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0. Introduction

The theory of operator ideals has proved to be a strong tool for the investigation and classification of
linear operators between Banach spaces. Nowadays, it has become the starting point to understand and
solve new problems related to non-linear operators. The linear theory has spread to Lipschitz operators,
leading to the notions of Lipschitz operator ideals. A first outline of such a Lipschitz theory was given by
Farmer and Johnson in 2009 (see [18]). In 2016 an axiomatic theory of Lipschitz operator ideals for Banach
spaces-valued Lipschitz mappings was given by Achour et al. in [3] (see also [35]) and in [7] for Lipschitz
operator ideals between pointed metric spaces. These new Lipschitz operator ideals could also be considered
to be a point for the study of some specific properties of non-linear operators, that can be considered as a
new area in non-linear functional analysis.

An ideal of Lipschitz mappings Zr;, is a subclass of the class of all Lipschitz mappings between pointed
metric spaces and Banach spaces such that for a metric space X and Banach space E, the component

ILZ‘]D(AX7 E) = Lipo()(7 E) ﬂILip,
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is a vector subspace of Lipy(X, E) that is invariant by the composition of a linear operator on the right and
Lipschitz operator on the left and which contains the Lipschitz finite rank mappings type.

A number of operator ideals have been fruitfully generalized to the Lipschitz setting in recent years by
several authors (see [36], [4], [5], [6], [24], [12] and the references therein).

In 2009, Dubei et al. introduced in [17] the definition of two-Lipschitz maps which is defined on the
cartesian product of two pointed metric spaces with values in a Banach space, that is Lipschitz separately
in each variable. Under some difficult adequate requirements it is shown that every two-Lipschitz mapping
is associated with continuous bilinear mapping from product of two suitable free Banach spaces to another
Banach space (see [17]). This idea worked successfully without any conditions in [33]. There, Sdnchez-Pérez
present a suitable definition of real-valued two-Lipschitz mappings (under the name of Lipschitz bi-forms)
that admits a good continuous bi-linearization between Banach spaces.

Our purpose is to study the new concept of two-Lipschitz operator ideals between pointed metric spaces
and Banach spaces. We extend to the two-Lipschitz mappings setting a linear procedure for creating ideals of
two-Lipschitz operators from a given linear operator ideal. We apply our results to the well known operator
ideal of strongly p-summing operators ideals. We present and characterize the notion of compactness for
the two-Lipschitz mappings.

The article is divided as follows. In Section 1, after fixing some notation, we recall the most important
results on the theory of Lipschitz operators and projective tensor product theory that we will use throughout
the manuscript. In Section 2, we discuss some properties of the Banach space of two-Lipschitz operators,
we state and prove the bi-linearization theorem. The third section deals with the basics of the theory of
two-Lipschitz operator ideals, that are introduced in a natural way. We present the composition method to
produce an ideal of two-Lipschitz operators from a given operator ideal Z. We show that a two-Lipschitz
operator T belongs to the resulting ideal if it can be written as T'= u o S with u belonging to Z and S is a
two-Lipschitz operator. Finally, in the last section, we introduce the ideal of two-Lipschitz compact operators
from the product of two pointed metric spaces X,Y into a Banach space E and we study a two-Lipschitz
version of strongly p-summing linear operators in order to apply the technique of composition previously
developed. Also we extend to the two-Lipschitz case the concept of absolutely (p;p1,p2)-summing bilinear
operators. Finally, the notion of two-Lipschitz factorable p-dominated operators is introduced, showing that
the bi-linearization of these mappings are exactly the well-known p-semi-integral bilinear operators.

1. Notation and preliminaries

As usual, X and Y will be pointed metric spaces with a base point denoted by 0 and a metric that will
be denoted by d. We denote by Bx the closure of the ball centered at 0 with radius 1. Also, E, F' and G will
stand for Banach spaces over the same field K (either R or C) with dual spaces E* and F*. A Banach space
E will be considered as a pointed metric space with distinguished point 0 and distance d(z,z’) = ||z — 2|
Given a Banach space E, Bp is its closed unit ball (which is coherent with the above notation) and Sg is
the unit sphere of E. With Lipy(X,Y’) we denote the set of all Lipschitz mappings from X to Y that map
0 to 0. In particular, Lipy(X, F) is the Banach space of all Lipschitz mappings T from X to E that vanish
at 0, under the Lipschitz norm

Lip(T) =inf{C > 0: ||T(z) — T(z")|| < Cd(z,z"); Vz,2’' € X}.

When E = K, Lipy(X,K) is denoted by X# and it is called the Lipschitz dual of X. The space of all linear
operators from E to F' is indicated by L(F, F') and it is a Banach space with the usual supremum norm.
It is clear that £(E, F) is a subspace of Lipy(E, F) and, in particular, E* is a subspace of E#. Along the
paper we consider By# endowed with the pointwise topology. One of the main tools that we will use is the
Arens-Ells space E(X) [9] (also known as the Lipschitz-free Banach space of a metric space X, F(X)).
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A molecule on X is a scalar valued function m on X with finite support that satisfies >, m(x) = 0. We
reX
denote by M(X) the linear space of all molecules on X. For x,2’ € X the molecule my, is defined by

Mga' = X{z} — X{z'}> Where x4 is the characteristic function of the set A. For m € M(X) we can write
n

m = > Ajmy,, for some suitable scalars A; and we write
i=1

”mHM(X) = inf ZP‘J‘d(m]vx;)v m:Z)‘jmme; )
j=1 j=1

where the infimum is taken over all representations of the molecule m. Denote by A(X) the completion
of the normed space (M(X), .|| p((x))- The canonical Lipschitz injection map dx : X —/E(X) defined by
0x(x) = myo isometrically embeds X in A(X). For any Lipschitz mapping T' € Lipy(X,Y), there exists a
unique linear operator T € L(/ (X), & (Y)) such that

Tobxy =6yoT. (1)

Furthermore, HfH = Lip(T) (see [21, Lemma 3.1]).

Given T € Lipo(X, E), there exists a unique linear map Ty, : AE(X) — F such that T = T o dx
and [|[Tr|| = Lip(T). The operator T}, is referred to as the linearization of T (see [34, Theorem 2.2.4
(b)]). The correspondence T' +— T, establishes an isomorphism between the vector spaces Lipg(X, F) and
L(E(X),E). In particular, the spaces X# and A(X)* are isometrically isomorphic via the linearization
R(f) := fr, where fr.(m)= > f(z)m(x) (see [34, Theorem 2.2.2]).

reX

By L(FE, F;G) we denote the Banach space of all continuous bilinear mappings T : E x F' — G with
the usual sup norm

1T = sup [T(z,y).
r€Bg,yEBFr

By E®,F we denote the completed projective tensor product of F and F. Given T € L(E, F;G) consider
T, € L(E®,F,G), the unique linearization of T defined by Ty (z ® y) = T(x,y), for all z € E, y € F.
Moreover, | T|| = ||TL||- In other words T' = T}, o 09, where o9 is the canonical continuous bilinear mapping
oy ExF — E®,F, oa(z,y) = x ® y. For the theory of topological tensor products we refer to [31].

