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Notation

We introduce the necessary notations and definitions that are used later on.

LF(Q)) = {u : (3 —» R measurable : |uff € Ll(Q)} with 1<p < co.
bl = (Jo o)

L®(Q) = {u : Q - R measurable and AC : |u(t)| < C a.e on Q}.
|[22]| =inf{C : [u(t)] < C a.e on Q}.

C(Q) : space of continuous functions on Q.

C;7(0, +00) : the space of infinitely differentiable functions with compact support in (0, +o0).

H : Hilbert space.
,.) : duality bracket.
(,.) : inner product.

H™0,1) ={uel?*0,1):u? €L?0,1) Vi<m).
Hy'(0,1)  : the completion of D(0, 1) in H™(0, 1).

C[0,T] = {u : [0, T] — Ris continuous}.
llutl]eo = sup |u(t)l.
te[0,T]
X : dual topology .
D(A) : domain of definition of an unbounded operator A.
R(A) : image of A which is also noted by ImA
L(X,Y) : setof continuous linear applications.

X =Y :wewrite X — Y to mean that X is included in Y and
the canonical injection of X into Y is continuous.

X << Y: to imply that X is included in Y and that the canonical injection of X
into Y is compact.

u, = uy :u, converge weakly to uy.

ie. that is to say.

a.e. almost everywhere.

vi



dF derivative in the sense of Frechet which is also noted by F'.

dcF derivative in the sense of Gateaux which sometimes is also noted by F’.

B,(0) the closed ball with center 0 and radius p.

(P.S) Palais-Smale condition.

diamF Diameter of a set F.

ls.c lower Semi continuous .

us.c upper Semi continuous .

w.ls.c Weakly lower semi continuous .
w.ls.c Weakly upper Semi continuous .
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Introduction

Ariational methods are among the most important mathematical techniques used in the
V study of boundary value problems for impulsive differential equations, especially those
involving parameters or mixed boundary conditions. These methods are based on the study
of the energy functional associated with the problem and on transforming the existence of
solutions into the search for critical points of such functionals by using tools from functional
analysis and critical point theory.

Impulsive differential equations play an important role in modeling many real-world phe-
nomena subjected to sudden changes at specific moments of time, such as mechanical systems,
biology, population dynamics, control theory, and spacecraft motion. These systems are charac-
terized by instantaneous perturbations that produce abrupt changes in the velocity or the state
of the system, which makes their study very important in applied mathematics.

In recent years, many researchers have investigated second-order impulsive boundary value
problems using variational methods. Among these works, Jun Wang and Weigao Ge studied
the existence and multiplicity of solutions for second-order impulsive mixed boundary value
problems on the bounded interval [0, T]. Their results were established by applying critical
point theory[g], [15], and the Saddle Point Theorem [9].

In this memory, we consider the following impulsive Dirichlet boundary value problems

—u”(t) + g(tyu(t) = f(t,u(t)), ae tel0,T],
(P1) qu(0) = u(T) =0,
Au'(t;) = u’(t;) — u’(t]T) =ILi(u(t)), j=12,...,p,
where

0=t0<t1<t2<"'<i’p<tp+1:T,

with
g € L=([0, T]),



the function

f:[0,T]XxR—-R

is continuous, and

I[[:R->R, j=12,...,p

are continuous functions describing the impulsive effects and

—u”(t) + Au(t) = f(t,u(t)), ae.tel0,+o0), t#t,
(P2) Au'(t)) = g(tEpLi(u(t;)), jeN,
u(0) = u(+00) =0,
where A is a positive parameter, the functions f : [0,+00) X R - R, [; : R = R, j € IN", and
g : [0, +00) — [0, +00) are continuous with

+00

Zg(tj) < +oo.

j=1
The aim of this work is to investigate the existence of weak solutions for this impulsive Dirichlet
problems by using variational methods and critical point theory in suitable Sobolev spaces. Our
analysis is based on some fundamental tools from functional analysis such as the Lax-Milgram
theorem [[I5], the Mountain Pass Theorem [§], [15], and the Saddle Point Theorem[9].

This dissertation is organized into three chapters.

In the first chapter, we present some preliminary notions and basic results that will be used
throughout this work, including Banach and Sobolev spaces, continuity and differentiability of
operators, lower semicontinuous functionals, and some fundamental results from critical point
theory.

The second chapter is devoted to the variational framework associated with the impulsive
problem (P;). We establish the weak formulation of the problem and construct the corresponding
energy functional.

Finally, in the third chapter, we prove the main existence results by applying variational
techniques and critical point theory for the problem (P;). Some illustrative examples are also

provided.



CHAPTER 1

SOME PRELIMINARIES

In this chapter we give a series of notions that will be useful for the rest of this memory.
We recall some definitions and properites used in the remainder of the these thesis , this to
allow a more rapid assimilation of our work . These consist essentially of functional analysis
results . We thus find some properites for weak convergence , continuity and differentiability

of operators in Banch space, critical points theory and Ekeland’s variational principls .

1.1 Banach and Hilbert spaces

Definition 1.1. (Normed spaces)[[]
A vector space X is said to be a normed space if to every x € X there is associated a nonnegative

real number ||x||, called the norm of x, such that
1. [Ix|l > 0 and [|x]| = 0 if and only if x = 0,
2. |lax|| = |a|||x]| for every scalar a and every x € X,
3. |lx + yll < |lx|| + [lyll for all x, y € X.

Definition 1.2. (Bancach spaces)[I] is a normed space which is complete in the metric defined

by its norm; this means that every Cauchy sequence is required to converge.

Definition 1.3. (Cauchy Sequence)[1] Suppose d is a metric on a set X. A sequence {x,} in X is

called a Cauchy sequence if for every ¢ > 0 there exists an integer N such that
d(x,, x,) < ¢ whenever m > N and n > N.

If every Cauchy sequence in X converges to a point of X, then the metric d is said to be complete

on X.

Definition 1.4. Hilbert space H is an inner product space which is complete with respect to the

metric induced by its inner product.



Definition 1.5. Let (H, -, -)) be a Hilbert space. A family of vectors 8 = (¢;);c; in H is a Hilbert

basis (or complete orthonormal basis) if it satisfies the following two conditions:

1. Orthonormal family: For all (i, j) € I%,
1 ifi=j
i,e;) = 0ij = e
eiey) J {0 ifi#j
2. Total family: The vector subspace spanned by (¢;);e;, denoted span({e;}icr), is dense in H.
That is to say:
span({e;}icr) = H.

If (e;)ier is a Hilbert basis, then every vector x € H can be uniquely written as a series sum:

X = Z(x, €i)e;

i€l
Proposition 1.1. (Parseval identity)

If (€i)ie1 1s a Hilbert basis, then every vector x € H we have following equality holds:

IR =) K en)P,

i€l

is called the Parseval equality holds.

Theorem 1.1. (Compact spectral decomposition) Let H be a (separable) Hilbert spaceand T : H — H

a compact self-adjoint operator. Then:

1. The eigenvalues {A,}nen of T are real and tend to 0.
2. The eigenspaces E,, = ker(T — A,I) are of finite dimension for A, # 0.

3. H decomposes into an orthogonal direct sum:

H = ker(T) &* [@ EM]

An#0

Consequently, there exists a Hilbert basis for H consisting of eigenvectors of T.

Theorem 1.2. (Hilbert-Schmidt) Let H be a separable Hilbert space and T : H — H be a compact
self-adjoint operator. Let {A;}Y. (N < oo) be the non-zero eigenvalues of T and {¢;}Y | be the corresponding

orthonormal eigenfunctions. Then for any x € H :

N
Tx= )" Aix, ¢y (1.1)
i=1
Furthermore, the expansion converges in the norm of H, and if N = oo, then lim;_,., A; = 0.

4



1.2 Operators on Banach spaces
1.2.1 Continuity, convexity and coercivity of operators

In the following, we state some definitions concerning continuity properties.

Definition 1.6. The operator T : E — Fis called continuous at the point x, € E if for any sequence
(x,) € E we have

X, = Xoin E = T(x,) = T(xp) in F

Or,

[l = xolle = 0 = [IT(x4) = T(xo)llr — O.
This definition is equivalent to

Ve>0, 30>0, Vx € E : [lx — xolle <0 = ||T(x) — T(x0)l|r < €.

Example 1.1. Let (E, || - ||) be a Banach space. We consider N : E — R defined by N(x) = [|x||.

