is not eigenvalue of L =K′(u∗), then there are nonnegative sequence

{wn} convergent to zero, such that

‖un −u∗‖ ≤ C(1 +wn)‖Pnu∗ −u∗‖. (3.25)

Proof. We can rewrite (3.23) as the equivalent identity

(I −L)(un −u∗) = (Pn − I)L(un −u∗) + (Pn − I)u∗ + PnR(un;u∗),

and then bounding the right side, we obtain (3.25). The constants are given by

wn =
C(an + P rn)

1−C(an + P rn)
, an = ‖(I − Pn)L‖, rn =

‖R(un;u∗)‖
‖un −u∗‖

,

C = ‖(I −L)−1‖, sup
n
‖Pn‖ ≤ P <∞.

3.1.4 Collocation method

We consider the Urysohn integral equation

u(s) = f (s) +
∫
Ω

K(s, t,u(t))dt, s ∈Ω. (3.26)

let X be C(Ω), and let Xn be a finite dimensional subsequence of X, define Pn to be the

interpolatory projection operator of X onto Xn.

let

un(s) =
N∑
i=1

αjϕj(s),

where {ϕj}Nj=1is a basis of Xn and pick distinct node points s1, · · · , sN ∈Ω and require

Rn(si) ≡
N∑
i=1

αjϕj(si)− f (si)−
∫
Ω

K(si , t,
N∑
i=1

αjϕj(t))dt = 0, (3.27)

where Rn is called the residual in the approximation of the equation when using u ' un.

By forcing Rn be approximately 0 at the collocation points s1, s2, · · · , sN we can determine

the coefficients {α1, · · · ,αN }. The hope is for the resulting function un(s) to have a good
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approximation of the exact solution u(s).

3.1.5 Galerkin method

Let X be L2(Ω) or some other Hilbert space, and let Xn be a finite dimensional subspace

of X. Define Pn to be the orthogonal projection operator of X onto Xn, based on using

the inner product of L2(Ω), thus

〈Pnu,v〉 = 〈u,v〉, all v ∈ Xn,

let {ϕj}Nj=1 be a basis of Xn, the Galerkin method for solving the Urysohn integral

equation (3.26) is to seek an approximate solution un ∈ Xn where,

un(s) =
N∑
j=1

αjϕj(s),

such that

〈Rn,ϕj〉 = 0, j = 1, · · · ,N

This yields to the non-trivial system

N∑
j=1

αj〈ϕj ,ϕi〉 = 〈f ,ϕi〉+ 〈
∫
Ω

K(·, t,
N∑
j=1

αjϕj(t))dt,ϕi〉, i = 1, · · · ,N . (3.28)

Solving this system leads to determine the coefficients {αj}Nj=1, therefore we find the

resulting function un(s) which we hope will be very close to the exact solution u(s).
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3.2 The Nyström methods

In this section, we will approximate a class of nonlinear integral equations of the second

kind by the so-called quadrature or Nyström method, in which the integral terms is

approximated by an ordinary quadrature rule.

Let Q : X = C[a,b]→R be an integral operator defined by

Q(g) =
∫ b

a
g(t)dt,

and let Qn : X→R be a discrete operator defined by the quadrature rule

Qn(g) =
n∑
j=1

ω
(n)
j g(x(n)

j ), (3.29)

the values {x(n)
j }

n
j=1 are called the quadrature nodes and {ω(n)

j }
n
j=1 are called weights.

Definition 3.3. A sequence of quadrature rules Qn(g) is called convergent if

Qn(g)→Q(g) as n→∞, for all g ∈ X,

i.e., if the sequence of linear functionals Qn(g) converges pointwise to the integral Q(g).

Theorem 3.3. [26] The quadrature rules (Qn) converge if and only if

Qn(g)→Q(g) as n→∞, for all g in some dense subset G ⊂ C[a,b],

and

sup
n∈N

n∑
j=1

|ω(n)
j | <∞.

3.2.1 Principle of Nyström methods

Consider the Urysohn integral equation

u(s) = f (s) +
∫ b

a
K(s, t,u(t))dt, s ∈Ω = [a,b], (3.30)

where f ∈ X = C(Ω) and K(s, t,u(t)) given with an appropriate smoothness assumption,

the right-hand side of (3.30) defines a completely continuous operator from some open
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domain D ⊂ X into X, explicitly

K(u)(s) =
∫ b

a
K(s, t,u(t))dt, s ∈Ω.

Thus, solving (3.30) is equivalent to solve the operator equation

u = f +K(u), (3.31)

using the quadrature formula (3.29) to approximate the integral in (3.30) and the

Nyström method to (3.30) is : Find un(s) such that

un(s) = f (s) +
n∑
j=1

ω
(n)
j K(s, t(n)

j ,un(t(n)
j )), s ∈Ω, (3.32)

where un(s) is an approximation to u(s), we rewrite the approximating numerical integral

equation (3.32) in operator notation as

un = f +Kn(un), (3.33)

where the discrete integral operators Kn, n ≥ 1, is defined by

Kn(u)(s) =
n∑
j=1

ω
(n)
j K(s, t(n)

j ,u(t(n)
j )), s ∈Ω. (3.34)

A solution to the functional equation (3.32) may be obtained by determining {un(s(n)
i )},

thus (3.32) is reduced to the finite nonlinear system

zi = f (s(n)
i ) +

n∑
j=1

ω
(n)
j K(s(n)

i , t
(n)
j , z

(n)
j ), i = 1, · · · ,n, (3.35)

where the interpolatory function

z(s) = f (s) +
n∑
j=1

ω
(n)
j K(s, t(n)

j , z
(n)
j ), s ∈Ω,

satisfies (3.32).

The formulas (3.32) and (3.35) are completely equivalent in their resolvability (for more

details see[28, 5]), practically, we solve (3.35), however we use (3.32) for the theoretical
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convergence analysis.

3.2.2 Convergence analysis

In the present section we’ll discuss the existence and the convergence of an approximate

solution of (3.33) in neighbourhood of an isolated solution of (3.31), where the basic

notions for deriving the order of convergence is based on the theory of collectively

compact operators (see[13, 2]) for this we shall assume that (3.31) has an isolated

solution u0 ∈ X, e.i., there is some ball

B(u0,δ) = {u ∈ X : ‖u −u0‖ ≤ δ, δ > 0}

that contains no solution of (3.31) other than u0, and the compact operatorK is possesses

a continuous first and a bounded second derivative on B(u0,δ).

For ease of reference, the following required assumptions are mentioned from [6, 57].

A1. {Kn : n ≥ 1} is collectively compact family on X.

A2. Kn is pointwise convergent to K on X.

A3. For n ≥ 1, Kn possesses a continuous first and a bounded second Fréchet derivatives

on B(u0,δ). Moreover,

‖K′′n‖ ≤ λ <∞.

Lemma 3.6. ( Weiss [57] ) Assume that [I−K′(u0)] is nonsingular and that the hypotheses

A1 −A3 hold. Then the linear operator [I −K′n(u0)] are nonsingular for sufficiently large

n, say n ≥ n1, and

‖[I −K′n(u0)]−1‖ ≤ β <∞. (3.36)

Theorem 3.4. Assume that the assumptions of lemma 3.6 hold. Then there exists a

positive integer n1 such that, for all n ≥ n1, (3.33) has a unique solution un ∈ B(u0,δ).

Furthermore, there exists a constant C independent of n such that

‖u0 −un‖ ≤ C‖K(u0)−Kn(u0)‖.

Proof. By subtracting (3.31) from (3.33) we obtain

u0 −un =K(u0)−Kn(un),
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by adding the term K′n(u0)(u0 −un) on both sides we have

[I −K′n(u0)](u0 −un) =K(u0)−Kn(u0)− [Kn(un)−Kn(u0)−K′n(u0)(un −u0)].

The term Kn(un)−Kn(u0)−K′n(u0)(un −u0) has been bounded by the term 1
2λ‖u0 −un‖2

( see [6] ), then from lemma 3.6 we have

‖u0 −un‖ ≤ β[‖K(u0)−Kn(u0)‖+
1
2
λ‖u0 −un‖2],

hence

‖u0 −un‖ ≤
β‖K(u0)−Kn(u0)‖

1− βλδ2

≤
β

1− βλδ2

‖K(u0)−Kn(u0)‖.

This completes the proof.

Remark 3.1. From this theorem we can conclude that the rate of convergence of un to u0

is that of numerical integration approach applied to K(u0) and this is usually simple to

get it.
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3.3 Sinc approximation methods

The Sinc approximation methods are based primarily on the Cardinal function which

plays the same role as polynomials in the classical numerical methods. These techniques

of approximation was first considered in [24, 29], nevertheless, Stenger in [51] was the

first who explained a detailed and a thorough consideration about the Sinc approxima-

tion methods. This Cardinal function which was mentioned earlier is noted by Sinc (x),

and it is defined in the whole real line by:

Sinc (x) =


sin(πx)
πx , x , 0,

1, x = 0,
(3.37)

Figure 3.1: The Sinc function.

although, there is more powerful notation for the Sinc function. Namely, if k an

element of Z, and h > 0, we define the translated Sinc functions with evenly spaced

nodes by:

S(k,h)(x) = Sinc (
x
h
− k),

where S(k,h)(x) will be referred as the K ′th Sinc function, with step size h evaluated at

x.
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we note that

S(k,h)(jh) = Sinc (
jh

h
− k) = Sinc (j − k)

= δjk =

1, j = k,

0, j , k.

The following properties are easily shown.

(i) Sinc (.) is an even function.

(ii) {x ∈R : Sinc (x) = 0} = Z
∗.

(iii)
∫ +∞
−∞ Sinc (x)dx =

∫ +∞
−∞ ( Sinc (x))2dx = 1.

3.3.1 Exact interpolation and quadrature via Sinc method

Definition 3.4. Let h > 0, and let W (πh ) denote the family of all analytic functions f ∈C,

such that

f ∈ L2(R),

and such that for all z ∈C
|f (z)| ≤ Ceπ|z|/h,

with C is a positive constant.

Theorem 3.5. (Paley-Wiener theorem) Assume that f ∈W (πh ), Then f̂ ∈ L2(−πh ,
π
h ) and

f (z) =
1

2π

∫ π
h

−π
h

f̂ (x)e−ixzdx.

