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Abstract

The principal objective of this work is the study the existence and uniqueness of solution for
a fractional differential equation boundary value problem on an infinite interval by two fixed
point theorems, Banach theorem and Leray-Schauder Alternative.

Keywords: Fractional differential equation,Boundary problem, Existence of
solution,Leray-Schauder fixed point theorem,Banach fixed point theorems, Katugampola

fractional derivative.



Résumé

Le but de ce travail est d’étudier ’existence et I'uniquence de la solution de probléme aux limites
d’équation différentielle fractionnaire non linéaire sur un intervalle infini par deux théorémes
du point fixe , theoréme de Banach et Leray-Schauder Alternative.

Mots-Clés : Equation différentielle fractionnaire, Probléme aux limites Existence de la
solution, Théoréeme du point fixe de Leray-Schauder Alternative, Théoréme du point fixe de

Banach , Dérivée fractionnaire de Katugampola.



Introduction

Fractional calculus generalizes the order of derivative and integral from positive integers to
real numbers, or even to complex numbers. In the last few decades, it is found that a series
of natural phenomena can be modelled robustly in terms of fractional calculus, see [2, 10,
15]. As a result, fractional calculus gained a rapid development recently, both in the aspect
of mathematics and many disciplines of applied sciences, being nowadays recognized as an
excellent tool for describing complex systems and practical matters, especially involving long
range memory effects and non-locality, such as viscoelastic theory, fluid dynamics, biology,
image processing, one may refer [4].

Boundary value problem of fractional differential equations is recently approached by various
researchers ([4], [13], [14]).

This thesis is devoted to the study of some nonlinear fractional boundary value problems
on the infinite interval by using fixed point theorems. Since Riemann-Liouville and Caputo
fractional derivatives are the most used in differential equations, we investigate, in the second
chapter, the existence of solutions for differential equations involving Riemann-Liouville type
derivative. As it is natural to look for generalizations of fractional derivatives and integrals,
for which the known ones are particular cases, Katugampola introduced in [8] a new type
of fractional derivative that generalizes both the Riemann-Liouville and Hadamard fractional
derivatives.

In the first chapter, we introduce some functions that are of fundamental importance in the
theory of fractional differential equations, Gamma function and Beta function. We provide some
basic knowledge about fractional integrals and derivatives, such Riemann-Liouville fractional
integral, Riemann-Liouville fractional derivative, Caputo fractional derivative, Katugampola
derivative and Caputo—Katugampola derivative, and some fixed point theorems .

In the second chapter, we detail the work submitted by Guotao Wang [14] , we prove the
existence and uniquense of solutions for a fractional higher order boundary value problem on the

infinite interval by tow fixed point theorems, Banach fixed point theorem and Leray-Schauder



fixed point theorem

Deu(t) + f(t,u(t)) =0, n<a<n+l,
u(0) =v/(0) = ... =ul"V =0, D*u(oo) = £L7u(n), B >0,

where t € J = [0,+0), f € C[JXR,R], £ € R, n € J, D®is the Riemann-Liouville

fractional derivatives of order o, and I” is the Riemann-Liouville fractional integral of order j3.

In the third chapter, we study the existence of solution for the following fractional initial

value problem

D*Pu(t) + f(t,u(t)) =0, n<a<n+1,
§fu(0) =0, k=0,1,...,n—1, Do bry(o0) = €°1Pu(n), B >0,

where t € J = [0,+00), f € C[JXR,R], £ € R, neJ D™ isthe Katugampola fractional

derivatives of order a, and ?I” is the Katugampola fractional integral of order j.



Chapter 1

Preliminaries

In this chapter, we present the elementary definitions and basic notion of the theory of

fractional calculus (Gamma function, Beta function), then we define the integral and the

derivative of fractional order in the sense of Riemann-Liouville, Caputo, Katugampola and

Caputo-Katugampola and their properties and some fixed point theorems.

1.1 Special Functions

1.1.1 The Gamma Function

Definition 1.1.1 The Gamma function I'(.) is defined by the integral

['(2) :/ e 't*7h dt,
0
which converges in the right half of the complex plane, that is,Re(z) > 0.

1. The Gamma function satisfies
['(z+1)==zI'(2),Re(z) >0,

2. For any integern > 0, we have
a. '(n+1) =nl,

b r(n+1) _ 2rvn

2 4nn)
Proof.
1. We use the integration by parts

+00 +oo
I'z+1) = / tretdt = [—tze_t];roo + z/ t*~letdt
0 0

= zI'(2).

(1.1)
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b. By induction, n € N

-Forn =0, WehaveF(O—i—%): (04!())5/!;:\/%.

- Assume that the formula is satisfying for (n — 1)
. n—1)\/m

Le I’ ((” -1+ %) = 4((275_1)1()12_{)!’

We have

o)l (- e
_ <2” - 1) 4((37_1&”1 )_\/f_), = 22:(22)724;(3_)5)2&__21))!!
NG

4rn!

Hence T’ (n + %) — Cnym

4nn)

Remark 1.1.1 The Gamma function is not difined in Z~

For z € Q™ we use the formula
r 1
T(z) = Plz+1)
z

Example 1.1.1 For z==

1. T(-})= Do) _ E%) — 27

Graph of the Gamma function

10

T

Figure 1.1: Graph of the Gamma function I'(x) in a real domain
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Definition 1.1.2 The reciprocal Gamma function is defined by

1 z
= . 1.2
I'(z) TI(z+1) (12)
1 1)...
T G T GO} (1.3)
[(z) n—oo nln?
Graph of the reciprocal Gamma function
5-
4
3_
2_
-
L ‘I’f‘\\ - T L] T | )
4 U:' M0 1 2 3 4 5
_!_
o
Figure 1.2: Graph of the reciprocal Gamma function ﬁ in a real domain.
1.1.2 The Beta Function
For every z,w satisfying Re(z) > 0 and Re(w) > 0.the Beta function is defined by:
1
B(z,w) = / T (1 — 7))t dr (1.4)
0
An interesting formula relating the Gamma and Beta functions is
I'(z)l'(w)
B = —=. 1.5
(20 = (15

1.2 Fractional integrals and fractional derivatives

In this section, we focus on the Riemann-Liouville integrals and derivatives and the Caputo

derivative since they are the most used ones in applications.

Definition 1.2.1 The Riemann-Liouville fractional integral of order o« > 0 of a function f :

(a, +00) — R is giving by

1

IT f(t) = m/ (t — 5)* 1 f(s)ds.
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Definition 1.2.2 The Riemann-Liouville fractional derivative of order a > 0 of a function

f:(a,+00) = R is given by

provided that the right side is pointwise defined on (a,400), where n = [a] + 1, [« denotes the

integer part of a.

Lemma 1.2.1 Let a > 3> 0, then for f € L”[a,b](1 < p < 00) the relation
(Daesf) () =157 1(0)

holds almost everywhere on |a,b]. In particular if « =  we get

(DeIasf) (1) = f(8).

Lemma 1.2.2 The fractional integral operator 1%, is bounded from L' (a,b)(1 < p < o0) into
itself

b—a)®
172, £l < Kl Fllss. k_ﬁ.

