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Notation

We introduce the necessary notations and definitions that are used later on.

Lp(Ω) =
{
u : Ω→ R measurable : |u|p ∈ L1(Ω)

}
with 1 ≤ p < ∞.

‖u‖Lp =
( ∫
Ω
|u(t)|pdt

) 1
p
.

L∞(Ω) = {u : Ω→ R measurable and ∃C : |u(t)| ≤ C a.e on Ω}.
‖u‖L∞ = inf{C : |u(t)| ≤ C a.e on Ω}.
C(Ω) : space of continuous functions on Ω.

C∞0 (0,+∞) : the space of infinitely differentiable functions with compact support in (0,+∞).

H : Hilbert space.

〈., .〉 : duality bracket.

(., .) : inner product.

Hm(0, 1) = {u ∈ L2(0, 1) : |u(i)| ∈ L2(0, 1) ∀i ≤ m}.
Hm

0 (0, 1) : the completion ofD(0, 1) in Hm(0, 1).

C[0,T] :=
{
u : [0,T]→ Ris continuous

}
.

‖u‖∞ = sup
t∈[0,T]

|u(t)|.

X∗ : dual topology .

D(A) : domain of definition of an unbounded operator A.

R(A) : image of A which is also noted by ImA

L(X,Y) : set of continuous linear applications.

X ↪→ Y : we write X ↪→ Y to mean that X is included in Y and

the canonical injection of X into Y is continuous.

X ↪→↪→ Y : to imply that X is included in Y and that the canonical injection of X

into Y is compact.

un ⇀ u0 : un converge weakly to u0.

i.e. that is to say.

a.e. almost everywhere.
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dF derivative in the sense of Frechet which is also noted by F′.

dGF derivative in the sense of Gateaux which sometimes is also noted by F′.

Bρ(0) the closed ball with center 0 and radius ρ.

(P.S) Palais-Smale condition.

diamF Diameter of a set F.

l.s.c lower Semi continuous .

u.s.c upper Semi continuous .

w.l.s.c Weakly lower semi continuous .

w.l.s.c Weakly upper Semi continuous .
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Introduction

Variational methods are among the most important mathematical techniques used in the

study of boundary value problems for impulsive differential equations, especially those

involving parameters or mixed boundary conditions. These methods are based on the study

of the energy functional associated with the problem and on transforming the existence of

solutions into the search for critical points of such functionals by using tools from functional

analysis and critical point theory.

Impulsive differential equations play an important role in modeling many real-world phe-

nomena subjected to sudden changes at specific moments of time, such as mechanical systems,

biology, population dynamics, control theory, and spacecraft motion. These systems are charac-

terized by instantaneous perturbations that produce abrupt changes in the velocity or the state

of the system, which makes their study very important in applied mathematics.

In recent years, many researchers have investigated second-order impulsive boundary value

problems using variational methods. Among these works, Jun Wang and Weigao Ge studied

the existence and multiplicity of solutions for second-order impulsive mixed boundary value

problems on the bounded interval [0,T]. Their results were established by applying critical

point theory[6], [15], and the Saddle Point Theorem [9].

In this memory, we consider the following impulsive Dirichlet boundary value problems

(P1)


−u′′(t) + g(t)u(t) = f (t,u(t)), a.e. t ∈ [0,T],
u(0) = u(T) = 0,
∆u′(t j) = u′(t+j ) − u′(t−j ) = I j(u(t j)), j = 1, 2, . . . , p,

where

0 = t0 < t1 < t2 < · · · < tp < tp+1 = T,

with

g ∈ L∞([0,T]),
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the function

f : [0,T] ×R→ R

is continuous, and

I j : R→ R, j = 1, 2, . . . , p,

are continuous functions describing the impulsive effects and

(P2)


−u′′(t) + λu(t) = f (t,u(t)), a.e. t ∈ [0,+∞), t , t j,

∆u′(t j) = g(t j)I j(u(t−j )), j ∈N∗,

u(0) = u(+∞) = 0,

where λ is a positive parameter, the functions f : [0,+∞) × R → R, I j : R → R, j ∈ N∗, and

g : [0,+∞)→ [0,+∞) are continuous with

+∞∑
j=1

g(t j) < +∞.

The aim of this work is to investigate the existence of weak solutions for this impulsive Dirichlet

problems by using variational methods and critical point theory in suitable Sobolev spaces. Our

analysis is based on some fundamental tools from functional analysis such as the Lax–Milgram

theorem [15], the Mountain Pass Theorem [6], [15], and the Saddle Point Theorem[9].

This dissertation is organized into three chapters.

In the first chapter, we present some preliminary notions and basic results that will be used

throughout this work, including Banach and Sobolev spaces, continuity and differentiability of

operators, lower semicontinuous functionals, and some fundamental results from critical point

theory.

The second chapter is devoted to the variational framework associated with the impulsive

problem (P1).We establish the weak formulation of the problem and construct the corresponding

energy functional.

Finally, in the third chapter, we prove the main existence results by applying variational

techniques and critical point theory for the problem (P2). Some illustrative examples are also

provided.
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Chapter 1

Some preliminaries

In this chapter we give a series of notions that will be useful for the rest of this memory.

We recall some definitions and properites used in the remainder of the these thesis , this to

allow a more rapid assimilation of our work . These consist essentially of functional analysis

results . We thus find some properites for weak convergence , continuity and differentiability

of operators in Banch space , critical points theory and Ekeland’s variational principls .

1.1 Banach and Hilbert spaces

Definition 1.1. (Normed spaces)[1]

A vector space X is said to be a normed space if to every x ∈ X there is associated a nonnegative

real number ‖x‖, called the norm of x, such that

1. ‖x‖ ≥ 0 and ‖x‖ = 0 if and only if x = 0,

2. ‖αx‖ = |α| ‖x‖ for every scalar α and every x ∈ X,

3. ‖x + y‖ ≤ ‖x‖ + ‖y‖ for all x, y ∈ X.

Definition 1.2. (Bancach spaces)[1] is a normed space which is complete in the metric defined

by its norm; this means that every Cauchy sequence is required to converge.

Definition 1.3. (Cauchy Sequence)[1] Suppose d is a metric on a set X. A sequence {xn} in X is

called a Cauchy sequence if for every ε > 0 there exists an integer N such that

d(xm, xn) < ε whenever m > N and n > N.

If every Cauchy sequence in X converges to a point of X, then the metric d is said to be complete

on X.

Definition 1.4. Hilbert space H is an inner product space which is complete with respect to the

metric induced by its inner product.

3



Definition 1.5. Let (H, 〈·, ·〉) be a Hilbert space. A family of vectors B = (ei)i∈I in H is a Hilbert

basis (or complete orthonormal basis) if it satisfies the following two conditions:

1. Orthonormal family: For all (i, j) ∈ I2,

〈ei, e j〉 = δi j =

1 if i = j
0 if i , j

2. Total family: The vector subspace spanned by (ei)i∈I, denoted span({ei}i∈I), is dense in H.

That is to say:

span({ei}i∈I) = H.

If (ei)i∈I is a Hilbert basis, then every vector x ∈ H can be uniquely written as a series sum:

x =
∑
i∈I

〈x, ei〉ei

Proposition 1.1. (Parseval identity)

If (ei)i∈I is a Hilbert basis, then every vector x ∈ H we have following equality holds:

‖x‖2 =
∑
i∈I

|〈x, ei〉|2,

is called the Parseval equality holds.

Theorem 1.1. (Compact spectral decomposition) Let H be a (separable) Hilbert space and T : H→ H

a compact self-adjoint operator. Then:

1. The eigenvalues {λn}n∈N of T are real and tend to 0.

2. The eigenspaces Eλn = ker(T − λnI) are of finite dimension for λn , 0.

3. H decomposes into an orthogonal direct sum:

H = ker(T) ⊕⊥
⊕
λn,0

Eλn


Consequently, there exists a Hilbert basis for H consisting of eigenvectors of T.

Theorem 1.2. (Hilbert-Schmidt) Let H be a separable Hilbert space and T : H → H be a compact

self-adjoint operator. Let {λi}Ni=1 (N ≤ ∞) be the non-zero eigenvalues of T and {φi}Ni=1 be the corresponding

orthonormal eigenfunctions. Then for any x ∈ H :

Tx =
N∑

i=1

λi〈x, φi〉φi (1.1)

Furthermore, the expansion converges in the norm of H, and if N = ∞, then limi→∞ λi = 0.

4



1.2 Operators on Banach spaces

1.2.1 Continuity, convexity and coercivity of operators

In the following, we state some definitions concerning continuity properties.

Definition 1.6. The operator T : E→ F is called continuous at the point x0 ∈ E if for any sequence

(xn) ⊂ E we have

xn → x0 in E⇒ T(xn)→ T(x0) in F

Or,

‖xn − x0‖E → 0⇒ ‖T(xn) − T(x0)‖F → 0.

This definition is equivalent to

∀ε > 0, ∃δ > 0, ∀x ∈ E : ‖x − x0‖E ≤ δ⇒ ‖T(x) − T(x0)‖F ≤ ε.

Example 1.1. Let (E, ‖ · ‖) be a Banach space. We consider N : E → R defined by N(x) = ‖x‖.
Then N is a continuous functional. Indeed, for any (xn)n ⊂ E such that xn → x in E, since

|N(xn) −N(x)| = | ‖xn‖ − ‖x‖ | ≤ ‖xn − x‖,

and ‖xn − x‖ → 0, we have

N(xn)→ N(x) in R.

There are some other definitions that are related to the concept of weak convergence.

Definition 1.7. (Weakly continuous)[2] Let T : E → F be an operator. T is called weakly

continuous at x0 ∈ E if for every sequence (xn) ⊂ E, we have

xn ⇀ x0 in E ⇒ T(xn) ⇀ T(x0).

Definition 1.8. (Compact operator)[2] An operator T : E→ F is called compact if it is continuous

and T(B) is a relatively compact set in F (i.e., T(B) is a compact set in F); here

B = {x ∈ E : ‖x‖E < 1}.

There is an equivalent definition using sequences.
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Definition 1.9. (Coercivity)[2]

A functional ϕ : E→ R on a Banach space E is called coercive if, for every sequence (un)n∈N ⊂ E,

lim
‖un‖→+∞

ϕ(un) = +∞.

Definition 1.10. (Dual space)[2]

Let A : E→ F be a linear operator. One says that A is bounded (or continuous) if there exists a

constant c ≥ 0 such that

‖Au‖F ≤ c ‖u‖E, ∀u ∈ E.

Definition 1.11. (Reflexive space)[2]

The space E is said to be reflexive if the canonical injection i : E→ E′′ is surjective, i.e. i(E) = E′′ .

When E is reflexive, E′′ is usually identified with E; (E′′ = E).

Example 1.2. 1. finite dimensional spaces are reflexive (since dim E = dim E′ = dim E′′).

2. Lp spaces are reflexive for 1 < p < ∞. L1 and L∞ are not reflexive.

3. Hilbert spaces are reflexive.

The following result shows an important compactness property in reflexive spaces (see [2]).

Theorem 1.3. [2] Assume that E is a reflexive Banach space and let (xn) be a bounded sequence in E.

Then there exists a subsequence (xnk) that converges weakly to some x in E.

1.3 Lower and Upper Semi-continuity

The following concepts are often found in minimization theory of functionals.

Definition 1.12. A functional ϕ : E→ R is called lower semi-continuous at a point x0 ∈ E if for

every sequence (xn) ⊂ E, we have

xn → x0 ⇒ ϕ(x0) ≤ lim inf
n→+∞

ϕ(xn).

Example 1.3. Let (H, 〈·, ·〉) be a Hilbert space. The functional N : H→ R defined by

N(x) = ‖x‖, where ‖x‖ =
√
〈x, x〉,
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is weakly lower semicontinuous (w.l.s.c). Indeed, let (xn) ⊂ H and x0 ∈ H such that xn ⇀ x0.

