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Introduction

ractional calculus generalizes classical calculus by allowing derivatives and integrals of

non-integer order [36,58]. Fractional operators, such as the fractional Laplacian and

time-fractional derivatives, naturally model nonlocal interactions, memory effects, and
anomalous diffusion that cannot be adequately described by integer-order differential equations.
Consequently, fractional differential equations arise in many applications, including fluid mechan-
ics, viscoelastic wave propagation, and stochastic processes with jumps [13}21}26]29,60].

A central class of models is provided by time-fractional diffusion equations, obtained by replac-
ing the first-order time derivative with a fractional derivative of order o € (0, 1]. These equations
describe subdiffusive transport in heterogeneous and fractal media [52]. More generally, fractional
Cauchy problems offer a natural framework for the analysis of time-fractional evolution equations
and anomalous diffusion processes [47,51,59,69]. Fundamental analytical results-including exis-
tence, uniqueness, regularity, and asymptotic behavior of solutions-have been established using
semigroup and spectral methods [6,[20437}44-46,50,/57].

The most commonly used fractional derivatives are the Riemann—Liouville and Caputo deriva-
tives [36,58|, together with variants such as the Hadamard and Caputo-Hadamard derivatives [35].
Recently, generalized fractional operators defined with respect to an arbitrary kernel function ¢
have been introduced [2,42]. Many analytical questions concerning time-space fractional equations
involving such operators remain open, particularly for nonlinear problems and for fractional time
derivatives of order greater than one. This thesis investigates well-posedness, regularity, qualitative
properties, and finite-time blow-up for fractional Cauchy problems involving ¢@-Caputo derivatives

and fractional Laplacian-type operators.



Main Contributions

The main contributions of this thesis can be summarized as follows:

A unified analytical framework is developed for time—space fractional diffusion and superdif-
fusion equations involving generalized @-Caputo fractional derivatives and the fractional

Laplacian.

o Explicit formulas for the fundamental solutions are derived for a wide class of linear fractional

evolution equations. These solutions are expressed in terms of Fox H-functions.

e Decay estimates in Lebesgue and Lorentz spaces are established for the fundamental solu-
tions. These estimates describe the smoothing and dispersive effects associated with frac-

tional diffusion.

o Local existence and uniqueness of mild solutions are proved for nonlinear fractional diffusion

and superdiffusion equations using fixed-point arguments.

o Global well-posedness is obtained for selected nonlinear fractional diffusion models under

suitable smallness assumptions on the initial data.

o For nonlinear superdiffusion equations with time-fractional order greater than one, both mild

and weak solutions are constructed, and their equivalence is established.

» Conditions guaranteeing finite-time blow-up are derived for nonlinear fractional superdiffu-

sion equations, highlighting the influence of the fractional orders in time and space.

This thesis is organized as follows:

Chapter [1} entitled Functional spaces and special functions, introduces the basic concepts used
throughout this work. We first review weighted LP(IR?) spaces, fractional Sobolev spaces H?®(IR),
and Lorentz spaces L™*(IR?), together with their main properties. Next, we introduce several
fundamental special functions, including the Gamma function, the Beta function, and the Fox H-
function. We then present different forms of generalized fractional calculus, including ¢-fractional
integrals and fractional derivatives, along with their principal properties. Afterward, we briefly
discuss the generalized Laplace transform and convolution. Finally, we introduce the generalized

fractional Laplacian and the Fourier transform of type ¢, and summarize their main properties.



In Chapter [2| we study the global existence of solutions to the following semilinear time—space

fractional diffusion equation:

CDEEu + (—A)u = alul~lu+ b|Vule,  (t,z) € (0, +00) x RY,
U(O) = Up, T € IRd,
where d > 1, x € (0,1), 6 € (0,1), p > 1, and

B 28p
1= -1 r25

The constants a,b € R are given, and the initial data satisfies ug € L*(R?), with

d
3—%(p—1)>1.

Here, CD& ¥ denotes the left @-Caputo fractional derivative of order «, and (—A)3 the fractional
Laplacian. We first derive the fundamental solution of the associated linear problem by means of
the @-Laplace transform and the Fox H-function. We then establish decay estimates in Lebesgue
spaces. Finally, under a suitable smallness assumption on the initial datum, we prove global

existence, uniqueness, and continuous dependence of mild solutions.

In Chapter 3|, we establish the local existence and uniqueness of solutions to the Cauchy problem

for the time-fractional diffusion equation
Dol u+ (—A)yu = Lo ?le],  (t,2) € (0,+00) x R,

where the initial data satisfies

uy € Co(RY) = {U € C(R%) llim v(z) = O} :
x|—00
endowed with the norm
[Vl coray = [[v]leo = sup |v(z)].

z€R4

In this setting, “Dg}” denotes the left @-Caputo fractional derivative of order «, while Ié;y’“’

denotes the Riemann—Liouville fractional integral of order 1 —+y with respect to ¢. The parameters
satisfy &, 8,y € (0,1) and d € N, and @ € C'((a,b),R) is a strictly increasing function. We
first derive the fundamental solution of the associated linear problem by means of the @-Laplace
transform, the ¢-Fourier transform, and Fox H-functions. We then prove the local existence and

uniqueness of mild solutions.



