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Notations

Notations
L(X,Y) The space of all bounded linear operators from X toY.
R, The field of non negative real numbers
E* The topological dual of F
p* The conjugate of the number p (1 < p < 00), that is % + }% =1
K The field of real or complex numbers.
Li(X,Y) The space of fall finite-rank operators from X to Y.
loo The Banach space of bounded scalar sequences.
L(X;Y) The set of all continuous linear operators.
L(Xy,...,X,;Y) The set of all multilinear operators.
L(Xq,...,Xn;Y) The set of all continuous multilinear operators.
Li(Xq,. ..., X3 Y) The set of all finite type multilinear operators.
Lr(X1,...,X,Y) The class of finite rank multilinear operators
La(X1,..., X0 Y) The class of nuclear multilinear operators
Ly N;ight(X 1,---,Xn;Y) The class of hyper right p-nuclear multilinear operators
Loun (X1, ..., X Y) The class of hyper-nuclear multilinear operators




Introduction

The theory of Banach (or s-Banach) ideals of bounded multilinear operators (see [15, 19])
has attracted the attention of many researchers, as evidenced by numerous articles published
in this field. For example, nuclear multilinear operators ([16, 14]) an extension of p-nuclear
linear operators introduced by Pietsch and Persson in [18] have been studied, along with
other recent concepts such as the ideal of strongly p-summing multilinear operators [13],
Cohen strongly p-summing multilinear operators [6], p-dominated multilinear operators [15],
and others.

Researchers have also explored questions regarding the composition of multilinear op-
erators and whether certain properties remain stable under composition, as discussed in
Popa s work [22]. Popa provided examples demonstrating the validity of his questions. In
an independent study, as part of Torres doctoral project [24] (published in collaboration
with Botelho [8]), the researchers introduced a new definition of multilinear ideal operators,
incorporating the composition property raised in Popa s question as one of the defining con-
ditions. They called these operators "Hyper-Banach (or s-Banach) ideals of bounded multi-
linear operators,” highlighting their key characteristics and supporting examples, while also
clarifying the differences from classical Banach (or s-Banach) ideals of bounded multilinear
operators. This work was followed by additional contributions from the same researchers
8, 9, 21], as well as by Achour [2, 3, 4, 5].

In this master s memory, we examine Botelho and Torres article entitled "Hyper-
ideal of multilinear operators”, published in Journal ”Linear Algebra and its Ap-
plications” to explore this concept and, as an example, study Hyper p-nuclear multilinear

operators, with an attempt to provide a simple extension to this framework.



Notations

The master s memory is divided into three chapters: The first chapter covers fundamen-
tal concepts and results necessary for the thesis. The second chapter introduces the concept
of Hyper-ideal multilinear operators, the motivation behind their definition, and some of
their key properties. The third chapter focuses on the example of p-nuclear operators as
a Hyper-ideal, examining their special properties such as satisfying the linearization theo-
rem and proving that they admit a decomposition involving lp-spaces via a linear operator

and a multilinear operator.



Chapter 1

Preliminaries

This chapter presents the fundamental concepts necessary for understanding and studying
linear and multilinear operators in Banach spaces. We begin by reviewing sequence spaces
of the form ¢,(X) and ¢,,,(X), which are commonly used to characterize various types of
operators and serve as foundational tools in this context.

The discussion then proceeds to the definition of operator ideals within the framework
established by Pietsch, with a focus on two key properties: stability under composition and
the inclusion of all finite-rank operators.

We then introduce the notion of multilinear operator ideals as a natural extension of
linear operator ideals, outlining the structural conditions required to ensure their stability
and coherence [1, 19].

The chapter concludes with the concept of nuclear multilinear operators introduced
in [16]. Serving as a prelude to the study of hyper-nuclear operators within the broader

framework of generalized operator ideals.

1.1 Absolutely summable sequence

For X a Banach space over the scalar field K = R or C, Bx denotes the closed unit ball of
X and X* denotes the dual of X. The norm of a functional * € X* is given by

[2* [} = sup{|(z,2")| : = € Bx}.
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For X,Y Banach spaces, we denote by £(X,Y) the Banach space of all continuous linear

operators between X and Y with the norm

IT|| = sup [T(z)]-
r€Bx

We write £(X) instead of L(X,X). If T' € L(X,Y), the continuous linear operator 7% :
Y* — X* defined as
T"(y")(z) = y"(T(x)),

for every y* € Y* and x € X is called the adjoint operator of T with ||T|| = ||T7]|.

Let 1 < p < oo. The classical Banach sequence spaces ¢, ¢, and ¢, are defined by

b= { @) CK: @), = (S leal’)? < 00}

oo = {(@)n CK [ (20, lloo = SUPcn [20] < 00}, p = 0.

cco = {(zn)n CK:lim, o |z, = 0}.

For p > 1, we note p* the conjugate of p defined by the formula % + 1% = 1. We pose
p*=o00sip=1.

The following fact is well known, which is discussed in [1, 12].

Definition 1.1.1 1) A sequence (z,)n, of elements of X is said to be absolutely p-summable
if
(Tallzall?)? <00, if1<p<oo

I(zn)nll, =

sup,, ||zl <o, ifp=o00
When p = 1, it is said that (x,), is absolutely summable. We denote by €,(X) the vector
space of all absolutely p-summable sequences of elements of X. (€,(X), || -|l,) is a Banach
space.
2) The spaces c¢o(X ) of norm null sequences in X is Branch spaces with the norm given
by

[@n)le = sup [zl

3) A sequence (x,), in X is said to be weakly p-summable if

oo
>z (@,)]f < oo, for every zF € X*

n=1
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We denoted by £, ,,(X) the Banach spaces of weakly p-summable sequence in X when equipped

with the norm given by

1

I, —SUP{<Z|x ) ) x*egx*}.

Remark 1.1.1 In the case p = oo, then the spaces lo (X)) of weakly bounded sequences

coincide with the spaces o (X),

1@ )nll oo o = 11(Zn)n ]l

1.2 Operator ideals

Recall that a linear operator v € L£(X,Y’) is said to have finite rank if «(X) is a finite
dimensional subspace of Y. The class of all finite rank linear operators between Banach
spaces is denoted by L£¢(X,Y). One can readily see that an operator v € £(X,Y) has finite
rank if, and only if, there exist (z])’, C X* and (y;)7.; C Y such that

u(z) = Z()y

for every x € X.

Let us recall the definition of a Banach operator ideal, from [20] (see also [12]).

Definition 1.2.1 An operator ideal T is a subclass of the class L of all continuous linear
operators between Banach spaces such that for all Banach spaces X and 'Y its components
Z(X,Y) = L(X,Y)N T satisfy

(1) Z(X,Y) is a linear subspace of L(X,Y) which contains the finite rank operators.

(it) The ideal property: if v € L(G,X), v € Z(X,Y) and w € L(Y,H), then the
composition wowowv is in (G, H).

If |||l : Z — R satisfies

() (Z(X,Y),||.]l7) is a normed (Banach) space for all Banach spaces X and Y .

(i) |lidg|l; = 1,idx : K — K, idg (A) = .