Let 1 < p < oo we write p* for the extended real number that satisfies 1/p 4+ 1/p* = 1, as usual, when
p = 1, p* = oco. We denote by £ (E) the space of all sequences (a:z)"zl in the Banach space E with the

1

norm H(:::i)l:1 Hp = (X ll=i”)7, and by £3 , (E) the space of all sequences (z;)

H(azl):; Hpv“’ B IIz*Si\L;F*)Sl ||(<$“x*>)7:1 ”p'

n n
. =

. in £ with the norm

2. Bi-linearization of two-Lipschitz operators

Definition 2.1. [33, Section 3.4] Let (X,dx) and (Y, dy) be pointed metric spaces and let E be a Banach
space, we say that a map T : X x Y — FE is a two-Lipschitz operator if there is a constant C' > 0 such
that for each z,2’ € X and y,y' €Y,

HT (.’13, y) =T (x’ y/) =T (.T/, y) +T ($/, y/)” < CdX (.’II, xl) dY (y7 y/) . (2>
By BLipg (X,Y; E) we denote the set of all two-Lipschitz operators from X X Y to E such that
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forallz € X and y € Y. For T € BLipy (X,Y; E) we set

_ A ! !
BLip(T) =infC = sup L (T:0) T(x,y)/ T(w,y/)+T(ff,y)||
z#T Yy£y’ dx (z,2') dy (y,9')

: (4)

For the mapping T': X x Y — E, consider A, : X — F and A, : Y — E such that A,(z) = T(z,y)
for every fixed y € Y and A, (y) = T(z,y) for every fixed x € X. According to Dubei et al. in [17], T is said
to be two-Lipschitz if A, is Lipschitz for every fixed z € X and A, is Lipschitz for every fixed y € Y.

In the following proposition, we show that this definition with a requirement on the operator x — A,
is equivalent to our definition (Definition 2.1).

Proposition 2.2. For a mapping T : X x Y — E, the following statements are equivalent.

(i) T € BLipy(X,Y; E).
(ii) Ay € Lipo(Y, E) for every fited x € X, A, € Lipy(X, E) for every fitedy € Y and G : © — A,
belongs to Lipy(X, Lipo(Y, E)).
(ili) Ay € Lipo(Y,E) for every fized v € X, A, € Lipo(X,E) for every fixedy € Y and H : y — A,
belongs to Lipo(Y, Lipy(X, E)).

Proof. (i) = (ii) For every fixed x € X, starting from (2) take 2’ = 0 we obtain

1Az (y) — A () = 1T (z,y) = T(x,y') = T(0,9) + T(0,9)]
< BLip(T)d(z,0)d(y,y).

By (3) we have A,(0) = 0. It follows that, A, € Lipo(Y, E) and Lip(A,) < BLip(T)d(x,0). Similarly,
A, € Lipo(X, E) and Lip(A,) < BLip(T)d(y,0) for every fixed y € Y. Now for all z,2’ € X we have

|G(z) — G(2")|| = Lip(As — Ax)
(Az — Aw) (y) — (Ae — Au) W)l

_ sup]

oty d(y,y')
o NT(@y) —T(z,y) -T2 y) + T, )|
= sup -

y#y’ d(ya Yy )

< BLip(T)d(z, "),

showing that G € Lipo(X, Lipo(Y, E)).

(13) = (i) The equalities (3) follow easily from that A;(0) = 0 and A,(0) = 0. The assumption
|IG(z) — G(2")|| < Lip(G)d(x,2’) for all z, 2" € X, implies that T satisfies the inequality (2). The equivalence
(1) <= (#41) is proved in a similar way. 0O

By using simple calculation, we prove the following result.
Proposition 2.3. Let X, Y, Z, W be pointed metric spaces and let E, F be Banach spaces. If f € Lipy(Z, X),

g € Lipp(W,Y), T € BLipy(X,Y;E) and u € L(E,F) then wo T o (f,g) € BLipy(Z,W;F), where
(f,9)(z,w) := (f(2),9(w)), z € Z,w € W. Moreover,

BLip(uoT o (f,g)) < |lul BLip(T)Lip(f)Lip(g)- ()
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Remark 2.4. If X and Y be Banach spaces. Then every bilinear operator 7' : X x Y — F is two-Lipschitz.
Moreover, we have BLip (T') = ||T||. In order to see this, for each z,2’ € X and y,y’ € Y,
1T (z,y) =T (z,y/) =T (') + T (2",3/ )
=T (@ -2 y=y ) < Tl |z — 2"l lly —¥ll

Therefore, BLip (T) < ||T||. For the reverse inequality, we will write (4) for ' =y’ =0,

T
BLip(T) > sup —L@W___ypy.

x#0,y#0 dX (ZL’, O) dY (ya O)

The next theorem and its proof are similar to the Lipschitz case (see [34, Proposition 1.6.2]).
Theorem 2.5. BLipy (X,Y; E) is a Banach space under the norm BLip (-) defined by (4).

In what follows, let (X, dx) and (Y, dy) be metric spaces and consider the product metric space X x Y
equipped with the metric

d((xyy) ) (m/,y/)) =dx ('Tvxl) + dy (yvy/) )

for all z,2’ € X and y,y’ € Y. Also if E, F be Banach spaces, the product Banach space E x F is equipped
with the norm

1@ Y lpxr = 12le + lyle,

forallz € F and y € F.
A simple calculation shows that the mapping (0x,dy) : X x Y —AE(X) xE(Y) defined by

(6x,0y) (z,y) == (6x (), 0y (y)) = (M0, My0)

isometrically embeds X x Y in &E(X) xE(Y).
For all two-Lipschitz operator T': X xY — E, we define a bilinear mapping T : M(X)x M(Y) — FE
by

Tp (mzw’y myy’) =T (Ll'}, y) - T(.’L‘, y/) =T (SL‘/, y) + T(‘rlv yl>7 (6>

for all z,2’ € X and y,y’ € Y. Thus the two-Lipschitz operator T is associated with the bilinear mapping
Tp.

Theorem 2.6. For every two-Lipschitz operator T € BLipy (X,Y; E) there exists a unique bilinear mapping

Tp: £(X)xAY) — E satisfying (6) and

T =Tgo(0x,8y): X x Y X% mx)x £(v) 2 E.

Furthermore BLip (T) = ||Tgl||. The bilinear mapping Tp is called bi-linearization of the two-Lipschitz
operator T'.

