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Notations

The field of real or complex numbers.

The field of non negative real numbers.

The conjugate of the number p (1 < p < 00), that is 141

The topological dual of E.

The closed unit ball of E

The set of all linear operators.

The sets of all continuous linear operators.
The weak topology.

The weak * topology.

The ideal of all linear operator.

The injective of the linear operators ideal Z.
The surjective of the linear operators ideal Z.
measure the size of Z-compactness

The adjoint operator of T.

The set of all compact linear operators.

The set of all Ideal compact linear operators.
The set of all weakly compact linear operators.
The set of all finite rank linear operators.
unconditionally p-null sequences

Z-null sequences
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Introduction

In 1955, A. Grothendieck [9] described relatively compact subsets of a Banach space as sets con-
tained in the closed absolute convex hull of a norm null sequence. Nowadays this result is called the
Grothendieck compactness principle. A linear operator is said to be compact if it maps bounded
sets to relatively compact ones.

Carl and Stephani(1984)[4] introduced a new type of compact sets called relatively Z -compact
set. A subset B of a Banach space E is relatively Z -compact if there is a Banach space G and an
operator S € Z(G, E) such that B C S(M), where M is a compact subset of G. The new class of
sets is formed by Z-compact sets. A linear operator T between Banach spaces E and F is called
Z-compact if T(Bg) is a relatively Z-compact subset of F.

The operator ideal formed by all linear Z-compact operators is denoted by K7 The new class of
sets is formed by Z-compact sets.
Lassalle and Turco [15] introduced a way to measure the size of Z-compact sets. For an Z-

compact subset K of X,
mz(K; X) :=inf {||U||z : U € Z(Z, X), relatively compact C C Bz, K C U(C)}.

where By is the unit ball of a Banach space Z.
In 2002, a form of compactness was introduced by Sinha and Karn [19]. Let 1 < p < co. A subset
K of Banach space X is relatively p-compact if there exists (x,) € £,(X) such that

K Cp—conv{(xn)n} = {itxnxn D(an)n € ng*}

Galicer, Lassalle and Turco [§] introduced a notion to measure the size of p-compact sets. For a

p-compact subset K of X:

my(K; X) == inf {||(xn)nllp : (xu)n € €p(X),K C p — conv{(x,)u}}

1
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and my(K, X) = oo if K is not p-compact. and it is shown that K is p-compact if and only if K is
Ki,p-compact. In this case, mp(K; X) = mg, ,(K; X).

Kim in [11] introduced the notion of unconditionally p-compact. A subset K of X is unconditionally
p-compact when £,(X) is replaced by E%(X) in the definition of p-compact set. It was shown in
[12](Proposition 5.2) that K is unconditionally p-compact if and only if K is Kj+ ,-compact, in this

case:

My p(K; X) = mf{||(xn)n||;;f : ()0 € L4(X), K C p— conv(xn)n}

Let 0 <r<oo,1<pg<ooand1+1/r=1/p+1/q. A linear operator T € L(E,F) is called
(p,q)-compact (see [17, page 253] ) if

[e9)
T=Y Auxy®yn
n=1
with (An) € &, (x3)n€ € (E"), and (ya)n€ £}.(F). In the case r = co let us suppose that
(Ai) € co.
The class of all (p, q)-compact operators is denoted by K, ;, and it is a Banach linear operator ideal.
It is well known that K is the ideal of p-nuclear operators and Kp p+ is the ideal of p-compact
operators.
Using the ideal of K, 5-compact operator Kim in [13] extended a new result to the K, 5-compactness.