(iii’) lwowovlly < flwl[ |[oll [ull -

Then (Z, ||.||7) is called a normed (Banach) operator ideal.
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The operator ideal Z is said to be closed if each Z(X,Y) is a closed subspace of L(X,Y") for

the sup norm.

Theorem 1.2.1 (Series criterion) Let T be a subclass of L(X,Y) endowed with a non-
negative function ||.|; : T — R*. For Banach spaces X,Y, define

I(B,F): =INL(X,Y).

Then (Z, ||.||;) is a Banach ideal of linear operators if and only if the following conditions
hold :

() The linear operator idk: K — K, idx (A) = A, belongs to Z and ||idk]||; = 1.

(1) If S1,S8%,... € Z(E,F) and Y32, ||Skll; < oo, then S = 372, [|Sk]| € Z(X,Y) and
117 < 372 115kl

(i) f T e L(G,X),Se€Z(X,Y)and e Re L(Y,H), then RoSoueZ(G,H) and
[RoSoTlz <IRISIlz[lul.

For every Banach ideal Z

="yl = =yl -

where z € X*,y € Y and

(y: X =Y, zw—a(x)y
Corollary 1.2.1 If S e Z(X,Y), ||S]| <|IS]|7-

Example 1.2.1 We now give a list of examples

1) L: Ideal of continuous operators;

2) Ly: Ideal of finite rank operators;

3) L: The closure (with the usual operator norm) of an operator ideal I;

4) Approximable operators. An operator u € L(X,Y) is called approximable oper-
ators if there are u, € Li(X,Y), with

lim [|u — u,|| = 0.
n

We denote by L;(X,Y) the ideal space of all approzimable operators from X to'Y.
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1.3 Ideal of multilinear operators
Let Eq, ..., E,, F be normed spaces.

Definition 1.3.1 Let n € N. A map A : E; X --- X E, — F is called a multilinear map

(or n-linear operator) if
A(xy, .o e+ pyj, oo xn) = MA@, -z, ) F AT Y, X))

forall1 <j<n, xj,y; € E;, and scalars X\, p € K (where K=R or C).

If Y =K, then A is called a multilinear form.
We denote by L(E, ..., E,; F) the set of all multilinear operators from Xy x -+ x X, into
Y.

Let us define the following linear operations:

(AL + A, ) = Ar(my, ) + As(T, . T)

(A (1, x) = AA(T, L T)

This gives the space L(X7,...,X,;Y) a vector space structure.

Proposition 1.3.1 Let A € L(Ey, ..., E,; F). The following statements are equivalent
1. The operator A is continuous

2. The operator A is continuous at the point (0,...,0).

3. There exists a constant C' > 0 such that
Az, ... xn)|| < Clleall - |lenl]  for all (z1,...,2,) € By X --- X Ey,.
In this case, we say that A is bounded, and we define:
[All = sup  [[A(zy,... 2]
lz;11<1, 1<j<n

=inf{C >0: ||[A(z1,...,z,)|| < Cllz1|| - - - |@nl|, Vz; € Ej,1 < j <n}

We denote by L(E1, ..., Ey; F) the space of all continuous multilinear operators from

Xix---xX,toY.

10



Chapter 1 Preliminaries

Corollary 1.3.1 IfFEy,..., E, are finite-dimensional spaces, then every map A € L(Ey, ..., E,; F)

15 continuous.

Definition 1.3.2 (Finite-type operator ) We say that a multilinear mapping A € L(Ey, ..., Ey; F)
is of finite type if there exist k € N, linear functionals <p§-i) € Ef, and vectors y; € F for
7=1,....kandi=1,...,n, such that

k
1 n
Ay, .., z0) = Zgag )(xl) . gpﬁ )(xn) Y.
i=1

For every (x1,...,x,) € By X -+ X E,, this n-linear mapping is also denoted by

k
1 n
-0 @y
=1

<

The vector subspace of L(E1, . .., E,; F) consisting of all finite type mappings will be denoted

by
Li(Ey,...,E. F).

Definition 1.3.3 [2/] (Finite-rank operator) We say that a multilinear mapping A €
L(Ey,...,Ey; F) is of finite rank if the dimension of the vector subspace of F generated
by the image of A is finite. That is, if there exist k € N, n-linear forms T; € L(E}, ..., E,),
and vectors y; € F, for j =1,... k, such that
Az, ... x,) = ZlTj(xl, e D) Y
j=
For every (x1,...,2y) € By X -++ X E,, this n-linear mapping A is also denoted by
k

> T @y;.

j=1
The vector subspace of L(E\, ..., E,; F) consisting of all finite rank mappings is denoted by
Lr(Ey,...,E,; F).

Remark 1.3.1 Clearly, every multilinear mapping of finite type is also of finite rank. There-

fore, we have the inclusion

Li(Ey,...,EyF)C Lr(Ey,... Ey F).

11
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Now we give an example of continuous multilnear operator that is not finite type

Example 1.3.1 Consider the following bilinear form:
A gg X 62 — K A((.Tz)z 15 yz i= 1 szyl

This bilinear form does not belong to the class of finite type operators.

Proof. Let us show that A is not of finite type. If it were, we could write

for all x,y € ly, where 905-1), 905-2) € l5. By the duality U5 = {5, for each j =1,...,k, there

exist sequences (a Z(J))z 15 (bgj))fil € {5 such that

1 G
gog ) Za x; and 905 (y) = Z bgj)yi
i=1

=1

for all x = (2;)2,, y = (v:)2, € lo. Thus, we obtain

7=1
for all x,y € {5. But by the deﬁmtzon of A, for each i, taking the i-th canonical unit

vector e;, we have

k
1= Ale;, e;) Zay i
7=1
Note that the last term in the equality above tends to zero as i — oo, since it is a finite

sum of products of general terms from absolutely convergent series. This contradiction shows

that A is not of finite type. ®

Definition 1.3.4 (Multilinear operators ideal). A multilinear ideal M is a class of contin-
uwous multilinear operators such that for everyn € N, Ey, ..., E, and F' are Banach spaces,

we have

(1) M(E\,...,En; F) is a subspace of L(Ey, ..., E,; F) that contains L.

19
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(11) Ideal Property: If A € M(Xy,...,X;Y), u; € L(E;,X;) for j =1,....n, and
ve LY, F), thenvo Ao (uy,...,u,) € M(Ey,...,E; F).

Moreover, if || - ||m : M — R satisfies
(i) (M(Ey,...,Ey; F), |- |lm) is @ normed space (in fact, a Banach space).
(77°) |[Ixn : K* — K||p = 1, where Ign(A, .oy ) = A1+ Ap,

(i) If Ae M(Xyq,...,X,;Y), u; € L(E;, X;) forj=1,...,n, andv € L(Y,F), then

oo Ao (ur,...un)llm < floll - [|AlLve - fJual] - - [l
Then (M, || - ||m) is called a normed (Banach) ideal of multilinear operators.
Proposition 1.3.2 Let (M, || - ||m) be a normed ideal of multilinear operators. Then we

have

Al < ||Al|pm for all A € M.
Example 1.3.2 L(E,...,E,;F) and L¢(E, ..., E,; F) are ideals of multilinear operators.

