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Notations

Cla, b]: set of all continuous real functions in the interval a < x <b .

H : homotopy.

p:homotopy parameter

K(x,t): the kernel of the integral equation.

H (u, p):Homotopy perturbation method.

H(u,p,m): Modified homotopy perturbation.

FIFE:Fredholm integral equations .
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Introduction

The subject of integral equations is one of the most useful mathematical tools in both
pure and applied mathematics. It has enormous applications in many physical problems.
Many initial and boundary value problems associated with ordinary differential equation
(ODE) and partial differential equation (PDE) can be transformed into problems of solving
some approximate integral equations .Among these integral equations we mention Fredholm
integral equations.

In recent years, the use of the Fredholm integral equations has increased in many physi-
cal applications, e.g. potential theory and Dirichlet problems, electrostatic, mathematical
problems of radiative equilibrium. Some valid methods for solving Fredholm integral equa-
tions have been developed such as quadrature methods, Adomian’s decomposition method
and the Homotopy perturbation method,This later was proposed first by He which is, in
fact, a coupling of the traditional perturbation method and homotopy in topology. in this
work, we made a comparisons between the standard HPM and the modified one wich made
by introducing accelerating parameters.

the thesis is organized in three chapters.

Chapter one provides the basic definitions and introductory concepts: Linear operator
compactness, fixed point principle, the concept of the homotopy method.

Chapter two discusses the concept of integral equations and their types, some theories that
demonstrate the existence and uniqueness of the solution to the integral equation.
Chapter three deals with the homotopy perturbation , then the modified homotopy per-
turbation method, and its application to the first and second kind of fredholm integral

equation



CHAPTER 1

BASICS AND PRELIMINARIES

n this chapter, we cover some fundamental notions and theorems that we should know

for use in our topic.



1.1. SOME DEFINITIONS AND FUNDAMENTAL THEOREMS

1.1 Some definitions and fundamental theorems

Definition 1.1.1. (Norm)
Let E be a vector space over the field K(K =R or C). A norm on E, is a map
| . ||: E — R satisfying the following conditions:

L. |[z]|>0and |z [|=0< 2 =0,
2. | Az ||=| A ]] z ||, for all z € E and for all A € K,
3. x4y <]+ |y, forall z,y € E.

Remark 1.1.1.
The vector space E endowed with a norm, is called normed space, denoted by (E, || . ||).

Definition 1.1.2. (Suite by Cauchy)
Let E be a normed vector space. A sequence (z,)nen of E is Cauchy if and only if,

Ve>0,ANeN /Vn>m >N =z, —zn, [|< e.

Definition 1.1.3. (Full space)
Let E be a normed vector space. We say that E is complete if any Cauchy sequence in F
is convergent in F.

Definition 1.1.4. (Banach space)
A Banach space is a complete normed space.

Definition 1.1.5. (Topological space )
A topology on a nonempty set X is a collection of subsets of X, called open sets, such that:

(1) the empty set @ and the set X are open,
(2) the union of an arbitrary collection of open sets is open,
(3) the intersection of a finite number of open sets is open.

A subset A of X is a closed set if and only if its complement, A® = X /A, is open.
More formally, a collection 7 of subsets of X is a topology on X if:

(1) @9, X e,
(2) if G, € 7 for all @ € A, then UpeuGo € T,
(3) if Gy €7 fori=1,2,..,n, then N?_,G; € T.

We call the pair (X, 7) a topological space, if 7 is clear from the context, then we often
refer to X as a topological space.



1.1. SOME DEFINITIONS AND FUNDAMENTAL THEOREMS

Linear operator

Let (X, || . ||) and (Y,]| . ||) be two normed linear spaces over the same scalar field F

Definition 1.1.6.
A function (or mapping or transformation) 7': X — Y is called a linear operator if

(i) T(xy + x2) = T(x1) + T(22) for all z1,29 € X and
(17) T(ax) = o1 (z), for all scalars o € F' and for all x € X.

Remark 1.1.2.
The property (i) and (i) can be combined together to a single property, that is
T(ax + Py) = aT'(z) + BT (y) for all scalars o, f € F and for all x,y € X.

Definition 1.1.7. (Bounded operator)
A linear operator T': X — Y is called bounded if there is a positive constant M such that
| T(x) ||< M| x|, for all z € X, in other words

| T(x)

Y,
I ]

for all non zero member z € X

Definition 1.1.8. (Completely Continuous Operator)

A linear operator A defined from a normed space E into a normed space F' is called a
compact linear operator or completely continuous linear operator if for every bounded
subset 2 of F| the image A({2) is relatively compact in F'. In other words, the closure A(2)
is compact.

Compactness in C(K)
The set C'(K') designates the space of continuous real or complex valued functions defined

in a compact set K C R"”, furnished with the maximum norm

I ¢ lloo= mazsck | ¢(2) | .

Theorem 1.1.1. (Ascoli-Arzeld’s )

A set G C C(K) is relatively compact if and only if it is bounded and equicontinuous. Say,
if there exists a constant M such that

| o(x) |< M for all x € K and all p € G.

Further, for every € > 0, there exists ¢ > 0 such that, for all ¢ € G, we have

| o(x) —p(y) |< e for all z,y € K with | 2 —y |< 0.



1.2. FIXED POINT PRINCIPLE

Theorem 1.1.2.
The integral operator A defined from C(2) into C(£2)

AsO(w)Z/Qk(x,y)sO(y)dy, z,y €Q

with continuous kernel k(z,y) is a compact operator.