Theorem 3.6. If f ∈W (πh ), Then for all z ∈C,

f (z) = C(f ,h)(z) =
+∞∑
k=−∞

f (kh)S(k,h)(z), (3.38)

and

f (kh) =
1
h

∫ +∞

−∞
f (t)S(k,h)(t)dt, (3.39)
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furthermore, if f ∈ L1(R), ∫ +∞

−∞
f (t)dt = h

+∞∑
k=−∞

f (kh). (3.40)

Proof. Since f ∈W (πh ), The Theorem (3.5) gives

f (z) =
1

2π

∫ π
h

−π
h

f̂ (x)e−ixzdx,

and we have

e−ixz =
+∞∑
k=−∞

eikhxS(k,h)(z),
−π
h
< x <

π
h
,

yields

f (z) =
1

2π

∫ π
h

−π
h

f̂ (x)
+∞∑
k=−∞

eikhxS(k,h)(z)dx

=
+∞∑
k=−∞

S(k,h)(z)

 1
2π

∫ π
h

−π
h

f̂ (x)eikhxdx


=

+∞∑
k=−∞

f (−kh)S(k,h)(z)

=
+∞∑
k=−∞

f (kh)S(k,h)(z).

On the other hand we have

f (z) =
1

2π

∫ π
h

−π
h

f̂ (x)e−ixzdx

=
1

2π

∫ π
h

−π
h

[∫ +∞

−∞
f (t)eixtdt

]
e−ixzdx

=
1

2π

∫ +∞

−∞
f (t)

∫ π
h

−π
h

eix(t−z)dx

dt
=

1
h

∫ +∞

−∞
f (t)

[
−ih

2π(t − z)

][
e(iπ(t−z)/h) − e(−iπ(t−z)/h)

]
dt

=
1
h

∫ ∞
−∞
f (t) sinc (

t − z
h

)dt,
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then

f (kh) =
1
h

∫ ∞
−∞
f (t)S(k,h)(t)dt.

Now, for proving the quadrature formula (3.40) we replace z by t ∈ R in (3.38) and

integrate the result over R,∫ ∞
−∞
f (t)dt =

∫ ∞
−∞

+∞∑
k=−∞

f (kh)S(k,h)(t)dt

=
+∞∑
k=−∞

f (kh)
∫ ∞
−∞
S(k,h)(t)dt,

from the equality ∫ ∞
−∞
S(k,h)(t)dt = h

∫ ∞
−∞

Sinc (s)ds

= h,

we obtain ∫ ∞
−∞
f (t)dt = h

∞∑
k=−∞

f (kh).

3.3.2 Sinc approximation methods on real-line

Whereas the interpolation and quadrature formulas in the previous section are exact,

however, there are some functions don’t belongs to W (πh ) when we approximated it by

its Cardinal series has errors that decrease exponentially.

So we need to substitute the class W (πh ) by class of functions with less constraints where

the formulas of theorem (3.5) are fulfilled, nevertheless, because the approximation of f

will be on R, it must be assumed that f is analytic in a domain containing R, let Dd be

the infinite strip domain of width 2d, d > 0, defined by

Dd = {z <C : z = x+ iy, |y| < d}. (3.41)
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3.3.2.1 Infinite term of Sinc approximation on real-line

Definition 3.5. Let H1(Dd) denote the family of all functions f that are analytic in Dd ,

such that

N (f ,Dd) =
(∫

∂Dd
|f (z)||dz|

)
<∞.

Let us use the notation ‖f ‖ to denote sup
x∈R
|f (x)|.

Theorem 3.7. [54] Let f ∈H1(Dd), Then

‖f −C(f ,h)‖ ≤ Ce−πd/h = O(e−πd/h). (3.42)

Moreover ∣∣∣∣∣∣∣
∫ ∞
−∞
f (x)dx − h

∞∑
k=−∞

f (kh)

∣∣∣∣∣∣∣ ≤ C∗e−2πd/h = O(e−2πd/h), (3.43)

where C and C∗ are constants.

3.3.2.2 Finite term of Sinc approximation on real-line

although the infinite Sinc approximation may be very accurate, as stated in theorem 3.7,

there might still be a problem from the points of view of numerical computation. So,

these functions must be identified as analytical functions in Dd , for which we can get a

close approximation of f via

CN (f ,h)(x) =
N∑

k=−N
f (kh)S(k,h)(x), for relatively small N.

Definition 3.6. Let α > 0 and let Lα(Dd) denote the set of all functions f analytic in Dd ,

such that for some constant C > 0, and all z ∈ Dd , we have

|f (z)| ≤ C
|eαz|

(1 + |ez|)2α ,

and for all x ∈R
|f (x)| ≤ Ce−α|x|.
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Theorem 3.8. [53] Let f ∈ Lα(Dd), then taking

h =
(
πd
αN

)1/2

,h∗ =
(

2πd
αN

)1/2

,

there exist a positive constants C and C∗ depending only on f , d and α, such that

a)

‖f −CN (f ,h)‖ ≤ C
√
Ne−

√
πdαN , (3.44)

b) ∣∣∣∣∣∣∣
∫ ∞
−∞
f (x)dx − h∗

N∑
k=−N

f (kh∗)

∣∣∣∣∣∣∣ ≤ C∗e−√2πdαN . (3.45)

3.3.3 Sinc approximation methods on arcs Γ

In this section we’ll expand the results for approximation on R to approximate functions

over infinite, semi infinite, and finite intervals, in fact, over arcs Γ .

For this purpose a conformal maps φ that transform Γ to R are desirable.

Definition 3.7. Let D be a domain in C with boundary points a , b. Let φ denote a

conformal map of D into Dd such that, φ(a) = −∞ and φ(b) =∞.

Denote by w = ψ(z) the inverse of mapping φ and let

Γ = {w ∈C : w = ψ(x),x ∈R} = ψ(R).

Let H1(D) denote the set of all functions f that are analytic in D, such that

N (f ,D) ≡
∫
∂D
|f (z)||dz| <∞,

and let Lα(D) denote the set of all functions f analytic in D, such that for some constant

C > 0, and all z ∈ D, we have

|f (z)| ≤ C
|eφ(z)|α(

1 + |eφ(z)|
)2α .

As we have see earlier the assumption that f ∈ H1(Dd) guarantees us the rapid

convergence of Sinc approximation on R, the same convergence rate, is reachable

under more general conditions, to accomplish an accurate interpolation (respectively,
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quadrature) on the arcs Γ , all that is required is that ψ′f (respectively, f ) is belongs to

H1(D), because if f ∈H1(Dd), then∫
∂Dd
|f (u)||du| <∞,

this means that ∫
∂D
|f (ψ(z))||ψ′(z)dz| <∞,

that it is necessary to have f ψ′ ∈H1(D).

Theorem 3.9. [53] Assume that f ψ′ ∈ Lα(ψ(Dd)) for d with 0 < d <
π
2

, let N be a positive

integer, and

h =
(
πd
αN

)1/2

,h∗ =
(

2πd
αn

)1/2

,

then there exist constants C and C∗, independent of N , such that

a)

‖f −
N∑

k=−N
f (xk)S(k,h) ◦φ‖ ≤ C

√
Ne−

√
dπαN .

b) ∣∣∣∣∣∣∣
∫
Γ

f (x)dx − h∗
N∑

k=−N
f (xk)ψ

′(kh)

∣∣∣∣∣∣∣ ≤ C∗e−√2παdN .

Example 3.3. The case of Γ = (a,b), where −∞ < a < b <∞.

In this case we take

w = φ(z) = ln
z − a
b − z

,

hence

ψ(w) =
a+ bew

1 + ew
.

The conformal map φ transforms the complex domain

D =
{
z = x+ iy :

∣∣∣∣arg
z − a
b − z

∣∣∣∣ < d < π2 }
,

into the infinite strip

Dd =
{
w = α + iβ : |β| < d < π

2

}
.
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the basic functions in the interval (a,b) defined by

S(k,h) ◦φ(x) =


sin[π(φ(x)−kh)/h]
π(φ(x)−kh)/h , φ(x) , kh,

1, φ(x) = kh,

= Sinc [(φ(x)− kh)/h]

Since

S(k,h)(jh) = δkj =

1, k = j,

0, k , j.

Then, the nodes of the function S(k,h) ◦φ(x) are:

xk = φ−1(kh) =
a+ bekh

1 + ekh
,

and the finite approximation of interpolation and quadrature for a function f (x) on

[a,b] are defined by

f (x) ≈
N∑

k=−N
f (xk)S(k,h) ◦ ln

x − a
b − x

,

∫ b

a
f (x)dx ≈ h(b − a)

N∑
k=−N

f (xk)ekh

(1 + ekh)2
.

Numerical test
We wish to approximate the function g on the interval (0,1) where

g(x) =
1

√
x2 + 1

,

the numerical results of the approximation of quadrature and interpolation for the

function g on (0,1) are represented in Table 3.1 and Figure 3.2.
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Table 3.1: Absolute error between the exact and the Sinc Approximate integration of g

N h errors

10 9.935e-01 4.8473e-05

20 7.025e-01 9.3278e-07

30 5.736e-01 4.2550e-08

40 4.967e-01 3.0967e-09

50 4.443e-01 3.0548e-10

60 4.056e-01 3.0548e-10

70 3.755e-01 5.2651e-12

80 3.512e-01 9.9476e-13

90 3.312e-01 3.979e-13

100 3.142e-01 5.6843e-14
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Figure 3.2: Sinc approximate interpolation of g.
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Example 3.4. The case Γ = [0,∞)

We take

w = φ(z) = log(z),

hence

ψ(w) = ew.

The conformal map φ transforms the complex domain

D = {z ∈C : |arg(z)| < d} ,

into the infinite strip

Dd =
{
w = α + iβ : |β| < d < π

2

}
.

The nodes of the function S(k,h) ◦φ(x) are:

xk = φ−1(kh) = ekh,

and the finite approximation of interpolation and quadrature for a function f (x) on

[0,∞) are defined by

f (x) ≈
N∑

k=−N
f (xk)S(k,h) ◦ log(x),

∫ ∞
0
f (x)dx ≈ h

N∑
k=−N

f (xk)e
kh.

Numerical test
We wish to approximate the function f on the interval [0,∞) where

f (x) =
1

x3 + 1
,

the numerical results of the approximation of quadrature and interpolation for the

function f on (0,1) are represented in Table 3.2 and Figure 3.3.
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Table 3.2: Absolute error between the exact and the Sinc Approximate integration of f

N h errors

10 9.935e-01 4.8005e-03

20 7.025e-01 3.0982e-04

30 5.736e-01 3.7787e-05

40 4.967e-01 6.4089e-06

50 4.4443e-01 1.3422e-06

60 4.065e-01 3.2657e-07

70 3.755e-01 8.9018e-08

80 3.512e-01 2.6549e-08

90 3.312e-01 8.5220e-09

100 3.114e-01 2.9092e-09
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Figure 3.3: Sinc approximate interpolation of f .
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CHAPTER 3. SOME NUMERICAL METHODS FOR SOLVING NONLINEAR INTEGRAL
EQUATIONS

In our work and as we will see in the next chapter, we’re particularly interested to

explain Sinc-approximations in the semi infinite interval [0,∞).