Proof. Let (mq,ma) € M(X) x M(Y) and let € > 0. Choose representations of m; and my of the form

n

T
mi = Z QMg gty M2 = Z Bjmyjy;
i=1 =1
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such that

n T
> ol d(ai, ) < 2 Iy and 3 1851 (05, 95) < &+ ImalL gy -
1= Jj=

Then

I Gmasma)ll - =152 e 55 5 (7 y) = Tl vf) = T s vs) + Tlat 1)

<

J=1

Il g ) (s + Imallpyer) -

< BLip(T) 3 los]d (i) 3 18,1 d (15.;)
< BLip(T (

Since this holds for every € > 0 we obtain

T8 (ma1, ma)|| < BLip (T) [mall pex) lImell peyy -

Therefore, T is continuous and satisfies ||| < BLip (T). On the other hand, by the bilinearity of Tz and
taking into account that T'=Tpg o (§x,dy) we get
IT (2,y) = T(2,y') = T (', y) + T2,y )|

= ||IT5 (6x (x) — d0x ('), oy (y) — v (/)

< T lox (x) — ox ()] 10y (y) — oy ()

= |1Tsl d(z,2")d(y.y).

It follows that BLip (T) < ||Tg||. Therefore, BLip (T) = ||Ts||. Now, the continuous bilinear mapping
Tp has a unique extension to

M(X) x M(Y) = B(X) x E(Y),

denoted also by Ty, with |Ts|| = BLip (T).
For the uniqueness of the bi-linearization, suppose S : M(X) x M(Y) — E is a bilinear mapping such

that T'= So (6x,dy). Thus, for any my = 3° aymy,,; € M(X) and mg = }° Bmy,y € M(Y)
< =

S(ml,mg E OZZE ﬂ] (mamx’b?my]y;)

=1

= Zal Zﬁj (6x (w5) — 6x (), 6y (y;) — (53/(3/3))

Z i Y BT (6x (i) — dx (), 0y (y;) — Sy (y)))
~

Z: ZrBJTB (mx x'ymy]yl)

TB (ml, mg) .

This proves that S =Tg. O
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Remark 2.7. Note that the bilinear operator T admits a linearization
(Tp)r: B(X)@,E(Y) — E
satisfies
T=Tgo(dx,0y)=(Tp)rLooz0(dx,dy),

where o9 : B (X) xBE(Y) —HE(X) @,E(Y) is the canonical bilinear operator defined by o (m.0,my0) =
Mgo ® Myo. In addition we have

BLip(T) = |[Tsl = [(T)Lll-

The linear operator (T5);, is referred to as the linearization of the two-Lipschitz operator 7. For the
simplification, write T}, instead of (T5)r.

Next we give a simple but crucial example of a two-Lipschitz operator. Let X,Y be pointed metric spaces
and let E be Banach space. Consider non-zero Lipschitz functions f € X#, g € Y# and e € E. Define the
mapping f-g-e: X XY — E by

frg-e(z,y) = f@)g(y)e. (7)

Then, an easy computation shows that this mapping is two-Lipschitz and
BLip(f - g-e) = Lip(f)Lip(g) [l - (8)
Definition 2.8. We denote by BLipyr(X,Y; E), the linear subspace of all two-Lipschitz operators generated

by the mappings of the special form (7). All elements T of this space are called of finite type. So, any
T € BLipyg r(X,Y; E) admits a finite representation of the form

.
T=Zfi'gi'€i,
i=1

where (f;)"; C X#,(g;)", C Y# and (e;)7, C E.
3. Two-Lipschitz operator ideals

We will follow the spirit of the definitions of multilinear operator ideals ([28] or [19]) and Lipschitz
operator ideals [3], for defining the concept of two-Lipschitz operator ideals.

Definition 3.1. A two-Lipschitz operator ideal between pointed metric spaces and Banach spaces, Zprp, is a
subclass of BLipg such that for every pointed metric spaces X,Y and every Banach space E the components

IBLip(X7Y; E) = BLZpo(X,Y, E) ﬁZBLip
satisfy

(1) Zprip(X,Y; E) is a linear subspace of BLipy(X,Y; E).
(ii) For any f € X#, g€ Y# and e € E, the map f - g - e belongs to Zpriy(X,Y; E).
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(i) The ideal property: if f € Lipo(Z,X), g € Lipg(W,Y), T € Iprip(X,Y; E) and v € L(E, F), then the
composition wo T o (f, g) is in Zpr(Z, W, F).

A two-Lipschitz operator ideal Zpr;p is a normed (Banach) two-Lipschitz operator ideal if there is || -
|z5L:, : IBLip — [0, +00][ that satisfies

(i") For every pointed metric spaces X,Y and every Banach space E, the pair (Zprip(X,Y; E), || - [|z5.,,)
is a normed (Banach) space and BLip(T) < ||T||z4,,, for all T € Zppyp(X,Y; E).
(i) [[Idg2 : K x K — K : Idg: (a, 8) = aBlz,,, =1
(iii’) If f € Lipo(Z,X), g € LipgW,Y), T € Iprip(X,Y;E) and v € L(E, F), the inequality [juo T o
(2 zsssy <l 1Tz, Lip(f) Lip(g) holds.

Of course the Banach spaces considered in this definition are all over the same fixed scalar field.
The two-Lipschitz operator ideal Zgy;, is said to be closed if each Zprip(X,Y; E) is a closed subspace
of BLip(X,Y; E) with the norm BLip(-).

Proposition 3.2. Let Tpr;, be a normed two-Lipschitz operator ideal, X,Y be pointed metric spaces and E
be Banach space. Then

1f -9 ellzpri, = llell Lip(f)Lip(g),
forany f € X#, g€ Y# ande € E.

Proof. Let f € X#, g € Y# and e € E. We can write f - g - e in the following way

f.g.e:idKeoldKQO(fvg)’

By (ii"), (iii’) and (8), we obtain directly

1f-g-elz,,,, <lidgell|ldk2|z,..,Lip(f)Lip(g)
= |lell Lip(f)Lip(g) = BLip(f - g -e)

< ”f g eHIBLip7
this gives, | f-g-elz,,, = lel Lip(f)Lip(g). O

Remark 3.3. By the above definition, the class BLipgr is the smallest two-Lipschitz operator ideal and
the class of all two-Lipschitz operators between arbitrary pointed metric spaces and Banach spaces, is the
largest two-Lipschitz operator ideal.

We use techniques inspired by [11], we give a method (composition method) to build a two-Lipschitz
operator ideal starting from a given operator ideal. The properties enjoyed by the linear operators in this
ideal can be generalized to the two-Lipschitz case and the resulting classes of two-Lipschitz mappings happen
to be a two-Lipschitz ideal called ideal of composition type.