Definition 1.3.5 [16/(Nuclear multilinear operators) An operator A € L(E\,...,E,; F)
is called multi-nuclear if there exist a sequences (X\;)52, € /1, (cpg-i))?‘;l C E} for each i =
L,...,n and (y;)32, C I such that for every (vy,...,x,) € Ey X --+ X E,, the operator A

can be represented as

A(Ih . 7%) = Z )\j%‘?g'l)(xl) T <P§'n)($n)yj-
j=1

The expression above is called a nuclear representation for A and the space of all nuclear n-
linear operators from Ey X --- X E,, to F is denoted by Lyr(Fy, ..., Ey; F). The multi-nuclear
norm of A is defined by

|Ally = inf {Z N1 S el - ||yj||}
j=1

where the infimum is taken over all such representations as above.

Proposition 1.3.3 (Ly,||.||z,) is a Banach multilineare ideal

12



Chapter 2

Hyper ideal of multilinear operators

In this chapter, we address the question posed by Bolteho and Torees: Can the ideal property
be generalized to include composition with multilinear operators from the left, in addition to
linear operators? they answered this question in their article entitled [Hyper-ideal of mul-
tilinear operators|, published in the journal [Linear Algebra and its Applications].
In this chapter, we explore the concept of hyper-ideals, some of their related properties, and

their relationship with multi-ideals.

2.1 Motivation

In the theory of linear operators, ideals are classes of operators closed under composition with
other linear operators, facilitating the study of operator properties and their compositions.
For multilinear operators, the concept of multi-ideals arises, where a class M of n-linear

operators satisfies:

IfAeM = wodo(uy,...,u,) €M
where

u; € L(G}, Ej), foreachj=1,... n.
and

ve L(F,H).

114



Chapter 2 Hyper ideal of multilinear operators

depicted by the diagram:

G1 X Go X oo X G,
l l \L voAo(U1,u2,...,Un)
Uy u2 Un

E, % E, X oo X E, 2" . p v H

However, given the multilinear nature of these operators, a natural question arises: why
not compose A also with multilinear operators on the left side? This leads to the concept

of hyper-ideals, where a class H satisfies:

IfAeH = woAo(By,...,B,)eH

where

B] € E(ij71+17 Tty Gm]7 EJ)

for all illustrated by the diagram:

(G X+ X Gpy) X (Gu1 XX Gpy) XX (G 41 X - X Gpy))

n

B, B, 5, VoAo(Bi,Ba,....Bn)
Eiil X E\Lb X oo X E\'L \F% H

n AeH %

This generalization enhances stability and allows for a broader study of classes that
include more complex compositions among multilinear operators. It also reveals that some
classical multi-ideals are not hyper-ideals, motivating the construction of new classes such

as hyper-nuclear operators to fill these gaps.

2.2 Definitions and properties

Definition 2.2.1 A hyper-ideal of multilinear operators, or simply a hyper-ideal, is a
subclass H of the class of all continuous multilinear operators between Banach spaces such

that for all n € N and Banach spaces Fy, ..., E, and F', the components
H(Ey,...,Ep; F):=L(Ey, ..., E; F)NH
satisfy:

(i) H(E1,...,Ey; F) is a linear subspace of L(Ey,...,E,; F) .

15



Chapter 2 Hyper ideal of multilinear operators

(ZZ) ,Cf(El,...,En;F) CH(El,...,En;F)

(iii) Hyper-ideal property: Let n be a natural number and 1 < my < --- < m,, and let
Gi,...,Gn,, Er,...,E,, F and H be Banach spaces. If

B, € £(G1,. . .,Gml;El),. ..,B, € ,C(Gmn71+1, ce 7Gmn;En)7
veL(F;H) and A € H(E,...,E,; F), then

voAo(By,...,By)) €H(G,...,Co: H).

If there exist p € (0,1] and a map || - ||% : H — [0, 00) such that:

(i’) The restriction of || - || to each component H(E, ..., E,; F) is a p-norm.

(i) |[Ign : K" = K, Ign(A1,.. ., An) = A1 Aol = 1 for every n.

(iid ) Hyper-ideal inequality: If A € H(E,,...,Ey; F),

By € L(Gy,...,Gn  Ey), ... ,Bn € LGy 415 -+ Gy B,
andv € L(F; H), then
oo Ao By, Bl < ol Al 1B+ | Bull (1)

Then (H,|| - ||%) is called a p-normed hyper-ideal. If all components H(FE, ..., E,; F)
are complete spaces with respect to the topology generated by || - ||, then (H, || - ||u) is called
a p-Banach hyper-ideal.

When p = 1, we say that (H, || - ||3) is a normed hyper-ideal or a Banach hyper-
ideal.

If (H,]|| - |ln) s a p-normed (or p-Banach) hyper-ideal for some p € (0,1], then we say

that it is a quasi-normed hyper-ideal (or quasi-Banach hyper-ideal).

Proposition 2.2.1 It is plain that every (normed, quasi-normed, Banach, quasi-Banach)hyper-
ideal is a (normed, quasi-normed, Banach, quasi-Banach) multi-ideal. So, properties of

multi-ideals are inherited by hyper ideals.

1R



Chapter 2 Hyper ideal of multilinear operators

Proposition 2.2.2 Let (H, |- |l%) be a p-normed hyper-ideal. Then the following inequality
holds

A< Il (2)

Proof. Let A € H(E,,...,E,; F), and let z; € E; for each j = 1,...,n. By the Hahn

Banach Theorem, there exists a functional ¢ € F” such that ||¢|| = 1 and
o (A(z1, ... x)) = |A(z1, ..o 2] -
Let us consider the linear operators
l@r,: K= E, (1®x)\) =Xy, fori=1,... n,

and the functional ¢ : F' — K.

Let
poAo(1®wxy,...,1@x,)(A1,..., \) =po Al @ z1(N\1),..., 1 @ 2,(\n))
= e(A(Mx1, ... Aay))
=N e(Alz, .. xy))
=LA, ) - o(A(z, .. xy))
therefor

gpvo(l@l‘l,...,l@l‘n):90<A(5L‘17~-7In))'1n

We conclude that

[A(z1, .zl = lp(Alzy, - 2a))|
= (A1, )| - [ Ll
= lle(A(z1, o wn)) - Il
=|lpcAo(1®xy,....,1 Q@ z,)|xn
< llll - [[Afl7 - (1 @ @]l -+ 1T @ ]

= [[ Al - lall - - flall-
Since the vectors z; € F;, for i = 1,...,n, are arbitrary, we obtain
[A@y, . an) | < Al (]l - flnll

17



Chapter 2 Hyper ideal of multilinear operators

Hence, we conclude that:

[All < Al

The closure of H is defined by

H(El”En7F) = H(Ely,EnaF)Hllv

for every n € N and for arbitrary Banach spaces E1, ..., E, and F'. We denote this class by
H. Moreover, H is said to be closed if H = H; that is, if H(F,..., E,; F) is a closed sub-
space of L(EY, ..., E,; F) with respect to the uniform norm, for all Banach spaces Ey, ..., E,

and F.