Then N is a continuous functional. Indeed, for any (x,), C E such that x, — x in E, since
IN(xn) = NI = [Hlall =[xl | < Jlxn — I,

and ||x,, — x|| = 0, we have

N(x,) = N(x) in R.

There are some other definitions that are related to the concept of weak convergence.

Definition 1.7. (Weakly continuous)[?] Let T : E — F be an operator. T is called weakly

continuous at x, € E if for every sequence (x,) C E, we have
X, = xpinE = T(x,) — T(xo).

Definition 1.8. (Compact operator)[?] An operator T : E — Fis called compactif it is continuous

and T(B) is a relatively compact set in F (i.e., T(B) is a compact set in F); here
B={x€E:|x| <1}

There is an equivalent definition using sequences.



Definition 1.9. (Coercivity)[?]

A functional ¢ : E — R on a Banach space E is called coercive if, for every sequence (u,)nen C E,

lim  ¢@(u,) = +oo.

[l ||—>+00

Definition 1.10. (Dual space)[?]
Let A : E — F be a linear operator. One says that A is bounded (or continuous) if there exists a
constant ¢ > 0 such that

lAullr < cllulle, YueE.

Definition 1.11. (Reflexive space)[?]
The space E is said to be reflexive if the canonical injection i : E — E” is surjective, i.e. i(E) = E".

When E is reflexive, E is usually identified with E; (E" = E).
Example 1.2. 1. finite dimensional spaces are reflexive (since dimE = dimE" = dim E").
2. L7 spaces are reflexive for 1 < p < co. L! and L™ are not reflexive.

3. Hilbert spaces are reflexive.

The following result shows an important compactness property in reflexive spaces (see [2]).

Theorem 1.3. [?] Assume that E is a reflexive Banach space and let (x,,) be a bounded sequence in E.

Then there exists a subsequence (x,,) that converges weakly to some x in E.

1.3 Lower and Upper Semi-continuity

The following concepts are often found in minimization theory of functionals.

Definition 1.12. A functional ¢ : E — R is called lower semi-continuous at a point x, € E if for

every sequence (x,) C E, we have
Xp = X0 = @(x) < liminfe(x,).
n—+oco
Example 1.3. Let (H, (-, -)) be a Hilbert space. The functional N : H — R defined by

N(x) = ||xll, where [|x|| = V{(x,x),



is weakly lower semicontinuous (w.l.s.c). Indeed, let (x,) C H and xy € H such that x, — x,.

Then
Xn, ) = (X0, Y), Yy € H.

In particular, taking y = xo € H, we obtain

(X, x0) = (X0, %0) = [Ixol> (1.2)
By a direct calculation, we get

[l = 20l® = € = X0, % = %0) = [Ixull® = 24, X0) + [IxolI%.
Since ||x, — xol[> > 0, we deduce that
[lall® > 2¢xi, 20) = [IxolP. (1.3)
Passing to the limit in 7, and using3,we obtain
largjgfllxnllz > 2|10l = Ilxol* = Ilxol .

Hence, N is weakly lower semicontinuous.

Remark 1.1. 1. It is easy to see that if ¢ is continuous in xo, then ¢ is (u.s.c.) and (l.s.c.) and
conversely.
2. It is easy to see that if ¢ is weacly continuous in x,, then ¢ is (w.u.s.c.) and (w.l.s.c.) and

conversely.

1.4 Differentiability in Banach spaces
1.4.1 Gateaux Differentiability

Definition 1.13. [?] Let E be a Banach space, ( C E an open set, and let ¢ : QO — R be a
functional. We say that ¢ is Gateaux differentiable (G-differentiable) at u € Q) if there exists

A € E’ (A linear and continuous functional), denoted by ¢ (u), such that for all v € E,

m 20t tvt) — W) _ Aoy, (1.4)

t—0

If ¢ is Gateaux differentiable at u, there exists only one linear functional A € E’ satisfying (I3).

It is called the Gateaux differential of ¢ at u and is denoted by ¢ (u).

7



Definition 1.14. [2]
If the functional ¢ is Gateaux differentiable at every u of an open set U C E, we say that ¢ is
Gateaux differentiable on U. The map

p.:E—>FE,

u— @ (u) (1.5)

is colled the Gateaux derivative of ¢.
Example 1.4. The functional defined by
Lp
p: W, (Q) - R
u o) = f |Vulp dx = IIuIIZ\/Lp
Q 0
is Gateaux differentiable and we have
(pi(u),v) = pf [VulP=2 Vu - Vodx.
Q
In the particular case p = 2, the functional defined by
¢ :H)(Q) - R
e gl = [ IVl dx= g,
Q 0
is Gateaux differentiable and we have

(pg(u),v) =2 f Vu - Vodx.
Q

1.4.2 Frechet differentiability

Definition 1.15. [2]
Let E be a Banach space, () C E an open set and let ¢ : O — IR be a functional. We say that ¢ is
Frechet differentiable at u € Q if there exists A, € E’ such that

p(u+0v)—pu) - Ao
Iol=0 ol -

0. (1.6)
Thus, for a Frechet differentiable functional ¢, we have
P(u +0) = p(u) = Ay() + o(|[0l]),
where
Ioli—0 I =0

If a functional ¢ is differentiable at u, then A, is unique.

8



Proposition 1.2. [7]
Suppose that Q) C E is on open set, such that ¢ is G-differentiable in Q) and that

p;: QCE—E
is continuous, Then ¢ is also Frechet differentiable at u, and we have
P(u) = ¢ (u).

The proof of Proposition (IL2) is given in [2].

Proof. Let r € (0,1] be such that B, C U. Since dge : U — E* is continuous at u, for every € > 0

there exists 6 € (0, 1] such that
ldcp(u + tv) —depu)|| < e for|[v]| <6, |t < 1.
On the other hand, for each v € B,(0), the function
t€(0,1] = (dgp(u + tv),v),
is the derivative of the function

gt) =@ +tv), tel0,1].

Consequently
1
‘fo (dep(u + tv),v)dt = g(1) — g(0) = @(u + tv) — p(u).
Hence
1
o +v)— @) — (dep(u),v) = f (dep(u + tv) — dep(u), v)dt.
0
Let

1
R(u,v) = j; (dep(u + tv) — dep(u), v)dt.

From (I2Z) for all v € Bs(0) we have

1
IR, 0)I < f ldep(u + tv) — dep@)llilolldt < ello]l.
0

(1.7)

(1.8)

Hence R(u,v) = o(||[v|]) when |[v]| — 0. Then, (I"8) shows that d;@(u) is the Frechet derivative of

@ at u.

O



Remark 1.2. In applications, it is easier to verify differentiability in the sense of Gateaux . If one
wants to prove that ¢ € C, it is enough to prove that it is Gateaux differentiable ,then to verify

that the differentiable d¢¢ is continuous.

Definition 1.16. Let uy € X. We say that 1 is a local minimum of ¢ if there exists 6 > 0 such that
@(up) < p(v), Vv € B(up,06), v # up.

Proposition 1.3. Let uy € U C X be a local minimum (or maximum) of ¢. Then if ¢ is Gateaux

differentiable in u, then

dcp(u) = 0.

Proposition 1.4. [A]
Let X be a Banach space, and ¢ be an application from X to R,be u € X.
Assume that

o) = in)ggo(v), ie.,p(u) <E(), YveX

Then, if @ is Gateaux differentiable in u, We have

dcp(u) = 0.

1.5 Functional spaces
1.5.1 L7 Spaces

Definition 1.17. [2]

Letp e Rwith1 <p < o0, we set

LP(Q) = {(p : Q > RY; ¢ is measurable and f

Q

lp(x)lPdx < oo} .

with

1

llpllr = llplly = (fQ |<p(x)lpdx)p :

Definition 1.18. [2] We set
L¥(Q) = {go : Q — RY; ¢ is measurable and |p(x)| < c a.e. on Q} ,

with

lolle = llgllo = infic: |p(x)| < ca.e. on Q.

10



with c is a constant.
If p € L*(Q) then we have
o) < llplle  a.e. inx € Q.

Theorem 1.4. [P (LP(Q), || - ||z») is @ Banach space for any 1 < p < oo, and reflexive for 1 < p < oo, and

separable for 1 < p < oo.

Notation 1.1. Let 1 < p < oo, we denote by p’ the conjugate exponent

1+l/:1.
p P

Theorem 1.5. (Holder’s inequality )[7]
Assume that f € LF and g € LV with 1 < p < oo, then

fgell
and
| 15t <ttt
Q
1.5.2 Some convergence criteria

Theorem 1.6. (Lebesgue Dominated Convergence Theorem)[?]