In this interval, we can adapt the Sinc approximation with the aid of the following

useful “ Single-Exponential transformations " given by Stenger [53] (denoted briefly by

SE):

ψSE1
(t) = et, ψSE2

(t) = arcsinh(et),

or by ones of the following transformations

ψDE1
(t) = ψSE1

(
π
2

sinh t), ψDE2
(t) = ψSE2

(
π
2

sinh t), ψDE3
(t) = et−exp(−t).

These are known as " Double-Exponential transformations " (DE), where Takahasi and

Mori was the first to introduce them [55, 56]. The following theorems show the expo-

nential convergence of the SE-Sinc approximations and the DE-Sinc approximations.

Theorem 3.10. [53] The following is true for i = 1,2. Assume that f ψ′ ∈ Lα(ψSEi (Dd)) for

d with 0 < d < π/2. Then, there exists a constant C, independent of N , such that∣∣∣∣∣∣∣
∫ ∞

0
f (t)dt − h

N∑
k=−N

f (ψSEi (kh))ψ′SEi (kh)

∣∣∣∣∣∣∣ ≤ Ce−√2παdN , (3.46)

where h =
√

2πd
αN .

Theorem 3.11. [56] The following is true for i = 1,2,3. Assume that f ψ′ ∈ Lα(ψDEi (Dd))

for d with 0 < d < π/2. Then, there exists a constant C, independent of N , such that∣∣∣∣∣∣∣
∫ ∞

0
f (t)dt − h

N∑
k=−N

f (ψDEi (kh))ψ′DEi (kh)

∣∣∣∣∣∣∣ ≤ C exp
(
−2πdN

log(8dN/α)

)
, (3.47)

where h = log(8dN/α)
N .
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CHAPTER 4

RESOLUTION OF NONLINEAR

INTEGRAL EQUATIONS

In this chapter we try to apply some of methods derived from those that we saw

earlier. In the first section, we presented a Jacobi spectral collocation method to solve

nonlinear Volterra-Fredholm integral equations with smooth kernels, the main idea

in this approach is to convert the original problem into an equivalent one through an

appropriate variable transformations, so that the resulting equation can be accurately

solved by using spectral collocation at the Jacobi-Gauss points. The convergence and

errors analysis are discussed for both L∞ and weighted L2 norms, and we confirm the

theoretical prediction of the exponential rate of convergence by the numerical results

which are compared with well known methods. In the second section, we proposed

two numerical methods to solve the nonlinear integral equation of Hammerstein type

on the half-line, by using a Sinc-Nyström method based on Single-Exponential (SE)

and Double-Exponential (DE) transformations, where the problem is converted into a

nonlinear system of equations. We provided an error analysis of the proposed schemes

and showed that these methods have exponential convergence rates. Finally, several

numerical examples are given to show the effectiveness of the present methods.
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CHAPTER 4. RESOLUTION OF NONLINEAR INTEGRAL EQUATIONS

4.1 Solving nonlinear Volterra-Fredholm integral equa-

tion by using a Jacobi spectral collocation method

We consider the nonlinear Volterra-Fredholm integral equations given by the general

form:

u(s) = g(s) +
∫ s

0
V (s, t)ψ1(u(t))dt +

∫ 1

0
F(s, t)ψ2(u(t))dt, s ∈ [0,1], (4.1)

where the kernels V , F, and g, ψ1, ψ2, are given smooth functions about their variables,

and u(s) is the unknown function to be determined.

the present section is the subject of our research which was published in [19] where we

developed an accurate spectral method based on useful generating set of orthogonal

polynomials to solve equation (4.1). Evidently, at first we must transform the problem

set in the given interval to [−1,1] by means of an appropriate variable transformation.

Then, we apply the standard spectral Jacobi-collocation method to the resulting equation

in which Jacobi-Gauss points are utilized together with Legendre-Gauss quadrature to

reduce it to the solution of nonlinear equations.

4.1.1 Description of the method

Before proceeding to discuss the Jacobi spectral collocation method for Eq. (4.1), we

need to introduce the following notations, let I = [−1,1], and wα,β(x) = (1−x)α(1 +x)β be

a weight function, for α,β > −1. For a given positive integer N , we denote by {σα,βN,j }
N
j=0

the points of Gauss-Jacobi quadrature formula, which are the roots of Jacobi polynomials

J
α,β
N+1.

For convenience, we consider the following variable transformations

s =
x+ 1

2
, t =

y + 1
2

, x,y ∈ I,

so that Eq. (4.1) becomes

U (x) = G(x) +
∫ x

−1
V (x,y)ψ1(U (y))dy +

∫ 1

−1
F(x,y)ψ2(U (y))dy, (4.2)
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where

U (x) = u
(x+ 1

2

)
,

G(x) = g
(x+ 1

2

)
,

V (x,y) =
1
2
V

(x+ 1
2

,
y + 1

2

)
,

F(x,y) =
1
2
F
(x+ 1

2
,
y + 1

2

)
.

Then we introduce the linear transformation

y = y(x,θ) =
x+ 1

2
θ +

x − 1
2

, x,θ ∈Ω,

which transfers the first integral term in (4.2) to the form∫ x

−1
V (x,y)ψ1(U (y))dy =

x+ 1
2

∫ 1

−1
V (x,y(x,θ))ψ1 (U (y(x,θ)))dθ.

Hence, Eq. (4.2) becomes

U (x) = G(x) +
∫ 1

−1
Ṽ (x,θ)ψ1(U (y(x,θ)))dθ +

∫ 1

−1
F̃(x,θ)ψ2(U (θ))dθ, (4.3)

where

Ṽ (x,θ) =
x+ 1

2
V (x,y(x,θ)), F̃(x,θ) = F(x,θ).

The spectral Jacobi-collocation method for solving Eq. (4.1) is to seek an approximate

solution UN (x) ∈ PN , such that UN (x) satisfies Eq. (4.3) at the collocation points σα,βN,j ,

i.e.,

UN (σα,βN,j ) = G(σα,βN,j ) +
∫ 1

−1
Ṽ (σα,βN,j ,θ)ψ1(UN (yα,βN,j (θ)))dθ

+
∫ 1

−1
F̃(σα,βN,j ,θ)ψ2(UN (θ))dθ, (4.4)

where yα,βN,j (θ) := y(σα,βN,j ,θ). The integral terms in the above equation can be accurately

approximated by using Legendre-Gauss quadrature formula. Let {θk ,ωk}Nk=0 be the
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Legendre-Gauss nodes and weights, and there holds

∫ 1

−1
Ṽ (σα,βN,j ,θ)ψ1(UN (yα,βN,j (θ))dθ ∼

N∑
k=0

ωkṼ (σα,βN,j ,θk)ψ1(UN (yα,βN,j (θk))), (4.5)

∫ 1

−1
F̃(σα,βN,j ,θ)ψ2(UN (θ))dθ ∼

N∑
k=0

ωkF̃(σα,βN,j ,θk)ψ2(UN (θk)). (4.6)

Next, by using the Lagrange interpolation to approximate the nonlinear parts in (4.5)

and (4.6), namely,

ψ1(UN (yα,βN,j (θ))) ∼ Iα,βN (ψ1(UN (yα,βN,j (θ)))) =
N∑
j=0

ψ1(Ûα,β
N,j )Lj(y

α,β
N,j (θ)),

ψ2(UN (θ)) ∼ Iα,βN (ψ2(UN (θ))) =
N∑
j=0

ψ2(Ûα,β
N,j )Lj(θ),

where Ûα,β
N,j :=UN (σα,βN,j ), we get the full collocation scheme

Û
α,β
N,j = G(σα,βN,j ) +

N∑
k=0

ωkṼ (σα,βN,j ,θk)I
α,β
N (ψ1(UN (yα,βN,j (θk))))

+
N∑
k=0

ωkF̃(σα,βN,j ,θk)I
α,β
N (ψ2(UN (θk))). (4.7)

We can get the values of Ûα,β
N,j , j = 0,1, . . . ,N , by solving (4.7).

An approximate solution of Eq. (4.2) will be given by:

U (x) ∼UN (x) =
N∑
j=0

Û
α,β
N,j Lj(x),

since the exact solution of the original equation (4.1) can be written as

u(s) =U (x), where x = 2s − 1, s,x ∈ I.
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4.1.2 Error estimates

From all the following, we assume that the nonlinear functions ψ1 and ψ2 and all its

derivatives up to order m satisfy a local Lipschitz condition, such that for every v1,

v2 ∈ C(I) ∣∣∣∣∣∣ ∂k∂ykψi(v1)− ∂k

∂yk
ψi(v2)

∣∣∣∣∣∣ ≤ Lik |v1 − v2|, i = 1,2. k = 1,2, · · · ,m,

we also consider that

L = max
1≤k≤m

Lik .

Error estimate in L∞-norm

Theorem 4.1. Let U be the exact solution of the nonlinear Volterra-Fredholm integral

equation (4.2), which is assumed to be sufficiently smooth. Let the approximated

solution UN be obtained by using the spectral scheme (4.7), assume that in Eq. (4.1)

the nonlinear functions ψ1 and ψ2 and all its derivatives up to order m satisfy a local

Lipschitz condition. Then there is a positive constant C such that the errors satisfy for

m ≥ 1,

‖U −UN ‖L∞ ≤ CN
1
2−m(|U |Hm

w (I) +χ‖Iα,βN ‖L∞), (4.8)

where

χ = ‖Ṽ ‖L∞ |ψ1(U )|Hm,N
w (I) + ‖F̃‖L∞ |ψ2(U )|Hm,N

w (I)

+N−
1
2 (ϑα,βm,N ‖ψ1(U )‖L∞ + τα,βm,N ‖ψ2(U )‖L∞),

ϑ
α,β
m,N = max

0≤j≤N

∣∣∣∣Ṽ (σα,βN,j , ·)
∣∣∣∣
Hm,N
w (I)

, τ
α,β
m,N = max

0≤j≤N

∣∣∣∣F̃(σα,βN,j ,θ)
∣∣∣∣
Hm,N
w (I)

.