Recall that, from [27], an operator ideal Z is a subclass of the class £ of all continuous linear operators
between Banach spaces such that for all Banach spaces E and F its components Z(E, F) := L(E,F)NZT
satisfy

(i) Z(E, F) is a linear subspace of L(FE, F') which contains the mappings of the form 2*®y : x — (z,2*)y
where x € E, 2* € E* and y € F.
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(ii) The ideal property: if u € L(F,K), v € Z(K,G) and w € L(G, F), then the composition w o v o is in
I(E, F).

If |-l : T — R satisfies

(i") (Z(E,F),]|||l7) is a normed (Banach) space for all Banach spaces E and F,
(i) [lidk |l = 1,
(i) Tt u € £(F, K), v € T(K,G) and w € £(G, F), |wovouly < ol lul,

then (Z,||-||7) is called a normed (Banach) operator ideal.

Definition 3.4. Let Z be an operator ideal. A two-Lipschitz operator T € BLipy(X,Y; E) belongs to the
composition two-Lipschitz operator ideal Z o BLipy, in this case we write T' € Z o BLipy(X,Y; E), if there
is a Banach space F', a two-Lipschitz operator S € BLipo(X,Y; F) and a linear operator u € Z(F, E) such
that T =wo S. If (Z,||-||;) is a normed operator ideal we write

||T||IOBLip0 = inf ||ull; BLip(S),
where the infimum is taken over all u, S as above.

Theorem 3.5. Let Z be an operator ideal. A two-Lipschitz operator T € BLipy(X,Y; E) belongs to T o
BLipo(X,Y; E) if and only if its linearization Ty, belongs to Z(E(X) @, E(Y),E).
Furthermore, if (Z,||-|l7) is @ normed operator ideal, then

||T||IOBLipU =Tz, 9)

and we have the isometric identification
(To BLipo(X, Y3 E) || |zonLins) = (Z(E(X) Ba (V) E), |- |z) (10)

Proof. For the “if” part, if T, € Z(E (X)®,E(Y), E), consider the factorization of T given by T =
Ty, 0090 (dx,dy). Since the canonical bilinear mapping o is also two-Lipschitz with BLip(o2) = ||lo2|| = 1,
then 7' € Z o BLipo(X,Y; E). By (5), we get that |7 zopp, < 170l < [ITL]I7-

To prove the “only if” part, take T € Z o BLipo(X,Y;E) and ¢ > 0. Choose a Banach space F, a
two-Lipschitz operator S € BLipy(X,Y; E) and a linear operator u € Z(F, E) such that T = w o S with
[ullz BLip(S) < € + [|Tllzop1ip,- The uniqueness of the linearization maps gives that T, = u o Sg, so
Ty, € Z(E(X) . E(Y), E) by the ideal property. Furthermore,

ITellz < lullz ISLll = llullz BLip(S) < € + 1Tl 205 Lip, -
To show the identification given in (10), just consider the correspondence T' +— Tp,. 0O

Proposition 3.6. If 7 is a (normed, closed, Banach) operator ideal then, T o BLipg is a (respectively normed,
closed, Banach) two-Lipschitz operator ideal.

Proof. Let us check that Z o BLipg is a closed two-Lipschitz operator ideal whenever 7 is a closed operator
ideal. Thanks to an argument detailed in [3, Corollary 3.3|, we prove that Z o BLipo(X,Y; F) is a closed
linear subspace of BLipo(X,Y; E) with the norm BLip(-) and that the ideal property holds. If f € X7,
g €Y?# and e € E, we can write
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T=f-g-e=idg®@eo(f-g)€ZoBLipy(X,Y;E).

An application of (9) reveals that (Z o BLipo(X,Y; E), | - [[zoBLip,) is @ normed space. Also, for all T' €
IpLip(X,Y; E),

BLip(T) = |Ti|| < [Tz = [ITllzoBLipo-
Since Idg2 = idg o Idg> and idg € Z(K,K), it follows that Idg> € Z o BLipy(K,K;K) and
1= BLZp(IdKz) < HIdK2HIoBLip0 < HZdKHIBLZp(IdKz) =1.

Now, let f € Lipo(Z, X), g € Lipo(W,Y), T € Tprip(X,Y: E) and u € L(E, F). Let € L(E(Z),B(X))
and g € L(E(W),E(Y)) be the associated linear operators of f and g defined in (1). By [31, Proposition 2.3]
we take f ®§ the unique linear operator defined from &(Z) @,E(W) to B(X) @,E(Y) by f@g(mem’) =

f(m)®g(m'), for all m € E(Z) and m’ e E(W) with Hf@ ﬁH = H]?H l[9]] and consider the canonical bilinear
mappings

o9 B (X) x
ob: B(Z) x

(Y) — E(

=
®
e3]
=

E
E
We have

720 (3x,0y) o (f.g) = f®Goaho (3z,0w).

Since T'= T, 0 o3 0 (0x, dy ),

woT o(f,g)=uoTrooz0(dx,dy)o(f g)
=uoTpof®gol[oho(dz,0w)l.

The uniqueness of the linearization maps gives that

(uoTo(f.g),=uoTpof®F.

By the ideal property concerning the operator ideal Z and (9) we obtain

lwoT o (£ 9)zoprip, = [uoTuo @3],

<l 1z || F 2 3]

= [l 1Tz g i, Lip(f)Lip(g)-

Finally, it easily follows from the isometric identification (10) that if (Z, || - ||z) is a Banach operator ideal
then, (Z o BLipy, || - ||zoBLip,) 15 & Banach two-Lipschitz operator ideal. O

Let Z be an operator ideal and Y be a pointed metric space. In the next result we give a necessary and
sufficient condition for assuring that every two-Lipschitz mappings T : X; x Xo —A(Y) belong to the
composition ideal Z o BLipg(X7, Xo;/E(Y)), for all pointed metric spaces X; and X5. In order to prove this
result we need the following lemma.
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Lemma 3.7. Let 71,75 be operator ideals, X1, X2 be pointed metric spaces and F be Banach space. If I; o
BLipo(Xl,XQ;F) C IQ o BLipo(Xl,XQ;F), then Il(E(Xl),F) C IQ(E(XZ),F), fOT every T = 1,2 In
particular, if Ty o BLipo(X1, Xo; F) = Zo o BLipo (X1, Xo; F), then Th (HB(X;), F) = To(E(X;), F), for every
1=1,2.