Let X be a Banach space, by ¢o(X) we denote the space of all null sequence that is
co(X) = {(xn)n,xn € Xt lim ||xy|| = o}

Pineiro and Delgado [18] introduced an extended concept of null sequences.
For 1 < p < oo, sequence (x), in a Banach space, X is called p-null (in symbol (x,)n € cop(X)

) if for every e > 0, there exist a natural number n, and (z)x € By, (x) such that:
Xy € p — conv(zy)k

for all n > n,.
For a Banach operator ideal Z and a Banach space X, a sequence (x,), in X is called Z-null if

there exist a Banach space Z and S € Z(Z, X) such that for every € > 0, there is a natural number
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ne so that:
X, € eS(Bz)

for all n > ne. Let ¢o7(X) be the space of all Z-null sequences in X. Since Z-null sequences are

Z-compact (see [4]), Lassalle and Turco [16] defined a norm on ¢y 7(X) by:

| (xn)n HcO,I(X) i= mz ({xn fn; X).

Then ¢ z(X), ||||c,; is @ Banach space (see[16]). Let (co(X), ||.]|e) be the Banach space of all null
sequences in X. Then, from ([15],Proposition 1.4), null sequences coincide with K-null sequences
and 50 (co(X), ||-Ies) = (cox(X), - leo)

Ain and Oja [3] introduced a more general concept of the p-null and unconditionally p-null se-
quences. They showed that unconditionally p-null sequences and K+ ,-null sequences coincide,
and p-null sequences and Kj ,-null sequences coincide in a more general setting. So the second
goal of our work is to study the K, g-null sequences extended by Kim [13]

This memory is organized into three chapters as follows

o The first chapter is a preliminaries which contains some basic concepts, as relatively compact

sets, Z-compact sets, ideal of p-compact operators, and Z-compact operators.

 In the second chapter we present the ideal of (p,q)-compact operators and we present the

main result obtained by [13] related to K 4-compactness.

o Chapter three is devoted to present the Kj ;-null sequences and we study some properties

related to them.




CHAPTER 1

Preliminaries

1.1 Sequence space

In this work the space of absolutely and weakly p-summable sequences are necessary. We introduce
them in this section. Let X be a Banach space over K, and 1 < p < co. We start by The classical

Banach sequence space £y, £, and cg are defined by

by = tp(K) = ¢ (xn)n CK [ (xn)all, = (im\*’) <o

b = () = { (3o © K () o = s i < o0

co = co(K) = {(xn)n CIK: lim [x,] = o}

Definition 1.1 Let 1 < p < oo. The space £,(X) of absolutely p-summable sequences in X

becomes a Banach space when equipped with the norm given by

1wl = (ilnxnw) g

Definition 1.2 The space loo(X) of bounded sequences in X, and the space co(X) of norm null

sequences in X, are Banach spaces with the norm given by

1Cxn)nlloo = sup [|2all
n

Definition 1.3 Let 1 < p < co. A sequence (xn)n in X is said to be weakly p-summable if

[ee)
Yo 2 (xn)| < oo,
n=1



1.2. LINEAR OPERATOR IDEALS D

for every x* € Bx=.
We denote by K%U(X) the Banach space of weakly p-summable sequences in X becomes a Banach
space when equipped with the norm given by

1
p

[ (xn)nll, = sup (Z |x*(xn)|p) X" € By
n=1

Remark 1.1 In the case p = oo. Then the space {2 (X) of weakly bounded sequences coincide

with the space oo(X) and

1(en)nlle = 11 ()l eo -

Definition 1.4 A sequence (x,)n in X is said to be weakly null if

lim |x*(x,)[ =0,
for every x* € X*.
We denote by cf (X) the Banach space of weakly null sequences in X is a closed subspace of loo(X),

therefore, it is a Banach space with the supremum norm of leo(X).

1.2 Linear operator ideals

Recall that a linear operator T € L(E, F) is said to have finite rank if T(E) is a finite dimensional
subspace of F. The class of all finite rank linear operators between Banach spaces is denoted by

L f(E, F). An operator has rank one if and only it has the form
Ry:x— (x,x")y

i.e. if u € Lf(E,F) we have
n
u=y x ®yj
i=1
where (x7)"_; C E* and (y;)_; C F (see [17, Page 25]).

i
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Definition 1.5 An operator ideal T is a subclass of the class L of all continuous linear operators
between Banach spaces such that for all Banach spaces E and F its components

Z(E,F):= L(E,F)NZ satisfy:

(i) Z(E,F) is a linear subspace of L(E, F) which contains the finite rank operators.