Let (¢n) be a sequence of functions of L'. We suppose that
1. @u(x) = p(x)a.e x €Q),
2. there exists a function ¢ € L' such that for every n,
lpn(x)] < g(x) a.e.in Q.
We have ¢ € LY(Q) and
llpn — @l — 0.

Lemma 1.1. (Fatou Lemma)[?]

Let (¢,) be a sequence of functions in L' that satisfy

1. foralln €N, ¢, > 0a.e.,

2. supnf(pn < 0o,

11



For almost x € Q) we set
@(x) = liminf ¢, (x).
Then ¢ € L' and

1.5.3 W (Q) Spaces
Let O c RN be an open set, and let p € Rwith 1 < p < .

Definition 1.19. We denote by D(Q) the set of functions of class C*(Q2) with compact support
compact include in Q. The Sobolev space W'?(Q) is defined by

d
WY (Q) = {u € LP(Q), Jg; € LP(Q) such that : fu%dx = - f gipdx, Yo eD(Q), Vi= 1,...,N}.
Q X 0

We set
Hl(Q) = WLZ(Q).

For u € W'(Q)) we set

u _
8x1~ -3
and we write
u u
Vu = gradu = (a—x{,a)

The space W'? is equipped with the norm
el = Hloellr + IVl

Proposition 1.5. W'?(Q) is a Banach space for 1 < p < oo, reflexive for 1 < p < oo, and separable for
1<p<oo.

In particular H'(Q) is reflexive, separable and Hilbert space.

1/
1.54 W, P(Q) Space
Definition 1.20. Let 1 < p < oo, Wé’p means the closing of D(Q) in W'#, we notice
W) =D =ueW”(Q):u=00ndQ.

and

H(Q) = WA(Q).

12



The space Wé’p (Q) provided with the norm induced by W'?. Hj is a Hilbert space for the scalar
product of H'. We put llullg = Il

Remark 1.3. When Q = RY, we know that D(RY) is dense in W'?(IRV), and therefore
1, — Y
W,"(RY) = W7 (RY).

Proposition 1.6. (Poincare inequality)[?] Let QO C RN be an open set. Then there exists a constant
¢ > 0 such that
lullwiry < Vil Yu € WP (Q).

In other words, on Wé’p (Q), the quantity ||Vullyq)y is a norm equivalent to the W# norm.

1.5.5 Some classical compactness theorem

Theorem 1.7. (Ascoli-Arzela)[13]
Let (¢,) be a sequence of functions defined on a compact metric space (X,d) and with real values. We

assume that the sequence (¢,,) has the following two properties:

(1) (@n)isequicontinuous,i.e., Ve > 0,dn > 0,Vx,y € X,Vn € N : d(x, y) < 1 = |@,(x)—@u(y)| <

€.
(2) The sequence (@, (x)) is bounded for all x € X.
Then there exists a subsequence of (¢,,) that converges to a continuous function ¢ in C(X, R).

Lemma 1.2. (C. Corduneanu)[14]
Let D C C/([0, +0),R) be a bounded set. Then D is relatively compact if the following conditions hold:

(a) D is equicontinuous on any compact sub-interval of R*, i.e.

V] c[0,+00) compact,¥ e >0,36>0,Vx;,x€]:
X1 — x| <6 = |u(x1) —u(x)| <e,YueD,

(b) D is equiconvergent at +oo i.e.,

Ve>0,4T = T(¢) > 0 such that
Vx:x>T(e) = |lu(x) —u(+0)| <&, YueD.

13



1.6 Theory of Critical Points

Definition 1.21. (Critical Points)[5], [15]
Let ¢ be a differentiable functional from X to R. A point u € X is said to be a critical point for ¢
if and only if
dp(u) = 0.
Definition 1.22. (Critical Values)[9] [15]
A number ¢ € R is called a critical value of the functional ¢, of class C! defined on X, if there

exists u € X such that
p) =c, dopu)=0.
Proposition 1.7. [6]
Let X be a Banach space, and ¢ a mapping from X to R, let u € X. Suppose that
p(u) = infp(v),

that is
o) <), YveX

Then, if @ is Gateaux-differentiable at u, we have
dep(u) = 0.

Proof. Under the hypothesis of this proposition, suppose without loss of generality that u is a
minimum point (otherwise consider the function —¢ instead of ¢). Since 1, € U and U is open,
there exists a positive real number r such that the open ball B,(u) is contained in U. Now, let
h € X\ {0}. Then for every t such that

|t| < L
[l

we have ¢(ug + th) > ¢(up), and thus by the Gateaux differentiability of ¢ at 1y, we have
desp(uo)(i) = lim 7 [p(uy + 1h) — p(uo)] = 0.
It also follows that dcp(ug)(=h) > 0, i.e.,
dcp(uo)(h) <0,

by the linearity of dcg(uy). Consequently, we obtain dcg(ug)(h) = 0 for h € X. Thus dgp(ug) =
0. O
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Definition 1.23. Let uy € X. We say that 1 is a local minimum for ¢ if there exists 6 > 0 such
that
p(up) < @(v), Vv e B(uy,0), v+ up.

Proposition 1.8. Let 1y € X be a local minimum of @. If @ is Gateaux differentiable at uy, then

deg(uo) = 0.
For convex functionals (or convex spaces), a classical result is given by the following theorem.

Theorem 1.8. [6], [9]
Let C be a closed convex subset of a reflexive Banach space X. Let ¢ : C — R U {+00}. Assume
(i) @ is coercive and @ # +oo, that is
lim ¢@(u) = +oo.
llell—=+00

(ii) @ is lower semi-continuous for the weak convergence.

Then there exists u € C such that
o) = inggo(v) (< +00).

Moreover, if @ is Gateaux differentiable at u, then

dcp(u) = 0.

1.7 DPalais-Smale’s sequence and condition

Definition 1.24. [15]
Let X be a Banach space and ¢ : X — R a C'-functional. We say that ¢ satisfies the Palais-Smale

condition, denoted (P.S), if any sequence (u,) in X such that
(p(uy,)) is bounded, and ¢’(u,) = 0, as n — +oo (1.9)
admits a convergent subsequence. Any sequence satisfying [9is called a Palais-Smale sequence.
Definition 1.25. Let ¢ : X — R U {+0c0}.We say that ¢ is coercive if
@(u) = +oo, when||u|| = +oo

i.e.,

VYA >0,4dB >0 suchthat|jul|>B = ¢(u) > A.
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Theorem 1.9. [15], [A]
Let C be a closed convex set in X, a reflexive Banach space.

Let ¢ : C = R U {+0co}. We assume
i) @ is coercive and ¢ # +co, ie. lim ¢@(u) = +oo,

||| = +o0

ii) @ satisfies the weak convergence condition (w.l.s.c.). Then there exists u € C such that
p(u) = inf(o) (< +oo).
ve

If, furthermore, @ is Giteaux-differentiable at u, then dsp(u) = 0.

Theorem 1.10. [6]
Let X be a reflexive Banach space, and ¢ a functional defined on X such that

1. @pis(w.ls.c.),
2. The minimizing sequence of ¢ is bounded on X,
Then @ achieves its infimum on X.

Theorem 1.11. (Lax Milgram)[15] Let H be a Hilbert space and a : H X H — R be a bounded bilinear
form. If a is coercive, i.e., there exists a > O such that a(u,u) > a|lull*> for every u € H, then for any

o € H' (the conjugate space of H),there exists a unique u € H such that
a(u,v) = (o,v), VYveH.
Moreover, if a is also symmetric, then the functional ¢ : H — R defined by
1
1!’(0) = Ea(vl Z)) - (G/ U)

attains its minimum at u.

1.8 Mountain Pass Theorem

Theorem 1.12. (Mountain Pass Theorem)[6], [15]
Let X be a real Banach space and ¢ € CH(X, R) with ¢(0) = 0. Suppose ¢(u) satisfies (P.S) condition and

(a) there are p,a > 0 such that o(u) > a when ||ullx = p,
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(b) thereisa @ € X, |lellx > p such that ¢(e) < 0.

Define
I'={yeC(0,1],X) | y(0) = 0,p(1) = e}.
Then

= gg max¢(y(f) 2 a

is a critical value of ¢(u).