Proof. Let u € ZI;(HE(X2), F). Fix a! € X; and ¢; €E(Xp)* with a! # 0 and @1 (mag) = 1.
For all (z',2%) € X; x Xo take T(z!,22) = ¢ (mg1g)u(my2). It is clear that T = u o R where
R(x',2%) = @1 (mg10) ma2o. An easy calculation shows that R € BLipy(X1, Xo; £(X>2)) and hence
T € Iy o BLipg(X1, Xo; F'). Therefore, there is a Banach space G, a linear operator v € Zo(G, F) and a
two-Lipschitz operator S € BLipg(X1, Xo; G) such that T = voS. Now if we consider Sp the bi-linearization
of S, for all 22, 2% € X, we obtain

u(mg2g2) = u(mgzqg) — u(mgzg)
=T(a*,2%) — T(a*,2¥)
=wvoS(at,z?) —voS(at,z?¥)
=vo SB(maloa mm2m2’)-
By linearity of w we conclude that u(m) = v o w(m) for all m € M(Xs3), where w : M(X3) — G is

the bounded linear mapping defined by w(m) = Sg(mg1,m) for all m € M(X3). Now, the operator w
has a unique extension to a bounded linear mapping from M(X5) =&E(X3) to G, denoted also by w with

u = v ow. Consequently, u € To(£E(X3), F) by the ideal property. O

Proposition 3.8. Let 7 be an operator ideal and Y be a pointed metric space. For all pointed metric spaces
X1, Xs, we have

T o BLipo(X1, Xo; A(Y)) = BLipo(X1, Xo; B(Y)),
if and only if the identity operator on A(Y') belongs to I.

Proof. For the sufficient condition, suppose that idgyy € Z(E(Y),BE(Y)). If T € BLipo(X1, Xo;E(Y))
then T' = idgyy o T € T o BLipy(X1, X2;/E(Y)). For the necessary condition, take X; = Xo = Y and
applying the Lemma 3.7 for 7y =Z,Zo = L and F = E(Y). O

4. Applications: some examples of two-Lipschitz operators ideals
4.1. Ideal of compact two-Lipschitz operators

We introduce the compactness concept for the two-Lipschitz operators. By showing that the new class
of these operators is an ideal of the composition type, we see that the nature of this extension allows us
to transfer some properties of the bilinear compact operators (and also the linear compact operators) to
the two-Lipschitz case. Many papers were devoted to the concept of compactness for the bilinear mappings
between Banach spaces (see [29], [30], [10], [22]).

Let E, F, G be Banach spaces and T : E x F — G be a bilinear operator. We call T compact, in symbols
T € Lx(E,F;Q) if T(Bg x BF) is a relatively compact subset of G. This is equivalent to saying that T
takes bounded sets into relatively compact sets.

Now we present the definition of compact two-Lipschitz operators. Let X, Y be pointed metric spaces,
be a Banach space and T' € BLipy(X,Y; E). As in the Lipschitz case ([20]), the two-Lipschitz image of T
is the subset Impr,(T) C E that consists of all elements of the form
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T(x,y) —T(z',y) — T(x,y)+T(z',y)
d(z, z")d(y,y’) ’

where z,2' € X,y,y € Y with x £ 2’ and y # y/.
It is easy to see that if Imprip(T) is a bounded subset of E, then T : X x Y — E is a two-Lipschitz
mapping, which motivates the following concept.

Definition 4.1. A two-Lipschitz operator T' € BLipy(X,Y; E) is said to be compact if Impgy,(T) is relatively
compact in E. The vector space of these mappings is indicated by BLipox(X,Y; E).

Remark 4.2. Observe that the two-Lipschitz compact operators can be seen as an extension of the bilinear
compact operators. Indeed, if X,Y, E are Banach spaces and T : X xY — E is bilinear compact, it follows
from Imprip(T) = T(Sx x Sy) that T is two-Lipschitz compact.

The next result provides a shortcut for showing that the class of the two-Lipschitz compact operators is
a closed two-Lipschitz operator ideal. Recall that the absolutely convex hull of the subset A of a Banach
space F is defined to be

n n
T'(A) = {Zaix‘i :neN,x, € Aoy € R,Z la;| < 1} .
i=1 =1
Theorem 4.3. Let X1, Xo be pointed metric spaces, E be a Banach space. For T € BLipy(X1,X2; E), the

following statements are equivalent.

(i) T is two-Lipschitz compact.
(ii) Ts : A(X1) x £(X2) — E is bilinear compact.
(iii) Tp : B(X1)® (X)) — E is linear compact.

Proof. Take My, = {mwio—mm;o

d(x;,xh)

I'(My,), i = 1,2. The equivalence between () and (ii) follows from the inclusions

cx, € Xy, g 7&332} ;i = 1,2. By [20, Lemma 1.1] we have Bgx,) =

ImpLip(T) C T (T(Mx,) x T(Mx,)) C T (ImpLip(T)),

and the fact that the closed absolutely convex hull of a relatively compact subset of a Banach space is
compact. The equivalence (i) <= (ii¢) is proved in [22]. O

Since the class K of compact linear operators between Banach spaces is a closed Banach operator ideal (see
[27]) and using the preceding theorem, Theorem 3.5 and Proposition 3.6 we obtain the following corollary.

Corollary 4.4. The class BLipoi is the closed Banach two-Lipschitz operator ideal generated by the compo-
sition method from IC, i.e.,

BLipoxc(X,Y; E) = Ko BLipy(X,Y; E),
for all pointed metric spaces X,Y and Banach space E.
Remark 4.5. The same technique that we have shown above should provide also the corresponding result

for the class of two-Lipschitz weakly compact operators. The mapping T € BLipo(X,Y; E) is two-Lipschitz
weakly compact if Impr,(T) is relatively weakly compact in E.
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4.2. Ideal of strongly two-Lipschitz operators

Cohen in [15] introduced, (D, ||-||Dp)7 the operator ideal of strongly p-summing linear operators. For
1 < p < o0, recall that a linear operator u : E — F belongs to D,(E, F) if there is a positive constant C'
such that for alln € N, z1,...,z, € E and yf,...,y) € F* we have

(@), )izl < Cll@)ily 1)z, - (11)

In this case, ||uHDp :=inf {C > 0 : satisfying (11)}.
The definition of Cohen strongly p-summing m-linear operators is due to Achour and Mezrag (see [2]) in
order to generalize the concept of strongly p-summing linear operators.

Definition 4.6. For 1 < p < oo, a mapping T' € L(E, F; G) is Cohen strongly p-summing if there is a constant
C > 0 such that for any z1,...,2, € E, y1,...,yn € F, and any g7, ..., g € G*, we have

1
n P
I(T (zi,9:) , 97))ia|l, < € (leillp ||in|”> (g7 )iz e, -

i=1
The vector space of these mappings is indicated by DZ (E, F; G) and the smallest C satisfying the inequality
above, by ||T||p>. This defines a norm on D2 (E, F; G) and (D;, ||~||D2) is a Banach bilinear ideal.

The next Lipschitz generalization of the concept of strongly p-summing linear operators was introduced
by Yahi, Achour and Rueda in [36].

Definition 4.7. A map T € Lipo(X, E) is strongly Lipschitz p-summing (1 < p < 00), if there are a Banach
space I’ and an operator u € D,(F, E) such that

(T(x) = T(2"),y")| < d(z,2") [ (y")|| for all z,2" € X,y" € E”.