(ii) The ideal property: if v € L(G,E), u € Z(E,F) and w € L(F,H), then the composition
wovouisinZ(G H).

If Ill7 : T — RY satisfies:

(i’) (Z(E,F),|.ll7) is a normed (Banach) space for all Banach spaces E and F,

() sl = 1,

(iii’) If v € L(G,E), u € Z(E,F) and w € L(F,H),

lwouovly < lwl{ulz o],

then (Z, ||.||7) is called a normed (Banach) operator ideal.

The operator ideal Z is said to be closed if each Z(E,F) is a closed subspace of L(E, F) for the

sup norm.

Definition 1.6 (injective operator ideal)

The injective hull [T, || - ||z)™is defined as follows:
T (X,Y):={T € L(X,Y): T € Z(X, {e(By+))},
where Iy : Y — Loo(By+) is the canonical isometry, and || T||zij := ||IyT||7 for T € T™(X,Y)

Definition 1.7 (surjective operator ideal)

The surjective hull [Z, || - || z]ser is defined as follows:
(X, Y):={T € L(X,Y) : Tqx € Z(¢1(Bx),Y)},

where gx : £1(Bx) — X is the canonical quotient map, and ||T||zswr := || Tqx ||z for T € T5*(X,Y)

Remark 1.2 The ideal L’f of finite rank linear operators is the smallest operator ideal and L the
largest one |17, Theorem 1.2.2].
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Definition 1.8 (The dual of an operators ideal) The dual ideal [T, | - ||z]9“*is defined as follows:
79X, Y) :={T € L(X,Y): T" € Z(Y*,X*)},

where T* is the adjoint of T, and || T||zaua = || T*||7-

1.2.1 Ideal of compact operators.

Definition 1.9 We say that a bounded linear operator T : E — F is compact (weakly compact) if
T(Bg) is relatively compact (respectively, relatively weakly compact) in F. By IC(E, F) and W(E, F)
we denote the sets of compact linear operators and weakly compact linear operators from E to F,

respectively.

Schauder theorem about the compactness of the adjoint of a compact linear operator between two

Banach spaces is well known.
Theorem 1.1 Let T € L(E,F). Then T is compact if and only if T* is compact.
The weakly version is due to Gantmacher:

Proposition 1.1 ([17]) The classes IC, W consitute closed injective Banach operator ideals, where

the ideal norm is the operator norm.

1.3 (r,p,q)-nuclear operators

The following concepts (definitions) are based on the book of A. Pietsch [17]

Definition 1.10 Let 0 < r < 00,1 < p,g < o0 and 1+1/r > 1/p+1/q9. An operator T €
L(E,F) is called (r, p,q)-nuclear if

T = Z AnXy & Yn
n=1
with (An) € Lr, (x3)n€ € (E"), and (yn)n€ €. (F). In the caser = oo let us suppose that (A;) € co
We put

1Tl ,, = inf { HAw)ull, 1D allge Iyl = T =} Anixy ®yn},

n=1
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where the infimum is taken over all so-called (¥, p,q)-nuclear representations described above.

The class of all (¥, p,q)-nuclear operators is denoted by N(r,p,q).

1.4 (p,q)-compact operators

Definition 1.11 Let 1 < p,q < o0 and 1/p+1/q > 1 An operator S € L(E,F) is called
(p,q)-compact if it belongs to the normed ideal

[Kipa) 1Tl 0] = [N pg) 1 TlING, 0 )

where 1/r:==1/p+1/q—1.