Then

〈xn, y〉 → 〈x0, y〉, ∀y ∈ H.

In particular, taking y = x0 ∈ H, we obtain

〈xn, x0〉 → 〈x0, x0〉 = ‖x0‖2. (1.2)

By a direct calculation, we get

‖xn − x0‖2 = 〈xn − x0, xn − x0〉 = ‖xn‖2 − 2〈xn, x0〉 + ‖x0‖2.

Since ‖xn − x0‖2 ≥ 0, we deduce that

‖xn‖2 ≥ 2〈xn, x0〉 − ‖x0‖2. (1.3)

Passing to the limit in 1.2, and using1.3,we obtain

lim inf
n→+∞

‖xn‖2 ≥ 2‖x0‖2 − ‖x0‖2 = ‖x0‖2.

Hence, N is weakly lower semicontinuous.

Remark 1.1. 1. It is easy to see that if ϕ is continuous in x0, then ϕ is (u.s.c.) and (l.s.c.) and

conversely.

2. It is easy to see that if ϕ is weacly continuous in x0, then ϕ is (w.u.s.c.) and (w.l.s.c.) and

conversely.

1.4 Differentiability in Banach spaces

1.4.1 Gâteaux Differentiability

Definition 1.13. [2] Let E be a Banach space, Ω ⊂ E an open set, and let ϕ : Ω → R be a

functional. We say that ϕ is Gâteaux differentiable (G-differentiable) at u ∈ Ω if there exists

A ∈ E′ (A linear and continuous functional), denoted by ϕ′G(u), such that for all v ∈ E,

lim
t→0

ϕ(u + tv) − ϕ(u)
t

= 〈A, v〉. (1.4)

If ϕ is Gâteaux differentiable at u, there exists only one linear functional A ∈ E′ satisfying (1.4).

It is called the Gâteaux differential of ϕ at u and is denoted by ϕ′G(u).

7



Definition 1.14. [2]

If the functional ϕ is Gâteaux differentiable at every u of an open set U ⊂ E, we say that ϕ is

Gâteaux differentiable on U. The map

ϕ′G : E→ E′,
u 7→ ϕ′G(u) (1.5)

is colled the Gâteaux derivative of ϕ.

Example 1.4. The functional defined by

ϕ : W1,p
0 (Ω)→ R

u 7→ ϕ(u) =
∫
Ω

|∇u|p dx = ‖u‖p
W1,p

0

is Gâteaux differentiable and we have

〈ϕ′G(u), v〉 = p
∫
Ω

|∇u|p−2 ∇u · ∇v dx.

In the particular case p = 2, the functional defined by

ϕ : H1
0(Ω)→ R

u 7→ ϕ(u) =
∫
Ω

|∇u|2 dx = ‖u‖2H1
0

is Gâteaux differentiable and we have

〈ϕ′G(u), v〉 = 2
∫
Ω

∇u · ∇v dx.

1.4.2 Frechet differentiability

Definition 1.15. [2]

Let E be a Banach space, Ω ⊂ E an open set and let ϕ : Ω→ R be a functional. We say that ϕ is

Frechet differentiable at u ∈ Ω if there exists Au ∈ E′ such that

lim
‖v‖→0

ϕ(u + v) − ϕ(u) − Auv
‖v‖ = 0. (1.6)

Thus, for a Frechet differentiable functional ϕ, we have

ϕ(u + v) − ϕ(u) = Au(v) + o(‖v‖),

where

lim
‖v‖→0

o(‖v‖)
‖v‖ = 0.

If a functional ϕ is differentiable at u, then Au is unique.

8



Proposition 1.2. [2]

Suppose that Ω ⊆ E is on open set, such that ϕ is G-differentiable in Ω and that

ϕ′G : Ω ⊂ E→ E′

is continuous, Then ϕ is also Frechet differentiable at u, and we have

ϕ′G(u) = ϕ′(u).

The proof of Proposition (1.2) is given in [2].

Proof. Let r ∈ (0, 1] be such that Br ⊂ U. Since dGϕ : U → E∗ is continuous at u, for every ε > 0

there exists δ ∈ (0, 1] such that

‖dGϕ(u + tv) − dGϕ(u)‖ < ε for ‖v‖ < δ, |t| < 1. (1.7)

On the other hand,for each v ∈ Br(0), the function

t ∈ (0, 1] 7→ (dGϕ(u + tv), v),

is the derivative of the function

g(t) = ϕ(u + tv), t ∈ [0, 1].

Consequently ∫ 1

0
(dGϕ(u + tv), v)dt = g(1) − g(0) = ϕ(u + tv) − ϕ(u).

Hence

ϕ(u + v) − ϕ(u) − (dGϕ(u), v) =
∫ 1

0
(dGϕ(u + tv) − dGϕ(u), v)dt. (1.8)

Let

R(u, v) =
∫ 1

0
(dGϕ(u + tv) − dGϕ(u), v)dt.

From (1.7) for all v ∈ Bδ(0) we have

‖R(u, v)‖ ≤
∫ 1

0
‖dGϕ(u + tv) − dGϕ(u)‖‖v‖dt ≤ ε‖v‖.

Hence R(u, v) = o(‖v‖) when ‖v‖ → 0. Then, (1.8) shows that dGϕ(u) is the Frechet derivative of

ϕ at u. □
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Remark 1.2. In applications, it is easier to verify differentiability in the sense of Gâteaux . If one

wants to prove that ϕ ∈ C1, it is enough to prove that it is Gâteaux differentiable ,then to verify

that the differentiable dGϕ is continuous.

Definition 1.16. Let u0 ∈ X.We say that u0 is a local minimum of ϕ if there exists δ > 0 such that

ϕ(u0) ≤ ϕ(v), ∀v ∈ B(u0, δ), v , u0.

Proposition 1.3. Let u0 ∈ U ⊂ X be a local minimum (or maximum) of ϕ. Then if ϕ is Gâteaux

differentiable in u0, then

dGϕ(u0) = 0.

Proposition 1.4. [6]

Let X be a Banach space, and ϕ be an application from X to R,be u ∈ X.

Assume that

ϕ(u) = inf
v∈X
ϕ(v), i.e., ϕ(u) ≤ E(v), ∀v ∈ X

Then, if ϕ is Gâteaux differentiable in u, We have

dGϕ(u) = 0.

1.5 Functional spaces

1.5.1 Lp Spaces

Definition 1.17. [2]

Let p ∈ R with 1 ≤ p < ∞, we set

Lp(Ω) =
{
ϕ : Ω→ RN; ϕ is measurable and

∫
Ω

|ϕ(x)|pdx < ∞
}
.

with

‖ϕ‖Lp = ‖ϕ‖p =
(∫
Ω

|ϕ(x)|pdx
) 1

p

.

Definition 1.18. [2] We set

L∞(Ω) =
{
ϕ : Ω→ RN; ϕ is measurable and |ϕ(x)| ≤ c a.e. on Ω

}
,

with

‖ϕ‖L∞ = ‖ϕ‖∞ = inf{c : |ϕ(x)| ≤ c a.e. on Ω}.
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with c is a constant.

If ϕ ∈ L∞(Ω) then we have

|ϕ(x)| ≤ ‖ϕ‖∞ a.e. in x ∈ Ω.

Theorem 1.4. [2] (Lp(Ω), ‖ · ‖Lp) is a Banach space for any 1 ≤ p ≤ ∞, and reflexive for 1 < p < ∞, and

separable for 1 ≤ p < ∞.

Notation 1.1. Let 1 ≤ p ≤ ∞, we denote by p′ the conjugate exponent

1
p
+

1
p′
= 1.

Theorem 1.5. (Holder’s inequality )[2]

Assume that f ∈ Lp and g ∈ Lp with 1 ≤ p ≤ ∞, then

f g ∈ L1

and ∫
Ω

| f g|dx ≤ ‖ f ‖Lp‖g‖Lp′ .

1.5.2 Some convergence criteria

Theorem 1.6. (Lebesgue Dominated Convergence Theorem)[2]

Let (ϕn) be a sequence of functions of L1. We suppose that

1. ϕn(x)→ ϕ(x) a.e. x ∈ Ω,

2. there exists a function g ∈ L1 such that for every n,

|ϕn(x)| ≤ g(x) a.e. in Ω.

We have ϕ ∈ L1(Ω) and

‖ϕn − ϕ‖L1 → 0.

Lemma 1.1. (Fatou Lemma)[2]

Let (ϕn) be a sequence of functions in L1 that satisfy

1. for all n ∈N, ϕn ≥ 0 a.e.,

2. supn

∫
ϕn < ∞.
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For almost x ∈ Ω we set

ϕ(x) = lim inf
n→∞

ϕn(x).

Then ϕ ∈ L1 and ∫
ϕ ≤ lim inf

n→∞

∫
ϕn.

1.5.3 W1,p(Ω) Spaces

Let Ω ⊂ RN be an open set, and let p ∈ R with 1 ≤ p ≤ ∞.

Definition 1.19. We denote by D(Ω) the set of functions of class C∞(Ω) with compact support

compact include in Ω. The Sobolev space W1,p(Ω) is defined by

W1,p(Ω) =
{

u ∈ Lp(Ω), ∃gi ∈ Lp(Ω) such that :
∫
Ω

u
∂ϕ

∂xi
dx = −

∫
Ω

giϕdx, ∀ϕ ∈ D(Ω), ∀i = 1, . . . ,N
}
.

We set

H1(Ω) =W1,2(Ω).

For u ∈W1,p(Ω) we set
∂u
∂xi
= gi

and we write

∇u = grad u =
(
∂u
∂x1

, . . . ,
∂u
∂xN

)
.

The space W1,p is equipped with the norm

‖u‖W1,p = ‖u‖Lp + ‖∇u‖Lp .

Proposition 1.5. W1,p(Ω) is a Banach space for 1 ≤ p ≤ ∞, reflexive for 1 < p < ∞, and separable for

1 ≤ p < ∞.
In particular H1(Ω) is reflexive, separable and Hilbert space.

1.5.4 W1,p
0 (Ω) Space

Definition 1.20. Let 1 ≤ p ≤ ∞, W1,p
0 means the closing of D(Ω) in W1,p, we notice

W1,p
0 (Ω) = D(Ω)

W1,p

= {u ∈W1,p(Ω) : u = 0 on ∂Ω}.

and

H1
0(Ω) =W1,2

0 (Ω).
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The space W1,p
0 (Ω) provided with the norm induced by W1,p. H1

0 is a Hilbert space for the scalar

product of H1. We put ‖u‖H1
0
= ‖u‖.

Remark 1.3. When Ω = RN, we know that D(RN) is dense in W1,p(RN), and therefore

W1,p
0 (RN) =W1,p(RN).

Proposition 1.6. (Poincare inequality)[2] Let Ω ⊂ RN be an open set. Then there exists a constant

c > 0 such that

‖u‖W1,p(Ω) ≤ c‖∇u‖Lp(Ω), ∀u ∈W1,p
0 (Ω).

In other words, on W1,p
0 (Ω), the quantity ‖∇u‖Lp(Ω) is a norm equivalent to the W1,p norm.

1.5.5 Some classical compactness theorem

Theorem 1.7. (Ascoli-Arzela)[13]

Let (ϕn) be a sequence of functions defined on a compact metric space (X, d) and with real values. We

assume that the sequence (ϕn) has the following two properties:

(1) (ϕn) is equicontinuous, i.e., ∀ε > 0,∃η > 0,∀x, y ∈ X,∀n ∈N : d(x, y) < η =⇒ |ϕn(x)−ϕn(y)| <
ε.

(2) The sequence (ϕn(x))n is bounded for all x ∈ X.

Then there exists a subsequence of (ϕn) that converges to a continuous function ϕ in C(X,R).