The infimum of all constants Hu||Dp is denoted ||T||D£. This class of mappings is denoted by D} (X, E)
and with the norm ||THD£ it is a Banach space.

Now we are going to construct a new two-Lipschitz operator ideal by the composition method starting
from the operator ideal (D, ||-||Dp).

Definition 4.8. Let 1 < p < co. A mapping T' € BLipy(X,Y; E) is strongly two-Lipschitz p-summing if

there exist a Banach space G and a p*-summing linear operator S : E* — G such that for all z,2’ € X,
¥,y €Y and e* € E* we have

(T(x,y) = T(a',y) = T(x,y') + T(a',y), e")| < d(@,2)d(y,y') [|1S(e7)] - (12)

We denoted by Df L(X,Y; E) the set of all strongly two-Lipschitz p-summing mappings from X x Y to E.
Moreover, if T € DFY(X,Y; E), then we set || T||ps. = inf {m,+(S)}. The infimum is taken over all Banach
spaces G and operators S such that (12) holds.

Let us give an example of a strongly two-Lipschitz p-summing operator.

Example 4.9. Let 1 < p < oo and S : Y — E be a strongly Lipschitz p-summing operator and f € X7.
The mapping
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T:XxY —E, T(z,y)=f(x)S(y),

is a strongly two-Lipschitz p-summing operator with ||THD;?L < Lip(f) HS||D£' Indeed, for € > 0 choose a
Banach space F' and u € Dy(F, E) such that |ul, < (5—1— ||S||D5) and for every z,2' € X, y,y €Y,
e* e B*,
(T(2,y) = T(",y) = T(x,¢) + T(2',y), €
= [f(z) = F@)(S(y) = S(), ")l
< Lip(f)d(z,2")d(y,y') [lu* ()| -

Since u* : E* — F* is p*-summing with ||u||Dp = mp+(u*) (see [15, Theorem 2.2.2]), it follows that
T € DPM(X,Y; E) and

ITllpse < Lip(f)mye (u) < Lip(F) (= + 1Spz ) -
The following theorem justifies that the class under study is a true extension of the bilinear notion.

Theorem 4.10. If T € L(X,Y;E) is a bilinear operator between Banach spaces X,Y and E, then T €
DPE(X,Y; E) if and only if T € D(X,Y; E). Furthermore, ||T||p2 = [|T | pse-

Proof. Suppose that '€ DPX(X,Y; E). For each € > 0, choose a Banach space G and a p*-summing linear

operator S : E* — G such that (12) holds and mp-(S) < ||T||per + €. Let (2i)1<i<n C X, (¥i)1<i<n C Y,
; <i< <i<

and (e])i1<i<n C E*. Then by (12) and Holder’s inequality we get

1T (i, i) s €5))ima Ny < Z [EA AN

1
¥

< (Zuxinﬂyﬂ) (Znswnn“)

< mp- (5) (Z v 1" ||in|”> (e )izt llpr o -

i=1

It follows that T' is Cohen strongly p-summing and
ITlpy < 7 () < [ Tllpg +e

Conversely, suppose that T' € DZ(X ,Y; E). By [2, Theorem 2.4] there is a regular Borel probability measure
i on B« such that for all z, 2’ € X, y,3’ € Y and e* € E*, we have

|<T({L‘7y) - T(LU/,y) - T(x7yl) + T(x/7yl)7 €*>|
= |<T(l‘ - l‘/, Yy—= y/)a €*>|

1
¥

< Thoglle =y =l | [ e dute)

B

Let A be the natural isometric embedding F* — C(Bpg««) composed with the formal identity from C(Bg«+)
into Loo(p) given by A(e*)(¢) = (e*,¢), e € E*, ¢ € Bg+~. The canonical mapping iy« : Loo(pt) —
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L+ (@) is p*-summing with 7y« (i,-) = 1 (see [16, Page 40]), it follows that i,« o A is also p*-summing with
Tp= (ip= 0 A) < 1. Therefore, T' € DF*(X,Y; E) by taking G = Ly- () and S = || Tl p2 (ip 0 A). In addition,

||T||D;‘73L < 77;0*(5) < ||T||Dg' O

We show in what follows that DEL is the two-Lipschitz operator ideal generated by the composition
method from the linear operator ideal D,,.

Proposition 4.11. Let XY be pointed metric spaces and E be Banach space. For 1 < p < oo, we have T €
DPE(X,Y; E) if and only if its bi-linearization Tp € D2(H(X),A(Y); E). In this case |T||psr = T8 p2-

Proof. Suppose that 7T is strongly two-Lipschitz p-summing operator. Let m! € M(X), m? € M(Y), with
representations, m' = 37\ agmy,qy and m* = 377, Bjmy,,, and let e* € E*. Then there exist a Banach
space G and a p*-summing linear operator S : E* — G such that,

|<TB(ml7 m?)

eV <D lakld (@, 2) > 18;1d (y, v5) 1S(eM)]]-
k=1 j=1

Taking the infimum over all representations of m! and m? we get
[(Ta(m?,m?), )| < [lm"|| [[m?[| [:S(e)]].

By using the last inequality and Holder’s inequality we obtain

(s (mtm2) )| < o (Zumlu quH) e)iallye

for any mi, ...,m;, e M(X), m3,...,m2 e M(Y), and any e, ..., e;, € E*. Therefore, Tp € D} (£ (X), B(Y); E)
and ||Tg| p2 < 7mp+(S). Passing to the infimum over all G and S as above we arrive at | Tg|p2 < ||T||pse-

Conversgly, suppose that Tg is Cohen strongly p-summing. Let 2,2’ € X, 3,3/ € Y and et € E*. B; 2,
Theorem 2.4] there is a regular Borel probability measure p on B+« such that for all z,2’ € X, y,y/ € Y
and e* € E*, we have

‘<T($’ y) - T(l‘/, y) - T(x’ y/) + T(l‘/, y/)a €*>|
= [(TB(maar, myy ), )|

1
¥

< Tl oo e | [ Ve, )P du(o)

B

A similar analysis to that in the proof of the second implication of Theorem 4.10 shows that T €
DE(X.Y: E) and [Tlpps < [Tlpg. ©

The proof of the following corollary is a consequence of [1, Theorem 3.6] and the previous proposition.

Corollary 4.12. Let X, Y be pointed metric spaces and E be a Banach space. For 1 < p < oo, we have T €
DEE(X,Y; E) if and only if its linearization Ty, € Dy (A(X) &rE(Y),E). In this case |T||psr = HTL”DP'
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As a consequence, we obtain the following corollary which is a straightforward consequence of the pre-
ceding corollary, Theorem 3.5 and Proposition 3.6.