Theorem 1.13. (Saddle point theorem)[9]

Let E be a Banach space. Let ¢ € CY(E,R) be an even functional which satisfies the P.S. condition and
@(0) =0. IfE =V ®&W, where V is finite dimensional, and ¢ satisfies that

(I1) there are constants p, a > 0 such that ¢lop,nw > @, B, = {x € E : ||x]| < p},

(I2) for each finite-dimensional subspace E C E, there is an R = R(E) such that ¢ < 0 on E \ Bx(E), then

@ possesses an unbounded sequence of critical values.
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CHAPTER 2

STUDY THE EXISTENCE OF THE SOLUTIONS TO
AN IMPULSIVE SECOND-ORDER BOUNDARY
VALUE PROBLEMS ON BOUNDED INTERVAL

In this chapter, we discuss the existence of a solution for an impulsive second-order equation. To
obtain our results, we use the variational method. In particular, we use a minimization theorem
and the mountain pass lemma. We used as an example the article [59] which was published by

authors Jun Wang and Weigao Ge in (2009.)

2.1 Introduction

We study the following impulsive problem :

—u”(t) + g(t)u(t) = f(t, u(t)), a.e. te[0,T];
u(0) =u(T) =0, (2.1)
A(t) = w () = w' () = ), j=1,2-..,p,

where t) =0 <t; <t <---<t, <ty =T,¢g€L”[0,T], f:[0,T] xR — Ris continuous, and
I[;:R—->1R,j=1,2,...,p are continuous.
2.1.1 The spaces provided for our problem

We now present the Hilbert space H(l)(O, T) which is suitable for the study of our problem. Let
the space H be such that:

HY([0, T]) = {u € L2([0, T]) : ' € LX([0, T])},

C[0,T] ={u:[0,T] = R, telle que u continue },

muni par sa norme usuelle

lullee = sup [u(x)l.
x€[0,T]
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Remark 2.1. we say that the space H is space H;
Define the space H by:
H = {u e C([0,T]) : u'(.) € L*([0, T]), u(T) = 0},

with the inner product
T
(u, U>Hé(O,T) = f u'(t)o' (t)dt,
0
inducing the norm

T 1
= ( [ copa)”

2.1.2 The eigenvalues of the linear boundary value problem

2
Let A = % be the first eigenvalue of the Dirichlet problem

(2.2)

—u”(t) = Au(t), tel0,T];
u(0) = u(T) = 0.

122
Lemma 2.1. As is well known, (Z2)possesses a sequence of eigenvalues (A;), where A; = (%) and

A = % is the first nonzero eigenvalue of the problem (2) with
D<A <Apy<-- <A<

Proof.

P =A=r==+iVA
The solution to this problem is as follows:
u(t) = acos( VAL) + Bsin( VAL).
Conditions are applied to the limit One finds
W (t) = —a VA sin( VAL + B VA cos(VAY)
wW0)=0=p=0
So,

u(t) = a cos( VAL
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we have,

u(T) = 0 = acos( \/XT) =0.
2im — T

cos(VAT) =0 = A, = ( T

)2

Remark 2.2. The corresponding eigenfunctions are normalized so that :

T
lpill =1 =4; f (B,
0

Pi(h) = ,/%cos(\/;jt), i=1,2,. (2.3)
]

2.2 Preliminaries and statements

In this section, we recall some basic facts which will be used in the proofs of our main results. In
order to apply the critical point theory, we make a variational structure. From this variational
structure, we can reduce the problem of finding solutions of P_1 to the one of seeking the critical

points of a corresponding functional. In the Sobolev space H;(0, T), consider the inner product

T
(”,U>H(1](0,T):f u'(t)o'(t) dt,
0

T 1/2
||M||H(1)(0,T) = (jo‘ (u'(t))zdt) .

Throughout the paper, it will be assumed that ess inf;c(o 1) g(t) = m > —A;. We also consider the

inducing the norm

inner product

T T
(u,v) = f g(Hu(tyo(t)dt + f u' (o' (Hdt, Yu,v e Hy(0,T),
0 0
and the norm . . "
|| = (J; g(H(u(t)*dt + j; (u’(t))zdt) , Yu e HO,T).

By Poincar’s inequality:

1/2

T 1/2 T
( fo (u(t))zdt) < \/1/\_1( fo (u’(t))zdt) ,

The proof is given in (see [?]).

Proof



7_(2

Remark 2.3. where A; = o is the first eigenvalue of the problem 2 We prove the following

lemmas.
2.21 Auxiliary lemmas

Lemma 2.2. If essinfieo 1) §(t) = m > —Ay, then the norm || - || and the norm || - ||H;(0,T) are equivalent.

Proof. Since ess infcjo,r g(t) = m > —A4, there exists C; € (0, 1) such that —m < A1(1 — C;). Thus,

by Poincar’s inequality, one has
T T
- [ woyd>a-con [ wopa
0 0

T
Z—mf (u(t))*dt
0

for all u € Hy(0, T). Thereby, for every u € Hy(0, T), we have
T T
Il? = [ gtiae + [ oo
0 0

T T
2 ’ 2
> m fo (u(t)2dt + fo (' ())2dt o
T
> [ o
0

_ 2
- Clllu”H(l)(O,T)'

On the other hand, by Poincar’s inequality, one has
T T
il = [ gtiar + [ oo
0 0

T T
< 1glleo f (u(t))*dt + f (' (t))*dt
0 0

T (2.5)
llglle )2
<|l—+1 (u'(t))~dt
/\1 0
(gl )
_( n +1 ”“”Hg)(o,T)'
Thus,for 24 and 23 we deduce that the norm || - || and the norm || - || Hl(0,T) Are equivalent. |

Lemma 2.3. There exists C, > 0 such that, if u € Hé(O, T), then

llulleo < Colluall-
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Proof. If u € H(l)(O, T), it follows from the mean value theorem that
1 (T
T ‘fo u(s)ds = u(t)
for some 7 € (0, T). Hence, for t € [0, T], by Holder inequality and 5,

u(t)l =

u(7)+fu’(s)ds
' T
f u'(s)ds
0

T 1/2 T 1/2
< g( fo (u(s))zds) + VT ( fo (u’(s))zds)

(e

< |u(7)| +

T VA
\T 1
S(T A1+ﬁ) =l

Hence

llulleo < (T\\//j— + ‘/T) vlc_llull = Coffufl.

Remark 2.4. Based on theorem [T, if u € H*(0, T), then u and u’ are absolutely continuous and
u” € L*(0,T). Hence,
Au'(t) =0 forallte]0,T].

On the other hand, if u € Hé(O, T), then 1’ may fail to be continuous, and thus
Au'(t) #0 forsomet € (0,T),

which leads to impulsive effects.

Take v € H}(0, T) and multiply the two sides of the equality

—u”(t) + g(tyu(t) = f(t, u(t)) (2.6)

by v and integrate from 0 to T, we have

T T T
- fo W’ (Ho(t)dt + fo g(HuBo(Hdt = fo F(E u(®)o(t)dt.
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Moreover,

T p til
- fo u”(t)v(t)dt:—Z‘ ft] u”(t)o(t) dt

0
]P tj+1

= — Z [u’(t]jrl)v(t]jrl) - u’(t}r)v(t}*) - f u' (1)’ (t) dt]
j=0 !

i

p T
= Z Au'(t))o(t)) + u'(0)o(0) — u'(T)o(T) + f u'(t)o'(t) dt

0

T
Li(u(t;))o( ])+\f0 u' (o' (t) dt.

ME

Combining 8, we have

T T 4 T
‘fou’(t)v’(t)dt+jo. g(t)u(t)v(t)dt+]Zzl:lj(u(tj))v(tj):fo f(t, u(t))v(t)dt.

Considering the above, we introduce the following concept solution for problem 1.

2.2.2 The Euler-Lagrange functional

We define the functional ¢ : H)(0,T) = R by

1 P u(t;) T
o =g+ Y, [ 1eas— [ Feuwya
=1
where
Pmu)=jﬁfm9d&
0
and

T T
nW=meWuﬁgWWWt

Proposition 2.1. The functional ¢ is continuously differentiable on Hy(0, T) and its Frchet derivative
is given by

T T 4 T
(p'(u),v) = [) u' (Ho'(t) dt + fo g(Hu(t)o(t) dt + ; Li(u(t))o(t;) — fo f(t, u(t))o(t) dt
for all u,v € Hy(0, T).
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Proof. Step 1: ¢ is Gteaux differentiable.
Let u,v € Hy(0,T) and € R. Then

1 1
P+ o) = () = S+ ol = Sl

p u(t))+po(t)) u(t)
+Z( fo Ii(s)ds — fo I]-(s)ds)

=1
_ fT (P(t/ u + uv) — F(t, u)) dt.
0

Using the definition of the norm, we get
1 2 1 2 T ’ ’
S+ polP = Sl = [ weo @)t
0

T
+u j(: g(Hu(t)o(t) dt
2

u

2
+—=1[0|".
Il

By the mean value theorem,
F(t,u + pv) — F(t,u) = uf(t,u + Ouv)v,

for some 0 € (0, 1).