Proof. At the collocation points x = σ
α,β
N,j , we have UN (σα,βN,j ) = Û

α,β
N,j . We subtract (4.7)
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from (4.3) we obtain

U (σα,βN,j )−UN (σα,βN,j ) = 〈Ṽ (σα,βN,j ,θ),ψ1(U (yα,βN,j (θ)))〉

+ 〈F̃(σα,βN,j ,θ),ψ2(U (θ))〉

− 〈Ṽ (σα,βN,j , ·), I
α,β
N ψ1(UN (yα,βN,j (·)))〉N

− 〈F̃(σα,βN,j , ·), I
α,β
N ψ2(UN (·))〉N

= 〈Ṽ (σα,βN,j ,θ),ψ1(U (yα,βN,j (θ)))−ψ1(UN (yα,βN,j (θ)))〉

+ 〈F̃(σα,βN,j ,θ),ψ2(U (θ))−ψ2(UN (θ))〉+ J(σα,βN,j ).

where

J(σα,βN,j ) = 〈Ṽ (σα,βN,j ,θ),ψ1(UN (yα,βN,j (θ)))〉

− 〈Ṽ (σα,βN,j , ·), I
α,β
N ψ1(UN (yα,βN,j (·)))〉N

+ 〈F̃(σα,βN,j ,θ),ψ2(UN (θ))〉 − 〈F̃(σα,βN,j , ·), I
α,β
N ψ2(UN (·))〉N . (4.9)

Let the error function be written as

E(x) =U (x)−UN (x),

then

E(σα,βN,j ) = 〈Ṽ (σα,βN,j ,θ),ψ1(U (yα,βN,j (θ)))−ψ1(UN (yα,βN,j (θ)))〉

+ 〈F̃(σα,βN,j ,θ),ψ2(U (θ))−ψ2(UN (θ))〉+ J(σα,βN,j ), (4.10)

multiplying Lj(x) on both sides of (4.10) and summing up from j = 0 to N , yield

I
α,β
N (U (x)−UN (x)) = Iα,βN Q1(x) + Iα,βN Q2(x) +

N∑
j=0

J(σα,βN,j )Lj(x), (4.11)

where

Q1(x) =
∫ x

−1
Ṽ (x,y) [ψ1(U (y))−ψ1(UN (y))]dy,

and

Q2(x) =
∫ 1

−1
F̃(x,y) [ψ2(U (y))−ψ2(UN (y))]dy.
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By adding and subtracting Q1(x) and U (x) into the right-hand side of (4.11) we get

|E(x)| ≤
∫ x

−1
|Ṽ (x,y)[ψ1(U (y))−ψ1(UN (y))]|dy + |U (x)− Iα,βN (U (x))|

+ |Q1(x)− Iα,βN Q1(x)|+ |Iα,βN Q2(x)|+ |
N∑
j=0

J(σα,βN,j )Lj(x)|

≤ L max
(x,y)∈I×I

|Ṽ (x,y)|
∫ x

−1
|E(y)|dy +

4∑
j=1

Ij(x), (4.12)

where

I1(x) = |U (x)− Iα,βN (U (x))|, (4.13)

I2(x) =
N∑
j=0

|J(σα,βN,j )Lj(x)|, (4.14)

I3(x) = |Q1(x)− Iα,βN Q1(x)|, (4.15)

I4(x) = |Iα,βN Q2(x)|. (4.16)

Then the Gronwall inequality (1.16) gives

‖E‖L∞ ≤ C(‖I1‖L∞ + ‖I2‖L∞ + ‖I3‖L∞ + ‖I4‖L∞). (4.17)

Due to (3.8) we have

‖I1‖L∞ = ‖U − Iα,βN U‖L∞ ≤ CN
1
2−m|U |Hm,N

w (I). (4.18)

From (4.9) we have

|J(σα,βN,j )| ≤

|〈Ṽ (σα,βN,j ,θ),ψ1(UN (yα,βN,j (θ)))〉 − 〈Ṽ (σα,βN,j , ·), I
α,β
N ψ1(UN (yα,βN,j (·))〉N |

+ |〈F̃(σα,βN,j ,θ),ψ2(UN (θ))〉 − 〈F̃(σα,βN,j , ·), I
α,β
N ψ2(UN (·))〉N |.
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Thus, the right hand side of the above inequality is less or equal to

|〈Ṽ (σα,βN,j ,θ),ψ1(UN (yα,βN,j (θ)))− Iα,βN ψ1(UN (yα,βN,j (·))〉|

+ |〈Ṽ (σα,βN,j ,θ), Iα,βN ψ1(UN (yα,βN,j (θ))〉 − 〈Ṽ (σα,βN,j , ·), I
α,β
N ψ1(UN (yα,βN,j (·))〉N |

+ |〈F̃(σα,βN,j ,θ),ψ2(UN (θ))− Iα,βN ψ2(UN (θ)〉|

+ |〈F̃(σα,βN,j ,θ), Iα,βN ψ2(UN (θ))〉 − 〈F̃(σα,βN,j , ·), I
α,β
N ψ2(UN (·))〉N |,

hence by using (1.12) we have

max
0≤j≤N

|J(σα,βN,j )| ≤ 2‖Ṽ ‖L∞‖ψ1(UN )− Iα,βN ψ1(UN )‖L∞

+CN−m max
0≤j≤N

|Ṽ (σα,βN,j , ·)|Hm
w (I) max

0≤j≤N
‖Iα,βN ψ1(UN (yα,βN,j (θ)))‖wα,β

+ 2‖F̃‖L∞‖ψ2(UN )− Iα,βN ψ2(UN )‖L∞

+CN−m max
0≤j≤N

|F̃(σα,βN,j , ·)|Hm
w (I)‖I

α,β
N ψ2(UN )‖wα,β .

From (3.8) we obtain

max
0≤j≤N

|J(σα,βN,j )| ≤ CN
1
2−m‖Ṽ ‖L∞ |ψ1(UN )|Hm,N

w (I)

+CN−m max
0≤j≤N

|Ṽ (σα,βN,j , ·)|Hm,N
w (I) max

0≤j≤N
‖ψ1(UN (yα,βN,j (θ)))‖L∞

+CN
1
2−m‖F̃‖L∞ |ψ2(UN )|Hm,N

w (I)

+CN−m max
0≤j≤N

|F̃(σα,βN,j , ·)|Hm,N
w (I)‖ψ2(UN )‖L∞ . (4.19)

From the definition of semi-norm (1.11) we have

|ψ1(UN )|Hm
w (I) = |ψ1(UN )−ψ1(U ) +ψ1(U )|Hm,N

w (I)

≤ |ψ1(U )−ψ1(UN )|Hm,N
w (I) + |ψ1(U )|Hm,N

w (I)

≤

 m∑
k=min(m,N+1)

∥∥∥∥∥∥∂kψ1

∂yk
(U −UN )

∥∥∥∥∥∥
2

wα,β


1/2

+ |ψ1(U )|Hm,N
w (I).

Since the nonlinear function ψ1 and its derivatives of orders 1, . . . ,m satisfy the Lipschitz
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condition, we have∥∥∥∥∥∥∂kψ1

∂yk
(U −UN )

∥∥∥∥∥∥
2

wα,β
≤ L‖(U −UN )‖2

wα,β
, min(m,N + 1) ≤ k ≤m,

hence

|ψ1(UN )|Hm,N
w (I) ≤ L′‖E‖wα,β + |ψ1(U )|Hm

w (I)

≤ L′′‖E‖L∞ + |ψ1(U )|Hm,N
w (I), (4.20)

where L′ and L′′ are positive constants.

Similarly, we can obtain

|ψ2(UN )|Hm
w (I) ≤ L′‖E‖wα,β + |ψ2(U )|Hm,N

w (I)

≤ L′′‖E‖L∞ + |ψ2(U )|Hm,N
w (I). (4.21)

Therefore, combining (4.19), (4.20), (4.21), with (3.10) yields

‖I2‖L∞ = ‖
N∑
j=0

|J(σα,βN,j )|Lj(x)‖L∞ ≤ max
0≤j≤N

|J(σα,βN,j )|‖I
α,β
N ‖L∞

≤ CN
1
2−m‖Ṽ ‖L∞(L′′‖E‖L∞ + |ψ1(U )|Hm,N

w (I))‖I
α,β
N ‖L∞

+CN−m max
0≤j≤N

|Ṽ (σα,βN,j , ·)|Hm,N
w (I)(L‖E‖L∞ + ‖ψ1(U )‖L∞)‖Iα,βN ‖L∞

+CN
1
2−m‖F̃‖L∞(L′′‖E‖L∞ + |ψ2(U )|Hm,N

w (I))‖I
α,β
N ‖L∞

+CN−m max
0≤j≤N

|F̃(σα,βN,j , ·)|Hm,N
w (I)(L‖E‖L∞ + ‖ψ2(U )‖L∞)‖Iα,βN ‖L∞ . (4.22)

Let Av be the operator be defined in Lemma 1.4 and we consider v(x) = ψ1(U (x)) −
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ψ1(UN (x)), from (1.13) and (1.14) we obtain

‖I3‖L∞ = ‖Av(I − Iα,βN )‖L∞

= ‖(Av − TNAv)(I − Iα,βN )‖L∞

≤ ‖Av − TNAv‖L∞‖I − I
α,β
N ‖L∞

≤ C0,kN
−k‖Av‖0,k(1 + ‖Iα,βN ‖L∞)

≤ C0,kN
−k‖v‖L∞(1 + ‖Iα,βN ‖L∞)

≤ C0,kN
−k‖ψ1(U (x))−ψ1(UN (x))‖L∞(1 + ‖Iα,βN ‖L∞)

≤ C0,kLN
−k‖E‖L∞(1 + ‖Iα,βN ‖L∞). (4.23)

Finally, we have

‖I4‖L∞ = ‖Iα,βN Q2‖L∞

≤ max
0≤j≤N

|Q2(σα,βN,j )|‖I
α,β
N ‖L∞

≤ max
0≤j≤N

∣∣∣∣∣∣
∫ 1

−1
F̃(σα,βN,j , y)[ψ2(U (y))−ψ2(UN (y))]dy

∣∣∣∣∣∣‖Iα,βN ‖L∞

≤ 2L‖F̃‖L∞‖E‖L∞‖I
α,β
N ‖L∞ . (4.24)

Combining (4.18), (4.22), (4.23), (4.24) with (4.17) gives the desired estimate (4.8).