Lemma 1.2. (C. Corduneanu)[14]

Let D ⊂ Cl([0,+∞),R) be a bounded set. Then D is relatively compact if the following conditions hold:

(a) D is equicontinuous on any compact sub-interval of R+, i.e.

∀ J ⊂ [0,+∞) compact,∀ ε > 0, ∃ δ > 0, ∀ x1, x2 ∈ J :
|x1 − x2| < δ =⇒ |u(x1) − u(x2)| ≤ ε,∀u ∈ D,

(b) D is equiconvergent at +∞ i.e.,

∀ ε > 0,∃T = T(ε) > 0 such that
∀ x : x ≥ T(ε) =⇒ |u(x) − u(+∞)| ≤ ε, ∀u ∈ D.
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1.6 Theory of Critical Points

Definition 1.21. (Critical Points)[6], [15]

Let ϕ be a differentiable functional from X to R. A point u ∈ X is said to be a critical point for ϕ

if and only if

dϕ(u) = 0.

Definition 1.22. (Critical Values)[9] [15]

A number c ∈ R is called a critical value of the functional ϕ, of class C1 defined on X, if there

exists u ∈ X such that

ϕ(u) = c, dϕ(u) = 0.

Proposition 1.7. [6]

Let X be a Banach space, and ϕ a mapping from X to R, let u ∈ X. Suppose that

ϕ(u) = inf
v∈X
ϕ(v),

that is

ϕ(u) ≤ ϕ(v), ∀v ∈ X.

Then, if ϕ is Gâteaux-differentiable at u, we have

dGϕ(u) = 0.

Proof. Under the hypothesis of this proposition, suppose without loss of generality that u0 is a

minimum point (otherwise consider the function −ϕ instead of ϕ). Since u0 ∈ U and U is open,

there exists a positive real number r such that the open ball Br(u0) is contained in U. Now, let

h ∈ X \ {0}. Then for every t such that

|t| ≤ r
‖h‖

we have ϕ(u0 + th) ≥ ϕ(u0), and thus by the Gâteaux differentiability of ϕ at u0, we have

dGϕ(u0)(h) = lim
t→0+

1
t

[ϕ(u0 + th) − ϕ(u0)] ≥ 0.

It also follows that dGϕ(u0)(−h) ≥ 0, i.e.,

dGϕ(u0)(h) ≤ 0,

by the linearity of dGϕ(u0). Consequently, we obtain dGϕ(u0)(h) = 0 for h ∈ X. Thus dGϕ(u0) =

0. □
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Definition 1.23. Let u0 ∈ X. We say that u0 is a local minimum for ϕ if there exists δ > 0 such

that

ϕ(u0) ≤ ϕ(v), ∀v ∈ B(u0, δ), v , u0.

Proposition 1.8. Let u0 ∈ X be a local minimum of ϕ. If ϕ is Gâteaux differentiable at u0, then

dGϕ(u0) = 0.

For convex functionals (or convex spaces), a classical result is given by the following theorem.

Theorem 1.8. [6], [9]

Let C be a closed convex subset of a reflexive Banach space X. Let ϕ : C→ R ∪ {+∞}. Assume

(i) ϕ is coercive and ϕ , +∞, that is

lim
‖u‖→+∞

ϕ(u) = +∞.

(ii) ϕ is lower semi-continuous for the weak convergence.

Then there exists u ∈ C such that

ϕ(u) = inf
v∈C
ϕ(v) (< +∞).

Moreover, if ϕ is Gâteaux differentiable at u, then

dGϕ(u) = 0.

1.7 Palais-Smale’s sequence and condition

Definition 1.24. [15]

Let X be a Banach space and ϕ : X→ R a C1-functional. We say that ϕ satisfies the Palais-Smale

condition, denoted (P.S), if any sequence (un) in X such that

(ϕ(un)) is bounded, and ϕ′(un)→ 0, as n→ +∞ (1.9)

admits a convergent subsequence. Any sequence satisfying 1.9is called a Palais-Smale sequence.

Definition 1.25. Let ϕ : X→ R ∪ {+∞}.We say that ϕ is coercive if

ϕ(u)→ +∞, when‖u‖ → +∞

i.e.,

∀A > 0,∃B > 0 such that ‖u‖ ≥ B =⇒ ϕ(u) ≥ A.
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Theorem 1.9. [15], [6]

Let C be a closed convex set in X, a reflexive Banach space.

Let ϕ : C→ R ∪ {+∞}. We assume

i) ϕ is coercive and ϕ , +∞, i.e. lim
‖u‖→+∞

ϕ(u) = +∞,

ii) ϕ satisfies the weak convergence condition (w.l.s.c.). Then there exists u ∈ C such that

ϕ(u) = inf
v∈C
ϕ(v) (< +∞).

If, furthermore, ϕ is Gâteaux-differentiable at u, then dGϕ(u) = 0.

Theorem 1.10. [6]

Let X be a reflexive Banach space, and ϕ a functional defined on X such that

1. ϕ is (w.l.s.c.),

2. The minimizing sequence of ϕ is bounded on X,

Then ϕ achieves its infimum on X.

Theorem 1.11. (Lax Milgram)[15] Let H be a Hilbert space and a : H ×H→ R be a bounded bilinear

form. If a is coercive, i.e., there exists α > 0 such that a(u,u) ≥ α‖u‖2 for every u ∈ H, then for any

σ ∈ H′ (the conjugate space of H),there exists a unique u ∈ H such that

a(u, v) = (σ, v), ∀v ∈ H.

Moreover, if a is also symmetric, then the functional ψ : H→ R defined by

ψ(v) =
1
2

a(v, v) − (σ, v)

attains its minimum at u.

1.8 Mountain Pass Theorem

Theorem 1.12. (Mountain Pass Theorem)[6], [15]

Let X be a real Banach space and ϕ ∈ C1(X,R) with ϕ(0) = 0. Suppose ϕ(u) satisfies (P.S) condition and

(a) there are ρ, α > 0 such that ϕ(u) ≥ α when ‖u‖X = ρ,
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(b) there is a ϕ ∈ X, ‖e‖X > ρ such that ϕ(e) < 0.

Define

Γ = {γ ∈ C([0, 1],X) | γ(0) = 0, γ(1) = e}.

Then

c = inf
γ∈Γ

max
0≤t≤1

ϕ(γ(t)) ≥ α

is a critical value of ϕ(u).

Theorem 1.13. (Saddle point theorem)[9]

Let E be a Banach space. Let ϕ ∈ C1(E,R) be an even functional which satisfies the P.S. condition and

ϕ(0) = 0. If E = V ⊕W, where V is finite dimensional, and ϕ satisfies that

(I1) there are constants ρ, α > 0 such that ϕ|∂Bρ∩W ≥ α, Bρ = {x ∈ E : ‖x‖ < ρ},
(I2) for each finite-dimensional subspace Ẽ ⊂ E, there is an R = R(Ẽ) such that ϕ ≤ 0 on Ẽ \ BR(Ẽ), then

ϕ possesses an unbounded sequence of critical values.
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Chapter 2

Study the existence of the solutions to
an impulsive second-order boundary
value problems on bounded interval

In this chapter, we discuss the existence of a solution for an impulsive second-order equation. To

obtain our results, we use the variational method. In particular, we use a minimization theorem

and the mountain pass lemma. We used as an example the article [59] which was published by

authors Jun Wang and Weigao Ge in (2009.)

2.1 Introduction

We study the following impulsive problem :
−u′′(t) + g(t)u(t) = f (t,u(t)), a.e. t ∈ [0,T];
u(0) = u(T) = 0,
∆u′(t j) = u′(t+j ) − u′(t−j ) = I j(u(t j)), j = 1, 2, . . . , p,

(2.1)

where t0 = 0 < t1 < t2 < · · · < tp < tp+1 = T, g ∈ L∞[0,T], f : [0,T] × R → R is continuous, and

I j : R→ R, j = 1, 2, . . . , p are continuous.

2.1.1 The spaces provided for our problem

We now present the Hilbert space H1
0(0,T) which is suitable for the study of our problem. Let

the space H be such that:

H1([0,T]) =
{
u ∈ L2([0,T]) : u′ ∈ L2([0,T])

}
,

C[0,T] = {u : [0,T]→ R, telle que u continue },

muni par sa norme usuelle

‖u‖∞ = sup
x∈[0,T]

|u(x)|.
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Remark 2.1. we say that the space H is space H1
0

Define the space H by:

H = {u ∈ C([0,T]) : u′(.) ∈ L2([0,T]),u(T) = 0},

with the inner product

〈u, v〉H1
0(0,T) =

∫ T

0
u′(t)v′(t)dt,

inducing the norm

‖u‖ =
( ∫ T

0
|u′(t)|2dt

) 1
2
.

2.1.2 The eigenvalues of the linear boundary value problem

Let λ1 =
π2

T2 be the first eigenvalue of the Dirichlet problem−u′′(t) = λu(t), t ∈ [0,T];
u(0) = u(T) = 0.

(2.2)

Lemma 2.1. As is well known, (2.2)possesses a sequence of eigenvalues (λi), where λi =
(

(2i−1)π
2T

)2
and

λ1 =
π2

(2T)2 is the first nonzero eigenvalue of the problem (2.2) with

0 < λ1 < λ2 < · · · < λ j < · · ·

Proof.

−r2 = λ =⇒ r = ±i
√
λ

The solution to this problem is as follows:

u(t) = αcos(
√
λt) + β sin(

√
λt).

Conditions are applied to the limit One finds

u′(t) = −α
√
λ sin(

√
λt) + β

√
λ cos(

√
λt)

u′(0) = 0 =⇒ β = 0

So,

u(t) = α cos(
√
λt)
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we have,

u(T) = 0 =⇒ α cos(
√
λT) = 0.

cos(
√
λT) = 0 =⇒ λi = (

2iπ − π
2T

)2

□

Remark 2.2. The corresponding eigenfunctions are normalized so that :

||ϕ j|| = 1 = λ j

∫ T

0
|ϕ j(t)|2dt,

her

ϕ j(t) =

√
2

Tλ j
cos(

√
λ jt), j = 1, 2, .. (2.3)

2.2 Preliminaries and statements

In this section, we recall some basic facts which will be used in the proofs of our main results. In

order to apply the critical point theory, we make a variational structure. From this variational

structure, we can reduce the problem of finding solutions of 2.1 to the one of seeking the critical

points of a corresponding functional. In the Sobolev space H1
0(0,T), consider the inner product

〈u, v〉H1
0(0,T) =

∫ T

0
u′(t)v′(t) dt,

inducing the norm

‖u‖H1
0(0,T) =

(∫ T

0
(u′(t))2dt

)1/2

.

Throughout the paper, it will be assumed that ess inft∈[0,T] g(t) = m > −λ1. We also consider the

inner product

〈u, v〉 =
∫ T

0
g(t)u(t)v(t)dt +

∫ T

0
u′(t)v′(t)dt, ∀u, v ∈ H1

0(0,T),

and the norm

‖u‖ =
(∫ T

0
g(t)(u(t))2dt +

∫ T

0
(u′(t))2dt

)1/2

, ∀u ∈ H1
0(0,T).

By Poincar’s inequality: (∫ T

0
(u(t))2dt

)1/2

≤ 1√
λ1

(∫ T

0
(u′(t))2dt

)1/2

,

Proof

The proof is given in (see [?]).
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Remark 2.3. where λ1 =
π2

T2 is the first eigenvalue of the problem 2.2 We prove the following

lemmas.

2.2.1 Auxiliary lemmas

Lemma 2.2. If ess inft∈[0,T] g(t) = m > −λ1, then the norm ‖ · ‖ and the norm ‖ · ‖H1
0(0,T) are equivalent.