Definition 1.2.3 Let o > 0 and n = [a] + 1, for a function f € AC"([a,b],R) the Caputo
fractional derivative of order v of f is defined by

(°Dg,f) (1) = "D f(1)

I — — s)" LM (s)ds
= Frma | s,

where D = denotes the classical derivative and AC"|[a,b] = {f € " Ya,b], f" V) absolutely

continuous funct@on .
Properties. Let o, 5 > 0 and n = [a] 4 1, then the following relations hold:

1o —a) (1) = L) gy

['(a+ pB)
(o= ) = st @
CD2‘+(x — a)ﬂ’l(t) = —F(g(f)a) (t — a)ﬁfafl, 8> n.

and



12 1.2. Fractional integrals and fractional derivatives

In particular,
CDng(l) = 0.

The Riemann-Liouville fractional derivative of a constant is in general not equal to zero, in fact

(x —a)™@

Y(1)=————, 0 1.
a+() F(l—O{)’ <a<

Lemma 1.2.3 Let a« >0, n=[a]+1 and [ :[a,b] = R be a given fonction. Assume that
D2, f and “pe ' f exist. Then

C’Da () nz:l f(k t_a)k—a
ot I'(k —a—i— ) '

k=0

Lemma 1.2.4 Let a > 0, then the solution of the fractional differential equation
DG+ f(t) =0
is giving by f(t) = cit® P+ et 2 f ot B+ L 4ot g eRi=1,2,....n

Lemma 1.2.5 Leta« >0, n=[a]+1. If f € L'[a,b] and f,_o € AC™[a,b], then the equality
) ) _
. D, (=),
( Z F — ] +1 CL)

holds almost everywhere on |a,b]. In particular, if 0 < o < 1, then

jﬁfa(a)
[(c)

(15 Dae f) (1) = f(t) — (t—a)*,
where fr_o = I'Tf and fi_o = I;Iaf.

Theorem 1.2.1 Let > « > 0, then we have

n—1 (k) a
(12 D% ) () = f(5) — ST gy,
(D I2er) () = 122 1),
D™ D2, f(t) = DEF™ f(t),m € N.

Definition 1.2.4 The Hadamard fractional integral of order o > 0 of a function f is defined

t a—1
I, (t):ﬁ/ (logé) @ds, a<t<b.

A more general fractional integral referred as Hadamard fractional integral of order o is given

1 [P rsy» N\ f(s)
a’# _— — —
1o (t)—F(a)/a <t) (logs) Sds, a<t<b peR

by

by
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Definition 1.2.5 The Hadamard fractional derivative of order o > 0 of a function f is defined

by
d n
Dy f(t) = (tﬁ) I"Cf(t), a<t<b, n=[a]+1.
A more general fractional derivative referred as Hadamard fractional derivative of order « is
given by

d n
DYEf(t) =t (ta) I f(t), a<t<b, n=[a]+ 1.

1.3 Generalized fractional integrals and fractional deriva-

tives

Katugampola in [8] introduced a new type of fractional derivative generalizing Riemann-

Liouville and Hadamard fractional derivatives.

Definition 1.3.1 (Katugampola fractional integrals) Let a,b be two real and f : [a,b] — R be

an integrable function. The Katugampola fractional integrals of order a > 0, parameter p > 0,

of [ is defined as

11—«

PIS f(t) = 1'2(0[) / sPL(tP — 5P f(s)ds.

Definition 1.3.2 (Katugampola fractional derivative) Let 0 < a < b < oo be two real f :
[a,b] — R be an integrable function. The Katugampola fractional derivative of order a > 0,

and panameter p > 0, is defined as

d n
Ditro = (00 ) P
1-n+a

d\" [t 1
— —Fp(n ) (tlpa> /a sPTH(P — 8P)' T f(s)ds.

Proposition 1.3.1 We have the following properties for Katugompola fractional integral and
derivative.

1 D3 (712 () = f(0).

2. 012 (PI2) J(1) =PI F (1),

3. lim P12, f(t) = ﬁ /t(t —5)* 1 f(s)ds.

p—1

t a—1 d
4. lim PI% f(t) = ﬁ/ (log é) f(s)—s

p—0t S

t
5. tim DI () = sy (4)" [ (€= 9 s
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1.4 Caputo-Katugampola fractional derivative

Definition 1.4.1 (Caputo-Katugampola fractional derivative) Let 0 < a < b < oo be two real,
p > 0 be a positive real number and f € AC"([a,b],R). The Caputo-Katugampola fractional
deriwvative of order a > 0 of the function f is defined by

« n—« — d "
“peso =ore (00 0

= —plfnJra /t sPH (P — sp)"_a_l tl_pi nf(s)ds
I'(n—a)/, dt

where n is the smallest integer greater than c.

Properties.
1- When p = 1, the Caputo-Katugampola derivative coincides with Caputo derivative.
2- In the case 0 < a < 1 and p > 0, then

C Ha,p . P~ 1-p d [ 3(p_1)(f(5) — f(a))
DPf(t) = mt E/a = 577" ds.

3-If f € Cla,b] then
CDELISP () = £(2),
and if f € C'[a,b] then
1% D) = (1)~ fla)
4- If f(a) = 0, then the Caputo Katugampola and the Katugampola fractional derivatives
coincide. Moreover if both types of derivatives exist then

fla)p™ (t* — s)°

CDRI() = D)~ m

1.5 Fixed point theorems

Fixed point theory is an important topic with a big number of applications in various fields of
mathematics. The fixed point theorems concern a function f satisfying some conditions and

admits a fixed point, that is f(z) = .

Theorem 1.5.1 (Banach contraction principle) Let T be a contraction on a Banach space

X. Then T has a unique fized point.

Theorem 1.5.2 (Leray-SchauderAlternative )Let C be a conver subset of a Banach space,
U be an open subset of C with 0 € U. Then every completely continuous map N : U — C' has
at least one of the following two properties: (A1) N has a fived point in U; or (A2) There is
an x € OU and A € (0,1) with x = ANz.
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Theorem 1.5.3 (Schauder fuxed point theorem) Let Q be a nonempty closed bounded and

convex subset of a normed space. Let N be a continuous mapping from ) into a compact subset
of Q, then N has a fized point in Q.

Theorem 1.5.4 (Arzela-Ascoli theorem) A set Q@ C C([a,b] ) is relatively compact in
C(la, b)) iff the functions in Q0 are uniformly bounded and equicontinuous on [a,b].

We recall that a family €2 of continuous functions is uniformly bounded if there exists M > 0
such that

1f1] = Inax [f(z)| <M, fef

The family Q is equicontinuous on [a,b], if Ye > 0,30 > 0 such that Vt,,ts € |a,b] and Vf € Q,

we have

[t —ta| <0 = |f(t) — f(t2)| <e

The criteria for compactness for sets in the space of integrable functions LP(0,1) is the following.
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Chapter 2

Fractionel Boundary Value Problems on the

infinit interval

In this chapter, we will study the existence and the uniqueness of solution of a fractional
integral boundary value problem for nonlinear fractional differential equation on an infinite
interval indicate in (2.1) (we will detail the work submitted by Guotao Wang (see [14])) by
some fixed point theorems.

D"‘u(t) + f(t u(t)) =0, n<a<n+l1, (2.1)

u(0) = v/(0) = ... = "1 =0, D lu(o0) = £1Pu(n), B >0,

where t € J =[0,+00), f € C[JXR,R], £ € R, n € J D*isthe Riemann-Liouville fractional

derivatives of order o, and I” is the Riemann-Liouville fractional integral of order /.

2.1 Lemmas

In this section, we will introduce notations, definitionas and some useful lemmas, which will

play an important role in the proof of our main results(|13|). Denote the space

FC(JR) = {u € C(J,R) : sup [u(t) < oo} :

teJ 1 + ta—l
with norm
_ u(?)]
Jullr = SUp o

Obviously, F'C(J,R) is a Banach space.
A map u(t) € C(J,R) with its Riemann-Liouville derivative of order « existing on J is called

a solution of (1.1) if it satisfies (1.1).