Proposition 2.2.3 Let (H,|| - ||x) be a quasi-normed hyper-ideal, n, m; < --- < m, be
natural numbers, Ty € L(E1, ..., Ep,), ., Tn € L(Em, 1415+, Em,) andy € F. Consider

the m,,-linear operator
N L, y:Eyx---x b, —F
defined by
(@ T, y)(x1,...,Tm,) =T1(x1,- - Ty ) - T Ty 1415+ -+ Timyy) - Y-

Then
T1®...®Tn®y€H(El,--‘,Emn;F)

and

@ 0T @yly=Th©- - @T, @yl = Ta]l - Tl - [lyll-
Proof. Considering the linear operator
l®y:K— F given by (1®y)(A) =Xy,

we have

(1®y)ol,, oTh,....T,) =TT ®--- T, ®y.

As I, € H(K™; K), defined by I,(A1,...,A\n) = A1--- A, forall \; e K

1R



Chapter 2 Hyper ideal of multilinear operators

from the hyper-ideal property of H we conclude that
Using first (2) and then (1), we get

i@ L,y <|Th®- T, ®ylln
= [A®y) oLy, olTr,....,Tu)|ln
<Nt@yll - Ln, 3 1700 (1T
=Tl 1Tl - [yl
=T ® - ®T, vyl

Proposition 2.2.4 Let H be a hyper-ideal. Then (H, |- ||) is a Banach hyper-ideal. More-

over, H is the smallest closed hyper-ideal that contains H.

Proof.
(i) Let H(E4, ..., Ey; F) be a subspace of the normed vector space L(Ey, ..., E,; F). It

is immediate that

H(Ey,...,Ey; F)
is also a normed space. Moreover, since
HCH

and H contains the finite type operators, H also contains them.

(i) Given A € H(E\, ..., E,; F), does there exist a sequence

(4)2, CH(Ey, ..., B F)

that converges to A in the uniform norm
Let 1 <my < - <my,

B EE(Gl,...,Gml;El), Ceey Bneﬁ(Emn71+1,...,Emn;En),

10



Chapter 2 Hyper ideal of multilinear operators

and

T e L(F;H).
Then

lvoAo(By,...,By,) —voAjo(By,...,By)||=|lvo(A—A4;)0(By,...,B,)|
< [[oll - 1A = Ajl[ - 1Bl - - | Bnll

Therefore, the sequence

(UOAj o) (Bl,,Bn))]oo

=1

converges to

voAo(By,...,By,).
Since H is a hyper-ideal, we have
UOAjO(Bl,...,Bn) GH(Gl,,Gmn,H)

Hence,

voAo(By,...,B,) € H(Gy,...,Gp,; H)

Thus, (#;]| - |l3) is a normed hyper-ideal.

It is clear that H(FE}, . .., E,; F) is a closed subspace of the Banach space L(Fy, ..., E,; F),
hence H(E, ..., E,; F) is also a Banach space. Therefore, (H;]| - ||%) is a Banach hyper-
ideal.

Let G be a smallest closed hyper-ideal containing H. For any Banach spaces E, ..., F, and
F, and for any A € H(E\, ..., E,; F), there exists a sequence (4;)32, C H(Ey, ..., E,; F) C
G(FEy, ..., E,; F) such that

Aj——>A in Q(El,,En,F)

Jj—o0

Since G(Ey, ..., E,; F) is closed, it follows that A € G(Fy, ..., E,; F'). This proves that

H(E,...,Ep;F) CG(E,... ,Ey F).

9N
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Theorem 2.2.1 [24, Theorem 2.1.9](Series criterion). Let 0 < p < 1 and H be a
subclass of the class of all continuous multilinear operators between Banach spaces, endowed

with a map
|- {3« H = [0, +00).
Then (H, ||-||%) is a p-Banach hyper-ideal if and only if the following conditions are satisfied:

(i) For every n € N, the n-linear mapping
Ixn € HIKY K)  with  |[Ixn||ly = 1,
where Ign(A, ..., ) = A1 --- A\, for all \; € K.
(i) If (A;)52, CH(EL, ..., By F) is such that
S 14l < oo,
=1

then the series A = 3222, A; converges in H(E, ..., Ey; F), and
IANG < > 14515
j=1
(iii) Let n € N, 1 < my < --- < my, and let Gy,...,Gp,, Er, ..., E,, F,H be Banach
spaces. Suppose
Bl € 'C(Gla R Gm17 El)v ce Bn € 'C(Gmn_l—i-lv S 7Gmn; En)7

AeH(E,,....,E,;F), and te L(F;H).
Then the composition

voAo(By,...,B,) € H(Gy,...,Gp,; H)

and

oo Ao (By,.... Bu)llw < l[oll - [Alls - 1Bl - -~ | Bull-

Proposition 2.2.5 [8, Proposition 2.6] Let 0 < p < 1, (G, ||-||g) and (H, ||-||%) be p-Banach
hyper-ideals such that G C H. Then, for every n € N there is a constant C,,, depending only

on n, such that

[l < Cal[Allg,

for all Banach spaces E, ..., E,, F and A € G(Ey, ..., E,; F).
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2.3 Examples

Example 2.3.1 Ly is not a hyper ideal.

Proof.

Counsider the bilinear form
Ailyx by — K, A((@:), (9:)2) = D iy
i=1

It is well known in functional analysis that this bilinear form is not of finite type
Now, assume for the sake of contradiction that £; forms a hyper-ideal. Since the identity
operator on the scalar field,

idg € ,Cf(K; K),
the hyper-ideal property would imply that:
idg o A € £f(£2 X gQ;K),

which means A € L;(¢y x l5;K), a contradiction with the known fact that A is not of finite

type.
EQ X 62

ldgoA

K . K
idg eH(K,K)

we conclude that Ly is not a hyper-ideal.

Example 2.3.2 Let us show that the class Ly of nuclear multilinear mappings does not a
hyper-ideal.

First, note that the class of nuclear mappings is contained in the class of multilinear
mappings approximable by finite type mappings. Indeed if A € Ly (FE1, ..., Ey; F), then we
can consider sequences

(gog-l));?il CEf forl=1,...,n,
and

=1
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Chapter 2 Hyper ideal of multilinear operators

in such a way that we obtain a nuclear representation of A.

We can then define the sequence (Ag)32, in Li(En, ..., E,; F) where each Ay is given by
: (1) (n)
j=1
forallzy € Ey,...,x, € E,.

With this, the series
> 1 n
SIS 18 Ny
j=1

is convergent, and therefore, given € > 0, we can find ky € N such that

> 1 n
ST e 10870 - Myl < e

j=ko
Thus,
> 1 n
1Ax = A< S - 1N 18- Hlysll < e
J=ko

for every k > ko. Therefore, A is approximable by finite type mappings. The proof that L

is a multi-ideal can be found in [16, Proposition 2.2]. In particular, we have:

< e

We can now conclude that the class of nuclear mappings is not a hyper-ideal. To see
this, it suffices to observe that the class of multilinear mappings approximable by finite
type mappings does not contain the finite rank mappings. Therefore, the class of nuclear

mappings also cannot contain them, that is, it does not satisfy condition (1').

Example 2.3.3 Lx is the smallest hyper-ideal with a norm, meaning that every hyper-ideal

containing the finite-rank operators has a norm greater than (or equal to) the natural norm.