Error estimate in L2
wα,β
−norm

Theorem 4.2. Assume that the hypotheses in Theorem 4.1 hold, and k ∈ (0,1). Then

‖U −UN ‖wα,β ≤ CN−m(|U |Hm,N
w (I) +N−

1
2χ+ ρ(|U |Hm,N

w (I) +χ‖Iα,βN ‖L∞)), (4.25)

where ϑα,βm,N ,τα,βm,N and χ are given as in Theorem 4.1 and

ρ =N
1
2 ‖F̃‖L∞ +N

1
2−k +N

1
2−m(ϑα,βm,N + τα,βm,N ).

Proof. By using (4.12) and the Gronwall inequality (1.15) we have

‖E‖wα,β ≤ C(‖I1‖wα,β + ‖I2‖wα,β + ‖I3‖wα,β + ‖I4‖wα,β ). (4.26)
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From (3.9) we have

‖I1‖wα,β = ‖U − Iα,βN U‖wα,β ≤ CN−m|U |Hm,N
w (I). (4.27)

By Lemma 3.3 we have

‖I2‖wα,β = ‖
N∑
j=0

J(σα,βN,j )Lj(x)‖wα,β ≤ C‖J‖L∞ (4.28)

Combining (4.19), (4.20), (4.21) leads

‖I2‖wα,β ≤ CN
1
2−m‖Ṽ ‖L∞(L′′‖E‖wα,β + |ψ1(U )|Hm,N

w (I))

+CN−m max
0≤j≤N

|Ṽ (σα,βN,j , ·)|Hm,N
w (I)(L‖E‖L∞ + ‖ψ1(U )‖L∞)

+CN
1
2−m‖F̃‖L∞(L′′‖E‖wα,β + |ψ2(U )|Hm,N

w (I))

+CN−m max
0≤j≤N

|F̃(σα,βN,j , ·)|Hm,N
w (I)(L‖E‖L∞ + ‖ψ2(U )‖L∞). (4.29)

Let consider v(x) = ψ1(U (x))−ψ1(UN (x)), similarly to the estimate of ‖I3‖L∞ and by using

(1.13) and (1.14) we have

‖I3‖wα,β = ‖(Iα,βN − I)Av‖wα,β

= ‖(I − Iα,βN )(Av − TNAv)‖wα,β

≤ ‖Av − TNAv‖wα,β + ‖Iα,βN (Av − TNAv)‖wα,β

≤ C‖Av − TNAv‖L∞

≤ CN−k‖Av‖0,k
≤ CN−k‖v‖L∞

≤ CN−k‖ψ1(U )−ψ1(UN )‖L∞

≤ CLN−k‖E‖L∞ . (4.30)
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From (3.11) we obtain

‖I4‖wα,β = ‖Iα,βN Q2‖wα,β

≤ C‖Q2‖L∞

≤ C max
0≤j≤N

|Q2(σα,βN,j )|

≤ C max
0≤j≤N

∣∣∣∣∣∣
∫ 1

−1
F̃(σα,βN,j , y)[ψ2(U (y))−ψ2(UN (y))]dy

∣∣∣∣∣∣
≤ CL‖F̃‖L∞‖E‖L∞ . (4.31)

The desired estimate (4.25) is obtained by combining (4.27)-(4.31), (4.26) and taking

into account the convergence result in Theorem ??.

4.1.3 Numerical examples

In this section, some illustrative examples are provided to demonstrate the applicability

of the designed method. The calculations performed in the examples are calculated by

Matlab software, and a Core i5-2520M CPU 2.5 GHZ and 4 GB RAM are used to run the

programs.

Example 4.1. Consider the nonlinear Volterra-Fredholm integral equation,

u(s) = g(s) +
∫ s

0
(s − t)u2(t)dt +

∫ 1

0
(s+ t)u(t)dt, s ∈ [0,1],

with

g(s) = − 1
30
s6 +

1
3
s4 − s2 +

5
3
s − 5

4
,

the exact solution of which is

u(s) = s2 − 2.

Table 4.1 shows the numerical errors obtained by using the spectral method described

above with α = β = −3/4. Table 4.2 shows the comparison of the absolute errors of

this method for N = 5 at some equally-spaced points on [0,1] with those previously

obtained by using three other collocation methods: The first is based on Chebyshev

approximation [10], the second is based on rationalized Haar functions (RH) [38], while

the third is based on multiquadrics radial basis functions (MQ-RBFs)[40] in which the

zeros of the shifted Legendre polynomial are chosen as collocation points. We observe

that the numerical results are in good accordance with the theoretical analysis and
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from comparison, we can see that the proposed method is better than the considered

literature methods.

Table 4.1: The L∞ and L2
w errors for Example 4.1

N 2 4 6 8

L∞ Error 6.0526e-02 4.5375e-04 1.3323e-15 1.5543e-15

L2
w Error 9.7168e-02 2.7076e-04 9.3726e-16 8.2961e-16

Table 4.2: Absolute errors for Example 4.1

s Present method Method of [10] Method of [38] Method of [40]

for N = 5 for N = 5 for N = 16 for N = 10

0 8.88e-16 0.20e-9 8.00e-6 1.92e-8

0.2 4.44e-16 7.35e-9 4.00e-6 4.16e-9

0.4 2.22e-16 7.93e-9 1.10e-5 2.53e-9

0.6 0.00e+00 2.55e-9 1.30e-5 1.92e-9

0.8 0.00e+00 3.98e-9 1.40e-5 1.83e-9

1 6.66e-16 2.64e-9 1.40e-5 5.07e-9

2 3 4 5 6 7 8 9 10

N

10-20

10-15

10-10

10-5

100

er
ro

rs

L1 error

L2
w

 error

Figure 4.1: The errors in L∞ and L2
w norms versus the number of collocation points for

Example 4.1.

63



CHAPTER 4. RESOLUTION OF NONLINEAR INTEGRAL EQUATIONS

Example 4.2. Consider the Volterra integral equation

u(s) = s+ coss − 1 +
∫ s

0
sin(u(t))dt, s ∈ [0,1],

where u(s) = s is the exact solution. Table 4.3 shows the numerical errors for α = 1/4 and

β = 1/3. Table 4.4 shows a comparison of the absolute errors at some points with those

obtained using fixed point technique and cubic B-spline wavelets [31].

Table 4.3: The L∞ and L2
w errors for Example 4.2

N 2 4 6 8 10

L∞ error 5.1387e-03 1.8428e-05 2.7832e-08 2.3683e-11 1.2546e-14

L2
w error 2.7245e-03 9.1760e-06 1.3662e-08 1.1807e-11 6.5577e-15

Table 4.4: Absolute errors for Example 4.2

s Present method Method of [31]

for N = 10 for N = 10

0 5.38e-14 0.00e+00

0.2 4.69e-15 4.22e-08

0.4 1.08e-14 1.09e-08

0.6 5.55e-16 2.35e-08

0.8 6.66e-15 1.42e-08

1 3.56e-14 2.63e-08

Example 4.3. Consider the Fredholm integral equation

u(s) = es+1 −
∫ 1

0
es−2tu3(t)dt, s ∈ [0,1],

where u(s) = es is the exact solution. Table 4.5 shows the numerical errors for α = β = 1/2.

Table 4.6 shows the absolute errors at some points compared with those obtained Haar

wavelets [9].
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rs

L1 error

L2
w

 error

Figure 4.2: The errors in L∞ and L2
w norms versus the number of collocation points for

Example 4.2.

Table 4.5: The L∞ and L2
w errors for Example 4.3.

N 2 4 6 8 10

L∞ error 6.3352e-02 2.4390e-03 3.5130e-05 2.8389e-07 1.4804e-09

L2
w error 5.0454e-02 1.2316e-03 1.7110e-05 1.3598e-07 7.0234e-10

Table 4.6: Absolute errors for Example 4.3

s Present method Method of [9]

for N = 10 for N = 32

0.1 6.14e-10 2.05e-03

0.3 7.50e-10 8.69e-03

0.5 9.17e-10 1.87e-02

0.7 1.12e-09 2.93e-03

0.9 1.37e-09 2.16e-02
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Figure 4.3: The errors in L∞ and L2
w norms versus the number of collocation points for

Example 4.3.

4.2 Solving nonlinear integral equation of Hammerstein

type on half-line by using a Sinc-Nyström method

We consider the nonlinear integral equation of Hammerstein type on the half-line given

by the general form

u(s)−
∫ ∞

0
k(s, t)f (t,u(t))dt = g(s), s ∈ I = [0,∞) , (4.32)

where k, g, and f are known functions and u is a solution to be determined.

Recently, there are a various of researches that was interested about solving integral

equations on bounded intervals, such as [27, 30, 35, 44, 46, 47]. However, the numerical

solving of N.I.Es on unbounded domains are still a challenge where there is a scarcity of

researches that’s interested in this regard.

This section is the subject of our work which have been published [20], where we

presented two numerical schemes for solving Eq. (4.32). The first one is based on the

SE-Sinc transformations, that have indicated the order of convergence O(exp(−C
√
N ))

and the second one is based on the DE-Sinc transformations, which improve the rate of

convergence to O(exp(−C(N/ logN ))).
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We can write Eq.(4.32) in operator notation as

(I −Kf )u = g, (4.33)

where

(Kf )(u)(s) =
∫
I
k(s, t)f (t,u(t))dt, s ∈ I. (4.34)

This operator is defined on the Banach space X =Hol(D)∩C(D), where Hol(D) denotes

the family of analytic functions, andD is a simply connected domain in C which satisfies

I ⊂ D.

4.2.1 Sinc-Nyström method

4.2.2 SE-Sinc scheme

Let k(s, .)f (.,u(.))ψ′SEi (.) ∈ Lα
(
ψSEi (Dd)

)
for all s ∈ I . Then the discrete SE-Sinc operator

can be defined by

(
KSEiN f

)
(u(s)) = h

N∑
j=−N

k(s, tSEij )f
(
tSEij ,u(tSEij )

)
ψ′SEi (jh). (4.35)

The Nyström method applied to (4.32) is exploited to find uSEiN such that

uSEiN (s)− h
N∑

j=−N
k(s, tSEij )f

(
tSEij ,u(tSEij )

)
ψ′SEi (jh) = g(s), (4.36)

where the quadrature points are defined by

tSEij = ψSEi (jh), j = −N, · · · ,N .