For convenience, we list the following assumptions:

(H) €20, T(a+p)> &t
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. o . . x __ [0O a—1
) =
(Hy) there exist a positive function p(t) with p* = [[* (1 4+t*~") p(t)dt < oo such that
[f(tu) = f(t o)l <p)lu—vf, teJuveR,
and
A:/|mmw<m
0

(Hz) Let F(t,u) = f(t, (1 +t"Yu),|[F(t,u)| < ot)w(|u]) on [0,00)XR
with w € C([0, 00), [0, 00)) nondecreasing and ¢ € L[0, 4+00).

Lemma 2.1.1 Let h € C([0,+00)) with [~ h(s)ds < oo, if [(c + ) # En*"P~1, then the

fractional integral boundary value problem

{ Du(t) + h(t) = 0,

| (2.2)
u(0) =u'(0) = ... =u™V =0. D*'u(co) = EIu(n), B>0,

has a unique solution

where
[T(a+B) =& —s)* P et — [D(a+ B) = &™) (t—s)*7", s <t,s <.
o _ a+s—17 ta—1
GQJ%:%<[Na+6> E(n — s)a A1) et 0<t<s<n,
D+ B) [t = (t = s)* ]+ TPt —5)7, 0<n<s<t
| Ta+ B, s>t >,
(2.3)
and

A =T(a) [T(a+ B) — &)
Proof. Let h € C([0,+00)) with [° h(s)ds < oo, if T'(a+/3) # £ n**P~! we have the probleme

Du(t) + h(t) =0, n<a<n+l,
u(0) = v/'(0) = ... = "1 = 0; D lu(oo) = £1°u(n), B > 0.

By applying I, to equation we get
I°D%u(t) + I*h(t) = 0,
we have
I°D%u(t) = u(t) + At et L+ cn+1t0‘_"_1, C1,C2y ey Cnr1 € R,

then

u(t) = —c1t* 7t — cot® ? — = cp t*T — I7A(1).



18 2.1. Lemmas
The conditions u(0) = u/(0) = ... = ") = 0 implies that

u(0) =0 & cppr iImt* ™™ 1 =0 = ¢,y = 0.

t—0
u'(t) = —ci(a— 1)t"? —cy(a — 2)t*% — .. —cpla —n)t* " — [°7Ih(2),
u'(0) =0 < —cp(a —n) limt* "1 =0,
t—0
< ¢, = 0.
(n—1) _ o o o _ : a—n—1 —_

u 0 —c(a—2)(a—3).(« n)%g%t 0,

& o = 0.
So

u(t) = —cit*t — I*h(t).
and the conditions D* 'u(co) = £I°u(n) implies that
D tu(t) = —c, D1t — DTA(1)
= —clI’(oz) — Ilh(t)
¢
= —c1I'(a) —/ h(s)ds.
0

Then .
D*lu(o0) = —eiT(a) — /O h(s)ds = £1%u(n).

So .
—cI(a) — / h(s)ds = —c1€1°Pn*1 — €1°TPh(n)
0

+o0o
€0 =) = [ s)ds = 61 hi)

¢ = fIﬂna—ll— o) Uom h(s)ds — £Ia+5h(n)}

— . ( I(a) ajgl) () {/Oﬂo h(s)ds — ¢ (m /On(n - 5)°‘+61h(5)d8)]

Tatp)"
B Mo+ ) VN
‘PMmeﬂl—ma+mxé ils)d

_ ¢ e
['(a) (Enoth-1 — F(Oz—l—ﬁ))/o (n ) h(s)ds.
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So
o= A= [Nt A | s [ln- oo
n +oo
— % [ 0 (D(a+ B) — &(n — )71 h(s)ds + / [+ B)h(s)ds} :
Hence
u(t) = % { On (T(a+ B) — & —s)*771) h(s)ds + / h [+ B)h(s)ds} ot
_ ﬁ /0 (t— $)° h(s)ds
= +<>0 G(t, s)h(s)ds,
where
( [T(a+B) =& —s)* P71t — [Dla+ B) = &n*™P71) (t =), s <t,s<y
1) [Dla+B) —&(n—s) Pt <t<s<n,
G(t, S) = Z
Dl + B) [t = (t = )71 + 71t — 5) 7, 0<n<s<t
\F(a + B)tet, s>1t,5>.

Lemma 2.1.2 [f (H1) holds, then Green’s function G(t,s) satisfies
1. G(t,s) >0, Vt,s € (0,00)

G<t? 3) F(Og + ﬁ)
T 14ttt = ['(o) [(o + B) — &goto—1]’ Vt,s € (0,00).
Proof.

1. We have four cases
Case 1: For s <t and £ <,
we have t>t—set > (t—s)

and 1) — s <7 & (n— )Lt
& =& — o) = gt
& T(a+f)—&mn - =T(a+p) —en*
& [Tla+p)—&n—s) P71t = [T(a+ ) — &P (¢ —5)*!
< [Mla+ ) =& —s) Pt = [D(a+ ) =& (t =) >0,
an other hand by (H1), I'(a + 8) > &n®P~1 so

Hence G(t,s) > 0.
Case 2: For0<t<s<n,

1
Z>O’
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We have also by (H1)

T(o+ B) > &En* P > ¢(n— s) P
= T(a+p) —Emn -8 >0
= [F(a +B)—&(n— s)‘”ﬁ_l] 1 > 0.

Case 3: For 0 <n <s<t.

We have
t>t—sat* > (t—s)*!

St - (t—5)*1>0
SD(a+p) [t = (t—s)"] >0.

We also have
t>sst—s2>0

& (t—s5)*1>0
&Pt — s > 0.
So
Dla+B) [t = (t—s)* '+ &Pt —s)* ' > 0.

Hence
G(t,s) > 0.

Case 4: For s >t and s > 7,
we have

D(a+ A)t*t > 0.

According the four cases precedding if (H1) holds, then  G(t,s) > 0.

2. Now we will prove that:

G(t,s) < ['(a+ pB) ~ D(a+8)

141271 = D(e) D+ B) —&notd=t] A
Case 1: For s <t and s <,
we have :

[T(a+ ) —&(n— st = [D(a+ B) — ™7 (t—5)* ' < D(a+ )t
<T(a+B) (1 +t27h),
So
A-G(t,s) <T(a+p) (1471,

Then

G(t,s) . C(a+5)
14t = A
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Case 2: For 0 <t < s <,

we have:

[T(a+8) =& — )P e ST(a+ A < T(a+ B) (T+1071),

So

G(t,s) . F(a+f)

< a—1
AG(t, S) S F(a + 6)(1 +1 ) = 14 ta-1 = A

Case 3: For 0 <n <s<t,

we have
T(a+g) > &,
SO
Tl B)(t — )" > et — )7
then
§77a+/3_1(t — ) — L(a+B)(t—s)*"<0.
Hence
Dia+ At —T(a+ B)(t — )t +&n*TPHt — 5)*t < T(a+ Bt
then

Dl +8) (17 = (¢ = 5)* ]+t = ) < T+ B < Do+ H)(1+ 7).