Moreover,

u(tj)+uo(t)) u(t;)
f Ii(s)ds — f 1i(s)ds = ulj(u(t;) + Opo(t))o(t)).
0 0

Hence,

pu+po) —pw) (T !
" = j;u(t)v (t)dt+]; g(Bu(t)o(t) dt

p
+E NP + Y Lu(t) + Opot)oct)
j=1
T
— f f(t, u+ Ouo)o(t)dt.
0
Letting u — 0, we obtain

T T p T
((p’(u),@)zfo u’(t)v’(t)dt‘+f0 g(if)1/t(t)v(1f)dt‘+Z:Ij(u(t]‘))v(tj)—f0 f(t, u(t))o(t) dt.
=1

Therefore, ¢ is Gteaux differentiable.
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Step 2: ¢’ is continuous.

Let (u,) € Hy(0, T) such that u, — u in H}(0, T). For every v € H}(0, T), we have

(@' (un) — " (1), v)
T T
= j; (u, —u')o" dt + \fo‘ g (u, —u)vdt

P
+ Y (1) = Ittt Joct))
j=1

T
_ fo (F(E, () = £t u(t)Jo(t) .

Since u,, — u in Hé(O, T) and f, I; are continuous, all terms converge to zero as n — +oo.

Thus,
@' (un) = ¢’ (),

which proves that ¢’ is continuous. Therefore,
@ € C'(H(0,T), R).
O

Definition 2.1. We say that a function u € Hj(0, T) is a mild solution of problem ZTif the identity
T T p T
[ wwo s [ souoond + Y naeee) = [ f6,u0pod
0 0 =1 0
holds for any v € Hy(0, T). Consider the functional ¢ : H}(0, T) — R defined by

u(t;

o) = P + 27, [ 10de ~ [ F(t,u)at, 2.7)

where F(t,s) = j(;s f(t,7)dt. Using the continuity of f and I;,j = 1,...,2,p, one has that ¢ €
C'(Hy(0,T),R). For any v € Hy(0, T), we have

T T 4 T
o= [ oo [ SR+ ) 0~ [ s oo

Thus, the solutions of problem P71 are the corresponding critical points of ¢.
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2.3 Existence of a unique solution

Theorem 2.1. Let dj (j = 1,2,...,p) be fixed constants. If f(t,u) = o(t) € L*([0, T]) and I;(t) = d,

(j=1,2,...,p), then problem 1 has a unique solution u and u minimizes the functional 2.

Proof. We define the bilinear form
T
a:HxH—R, a(u,v)= f (u’(x)v’(x) + g(x)u(x)v(x)) dx,
0

and the linear operator

T p
I:H—R, @)= f o (x)o(x) dx — Z do(x)).
0

j=1
1. Continuity of a: For all u,v € H, we have
la(u, v)| =

T
fo ()" () + g()u(x)o(x) )dx

T
f u' (x)v'(x)dx
0

Using the Cauchy-Schwarz inequality, we obtain

< +

T
jo‘ g(x)u(x)o(x)dx

lau, v)l < w1Vl + gl llaellallo112
< leellloll + llglleolluel [Vl

< Ilulliofi(1 + ligleo)

< Gilfulllfoll,

where

Cr =1 +18lleo-

Thus, a is continuous on H X H.

2. Symmetry of a: For all u,v € H, we have
T
a(u,v) = f (u’(x)v’(x) + g(x)u(x)v(x))dx
0

T
= fo (v’(x)u’(x) + g(x)v(x)u(x))dx
=a(v, u).

Hence, a is symmetric.
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3. Coercivity of a: For u € H, we have

T
a(u,u) = f (u'(x)2 + g(x)u(x)z)dx
0
= [l + llgllool el

2
> [[ull”,

Thus,
a(u, u) > Collull>, withC, = 1.

Therefore, a is coercive.

4. Boundedness of [: For v € H, we have

T p T 4
1(0)] = f o(x)o(x)dx — Zdjv(xj) < f o (x)o(x)dx| + Zdjv(xj) ,
0 =1 0 j=1
Using the Cauchy-Schwarz inequality,
T T 1/2 T 1/2
f o(x)o(x)dx| < ( f az(x)dx) ( f vz(x)dx)
0 0 0
< llall[loll.
Hence,
r
@) < llollalioll + | djo(x))
j=1
4
< llollalloll + Y djlfo(x;)
j=1
4
< llolblloll + sup foGx)l Y Idjl
fe[lrlﬁ’] ]'—1
Let
|4
Cs = lloll + ) Idl.
j=1
Then
l(@)] < Cslfvll. (2.8)
Thus, | is bounded.

This implies that [ is bounded. Since a(u, u) = ||[ul[?, a is coercive. By Theorem [Tl problem -1

has a unique solution u and # minimizes the functional 27 . m|
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2.4 Existence of a nontrivial solution

Theorem 2.2. Assume that the following conditions are satisfied:

(i) There exist a,b > 0 and y € [0, 1) such that
|f(t,u)] < a+blul for every (t,u) € [0, T] X R.
(ii) There exist aj, b; > 0 and y; € [0,1) (j = 1,2,...,p.) such that
\Lj(u)| <aj+bjlul’  foreveryu e R(j=1,2,...,p).
Then problem U has at least one solution.

Proof. Let M, = maxay, ay,...,a,), My = max(by, by, ...,b,). In view of (i) and (ii) and Lemma

3 we have

|4 u(t;) T
<P(u)=%llullz+z fo Ij(t)dt - fo E(t, u(t)) dt
1

j=

1 u(t;) T
> SllulP - Zf (aj+bj|t|7f)ds—f(a|u|+b|uly+1)dt

j=1 ¥0 0
1
> SlulP = Ml MzZuun” - aT o = BTl

j=1

1 )/
> Sl - leczuuu—A@ZC””||u||w+1 aTCallul) = bTC, ™ Jul*.

j=1

for all u € Hy(0,T). This implies that limy . ¢(1) = oo, and @ is coercive. On the other hand,
we Show that ¢ is weakly lower semi-continuous. If {uyien C H(l)(O, T), uy — u, then we have

that {ux}ren converges uniformly to u on [0, T], and lim infy_,« ||| > [|ul|. Thus

' . ) ) 1 ) P uk(tj) T
11£rlionfq0(uk) = 11£r_1)ionf(§||uk|| + Z;[) Ii(t)dt - f F(t, ux(t)) dt)

= 0

1 P 1u(t}) T
> Sl + Zl" fo I(t) dt — fo F(t, u(t)) dt

]:
= ().
By Theorem [[8 of [57T], ¢ has a minimum point on H}(0, T), which is a critical point of ¢. Hence,

problem T has at least one solution. O
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We readily have the following corollary.

Corollary 2.1. Assume that f is bounded and that the impulsive functions I; (j = 1,2,...,p) are

bounded. Then problem U1 has at least one solution.

Example 2.1. Let T = 7, t; = 7. Consider the Dirichlet problem with impulse

—u () + (=1 — tz)u(t) =t4 W, ae.te [0, %],
u0) = 1 (%) _o, (2.9)

Au'(ty) = u'(t]) —u'(t]) = 1+ u(t).
Itis easy to see that conditions (i) and (ii) of TheoremZ 2 hold. According to TheoremZproblem?”9

has at least one solution.

2.5 Existence of a multiplicite solutions

Theorem 2.3. Assume that the conditions (ii) of TheoremlZ2 and the following conditions are satisfied:
(f1) f(t,u)is odd in u.
(f2) There exist 1,1, > 0 and u € (1, 00) such that

|f(t, u)] < 11+ ralult for every (t,u) € [0, T] X R.
(f3) There exist R > 0 and 3 > 2 such that for every t € [0, T] and every u € R with |u| > R,
0 < BE(t, u) < uf(t, u).