Solving (4.36) reduces to solving a finite dimensional nonlinear system. For any solution

of (4.36) the values uSEiN (tSEij ) at the quadrature points satisfy the nonlinear system

uSEiN (tSEil )− h
N∑

j=−N
k(tSEil , tSEij )f

(
tSEij ,u(tSEij )

)
ψ′SEi (jh) = g(tSEil ), l = −N, · · · ,N .
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Then the approximate solution uSEiN (s) at an arbitrary point s, can be expressed as

uSEiN (s) = g(s) + h
N∑

j=−N
k(s, tSEij )f (tSEij ,u(tSEij ))ψ′SEi (jh). (4.37)

Equation (4.36) can be written in the following discrete SE-sinc operator equation(
I −KSEiN f

)
uSEiN = g. (4.38)

4.2.3 DE-Sinc scheme

Let k(s, .)f (.,u(.))ψ′DEi (.) ∈ Lα(ψDEi (Dd)) for all s ∈ I . Then, the discrete DE-Sinc operator

can be defined by

(
KDEiN f

)
(u(s)) = h

N∑
j=−N

k(s, tDEij )f
(
tDEij ,u(tDEij )

)
ψ′DEi (jh). (4.39)

The Nyström method applied to (4.32) is exploited to find uDEiN such that

uDEiN (s)− h
N∑

j=−N
k(s, tDEij )f

(
tDEij ,u(tDEij )

)
ψ′DEi (jh) = g(s), (4.40)

where the quadrature points are defined by

tDEij = ψDEi (jh), j = −N · · ·N.

solving (4.40) reduce to solving a finite dimensional nonlinear system. For any solution

of (4.40) the value uDEiN (tDEij ) at the quadrature points satisfy the nonlinear system

uDEiN (tDEil )− h
N∑

j=−N
k(tDEil , tDEij )f

(
tDEij ,u(tDEij )

)
ψ′DEi (jh) = g(tDEil ), l = −N, · · · ,N .

Then the approximate solution uDEiN (s) at an arbitrary point s can be expressed as

uDEiN (s) = g(s) + h
N∑

j=−N
k(s, tDEij )f (tDEij ,u(tDEij ))ψ′DEi (jh). (4.41)
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Equation (4.40) can be written in the following discrete DE-Sinc operator equation(
I −KDEiN f

)
uDEiN = g. (4.42)

4.2.4 Convergence analysis

Throughout this section, we discuss the convergence of the SE and DE Sinc-Nyström

methods on the semi-infinite interval I = [0,∞), we first consider the SE-case. Assume

that u and g belong to the space Cl , the space of all continuous functions on [0,∞)

having a limit at infinity.

Also, we suppose that (4.33) has an isolated solution u0 ∈ Cl and the compact operator

Kf possesses a continuous first and a bounded second derivative on B(u0,δ) where

B(u0,δ) = {u ∈ Cl : ‖u −u0‖0 5 δ, δ > 0} .

For prove the following theorem we need to mentioned the following required condi-

tions, let the kernel k(., .) satisfy

A1. k(s, t) is bounded and continuous on I × I .

A2. k(s, t) is continuous uniformly with respect to s for all s, t ∈ I .

A3. For each t ∈ I , k(s, t)→ 0 as s→∞.

We also assume that the following conditions are met on the nonlinear function f (.,u(.))

B1. f (s,u) is defined and continuous on I ×R.

B2. f (s,u) is bounded for s ∈ I uniformly for u in any bounded set.

B3. the partial derivative fu(s,u) = ∂
∂u f (s,u) exists and is continuous on I ×R.

B4. the second partial derivative fuu(s,u) = ∂2

∂u2 f (s,u) exists, continuous on I ×R, and

bounded for s ∈ I uniformly for u in any bounded set.

Theorem 4.3. Let A1−A3 and B1−B4 hold, assume that k(s, .)f (.,u(.))ψ′(.) ∈ Lα(ψSEi (Dd))

with 0 < d < π/2 and u ∈ B(u0,δ), then

C1. {K
SEi
N f :N ≥ 1} is a collectively compact family on Cl .

C2. K
SEi
N f is pointwise convergent to Kf on Cl .
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C3. For N ≥ 1, KSEiN f possesses a continuous first and a bounded second Fréchet

derivatives on B(u0,δ). Moreover,

‖(KSEiN f )′′‖ ≤ γ <∞,

where γ is a constant independent of N .

Proof We recall that the set {KSEiN f : N ≥ 1} is a collectively compact family on the

Banach space Cl if the set Λ = {(KSEiN f )u :N ≥ 1,u ∈ B}, (where B is the unit ball in Cl)

is a relatively compact subset of Cl , we deduce that the set {KSEiN f :N ≥ 1} is collectively

compact if Λ is equicontinuous at each point s ∈ I , equiconvergent at infinity and

bounded.

From (4.35) we have

∣∣∣∣(KSEiN f
)
(u(s′))−

(
KSEiN f

)
(u(s))

∣∣∣∣ ≤ h N∑
j=−N

∣∣∣∣k(s′, tSEij )− k(s, tSEij )
∣∣∣∣ ∣∣∣∣f (tSEij ,u(tSEij ))ψ′SEi (jh)

∣∣∣∣ ,
due to the uniform continuity of the kernel k(s, t) with respect to s, we can obtain∣∣∣∣(KSEiN f

)
(u(s′))−

(
KSEiN f

)
(u(s))

∣∣∣∣→ 0 as s′→ s,∀s ∈ I, uniformly for N ≥ 1, (4.43)

hence, we conclude that Λ is equicontinuous at each point of I .

Also from (4.35)

∣∣∣∣(KSEiN f
)
(u(s))

∣∣∣∣ ≤ h N∑
j=−N

∣∣∣∣k(s, tSEij )
∣∣∣∣ ∣∣∣∣f (

tSEij ,u(tSEij )
)
ψ′SEi (jh)

∣∣∣∣ , (4.44)

hence by the condition A3, the set {(KSEiN f )u | N ≥ 1, u ∈ B} is equiconvergent to zero at

infinity.

Next, we seek to show that Λ is bounded. It follows from the assumption of theorem

3.10 that

(KSEiN f )u(s)→ (Kf )u(s), for all s ∈ I.

It is known that pointwise convergence on the interval [0,∞) of a family that is equicon-

tinuous at each point of [0,∞) and equiconvergent at infinity is sufficient to guarantee

uniform convergence, hence

lim
N→∞

‖(KSEiN f )u − (Kf )u‖0 = 0,
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for all u ∈ Cl , then

sup
N
‖(KSEiN f )u‖0 <∞,

since {KSEiN f } is a sequence of bounded operators on the Banach space Cl , it follows from

the uniform-boundedness (Banach-Steinhaus) theorem that

sup
N
‖KSEiN f ‖ <∞,

thus, Λ is bounded.

So from the above-mentioned discussions, C1 holds.

Due to the Theorem 3.9 the assumption C2 holds immediately.

The condition B3 implies that Kf is Fréchet differentiable with

(Kf )′(u)x(s) =
∫
I
k(s, t)fu(t,u(t))x(t)dt, s ∈ I, x ∈ B(u0,δ),

and the condition B4 leading to the existence and the boundedness of the second Fréchet

derivative with

(Kf )′′(u)(x,y)(s) =
∫
I
k(s, t)fuu(t,u(t))x(t)y(t)dt, s ∈ I, x,y ∈ B(u0,δ),

similar to
(
KSEiN f

)
, (KSEiN f )′ and (KSEiN f )′′ can be defined by the SE-Sinc quadrature

formula as follows

(
KSEiN f

)′
(u)x(s) = h

N∑
j=−N

k(s, tSEij )fu
(
tSEij ,u(tSEij )

)
ψ′SEi (jh)x(tSEij ), (4.45)

(
KSEiN f

)′′
(u)(x,y)(s) = h

N∑
j=−N

k(s, tSEij )fuu
(
tSEij ,u(tSEij )

)
ψ′SEi (jh)x(tSEij )y(tSEij ), (4.46)

by considering 4.45 and 4.46 in B(u0,δ) and the boundedness of fuu (s,u) it is easily to

concluded C3.

Theorem 4.4. Assume that the assumptions of Lemma 3.6 hold. Then there exists a

positive integer N1 such that, for all N ≥ N1, Eq. (4.38) has a unique solution uSEiN ∈
B(u0,δ). Furthermore, there exists a constant C independent of N such that∥∥∥∥u0 −u

SEi
N

∥∥∥∥
0
≤ C exp(−

√
2πdαN ). (4.47)
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Proof By subtracting (4.33) from (4.38) we obtain

u0 −u
SEi
N = (Kf )(u0)− (KSEiN f )(uSEiN ),

by adding the term (KSEiN f )′(u0)(u0 −u
SEi
N ) on both sides we have[

I − (KSEiN f )′(u0)
]
(u0 −u

SEi
N ) =(Kf )(u0)− (KSEiN f )(u0)−

[
(KSEiN f )(uSEiN )− (KSEiN f )(u0)

−(KSEiN f )′(u0)(uSEiN −u0)
]
.

By condition C3, the term (KSEiN f )(uSEiN )− (KSEiN f )(u0)− (KSEiN f )′(u0)(uSEiN −u0) has been

bounded by the term 1
2γ‖u0 −u

SEi
N ‖

2
0, then from Lemma 3.6 we have∥∥∥∥u0 −u

SEi
N

∥∥∥∥
0
≤ β

[
‖(Kf )(u0)− (KSEiN f )(u0)‖0 +

1
2
γ‖u0 −u

SEi
N ‖

2
0

]
,

hence

∥∥∥∥u0 −u
SEi
N

∥∥∥∥
0
≤
β‖(Kf )(u0)− (KSEiN f )(u0)‖0

(1− βγδ2 )

≤
β

1− βγδ2

‖(Kf )(u0)− (KSEiN f )(u0)‖0.

Then by using Theorem 3.10 we obtain the desired result.

Concerning the convergence of the DE-Sinc Nyström method, we can define the as-

sumptions C1 −C3 for the DE-case by replacing the SE-transformation ψSEi with DE-

transformation ψDEi . Then we can formulate and prove the following Theorem in the

same way as in the SE-case.

Theorem 4.5. Assume that the same assumptions of Lemma 3.6 are satisfied for the

DE-case. Then there exists a positive integer N1 such that, for all N ≥N1, Eq.(4.42) has

a unique solution uDEiN ∈ B(u0,δ). Furthermore, there exist a constant C independent of

N such that

‖u0 −u
DEi
N ‖0 ≤ C exp

(
−2πdN

log(8dN/α)

)
. (4.48)

4.2.5 Illustrating examples

In this section, we show numerical results that illustrate the theoretical results obtained

previously. As we mentioned in the preceding section, the convergence of the SE-Sinc
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and DE-Sinc methods depends to the parameters α and d, the important parameter d

value is 1.57 for both methods, and the parameter α changes by each Example.