So
AG(t.s) <T(a+B)(1+t1),
Hence
G(t.s) < F(a+p5)
L4ttt = A
Case 4: For s >t and s >,
we have
D(a+ B)t*t <T(a+ B)(1+t>71),
SO
AG(t.s) <T(a+B)(1+t*h),
hence
G(t.s) < '+ B)
Lte=t— A
By according to the precedding cases we have
G(t,s) < C(a+5)

1+t = (o) [C(a+ B8) — Epets-1]°
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Lemma 2.1.3 If (H2) holds, then for any u € FC(J,R)

AwV@m@m%SpWWF+X (2.4)

Proof . For any u € FC(J,R), by taking v = 0 in (H;), we have

[F (& u(®)] < p@)Ju(®)] + [ £(2,0)]

< plt) (14 ) 110 1r(e,0)
< p(6) (1+477) Jullr + 17(6,0)] 25)

we integre

4WU@mmmg4“ﬂ@u+¢w@mw+mwn

A<”uwm@»usgﬁme+x (2.6)

2.2 Existence and uniqueness of solution by Banach fixed

point theorem

In this section, we study the existence and uniqueness of solution by Banach fixed point theorem,

we assume that (H1) and (H2) hold

Theorem 2.2.1 Assume that (H1) and (H2) hold. If

_ pT(a+p)
"= @) o+ 8) = o] = 20

then the fractional integral boundary value problem (2.1) has a unique solution @(t) in FC(J,R).
Moreover, there exists a monotone iterative sequence un(t)such that w,(t) — u(t) as n — oo

uniformly on any finite sub-interval of J, where

un(t) = /0 TG ) f (5, w1 (5)) ds, (2.8)

In addition, there exists an error estimate for the approximation sequence

n

m
" = wollp, (n=1,2,.) 29)

n— U <
i — il < -
Proof. Define the operator ) by

(Qu)(t) = /000 G(t,s)f(s,u(s))ds. (2.10)
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By Lemma 2.1.1, fractional integral boundary value problem (2.1) has a solution u if and only
if u solves the operator equation u = Qu, i.e. The solution of (2.1) coincides with the fixed

point of the operator Q). First, for any v € FC(J,R), by Lemmas 2.1.2 and 2.1.3, we have

[(Qu)(?)] > Gt s)
1+t S/o m\f(s,u(s))]ds
- F(a+p)
~ o) [[(a+ B) — Enti=t]
= m||ul|r + k. (2.11)
where m is defined in (2.17) and k& = F(a)[r(;\;(/;ti;aw_l]. In addition, for any u,v € FC(J,R),
we have
_ e
(OGO < [7 EE 2 st = s w5
I'(a + ) = am
< T+ 3y J, M) () s
S (@) o + 5) — gere)? v~ vllrds
=mlu—v|pg. (2.12)
Thus,
|Qu — Qu||r < mllu—v||F, Vu,ve FC(J,R) (2.13)

As m < 1, then the Banach fixed point theorem ensures that () has a unique fixed point @ in

FC(J,R), i.e. The integral boundary value problem (2.1) has a unique solution u € FC(J,R)

ndoreover, for any ug € FC(J,R), ||u, — u||z — 0 as n — oo, where u, = Qu,_1(n =1,2,...)
From (2.14), we have

[ttn = tna|lp <" flus — o -,

and

[un = wjllp < Nlun = tunallp + lJuna = tnsllp + - + llujen — il
m" (1 —m"J

)
— luy — ol (2.14)

<

08

0.6

04}

[
.
(-5
oo
=

Figure 2.1: set of (n,&) € RTRT such that &n? <2 — \%
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Letting n — oo in both sides of (2.15), we can obtain

n

B m
lun = allp < 7 llur = wollr,

Hence Eq. (2.10) holds, and the theorem is proved.

2.2.1 Example

Consider the problem

5 e 3t : 2 _ —
Dzu(t) + R Sln(31; +u(t)) =0, teJ=]0,00), (2.15)
u(0) = '(0) =0, D2u(co) = &1 u(n),
where a = 2,8 =1, f(t,u) = %sin (3t? +u), &, n satisfy 0 < &n? <2 — % (see Fig, 2.1).

For example, we can take { = 4,7 = % Next, we will verify the conditions of Theorem (2.2.1):
First, it is clear that I'(a + 3) = I'(3) = 2 > &n? = &n+P~1 (H;) holds. Second,

€—3t

|f(t,—u) — f(t,v)] < — |sin (3> 4+ u) — sin (3t + )|
(1+1)

€—3t

< ——u—al. (2.16)

(1 + t%>
Noting that p(t) = (1%%3, thus, we have

o o 1
p* = / (1 + t%) p(t)dt < / e dt = - < o0,
0 0 3

o0 oo 1
A= / |f(t,0)|dt < / e 3dt = = < oo.
0 0 3

Then (H,) holds. At last, by a simple computation, we have

B pT'(a+ B) 8 8
M @) Tlat B) - e 1] S oym@—ap) ~ovr - (217)

Hence, all conditions of Theorem 2.2.1 are satisfied. Therefore, Theorem 2.2.1 implies that

and

(2.16) has a unique solution, which can be obtained by taking limits from some iterative se-

quences.

2.3 Existence of solution by Leray-schauder Nonlinear Al-

ternative theorem

In this section, we study the existence of solution by Leray-schauder Nonlinear Alternative

theorem.
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For uw € FC(J,R), define the operator @) by

(Qu)(t) = / Gt ) £ (s u(s) )ds.

Boundary value problem (2.1) has a solution u if and only if u solves the operator equation
u = Qu. Thus we set out to verify that the operator () satisfies Theorem 1.5.2, which will
prove the existence of the fixed points of (). Since the Arzela-Ascoli theorem fails to work in

the space F'C(J,R), we need a modified compactness criterion to prove T is compact.

Lemma 2.3.1 Let V = {ue€ FCUR) | |ullr <1} (I > 0),V; = {% lue V}. IV s
equicontinuous on any compact intervals of [0,4+00) and equiconvergent at infinity, then V is

relatively compact on FC(J,R).

Remark 2.3.1 V) is called equiconvergent at infinity if and only if for all € > 0, there exists
v =wv(e) > 0 such that for all u € Vi, t1,ty > v, it holds,

U(tl) _ u(tg)
A

Lemma 2.3.2 [f (H1) — (H3) hold, then Q : FC(J,R) — FC(J,R) is completely continuous.

Proof We divided the proof into three steps.
Step 1: We show that @ : FC(J,R) — FC(J,R) is continuous.
Let u,, = w as n — 400 in FC(J,R),

We have
Qe (O < [7 S s ns) - S5t
I'a+ B) o0 -
< Tt =g Jy 70 (4 e =l
Ia+ B) . s
= T@) (o + §) — gyt In — vl
= mlju, — ul|F.
Thus,

HQU%_QU’HF STn‘”“’n_UHFU _>07 as n — +00

So, () is continuous.
Step 2: We show that @ : FC(J,R) — FC(J,R) is relatively compact.
Let © be any bounded subset of FFC(J,R), then there exists K > 0 such that |lul|r < K.

We have " < Gt
MOl < [7 C2 s, utspias
I+ B)

~ T(a) [M(a+ B) = &ntP]
=mlullp + k < 0.

u = Ssu
|Qullr = sup 105 <

[p*[[ullr + Al
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Al (o + )

where m is defined in (3.4) and k£ = .
(34) o) [a + B) — &7 1]

Hence QX2 is uniformly bounded.