Proof.
Since condition (i) of Definition 2.2.1 is the same as in the case of multi-ideals, and we
already know that Lr is a multi-ideal, there is no need to check this condition.

Let us verify condition (ii). Let 1 < m; < --- < m,, be natural numbers, and let

A€ Lp(Ey,....E;F), By €L(Gy,....,Gn;Er),..., Bn€L(Gn, +1,--,Gm,; En),

99
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Chapter 2 Hyper ideal of multilinear operators

Since A is of finite rank, we can write it as

k
A=) Ty®vy,

j=1

where T € L(E}, ..., E,) and y; € F. Then we have:

voAo(By,....,Bu)(T1,...,Tm,) =0 (A(Bl(xl, e Ty )y BT, 41, - ,xmn)))

I

M= =
~
3 I

23

~—~

: Sy,

=

—~

SN—

Sy

3

—~

SN—

SN—

&
~__—

j=1
k

:ZSJ‘®ZJ($1’ s T )
j=1

for all x; € G;, where S; :=Tj o (By,...,B,) € L(Gy,...,Gpn,), and z; :=v(y;) € H.
Thus,
voAo(By,...,By) € Lr(Gy,...,Gpn,; H),

proving that L is a hyper-ideal.
Now we prove that Lx is the smallest hyper-ideal. Let H be a hyper-ideal and let

AG,C]:(El,...,En;F).

We need to show that
AG?‘[(El,,En,F)

We may assume, without loss of generality, that
A=T®y,

where T' € L(Ey,...,E,) and y € F, since A can be written as

k
A=) Ty®vy,

j=1
withT; € L(E),...,E,)andy; € F,and H(E, ..., E,; F') is a vector subspace L(E, ..., E,; F)

Let us consider the linear operator

ley: K= F, (1®y)(\)=\y.

N
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We have
1@y e LK F) CH(K; F).
From the hyper-ideal property, it follows that
A=Toy=(1®y)oT € H(E\,...,E; F).
|

Proposition 2.3.1 [24] Let H be a subclass of the class of multilinear mappings between
Banach spaces that satisfies the hyper-ideal property. For every n € N and for any Banach

spaces By, ... E,, F, the following statements are equivalent:

(i) H(E:, ..., E,; F) is a vector subspace of L(En, ..., Ey; F) that contains all finite-type

n-linear mappings.

(i’) H(E:,...,E,; F) is a vector subspace of L(E1, ..., E,; F) that contains all finite-rank

n-linear mappings.

D)=



Chapter 3

Hyper nuclear multilinear Operators

Before introducing the hyper nuclear multilinear operator ideal, we first recall the notion
of a nuclear linear operator ideal. In the linear setting, an operator S € L(E, F) is called
p-nuclear [18, 20] if

S@) = 3 24 (2

where (z7),, € (,(E*) and (y,)n € {p (F), and

151, = M {[[(@7)nllp - (@)l o}

where the infimum is taken over all so-called p-nuclear representations described above. The
class of all p-nuclear operators with p-nuclear norm is denoted by (N, || - [|,)
An operator R € L(E, F) is called right p-nuclear [17] if there are functionals (z7}); €
Upe (E*) and (y;); € £,(F') such that
R(z) = Y@y,

J=1

and

IR pggione = inf {115)s 1 1 )3l }
where the infimum is taken over all so-called p-nuclear representations described above. The
class of all p-nuclear operators with p-nuclear norm is denoted by (N;*9", || - | N;ight).
For p = 1, 1-nuclear operators are simply called nuclear operators. The class of all

nuclear operators with nuclear norm is denoted by (N, || - ||x)

DY



Chapter 3 Hyper-nuclear Multilinear Operators

Botelho and Torres [8] extended the linear operator ideal of right p-nuclear operators,
while Popa [21] independently developed an extension of the p-nuclear operator ideal. In this
chapter, we study the hyper right p-nuclear multilinear operators, examining their special
properties including their satisfaction of the linearization theorem and prove that they admit

a factorization through ¢P-spaces via a composition of linear and multilinear operators.

3.1 The hyper right p-nuclear operators

We begin by proving the following property, which, though straightforward, we include for

completeness.
Proposition 3.1.1 Let T : E — F be an operator. The following are equivalent:
i) T is right p-nuclear;
it) There are (An)n € Ly, ()0 € Ly w(E*) and (zn)n € loo(F), such that
T = i A2 () 2.
n=1
forx € E. Moreover

[T[| pyione = 0E [[(A ) llp- |l (7).

p*,w-H(Zn)nHoo

Proof. Let T is right p-nuclear, then there exist (z}), € {p o, (E*) and (y, ), € £,(F) such
that

o0

T = 3w = 3 Mt (@)
n=1 n=1

where (2)n = (27) € loo(F) and (An)n = (|9nll)n € -
So, inf [|(An)nllp- | (7 )nllpe - | (za)nllp < (27 )nllpr ol (Y )nllp = TN pgpione
Conversely, suppose that (i) holds, then there exist (A\,)n, € ¢, , (2})n € {p-o(E*) and

(Yn)n € loo(F), such that

T=3 M@y = 3 o2z,
n=1

o7
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where (2,)n = (An¥n)n € €,(F) so, T is right p-nuclear and

[Tl gione = inf [ (5.

pe ol (Za)nllp <[ (An)nllp-[l(27)n

p*w-”(zn)nnp'

Let us see that, given sequences
()‘j>?il < gpv <TJ>?C:)1 < gp*,w(L(Elv ce >En))> (yj>]9.;l < €M<F)>
Then, the series
Z /\jT’j(ZL‘l, e ,xn)yj,

for all

(ml,...,mn)GElx---xEn,

is absolutely convergent, and therefore convergent. Indeed, consider the linear operator

w(xl ,,,,, Tn) - £(E17 ceey En) — Ka w(ml ,,,,, mn)(T) = T(xh cee 7xn)-
From

Wer ) (D) = [T (@1, san)| ST (] - [l

we have 1, ool < llzall - lla . Thus,

..........

whenever x; # 0, for : = 1,...,n. In this case, by H lder s inequality, it follows that

1/p*
p*)

1/p*
p*)

prw - [ [l < oo

2N T (@, wa)ysll < ()52 - (Z IAJ’IP> ' (Z 1T (1, - )
j=1 j=1 j=1

= 1)1 lloo - 1(A) 741l - (Z [Yar,zn) (T))

< )52 lloo - ATl - [1(T5)52

Definition 3.1.1 Let p € (0,00) and p* € [l,00] . An n-linear continuous operator
A€ L(Ey,...,E,; F) is called hyper right p-nuclear if there exist sequences (>\j)j’i1 € lp,
(T5)521 € by w(L(EN, ..., Ey)), and (y;)32, € Loo(F) such that

Az, .., zp) = Z)\jTj R yj(x1,. .., xy) = Z)\jTj(:lrl, e X)), (1)

Jj=1

R
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for all (xy,...,z,) € By X -+ X E,. In this case, we write A € EHN;@M(EL By F).