Moreover, assume that f(t,u) = o(u) as u — 0 uniformly in t.
(4 1; (j = 1,2,...,p) are odd and nondecreasing. Then the problemZThas an infinite number of

nontrivial solutions.

Proof. ¢ € C'(H,(0, T), R), by (f1) and (f4), ¢ is an even functional and ¢(0) = 0. We divide our

proof into three parts in order to show Theorem 3 . Firstly, we show that ¢ satistfies the P.S.

condition. Let {u,},en be a sequence in Hé(O, T) such that {¢(u,)} is bounded and ¢’(u,) — 0 as
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n — oo. By (ii),(f3) and Lemmal~3 , we have

ﬁ P
Bp(itn) = @' (1), ) = (— - 1) el + B
3 2 |

+ fo ' (s f (8, 1) = BE(t, 10,)) it

”n(t]')

p
LB dt =Y T (t)ualty)
j=1

p
> (g - 1) el = (B +1) [lecznunn + My Y O |
j=1
T

— max
o tel0,Tlul<R

dt.

u, f(t, u,) — PE(t, uy)

4
> (é - 1) ltal? = (B + 1)(pM Callie | + My Y CJ a7+ + Ca.
j=1
which implies that {u,} is bounded in H(l)(O, T). Hence there exists a subsequence of {u,} (for

simplicity denoted again by {u,}) such that

u, > u in Hy(0,T), (2.10)

u, — u uniformly inC[0, T]. (2.11)

On the other hand, we have
T T
(@' (n) = @' (), 10y — u) = f ju (8) — ' (D) dt + f SO (t) — u(t)l dt
0 0

P
+ ) (1) = L)) (malt) — ). 2.12)
j=1

T
v f (£ (1)) — £t ))) (0 () — 1t

From (f2), 210,017 and 2172, it follows that u,, — uin Hé (0, T). Thus, ¢ satisfies the P.S. condition.
Secondly, we verify the condition (I;) of Theorem3.

B _ fxw

>R 2.13
u~ F(x,u) =5 (2.13)

B f(x,u)
Eaf usR (2.14)

Integrating T3 and T4 for u from [R, u] and [u, —R] respectively, we have

u F(x,u)
—< >
Bln _lnP(x,R)' u >R,
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R F(x,u)

- < —R.
ﬁln >1n F(x R)’ u < -—-R
That is
p
F(x,u) > F(x,R) (%) . uxR, (2.15)
—u\P
F(x,u) > E(x,~R) (?)  u<-R (2.16)
Combining "T5 and?T16, we have
F(x,u) > aaful, |ul >R, (2.17)

where

= R min{ mm F(x,R), n[%n F(x,-R)} >0

x€[0,T

On the other hand, by the continuity of F(x, u), F(x, u) is bounded on [0, T] X [-R, R], there exists
K > 0 such that
F(x,u) > -K > aq|ulff — anRP — K, |u| < R. (2.18)

Combining ZT7 and?”T8, we have
Ft,u) > aq|ulf —as, V(t,u)€[0,T] xR, (2.19)

where a; = a3 + K. For arbitrary finite-dimensional subspace E; C Hé(O, T),and any u € E;, there
exists Cs = Cs(Eq) > 0 such that
|lullg = Csllul. (2.20)

By (ii), 219, and Lemmal 3, we have

1 P u(tj) T
(u) < =|jull® + f (a; + bj|t])dt — f (o |ulf — ay)dt
90 2 Zl 0 ] ] 0 1 2

j=

—_

< SllulP + pMillull + Ms Z ™ = sl + o
j=1
- 1
i+ .
< Slulf? + pMy Callull + My Y Gyl = ay Colull + T
j=1

l\)

I\)»—\

for every u € E;. This implies that ¢(u) — —oco as u € E; and [|u|| — oco. So there exists R(E;) > 0

such that ¢ < 0 on E; \ Bre,). Finally, we verify the condition (I;) of Theorem 1.
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LetV =X, @ X, W= @Zk 1 Xi, then Hé (0,T) = V+ W and V is finite dimensional. Using (fs),

we have
P u(t;)
Z f Ii(H)dt > 0. (2.21)
j=1 ¥
By (f3), we have,
lim 2 _ g
u—0 U

1

Hence, for e = Tl
3

there exists 6 > 0 such that for every u with |u| < §,

1
|F(t,u)| < —u?. (2.22)
4C2

Hence, for any u € W with [[u]| < C%, lulle < 6, by 8,271 and 272, we have

T
() 2 gl = [ F, oy

1 2 1 2
> -
> 3l - gl
1 2 1 2 2
> —|lul? - —C
> 3l = 2 Cilul
1
= P,

pu)>a, YueWnNJIB,.

By Theorem T, ¢ possesses infinite critical points, that is, problem T has infinite nontrivial

solutions. O

Example 2.2. Let T = 1, = 1. Consider the Dirichlet impulsive problem

—u”(t) + (1 + P)u(t) = (u®))?®, a.e. tel0,1];
u(0) =u(l) =0, (2.23)
Au'(t) = w/' () — /' (t]) = u(h).

then, according to Theorem, problem P"T7 has infinite nontrivial solutions.
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CHAPTER 3

EXISTENCE OF THE SOLUTIONS TO AN
IMPULSIVE SECOND-ORDER BOUNDARY VALUE
PROBLEMS ON UNBOUNDED INTERVAL

In this chapter, we study impulsive boundary value problems on the half-line by using varia-

tional methods.
—u”(t) + Au(t) = f(t,u(t)), ae. tel0,+o0), t#t,

A (t) = gD (), jEN,
u(0) = u(+00) =0,
where A is a positive parameter, the functions f : [0,+00) X R - R, [; : R = R, j € IN*, and

g : [0, +00) — [0, +00) are continuous with

+00

Zg(tj) < +oo.

j=1
The authors have extended some results of the work published in the article [], to the half-line

by using variational techniques.

3.1 Preliminaries

We cite some basic and celebrated theorems from critical point theory which are crucial tools
in the proof of our main results. Let H be a Hilbert space. Now, let us recall some necessary
concepts that will be needed in our argument. Let us define the following reflexive Banach

space

Hy(0, 00) = {u : [0, 00) = R is absolutely continuous, u,u’ € L*(0, c0), u(0) = u(co) = 0} ,

+00 +00 1/2
] = ( f (et + f |u'<t>|2dt) .
0 0
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Set the space
Cip[0, +00) = {u € C([0,+0),R) : tlim p(Hu(t) exists}
—+400

with the norm

”u”cx),p: sup P(t)lu(m/

te[0,+00)

where the function p : [0, +00) — (0, +00) is continuously differentiable and bounded, satisfying
C = 2max(||pllz, lIp’ll2) < +co.

Concerning the above spaces, we get the following vital embeddings.

3.1.1 Auxiliary Lemmas

Lemma 3.1. [b6]
The space Hé(0,+00) embeds continuously in C;,[0,+00), more precisely ||ullo, < Cllull for every

ue Hé(O, o).

Proof

For u € H'(0, +0), we have

lp(Hut)| = |p(+oo)u(+o0) — p(Hu(t)| = lft‘ (pu)'(s)ds
< f+°° p’(s)u(s)ds| + fm p(s)u’(s)ds
< p'z(s)dsJ [ uz(s)dsJ +[ pz(s)ds] ( u’z(s)ds)
o] [ Jros] | frosf|[

< max(|lp’llez, llpll2)lfull.

Hence

lletllco,p < Mfuall.

O

Lemma 3.2. [hA]

The embedding H(0, +00) < C;,[0, +c0) is compact.

Proof
Let D c H'(0, +0) be a bounded set. Then it is bounded in C;,[0, +c0) by Lemma B. Let R > 0
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be such that for all u € D, |[u]| < R. We will apply Lemma 2.

(a) Dis equicontinuous on every compact interval of [0, +0). Letu € Dand t;,t, € | C [0, +00)

where | is a compact sub-interval. Using the Cauchy-Schwartz inequality, we have

Ip(t)u(tr) — p(t2)u(tz)l

as |t1 - tzl - 0.

- f (pu) (s

f P’z(s)ds]z

)

IA

5]

IA

IA

1)

5]

f u%(s)ds

t

(fren] o

1)

1
2
’

1
2

Nl—=

max [fp’z(s)ds] [fpz(s)ds] ([l
Rmax [fp’z(s)dsJ ,{fﬁ(s)ds — 0,

f p'(s)u(s) + u'(s)p(s)ds

Nl—=

(b) D is equiconvergent at +co. For t € [0,4+00) and u € D, using the fact that (pu)(+o0) = 0

(note u(o0) = 0 and p is bounded) and using the Cauchy-Schwartz inequality, we have

|(pu)(t) = (pu)(+00)|

ast — +oco0. 0

IN

IN

f (pu) (s)ds

max []:Op’z(s)ds] [fpz(s)dsJ{
R max [fp’z(s)ds] [fpz(s)ds

Let X be a real Banach space and X" its dual.