Proof.
Let G be a bounded set of C(€2) then, for each ¢ € G, there exists M > 0, such that

| ¢ |I< M,

besides, for all x € 2 and ¢ € G, we get

| Ap(@) | =] [ ket
<mazgyeq | k(z,y) | Mmes(Q).

It follows that A(G) is bounded.
By assumption, the kernel k(x,y) is continuous over the compact 2 €, thus it is uniformly
continuous and therefore

€

Ve > 0,30 > 0¥a,y,z € O w =y |< 0 = k(e 2) —k(y,2) |< g7

Hence, for each ¢ € Gand z,y € Q, with| z —y |< §

| Ap(z) — Ap(y) | =| /Q(/f(l‘, z) = k(y, 2))p(2)dz |

M Q) =e.
<Mmes(Q) mes() =€

This relation expresses that A(G) is equicontinuous. Hence A(G) is relatively compact, so
by Arzela-Ascoli’s theorem A is compact. O

1.2 Fixed point principle

Definition 1.2.1.
Let T be an operator defined in a Banach space F in itself, then for all x € E, such that
x =T(z), is called a fixed point of the operator T

Definition 1.2.2.
Let T be an operator of a Banach space E in itself, T' is a contraction (or contracting
application), if there is a constant 0 < k < 1 such that, for all x,y € F, we have

1T(x) =T(y) I< K[|z =yl (1.1)

5



1.3. CONCEPT OF THE HOMOTOPY

Remark 1.2.1.
e [f £ > 0 in the relation , T is said lipshchitziénne.
e The Lipshchitziénne application is necessarily continuous.
e If k <1 in the relation , T is said to be contraction.
e If k =1 in the relation (L.1)), T is said to be nonexpansive.

Theorem 1.2.1.
Let F be a closed subset in a Banach space and let T': F' — F' a contracting application,
then

e The equation T'x = x, has only one solution.

e The unique solution x can be obtained by the limit of the sequence x,, of F' defined
by x, = Tx,_1,n=1,2, ..., where zq is an arbitrary element of F

r = lim T"xg
n—oo

Proof. see [5] O

1.3 Concept of the homotopy

In this section, we present the concept of the homotopy, a fundamental concept in topology.
Basic definitions with illustrative examples are given.
A homotopy is a kind of continuous transformation from one function to another. In

particular, we consider the following definition.

Definition 1.3.1.

A homotopy between two continuous functions f(z) and g(x) from a topological space X
to a topological space Y is formally defined to be a continuous function

H:X [0,1] = Y from the product of the space X with the unit interval [0, 1] to Y such
that, if x € X then H(z,0) = f(z) and H(z,1) = g(x).

Let Cla,b] denote a set of all continuous real functions in the interval a < x < b. If a
continuous function f € Cla,b] can be deformed continuously into another continuous
function g € C[a; b], one can construct a homotopy

H: f(z) ~g(x),

6



1.3. CONCEPT OF THE HOMOTOPY

in the way
H(z,p) = (1 —p)f(z) + pg(z),r € [a,b],p € [0,1].

or

H(x,p) = f(x) + plg(x) = f(2)], 2 € [a,0],p € [0, 1].

For this homotopy a first-order homotopy-derivative is defined as

OH (z,p)

o g(x) — f(z),p € (0,1).

Definition 1.3.2.

The embedding parameter p € [0,1] in a homotopy of functions or equations is called
homotopy parameter .

To illustrate the idea, let us construct a homotopy between the identity function

fle) ==

and the zero function

g(x) =0
in the interval X = [0, 1]. Since f and g are continuous in interval [0, 1]
then H : f(x) ~ g(x). Define H : X [0,1] = Y by:

H(x,p) = (1 —p)f(z)+ pg(v),

=(1-p)z, Vee X, Vpelo1].
Then H is a continuous function and

H(z,0) = f(z) = z,Vx € X.

H(z,1) =g(z) =0,Vz € X.

The first order homotopy-derivative is

OH(x,p)
0 =g(z) — f(x),

=—z, pe(0,1),



1.4. PERTURBATION THEORY

1.4 Perturbation Theory

Perturbation theory comprises mathematical methods which are used to find the approx-
imate solution to a problem which cannot be a solved accurately, by starting from the
accurate solution of a related problem. Perturbation theory leads to an expression for the
desired solution in terms of a formal power series in small parameter (¢)-known as pertur-
bation series that quantifies the deviation from the exactly solvable problem and further
terms describe the deviation in the solution.

Consider,

x :$0+5$1+52x2+...

Here zy be the known solution to the exactly solvable initial problem and zy, x5, ... are the
higher order terms. For small these higher order terms are successively smaller. An appro
imate “perturbation solution” is obtained by truncating series usually by keeping only the

first two terms.



CHAPTER 2

INTRODUCTORY CONCEPTS OF INTEGRAL
EQUATIONS

[ n this chapter, we give the definition of the integral equations and their classifications,

some theories that prove the existence and uniqueness of solutions of integral equations



2.1. DEFINITION OF THE INTEGRAL EQUATIONS

2.1 Definition of the integral equations

Definition 2.1.1.

An integral equation is defined as an equation in which the unknown function u(z) to be
determined appear under the integral sign. A typical form of an integral equation in u(x)
is of the form

B(x)
(@) = f(z)+ A / K(x,t, u(t))dt 2.1)
a(z)
where K (x,t,u(t)) is called the kernel of the integral equation (2.1)), and a(z) and §(z) are
the limits of integration. It can be easily observed that the unknown function u(z) appears

under the integral sign. It is to be noted here that both the kernel K(z,t,u(t)) and the
function f(z) in equation (2.1]) are given functions, and A is a constant parameter.