The hyper p-nuclear norm

. E’]—L/\/';ight(El7 N ,En,F) — [0,00)

H ' HC T4
ght
’H.Np

is defined by

1Al = inf {JO), - 1T e - @)l }

where the infimum is taken over all representations as in (1)

right
HAT,

It is not difficult to prove that if A € L(Ey, -, E,; F) then,
A is hyper right p-nuclear if and only if there are (¢;); € €y (L(En, ..., Ey)) and (y;); €
¢,(F) such that

A(.Tl, e ,an) = Z¢j($1, R ,xn)yj
j=1

for all (xy,...,z,) € Ey X -+ X E,. Moreover

4, e = )l 0500

Where the infimum is taken over all so called hiper right p-nuclear represents discribe above

Theorem 3.1.1 Let p € (0,00) and p* € [1,00]. Then the class (HN ™, || - ||y zmrione) of

hyper right p-nuclear multilinear operators is a p-Banach hyper-ideal

Proof.
(i) It is plain that Zg» € L, ot (K™ K). Regarding Zk~ as a representation of itself it

follows that ||Zgn || L, riant < | Zkn||. Assuming that ||Zgn || c, < 1, there would exist a
p

right
NP

representation Y272, A; ® T) of I, with [[(A;)32, [, - [[(T5)324
e = [1(T5)5%

finit-dimensional, we have [|(7})32, p+- By holder’s inequality

L= [Ze (1, DE< Y I ITI- 1 < NG5l - )5l < 1,

=1

a contradiction that gives ||Zgn ||z riont = 1
H
P

(ii) Let (A;)%2, C LHN;ight<E17...,En;F). be such that 372, HAjH’Z:HN < o0o. Given

J right
p
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€ > 0, for every j € N ther are sequences (A\jx)i2, € €y, (Tix)72q € by w(L(EN, ..., E,)) and
(Yjk)iZ1 € loo(F) such that A; = 3222, \jpTix ® yjx and

gk )eZallp - [1(Tir )2

Nl < 0+ 24, e

We can assume, for each j, that ||(y;x)52|lcc = 1 and

1)l < (L)AL, ) 1 Tiw)72 (L + Az, i)™

From
Y Pl = ZZ!MV’ ZH ielly < (1+¢€)” ZHA 17 it < (2)
Gk=1 j=1k=1

We conclude that (\j;)$5. € £, For each linear functional ¢ € (L(Ey,..., E,))" with
ol < 1, we have

S 1Tl < 3 1Tl

jk=1 j=1 j=1

(I4+¢)? ZHA ||p < 00 (3)

'rzght

Therefor (Tj1)$5.21 € lpw(L(EL, ..., Ey)). We already know that (yjr)jx € foo(F); so for

all x1 € Fy,...,x, € E,, the series

> Nk Tjk @ yjr(w, ..y Tn) (4)
=1

is absolutely converge in the banach space F. Then

jk=1
defines A : Fy x --- X E,, — F. and show that (4) it is representation of A as in (1) proving
that A is hyper right p-nuclear. As ||(yjk);xllcc = 1, from (2) and (3) we get

FA < k) 5= 15 - 1(T0) 75 N (i) T 15

b
[eS) p*

2
1+€ . ZHA ||p T'Lght )P ( 1+€ ZHA ||p 'rzght )
7=1

(L6 -2 141z,
7=1

rzght

2N

Z/\jijk®yjk($1;---7$n):ZZ XLk @ yjn(21, ..., 2y Z (T1,. 0 m,) =0 Az,
j=1k=1 j=1
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Letting ¢ — 0, we obtain the desired inequality

(111) Letl<mp<mg<---< mn,andA S £,HN;ight(E1,...,En;F), B; € »C(Gla“-meﬁEl)a--

L(Gm,yi1,-+ Gy Bn) and v € L(F;H). We can write A = 322, \;T; ® y;, whith
(Aj) € £, and (T}) € Ly o (L(EL, ..., Ey)), (y;) € loo(F'). Defining S; := Tj o (By,...,By,),
and z; :=v(y;), VjeN
(U oAo(By,... ,Bn))(xl, e Tmy) = > NS ® zi(, . Ty, ),
j=1
for all x1,€ Ey,...,x, € E,. It is clear that (2;); € loo(H) and |[(2)]lec < ||Vl (%) ]]0o-

Giving a linear functional ¢ € L(G4, ..., Gy, )", considering the continuous linear operator

H(B ) iﬁ(El,...,En)—>£(G1,...,Gmn)

JRTEES) By,

defined by T+ T o(By,...,By,).
as o Hep, g, € L(E1,...,E,)*" and (T}) € Ly o(L(En, ..., Ey)), we have

[(SHI =3 [Ty 0 (By, ..., B))P?
j=1 j=1
o0 p*
=" [0 (Hipy,...m(T))
j=1
o0 p*
= > |(W o Hp,,5,)(T))
j=1
o p*
<190 Hipyeu |- (T[], < 00

This show that (S;) € €y w(L(Gh, ..., Gm,)). Hence 372, A;S; ® z; is a representation of
voAo(By,...,B,)asin (3). Sovo Ao (By,...,B,) is hyper right p-nuclear and

loodo (B, Bille, n < [O05] -[S03],. - G2l

right
H/\/’p

< ||(A3)5% p‘HH(Bl ..... Bn) H(TJ)Fl p*w'H(Zj);LHOO
< |zl 1Bl Bl - (T2, - (|32
< o] - (H b T Y (O E=Y W Y A oA

Taking the infimum over all hyper right p-nuclear representations of A we have

HUOAO (Bla"'7Bn)||E

vigne < 101 - (1Al A Ball - - 1| Bull

HN, HApI

21

B, €
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3.2 Hyper nuclear multilinear operators

By taking p = 1 in the general definition of right p-nuclear operators, we obtain the ideal

of hyper-nuclear operators as follows.

Definition 3.2.1 An n-linear continuous operator A € L(Ey,...,Ey; F) is called hyper
nuclear if there exist sequences (A\;);2, € b1, (T5)52; € loo(L(E1, ..., Ey)), and (y;)52, €
loo(F) such that
Az, ... x,) = i)\jTj(xl, e L)Y,
=

for all (xq,...,x,) € By X -+ x E,. In this case, we write A € Lyn(Er, ..., Ey; F).
The hyper nuclear norm is defined by

1Al 2yere = inf {HODI - 1T - @)l }
where the infimum is taken over all representations of A.

Corollary 3.2.1 The class (Lyn, ||*||#n) of hyper-nuclear multilinear operators is a Banach

hyper-ideal and Ln C Ly .

Proof. The inclusion is obvious and the classes are different because L is not a hyper-
ideal.
To show that L4 is the smallest Banach hyper-ideal we need the following characterization

of the hyper-nuclear norm m

Lemma 3.2.1 For every operator A € Lyn(Er, ..., En; F),

[All 2y = inf {Z A 11T IijII} :
j=1

where the infimum is taken over all representations of A as in (1).