1.5 r-nuclear operators

Definition 1.12 let 1 < r < oco. An operator T € L(E,F) is called r-nuclear if it belongs to the

normed ideal

[N ATl = NGy Tl )

1.6 p-compact operators

Definition 1.13 let 1 < p < oo and . An operator T € L(E,F) is called p-compact if it belongs

to the normed ideal

[KP' ||T”K(p,p*)] = [K(p,p*)/ ”THK(;,IP*)] = [N(OO,p,p*)l ||T||N(p,p*)]'
where 1 :=1/p+1/4.

Remark 1.3 It is well known that Ky is the ideal of p-nuclear operators and Ky« is the ideal

of p-compact operators




CHAPTER 2 I

Kp,g-compactness

2.1 Compact sets

Definition 2.1 The conveze hull of a sequence (xn)n € co(X) is defined as

conv{(xy)n { Z i n € Bgl}

Theorem 2.1 (Grothendieck) A subset K of X is relatively compact if and only if there exists

(xn) € co(X) such that
{ Z KXy @ n € Bﬁl}

Definition 2.2 Let 1 < p < oo. the p-conver hull of a sequence (xy)n € £p(X) is defined as

p — conv{(xu)n {lenxn- GBE*}

Moreover, the 1-convex hull of (xn)n € €1(X) is given by

1 — conv{(xp)n { Y axy n € BCO}

the co-convex hull of (Xn)n € Leo(X) is given by

— conv{(xn)n { Y anxy n € Bgl}
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2.2 p-compact set

In 2002, a form of compactness was introduced by Sinha and Karn [19]

Definition 2.3 (p-compact set ) Let 1 < p < oo. A subset K of Banach space X is relatively
p-compact if there exists (x,) € £,(X) such that

K Cp—conv{(xn)n} = {ianxn D(an)n € ng*}

Remark 2.1 1. Since oo — conv{(x;)$2,} represents the closed absolute convex hull of the

sequence {(x;)52,}. then compact sets are considered oo-compact sets

2. Since the sequence (x,) in the definition of a relatively p-compact set K converges to zero,

any p-compact set is compact

2.3 Measure the size of p-compact set

Given a relatively p-compact set K in a Banach space E there exists a sequence (x,), C E so that
K C p —conv{x,}. such a sequence is not unique, Galicer, Lassalle and Turco [§] introduced a

notion to measure the size of p-compact sets.

Definition 2.4 For a p-compact subset K of X:

my(K; X) = inf {[|(xn)nllp : (xn)n € £p(X),K C p — conv{(xn)n}}

and my(K, X) = oo if K is not p-compact.
We say that m, (K; E) measures the size of K as p-compact set of E.

Remark 2.2 1. When K is relatively p-compact and (xn)n C €P(X) is a sequence such that
K C p-conv{x,}, any x € K has the form x = Y, anx, with (ay) € By+. By Holder’s

inequality, we have that ||x|| < |[xul|¢r(x) and consequently,
| x[| < mp(K) for all x € K.

2. As compact sets can be considered p-compact sets for p = co we have that any p-compact set

is q-compact and supyek||x|| = meo(K;E) < mg(K;E) < mp(K;E), for 1 < p < q < oo,




2.4. RELATIVELY Z -COMPACT SETS 11

2.4 Relatively 7 -compact sets

Definition 2.5 (Carl and Stephani(1984))

e A subset B of a Banach space E is relatively L -compact if there is a Banach space G and

an operator S € (G, E) such that B C S(M), where M is a compact subset of G.

o A linear operator T between Banach spaces E and F is called Z-compact if T(Bg) is a relatively

Z-compact subset of F.

e The operator ideal formed by all linear I-compact operators is denoted by K1 .

Lassalle and Turco [[15] introduced a way to measure the size of Z-compact sets. For an Z-compact

subset K of X, let:
mz(K; X) :=inf {||U||z : U € Z(Z,X),relatively compact C C Bz, K C U(C)}.

where By is the unit ball of a Banach space Z.