2.2 Classification of integral equations

An integral equation can be classified as a linear or nonlinear integral equation. The
most frequently used integral equations fall under two major classes, namely Volterra and
Fredholm integral equations. Of course, we have to classify them as homogeneous or non-
homogeneous; and also linear or nonlinear. In some practical problems, we come across
singular equations also. In this text, we shall distinguish four major types — the two main
classes and two related types - of integral equations. In particular, the four types are given

below:
1. Volterra integral equations.
2. Fredholm integral equations.
3. Integro-differential equations.
4. Singular integral equations.

In our study, we will focus on Friedholm integral equations

10



2.2. CLASSIFICATION OF INTEGRAL EQUATIONS

Fredholm integral equations

The most standard form of linear Fredholm integral equations is given by the form

s@)u(z) = F(z) + A / K (x, t)u(t)dt (2.2)

where the limits of integration a and b are constants and the unknown function u(x) appears

linearly under the integral sign. If the function ¢(z) = 1, then (2.2)) becomes simply

b
u(z) = f(x) + )\/ K (x, t)u(t)dt (2.3)

and this equation is called Fredholm integral equation of second kind, whereas if ¢(x) = 0,

then yields
b
flz)+ )\/ K(x,t)u(t)dt =0 (2.4)

which is called Fredholm integral equation of the first kind.

Remark 2.2.1.

I f the unknown function u(z) appearing under the integral sign is given in the functional
form F(u(x)) such as the power of u(x) is no longer unity, e.g. F(u(z)) = u™(x),n # 1,
or sin(u(z)) etc., then the Fredholm integral equations are classified as nonlinear integral
equations. As for examples, the following integral equations are nonlinear integral
equations:

w(z) = f(x) + )\/ K (z,t)u?(t)dt
u(z) = f(x) + )x/ K(z,t)sin(u(t))dt

b
u(z) = f(x) + )\/ K(z,t)in(u(t))dt
Next, if we set f(z) = 0, in Fredholm integral equations, then the resulting equation is

called a homogeneous integral equation, otherwise it is called nonhomogeneous integral
equation.

11



2.3. THE EXISTENCE AND UNIQUENESS OF SOLUTIONS OF
INTEGRAL EQUATIONS

2.3 The existence and uniqueness of solutions of integral
equations

2.3.1 Riesz’s theory and Fredholm’s alternative

In this paragraph, we designate by A : X — X the compact linear operator in a normed

space in itself. We present the basic theory for an equation

p—Ap=f.
We define the operator L, by L = I — A where I designates the identity operator.

Theorem 2.3.1. (Riesz’s First Theorem)
The null space of the operatorL, i.e. the kernel of the operator L

N(L)=Ker(L)={p € X : Lp=0}
is a closed and finite dimensional subspace.

Proof.

deed Indeed, it is known that the kernel N (L) of a bounded operator L is a closed subspace
of X, since, for all sequence ¢,, in N (L) converges to ¢ in X, we obtain ¢ in N(L). Really,
due to the boundedness of L we have

Ly, =0= lim Ly, =0
n—-—ao0

or still
L( lim ¢,) =0= L(p) =0

n—-oo

Hence, the null-space N (L) is closed.

On the other hand, all functions ¢ € N (L) must satisfy the equation Ly = ¢ — Ap =0, or
still

Ap = .

Noting that, the restriction of the operator A to the subspace N(L) coincides with the
identity operator on N(L). The operator A is compact from X to X and therefore also
compact from N(L) to N(L) since N(L) is closed. Evidently, for all bounded sequence
¢ in X in particular in N(L) the sequence Ap, = ¢, contains a convergent subsequence
Appi = ¢n, in the closed N(L). Hence, the compact operator A represents the identity

operator on the subspace N (L) and therefore the subspace N (L) is of finite dimensional.
]

12



2.3. THE EXISTENCE AND UNIQUENESS OF SOLUTIONS OF
INTEGRAL EQUATIONS

Theorem 2.3.2. (Riesz’s Second Theorem)
The image of the operator L, i.e.

R(L)y=Im(L)={Lp:pe X}
is a closed linear subspace of finite co-dimension.

Proof.
The image of the operator L is a subspace. Let f be an element of L(X), then it exists a
sequence (¢,) of X such that Ly, — f,n — oo, we choose the best approximation x,, i.e.

n — Xn || inf n — Xn ||y
| &n =X ll o | on = Xn |

we define the sequence
SO; =Pn = Xn,N € N,
which is bounded.
We assume that the sequence (¢7) is not bounded, then we can extract a subsequence
(5k))s such that || @7, [[> k, for any k € N, now we pose

~

90(
I en I’

with || ¢ ||= 1 and A is compact, then there is a subsequence 1y(;) such that Aty —
¥, 7 — 00, on the other hand

Y = k€N,

I Leni I I Lepn |l
om0~ k

since the sequence (Ly,,) is converged and therefore bounded. Consequently

Ly, = — 0,k — o0,

L¢k(j) — 0,] — 0Q,

then, we get
Uiy = Libwg) + Ay = ¥, j — 00
and since L is bounded, and by the two preceding equations we conclude that Ly = 0. But
like
w1 Yo I X € Im(L), Yk € N,

we find
1
I — || = ﬁ | ont) — Dént+ | i 113901
n(k
! || ||
Z T Tl xetmapy 1 £n) — X
1
= ||—(|| H Pn(k) — Xn(k) H
n k