Proof. Let A € Lyn(Ey, ..., E,; F) be an operator admitting a representation of the form:

A=Y NT;®y;,

Jj=1

Q9
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where \; € K, T; € L(E,, ..., E,), and y; € F for each j € N. Without loss of generality,
assume that 7} # 0 and y; # 0. We rewrite this representation in a normalized form by

defining

1 2=
(7 I (1]
These definitions are valid since ||7j]] # 0 and ||y;|| # 0 for all j. Then

i = NI Tl - Nysll, Sy =

T} o Y
IT50 Myl

1,8 @ 2 = AT - - ( ) ATy 0,

Therefore

D 1S @2 =3 NT; ®@y; = A,

j=1 j=1
which shows that the new representation produces the same operator A, and is thus a
representation of the same type as in (1).

Note that S; and z; are normalized, that is

T .
HS«H—H JH—L uz-u—H jH—L
il = j

Y
;]
and therefore

sup [|S;]] =1, sup [z = 1.
j J
Also,
Dol =2 Il 1T Nyl
j=1 j=1
Using the definition of the hyper-nuclear norm, we get

[o¢] [o¢]
[ Al 230 < (Z W) -sup [ - sup (12511 = D I\ 1750 Nl ll-
j=1 J J

Jj=1

Since this holds for every representation of the form (1), it follows that

[All 2y = inf {Z N1 T3 IijII} ,

Jj=1
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where the infimum is taken over all possible representations of A as in (1). This completes

the proof.
[ ]

Theorem 3.2.1 The class (Lyn, | - ||z,) of hyper-nuclear multilinear operators is the

smallest Banach hyper-ideal, in the sense that if (H,| - ||%) s a Banach hyper-ideal, then
Lyvw €H and |- [0 <+ llzpn-

Proof. Let (H,| - ||) be a Banach hyper-ideal. Consider A € Ly (Ey, ..., E,; F) with a
representation
A=> NT; 0y,
j=1
as in (3). Given any € > 0, there exists ky € N such that

o0

2N NTG I Myl < e (2)

i=k

for all k > kg. Since H is a hyper-ideal, by Proposition 2.2.2 we have that

k
By =Y NT;®y; € Lp(By, ..., By F) CH(E, ..., Ey; F)

Jj=1

for every k € N.

For every k > i > kg, Proposition 2.2.3 yields

k
IBr— Billx = || >, NTi®@uy;
j=itl y
k
< >IN T @ ysllu
j=it1
k
= >IN sl
j=it1
<e,

Showing that (Bg)?, is a Cauchy sequence in the Banach space H(FE, ..., E,; F). Then
there is B € H(FE, ..., E,; F') such that

By Il Il B.
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From [| - [[ < [| - [, so
By~ B -]

By (2) it follows easily that
By — A inl-|,

thus A = B. Hence
A GH(El,...,En;F)7

Proving that Ly C H. Using Proposition 2.2.3 once again.

ANl < D INT; @yl = 3 N1 1T @ wslle = 2 11 - T30 - llysl-

j=1 j=1 j=1
Taking the infimum over all hyper-nuclear representations of A, from Lemma 3.2.1 it follows
that

[l < 1 Allzyin-

3.3 Composition ideals and factorization theorem

Using the notion of composition, we show that many important multi-ideals are hyper-ideals,

for example the huper right p-nuclear multilinear operators .
Definition 3.3.1 (Composition ideal). Given an operator ideal T, an n-linear operator
A EE(El,,En,F)

belongs to the composition ideal T o L, in symbols, A € T o L(E\,...,E.; F), if there
exist a Banach space G, a linear operator uw € Z(G;F), and an n-linear operator B €
L(Ey,...,Ey;G) such that

A=wuoB.

If (Z,| - ||lz) is @ p-normed operator ideal, 0 < p < 1, we define

[Allzoc = inf{l[ullz - | B},

where the infimum is taken over all factorizations A = uwo B with u belonging to L.
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It is well known [7] that (Zo L, ||+ ||zoz) is a p-normed (respectively, p-Banach) multi-ideal

whenever (I, || - ||z) is a p-normed (respectively, p-Banach) operator ideal.

Theorem 3.3.1 If Z is an operator ideal, then Z o L is a hyper-ideal. If (Z,] - ||z) s
a p-normed (respectively, p-Banach) operator ideal, then (Z o L,| - ||zoz) s a p-normed
(respectively, p-Banach) hyper-ideal. In particular, if T is a closed operator ideal, then T o L

s a closed hyper-ideal.

Proof. As we know that Z o L is a (p-normed, p-Banach) multi-ideal, all that is left to be
checked is the hyper-ideal property. Let

By € L(Gy,...,Gn By, ..., Bn€L(Gpm, +1,--,Gm,; En),
where m; < - -+ < my,
A€eZoL(Ey,....,E;;F), and ve L(F;H).
We can write A =wv o C,

where

CGE(El,...,En;F1> and ’LUEI(F:[,F)
Defining
u:=vow€Z(F;H) and D:=Co(By,...,B,) € L(G1,...,Gn,; F1),

it follows that

voAo(By,...,B,) =vo(wo()o(By,...,B,)
:(vow)o<C’o(Bl,...,Bn))
=wuolD,

which proves that
UOAO(Bl,...,Bn) EIOE(Glamen’H)

Furthermore,

P YAS
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lvo Ao (By,...,By)lzec = ll(vow) o (Co(By,...,Bw))zoc
<|lwow|z-||Co(By,...,B,)|
<ol - (llwllz - 1) - 1Bl - - | Bull.

Taking the infimum over all possible factorizations of A = w o C, we get

lvo Ao (B ..., Bu)llzoc < (]l - [[Allzor - [ Ball - | Ball
The last assertion follows from the former ones and [7, Corollary 3.8].

|

We denote by Ei®; - - - ®.F, the completed projective tensor product of the Banach
spaces Fy, ..., E,. Given S € L(E, ..., E,; F), we consider its linearization Sy, € L(E 1@y - - -
®xE,; F), defined by

Sy @+ @xy) :=S(x1,...,x,), forall (z1,...,2,) € By X --- x E,,.

This linearization Sy, is unique and satisfies ||S|| = ||SL||. In other words, the multilinear

map S factors through the canonical continuous multilinear map
On Bl X X By = E\®y - @2Eny 0p(T1,00,T0) (=21 @+ - @ T,

via S = S 0 0,. For more on the theory of topological tensor products, we refer the reader

to (see [10, 23]).
Theorem 3.3.2
’H,/\/';"ght = _/\/Zight oL isometrically, and in particular, HN =N o L isometrically.