2.5 The linear ideal of K7 operators

Definition 2.6 A linear map T : Y — X is said to be Z-compact if T(By) is an I-compact subset
of X. Let Kz(Y,X) be the space of all Z-compact operators from Y to X. For R € Kz(Y,X), Let:

ITllic; := mz(T(By); X).
Then [,CI/H-”/CI] is a Banach operator ideal (see ([15], Section 2)).

Proposition 2.1 [15] Let [KC ||.||] be the ideal of classical compact operators. Then, the classi-
cal compactness coincides with the K-compactness and for a relatively compact subset K of X,

(K X) = supsex || . Consequently, (K | = €11

Remark 2.3 According to ([13][Remarks 1.5 and 1.7]), K is p-compact if and only if K is Ky p-
compact. In this case, my(K; X) = mg, , (K; X).
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Definition 2.7 [11] We say that a subset K of X is unconditionally p-compact when £y(X) is
replaced by £ (X) in the definition of p-compact set.

It was shown in [12](Proposition 5.2) that K is unconditionally p-compact if and only if K is

Ky+ p-compact, in this case:

mgpp(K; X) = inf{||(xn)n||;,” (xn)n € ,(X),KC p— conv(xn)n}

2.6 K, ,-compactness

Using the ideal of K, 5-compact operator Kim in [13] extended a new result to the K, 5-compactness.

And that what we want to present it in this section

Lemma 2.1 (/124/,Lemma 2.1). Let K be a collection of sequences of positive numbers.
If SUP (k ).ck 2;021 Kj < o0 and lim;_, SUP (k ).ck Yj>1 Kj =0, then for every e > 0, there exists a
sequence (b]-)j of real numbers with bj /" 0o and bj > 1 for all j such that:

sup ) Kib; < (1+¢) sup )_K;
(Kj)jEKj:l (Kj)jéKj:l
and

li h. —
i oo, 2t =0
j)iEKj=1

Theorem 2.2 Let K be a subset of a Banach space X and let 1 < p,q,r < oo with 1/r =
1/p+1/q—1. Then, the following statements are equivalent:

(a) K is Ky 4-compact.

(b) There exist (xu)n € £(X) and (An)n € Ly such that:

K C q—conv(Apxy)n.

(¢) There exist a relatively compact M C Byg«(Be, when g = 1) and an S € Ky, 4(lg+, X) such that
K C S(M).

In this case:

iy, (K, X) = inf 1| Gea)a 2 b 12 (¥ € €5(X), (An)n € £, K C g — conv(Auxn)n |
= inf {||S||kp,q : relatively compact M C Byg+, S € Ky q(€g+, X),K C S(M)} .
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Proof 2.1 (a) = (b) : Let e > 0 be given. By(a), there exist a Banach space Z,T € Kp4(Z, X)
and a relatively compact subset M of Bz such that K C T(M) and:

ITllkpq < (1+e)mx,, (K, X).

Since T € Kpq(Z,X), there exist (An)n € €y, (z))n € E;‘*(Z*) and (xXn)n € E;‘*(X)
with [l 1z 2 (ol < (1) Tl stch that:

T=Y Az, @ xp,
i—1

Then:
KCT(M)CT(B) = {Z Anzp(z)xp 1z € BZ} C q — conv(Anl|(z )k llg-xn)n
n=1

and the infimum:

w
p*

inf||.

o < Nl @l N GenallEe < (4 )Tl < (14 )2, (K, X).

Since € > 0 was arbitrary, inf ||| ||.[[» < m,, (K, X).