=1

13



2.3. THE EXISTENCE AND UNIQUENESS OF SOLUTIONS OF
INTEGRAL EQUATIONS

This contradicts the fact that this ¥y (j) — ¥,I — oco. Therefore () is bounded, and
since A is compact, we can extract a subsequence () such that (Ag},,) converges for
k — oco. Because Lgog(k) — f,k — oo, and by

otk = Lenm + Avnw
We observe that o) — P E X,k — oo, but L(,pN(k) — Ly e X,k — oo. O]

n

Theorem 2.3.3. (Riesz’s Third Theorem)
There is a unique r € N called the Riesz number of the operator L such that:
0= Ker(L°) C Ker(L') C ...... C Ker(L") = Ker(L™)
E=1Im(L° D> Im(L') D ......... D Im(L") = Im(L"™1).
And we have the direct sum
E = Ker(L") @& Im(L").

Proof. see [12] O

Theorem 2.3.4.
Of the same conditions in the preceding theorems, then

(i) I — A is injective if and only if it is surjective.
(ii) If I — A is injective, then the inverse operator (I — A)~!: X — X is bounded.

Proof.
It is known that, for all Riesz number r = p = ¢, The subspaces N(L") and R(L") are

supplementary. Say
E=N(L")® R(L").

e The injection of the operator L implies the one of L". Hence the surjection of the
operator L" which it assures us the surjection of the operator L.

e The surjection of the operator L implies the one of L". Hence the injection of the
operator L” which it assures us the injection of the operator L.

e The injection of the operator L or its surjection implies the bijection of this operator
L = (I — A). Hence the boundedness of its inverse L™ = (I — A)~%.

See [13] O
Corollary 2.3.1.

i- If the homogeneous equation

p—Ap=0 (2.5)
admits only the trivial solution ¢ = 0, then for any f € X the equation
p—Ap=f (2.6)

admits a single solution ¢ € X and this solution is depends on the continuity of f.

14



2.3. THE EXISTENCE AND UNIQUENESS OF SOLUTIONS OF
INTEGRAL EQUATIONS

ii- If the homogeneous equation does not admit the trivial solution ¢ = 0, then
it has only a finite number m € N of solutions ¢, v, ..., p, of X are linearly inde-
pendents and the non-homogeneous equation is unsolvable or its solution is the
general form

m
="+ Z AP
k=1
where aq, s, ..., ap are complex arbitrary numbers and ¢~a particular solution of
the non-homogeneous equation.

Proof. see [12] O

2.3.2 Fixed point theory

Theorem 2.3.5.
Let be the following equation

() — A / k(e v)e(y)dy = g(x)

admits a unique solution ¢ € L*([a,b]), with the kernel k is continuous over the interval
a, b],

b b
g € L*(la,b]) and [Nk <1, with k= \// / | k(z,y) |? dzdy

Proof.
We consider the equation

(To)(x) = g() + A / Bz, )o(y)dy, 2.7)

since g € L*([a, b)), Ty € L*([a,b]). If

b
/ ke, 9)e(y)dy € L*((a.b).

Using Schwartz inequality, so

!/ k(:v,y)w(y)dmé/ | k(2 y)e(y) | dy

: (/ [ k(w,y) | so(y)dy)é ( / o) dy);

15



2.3. THE EXISTENCE AND UNIQUENESS OF SOLUTIONS OF
INTEGRAL EQUATIONS

therfore

I/ (z,9)p(y)dy [* < (/|k’1‘y (y)dy)(/abW(y)IQdy)
then

// (e, ) dy|2da:</ab(/ab!k<x,y>\2w<y>dy)(/abw(y)ﬁdy)dx
S/ab/ablk(x,y) IQdydx/ablw(y) > dy

// | k(z,y) |? dydr < oo and / | o(y) |* dy < o0

then equation ([2.7) is satisfactory and T of L*([a, b]) in itself.
Note that the demonstratlon below is also that the operator defined by

(Ap)(z) = / k(x,y)e(y)dy

is bounded, so by theorem the equation Ty = ¢ admits a unique solution,
for [N k<1 O

since

We mention that, the Fredholm integral equation of the first kind is very often ill-posed
and the solution u(x) is very sensitive to any change in the data f(z). In other words, a
very small change on the data f(z) can give a large change in the solution u(z). For all
these reasons, the Fredholm integral equations of the first kind is ill-posed that may have no

solution, or if a solution exists it is not unique and may not depend continuously on the data.

Remark 2.3.1.
To find the explicit solutions of fredholm linear integral equations, many powerful methods
have been used, such as

e The Adomian Decomposition Method
e The Variational Iteration Method
e The Successive Approximations Method

e The Homotopy Perturbation Method

The Modified Homotopy Perturbation Method

In the next chapter, we will apply the standard homotopy perturbation method and the
modified one

16



CHAPTER 3

SOLVING FREDHOLM INTEGRAL
EQUATIONS USING THE MODIFIED
HOMOTOPY PERTURBATION METHOD

‘V arious kinds of analytical methods were used to solve integral equations. In this
chapter, we apply the standard homotopy perturbation method and the modified one

to solve linear fredholm integral equations.

17



3.1. THE HOMOTOPY PERTURBATION METHOD

3.1 The Homotopy perturbation method

Homotopy perturbation method has been recently intensively studied by scientists and
engineers and used for solving nonlinear problems. This method was proposed first by
He which is, in fact, a coupling of the traditional perturbation method and homotopy in
topology. HPM method yields a very rapid convergence of the solution series in most cases,
usually only few iterations leading to very accurate solutions. This method has been applied
to many problems , specially in integral equations .