Corollary 4.13. The class D;BL is the Banach two-Lipschitz operator ideal generated by the composition
method from the operator ideal D,, i.e.,

D, (X,Y; E) = Dy o BLipy(X,Y; E),
for all pointed metric spaces X,Y and Banach space E.
4.8. Ideal of two-Lipschitz (p; p1,p2)-summing operators

Farmer and Johnson introduced the Banach Lipschitz operator ideal of Lipschitz p-summing mappings
[18], extending II,, the operator ideal of p-summing linear operators, to the Lipschitz case. A mapping
T € Lipy(X, E) is called Lipschitz p-summing, 1 < p < oo if there exists a constant C' > 0 such that
regardless of the choice of points a1, ..., 2, 2}, ..., 2, in X,

n

[T =T@L, < C swp [[(Fla) = F@D)L],-

fe€Bx#

The definition of absolutely p-summing m-linear functionals is due to Pietsch [28]. In [23], Matos presented
a definition for vector-valued mappings.

Definition 4.14. Let E, F, G be Banach spaces and let 1 < p,p1,ps < oo, with % < p% + p%. A bilinear
operator T' € L(E, F'; G) is said to be absolutely (p;pi,p2)-summing if there is a constant C' > 0 such that
for any z1,...,x, € E and y1, ...,y, € F we have

I o)l < C sup 1(F@l, sup N,
f€BE~* gEBp«

The Banach space of these mappings is denoted by L (pip, p.) (£, F; G) with the norm [T,

as,(pip1.p2)
which is the smallest C satisfying the above inequality.

We extend the definition of the class of absolutely (p;p1, p2)-summing bilinear operators to the case of
two-Lipschitz operators, for which the resulting vector space of two-Lipschitz (p; p1, p2)-summing operators

is a Banach two-Lipschitz operator ideal.

Definition 4.15. Let 1 < p,p1,p2 < oo with % < p% + pi?. A mapping T € BLipy(X,Y; E) is called two-

Lipschitz (p; p1, p2)-summing if there exists a constant C' > 0 such that for any z1,...,z,,21,..., 2, in X
and Y1, .., Yn, Y1, .-, Y, in Y we have
(T (i, yi) — T(2}, yi) — T(ws,y) + T(2),45)) iy ||p (13)
<C sup ([P — FED,, s (9w — 9@ ), -
f€By# 9EBy#

We denote this class of two-Lipschitz operators by BLgs, (pip, p,)(X,Y; E). In this case, we define

1T 5, = inf {C : satisfying (13)}.

as,(p;p1,p2)
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We don’t know if two-Lipschitz (p;p1,p2)-summability implies (p;p1,p2)-summability whenever the
mapping T is bilinear. The converse is of course clearly true. If X, Y and E are Banach spaces and
T: X xY — F is bilinear (p; p1, p2)-summing, it follows from the inclusions Bx+~ C Bx# and By+ C By#

that T is two-Lipschitz (p; p1, p2)-summing and ”T”BLas,@;pl,pQ) < HTHEas,(p;pl,m)‘

Proposition 4.16. The class (BLas,(p;pl,pg)a (R[PSS p— )) is a Banach two-Lipschitz operator ideal.
as,(p;p1,p2

Proof. The properties (ii), (ii’) and (iii’) of Definition 3.1 may be easily verified. So we only show
that (i’) holds. Let X and Y be pointed metric spaces and E be Banach space. It is easily seen
that o' € BLgs (pipypo) (X, Y5 E) C Lipo(X,Y; E), HO‘T”BLGS,(,JMM) and || <
”T”BLas,@;pl,pg) for every T' € BLgs,(pip, ,po) (X, Y3 E) and o € K.

Let S,T € BLas (pipy po) (X, Y3 E), and (2;)7—, (27)j~; € X and (y:)j=y, (yi)j=; C Y. Then

= 1Tl sL,. e

||((S + T) (i, yi) — (S +T) (a5, y:) — (S +T) (i, ;) + (S +T)(x{i7y§)>?:1||p
< ||(S(xlvyl) - S(‘Tgvyl) - S(‘riv y;) + S(x;’y;))?:lnp
H (T (@i yi) = T, ys) — Twayi) + g, y0)i ||,

< (ISl T ) 300 () = S,
X#

as,(p;p1,P2) as,(p;p1,P2)

xg:g}y)# H(g(yz) - 9(?/2))?:1”192 )

which means that S + T is in BLgg (pip, p,) (X, Y; E) and

1S+ Ty, .. <S5 1Tl 5

as,(p;p1,P2) as,(p;p1,p2)

Thus, we have shown that (BL
BLipy(X,Y; E).

To prove the completeness of the space BLgs (pip, p,)(X,Y; E), take a Cauchy sequence (T}), C
BLys X,Y; E). Hence for all € > 0, there exists n. € N such that

as’(p;phpz)(X,Y;E),||~HBLM’(WW2)) is a normed linear subspace of

P;P1,p2) (

BLip(Tn_Tk) < ”Tﬂ_Tk”BL <eg, forall n,k > ne,

as,(p;p1,p2)

which means that (7},),, is a Cauchy sequence in the Banach space BLipo(X,Y; E). Thus, it exists T' €
BLipy(X,Y; E) such that BLip(T,,—T) — 0. Now, let z1,...,xn, 2}, ..., 2, in X and y1, ..., Yn, Y1, -, Yh
in Y. Since T;, — T}, is two-Lipschitz (p; p1, p2)-summing, it follows that for every n,k > n., we have

(T = Tho) (@i, yi) = (Tn = T) (@}, y0) = (T = Te) (@i, 1) + (T = Ti) (@ )i,

<e sup ||(f(z:) = F)isall,, sup [[(9(w) —9(i)isi]l,, -
fEBX# QGBY#

Since Ty, (x,y) — T(x,y) for all z € X,y € Y and after passing to the limit for ¥ — 400, we obtain that
for every n > n.,

(T = T) (@i, y5) — (T = T)(,95) — (T = T)(wi, ) + (T — T) (@, 97) )i |,

<e sup ||(f(z:) = F=i)iall,, sup [[(9(ws) —9(w))izal,,
feByy gEB #
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which means that (T, = T') € BLgs (pip,po)(X, Y3 E) and hence, T' € BLgs (pip, po) (X, Y5 E). In addition,
1T, — T”BLG,S‘(,);M,,,Q < ¢ forall n > n., i.e., the sequence (7},),, is convergent to T' € BLgs (pip, p) (X, Y E)
with respect to the norm, ”'”BLM,(p;pl,pQ)'

Let us show with an example that BLgg (pp, p,) 1S not of composition type, that is BLag (pip, ps) 7
I, o BLipo

Example 4.17. Let 1 < p,p1,p2 < oo with = < = 4 p%' Consider the two-Lipschitz mapping

11
p P1
S:RxR—E(R)S.E(R), S(x,y)=mz @ myo.