Proof. Since ess inft∈[0,T] g(t) = m > −λ1, there exists C1 ∈ (0, 1) such that −m ≤ λ1(1 − C1). Thus,

by Poincar’s inequality, one has

(1 − C1)
∫ T

0
(u′(t))2dt ≥ (1 − C1)λ1

∫ T

0
(u(t))2dt

≥ −m
∫ T

0
(u(t))2dt

for all u ∈ H1
0(0,T). Thereby, for every u ∈ H1

0(0,T), we have

‖u‖2 =
∫ T

0
g(t)(u(t))2dt +

∫ T

0
(u′(t))2dt

≥ m
∫ T

0
(u(t))2dt +

∫ T

0
(u′(t))2dt

≥ C1

∫ T

0
(u′(t))2d

= C1‖u‖2H1
0(0,T)

.

(2.4)

On the other hand, by Poincar’s inequality, one has

‖u‖2 =
∫ T

0
g(t)(u(t))2dt +

∫ T

0
(u′(t))2dt

≤ ‖g‖∞
∫ T

0
(u(t))2dt +

∫ T

0
(u′(t))2dt

≤
(‖g‖∞
λ1
+ 1

) ∫ T

0
(u′(t))2dt

=

(‖g‖∞
λ1
+ 1

)
‖u‖2H1

0(0,T)
.

(2.5)

Thus,for 2.4 and 2.5 we deduce that the norm ‖ · ‖ and the norm ‖ · ‖H1
0(0,T) are equivalent. □

Lemma 2.3. There exists C2 > 0 such that, if u ∈ H1
0(0,T), then

‖u‖∞ ≤ C2‖u‖.
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Proof. If u ∈ H1
0(0,T), it follows from the mean value theorem that

1
T

∫ T

0
u(s)ds = u(τ)

for some τ ∈ (0,T). Hence, for t ∈ [0,T], by Holder inequality and 2.5,

|u(t)| =
∣∣∣∣∣∣u(τ) +

∫ t

τ

u′(s)ds

∣∣∣∣∣∣
≤ |u(τ)| +

∣∣∣∣∣∣
∫ T

0
u′(s)ds

∣∣∣∣∣∣
≤
√

T
T

(∫ T

0
(u(s))2ds

)1/2

+
√

T
(∫ T

0
(u′(s))2ds

)1/2

≤
( √

T
T
√
λ1
+
√

T
) (∫ T

0
(u′(s))2ds

)1/2

≤
( √

T
T
√
λ1
+
√

T
)

1√
C1
‖u‖.

Hence

‖u‖∞ ≤
( √

T
T
√
λ1
+
√

T
)

1√
C1
‖u‖ = C2‖u‖. ■

Remark 2.4. Based on theorem 1.1, if u ∈ H2(0,T), then u and u′ are absolutely continuous and

u′′ ∈ L2(0,T). Hence,

∆u′(t) = 0 for all t ∈ [0,T].

On the other hand, if u ∈ H1
0(0,T), then u′ may fail to be continuous, and thus

∆u′(t) , 0 for some t ∈ (0,T),

which leads to impulsive effects.

Take v ∈ H1
0(0,T) and multiply the two sides of the equality

−u′′(t) + g(t)u(t) = f (t,u(t)) (2.6)

by v and integrate from 0 to T, we have

−
∫ T

0
u′′(t)v(t)dt +

∫ T

0
g(t)u(t)v(t)dt =

∫ T

0
f (t,u(t))v(t)dt.
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Moreover,

−
∫ T

0
u′′(t)v(t) dt = −

p∑
j=0

∫ t j+1

t j

u′′(t)v(t) dt

= −
p∑

j=0

u′(t−j+1)v(t−j+1) − u′(t+j )v(t+j ) −
∫ t j+1

t j

u′(t)v′(t) dt


=

p∑
j=1

∆u′(t j)v(t j) + u′(0)v(0) − u′(T)v(T) +
∫ T

0
u′(t)v′(t) dt

=

p∑
j=1

I j(u(t j))v(t j) +
∫ T

0
u′(t)v′(t) dt.

Combining 2.6, we have∫ T

0
u′(t)v′(t)dt +

∫ T

0
g(t)u(t)v(t)dt +

p∑
j=1

I j(u(t j))v(t j) =
∫ T

0
f (t,u(t))v(t)dt.

□

Considering the above, we introduce the following concept solution for problem 2.1.

2.2.2 The Euler–Lagrange functional

We define the functional ϕ : H1
0(0,T)→ R by

ϕ(u) =
1
2
‖u‖2 +

p∑
j=1

∫ u(t j)

0
I j(s) ds −

∫ T

0
F(t,u(t)) dt,

where

F(t,u) =
∫ u

0
f (t, s) ds,

and

‖u‖2 =
∫ T

0
|u′(t)|2dt +

∫ T

0
g(t)|u(t)|2dt.

Proposition 2.1. The functional ϕ is continuously differentiable on H1
0(0,T) and its Frchet derivative

is given by

〈ϕ′(u), v〉 =
∫ T

0
u′(t)v′(t) dt +

∫ T

0
g(t)u(t)v(t) dt +

p∑
j=1

I j(u(t j))v(t j) −
∫ T

0
f (t,u(t))v(t) dt,

for all u, v ∈ H1
0(0,T).
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Proof. Step 1: ϕ is Gteaux differentiable.

Let u, v ∈ H1
0(0,T) and µ ∈ R. Then

ϕ(u + µv) − ϕ(u) =
1
2
‖u + µv‖2 − 1

2
‖u‖2

+

p∑
j=1

(∫ u(t j)+µv(t j)

0
I j(s) ds −

∫ u(t j)

0
I j(s) ds

)

−
∫ T

0

(
F(t,u + µv) − F(t,u)

)
dt.

Using the definition of the norm, we get

1
2
‖u + µv‖2 − 1

2
‖u‖2 = µ

∫ T

0
u′(t)v′(t) dt

+µ

∫ T

0
g(t)u(t)v(t) dt

+
µ2

2
‖v‖2.

By the mean value theorem,

F(t,u + µv) − F(t,u) = µ f (t,u + θµv)v,

for some θ ∈ (0, 1).

Moreover, ∫ u(t j)+µv(t j)

0
I j(s) ds −

∫ u(t j)

0
I j(s) ds = µI j(u(t j) + θµv(t j))v(t j).

Hence,

ϕ(u + µv) − ϕ(u)
µ

=

∫ T

0
u′(t)v′(t) dt +

∫ T

0
g(t)u(t)v(t) dt

+
µ

2
‖v‖2 +

p∑
j=1

I j(u(t j) + θµv(t j))v(t j)

−
∫ T

0
f (t,u + θµv)v(t) dt.

Letting µ→ 0, we obtain

〈ϕ′(u), v〉 =
∫ T

0
u′(t)v′(t) dt +

∫ T

0
g(t)u(t)v(t) dt +

p∑
j=1

I j(u(t j))v(t j) −
∫ T

0
f (t,u(t))v(t) dt.

Therefore, ϕ is Gteaux differentiable.
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Step 2: ϕ′ is continuous.

Let (un) ⊂ H1
0(0,T) such that un → u in H1

0(0,T). For every v ∈ H1
0(0,T), we have

〈ϕ′(un) − ϕ′(u), v〉

=

∫ T

0
(u′n − u′)v′ dt +

∫ T

0
g(t)(un − u)v dt

+

p∑
j=1

(
I j(un(t j)) − I j(u(t j))

)
v(t j)

−
∫ T

0

(
f (t,un(t)) − f (t,u(t))

)
v(t) dt.

Since un → u in H1
0(0,T) and f , I j are continuous, all terms converge to zero as n → +∞.

Thus,

ϕ′(un)→ ϕ′(u),

which proves that ϕ′ is continuous. Therefore,

ϕ ∈ C1(H1
0(0,T),R).

□

Definition 2.1. We say that a function u ∈ H1
0(0,T) is a mild solution of problem 2.1 if the identity∫ T

0
u′(t)v′(t)dt +

∫ T

0
g(t)u(t)v(t)dt +

p∑
j=1

I j(u(t j))v(t j) =
∫ T

0
f (t,u(t))v(t)dt

holds for any v ∈ H1
0(0,T). Consider the functional ϕ : H1

0(0,T)→ R defined by{
ϕ(u) = 1

2‖u‖2 +
∑p

j=1

∫ u(t j)

0
I j(t)dt −

∫ T

0
F(t,u(t))dt, (2.7)

where F(t, s) =
∫ s

0
f (t, τ)dτ. Using the continuity of f and I j, j = 1, ..., 2, p, one has that ϕ ∈

C1(H1
0(0,T),R). For any v ∈ H1

0(0,T), we have

ϕ′(u)v =
∫ T

0
u′(t)v′(t)dt +

∫ T

0
g(t)u(t)v(t)dt +

p∑
j=1

I j(u(t j))v(t j) −
∫ T

0
f (t,u(t))v(t)dt.

Thus, the solutions of problem 2.1 are the corresponding critical points of ϕ.
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2.3 Existence of a unique solution

Theorem 2.1. Let dj ( j = 1, 2, . . . , p) be fixed constants. If f (t,u) = σ(t) ∈ L2([0,T]) and I j(t) = d j

( j = 1, 2, . . . , p), then problem 2.1 has a unique solution u and u minimizes the functional 2.7.

Proof. We define the bilinear form

a : H ×H −→ R, a(u, v) =
∫ T

0

(
u′(x)v′(x) + g(x)u(x)v(x)

)
dx,

and the linear operator

l : H −→ R, l(v) =
∫ T

0
σ(x)v(x) dx −

p∑
j=1

d jv(x j).

1. Continuity of a: For all u, v ∈ H, we have

|a(u, v)| =
∣∣∣∣∣∣
∫ T

0

(
u′(x)v′(x) + g(x)u(x)v(x)

)
dx|

≤
∣∣∣∣∣∣
∫ T

0
u′(x)v′(x)dx

∣∣∣∣∣∣ +
∣∣∣∣∣∣
∫ T

0
g(x)u(x)v(x)dx

∣∣∣∣∣∣
Using the Cauchy–Schwarz inequality, we obtain

|a(u, v)| ≤ ‖u′‖2‖v′‖2 + ‖g‖∞‖u‖2‖v‖2

≤ ‖u‖‖v‖ + ‖g‖∞‖u‖‖v‖

≤ ‖u‖‖v‖
(
1 + ‖g‖∞

)
≤ C1‖u‖‖v‖,

where

C1 = 1 + ‖g‖∞.

Thus, a is continuous on H ×H.

2. Symmetry of a: For all u, v ∈ H, we have

a(u, v) =
∫ T

0

(
u′(x)v′(x) + g(x)u(x)v(x)

)
dx

=

∫ T

0

(
v′(x)u′(x) + g(x)v(x)u(x)

)
dx

= a(v,u).

Hence, a is symmetric.
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3. Coercivity of a: For u ∈ H, we have

a(u,u) =
∫ T

0

(
u′(x)2 + g(x)u(x)2

)
dx

= ‖u‖2 + ‖g‖∞‖u‖2

≥ ‖u‖2,

Thus,

a(u,u) ≥ C2‖u‖2, with C2 = 1.

Therefore, a is coercive.

4. Boundedness of l: For v ∈ H, we have

|l(v)| =
∣∣∣∣∣∣∣
∫ T

0
σ(x)v(x)dx −

p∑
j=1

d jv(x j)

∣∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
∫ T

0
σ(x)v(x)dx

∣∣∣∣∣∣ +
∣∣∣∣∣∣∣

p∑
j=1

d jv(x j)

∣∣∣∣∣∣∣ ,
Using the Cauchy–Schwarz inequality,∣∣∣∣∣∣

∫ T

0
σ(x)v(x)dx

∣∣∣∣∣∣ ≤
(∫ T

0
σ2(x)dx

)1/2 (∫ T

0
v2(x)dx

)1/2

≤ ‖σ‖2‖v‖.

Hence,

|l(v)| ≤ ‖σ‖2‖v‖ +
∣∣∣∣∣∣∣

p∑
j=1

d jv(x j)

∣∣∣∣∣∣∣
≤ ‖σ‖2‖v‖ +

p∑
j=1

|d j||v(x j)|

≤ ‖σ‖2‖v‖ + sup
j∈[1,p]

|v(x j)|
p∑

j=1

|d j|.