Consider the Fredholm integral equation:

v(z) = f(x) —|—/ Kz, t)y(t)dt, a <z <b, (3.1)
let )
L(u) = u(z) — f(z) — / K (x, t)yu(t)dt = 0, (3.2)

with solution u(x) = v(z), we define the homotopy H (u,p) by
H (1, 0) = F(u), H(u,1) = L(u)

where F'(u) is a functional operator with solution, say,uo. We may choose a convex homo-
topy

H(u,p) = (1 —p)F(u) +pL(u) = 0, (3.3)

and continuously trace an implicitly defined curve from a starting point H(ug,0) to a

solution H(v,1). The embedding parameter p monotonically increases from 0 to 1 as the

trivial problem F(u) = 0 continuously deformed to the original problem L(u) = 0. The

parameter p can be considered as an expanding parameter . In fact HPM uses the homotopy

parameter p as an expanding parameter to obtain
u = ug + pus + p2us + ..., (3.4)

when p — 1, (3.4)) corresponds to (3.3]) and gives an approximation to the solution of (3.2))
as follows:

v = lim w4 puy + pPus + ..., (3.5)
p—1

The series (3.5) converges in most cases, and the rate of convergence depends on L(u).
Taking F(u) = u(x) — f(x), and substituting (3.4 in (3.3) and equating the terms with

18



3.1. THE HOMOTOPY PERTURBATION METHOD

identical power of p, we obtain

P’ iug — f(z) =0=uy = f(x),
pl g — f; K(z,t)uo(t)dt = 0,

ur = [ K (x, t)uo(t)dt,

and in general we have

uo(x) = f(x),
Unir(2) = [P K (2, t)un(t)dt, n=0,1,...
which is the standard Adomian’s decomposition method.

Now consider Fredholm integral equation of the first kind

fa) = / K (a0 (t)dt

and the convex homotopy:

Hu,p) = (1= p)u(e) 401 | Kot — )] =0, (3.6)
with the starting point H(0,0) and the solution H(v,1), by similar operations as above,
we obtain

ug = 0,u; = f(w),
Ups1 = Up — /b K (x,t)u,(t)dt,
or "

Unt1 = (I = K)un(t),
= (I = K)"u (1),

where the operator K is defined as
b
K = / K(z,t)(.)dt,
and for convergence we should have || I — K ||< 1.
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3.2 The modified Homotopy perturbation method

In this section we propose a scheme to accelerate the rate of convergence of HPM applied
to linear Fredholm integral equations with kernels of the form Zl]\il gi(x)h;(t). We define

a new convex homotopy perturbation as follows:

H(u,p,m) = (1= p)F(u) + pL(u) + p(1 - p) Zngz 0, (3.7)

where m = [m;] and m;, i = 1,2,..., N are called the accelerating parameters, and for
m; =0,1=1,2,...., N, we define H(u,p,0) = H(u,p),
which is the standard HPM. It is easy to verify that the solutions H (ug,0) and H(v,1) also

satisfy (3.7]).

3.2.1 Application of H(u,p,m) to second kind FIE

We first assume that k(z,t) = g(x)h(t), so for equation

b
V() = f(z) +/ k(z, t)y(t)dt,a < x < b,
we consider (3.7)) as follows:

H(u,p,m) = (1 —p)F(u) + pL(u) + p(1 — p)[mg(x)] = 0,

where

hence we can write

(I=p)(u—f)+plu—f— / (t)dt] + mp(1 — p)g(z) = 0,

b
w— f — pyla) / h(t)u(t)d + mpg(x) — mpPg(z) = 0, (3.8)
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now by using (3.4)) in , and equating the terms with identical power of p, we obtain
po’uo—f( )IO:>U0_f(9C);

tuy +mg(w z) [ h(tyuo(t)dt =
Uy = (c— )g(x) Where C—f h(t)f( ) :
p? :uy — mg(x) f h(t)uq(t)dt =
uy = [m+ ( — )a]g( ), Where a= fa h t)g(t)dt,

= [P h(tyus(t)dt

and in general
Upp1 = f h(t)u,(t)dt,n = 2,3, .
now we ﬁnd m such that us = O, since if us = 0 then uz = uy = ... = 0, and the ex-

act solution will be obtained as u(x) = ug(x)+uq(x), hence for all values of = we should have

m+ (c—m)a=0

> ca ([Tt f(t)at) fbht (t)dt]
M1 K h t)dt — 1
or ) .
m = fbjli(];%;idj 1/ h(t)f(t)dt, (3.9)

provided that
b
/ k(E£)dt £ 1

Now consider the general case

x,t) = Zgi(x)h t

here we choose the convex homotopy as follows:

H(u,p,m) = (1= p)F(u) + pL(u) +p(l —p Zngz 0,

by doing similar manipulations, we obtain
Uy = fa

N
up == ;0 migi(@ )+Zz 1 9@ f hi(
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3.2. THE MODIFIED HOMOTOPY PERTURBATION METHOD

—ZZ 1f hi(t) f(t)dt — my)gi(z)
ewzzimwmw+zﬁﬂm»ﬁmwm@ﬁ

= 2 [ma + [ ha(t)un (8)dt]gi()

Upi1 = S0, gila f hi(t n=23,..,
we try to find the parameters m;,t = 1,2,..., N, such that