Example 4.4. Consider the following nonlinear integral equation

u(s) +
∫ ∞

0
e−(s+t)u2(t)dt = 6e−s,

where the exact solution is given by u(s) = 3e−s, Table 4.7 shows a comparison of the

maximum absolute errors obtained using SE-Sinc and DE-Sinc methods with α = 1,

respectively α = 3, and those obtained from [36].

Table 4.7: Maximum absolute errors for Example 4.4.

N SE1 SE2 DE1 DE2 DE3 [36]

8 2.17e-04 9.98e-04 6.10e-05 8.84e-09 6.36e-08

16 3.31e-05 2.38e-05 4.79e-08 3.55e-15 1.33e-15 6.54e-03

32 2.54e-07 1.19e-07 5.03e-11 1.78e-15 1.33e-15 8.39e-04

64 1.02e-10 6.94e-11 2.22e-15 2.66e-15 2.22e-15 1.05e-04

0 10 20 30 40 50 60 70

N

10-16

10-14

10-12

10-10

10-8

10-6

10-4

10-2

er
ro

rs

SE1
SE2
DE1
DE2
DE3

Figure 4.4: The SE and DE-sinc Nyström results for Example 4.4.
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Example 4.5. Consider the following nonlinear integral equation

u(s) +
∫ ∞

0

e−(s+t)

1 +u(t) +u2(t)
dt = (1− π

3
√

3
)e−s,

whose exact solution is u(s) = e−s, we choose α = 1, for the SE-Sinc method and α = 2,

for the DE-Sinc method, the obtained numerical results are given in Table 4.8.

Table 4.8: Maximum absolute errors for Example 4.5.

N SE1 SE2 DE1 DE2

4 1.83e-02 2.00e-03 1.46e-02 1.46e-05

8 2.33e-04 1.16e-04 1.50e-03 1.09e-08

16 1.67e-05 2.12e-06 3.15e-05 6.88e-15

32 1.18e-08 7.65e-09 1.08e-08 2.22e-16

64 9.69e-11 2.62e-12 5.15e-13 4.44e-16
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Figure 4.5: The SE and DE-sinc Nyström results for Example 4.5.

Example 4.6. Consider the following nonlinear integral equation

u(s) +
∫ ∞

0
e−t(s+1)u2(t)dt = sin(s)− 2

s3 + 3s2 + 7s+ 5
,
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whose exact solution is u(s) = sin(s), we choose α = 5, for the SE-Sinc method and α = 9,

for the DE-Sinc method, the numerical results for this Example are given in Table 4.9.

Table 4.9: Maximum absolute errors for Example 4.6.

N SE1 SE2 DE1 DE2 DE3

4 2.45e-02 1.32e-02 4.72e-02 7.59e-04 1.30e-03

8 4.70e-03 3.70e-03 6.50e-03 6.86e-05 2.05e-04

16 6.01e-04 7.75e-04 2.80e-03 4.40e-07 1.75e-06

32 8.86e-06 4.51e-05 1.93e-04 4.73e-11 2.36e-10

64 2.03e-07 1.70e-06 3.03e-06 3.05e-16 2.16e-16
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Figure 4.6: The SE and DE-sinc Nyström results for Example 4.6.

Example 4.7. Consider the following nonlinear integral equation on the half-line

u(s) +
∫ ∞

0
e−(s+t) cos(u(t))dt = e−s(1− sin(1)),

where the exact solution is given by u(s) = e−s, we choose α = 1, for SE-Sinc method and

α = 2, for DE-Sinc method, the numerical results for this Example are given in Table

4.10.

75



CHAPTER 4. RESOLUTION OF NONLINEAR INTEGRAL EQUATIONS

Table 4.10: Maximum absolute errors for Example 4.7.

N SE1 SE1 DE1 DE2

4 9.00e-03 3.60e-03 1.35e-02 1.39e-05

8 1.65e-04 2.15e-04 1.40e-03 1.92e-08

16 4.43e-05 2.15e-04 3.23e-05 9.77e-15

32 8.32e-08 1.54e-08 1.10e-08 3.33e-16

64 1.41e-10 6.12e-12 5.08e-13 6.66e-16
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Figure 4.7: The SE and DE-sinc Nyström results for Example 4.7.

Example 4.8. Consider the linear integral equation

u(s) +
∫ ∞

0
e−t

2−su(t)dt = g(s),

where g(s) is selected so that the exact solution is u(s) = 1
s4+2s2+1 , Table 4.11 shows the

numerical results using DE1-Sinc and DE2-Sinc methods with α = 7.
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Table 4.11: Maximum absolute errors for Example 4.8.

N DE1 DE2

4 1.63e-03 9.91e-04

9 7.81e-04 1.97e-07

12 1.50e-05 4.96e-10

15 2.65e-06 1.90e-11

18 9.94e-08 5.28e-13

21 9.96e-08 1.65e-14
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Figure 4.8: The SE and DE-sinc Nyström results for Example 4.8.
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I n this work we’ve been concerned with the study and the resolution of nonlinear

integral equations, where we have provided a comprehensive existence theory for

these equations, specially, for Urysohn integral equation which is the most general form

of a nonlinear integral equations, and also for the integral equation of Hammerstein

type in half-line which will later be included on subject of our work. We have also

presented the main types of numerical approximation methods for solving nonlinear

integral equations, such as Projection methods, Nyström methods, and Sinc methods.

The projection methods is based on the projection of our equation in a subspace of

finite dimension, where we select a finite dimensional set of functions that is hoped

to include a function un(s) close to the exact solution u∗(s), this required numerical

solution un(s) is chosen by having it satisfy our integral equation approximately. In

the convergence analysis we have used the procedure of linearisation and the standard

contractive mapping theorem, to show that the speed of convergence of un to u∗ is

exactly the same as that of Pnu∗ to u∗, thus it does not depend explicitly on the operator

K, but only on the approximation properties of Pnu∗.

The Nyström methods or quadrature methods is depend on the approximation of the

definite integral that appear in our integral equation over the interval Ω = [a,b] by a

finite sum, to seek an approximate solution in a finite number of points. The study of

convergence analysis of these methods is based on the collectively compact operators

theory, and it leads to consider that the speed of this convergence is the same of the

numerical integration technique which applied.

As regards the Sinc methods, through our work we have explained that these methods

are suited and very accurate for solving nonlinear integral equations, for such problems,
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the resulting system of algebraic equations can always be written down explicitly, and

is relatively small in size, furthermore, we have proved that these methods have an

exponential convergence order.

Finally, we have tried to apply the present methods for solving some nonlinear integral

equations, specifically, the nonlinear Volterra-Fredholm integral equations which have

been solved by a Jacobi spectral collocation method, where we have stated the theorems

on the convergence and error estimates of the method, and we have proved them for

both L∞ and weighted L2 norms. Furthermore, we have approximated the solution of

the integral equation of Hammerstein type on half-line by using a combination of the

Sinc quadrature rule with the Nyström method, such method have been developed by

means of the Single Exponential (SE) and Double Exponential (DE) transformations,

and their convergence has been discussed where the numerical results have confirmed

the theoretical prediction of the exponential rate of convergence.

This work could be extended to solve nonlinear quadratic integral equations on un-

bounded intervals by using the Sinc-Nyström method where we anticipate a good

results.

We look forward to consider a suitable numerical methods for solving quadratic integral

equations defined on bounded domains, specifically, the Chandrasekhar’s equation, that

is given by the the following expression:

u(s) = 1 +u(s)
∫ 1

0

s
s+ t

ψ(t)u(t)dt,

where u(s) is a continuous function in [0,1], and the kernel s
s+tψ(t) is continuous and

nonnegative in [0,1]× [0,1].

79



BIBLIOGRAPHY

[1] R. P. Agarwal, M. Meehan, and D. O’regan. Fixed point theory and applications,
volume 141. Cambridge university press, 2001.

[2] P. Anselone and T. Palmer. Collectively compact sets of linear operators. Pacific
Journal of Mathematics, 25(3):417–422, 1968.

[3] P. M. Anselone and I. H. Sloan. Numerical solutions of integral equations on the

half line. Numerische Mathematik, 51(6):599–614, 1987.

[4] J. Appell, E. De Pascale, and P. Zabrejko. On the application of the newton-

kantorovich method to nonlinear integral equations of uryson type. Numerical
Functional Analysis and Optimization, 12(3-4):271–283, 1991.

[5] K. Atkinson and W. Han. Theoretical numerical analysis, volume 39. Springer, 2005.

[6] K. E. Atkinson. The numerical evaluation of fixed points for completely continuous

operators. SIAM Journal on Numerical Analysis, 10(5):799–807, 1973.

[7] K. E. Atkinson. A survey of numerical methods for solving nonlinear integral

equations. The Journal of Integral Equations and Applications, pages 15–46, 1992.

[8] K. E. Atkinson and F. A. Potra. Projection and iterated projection methods for

nonlinear integral equations. SIAM journal on numerical analysis, 24(6):1352–1373,

1987.

[9] E. Babolian and A. Shahsavaran. Numerical solution of nonlinear fredholm integral

equations of the second kind using haar wavelets. Journal of Computational and
Applied Mathematics, 225(1):87–95, 2009.

80



BIBLIOGRAPHY

[10] E. Babolian and A. Shahsavarani. Numerical solution of nonlinear fredholm and

volterra integral equations of the second kind using haar wavelets and collocation

method. Journal of science (Kharazmi university), 7(3-4):213–222, 2007.

[11] C. Bardaro, J. Musielak, and G. Vinti. Nonlinear integral operators and applications,
volume 9. De Gruyter Series in Nonlinear Analysis and Applications, 2008.

[12] C. Canuto, T. A. Zang, M. Y. Hussaini, and A. Quarteroni. Spectral methods: funda-
mentals in single domains. Springer, 2006.

[13] S. N. Chandler-Wilde and B. Zhang. A generalized collectively compact operator

theory with an application to integral equations on unbounded domains. The
Journal of Integral Equations and Applications, pages 11–52, 2002.

[14] Y. Chen and T. Tang. Convergence analysis of the jacobi spectral-collocation

methods for volterra integral equations with a weakly singular kernel. Mathematics
of computation, 79(269):147–167, 2010.

[15] C. Corduneanu. Integral equations and stability of feedback systems. Academic Press,

Inc., 1973.

[16] M. Golberg. Introduction to the numerical solution of cauchy singular integral

equations. In Numerical solution of integral equations, pages 183–308. Springer,

1990.

[17] M. A. Golberg. Solution methods for integral equations. Springer, 1979.

[18] A. Granas and J. Dugundji. Fixed point theory, volume 14. Springer, 2003.

[19] F. Hamani and A. Rahmoune. Solving nonlinear volterra-fredholm integral equa-

tions using an accurate spectral collocation method. Tatra Mt. Math. Publ, 80:35–52,

2021.