Let

C3 = ‖σ‖2 +
p∑

j=1

|d j|.

Then

|l(v)| ≤ C3‖v‖. (2.8)

Thus, l is bounded.

This implies that l is bounded. Since a(u,u) = ‖u‖2, a is coercive. By Theorem 1.11, problem 2.1

has a unique solution u and u minimizes the functional 2.7 . □
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2.4 Existence of a nontrivial solution

Theorem 2.2. Assume that the following conditions are satisfied:

(i) There exist a, b > 0 and γ ∈ [0, 1) such that

| f (t,u)| ≤ a + b|u|γ for every (t,u) ∈ [0,T] ×R.

(ii) There exist a j, b j > 0 and γ j ∈ [0, 1) ( j = 1, 2, . . . , p.) such that

|I j(u)| ≤ a j + b j|u|γ j for every u ∈ R ( j = 1, 2, . . . , p).

Then problem 2.1 has at least one solution.

Proof. Let M1 = max( a1, a2, . . . , ap), M2 = max( b1, b2, . . . , bp). In view of (i) and (ii) and Lemma

2.3 we have

ϕ(u) =
1
2
‖u‖2 +

p∑
j=1

∫ u(t j)

0
I j(t) dt −

∫ T

0
F(t,u(t)) dt

≥ 1
2
‖u‖2 −

p∑
j=1

∫ u(t j)

0
(a j + b j|t|γ j) ds −

∫ T

0
(a|u| + b|u|γ+1) dt

≥ 1
2
‖u‖2 − pM1‖u‖∞ −M2

p∑
j=1

‖u‖γ j+1
∞ − aT‖u‖∞ − bT‖u‖γ+1

∞

≥ 1
2
‖u‖2 − pM1C2‖u‖ −M2

p∑
j=1

Cγ j+1
2 ‖u‖γ j+1 − aTC2‖u‖ − bTCγ+1

2 ‖u‖γ+1.

for all u ∈ H1
0(0,T). This implies that lim‖u‖→∞ ϕ(u) = ∞, and ϕ is coercive. On the other hand,

we Show that ϕ is weakly lower semi-continuous. If {uk}k∈N ⊂ H1
0(0,T), uk ⇀ u, then we have

that {uk}k∈N converges uniformly to u on [0,T], and lim infk→∞ ‖uk‖ ≥ ‖u‖. Thus

lim inf
k→∞

ϕ(uk) = lim inf
k→∞

(1
2
‖uk‖2 +

p∑
j=1

∫ uk(t j)

0
I j(t) dt −

∫ T

0
F(t,uk(t)) dt

)
≥ 1

2
‖u‖2 +

p∑
j=1

∫ u(t j)

0
I j(t) dt −

∫ T

0
F(t,u(t)) dt

= ϕ(u).

By Theorem 1.8 of [51], ϕ has a minimum point on H1
0(0,T), which is a critical point of ϕ.Hence,

problem 2.1 has at least one solution. □
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We readily have the following corollary.

Corollary 2.1. Assume that f is bounded and that the impulsive functions I j ( j = 1, 2, . . . , p) are

bounded. Then problem 2.1 has at least one solution.

Example 2.1. Let T = π
2 , t1 =

π
2 . Consider the Dirichlet problem with impulse

−u′′(t) + (−1 − t2)u(t) = t + 3
√

u(t), a.e. t ∈
[
0, π2

]
;

u(0) = u
(
π
2

)
= 0,

∆u′(t1) = u′(t+1 ) − u′(t−1 ) = 1 +
√

u(t1).

(2.9)

It is easy to see that conditions (i) and (ii) of Theorem2.2 hold. According to Theorem2.2problem2.9

has at least one solution.

2.5 Existence of a multiplicite solutions

Theorem 2.3. Assume that the conditions (ii) of Theorem2.2 and the following conditions are satisfied:

(f1) f (t,u) is odd in u.

(f2) There exist r1, r2 > 0 and µ ∈ (1,∞) such that

| f (t,u)| ≤ r1 + r2|u|µ for every (t,u) ∈ [0,T] ×R.

(f3) There exist R > 0 and β > 2 such that for every t ∈ [0,T] and every u ∈ R with |u| ≥ R,

0 < βF(t,u) ≤ u f (t,u).

Moreover, assume that f (t,u) = o(u) as u→ 0 uniformly in t.

(f4) I j ( j = 1, 2, . . . , p) are odd and nondecreasing. Then the problem2.1has an infinite number of

nontrivial solutions.

Proof. ϕ ∈ C1(H1
0(0,T),R), by (f1) and (f4), ϕ is an even functional and ϕ(0) = 0. We divide our

proof into three parts in order to show Theorem 2.3 . Firstly, we show that ϕ satisfies the P.S.

condition. Let {un}n∈N be a sequence in H1
0(0,T) such that {ϕ(un)} is bounded and ϕ′(un) → 0 as
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n→∞. By (ii),(f3) and Lemma2.3 , we have

βϕ(un) − 〈ϕ′(un),un〉 =
(
β

2
− 1

)
‖un‖2 + β

p∑
j=1

∫ un(t j)

0
I j(t) dt −

p∑
j=1

I j(un(t j))un(t j)

+

∫ T

0

(
un f (t,un) − βF(t,un)

)
dt

≥
(
β

2
− 1

)
‖un‖2 − (β + 1)

pM1C2‖un‖ +M2

p∑
j=1

Cγ j+1
2 ‖un‖γ j+1


−

∫ T

0
max

t∈[0,T],|u|≤R

∣∣∣un f (t,un) − βF(t,un)
∣∣∣ dt.

≥
(
β

2
− 1

)
‖un‖2 − (β + 1)(pM1C2‖un‖ +M2

p∑
j=1

Cγ j+1
2 ‖un‖γ j+1) + C4.

which implies that {un} is bounded in H1
0(0,T). Hence there exists a subsequence of {un} (for

simplicity denoted again by {un}) such that

un → u in H1
0(0,T), (2.10)

un → u uniformly inC[0,T]. (2.11)

On the other hand, we have

〈ϕ′(un) − ϕ′(u),un − u〉 =
∫ T

0
|u′n(t) − u′(t)|2 dt +

∫ T

0
g(t)|un(t) − u(t)|2 dt

+

p∑
j=1

(
I j(un(t j)) − I j(u(t j))

) (
un(t j) − u(t j)

)
.

+

∫ T

0

(
f (t,un(t)) − f (t,u(t)))

)
(un(t) − u(t)) dt

(2.12)

From (f2), 2.10,2.11 and 2.12, it follows that un → u in H1
0(0,T). Thus,ϕ satisfies the P.S. condition.

Secondly, we verify the condition (I2) of Theorem2.3.

β

u
≤ f (x,u)

F(x,u)
, u ≥ R, (2.13)

β

u
≥ f (x,u)

F(x,u)
, u ≤ −R. (2.14)

Integrating 2.13 and 2.14 for u from [R,u] and [u,−R] respectively, we have

β ln
u
R
≤ ln

F(x,u)
F(x,R)

, u ≥ R,
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β ln
R
−u
≥ ln

F(x,u)
F(x,−R)

, u ≤ −R.

That is

F(x,u) ≥ F(x,R)
(u
R

)β
, u ≥ R, (2.15)

F(x,u) ≥ F(x,−R)
(−u

R

)β
, u ≤ −R. (2.16)

Combining 2.15 and2.16, we have

F(x,u) ≥ α1|u|β, |u| ≥ R, (2.17)

where

α1 = R−β min{min
x∈[0,T]

F(x,R), min
x∈[0,T]

F(x,−R)} > 0.

On the other hand, by the continuity of F(x,u), F(x,u) is bounded on [0,T]× [−R,R], there exists

K > 0 such that

F(x,u) ≥ −K ≥ α1|u|β − α1Rβ − K, |u| ≤ R. (2.18)

Combining 2.17 and2.18, we have

F(t,u) ≥ α1|u|β − α2, ∀(t,u) ∈ [0,T] ×R, (2.19)

where α2 = α1+K. For arbitrary finite-dimensional subspace E1 ⊂ H1
0(0,T), and any u ∈ E1, there

exists C5 = C5(E1) > 0 such that

‖u‖β ≥ C5‖u‖. (2.20)

By (ii),2.19, 2.20 and Lemma2.3, we have

ϕ(u) ≤ 1
2
‖u‖2 +

p∑
j=1

∫ u(t j)

0
(a j + b j|t|γ j)dt −

∫ T

0
(α1|u|β − α2)dt

≤ 1
2
‖u‖2 + pM1‖u‖∞ +M2

p∑
j=1

‖u‖γ j+1
∞ − α1‖u‖ββ + α2T

≤ 1
2
‖u‖2 + pM1C2‖u‖ +M2

p∑
j=1

Cγ j+1
2 ‖u‖γ j+1 − α1Cβ

5‖u‖β + α2T

for every u ∈ E1. This implies that ϕ(u)→ −∞ as u ∈ E1 and ‖u‖ → ∞. So there exists R(E1) > 0

such that ϕ ≤ 0 on E1 \ BR(E1). Finally, we verify the condition (I1) of Theorem 2.1.
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Let V = X1
⊕

X2,W =
⊕∞

i=k+1 Xi, then H1
0(0,T) = V +W and V is finite dimensional. Using ( f4),

we have
p∑

j=1

∫ u(t j)

0
I j(t)dt ≥ 0. (2.21)

By ( f3), we have,

lim
u→0

F(t,u)
u2 = 0.

Hence, for ε = 1
4C2

3
, there exists δ > 0 such that for every u with |u| ≤ δ,

|F(t,u)| ≤ 1
4C2

3

u2. (2.22)

Hence, for any u ∈W with ‖u‖ ≤ δ
C2

, ‖u‖∞ ≤ δ, by 2.8,2.21 and 2.22, we have

ϕ(u) ≥ 1
2
‖u‖2 −

∫ T

0
F(t,u(t))dt

≥ 1
2
‖u‖2 − 1

4C2
3

‖u‖22

≥ 1
2
‖u‖2 − 1

4C2
3

C2
2‖u‖2

=
1
4
‖u‖2.

Take α = 1
4
δ2

C2
2
, ρ = δ

C2
, then

ϕ(u) ≥ α, ∀u ∈W ∩ ∂Bρ.

By Theorem 2.1, ϕ possesses infinite critical points, that is, problem 2.1 has infinite nontrivial

solutions. □

Example 2.2. Let T = 1, t1 =
1
3 . Consider the Dirichlet impulsive problem

−u′′(t) + (1 + t2)u(t) = (u(t))3, a.e. t ∈ [0, 1];
u(0) = u(1) = 0,
∆u′(t1) = u′(t+1 ) − u′(t−1 ) = 3

√
u(t1).

(2.23)

then, according to Theorem, problem 2.17 has infinite nontrivial solutions.
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Chapter 3

Existence of the solutions to an
impulsive second-order boundary value
problems on unbounded interval

In this chapter, we study impulsive boundary value problems on the half-line by using varia-

tional methods. 
−u′′(t) + λu(t) = f (t,u(t)), a.e. t ∈ [0,+∞), t , t j,

∆u′(t j) = g(t j)I j(u(t−j )), j ∈N∗,

u(0) = u(+∞) = 0,

where λ is a positive parameter, the functions f : [0,+∞) × R → R, I j : R → R, j ∈ N∗, and

g : [0,+∞)→ [0,+∞) are continuous with
+∞∑
j=1

g(t j) < +∞.

The authors have extended some results of the work published in the article [7], to the half-line

by using variational techniques.