(b) = (c): Let € > 0 be given. By (b), there exist (xn)n € (p(X) and (An)n € &y such
that K C g — conv(Ayxy)y and ||(xn)n||;"*||()xn)n||r < (1 +e¢)inf||.
Lemma 1, there exists a sequence (y)y of real numbers with imy_eo 1y = 00 and ry > 1 such that

(rnxn)n € Ly (X) and [|(rnxn)nllpe < (1+&)[[(xn)nlly-. We see that the following set:

et Alz- By an application of
M = {(antn)n ¢ (an)n € Béq*}

s a relatively compact subset of ng* and:

S = Z)\nen ®1’an € Kp/q(gq*, X),
i=1

where each ey is the standard unit vector in £q(co when q = o).
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K C q—conv(Apxn)y = {i)\nﬁnrnxn :(Bn)n € M} = S(M)
i=1

and:

ian-HKp,q < ||S||Kp,q < [1(An)nll# [l (en)n |(7’nxn)n||;v*
< (T4 1 (An)ullll Cen)n I
< (X +e)infl 151l

w
q*

Since € > 0 was arbitrary, inf|.||k,, < infl[-[5-[].[-
(¢) = (a) is trivial and mg, (K, X) <inf].[,,-

Recall that [Ky g ||-||kpq]™" = [KKM’ ||.||ka]. As an application of Theorem 1, we have:

Corollary 2.1 (cf.[14], Theorem 2.2). Let X and Y be Banach space and let 1 < p,q,r < oo
with1/r =1/p+1/q—1.let T : X — Y be a linear map. Then the following statements are

equivalent:
(a) T € K;”;(X,Y)

(b) There exist (An)n € £y and (yn)n € €5.(Y) such that:

T(By) C g — conv(Anyn).

(¢) There exist a relatively compact M C By, (Bey, when g =1) and an S € Kpg(€g+,Y),
such that T(By) C S(M).

In this case:

IT|xpy = i”f{||(]/n)n||gj*”(/\n)n||r t (Yn)n € 63 (Y), (An)n € £r, T(Bx) C g — CO(Anyn)-}
= inf{||S||Kp/q : relatively compact M C Byg+, S € Kpg(€4+,Y), T(Byx) C S(M)}

Remark 2.4 One may refer to [1/for a different generalization of p-compactness.
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Kp,q-null sequences

3.1 p-null sequences

Definition 3.1 Let X be a Banach space, by co(X) we denote the space of all null sequence that
18
co(X) = {(xn)n,xn € X+ lim ||xu|| = 0}

Pineiro and Delgado [18] introduced an extended concept of null sequences.

Definition 3.2 For 1 < p < oo, a sequence (x,) in a Banach space X is said to be p-null if for
every € > 0 there exist N € N and (zx) € £,(X) with ||(z¢) ||, < € such that x, € p-co({z}) for
all n > N. The collection of all p-null sequences in X is denoted by cgp(X).

Let X be a Banach space. According to the Grothendieck compactness principle . Delgado and
Pineiro obtained the following Grothendieck -like result (see [[18],Theorem 2.5]).

Theorem 3.1 (Delgado-Pineiro).let 1 < p < oo. A subset K of a Banach space X is relatively

p-compact if and only if K is contained in the closed convex hull of a p-null sequence.
The p-null sequences can be characterized via p-compactness as follows.

Theorem 3.2 (Delgado-Pineiro-Oja). Let 1 < p < oo. A sequence (x,) in a Banach space X is

p-null if and only if (x,) is null and relatively p-compact.

3.2 (p,r)-null sequences

The folowing concepts are based on The article of K. Ain and E. Oja. A [2]

Definition 3.3 Let 1 < p < co, 1 <r < p*. The (p,r)-convex hull of a sequence (x)n € £p(X)
is defined as

+0o0
(p,1) — conv{(xn)n} = {Zlocnxn D (an)n € Bgr} )

15
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Ain, K. and Oja, E. in[3] introduced the (p, r)-null sequences

Definition 3.4 Let 1 < p < oo and 1 <r < p*. We call a sequence (x,,) in X (p,r)-null if for
every € > 0 there exist ne € IN and (zx) € €,(X) ((zx) € co(X) when p = o0) with ||(zx)||, < ¢
such that x, € (p,r) — conv(zy) for alln > N.