Proof. Let F,...,E,, F be Banach spaces and let A € 'H./\/’;,ight oL(Ey,...,E,; F) and
e > 0. Then there exists a Banach space G and operators B € L(Fy,...,FE,;G) and wu €
N9 (G, F) such that A = uo B. We can take sequences (A;)52, € £y, (4;)52, € lso(F),
and ()52, € £y (G*) such that

Jj=1
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and
1(A)524 1l - H(w;)3Z (i) llee < (14 €)llull prien (3)
For any (z1,...,2,) € By X -+ X E,, define
Az, ..., xp Z (w oB)@yJ(xl,...,:c ).

it is clear that
B*:G" — L(Ey,...,E,), B (w)(zr1,...,z,) =w" (B(x1,...,2,)).
is a bounded linear operator and ||B*|| = || B||. Therefore,
(wj o B)jZ, = (B*(w}))5%) € by w(L(En, - .., En)),
and by [1, Exercice 6, page 27]

1w © B)iZallpw < 1Bl [l (wy)32

It follows that

o0

Z woB ) ® Yy,

is a hyper right p-nuclear representatlon for A. Thus,
Ae HN;ight(El, o By B,

and letting ¢ — 0, we get

Taking the infimum over all such factorizations A = u o B, we conclude that
||A||HNIT)Zght S ||A||W£zght0£

Conversely, given A € ”HN;ight(El, .o, By F) and € > 0, there exist sequences (A\;)32, € £y,
(Bj)52 € by w(L(EL, ..., Ey)), and (y;)52, € loo(F') such that

A= Z)\ij(X)yj,

=1
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and for all (zq,...,2,) € By X -+ X E,,

A(I‘l, R ,xn) = ZAJB](I‘I’ s 7‘rn) ®yj7

with
1520 llp - (B 72l o - 11(43) 521 oo < (1 + )|l prrion
from
A—Z)\JB]Q{)y] = Z /\ij®yj
jil HN;ight ]:m+1 HN;ight
<[Ozmnl, [ B, @)l
<fzl,, Jonsal- 105,
— 0
m—0o0
We have that
A=) NB;®y;
j=1
in the norm | - H,HN;ight. Since || - || < || - H,HN;ight because ”H/\/;ight is a Banach hyper-
ideal, the convergence also occurs in the usual operator norm on L(F,..., F,). Since the

correspondence
BeL(E,...,E;F)— By € L(E\®y - @, E,; F)
is an isomorphism, hence linear and continuous, it follows that

AL_(Z/\ij@yj) => (NBj®y), =2 N(B)L®y; (4)
L j=1 j=1

j=1

In the space

LBy @, By F).
we now apply the isometric isomorphism
BeL(Ey,...,E,) — B, € (F1®, - ®,F,)"
and invoke once again the result from [1, Exercice 6, page 27] to obtain:

(Bi)L)iZs € b aw(Brx@r -+ @2 Bn)") and [[((Bj)r)jZ,

prw — H(Bj)j P

20
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This proves that (4) is an right p-nuclear representation for Ay and

ALl prione < ATl - 1B )50 e - 1(25)521 1l

= [l - [10B;) 5l - 11 (3)521 Moo

< (14 2)[[All i
Therefore,

Ap € NJIM(E\@r -+ ®rEy; F)
and, letting ¢ — 0,

[AL ppione < || Allygprrione-
By [7, Propositions 3.2 and 3.7], we conclude that
A€ ./\f;"ght oL(Ey,...,E,; F)

and

||A||_/\/';ighto£ S ||A||HN;zght

is linear and continuous, This completes the desired dual inequality m

Theorem 3.3.3 [17, Page 215] Let E and F be a Banach spaces, T € NJ9"(E, F) if and
only if T has a factorization T = RD,S such that the following diagram commutes:

E — F
S TR (3.3.1)

gp* 7/\) 51
where D) : ly» — U is the diagonal operator, S e L(E,l,) and R € L({4,F). Moreover,
||| pgyiane := inf [R]-[Allp- 1],

where the infimum is taken over all the above factorizations.

From Theorem 3.3.3 and Theorem 3.3.2, we have the factorization theorem of hyper

right p-nuclear multilinear operators.
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Theorem 3.3.4 Let A€ L(Ey,....E,;F), A€ HN;ight(El, o, Eny F) if and only if A has

a factorization A = RD\S such that the following diagram commutes:

FEix---xE, — F
Sl ™R (3.3.2)

/. — 14
D D 1

where Dy : {,» — y is the diagonal operator, R € L(Ey X -+ - x E £y) and S € L({1, F).
Moreover,

[Allgprrione == nf [[ R All.[[S1],
where the infimum is taken over all the above factorizations.

Proof. Let A € HN9"(E,, ..., E,; F). By Theorem 3.3.2, A, € N9 (B\@y - -+ @, Ep; F).
It follows from Theorem 3.3.3 that A, = Ro Dyo S, A = (\y)n € £y, R € L({1, F) and
S e L(E\®y - @ E,, ) such that for all € > 0, we get

RIS < (1 + AL ygpion-
Hence A= A; 00, =RoDyoSand S=Soa, € L(Ey,..., E,, ly) and
IR 1ST = IR IST < (14 )l ALl pgpione, = (1 + )| Allyyprrione

Letting € = 0, we get inf || R||.|[A[|,.[[S]| < || A, prriont-
Conversely, let A has a factorization RD,S, where S € L(Ei,...,E,, () and R €
Ly, F). Then S, € L(E1®y -+ @7 By, ly) and ||Sz|| = ||S]|. Therefore A, = RD,Sy, is

right p-nuclear and
[ALl prione < (LRI Ap-1SL]] = (1 + I RI[[Allp- [ S}, for € >0

Letting € — 0, we get ||AH,HN;z'ght <inf [|R||.[|[All,-1S]]-
By Theorem 3.3.2, we conclude that

A€ HNVI(E, ..., Ey F)

and

[l prpione < if [ R[Nl [1S1]-

This completes the desired dual inequality m

A1



Conclusion

Conclusion

The study of Banach (or s-Banach) ideals of multilinear operators has evolved signifi-
cantly, with notable contributions in nuclear, strongly summing, and dominated multilinear
operators. Building on Popa s questions about operator composition, Botelho and Torres
introduced Hyper-Banach ideals, a refined framework incorporating stability under compo-
sition. In this thesis, we examine Hyper p-nuclear multilinear operators as a key example,
demonstrating their properties including linearization and ¢P-factorization while proposing
a natural extension to the existing theory. Our three-chapter structure systematically re-
views foundational concepts, develops the Hyper-ideal framework, and applies it to p-nuclear
operators, bridging abstract theory with concrete analytical tools. This investigation not
only clarifies distinctions from classical ideals but also opens avenues for further research in

operator composition and factorization.
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Abstract

This memory examines hyper-ideals of multilinear operators, a framework introduced by
Botelho and Torres that extends classical Pietsch multi ideals by incorporating composition
properties. We study their general theory and, as a principal example, focus on hyper right
p-nuclear multilinear operators. For these operators, we establish the linearization theorem
and prove a decomposition characterized by mappings through ¢P-spaces via a linear operator
followed by a multilinear operator.

Key words

Hyper-ideals, Multilinear operators, multi ideals-ideals, Hyper p-nuclear multilinear operators.

Résumeé

Ce mémoire étudie les hyper-idéaux d’opérateurs multilinéaires, un cadre introduit par
Botelho et Torres qui étend les idéaux multilinéaire classiques de Pietsch en incorporant des
propriétés de composition. Nous examinons leur théorie générale et, comme exemple principal,
nous concentrons sur les opérateurs multilinéaires hyper p-nucléaires. Pour ces opérateurs,
nous établissons le théoreme de linéarisation et démontrons une décomposition caractérisée
par des applications a travers des espaces (P via un opérateur linéaire suivi d’un opérateur
multilinéaire.

V4
Mot-clés Hyper-idéal, Opérateurs multilinéaires, Idéaux multilinéaires , Hyper

p-nucléaires.