3.1 Preliminaries

We cite some basic and celebrated theorems from critical point theory which are crucial tools

in the proof of our main results. Let H be a Hilbert space. Now, let us recall some necessary

concepts that will be needed in our argument. Let us define the following reflexive Banach

space

H1
0(0,∞) =

{
u : [0,∞)→ R is absolutely continuous, u,u′ ∈ L2(0,∞), u(0) = u(∞) = 0

}
,

equipped with the norm

‖u‖ =
(∫ +∞

0
|u(t)|2dt +

∫ +∞

0
|u′(t)|2dt

)1/2

.
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Set the space

Cl,p[0,+∞) =
{
u ∈ C([0,+∞),R) : lim

t→+∞
p(t)u(t) exists

}
with the norm

‖u‖∞,p = sup
t∈[0,+∞)

p(t)|u(t)|,

where the function p : [0,+∞)→ (0,+∞) is continuously differentiable and bounded, satisfying

C = 2 max(‖p‖L2 , ‖p′‖L2) < +∞.

Concerning the above spaces, we get the following vital embeddings.

3.1.1 Auxiliary Lemmas

Lemma 3.1. [56]

The space H1
0(0,+∞) embeds continuously in Cl,p[0,+∞), more precisely ‖u‖∞,p ≤ C‖u‖ for every

u ∈ H1
0(0,∞).

Proof

For u ∈ H1(0,+∞), we have

|p(t)u(t)| = |p(+∞)u(+∞) − p(t)u(t)| =
∣∣∣∣∣∣
∫ +∞

t
(pu)′(s)ds

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∫ +∞

t
p′(s)u(s)ds

∣∣∣∣∣∣ +
∣∣∣∣∣∣
∫ +∞

t
p(s)u′(s)ds

∣∣∣∣∣∣
≤


+∞∫
0

p′2(s)ds


1
2

+∞∫
0

u2(s)ds


1
2

+


+∞∫
0

p2(s)ds


1
2

+∞∫
0

u′2(s)ds


1
2

≤ max(‖p′‖L2 , ‖p‖L2)‖u‖.

Hence

‖u‖∞,p ≤M‖u‖.

□

Lemma 3.2. [56]

The embedding H1
0(0,+∞) ↪→ Cl,p[0,+∞) is compact.

Proof

Let D ⊂ H1(0,+∞) be a bounded set. Then it is bounded in Cl,p[0,+∞) by Lemma 3.1. Let R > 0
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be such that for all u ∈ D, ‖u‖ ≤ R. We will apply Lemma 1.2.

(a) D is equicontinuous on every compact interval of [0,+∞). Let u ∈ D and t1, t2 ∈ J ⊂ [0,+∞)

where J is a compact sub-interval. Using the Cauchy-Schwartz inequality, we have

|p(t1)u(t1) − p(t2)u(t2)| =
∣∣∣∣∣∣
∫ t1

t2

(pu)′(s)ds

∣∣∣∣∣∣ =
∣∣∣∣∣∣
∫ t1

t2

p′(s)u(s) + u′(s)p(s)ds

∣∣∣∣∣∣
≤


t1∫

t2

p′2(s)ds


1
2


t1∫
t2

u2(s)ds


1
2

+


t1∫

t2

p2(s)ds


1
2


t1∫
t2

u′2(s)ds


1
2

≤ max




t1∫
t2

p′2(s)ds


1
2

,


t1∫

t2

p2(s)ds


1
2
 ‖u‖

≤ R max




t1∫
t2

p′2(s)ds


1
2

,


t1∫

t2

p2(s)ds


1
2
 −→ 0,

as |t1 − t2| → 0.

(b) D is equiconvergent at +∞. For t ∈ [0,+∞) and u ∈ D, using the fact that (pu)(+∞) = 0

(note u(∞) = 0 and p is bounded) and using the Cauchy-Schwartz inequality, we have

|(pu)(t) − (pu)(+∞)| =
∣∣∣∣∣∣
∫ +∞

t
(pu)′(s)ds

∣∣∣∣∣∣ =
∣∣∣∣∣∣
∫ +∞

t
p′(s)u(s) + u′(s)p(s)ds

∣∣∣∣∣∣
≤ max



+∞∫
t

p′2(s)ds


1
2

,


+∞∫
t

p2(s)ds


1
2
 ‖u‖

≤ R max



+∞∫
t

p′2(s)ds


1
2

,


+∞∫
t

p2(s)ds


1
2
 −→ 0,

as t→ +∞. □
Let X be a real Banach space and X∗ its dual.

Theorem 3.1. If ϕ is weakly lower semi-continuous (w.l.s.c.) on a reflexive Banach space X and has a

bounded minimizing sequence, then ϕ has a minimum on X.

35



3.2 Impulsive linear problem

We study the following linear Dirichlet boundary value problem with impulses in the derivative

at the prescribed instants t j, j ∈N∗ = {1, 2, 3, . . . }
−u′′(t) + λu(t) = σ(t), a.e. t ∈ [0,+∞), t , t j,

∆u′(t j) = d(t j), j ∈N∗,
u(0) = u(+∞) = 0,

(3.1)

where λ ∈ R, σ ∈ L2(0,+∞), 0 = t0 < t1 < t2 < · · · < t j < · · · < tm → +∞, as m → +∞, are

the impulse points, d : [0,∞) → R satisfies
∑+∞

j=1
d(t j)
p(t j)

< +∞ and ∆u′(t j) = u′(t+j ) − u′(t−j ) for

u′(t±j ) = lims→t±j
u′(s).

Remark 3.1. multiply the equation in problem 3.1 by v ∈ H1
0(0,+∞), and then integrate over

(0,+∞), we obtain

−
∫ +∞

0
u′′v + λ

∫ +∞

0
uv =

∫ +∞

0
σv.

We have

−
∫ +∞

0
u′′v = −

+∞∑
j=0

∫ t j+1

t j

u′′v,

and ∫ t j+1

t j

u′′v = u′(t−j+1)v(t−j+1) − u′(t+j )v(t+j ) −
∫ t j+1

t j

u′v′.

Consequently,

−
∫ +∞

0
u′′v =

+∞∑
j=1

∆u′(t j)v(t j) + u′(0)v(0) − u′(+∞)v(+∞) +
∫ +∞

0
u′v′

=

+∞∑
j=1

d(t j)v(t j) +
∫ +∞

0
u′v′.

This leads to define the bilinear form a : H1
0(0,+∞) ×H1

0(0,+∞)→ R, by

a(u, v) =
∫ +∞

0
u′v′ + λ

∫ +∞

0
uv, (3.2)

and the linear operator l : H1
0(0,+∞)→ R by

l(v) =
∫ +∞

0
σv −

+∞∑
j=1

d(t j)v(t j). (3.3)
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3.2.1 The Euler–Lagrange functional

We define the functional ϕ : H1
0(0,T)→ R by

ϕ(u) =
1
2

∫ +∞

0
u′2 +

λ
2

∫ +∞

0
u2 −

∫ +∞

0
σu +

+∞∑
j=1

d(t j)u(t j).

where

F(t,u) =
∫ u

0
f (t, s) ds,

Definition 3.1. We say that a function u is a weak solution of the impulsive problem (3.1) if u ∈
H1

0(0,+∞) such that a(u, v) = l(v) is valid for any v ∈ H1
0(0,+∞).

In what follows we refer to problem 3.1 as (LP). It is easily verified that a and l defined by 3.2,3.3

respectively are continuous, and a is coercive if λ > 0. Consider the functional ϕ : H1
0(0,+∞)→

R, defined by

ϕ(u) =
1
2

∫ +∞

0
u′2 +

λ
2

∫ +∞

0
u2 −

∫ +∞

0
σu +

+∞∑
j=1

d(t j)u(t j). (3.4)

It is clear that ϕ is differentiable at any u ∈ H1
0(0,+∞) and

ϕ′(u)v =
∫ +∞

0
u′v′ + λ

∫ +∞

0
uv −

∫ +∞

0
σv +

+∞∑
j=1

d(t j)v(t j) = a(u, v) − l(v).

Thus, a critical point of 3.4 gives us a weak solution of the problem (LP).

Definition 3.2. We mean by a classical solution of the problem (LP) a function u ∈ H2(t j, t j+1) for all

j ∈N∗, where

H2(t j, t j+1) = {u : [0,+∞)→ R is absolutely continuous, u′,u′′ ∈ L2(t j, t j+1)},

and u satisfies the first equation of (3.1) a.e. on [0,+∞) with u(0) = u(+∞) = 0, the limits u′(t+j ),

u′(t−j ), j ∈N∗ exist and the impulse conditions hold.

3.2.2 Auxiliary lemmas

Lemma 3.3. If u ∈ H1
0(0,+∞) is a weak solution of (LP), then u is a classical solution of (LP).

Proof. Since u ∈ H1
0(0,+∞), it is evident that u(0) = u(+∞) = 0.

For j ∈ {1, 2, . . . }, choose any v ∈ H1
0(0,+∞) such that v(t) = 0 for t ∈ [0, t j] ∪ [t j+1,+∞). Then∫ t j+1

t j

u′v′ + λ
∫ t j+1

t j

uv =
∫ t j+1

t j

σv.
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Hence, −u′′ + λu = σ a.e. on (t j, t j+1). So, u ∈ H2(t j, t j+1) and satisfies the previous equation a.e.

on [0,+∞).

Multiplying −u′′ + λu = σ by v ∈ H1
0(0,+∞) and integrating over [0,+∞), we get

+∞∑
j=1

∆u′(t j)v(t j) =
+∞∑
j=1

d(t j)v(t j).

Therefore, ∆u′(t j) = d(t j) for every j ∈N∗, and the impulsive conditions are satisfied. □

Lemma 3.4. If u ∈ H1
0(0,+∞) is a critical point of ϕ defined by 3.4, then u is a weak solution of the

impulsive Dirichlet problem (LP).

Proof. Let u ∈ H1
0(0,+∞). The assumption that u is a critical point of ϕ means that ϕ′(u)v = 0,

for all v ∈ H1
0(0,+∞). Thus,∫ +∞

0
u′v′ + λ

∫ +∞

0
uv −

∫ +∞

0
σv +

+∞∑
j=1

d(t j)v(t j) = 0, ∀v ∈ H1
0(0,+∞).

Hence, ∫ +∞

0
u′v′ + λ

∫ +∞

0
uv =

∫ +∞

0
σv −

+∞∑
j=1

d(t j)v(t j), ∀v ∈ H1
0(0,+∞).

This implies that a(u, v) = l(v) is valid for any v ∈ H1
0(0,+∞). As a result, u is a weak solution of

the (LP). □

In view of Lax-Milgram theorem, we formulate the following main result.

Theorem 3.2. If λ > 0, then the Dirichlet impulsive problem (LP) has a weak solution u ∈ H1
0(0,+∞) for

any σ ∈ L2(0,+∞). Moreover, u ∈ H2(0,+∞) and u is a classical solution and minimizes the functional

3.4 and hence it is a critical point of 3.4.

Proof. For λ > 0, it follows that the bilinear a is coercive. The fact that a is continuous, by

applying Theorem 1.11, for any σ ∈ L2(0,+∞), there exists a unique u ∈ H1
0(0,+∞) such that

a(u, v) = l(v) for all v ∈ H1
0(0,+∞). So, the problem (LP) has a weak solution u ∈ H1

0(0,+∞).

Owing to Lemma 3.3, a weak solution of (LP) is a classical solution. In addition, a is symmetric,

then the functional ϕ attains its minimum at u which is exactly a critical point of ϕ since it is

differentiable. □
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Example 3.1. As an example, let λ = 1 and p(t) = 1
1+t2 .

This impulsive boundary value problem
−u′′(t) + u(t) = 1

1+t2 , a.e. t ∈ [0,+∞),
∆u′( j) = e− j, j ∈N∗,
u(0) = u(+∞) = 0,

(3.5)

has a solution.