Now we show that Q€ is equicontinuous on any compact interval of [0,00). For any T >
0,t1,t3 € [0,T], and u € €, without loss of generality, we may assume that ¢, > t;. In fact,
(Qu) (t2)  (Qu) (t) | _ | [ G (t2,9) = G (t, )
1 a—1 a—1 | a lf( ( )) - a 1 <8 U( ))ds

® G (ty, G (t1, G (t1, G (t1,
-/ (1) Gl Gltn) 2 s utelas

_G<t2,5) —G(thS) 1
= + G (t — )|d
/o I 1+t (1, s) 1+t57! 1—|—t°‘1 s))lds

al QF(Oz + 6) (tQQ_l - tla_l) a 1
< [ | Ry T oy =g G o) )} 175, uls)lds

. ['(a+B) o 1)
< (Pllullr +2) [F(a) [T(a+ 3) — Enotht ] o }

Hence Q2 is locally equicontinuous on [0, 00).
Step 3: We show that @ : FC(J,R) — FC(J,R) is equiconvergent at oco.

For any u € €, N
| ateids < pllule + 3 < o
(Qu)(t)| gnatB-l i~
i [T~ T T J, e

Hence Qf2 is equiconvergent at infinity.

By using Lemma 3.5, we obtain that 7' : FC(J,R) — FC(J,R) is completely continuous.

Theorem 2.3.1 Assume that (H1)-(H3) hold, Let ,¢ satisfies the following condition: (B)

do > 0 such that
ol (a) (T(a+ ) — &n*to1)

0) Jo w(s)ds

Then boundary value problem (1.1) has an unbounded solution u = u(t) such that

f— 1 ta 1 — Q?

> 1, (2.18)

fort € ]0,00).

Proof: We consider the fractional boundary value problem

{ Du(t) + Af(tu(t)) = 0, t€(0,00),a € (nn+1) (2.19)

w(0) = v/(0) = ...u"V = 0. D*lu(oo) = ETPu(n), B>0

for 0 < A < 1. Solving (4.2) is equivalent to solving the fixed point problem u = AQu.
Let
U={ueFC(JR)||ulr <o}
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We claim that v # AQu for u € OU and A € (0,1). The claim is immediate, since if there
exists u € OU with u = AQu, then for A € (0,1) we have

(AQu)(t)
u||p = sup |——=
H H te[0,00) 1 ta_l

t
< ap [@0)
tef0,00) | L+ 147

- S (-2

tef0,00) 1+ tet 1+ st
~ G(t,s) u(s) )

_ Fls,—25) )y

| (s )
* ju(s)| )

< d

< | rerETsa ”(Hsal ’

1
= T(a) T(a + B) — & 1) /

So
1

= T(a) Tt f) — &

ol () (T(a+ B) = 71 .
0) [, wls)ds -

which contradicts with (4.1). By Theorem 1.1 and Lemma 3.4, boundary value problem (1.1)

syl " p(s)ds.

Hence

has an unbounded solution u = wu(t) such that

o<V
T 14ttt

<o, forte|0,00).

2.3.1 Example

et F(t,u) = /|ule” in problem (2.1). Now

Let v = 3 5_477_ B:2,f(tu) \/‘1u3

+t2
we COHSldeI‘ the following fractional boundary value problem

(2.20)

3

{Dzu()+f(t u)=0, te(0,00)
u(0) = w'u(0) =0, D2u(o0) = &l7u(n),

2
Choose w(u) = Vu, p(t) = e, 0> (rm)(r(aw)—éna*ﬁ‘l)) ’

We have T'(a + 8) =T['(3) = 2 > &n> AL,
Then (H;) holds.
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28 3. Exi
\/‘1+t2

Second,
ftu tv <e
‘( ) ’ 1 t2
|u—v[

w\»—a

<1+t2
< p(t)|u —vl.

¢’ _ thus, we have
3)?
30(3
S0G) < 00,

Noting that p(t) =
<1+t2
/ (1+¢%) pltyat < / tietdt
0 0 4

pt=
/\:/ |f(t,0)|dt:/ 0dt < o
0 0

and
(2
(5) < 1.

Ve

Then (H,) holds. At last, by a simple computation, we have
—_— pT(a+p) < I'(%)
[(e) [P(a+ B) = &neto=1] = 2ym (2 —&nt) —

[0,00) is continuous;
(t)(Ju|) on [0, 00)R with € C([0, 00), [0, 00)) nondecreasing and ¢ € L'[0, +00)

f:]0,00)R —
A

_ epotB-1
) Val(a) [T(a + B)

ol'(a) [T(a + B)
(0) Jy #(s)ds
Hence all conditions of Theorem 4.1 hold. Thus with Theorem 4.1, the problem (4.3) has at
least a positive solution u such that
t
0< - <o forteo o).
1+t2
Hence all conditions of Theorem 4.1 hold. Thus with Theorem 4.1, the problem (4.3) has at
least a positive solution u such that
t
ut) <o, forte]|0,00).

0<

3
2

1+t
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Chapter 3

Fractionel boundary value problem on the infinit

interval in the sens of generalized fractional

derivatives

We investigate in this chapter the existence of unbounded solution of a fractional integral
boundqryary value problem for nonlinear fractional differential equation on an infinite interval:
D*Pu(t) + f(t,u(t)) =0, n<a<n+]1, (3.1)
§*u(0) =0,k =0,1....,n — 1, D VPy(o0) = €PTPu(n), B >0,
where t € J = [0,+00), f € C[JXR,R], £ € R, n € J D> is the katugampola fractional
derivatives of order a, and I” is the katugampola fractional integral of order 3.
By means of fixed point theorems, sufficient conditions are obtained that guarantee the

existence of solutions to the above boundary value problem [12].

3.1 Lemmas

In this section, we will introduce notations, definitionas and some useful lemmas, which will
play an important role in the proof of our main results|12]. Denote the space

) )
FC (J}R) = {U € C(J7 R) : Stlel(lf) 1 + ¢ela—1) <00

with norm

_ Ju(?)]
ullr = Stlel? 13 a1

Obviously, FFC(J,R) is a Banach space.
A map u(t) € C(J,R) with its katugampola derivative of order « existing on J is called a
solution of (3.1) if it satisfies (3.1).
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For convenience, we list the following assumptions:
(H1)€ >0, T(a+p)>gpt-ofppletimh,
(Hs) there exist a positive function p(t) with p* = [* (1 4 t**>~V) p(t)dt < oo such that

|f(tyu)—f(t,v)\§ﬁ—2\u—v\, teJ u,v € R

and .
A= Pl d :
/0 11 F(1 0)]dE < oo
(H3) Let F(t,u) = t*=1f (¢, (14t D) u), |F(t,u)| < p(t)w(|u]) on [0, 00)XR

with w € C([0, ), [0, 00)) nondecreasing and ¢ € L'[0, +00).

Lemma 3.1.1 Let h € C([0,400)) with [, h(s)ds < oo, if T'(a + ) # {pt =Pt Dhen

the fractional integral boundary value problem

{ DPu(t) + h(t) = 0, 52)

Fu(0) =0, k=0,1...,n—1, Do bry(oo) = €°1Pu(n), B >0,

has a unique solution

400
u(t) = /0 sPLG(t, s)h(s)ds.

where
( [r(a + B) —EptoB(nr — Sp)a+ﬁ—1] pla=1)
— [D(a+ B) = EptmofpplatB=D] (tp — gp)o1, s<t,s<m.
Glts) = L [T(a+p) = &p'=oP(np — sp)otF=1] goloD), 0<t<s<n,
A r(a+ ) [tlen — (2 — s)o1]
+EptoPyplathrl(tp — gyl 0<n<s<t,
\F(O‘ + B)teleh), s>t,s>m,
and

A =p*'D(a) [T(a+ B) = &pt o Pyplati=b] .