Uy = uz = uyg = 0,

hence from us we should have
b
m; +/ hi(t)uy (t)dt =0, Vz € [a,b], (3.10)

now by substituting u; in (3.10)), we obtain

m+z/ / ) (1)t — m;]g; (1)t = 0,

let
b b
o= [ s = [ ngon
then
mi+ Y bij(e;—m;) =0, i=12 N (3.11)

under certain condition,the values of m;, i = 1,2, ..., N, can be obtained from the system of

linear equations in (3.11)). Let the matrix B and the vectors m and ¢ be defined as follows:
B =[bij], m=[ms], c=][c]
therefore from (3.11]) we can write

(B —I)m = Be,
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3.2. THE MODIFIED HOMOTOPY PERTURBATION METHOD

and if (B — I) is nonsingular then
m = (B—1)""Be, (3.12)

In the case of non-degenerate kernels,by using Taylor expansion for functions of two vari-

ables, we can write k(z,t) (if possible) as follows:

k(xz,t) = Z gi(z)hi(t),

and by applying H (u, p, m) method we can approximate the solution of the given integral

equation.

3.2.2 Application of H(u,p,m) to first kind FIE

Consider the integral equation:

ﬂ@zl%@ﬁh@ﬁ@ﬁxﬁh (3.13)
let k(z,t) = g(x)h(t), then from (B.13):we observe
f(x) = cg(x),
using we can write
(1 = p)F(u) + pL(u) + p(1 — p)[mg(z)] = 0,

where

by similar operations we obtain

pO:U'O:Oa

p' i = (c—m)g(x),

P*: us = uy + mg(x) — g() [ h(t)u (t)dt,
=[c—(c—m)alg(x), where o= fab h(t)g(t)dt = ff k(t, t)dt,
ug = uy — g(x) [ h(t)us(t)dt,
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3.2. THE MODIFIED HOMOTOPY PERTURBATION METHOD

and in general
Unir =ty — g(x) [P R, (D)dt, n=2,3,..,

for us = uz = uy = ... = 0, from uy we should have

c—(c—m)a=0, V€ la,b]

and consequently

m:c—g,(a#O). (3.14)
Now assume k(z,t) = sz\il gi(x)h;(t), then

= Z cigi()

in this case , we choose the following convex homotopy

(I1—p u—}—p/Zgz t)dt — f1 4+ p(1 —p) Zngz =0, (3.15)

by substituting (3.4)) in (3.15)) and equating the coefficients of the identical powers of p, we
obtain
Uy = 0,

Uy = Zz'N:JCi — my]gi(z),

up = YN e — oV (¢ — my)biglgi(w),  where by = [7 hi(t)g;(t)dt

un+1:un_ i= 191 f h n=273,..,
as above for us = ug = uy = ... = 0, parameters m;,7 = 1,2, ..., N, should satisfy the
following linear system of equations

N
=Y (¢j—myby =0, i=1,2,..,N,

Jj=1
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3.3. NUMERICAL RESULTS

or in matrix form we have
Bm = (B —1I)c,
where
B = [bij], m=[m;], c=]¢], j=1,2,..,N,
or
m= B (B —I)c, (3.16)
provided that (B) is not singular. For non-degenerate kernels k(x,t), using Taylor expan-

sion, we can write
N

k(z,t) = Zgi(x)hi(t)v f(z) = Zczgz(x)

and then by applying H (u,p, m) method, we can approximate the solution of the given

problem.

3.3 Numerical results

example 1 Consider the equation

u(z) =€ —1+ /01 tu(t)dt,

with exact solution u(x) = e*. We apply H (u,p) and H(u,p, m) methods to approximate
the solution as follows

H(u, p) method:

We have

tnir () = [1k(z, ua(H)dt, n=1,2, ..,

so we obtain
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Hence the solution will be as follows:

u(x) = up +ug +ug + ...,
SIS P I
- 248 16

= e”.

H(u, p, m) method:

In this case we have:

ug = f(),

b
u; = (¢ —m)g(x), where c= / h(t)f(t)dt,

and
u(z) = up + uy
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3.3. NUMERICAL RESULTS

For this problem g(x) =1 and h(t) = ¢, hence

ug =e* — 1

= [/Olt(et—l)dt—m],

and from (3.9):

hence we obtain

and the solution will be as follows:
u(r) = up + uy = €*.
As we observe, after two terms the exact solution is obtained.

example 2 Consider the equation

u(zx) = arcsin(x) + <g — 1> T — /01 xu(t)dt,

with exact solution u(z) = arcsin(xz). We apply H(u,p) and H(u,p, m) methods to ap-
proximate the solution as follows

H(u, p) method:
We have

up(z) = f(x),
= arcsin(x) + <z — 1) x
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Unir (2) = [P k(z, un(8)dt, n=1,2,...,

so we obtain

uf:ﬂ:Al@mmmw+(g—yﬁ>ﬁy

1 1 T
E— arcsin(t dt+/ ——1 tdt};
[ aresinar+ [(5-1)

1
= —x |arcsin(l) — 1 + 5 (g - 1)} :

up = [/01 (arcsm(l) 14 % (g . 1)) tdt}

1 1
=52 [arcsm(l) -1+ 3 (g — 1>} :

ug = — Uol % (arcsin(l) 1y % (g - 1)> tdt]

1 1
=72 [arcsm(l) -1+ 5 (g — 1>} :

Hence the solution will be as follows:
u(r) = ug + up + ug + ...,
1 1 1 1
= arcsin(x) + <g - 1> r—x [arcsm(l) -1+ (Z - 1) — éarcsin(l) t577 <z — 1)1

2\2 4 \2
1 1 1
—x [Zarcsin(l) —— 4= <E — 1)] + ...