1
2
s

1
2
s

f p'(s)u(s) + u'(s)p(s)ds

Theorem 3.1. If ¢ is weakly lower semi-continuous (w.l.s.c.) on a reflexive Banach space X and has a

bounded minimizing sequence, then ¢ has a minimum on X.
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3.2 Impulsive linear problem

We study the following linear Dirichlet boundary value problem with impulses in the derivative
at the prescribed instants t;, j € N* = {1,2,3,...}
—u''(t) + Au(t) = o(t), ae.te[0,+00),t+#t,
Au'(t)) = d(t)), je€IN, (3.1)
u(0) = u(+00) =0,

where A € R, 0 € [}(0,+4), 0 = g <t <t < -+ < tj < -+ < b, = +00, as m — +0o, are

+oo d(t))

the impulse points, d : [0,00) — R satisfies } ;5 )

< +oo and Au'(t)) = u’(t}r) — u’(t]T) for

u’(tf) = lims_)t]# u'(s).

Remark 3.1. multiply the equation in problem Bl by v € H;(0, +c0), and then integrate over

~+00 +00 +00
—f u"v+ )\f uv = f 00.
0 0 0

(0, +c0), we obtain

We have
+00 +00 t]'+1
—f u’v = —Zf u”v,
0 j=0 Vi
and
t].Jrl 44 ’ - - ’ + + t].Jrl 1.7
f u'v=u (t].+1)v(t].+1)—u(t].)v(t].)—f u'v'.
ki kj

Consequently,

+

- fm u’v = Au'(t))o(t;) + 1’ (0)v(0) — u'(+00)v(+00) + f+°° u'v’
0 0

8

+ .
8 =

' d(tj)v(tj)+f0+oou’v’.

7=

[y

This leads to define the bilinear form a : H3(0, +c0) x Hy(0, +0) — R, by

+00 +00
a(u,v) = f u'v’ + /\f uv, (3.2)
0 0

and the linear operator [ : Hy(0, +o0) — R by

1(0) = — d(t; ). 3.3
(©) fo oo ]Z; t)olt) (33)
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3.2.1 The Euler-Lagrange functional

We define the functional ¢ : H}(0,T) = R by

_1 + 00 0 & + 00 2_ +00 +0o ' |
) = 5 fo w4 2 j; U fo au+;‘d(t])u(t1).

F(t,u) = J: f(t,s)ds,

Definition 3.1. We say that a function u is a weak solution of the impulsive problem (B1) if u €

where

H;(0, +00) such that a(u,v) = I(v) is valid for any v € Hy(0, +00).
In what follows we refer to problem Bl as (LP). It is easily verified that a and I defined by B2,33

respectively are continuous, and a is coercive if A > 0. Consider the functional ¢ : Hy(0, +00) —

R, defined by
o) = f f u? - f ou+ Z d(tut)). (3.4)

It is clear that @ is differentiable at any u € H(l)(O, +00) and

@' (u)v = f u'v’ + /\f uv — f ov + id(t No(t)) = a(u,v) — 1(v).

Thus, a critical point of B4 gives us a weak solution of the problem (LP).

Definition 3.2. We mean by a classical solution of the problem (LP) a function u € H?(t;, tj,1) for all
j € IN*, where

H2(tj, tis1) = {u : [0, +00) — R is absolutely continuous, u’, u” € Lz(tj, tis)}
and u satisfies the first equation of (B1) a.e. on [0,400) with u(0) = u(+oc0) = 0, the limits u’(t}“),
w'(t7), j € N exist and the impulse conditions hold.
3.2.2 Auxiliary lemmas
Lemma 3.3. If u € Hy(0, +00) is a weak solution of (LP), then u is a classical solution of (LP).

Proof. Since u € Hy(0, +0), it is evident that 1(0) = u(+00) =

Forje{1,2,...}, choose any v € Hl(O, +00) such that v(t) = 0 for t € [0, ¢;] U [¢j;1, +00). Then

f]+1 t]+l t]+1
f u'v’ +/\f uv—f
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Hence, —u” + Au = ¢ a.e. on (t;,tj;1). So, u € H2(t]-, ti+1) and satisfies the previous equation a.e.
on [0, +00).

Multiplying —u” + Au = 0 by v € H}(0, +0) and integrating over [0, +0), we get
+00 +00
Z Nt (t))o(t)) = Z d(t)o(t)).
j=1 j=1

Therefore, Au’(t;) = d(t;) for every j € IN*, and the impulsive conditions are satisfied. O

Lemma 3.4. If u € Hy(0, +00) is a critical point of ¢ defined by B3, then u is a weak solution of the
impulsive Dirichlet problem (LP).

Proof. Let u € H}(0,+0). The assumption that u is a critical point of ¢ means that ¢’ (u)v = 0,

for all v € H}(0, +0). Thus,

+00 +00 +00 +00
f u'v + /\f uv — f ov + Z d(t)o(t)) =0, Yo e Hy0,+w).
0 0 0 =
Hence,

+00 +00 +00 +00
f u'v + Af uv = f ov — Z d(tj)o(t;), Yo € Hy(0, +oo).
0 0 0 =)

This implies that a(u, v) = I(v) is valid for any v € Hé(O, +00). As a result, u is a weak solution of

the (LP). O
In view of Lax-Milgram theorem, we formulate the following main result.

Theorem 3.2. If A > 0, then the Dirichlet impulsive problem (LP) has a weak solution u € Hy(0, +0o) for
any o € L*(0, +00). Moreover, u € H*(0, +o0) and u is a classical solution and minimizes the functional

and hence it is a critical point of B4.

Proof. For A > 0, it follows that the bilinear a is coercive. The fact that 4 is continuous, by
applying Theorem [CTT, for any o € L*(0, +0), there exists a unique u € H}(0, +o0) such that
a(u,v) = I(v) for all v € H}(0, +0). So, the problem (LP) has a weak solution u € Hj(0, +).

Owing to Lemma B3, a weak solution of (LP) is a classical solution. In addition, a is symmetric,
then the functional ¢ attains its minimum at u which is exactly a critical point of ¢ since it is

differentiable. m|
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Example 3.1. As an example, let A = 1 and p(t) = 1.
This impulsive boundary value problem

—u”(t) +u(t) = 1+1—t2, a.e. t € [0, +00),
Aw'(j)=e, jeIN, (3.5)
u(0) = u(+00) =0,

has a solution.

3.3 Impulsive nonlinear problem

We study the following impulsive boundary value problem
—u”(t) + Au(t) = f(t,u(t)), ae. te[0,+o0), t#t,
Au'(ty) = g(tpIi(u(t;)),  jeN, (3.6)
u(0) = u(+o0) =
where A is a positive parameter, the functions f : [0,+00) X R - R, [; : R = R, j € IN*, and

g : [0, +00) — [0, +00) are continuous with

+00

Zg(t]-) < +o00.

j=1
We refer to problem B.A as (NP).

3.3.1 The Euler-Lagrange functional

We define the functional ¢ : Hy(0,T) = R by

+00 +00 u(t)
(p(u)=% fo u’z(t)dt+% fo 2(t)dt+Zg(t) f Ii(s)ds — f E(t, u(t))dt.

where
F(t,u)sz(t,s)ds,
0

Definition 3.3. A weak solution of (NP) is a function u € Hé(O, +00) such that

fom u'o'dt+ A fo‘m uvdt + g‘g(tj)lj(u(tj))v(tj) - j:w ft,ul))v(t)dt =

for every v € H}(0, +0). Setting F(t, u) = fou f(t,s)ds, we define the functional ¢ : Hy(0, +o0) —» R
by

+00 +00 +00 u(t;) +00
p(u) = % j; u?(Hdt + % ﬁ wA(Hdt + Z g(t]-)j; Ii(s)ds — j; E(t, u(t))dt. (3.7)
=
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Now we present our principal results for this part.
Theorem 3.3. Suppose that the following conditions hold:

(H,) There exists a positive bounded function M € L'(0, +co) with % € LY(0, +o0) such that

|f(t,u)l < M(t) for (t,u)€[0,+0) X R.