Proof. Let h € C([0,400)) with [ h(s)ds < oo, if T'(av+ B) # &p'~PpPlethF=1) we have
the probleme

D*?Pu(t) 4+ h(t) =0,
6fu(0) =0,k =0,1....,n — 1, Do Vry(oo) = € PTPu(n), B> 0.

By applying ?1I§, to equation we get

PI“DPu(t) + PIh(t) = 0.
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by lemma (1.2.5) we have

n+1
P
PI*D*Pu(t) = u(t) — Z Ck(;)aika C1, €2, .., Cny1 € R
k=1
50 +1
3 t
u(t) =Y Ce(=)** + I°h(t) = 0
k=1
Hence
ﬁ a-l ﬁ a—2 Y ya—n—-1 _ pra
u(t)—cl(p) + (p) + o + Cpt1(—) I“h(t)

The conditions 6*u(0) = 0 implies that

_ a—n—1) __ —
u(O)_O@leg%tP( ' =0=cp =0,
_ d _ C1 a—1)— Co a—2)—
(t! pa)u(t) =t pa—lp(a AR PP(Q ) A
4 pla — n)tPle—m=1 _rre—ip(q)
poc—n
(t' pd)u(O):O<:> Cn pla—n)limt?@ D =0 & ¢, =0,
dt pon t—0 "
(tl_pi)”_lu(O) 0 2 pla—2)(a = 3)....(a —n) limt*@ "D = 0 = ¢, = 0,
dt pr2 t—0
So 10
u(t) =y (—)* 1 = PI*h(t)
p
(tp)a—l pl_a /t(tp p)a—l p—lh( )d
—= Cl —_— — — S S S S.
P I'(@) Jo

and the conditions D*~1Pu(oc0) = £°TPu(n) implies that

10
D bPy(t) = DO [01(—
p

=1 ['(a) — P1h(t)

= ar(@) - [ s

)"‘1} — PD* P IB(t)

D bry(00) = eT(a) — T(a)h(s)ds = €7 1%u(n).

So

clf‘(oz)—clpg PIPnp / sP7 h(s)ds — €P1°TPh(n),
0

o [P - e ] [ ntsnas o
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Hence
J5° s h(s)ds — £P1°P h(n)
Ch =
' T(a) — (1)

+oo
AT T [ / s Uh(s)ds
T (04 fp oy’

—s )a+ﬁlsﬂlh(s)ds)}

—£ T (
Eptm P

(a +9) -
" T e, O ) ey
X/o (n° — sP)* TP 1sP=1n(s)ds

1 400 -
" T(a)(T(a+ B) — Epi—oPyplatiD) {NO‘ T 5)/0 s”" h(s)ds

n
_é-pl—a—ﬁ/ (np _ 8p)a+5—18p—1h(8)d8:| '
0

¢l 1 T e
= T A gy [T ) s

pa 1
n
“gpte [T - st
0

1 n
=X [/ (I‘(a + B)s" T —¢ptTaT Py — sp)aJrﬁ’lsp’l) h(s)ds
0

+/+OO INGES ﬁ)sp_lh(s)ds] ,
n
with
A = () ([0 + B) — Ep! oy,

So
u(t) = A {/ (T(a+ B)s" 1 = &p' > P (nf — sP)* TP~ 1sP~1) h(s)ds
/ [(a+ 3)s" 'h(s )ds} el Iel(aa / (t? — s")* s h(s)ds
/ sPLG(t, s)h(s)ds,
([Pt §) = Ephobap — st)+=1] o)
— [F(oz + ) — gpl—a—ﬁnp(aﬁé’—l)} (tPr — sP)o 1, s<t.s<n
Glts) = 1 [ (o + B) = Ept—P(np — sp)a+ﬂ—1} tola=1), 0<t<s<n,(2:2)

(Oé—f—ﬁ)[tpa 1)_(tp )a 1}
+€p1_a_ﬁnp(a+ﬂ_l)(tp — SP)O‘_l’ 0< n<s <t,

['(a + B)trle=b), s>t,s >,
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Lemma 3.1.2 [f (H1) holds, then Green’s function G(t,s) satisfies

1. G(t,s) >0,
G(t, s) - ['(a+ pB)
I5 oD = o iT(a) [[(a + §) — Ept @ oyt a ]
Proof.

1. We have four cases
Case 1: For s <t and ¢ <,
Then
>t — P rla=1) > (t” _ Sﬂ)a—l

Y

We have
n’ —s” < nf
e — Sp)a—i—,B—l < 77p(o¢+ﬁ—1)
PN _gpl—oz—ﬁ(np _ Sp)a+ﬂ—1 > —épl_a Bnp(a+ﬂ—1)
< Mla+p) - 5/)““’5(77'” — )7 > F(a + B) — gpt Pyt
& [Dla+8) =g = )71 > [N+ §) — g~ Pyt # V] (1 — o)
& [Pla+ §) = €= = o)1) 0D — [P+ ) — 6o Pypterd V] o — gy

we have +>0 so G(ts)>0.
Case 2: For 0 <t <s<n,

We have
F(a + 5) > gpl—a—b’np(%ﬂ—l) > Spl—oc—ﬁwp _ Sp)a-i—,@—l’
Then
D(a+p) = &p' =2 = s)™7 71 20,
Hence
[T(a+ B) = Ep' P (P — sP) 071 e >,
Then

G(t,s) > 0.

Case 3: For 0 <n <s<t,

We have
P>t — s = tPla=1) > (tp _ Sp)a—l

o tremh _ (tp — 5P)2" L >
& Do+ B) [t — (7 — sP)* 1] > 0.
We also have
P> & tP—s” >0
& (P —s")*1 >0

1—a—5np(a+6—1)(tp _ Sp)a—l >0

< &p
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So
F(a + 6) [tp(ll—l) . (tp _ SP)OA—lj| 4 é—pl—a—ﬁnp(oﬁ-ﬂ—l) (tp . Sp)a_l Z 07

Hence
G(t,s) > 0.

Case 4: For s >t and s > n,
We know that
[(a+)te™l >0,

So
G(t,s) > 0.

According the four cases precedding
if (H1) holds G(t,s) > 0.
2. Now we will prove that:
Glt,s) _ ['(a+ )

L4 tole=) = potD(a) Ia + B) — Eptmofpplotf=D]
Case 1: For s <tand s <,
We have :
[Ta+8) = €00 = 50)™+7] #10) — [Nla+ §) — g =Py ] (10 — )
< Do+ B)tre=) < D(a+ B)(1 + tele1),
So

A.G(t,s) < T(a+ B)(1 +trle b)),

Hence
G(t, s) - Mo+ B)
14 tele=D) = A

Case 2: For0<t<s<n,

We have
[T+ B) — £ — )"0~ e < Ta + e
<T(a+ B +eey),
So
A.G(t,s) < T(a+ B)(1 +trle 1),
Then

G(t, s) . I'a+5)
1 4 gola=1) = A
Case 3: For 0 <n <s <,

We have

[(a+ B) > Eptmofpplotizb),

So
Do+ 8)(t — ) > gt Ao (e — )
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Then
Ep I — )T = Ta+ B)(1 — 57)*71 <0,

Hence
Tla+ Bt —T(a+ B)(t* — )" +&p > PpletdD(pr — 9)* ! < T(a + e,
Then
I(a+ B) [tp(a—l) — (tF — Sp)oc—l] + gpl—a—ﬁnp(a%@—l)(tp _ Sp)a—l < Do+ 5)#)(&—1)’