Remark 3.1 As p — conv(zg) coincides with the (p, p*) — convex hull of (zx) € £p(X), p-null

sequences in X are precisely the (p, p*)-null sequences.
Proposition 3.1 A sequence (x,) in a Banach space X is (o0,1)-null if and only if x, — 0.

Proof 3.1 Suppose that (x,) C X is (c0,1)-null. Then for every ¢ > 0 there exist N € N and
(zk) € co(X), [|(zk)|leo < &, such that x, = Y57 ayzx, where (a} )ty € By, for alln > N.

0] oo
lenll < 3 llagzell < e ) | ag |<e,
k=1 k=1
and there fore x,, — 0.

let now x, — 0. This means that for every € > 0 there exists N € N such that ||x,|| < € for all
n > N. Now the sequence
0 if k <N,

Zf —
xkiszN,

is in co(X) with ||(z¢)||e < € and x,, € (00,1) — conv(zy) for alln > N.

Proposition 3.2 Let 1 < p < o0 and 1 < r < p*. If a sequence (x,) in a Banach space X is

(p,r)-null, then x, — 0

Proof 3.2 Assume 1 < p < o0 as for p = oo the assertion is clear from the above Proposition.
Since (xn) is (p,r)-null, for every e > 0 there are N € IN and (zx) € £,(X),||(zx)|p < € such
that x, = Y1 apzx, where (a} )2, € By,, for alln > N. Hence, for alln > N,

o0
lenll < 3 Nagzell < 1@kl p™ I zollpl @)kl z) llp < e
k=1

and there fore x, — 0.
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3.3 The unconditionally p-summable sequences

Between absolutely p-summable sequences £, (X) and weakly p-summable sequences £} (X), there
is the Banach space £3(X) of unconditionally p-summable sequences. The space £3(X) was intro-
duced and thoroughly studied by Fourie and Swart [6] in 1979. The space £,,(X) is defined as the
(closed) subspace of £,(X)®, formed by the (x,) € £;/(X) satisfying

(xp) = lim (x1,...,%5,0,0,...) in E;’(X).
N—oo

Recall that ¢ (X) = co(X) as Banach spaces (see [6, p. 351] or, e.g., [?, 8.2]) and recall that
(3(X) = leo(X). And it is well known that a sequence is in £} (Z) if and only if it is unconditionally

summable.

Definition 3.5 The closed subspsce €;;(Z) of £})(Z) consists of all sequences (zu)n in Z satisfying
that:

sup Y 2" (zn)|P — 0
n=m
as m — oo (cf. [?], Section 8.2 and [6, |7]).

The unconditionally p-summable sequences of X are characterized in [§, Lemma 1.2] as follows.

Lemma 3.1 (Fourie-Swart) A sequence (x,) in a Banach space X is an element of £,(X) if

and only if there exist (€,) € ¢y and (y,) € ﬁg’(X) such that x, = €,y for alln € IN.

Corollary 3.1 If (x,) € £5(X), then there exists 1 < A, — 1 such that Ayx, € £h(X).

3.4 The unconditionally p-null sequences
In[11], the unconditionally p-null sequence was introduced by replacing £,(X) with K;,‘(X)

Definition 3.6 For 1 < p < oo, sequence (xy)y in a Banach space, X is called unconditionally
p-null (in symbol (xn)n € coup(X)) if for every e > 0, there ewist a natural number ne and
(zk)k € eBpu(x) such that:

Xy € p — conv(zg)k

for all n > ne.
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3.5 Z-null sequences

For a Banach operator ideal Z and a Banach space X, a sequence (x,), in X is called Z-null if
there exist a Banach space Z and S € Z(Z, K) such that for every € > 0, there is a natural number
ne so that:

X, € €S(By)

for all n > ne. Let ¢g7(X) be the space of all Z-null sequences in X. Since Z-null sequences are

Z-compact (see [4]), Lassalle and Turco [16] defined a norm on ¢y 7(X) by:

| (xn ) ||c0,Z(X) i=mz({xn}n; X).