4 8\2
B () aresin(D) (1= L L1 Y 4 (Lp L L] .
= arcsin(z xlarcsin s5t1 g 5173
T 1 1 1
——1> B
G- (1g-3+5)

11 1 s 1 1 1

= arcsin(z) — n() (14> ——+. )+ (14—~ 4>
arcsin(x) x[arcsm()( 2—1—4 8+ )+2< —|—2 4+8 )]
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H(u,p,m) method:

In this case we have:

uo = f(x),
u; = (c —m)g(x), where c¢= / h(t)f(t)dt,

and

u(x) = up + uy

For this problem g(z) = —x and h(t) = 1, hence

up = arcsin(x) + (g — 1) T,

! m
Uy = — arcsin(t) + (= — 1) tdt — m} x,
' [ /0 (2 >

=— [(arcsin(l) — 14 % (g - 1)) — m} z,

and from (3.9):

H(—t)d L ™
m = #/{) arcsin(t) + <§ - 1> tdt

_ __% : (arcsm(l) 1+ % (g _ 1))

hence we obtain

g = — Karcsm(m 1+ % (g - 1)) - é (arcsm(l) 1+ % (g - 1))1 z
=— Earcsin(l) - % + % (3 - 1)} v,

and the solution will be as follows:
, T 2 ,
uw(x) = ug +uy = arcsin(x) + 3 §arcsm(1) .
As we observe,H(u,p,m) method gives (after two terms) a result that is closer for exact

solution than H(u,p) method .
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example 3 Consider the equation

1
(e —1)e* = / 34y (t)dt,
0

% We apply H(u,p) and H(u,p,m)

where the exact solution is u(z) = €3*™ or u(z) = e
methods to approximate the solution as follows
H(u, p) method:

Notice that )
|1 —/ k(t,t)dt |=e ' <1
0

SO
Uy = Oa
Uy = f(l’),
= (e —1)e*,

b
Un41 = Up — / K([E, t)un<t>dta

1
uy = (e — 1)e** — / 3 e — 1)edt,
0

= (e —1)e*

1
uz = (e — 1)e** ! — / 3 (e — 1)L,
0

= (e —1)e* 2

1
uy = (e —1)e** 2 — / ¥ (e — 1)e*2dt,
0

= (e —1)e* 73,

Hence the solution will be as follows
u(z) = ug + uy + ug + ...,
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=(e—1)e"(1+e ' +e?+e’+..) (3.17)
e
— —1 3x
e v ()
= ee™”
— 631—&—1

in fact we could find the solution as a limit of (3.17).

Now applying H(u, p, m) , we can easily find the solution as following
g(x) =¥ ht)=e* c=e—1 and f(zr) = (e —1)e*

and from (3.14)), we have

1
c
m=c— —, a:/ eldt = (—e 1)
« 0
so we obtain m = —1, and consequently

up = (e —1+1)e*

_ 63$—‘r1

and the solution is

u(z) = up + uy

— 63$+1.

example 4 For integral equation

u(z) = 2* — 2° + /01 (14 xt) u(t)dt,

1 29
with exact solution u(z) = —2® + 2% — 6% " 90 We apply H(u,p) and H(u,p, m) methods
to approximate the solution as follows
H(u, p) method:

We have
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b
Upt1(z) = / k(x,t)u,(t)dt, n=0,1,..,

so we obtain

m:i/71+xw@?—ﬁMt

1 . 1
~ 20" T 1y
/1(1+ t)(1t+1)dt
Ug = (=t + —
S A 20 ' 12
7 . 13
= —X _—
1207 " 120’
/1(1+ Dt 4 23y
Ug = T _— _—
L A 120 ' 120
53 +_11
= —X _
7207 " 80’
t/%1+ ﬂ(53t+1lﬂt
Uyg = X —_— —
R A 720 ' 80
403 251

= 1320° T 1aa0°

Hence the solution will be as follows:

u(x) = up + uy + ug +uz + ...,
—xZ—x3+ix+i+lz+£+ﬁx+£+
B 200 12 1200 120 7200 80 7

as we observe the series is diverging and no convergent solution will be obtained by this
method.
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H(u, p, m) method:
we have
gi(x) =x, hi(t) =t, go(x) =1, ho(t) = 1. then

1
1= fol t(t? — t%)dt = 20’

1
1
C2 = fo (t2 - t3)61it = 12
bi1 = fol t2dt = 57
1

1
b12 = fO tdt - ?,

1
by = [, tdt = 3

b22 = fol 1dt - 1,
by applying (3.12)) and informations of the problem, we obtain
i 1

and
i 1 1 1 1
52| [m] |3 2| |
13 mo| = % 1O
Z 0 2 -1 —
2 2 12
consequently

uy = (c1 —my)gi(x) + (c2 — ma)ga(z),

AR AV ST A
“\20 220/ " \12 720/ "

1 29
60 90
finally the solution is as follows:
1 29
u(z) =ug+u; =% -2 — v — —

6 90
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example 5 Consider the equation

1
e’ +1= / (4te” + 3)u(t)dt,
0

1 v 7—3e
e

6(3—¢) 6(3—¢)
and H (u,p,m) methods to approximate the solution as follows

H(u, p) method:
Notice that

where the exact solution is u(z) = or u(z) = x2. We apply H(u,p)