Then S is two-Lipschitz (p;p1, p2)-summing. In order to see this, let z;, z},y;,y; € R (i = 1,...,n). Then,
using Holder’s inequality and taking into account that the mapping dg : R —&(R) is Lipschitz p-summing
for all p > 1, we obtain

H(S(xi, Yi) — S(xga Yi) — S(ﬂ%yg) + S(xgvyg))?:lup

1
n P n
p
= <§ T (M0y © ) > = (E e
1= 1=1

1 1
P1 n P2
p1 p2
=1

< swp (| = FEDL,, swp (o) — 9w,

Sl

"y
My, y;

)

IN
oY
gl
3
8
n&\

On the other hand, a trivial verification shows that S = o9 o (dg, dr). The uniqueness of the linearization
maps gives that Sy, is the identity map on the infinite dimensional space E(R) ® E(R) and so, S, ¢ II, (see
[16, Page 50]). Finally, the Theorem 3.5 asserts that S ¢ II,, o BLipg

4.4. Ideal of two-Lipschitz factorable p-dominated operators

The p-semi-integral multilinear mappings were introduced in [26] motivated by the work of Alencar and
Matos [8]. Let E, F,G be Banach spaces and 1 < p < oo. A bilinear mapping T € L(E, F;G) is p-semi-
integral, in symbols T € L, ,(E, F'; G), if there is a constant C' > 0 such that

(Eiremr) <o s (ool
i=1 $1EBpx* i=1

¢2EBp+

for any (z;);_, C F and (y;);—, C F. In this case, take [Tl , the infimum of all constants C' working in
the above inequality. We can found some details about this concept in [26], [14] and [13].

In the following definition we generalize the concept of factorable p-dominated bilinear operators (see [25,
Definition 2.7]), to the two-Lipschitz case obtaining in this way a Banach ideal of two-Lipschitz operators.

Definition 4.18. Let 1 < p < oo. A mapping T € BLipy(X,Y;E) is called two-Lipschitz factorable
p-dominated if there exists a constant C' > 0 such that for any z/,27 € X, yl,y’ € Y, N ¢

K,(1<i<mn,1<j<s)and all positive integers n, s we have



K. Hamidi et al. / J. Math. Anal. Appl. 491 (2020) 124346 19

1
p)ﬁ
1

p)p

The class of all two-Lipschitz factorable p-dominated operators is denoted by BLy ,(X,Y; E). In this case,
we define ||T'|| 5 L,, asthe infimum of all constants C fulfilling the above inequality.

n

SN (T yl) = Tl y?) = T ) + T )

(£

S
<C sup >
fE€Bx#
9EBy #

> (£ = 1)) (aw) - 9))

j=1li=1

Remark 4.19. Note that if T is two-Lipschitz factorable p-dominated then taking n = 1, by Hoélder’s in-
equality we have

Y=

(ZH( ol yf) = T(x?,y7) — T(a,y?) + T (2, y9)) |

< ||T||BLf,,, fesgp H (f(a?) - f(x/j))jﬂ

sup H(g (v7) —9(y")>_,
P1 gEBY# p2

for any 27,27 € X, ¢/, y7 € Y (1 < j <s),ie., T is two-Lipschitz (p; p1, p2)-summing with %

Now, we study the connection between a mapping belonging to BL¢ ,(X,Y; E') and its bi-linearization.

Theorem 4.20. Let X,Y be pointed metric spaces and E be a Banach space. For 1 < p < oo, we have
T € BLy,(X,Y; E) if and only if its bi-linearization Tp is p-semi-integral from £(X) x£(Y) to E. In this
case

||T||BLf,p = ||TB||977p (14)

Proof. Suppose that T' € BLj,(X,Y; E). Let (ml)] 1

_ C E(X) and (m3)j=, CE(Y), with m} =
S ajm,;,; and mi =3, Bm 4y then, we have

(£ st i)

<=

S n . T .
J o J o
Z T (Z aimzzm;hk;l 6kmyiy;j>

)
y

- (2 > ol 30 8L (TG ul) - Tl ) = T ) + T6Y o))

= ( Z Z Ozz Z 6£TB (mﬂ?ﬁy’myiyg)

=

)
Voo

Since £(Z)* and Z# (Z = X or Y) are isometrically isomorphic via the linearization, for all h € Z# there
is ¢ € E(Z)* such that

8=

> ol 8 (fd) = 1)) (9h) - aw)

p(mzzr) = hp(mezer) = h(z) = h(Z),
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for all z, 2’ € Z, we obtain

leal|<1 \ j=1li=1 k=1
lp2lI<1
1
s P
p
= |5, sup (zw Jal >1>
llerfl<1 \ =1
le2]l<1

Therefore, Tp € Ls; p(£ (X), £ (Y); E) and [T, < ||T||Bpr
Conversely, suppose that Tp € Lg; ,(E(X),E(Y); E). Let xl,xlj € X, y{,y;j ey, )\g eK, (1<i<

n,1 <j <s), we have

_ (z -
j=1

1

y

~ ([ % (rdd) - Tl ~ Tl oh) + T )

1
1
p)ﬁ

n o P\ P
K .
2 Ajmﬂﬂfﬂv? 2 Mygya

i=1

<ol sup | 3| Nea(mep)erlm,g,)
le[| <L\ j=1 e
lle=ll<1
1
S n . . . . p P
/ i /
=15, sup (z SN (f]) = £@D) (o) - 9?)) )
feByy \J=1li=1
geBy#
Which means that ' € BL; ,(X,Y; E) and ||T||Bpr <|7Tsl, O

Remark 4.21. If we consider T € Lipg(X, E), we obtain a characterization of strictly Lipschitz p-summing
operators that was introduced by Saadi in [32] i.e.,

T is strictly p-summing
<= T}, is linear p-summing
<= T is factorable p-dominated,

where the first equivalence follows from [32, Theorem 3.5] and the second one from Theorem 4.20. So, our
notion is really a generalization of strictly Lipschitz p-summing operators to the two-Lipschitz case.

Pellegrino in [26] proved that the class (Lsip,|[[|,;,,) is a Banach ideal of bilinear mappings (see also
[14]). As a straightforward consequence of this result and the preceding proposition we have the following
corollary.

Corollary 4.22. The class (BLyp, || 51, ) is a Banach ideal of two-Lipschitz operators.

Proof. The proof is based on the equality (14) and the following statements that we get directly from the
uniqueness of the bi-linearization maps,

1) ((XS—I—T)B =aSp+Tg, forall S,T € BLy, and a € R.

2) (f-g-e)p = fr-gr-e forany f € X# g€ Y# and e € E, where fr, - g1 - e € L(E(X),B(Y); E) is
defined by fr, - g1, - e(m,m') = fr(m)gr(m')e.

3) (uoT o (f,g))y =uoTpgo(f,g) forall fe Lipy(Z X), g € Lipg(W,Y), T € BL; ,(X,Y;E). 0O
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