Then ¢ z(X), ||||c,7 is @ Banach space (see[16]). Let (co(X), ||.]|) be the Banach space of all null

sequences in X. Then, from ([15],Proposition 1.4), null sequences coincide with K-null sequences

and so (co(X), ||-lle) = (CO,IC(X)r ||-||Co,/c)

Remark 3.2 [t was shown in [15] (Proposition 1.5) that p-null sequences and Ky p-null sequences
coincide.

Ain and Oja [3] introduced a more general concept of the p-null and unconditionally p-null se-
quences. They showed that unconditionally p-null sequences and Ky p-null sequences coincide,

and p-null sequences and Ky y-null sequences coincide in a more general setting.

3.6 K, ,-null sequences

Using the ideal of K, 4-compact operator Kim in [13] extended a new result to the K, ;-null sequence

In the following theorem.

Theorem 3.3 Let (x,) be a sequence in a Banach space X and let 1 < p,q,r < oo with1/p+
1/q—1=1/r. Then, the following statements are equivalent:

a) (Xn)n s a Ky o-null sequence.
(a) (xn) P

(b) There exists (zx)x € Ly« (X) and (Ax)x € Ly, such that for every e > 0, there is an N € N
such that:

Xy € €4 — conv(Agzp )k
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for everyn > N.

(c) There exists an S € Kpq(Lg+, X) such that for every e > 0, there is an N € N such that:

for every n > N.

Proof 3.3 (¢) = (a) is trivial.

(a) = (b) : By (a), there exist a Banach space Z and T € Kp4(Z,X) C K37 (Z, X) = Kk, (Z, X)
such that for every e > 0, there is an N € IN such that x,, € €T(B;) for everyn > N. Since T(B;)
is Ky q-compact, by Theorem @, there exist (yx)k € €y (X) and (Ax)x € £y such that:

T(B:) C q — conv(Agyy)y-
Hence,for every € > 0, there is an N € IN such that:
Xy € €9 — conv(Agyr)k

for everyn > N.
() = (c) - Let (zi)x € €5(X) and (Ap)x € £y be such that for every e > 0, there is an N € N
such that:

Xy € € — conv(Agzy )k

for every n > N.Consider the operator:

i=1

where each ey is the standard unit vector in £y. Then, for every e > 0, there is an N € IN such

that:
Xy € €q — conv(AgYp )k = sS(ng*)

for everyn > N.
The prototype of the following corollary is described in |j](Proposition 1.5).

Corollary 3.2 Let (x,), be a sequence in a Banach space X and let 1 < p,q,r < oo with
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1/r=1/p+1/9—1. Then, the following statements are equivalent:

a) (xn)n s a K, 5-null sequence.
(a) ( ) P4 q

(b) For some C > 0, for every ¢ > 0 , there exist a Banach space Z,T € K;,4(Z,X) with
ITlk,, < C and N € N such that:

Xy € €T(B;)

for every n > N.

(¢) For some K >0, for every e > 0, there exist (z)x € £ (X) and (Ax)x € &
with || (ze)|%]| (A )kllr < K, and N € N such that:

w
p*

Xy € &g — conv(Agzy )k

for everyn > N.
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Summary and Keywords
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( Abstract )

In this memory, we deal with one of the most important topics in functional analysis, namely
some classes of compact sets and operators, we endeavored, with modest effort, to identify
the most important definitions, theorems, and properties throughout all chapters of this
research.

In the first chapter, we review the key concepts related to compact sets and compact opera-
tors. The second chapter deals with some results related to relatively K, ;-compact sets and

finally we present some results for K ;-null sequence.
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