So
A.G(t,s) < T(a+ BV < T(a + B)(1 + D),
Hence
G<t7 5) < F(Oz + 5)
1+ tple=1) = A
Case 4: For s >t and s >,

We have
F(a + ﬁ)tﬂ(a—l) S F(Oé + 6)(1 + tp(oz—l)>,
So
AG(tS) < F(a + 5)(1 + tp(afl))’
Then

G(t,s) I'(a+p)
< :
1 + ¢rle=1) A

By according to the precedding cases we have

G(t,s) < o+ B)
14 trle=) = po=1D(a) (o 4 B) — Ept o fpplotf=D]

Lemma 3.1.3 If (H2) holds, then for any u € FC(J,R)

+oo
/‘ 1 £ (s, ul(s))lds < p¥lfulls + A
0

Proof . For any u € FC(J,R), by taking v = 0 in (H;), we have

£ (1 ()] = 0 £ (1 u(t)) — £(2,0) + £(2,0)
< M f (1 u(t) — F(8.0)] + (2, 0)
< PD ) 4 £, 0)

=t

Ju(?)]
1+ tela=d)
< p(t) (14 770) Jlullp + 77| £ (2, 0)].

< p(t) (1+t7Y) + 771 £(2,0)]
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we integre

+oo

+o0 +oo
/ | f (s, u(s))lds < / p(s) (1 + ") ds|lull +/ £ (s,0)].
0 0 0

SO

“+o0o
/ 1 f(s, u(s))lds < p*|Julls + A
0

3.2 Existence and uniqueness of solution by Banach fixed

point theorem

In this section, we study the existence and uniqueness of solution by Banach fixed point theorem,

we assume that (H1) and (H2) hold

Theorem 3.2.1 Assume that (H1) and (H2) hold. If

pT(a+p)
p ' (a)(I(a + B) — Eptmofyplotsib)

m = <1, (3.3)

then the fractional integral boundary value problem (3.1) has a unique solution u(t) in FC(J,R).
Moreover, there exists a monotone iterative sequence u,(t)such that u,(t) — u(t) as n — oo

uniformly on any finite sub-interval of J, where

un(t) = /000 PG, 8) f (5, up_1(5)) ds.

In addition, there exists an error estimate for the approximation sequence

n

[un = ullp < lur —wollp,  (n=1,2,...)

1—-m

Proof. Define the operator () by
(Qu)(t) = /OO sP1G(t, 5) f(s,u(s))ds?
0

By Lemma 3.1, fractional integral boundary value problem (1.1) has a solution w« if and only
if u solves the operator equation u = Qu, i.e. The solution of (1.1) coincides with the fixed

point of the operator Q). First, for any v € FC(J,R), by Lemmas 3.2 and 3.3, we have

| (s, u(s))lds

- I+ P)
~ po7I () [T(a + B) — Eptmafpplatrizb)]

= mllullp + k.

|(Qu)(?)] </°° "Gt 5)

1 + tpla—1) — 1 4 tpla—1)

p*l[ullr + Al
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Al (a+ B)
p ') [[(a + B) — gptmafpplathib]

where m is defined in (4.3) and k =
for any u,v € FC(J,R), we have

(Qu)(t) — (Qu)(#)] </°° s"G(t, 5)

. In addition,

1+ tpla—1) 14+ tola—1) |f<S,U(S)) - f(S,’U(S))|dS

r + ﬁ 00 o
= p* T (a) [I'(a + (BO; — 5;1aﬁnp(a+ﬁ1)] /0 p(s) (1 + s 1)> |lu — v||pds
< [(a+ pB) .
= p*~10(a) [T(a + 8) — gpl_a_gnp(&w_l)]p |lu —vl||F

= mlu—vl|p.

Thus,
|Qu — Qullp < mllu—vllp, Yu,ve FC(JR)

As m < 1, then the Banach fixed point theorem ensures that () has a unique fixed point @ in
FC(J,R), i.e. The integral boundary value problem (1.1) has a unique solution @ € FC(J,R)

ndoreover, for any ug € FC(J,R), |u, — ||z = 0 as n — oo, where u, = Qu,_1(n =1,2,...).

3.2.1 Example

Consider the problem

Db #ult) + sy os (322 4+ u(t) = 0, 1 € J = [0.00)

u(0) = (177 4)u(0) =0, DPu(cc) =& *Tau(p),

e—3t
where o = 2, 8 =1, f(t,u) = Gy 008 (3t* + u).
1
5.
Next, we will verify the conditions of Theorem 3.1: First, it is clear that I'(a + ) = I'(3) =

2 > ¢ptaPfyrle+6-1) (H)) holds. Second,

For example, we can take p =2,{ =4,n =

|f(t,u) — f(t,v)] < % |cos (3> + u) — cos (3t° + v)|

673t

< fu—1
(1+13)°

Noting that p(t) = %, thus, we have

oo 00 1
p*:/ (1+t3)p(t)dt§/ te—3t dt:§<oo,
0 0

and

oo [e.e] 1
/\:/ t|f(t,0)|dt g/ te Sdt = g < oo
0

0
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Then (Hj) holds. At last, by a simple computation, we have

pT(a+ B) 4 4

pe 1T (@) [D(o + B) — EptmoBpplats=1)] : 27v27 (2 — Ep~2nt) = 27am L

Hence, all conditions of Theorem 3.1 are satisfied. Therefore, Theorem 3.1 implies that (4.1)

m =

has a unique solution, which can be obtained by taking limits from some iterative sequences.

3.3 Existence of solution by Leray-schauder Nonlinear Al-

ternative theorem

In this section, we study the existence of solution by Leray-schauder Nonlinear Alternative
theorem.
For u € FC(J,R), define the operator @) by

(Qu)(t) = / TG, ) f(s, uls))ds,

Boundary value problem (3.1) has a solution u if and only if u solves the operator equation
u = Qu. Thus we set out to verify that the operator () satisfies Theorem 2.1, which will prove
the existence of the fixed points of ). Since the Arzela-Ascoli theorem fails to work in the

space F'C(J,R), we need a modified compactness criterion to prove 7" is compact.

Lemma 3.3.1 Let V = {u € FC(J,R) | |lullp < 1} (I > 0),V; = {H;;EQ_I) lue v}. If Vi is
equicontinuous on any compact intervals of [0,4+00) and equiconvergent at infinity, then V is

relatively compact on FC(J,R).

Remark 3.3.1 Vi is called equiconvergent at infinity if and only if for all € > 0, there exists
v =wv(e) > 0 such that for all u € Vi, t1,ty > v, it holds,

U (tl) _ u (tg)
IR

Lemma 3.3.2 [f (H1) — (H3) hold, then Q : FC(J,R) — FC(J,R) is completely continuous.

Proof We divided the proof into three steps.
Step 1: We show that @ : F'C(J,R) — FC(J,R) is continuous.
Let u, — u as n — 400 in FC(J,R),



39 3.3. Existence of solution by Leray-schauder Nonlinear Alternative theorem

We have
mn - > p—lG 5
(Qu 1)$)tp(a(_Ql)u)(t)| . / Tftg, F(5,un(s)) = f(s, u(s))|ds
[(a+8) > o
= A T(a) [F(a+ﬁ)—501aﬁnp(a+ﬂl)]/o p(s) (1+ 5”0 flu, — ul| pdls
< — F(Oé—Fﬂ) — — p*Hun o uHFds
Pl (@) [D(a+ §) = Eptaippleti]

= mlluy — ullp.