(1) There exist M; > 0, j € IN", satisfying Y. 5] M;g(tj) < +oco and ¥, ;5 p’g(i’) < +o0o, such that the

impulsive functions I; are bounded i.e.,

\[j(u)| <M; forevery u€elkR, je({l,2,...}.

Then there is a critical point of ¢, and (NP) has at least one solution.

Proof. Claim 1. @ is weakly lower semi-continuous (w.l.s.c).

Let (u,) C Hé(O, +00) be a sequence such that 1, — u in Hé(O, +00), when n — +o0. Then,
llull < lim inf|[u,|],
n—+00

and by Lemma B2 we have that (u,) converges to u in C;,[0, +0), hence u,(t) converges to u(t)
for all t € [0, +0).
From (H;) and (I;), using the continuity of f and I;, j € IN*, together with the Lebesgue Dominated

Convergence Theorem, we obtain
1 +00 A +00 +00 i () +00
”2 i 2 —
llrlrgggfqo(un) = 1171111+101}f Zfo u;” + ZL u, +Zg(t])f Ii(s)ds f F(t, u,(t))dt
1 +00 +00 u(t)
> —f u? + —f u? + Z gt )f Ii(s)ds —f E(t, u(t))dt = o(u).
2 Jo 0

Thus, ¢ is (w.l.s.c). Claim 2. ¢ is coercive.

Forany u € H(l)(O, +00), the fact that A > 0, there exists @ > 0 such that

u(t) +00
<p<u)>a||u||2+2g(t) f Ii(s)ds - f F(t, (et
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Using conditions (H;), (I;) and Lemma B, we have

= Miglt) M)
902l = Y ) - [ oo

= Mg(t)) T M(t)
> allull® = lullso, ! — [t 40, —=dt
* ”]Z Py i

t)
> aljulf? - Cllu ||Z - = Cllu ||]

8(t)
>alulP - C| ) — ==+ ‘ —|[lhll
[Z:pw) Pl

j=1
for some C > 0. Then, the above inequality implies that lim—+. (1) = +oco. Hence, ¢ is

coercive. O

Applying Theorem BT}, ¢ possesses a minimum which is a critical point of ¢. Finally, by (H;)

and (I;), it is easy to check that ¢ is continuous and differentiable for any u € Hj(0, +0) and that

+00 +00 +00 +00
Q' (u)y = f u'v’ + /\f uv + Z SN (u(t)))o(t;)dt — f f(t, u(t))v(t)dt. (3.8)
0 0 s 0
Therefore, a critical point of ¢ is a weak solution of the problem (NP). m|

Remark 3.2. Assume M € L*(0, +o0) in (H1), then it is easy to see that a weak solution u is in

H?(0, +0).

Example 3.2. Take A = 1,p(t) = ¢!, M(t) = e %, g(t) = %, M, = < and Ii(s) = 7 1,7 € N*. The

following IBVP:
) ) =, a0 )
AM (]) ]+u2(])/ ] c N*/
u(0) = u(+co0) =

has at least one solution.
Theorem 3.4. Assume the following conditions are satisfied:

(H2) The function f is sublinear i.e., there exist a constant y € [0,1) and positive functions a,b €

L(0, +00) with . pfﬂ € L1(0, +o0) such that

[f(t,u)l < a(t)+ bl for (tu)€[0,+00) X R.
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(I) There exist constants 6 € [0,1) and a;,b; > 0,j € {1,2,...} with Z] S aig(ty), Zﬁ’ u;’ft(t ,

+oo bjglt)) oo bjg(t) . . ‘
Yic PE) Yia P are convergent series, such that the impulsive functions I; have sublin-

ear growths i.e.,

\Li(uw)| < a; + bjlulé forevery uelR,je(l,2,...}.
Then there is a critical point of ¢, and (NP) has at least one solution.

Proof. Claim 1. ¢ is weakly lower semi-continuous.

Under (H,) and (I), arguing analogously to the proof of Theorem B3, we find the weak lower
semi-continuity of ¢.

Claim 2. ¢ is coercive.

In view of conditions (H,), (I,) and (B2), for any u € H}(0, + + ), we have

+00 +00 u(t)) +00
p(u) = %fg u?+ = ‘fo u? + Zg(t f Ii(s)ds — [) F(t, u(t))dt
+00 u(t) +00
b(t)
> allul® - ) g(t) (a; + bjls|*)ds — (a(t)lu(t)l o (t)lm)
Yos) [t [
— a; b;
> afjull* - Z 3(t)) (ﬁp(tj)m(tj)l mﬁﬁ;)ﬂt )|6+1)

(T 0 .
fo S Ol

(V +1) pyﬂ(t) Ip(tyu(HPdt

2 ]g( ]) 5+1 ]g( ]) ll y+1 b
> alju —||u||++oop2 .y Z sy L] b IS et
j=1 L

Hence, by Lemma BT, we get
+00

2 a;8(t;) S+1)[,,1(0+1 big(t)) _ e _ vl L y+1

P(u) > allul* - Cllu ||2 oy~ C ;‘pm(tj) C ol et =€ ] e
a a;8(t;) 5+1 big(t)) 5+1 1| b 41
> allul - C|[|=]| + lul] — CO* P — .

[ p [ ; p(tj) ]Z; b+1(t) py+1 1

Since 6,y € [0, 1), then limy—+ @(#) = +00. This means, ¢ is coercive.
Using Theorem B, ¢ has a minimum, which is a critical point of ¢. Finally, from (H,) and (I,),
we get the differentiability of ¢ such that its differentiable is defined by B8. Consequently, (NP)

has at least one solution. m|
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Example 3.3. Consider the following problem

—u”(t) +u(t) = e 2 Jlult)| + e, a.e. te]0,+),
Aw'(j) = e (].lz + %) jeN,
u(0) = u(4+00) =0,

whered = 1,p(t) = e, ¢() =e2,a; = L, b, = Land I:(s) = L+, j € N*. By simple calculations,
p 8 = 70T j 2T y simp

all conditions in Theorem B4 are satisfied, then B-A has at least one solution.
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Conclusion

N this work, we studied some critical point theory and investigated a second-order impulsive
I boundary value problem using variational methods, minimization theorems, the Mountain
Pass Theorem, and the Saddle Point Theorem.

In the first chapter, we presented the main tools required for this work, such as critical point
theory, differentiability of operators in Banach spaces, the Mountain Pass Theorem, and several
minimization results. We also recalled the compactness condition known as the Palais-Smale
condition.

In the second chapter, we studied a second-order impulsive boundary value problem defined

on a bounded domain [0, T], given by:

—u”(t) + g(t)u(t) = f(t,u(t)), ae. tel0,T],

u(0) =u(T) =0,

Au'(t)) = u’(t]‘f) - u’(t]T) =ILi(u(t)), j=1.2,...,p,
where f : [0,T] X R - Rand I; : R — R are continuous functions.

In the third chapter, we extended the study to the same type of impulsive boundary value
problem posed on unbounded domains (such as the half-line or the whole real line), where
more advanced variational tools and compactness techniques are required.

Our approach is variational: solutions are obtained as critical points or minimizers of an asso-

ciated energy functional.

Finally, this work opens the way for further extensions to more general impulsive problems

on unbounded domains using more sophisticated analytical and variational methods.
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Abstract

In this memory, we study two second-order impulsive boundary value problems : one on a boun-
ded domain [0, 7] and the other on an unbounded domain [0, +o0[, using variational methods
and critical point theorems, such as the Mountain Pass Lemma, the Saddle Point Theorem,
and the Lax-Milgram Theorem. This study is applied in Chapter 2 to establish the existence
and multiplicity of solutions for the following second-order impulsive boundary value problem :

—u"(t) + g(t)u(t) = f(t,u(t)), a.e.t € [0,T];

u(0) = u(T) =0,

AU (t;) = u'(t7) —u/(t7) = Li(u(ty), j=12,...,p
In the final chapter, we apply this study to obtain at least one solution for the following second-
order impulsive boundary value problem :

—u"(t) + Mu(t) = f(t,u(t)), a.etel0,+00), t#t,
Au'(t;) = g(t;) 1 (ulty)), €N,
u(0) = u(+00) = 0.

Keywords :

Critical point, Variational method, Existence of solutions, Second order, Impulsive differential
equation, Mountain Pass Lemma, Saddle Point Theorem, Palais-Smale condition, Energy functional.
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