1
|1—/ k(t, )dt |= 6 > 1
0

SO
Uy = 07
uy = f(x)a
=e" +1,

b
Upy1 = Uy — / K(x,t)u,(t)dt,

1
upg =e"+1— / (4te” + 3)(e" + 1)dt,
0

= —be" —3e+1,

1
us = —5e* —3e+1— / (4te” + 3)(—be' — 3e + 1)dt,
0
= 13e” + 6ee” 4+ 21e — 17,
= (13 + 6e)e” + 21e — 17,

1
ws = (13 + 6¢)e” + 2le — 17 — / (4" +3)((13 + 6e)e’ + 21e — 17)dt,
0

= (=5 — 60e)e” — 18¢* — 63¢ + 73,
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Hence the solution will be as follows
u(z) = ug + uy + ug + ...,
=e"+1—5e"—3e+1+(13+6¢)e” +2le— 17+ (=5 —60e)e” — 18¢* —63e+T3+... (3.18)
= (4 — 54e)e” — 18¢® — 45e + 58 + ...

as we observe the series is diverging and no convergent solution will be obtained by this
method.

Now applying H(u, p, m) we have

g1(z) =z, hi(t) =4, ga(x) =1, ho(t) =3, ¢1 =1, co = 1. then

by = [ dtetdt = 4,

bip = [ dtdt =2,

bor = [ 3etdt = 3e — 3,

bos = [ 3dt = 3,

by applying (3.16|) and informations of the problem, we obtain

4 2
B=13-3 3
and
4 2 my 3 2 1
Je—3 3 mo| = |3e—3 2 1
thus
17 — 6e
m 18 Oe
ms| = 11 — 3e
18 — 6e
consequently
up = (c1 —my)gi(z) + (co — m2)ga(),
B 17 — 6e 11 — 3e 1
~ U 18 —6e C18—6e/)

- 6(3—e)6 +6(3—6)
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finally the solution is as follows:

u(x) =ug +uy = e’ +
example 6 For integral equation
1
u(r) =—-2—-3z+ / (3x 4 t) u(t)dt,
0

with exact solution u(x) = 6z. We apply H(u,p) and H(u,p, m) methods to approximate
the solution as follows

H(u, p) method:

We have

uo(z) = f(z),
=—-2—-3

b
unﬂ(x):/ k(z, un(®)dt, n=0,1, ...

so we obtain

Uy = /1(3$ +t)(—2 — 3t)dt

_ 8t 9
4 2’
u /1(395 (=2 - Dy
= 472
369 19
= ——x—_7
s 7T
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1
369 19
s :/ (3o +6)(— 22— Dy
0 8 2
B 1563 B 161
T
Hence the solution will be as follows:
U(SL’) = U + Uy + Uz + Uz + ..
21 87 9 369 19 1563 161
=-2-3-—2-2-—2-—=-——0— = — —x— — +
2 4 2 8 2 16 8
B 2865 305
I T

as we observe the series is diverging and no convergent solution will be obtained by this
method.

H(u, p,m) method:

we have
91( ) =3z, hi(t) =1, ga(x) =1, hy(t) =t. then
= [l 1(—2—3t)dt = —5
= [ t(—2—3t)dt = —2,
b1 = fO 3tdt = —,

2
blg = fol 1dt == 1,

bor = [y 3t2dt = 1,

0 = [y tdt = -
by applying (3.12]) and informations of the problem, we obtain

— N W

B =

N — =

and
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1 i,
-1 m 3 1| [ 7
2 1 2 5
Pt me =y L3

2 2
thus ~
13

mi _E
ma| = | —4

consequently

uy = (¢1 —m1)gi(x) + (ca — ma)ga(z),

7 13
— (=42 —24+4)1
( 2+2)3x+( +4) 1,

=9xr + 2
finally the solution is as follows:

u(z) = up +uy = 6z
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Conclusion

In this work, we discussed the standard homotopy perturbation method and the modified
one, then applied them to solve linear Fredholm integral equations of the first and second
kind. We Note through the comparision between HPM and MHPM that in contrast to the
standard one, H(u,p,m) method is a simple and very effective tool for calculating the exact
solutions and in most cases it can give solution to some problems which could not be solved
by H(u,p) method. As it is clarified by the example (four, five and six) in the numerical

application part.
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Abstract

In this thesis, we study Fredholm’s linear integral equations of the first and second kind, particularly whose
the general form is (which are written in the form)

b
u(z) = f(x) + )\/ K(x,t)u(t)dt (Second kind),

b
flz)+ )\/ K(z,t)u(t)dt =0 (First kind),

where k(.,.)and f(.) are known continuous functions with k(x,t) = g(x)h(t).
To solve this type of equation we use the homotopy perturbation method and the modified one. and then
we compare them through selected examples.

Keywords:Integral equations, Fredholm linear integral equations, Homotopy perturbation method,
The modified homotopy perturbation,Fredholm integral equations of the first kind, of the second kind.

Résumé

Dans cette thése, nous étudions les équations intégrales linéaires de Fredholm du premier et du deuxiéme
type, en particulier dont la forme générale est (qui sont écrites dans la forme)

b
u(z) = f(z) + )\/ K(x,t)u(t)dt (deuzxime type),

flz)+ A /b K(z,t)u(t)dt =0 (Premier type),

ou k(.,.)and f(.) sont des fonctions continues connues avec k(x,t) = g(x)h(t).
Pour résoudre ce type d’équation, nous utilisons la méthode de perturbation d’homotopie et la méthode
modifiée. puis nous les comparons a travers des exemples sélectionnés.

Mots clés: équations intégrales, équations intégrales linéaires de Fredholm, méthode de perturbation
d’homotopie, perturbation d’homotopie modifiée, équations intégrales de Fredholm du premier type, du

second type.
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