3.3 Impulsive nonlinear problem

We study the following impulsive boundary value problem
−u′′(t) + λu(t) = f (t,u(t)), a.e. t ∈ [0,+∞), t , t j,

∆u′(t j) = g(t j)I j(u(t−j )), j ∈N∗,

u(0) = u(+∞) = 0,

(3.6)

where λ is a positive parameter, the functions f : [0,+∞) × R → R, I j : R → R, j ∈ N∗, and

g : [0,+∞)→ [0,+∞) are continuous with
+∞∑
j=1

g(t j) < +∞.

We refer to problem 3.6 as (NP).

3.3.1 The Euler–Lagrange functional

We define the functional ϕ : H1
0(0,T)→ R by

ϕ(u) =
1
2

∫ +∞

0
u′2(t)dt +

λ
2

∫ +∞

0
u2(t)dt +

+∞∑
j=1

g(t j)
∫ u(t j)

0
I j(s)ds −

∫ +∞

0
F(t,u(t))dt.

where

F(t,u) =
∫ u

0
f (t, s) ds,

Definition 3.3. A weak solution of (NP) is a function u ∈ H1
0(0,+∞) such that∫ +∞

0
u′v′ dt + λ

∫ +∞

0
uv dt +

+∞∑
j=1

g(t j)I j(u(t j))v(t j) −
∫ +∞

0
f (t,u(t))v(t) dt = 0,

for every v ∈ H1
0(0,+∞). Setting F(t,u) =

∫ u

0
f (t, s)ds, we define the functional ϕ : H1

0(0,+∞)→ R
by

ϕ(u) =
1
2

∫ +∞

0
u′2(t)dt +

λ
2

∫ +∞

0
u2(t)dt +

+∞∑
j=1

g(t j)
∫ u(t j)

0
I j(s)ds −

∫ +∞

0
F(t,u(t))dt. (3.7)
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Now we present our principal results for this part.

Theorem 3.3. Suppose that the following conditions hold:

(H1) There exists a positive bounded function M ∈ L1(0,+∞) with M
p ∈ L1(0,+∞) such that

| f (t,u)| ≤M(t) for (t,u) ∈ [0,+∞) ×R.

(I1) There exist M j > 0, j ∈ N∗, satisfying
∑+∞

j=1 M jg(t j) < +∞ and
∑+∞

j=1
M j g(t j)

p(t j)
< +∞, such that the

impulsive functions I j are bounded i.e.,

|I j(u)| ≤M j for every u ∈ R, j ∈ {1, 2, . . . }.

Then there is a critical point of ϕ, and (NP) has at least one solution.

Proof. Claim 1. ϕ is weakly lower semi-continuous (w.l.s.c).

Let (un) ⊂ H1
0(0,+∞) be a sequence such that un ⇀ u in H1

0(0,+∞), when n→ +∞. Then,

‖u‖ ≤ lim inf
n→+∞

‖un‖,

and by Lemma 3.2 we have that (un) converges to u in Cl,p[0,+∞), hence un(t) converges to u(t)

for all t ∈ [0,+∞).

From (H1) and (I1),using the continuity of f and I j, j ∈N∗, together with the Lebesgue Dominated

Convergence Theorem, we obtain

lim inf
n→+∞

ϕ(un) = lim inf
n→+∞

1
2

∫ +∞

0
u′2n +

λ
2

∫ +∞

0
u2

n +

+∞∑
j=1

g(t j)
∫ un(t j)

0
I j(s)ds −

∫ +∞

0
F(t,un(t))dt


≥ 1

2

∫ +∞

0
u′2 +

λ
2

∫ +∞

0
u2 +

+∞∑
j=1

g(t j)
∫ u(t j)

0
I j(s)ds −

∫ +∞

0
F(t,u(t))dt = ϕ(u).

Thus, ϕ is (w.l.s.c). Claim 2. ϕ is coercive.

For any u ∈ H1
0(0,+∞), the fact that λ > 0, there exists α > 0 such that

ϕ(u) ≥ α‖u‖2 +
+∞∑
j=1

g(t j)
∫ u(t j)

0
I j(s)ds −

∫ +∞

0
F(t,u(t))dt.
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Using conditions (H1), (I1) and Lemma 3.1, we have

ϕ(u) ≥ α‖u‖2 −
+∞∑
j=1

M jg(t j)
p(t j)

p(t j)|u(t j)| −
∫ +∞

0

M(t)
p(t)

p(t)|u(t)|dt

≥ α‖u‖2 − ‖u‖+∞,p
∞∑
j=1

M jg(t j)
p(t j)

− ‖u‖+∞,p
∫ +∞

0

M(t)
p(t)

dt

≥ α‖u‖2 − C‖u‖
+∞∑
j=1

M jg(t j)
p(t j)

− C‖u‖
∥∥∥∥∥M

p

∥∥∥∥∥
L1

≥ α‖u‖2 − C

 +∞∑
j=1

M jg(t j)
p(t j)

+

∥∥∥∥∥M
p

∥∥∥∥∥
L1

 ‖u‖,
for some C > 0. Then, the above inequality implies that lim‖u‖→+∞ ϕ(u) = +∞. Hence, ϕ is

coercive. □

Applying Theorem 3.1, ϕ possesses a minimum which is a critical point of ϕ. Finally, by (H1)

and (I1), it is easy to check that ϕ is continuous and differentiable for any u ∈ H1
0(0,+∞) and that

ϕ′(u)v =
∫ +∞

0
u′v′ + λ

∫ +∞

0
uv +

+∞∑
j=1

g(t j)I j(u(t j))v(t j)dt −
∫ +∞

0
f (t,u(t))v(t)dt. (3.8)

Therefore, a critical point of ϕ is a weak solution of the problem (NP). □

Remark 3.2. Assume M ∈ L2(0,+∞) in (H1), then it is easy to see that a weak solution u is in

H2(0,+∞).

Example 3.2. Take λ = 1, p(t) = e−t,M(t) = e−2t, g(t) = e−2t,M j =
1
j and I j(s) = 1

j+s2 , j ∈ N∗. The

following IBVP: 
−u′′(t) + u(t) = e−3t, a.e. t ∈ [0,+∞),
∆u′( j) = e−2 j

j+u2( j) , j ∈N∗,
u(0) = u(+∞) = 0,

has at least one solution.

Theorem 3.4. Assume the following conditions are satisfied:

(H2) The function f is sublinear i.e., there exist a constant γ ∈ [0, 1) and positive functions a, b ∈
L1(0,+∞) with a

p ,
b

pγ+1 ∈ L1(0,+∞) such that

| f (t,u)| ≤ a(t) + b(t)|u|γ for (t,u) ∈ [0,+∞) ×R.
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(I2) There exist constants δ ∈ [0, 1) and a j, b j > 0, j ∈ {1, 2, . . . } with
∑+∞

j=1 a jg(t j),
∑+∞

j=1
a j g(t j)
p(t j)

,∑+∞
j=1

b j g(t j)
pδ(t j)

,
∑∞

j=1
b j g(t j)
pδ+1(t j)

are convergent series, such that the impulsive functions I j have sublin-

ear growths i.e.,

|I j(u)| ≤ a j + b j|u|δ for every u ∈ R, j ∈ {1, 2, . . . }.

Then there is a critical point of ϕ, and (NP) has at least one solution.

Proof. Claim 1. ϕ is weakly lower semi-continuous.

Under (H2) and (I2), arguing analogously to the proof of Theorem 3.3, we find the weak lower

semi-continuity of ϕ.

Claim 2. ϕ is coercive.

In view of conditions (H2), (I2) and (3.7), for any u ∈ H1
0(0,+ +∞), we have

ϕ(u) =
1
2

∫ +∞

0
u′2 +

λ
2

∫ +∞

0
u2 +

+∞∑
j=1

g(t j)
∫ u(t j)

0
I j(s)ds −

∫ +∞

0
F(t,u(t))dt

≥ α‖u‖2 −
+∞∑
j=1

g(t j)
∫ u(t j)

0
(a j + b j|s|δ)ds −

∫ +∞

0

(
a(t)|u(t)| + b(t)

γ + 1
|u(t)|γ+1

)
dt

≥ α‖u‖2 −
+∞∑
j=1

g(t j)
(

a j

p(t j)
p(t j)|u(t j)| +

b j

(δ + 1)pδ+1(t j)
|p(t j)u(t j)|δ+1

)
−

∫ +∞

0

a(t)
p(t)

p(t)|u(t)|dt − 1
(γ + 1)

∫ +∞

0

b(t)
pγ+1(t)

|p(t)u(t)|γ+1dt

≥ α‖u‖2 − ‖u‖++∞,p
+∞∑
j=1

a jg(t j)
p(t j)

− ‖u‖δ+1
∞,p

+∞∑
j=1

b jg(t j)
(δ + 1)pδ+1(t j)

− ‖u‖∞,p
∥∥∥∥∥a

p

∥∥∥∥∥
L1

− ‖u‖γ+1
∞,p

∥∥∥∥∥∥ b
pγ+1

∥∥∥∥∥∥
L1

Hence, by Lemma 3.1, we get

ϕ(u) ≥ α‖u‖2 − C‖u‖
+∞∑
j=1

a jg(t j)
p(t j)

− Cδ+1‖u‖δ+1
+∞∑
j=1

b jg(t j)
pδ+1(t j)

− C
∥∥∥∥∥a

p

∥∥∥∥∥
L1

‖u‖ − Cγ+1

∥∥∥∥∥∥ b
pγ+1

∥∥∥∥∥∥
L1

‖u‖γ+1

≥ α‖u‖2 − C


∥∥∥∥∥a

p

∥∥∥∥∥
L1

+

+∞∑
j=1

a jg(t j)
p(t j)

 ‖u‖ − Cδ+1

 +∞∑
j=1

b jg(t j)
pδ+1(t j)

 ‖u‖δ+1 − Cγ+1

∥∥∥∥∥∥ b
pγ+1

∥∥∥∥∥∥
L1

‖u‖γ+1.

Since δ, γ ∈ [0, 1), then lim‖u‖→+∞ ϕ(u) = +∞. This means, ϕ is coercive.

Using Theorem 3.1, ϕ has a minimum, which is a critical point of ϕ. Finally, from (H2) and (I2),

we get the differentiability of ϕ such that its differentiable is defined by 3.8. Consequently, (NP)

has at least one solution. □
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Example 3.3. Consider the following problem
−u′′(t) + u(t) = e−2t

√
|u(t)| + e−3t, a.e. t ∈ [0,+∞),

∆u′( j) = e−2 j
(

1
j2 +

|u|
1
4

j

)
, j ∈N∗,

u(0) = u(+∞) = 0,

whereλ = 1, p(t) = e−t, g(t) = e−2t, a j =
1
j2 , b j =

1
j and I j(s) = 1

j2 +
|s|

1
4

j , j ∈N∗. By simple calculations,

all conditions in Theorem 3.4 are satisfied, then 3.6 has at least one solution.
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Conclusion

In this work, we studied some critical point theory and investigated a second-order impulsive

boundary value problem using variational methods, minimization theorems, the Mountain

Pass Theorem, and the Saddle Point Theorem.

In the first chapter, we presented the main tools required for this work, such as critical point

theory, differentiability of operators in Banach spaces, the Mountain Pass Theorem, and several

minimization results. We also recalled the compactness condition known as the Palais–Smale

condition.

In the second chapter, we studied a second-order impulsive boundary value problem defined

on a bounded domain [0,T], given by:


−u′′(t) + g(t)u(t) = f (t,u(t)), a.e. t ∈ [0,T],
u(0) = u(T) = 0,
∆u′(t j) = u′(t+j ) − u′(t−j ) = I j(u(t j)), j = 1, 2, . . . , p,

where f : [0,T] ×R→ R and I j : R→ R are continuous functions.

In the third chapter, we extended the study to the same type of impulsive boundary value

problem posed on unbounded domains (such as the half-line or the whole real line), where

more advanced variational tools and compactness techniques are required.