Thus,

|1Qu, — Qu||r < mlju, —u||p, —0, as n— +oo

So, () is continuous.
Step 2: We show that @ : FC(J,R) — FC(J,R) is relatively compact.
Let © be any bounded subset of FFC(J,R), then there exists K > 0 such that ||ul|r < K.
We have
CAUINpY gl T
0

1+ tela—1) |f (s, u(s))|ds

- [+ pB)
= poTi (@) [D(a + B) — Eptmafpplatiz1)]

= mllullp + k < o0,

”QUHF = Stlel? 1 + tpla=1) —

[P*[[ullF + Al

Al (a + )

where m is defined in (4.3) and k = () [T £ B) — Ep—o Pyplar1]

Hence Q€2 is uniformly bounded.
Now we show that Q) is equicontinuous on any compact interval of [0,00). For any
T > 0,t1,ty € [0,T], and u € 2, without loss of generality, we may assume that t; > ¢;. In

fact,

(Qu) (t2) — (Qu) ()

1+t§(a*1) 1—|—t’f(°‘*1)
* sPTIG (t * P 1G (¢

| [T s - [ S s s
o 1+t o 14+t

* _ G(tg,S) G(t178) G(tl,S) G(t1,8>
:/ 7 o) T T e T T paeD) T 1 etamy | (s, uls))lds
0 1+t 1+t 1+t 1+

= [ |2 —(fffh%e@l,s)( 1 1(a1)>]|f<s,u<s>>|ds

a—1)
1+ A
- /oo o 2l (a+ ) (tQP(a—l) _ tlp(a—l))
~—Jo pa—lr(Oé) [F(Oé + /8) — é’pl—a—ﬂnp(a+ﬁ_1)]

N L(a+f)
= wrljulle =) [pa—T(a) [T(a+ B) — gpt o Ppplei7 1]

LG (b, s) (b — tﬂa”)] £(s. u(s))lds

(t2p(a—1) _ tlp(a—l))] 7
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Hence QX2 is locally equicontinuous on [0, 00).
Step 3: We show that @ : FC(J,R) — FC(J,R) is equiconvergent at co.
For any u € (2,

+oo
| s uls)ds < plfulle + 3 < o
0
(Qu)t) | _ Ept e Pyt /Oo sP7Lf(s,u(s))ds
L tele=D ] po=t (D(a + ) — Epl—e=fppleri=D) T(a) Jy ’ ’
Hence QX2 is equiconvergent at infinity.

By using Lemma 3.5, we obtain that 7" : FC(J,R) — FC(J,R) is completely continuous.

lim

t——+o00

Theorem 3.3.1 Assume that (H1)-(H3) hold, Let ,  satisfies the following condition: 3o > 0

such that . . .
op° T () (T(a + ) — EptoPyplatib)

0) Jy ¢(s)ds

Then boundary value problem (3.1) has an unbounded solution u = u(t) such that

u(t)
0< 1 + tp(a=1)

> 1, (3.4)

<o, forte|0,00).

Proof: We consider the fractional boundary value problem

{ D*Pu(t) + Af(t,u(t)) =0, t€(0,00),a € (n,n+1) (3:5)

6ku(0) =0,k =0,1....,n — 1, Do bey(oo) = €°1%u(n), >0

for 0 < A < 1. Solving (4.2) is equivalent to solving the fixed point problem u = AQu.
Let
U={ue FC(JR)||ullr <o}

We claim that u # AQu for v € QU and A € (0,1). The claim is immediate, since if there
exists u € OU with u = AQu, then for A € (0,1) we have

AQu)(t
te[0,00) 1+t

t
< |@0O
tef0,00) | 1 + 2P

0 op—1 uls gPla—1)
= sup /0 = G(tjs)f<s, (5) (1 + ))ds

te[0,00) 1+ tele=l) 1+ spla—D)
PG,
sup / S ((a f))F (s, %) ds‘
teo,00) |Jo 1+ TP 1+ sP

[ rrarers -~ ﬁnpw 5y #(®) (Jﬁ' )

<

< 1 ”
S T T G ),
So .

pa—IF(Oé) (F(a + ﬁ) — gpl—a—ﬂnp(a_;_ﬁ_l)) (Q) /() QD(S)ds

0=
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Hence

0p* 'T(a) (T(a + B) — &p! Py V)
0) fooo p(s)ds T
which contradicts with (3.1). By Theorem 2.1 and Lemma 3.4, boundary value problem (3.1)

has an unbounded solution u = u(t) such that

u(t
OS%SQ, fOI'tE[0,00)
3.3.1 Example

Let = 3,6 =4 =4,0=14,p=2f(tu) = \/|t|e", F(t,u) = ty/Jule™ in problem

(1.1). Now we consider the following fractional boundary value problem

{ D3u(t) + f(t.u) =0, € (0,00) (3.6)

u(0) = (7 L)u(0) =0, D3 u(co) = ET3u(n),

dt

2
Choose (U) = \/a @(t) - te_t7 0> <p°‘1F(0c)( L(a+8) lgplaﬁnp(a+/31))) » W€ have
D(a+B) =T(3) =2 > &pt—aPyrle+f=1) (H)) holds. Second,

\/‘1+t3

7t ) - e

< —1|U — v
(1+13)>

<o)

lu — v.
t

: __teT?
Noting that p(t) = e thus, we have

Pt = / (1+¢%) p(t)dt < / tse~tdt = T\ﬁ < o0,
0 0

and

A:/ t|f(t,0)|dt32:/ 0dt < oo.
0 0

Then (Hsy) holds. At last, by a simple computation, we have

p'I'(a+5) < 15y/7 < 15\/_
P~ (o) [D(a + B) — gptma=bBnelatb=D] = 12\/27 (2 — £p=2h) 12\/%

f:]0,00)R — [0,00) is continuous.
\F (Z,u)

a 11‘\(

m =

l)[ (a+pB)—gptmaBpplathi-1)

= o(t)(Ju]) on [0,00) R with € C([0,00),[0,00)) nondecreasing and ¢ € L'[0, +00);
jfo (5)ds = op* 'I(a) [[(a+ B) — Ept-afyplari=1] > 1.
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Hence all conditions of Theorem 4.1 hold. Thus with Theorem 4.1, the problem (4.3) has at
least a positive solution u such that

u(t) <yp, fortel0,00),

0<

Hence all conditions of Theorem 3.1 hold. Thus with Theorem 3.1, the problem (3.3) has at

least a positive solution u such that

0 < M)

<o, forte|0,00).
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Conclusion

In this thesis, we have generalized the solution of the fractional boundary value problem on

the infinite interval.

This work can be divided in two main parts:
The first parts is devoted to the study of the existence and uniqueness of solutions for Riemann-

Liouville fractional boundary value problem on the Infinite Interval:

Du(t) + f(t,u(t)) =0, n<a<n-+1,
u(0) = v/(0) = ... = u»1) =0, D u(oo) = E1Pu(n), B >0

where t € J = [0,400), f € C[JXR,R|,£ € R,n € J.D* is the Riemann-Liouville fractional

derivatives of order «, and I” is the Riemann-Liouville fractional integral of order /3.

In the second part, we studied the existence and uniqueness of solutions for a Katugampola

fractional nonlinear differential equation of order n < o < n + 1

DPu(t) + f(t,u(t) =0, n<a<n+1
§fu(0) =0,k =0,1....,n — 1, Dby (o0) = €PTPu(n), B >0
where t € J = [0,400), f € C[JXR,R|, £ € R, n e J D> is the katugampola fractional

derivatives of order «, and ?I” is the katugampola fractional integral of order S.
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