[20] F. Hamani and A. Rahmoune. Efficient quadrature methods for solving hammer-

stein integral equations on the half-line. International Journal of Nonlinear Analysis
and Applications, 2022.

[21] V. Headley. A multidimensional nonlinear gronwall inequality. Journal of Mathe-
matical Analysis and Applications, 47(2):250–255, 1974.

[22] G. Isac. Leray–Schauder type alternatives, complementarity problems and variational
inequalities, volume 87. Springer Science & Business Media, 2006.

81



BIBLIOGRAPHY

[23] L. Kantorovich and G. Akilov. Funclional analysis in normed spaces. New York:
Mamillan, 1964.

[24] M. A. Kowalski, M. Kowalski, C. Sikorski, K. A. Sikorski, F. Stenger, et al. Selected
topics in approximation and computation, volume 12. Oxford University Press on

Demand, 1995.

[25] R. Kress. Singular integral equations. In Linear Integral Equations, pages 94–124.

Springer, 1999.

[26] R. Kress, V. Maz’ya, and V. Kozlov. Linear integral equations, volume 82. Springer,

1989.

[27] S. Kumar and I. H. Sloan. A new collocation-type method for hammerstein integral

equations. Mathematics of computation, pages 585–593, 1987.

[28] P. Linz. Analytical and numerical methods for Volterra equations. SIAM, 1985.

[29] J. Lund and K. L. Bowers. Sinc methods for quadrature and differential equations.
SIAM, 1992.

[30] K. Maleknejad and H. Derili. Numerical solution of hammerstein integral equations

by using combination of spline-collocation method and lagrange interpolation.

Applied Mathematics and Computation, 190(2):1557–1562, 2007.

[31] K. Maleknejad, R. Mollapourasl, and M. Shahabi. On the solution of a nonlinear

integral equation on the basis of a fixed point technique and cubic b-spline scaling

functions. Journal of Computational and Applied Mathematics, 239:346–358, 2013.

[32] R. H. Martin. Nonlinear operators and differential equations in Banach spaces. Krieger

Publishing Co., Inc., 1986.

[33] G. Mastroianni and D. Occorsio. Optimal systems of nodes for lagrange inter-

polation on bounded intervals. a survey. Journal of computational and applied
mathematics, 134(1-2):325–341, 2001.

[34] M. Nadir. Cours d’analyse fonctionnelle. http://www.mostefanadir.com/Functional
Analysis.htm, University of Msila, 2004.

[35] M. Nadir and B. Gagui. Numerical solution of hammerstein integral equations in

lp spaces. Fasciculi Mathematici, 52:83–91, 2014.

82



BIBLIOGRAPHY

[36] N. Nahid, P. Das, and G. Nelakanti. Projection and multi projection methods for

nonlinear integral equations on the half-line. Journal of Computational and Applied
Mathematics, 359:119–144, 2019.

[37] P. Nevai. Mean convergence of lagrange interpolation. iii. Transactions of the
American Mathematical Society, pages 669–698, 1984.

[38] Y. Ordokhani and M. Razzaghi. Solution of nonlinear volterra–fredholm–

hammerstein integral equations via a collocation method and rationalized haar

functions. Applied Mathematics Letters, 21(1):4–9, 2008.

[39] D. O’Regan and M. Meehan. Existence theory for nonlinear fredholm and volterra

integral equations on half-open intervals. In Existence Theory for Nonlinear Integral
and Integrodifferential Equations, pages 65–108. Springer, 1998.

[40] K. Parand and J. Rad. Numerical solution of nonlinear volterra-fredholm-

hammerstein integral equations via collocation method based on radial basis

functions. Applied Mathematics and Computation, 218(9):5292–5309, 2012.

[41] R. Precup. Theorems of Leray-Schauder type and applications. CRC Press, 2002.

[42] R. Precup. Methods in nonlinear integral equations. Springer Science & Business

Media, 2013.

[43] D. L. Ragozin. Polynomial approximation on compact manifolds and homogeneous

spaces. Transactions of the American Mathematical Society, 150(1):41–53, 1970.

[44] A. Rahmoune. Spectral collocation method for solving fredholm integral equations

on the half-line. Applied Mathematics and Computation, 219(17):9254–9260, 2013.

[45] A. Rahmoune. Équations intégrales linéaires et non linéaires. Analyse et techniques
de résolution, 2018.

[46] A. Rahmoune. On the numerical solution of integral equations of the second kind

over infinite intervals. Journal of Applied Mathematics and Computing, 66(1):129–

148, 2021.

[47] A. Rahmoune and A. Guechi. A rational spectral collocation method for solving

fredholm integral equations on the whole line. International Journal of Computing
Science and Mathematics, 13(1):32–41, 2021.

83



BIBLIOGRAPHY

[48] W. Remili and A. Rahmoune. Modified legendre rational and exponential col-

location methods for solving nonlinear hammerstein integral equations on the

semi-infinite domain. International Journal of Computer Mathematics, pages 1–24,

2022.

[49] J. Shen, T. Tang, and L.-L. Wang. Spectral methods: algorithms, analysis and applica-
tions, volume 41. Springer Science & Business Media, 2011.

[50] I. H. Sloan. Quadrature methods for integral equations of the second kind over

infinite intervals. Mathematics of computation, 36(154):511–523, 1981.

[51] F. Stenger. Collocating convolutions. Mathematics of computation, 64(209):211–235,

1995.

[52] F. Stenger. Summary of sinc numerical methods. Journal of Computational and
Applied Mathematics, 121(1-2):379–420, 2000.

[53] F. Stenger. Numerical methods based on Sinc and analytic functions, volume 20.

Springer Science & Business Media, 2012.

[54] F. Stenger. Handbook of Sinc numerical methods. CRC Press, 2016.

[55] H. Takahasi and M. Mori. Double exponential formulas for numerical integration.

Publications of the Research Institute for Mathematical Sciences, 9(3):721–741, 1974.

[56] K. Tanaka, M. Sugihara, K. Murota, and M. Mori. Function classes for double

exponential integration formulas. Numerische Mathematik, 111(4):631–655, 2009.

[57] R. Weiss. On the approximation of fixed points of nonlinear compact operators.

SIAM Journal on Numerical Analysis, 11(3):550–553, 1974.

[58] D. Xiu. Numerical methods for stochastic computations. Princeton university press,

2010.

[59] E. Zeidler and P. R. Wadsack. Nonlinear Functional Analysis and Its Applications:
Fixed-point Theorems/Transl. by Peter R. Wadsack. Springer-Verlag, 1993.

[60] S. M. Zemyan. The classical theory of integral equations: a concise treatment. Springer

Science & Business Media, 2012.

84



 : ملخص

نا دراسة نظرية وعددية حول المعادلات التكاملية غير الخطية.  استخدم تقديملرئيسي من هذه الأطروحة هو الهدف ا     

لتوفير نتائج حول  وجوود حلوول للمعوادلات التكامليوة غيور  شودر -، كما قدمنا مبدأ ليراي مختلف نظريا ت النقطة الثابتة

 ساليب فعالة لحل هذه المعادلات مع دراسة متعمقة حول التقارب.أالخطية في مجالات محدودة وغير محدودة ، كما قدمنا 

مون أجول إيجواد حلوول  نيستروم-و طريقة سينكالتجميع الطيفي  بالإضافة إلى ذلك، طبقنا بعض هذه الطرق، منها طريقة 

لبعض المعادلات التكاملية غير الخطية، هذه الطرق تحول المعادلة التكاملية غير الخطية إلى نظام من المعوادلات   عددية

الجبرية غير الخطية وهذا النظام الجبري تم حله بطريقة نيوتن.  واستخلصنا تحليلا للخطأ فيما يتعلق بالأساليب الحاليوة 

 .ةهجنا التقريبياها ترتيبا أسيا للتقارب.  وأخيرا، قدمنا عدة أمثلة رقمية لإثبات فعالية منالتي تثبت أن ل

: معادلات تكاملية غير خطية، نظريات النقطة الثابتة، معادلة أوريسون التكاملية، معادلة تكاملية من نوع   كلمات مفتاحية

 .نستروم، تحليل التقارب-سينكهامرشتاين، نصف المستقيم العددي،  طريقة الإسقاط، طريقة 

Abstract : 
     The main objective of this thesis is to offer a theoretical and numerical study on nonlinear 

integral equations. We have used different fixed point theorems, and Leray-Schauder 

principle to provide existence results for nonlinear integral equations on bounded and 

unbounded domains, we have also presented efficient methods for solving such equations 

with a thorough study on the convergence analysis. Furthermore, we have applied some of 

these methods, specially, spectral collocation method and Sinc-Nyström method in order to 

find numerical solutions of certain nonlinear integral equations, these methods reduce the 

nonlinear integral equation to a system of nonlinear algebraic equations and that algebraic 

system has been solved by Newton's method. We have derived an error analysis for the 

current methods, which prove that they have exponential convergence order. Finally, several 

numerical examples are given to show the effectiveness of our approaches.  

 

Keywords: Nonlinear integral equations, fixed-point theorems, Urysohn integral equation, 

Hammerstein integral equation, half-line, projection method, Sinc-Nyström method, 

convergence analysis. 

 

Résumé : 
       L’objectif principal de cette thèse est de proposer une étude théorique et numérique sur 

les équations intégrales non linéaires. Nous avons utilisé différents théorèmes du point fixe, et 

le principe de Leray-Schauder pour fournir des résultats d’existence pour les équations 

intégrales non linéaires sur des domaines bornés et non bornés, nous avons également 

présenté des méthodes efficaces pour résoudre de telles équations avec une étude approfondie 

sur la convergence. En outre, nous avons appliqué certaines de ces méthodes, notamment, la 

méthode spectrale de collocation, et la méthode de Sinc-Nyström pour trouver des solutions 

numériques de quelques équations intégrales non linéaires, ces méthodes transforment 

l'équation intégrale non linéaire en un système d'équations algébriques non linéaires ce 

système algébrique a été résolu par la méthode de Newton. Nous avons dérivé une analyse 

d’erreur pour les méthodes actuelles qui prouvent qu’elles ont un ordre de convergence 

exponentielle. Enfin, plusieurs exemples numériques sont donnés pour montrer l’efficacité de 

nos approches. 

 

Mots clés: Equations intégrales non linéaires, théorèmes du point fixe, équation intégrale 

d'Urysohn, équation intégrale de type Hammerstien, demi-droite, méthode de projection, 

méthode de Sinc-Nyström, analyse de la convergence. 
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