Our approach is variational: solutions are obtained as critical points or minimizers of an asso-

ciated energy functional.

Finally, this work opens the way for further extensions to more general impulsive problems

on unbounded domains using more sophisticated analytical and variational methods.

44



Bibliography

[1] V. TRENOGUINE. Analyse Fonctionnelle. Edition, Mir. Moscou. (1985).

[2] H. Brezis. Analyse fonctionnelle, theorie et applications. Masson, Paris (1983).

[3] E. W. C. Van Groesen,Variational Methods for Nonlinear Operator Equations. Mathematisch

Centrum, Amsterdam, (1979.)

[4] Y. V. Rogovchenko, Impulsive evolution systems: Main results and new trends. Dynam. Contin.

Discrete Impuls. Systems, 3 (1997), 57-88

[5] R. Precup. Methods in Nonlinear Integral Equations. Kluwer Academic, Dorecha. (2002).

[6] P. H. Rabinowitz. Minimax methods in critical point theory with applications to differntial equa-

tions. CBMS regional conferece series in mathematics, vol. 65, American mathematical

society, providence, RI (1986).

[7] M. Djibaoui, T. Moussaoui. Variational methods to second-order Dirichlet boundary value prob-

lems with impulses on the half-line. CUBO, A Mathematical Journal. Vol. 24, no. 02, pp.

227-237, August (2022).

[8] V. GROESEN. Variational Methods for Nonlinear Operater Equations. Eindhoven. (1986).

[9] Y. JABRI., The Mountain Pass Theorem Variants, Generalizations and Some Applications. Cam-

bridge University Press, New York. (2003).

[10] J. Mawhin, M. Willem. critical Point Theory and Hamiltonian Systems, Springer-Verlag, Berlin,

(1989).

[11] V. Lakshmikantham, D. D. Bainov, P. S. Simeonov. Theory of Impulsive Differential Equations.

Series Modern Appl. Math., vol. 6, World Scientific, Teaneck, NJ, (1989.)

45



[12] B. Ricceri. On a three critical points theorem, Arch. Math. (Basel), 75 (2000), 220-226.

[13] S. FORMINE, A. KOLMOGOROV. Element de la theorie des fonctions et de l’analyse fonction-

nelle. Traduction franeais, Edition Mir. Moscou. (1977).

[14] C. Corduneanu. Integral Equations and Stability of Feedback Systems. Academic Press, New

York. (1973).

[15] Marino. Badiale, Enrico. Serra. Semilinear Elliptic Equations for Beginners Existence Results

via the Variational Approach. Springer-Verlag London Limited. (2011).

[16] K. Liu, G. Yang, Cone-valued Lyapunov functions and stability for impulsive functional differential

equations. Nonlinear Analysis, 69 (2008) 2184–2191.

[17] E. Hernandez, H.R. Henriquez, M.A. McKibben, Existence results for abstract impul-

sive second-order neutral functional differential equations. Nonlinear Analysis, in press

(doi:10.1016/j.na.2008.03.062).

[18] Y.K. Li.Positive periodic solutions of nonlinear differential systems with impulses. Nonlinear

Analysis. 68(2008), 2389–2405.

[19] X. Liu, A.R. Willms.Impulsive controllability of linear dynamical systems with applications to

maneuvers of spacecraft. Mathematical Problems in Engineering. 2(1996), 277–299.

[20] A.F.B.A. Prado. Bi-impulsive control to build a satellite constellation. Nonlinear Dynamics and

Systems Theory. 5(2005), 169–175.

[21] W. Zhang, M. Fan. Periodicity in a generalized ecological competition system governed by im-

pulsive differential equations with delays. Mathematical and Computer Modelling. 39 (2004),

479–493.

[22] J. Yan, A. Zhao, J.J. Nieto. Existence and global attractivity of positive periodic solution of periodic

single-species impulsive Lotka–Volterra systems. Mathematical and Computer Modelling. 40

(2004), 509–518.

[23] W. Li, H. Huo. Global attractivity of positive periodic solutions for an impulsive delay periodic

model of respiratory dynamics. Journal of Computational and Applied Mathematics. 174

(2005), 227–238.

46



[24] J.H. Shen. Existence and global attractivity of positive periodic solutions for impulsive predator–

prey model with dispersion and time delays. Nonlinear Analysis: Real World Applications.

10(2009), 227–243.

[25] X. Zhang, Z. Shuai, K. Wang. Optimal impulsive harvesting policy for single population. Non-

linear Analysis: Real World Applications. 4(2003), 639–651.

[26] A. d’Onofrio. On pulse vaccination strategy in the SIR epidemic model with vertical transmission.

Applied Mathematics Letters. 18(2005), 729–732.

[27] H. Zhang, L.S. Chen, J.J. Nieto. A delayed epidemic model with stage-structure and pulses for

management strategy. Nonlinear Analysis: Real World Applications. 9(2008), 1714–1726.

[28] J.J. Nieto, D. O’Regan. Variational approach to impulsive differential equations. Nonlinear

Analysis: Real World Applications. 10(2009), 680–690.

[29] S. Pasquero. On the simultaneous presence of unilateral and kinetic constraints in time-dependent

impulsive mechanics. Journal of Mathematical Physics. 47(2006), 082903, 19 pages.

[30] Y. Tian, W.G. Ge. Applications of variational methods to boundary value problem for impulsive

differential equations. Proceedings of the Edinburgh Mathematical Society. 51(2008), 509–527.

[31] E.K. Lee, Y.H. Lee.Multiple positive solutions of singular two point boundary value problems

for second order impulsive differential equation. Applied Mathematics and Computation.

158(2004), 745–759.

[32] X.N. Lin, D.Q. Jiang. Multiple positive solutions of Dirichlet boundary value problems for second

order impulsive differential equations. Journal of Mathematical Analysis and Applications. 321

(2006), 501–514.

[33] J. Mawhin, M. Willem, Critical Point Theory and Hamiltonian Systems. Springer-Verlag,

Berlin. (1989.)

[34] M. Chipot, Elements of Nonlinear Analysis. Birkheuser Verlag, Basel. (2000.)

[35] E. Hernandez, H.R. Henriquez, M.A. McKibben.Existence results for abstract impul-

sive second-order neutral functional differential equations. Nonlinear Analysis. in press

(doi:10.1016/j.na.2008.03.062).

47



[36] Y.K. Li. Positive periodic solutions of nonlinear differential systems with impulses. Nonlinear

Analysis. 68(2008), 2389–2405.

[37] X. Liu, A.R. Willms. Impulsive controllability of linear dynamical systems with applications to

maneuvers of spacecraft. Mathematical Problems in Engineering. 2 (1996), 277–299.

[38] A.F.B.A. Prado. Bi-impulsive control to build a satellite constellation. Nonlinear Dynamics and

Systems Theory. 5(2005), 169–175.

[39] W. Zhang, M. Fan. Periodicity in a generalized ecological competition system governed by im-

pulsive differential equations with delays. Mathematical and Computer Modelling. 39 (2004),

479–493.

[40] J. Yan, A. Zhao, J.J. Nieto. Existence and global attractivity of positive periodic solution of peri-

odic single-species impulsive Lotka–Volterra systems. Mathematical and Computer Modelling.

40(2004), 509–518.

[41] W. Li, H. Huo. Global attractivity of positive periodic solutions for an impulsive delay periodic

model of respiratory dynamics. Journal of Computational and Applied Mathematics. 174

(2005), 227–238.

[42] J.H. Shen. Existence and global attractivity of positive periodic solutions for impulsive predator–

prey model with dispersion and time delays. Nonlinear Analysis: Real World Applications. 10

(2009), 227–243.

[43] X. Zhang, Z. Shuai, K. Wang. Optimal impulsive harvesting policy for single population. Non-

linear Analysis: Real World Applications. 4 (2003), 639–651.

[44] A. D’Onofrio. On pulse vaccination strategy in the SIR epidemic model with vertical transmission.

Applied Mathematics Letters. 18 (2005), 729–732.

[45] H. Zhang, L.S. Chen, J.J. Nieto. A delayed epidemic model with stage-structure and pulses for

management strategy. Nonlinear Analysis: Real World Applications. 9 (2008), 1714–1726.

[46] J.J. Nieto, D. O’Regan. Variational approach to impulsive differential equations. Nonlinear

Analysis: Real World Applications. 10 (2009), 680–690.

48



[47] S. Pasquero. On the simultaneous presence of unilateral and kinetic constraints in time-dependent

impulsive mechanics. Journal of Mathematical Physics. 47(2006), 082903, 19 pages.

[48] Y. Tian, W.G. Ge. Applications of variational methods to boundary value problem for impulsive

differential equations. Proceedings of the Edinburgh Mathematical Society. 51(2008), 509–527.

[49] E.K. Lee, Y.H. Lee. Multiple positive solutions of singular two point boundary value prob-

lems for second order impulsive differential equation. Applied Mathematics and Computation.

158(2004), 745–759.

[50] X.N. Lin, D.Q. Jiang. Multiple positive solutions of Dirichlet boundary value problems for second

order impulsive differential equations. Journal of Mathematical Analysis and Applications.

321(2006), 501–514.

[51] J. Mawhin, M. Willem. Critical Point Theory and Hamiltonian Systems. Springer-Verlag,

Berlin. (1989.)

[52] M. Chipot. Elements of Nonlinear Analysis. Birkheuser Verlag, Basel. 2000.

[53] L. Bai and J. J. Nieto. Variational approach to differential equations with not instantaneous

impulses. Applied Mathematics Letters. Vol 73 (2017), pp. 44–48.

[54] V. Barutello, R. Ortega and G. Verzini. Regularized variational principles for the perturbed

Kepler problem. Advances in Mathematics. Vol 383(2021), Paper No. 107694, 64 pages.

[55] D. Bouafia and T. Moussaoui. Existence results for a sublinear second order Dirichlet boundary

value problem on the half-line. Opuscula Mathematica. Vol 40(2020), no. 5, pp. 537–548,

[56] O. Frites, T. Moussaoui and D. O’Regan. Existence of solutions for a variational inequality on

the half-line. Bulletin of the Iranian Mathematical Society. Vol. 43(2017). no. 1, pp. 223–237.

[57] J. J. Nietoand J. M. Uzal. Nonlinear second-order impulsive differential problems with dependence

on the derivative via variational structure. Journal of Fixed Point Theory and Applications. Vol

22(2020), no. 1, Paper no. 19, 13 pages.

[58] Y. Wei. Existence and uniqueness of solutions for a second-order delay differential equation boundary

value problem on the half-line. Boundary Value Problems. Art. ID 752827, 14 pages, (2008.)

49



[59] J. Zhou. Nonlinear Analysis 71 (2009)2856-2865.

50



Abstract

In this memory, we study two second-order impulsive boundary value problems : one on a boun-
ded domain [0, T ] and the other on an unbounded domain [0,+∞[, using variational methods
and critical point theorems, such as the Mountain Pass Lemma, the Saddle Point Theorem,
and the Lax-Milgram Theorem. This study is applied in Chapter 2 to establish the existence
and multiplicity of solutions for the following second-order impulsive boundary value problem :

−u′′(t) + g(t)u(t) = f(t, u(t)), a.e.t ∈ [0, T ];
u(0) = u(T ) = 0,
∆u′(tj) = u′(t+j )− u′(t−j ) = Ij(u(tj)), j = 1, 2, . . . , p,

In the final chapter, we apply this study to obtain at least one solution for the following second-
order impulsive boundary value problem :

−u′′(t) + λu(t) = f(t, u(t)), a.e.t ∈ [0,+∞), t ̸= tj,

∆u′(tj) = g(tj)Ij(u(t
−
j )), j ∈ N∗,

u(0) = u(+∞) = 0.

Keywords :

Critical point, Variational method, Existence of solutions, Second order, Impulsive differential
equation, Mountain Pass Lemma, Saddle Point Theorem, Palais-Smale condition, Energy functional.
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