The chapter further investigates the local existence of solutions to the Cauchy problem for the

semilinear time-fractional superdiffusion equation

Dgfu+ (—A)u = (@(t) — @(0)70(x) + [ul?, (t,2) € (0, +00) x RY,
u(0) = uy, x € RY, (3)

dpu(0) =u;, x€RY,

where « € (1,2), 8 € (0,1), 0 € (=1,0), and p > 1. The operator “Dg’ denotes the @-Caputo

derivative, (—A)? is the fractional Laplacian, and

denotes the so-called @-derivative. The functions ug, u;, and 0 are prescribed initial data. The

analytical framework and auxiliary results required for this problem are developed in detail in

Chapter [4
Finally, Chapter 5| addresses the Cauchy problem associated with the time-space fractional
superdiffusion equation

“Doifu+ (=A)u = |uf’, (t,z) € (0,400) x R,

u(0) = uy, x € RY, (4)

dpu(0) =u;, x€RY,

where « € (1,2), § € (0,1), p > 1, and d € IN. The initial data satisfy ug,u; € Co(R?). In
this chapter, we introduce a weak solution formulated within a variational framework and show
that every mild solution also satisfies the corresponding weak formulation. Moreover, we derive
sufficient conditions guaranteeing that solutions blow up in finite time.

Most of the results presented in this thesis have already been either published or accepted for
publication in peer-reviewed international journals. The results in Chapter [2] were published in [9],
whereas the results in Chapters , and [5| have been accepted for publication [4,5,/10].
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CHAPTER 1

Preliminaries

% his chapter collects the basic material that will be used throughout this thesis. We begin by
recalling several functional spaces, including weighted L spaces, fractional Sobolev spaces,
and Lorentz spaces. We then introduce the special functions that appear repeatedly in the sequel,
namely the Gamma, Beta, Mittag—Leffler, Fox H-, and Bessel functions. Next, we review the main
notions of generalized fractional calculus with respect to a strictly increasing function ¢, including
the associated fractional integrals and fractional derivatives. Finally, we recall the generalized
Laplace transform, the corresponding convolution structure, and a generalized fractional Laplacian

together with the Fourier transform associated with a spatial change of variables ¢.

1.1 Functional spaces and special functions

In this section, we recall the function spaces and special functions that will be used throughout
the thesis.

Weighted L? spaces

We first recall the classical Lebesgue spaces on RY. For 1 < p < oo, we define

LP(RY) = {f : R — R measurable

./]Rd |f(x)|Pdz < oo}

For p = oo, we set

L>®(RY) = {f : RY - R measurable

esssup | f(x)| < oo} :
z€R?

These spaces are Banach spaces endowed with their usual norms.
Let g : R? — [0,00) be a non-negative measurable weight, with g(z) > 0 a.e. in R?, and let
1 < p < oo. The weighted space LF(R?) is defined by

LP(RY) = { f:R* = R measurable

[ 17 @)Po(r) de < oo}
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Fractional Sobolev spaces

Let 0 < § < 1. The fractional Sobolev space H?(R?) is defined by
H?(RY) = {v e S(RY) : (1+[¢*)0(¢) € LARY)}.
It is endowed with the norm

1/2
0]l zr25 (ay = ([[0][32re) + 1(=2)0]F2ma)) -

Equivalently, H?(IR?) may be obtained as the completion of S(R?) with respect to this norm.

Lorentz spaces and basic properties

For 1 <r < oo and 1 < s < oo, the Lorentz space L™*(IR?) consists of all measurable functions
such that || ]|, s < oo, where the quasi-norm, equivalent to the standard Lorentz norm, is defined

by
0o d 1/s

([ e s <o
0

supn'/"p**(m), s = 0.
n>0

[Wlfrs ==
Here
*ok 1 m *
P =~ [W(dc
nJo
and P* denotes the non-increasing rearrangement
P*(n) = inf{A > 0: p({z € R': [h(z)| > A}) <n}, n>0,

where 1 denotes the Lebesgue measure on R?.

It is well known (see, e.g., [11,|31]) that for 1 < r < oo,
LT,?"(IRd) — Lr(]Rd)

with equivalent norms. Note that under the standard definition utilizing the maximal function
P**, if one sets r = 1, the space L1*(IR?) reduces to {0} for all 1 < s < oo, which implies that
LY (RY) # LY(R?). Therefore, to ensure a non-trivial framework and valid norms, we restrict
our attention to the range 1 < r < oo. Within this setting, L™*(IR?) is a Banach space, and if

1 <51 <r < sy <00, then we have the continuous embeddings

LY(RY) ¢ L™ (RY) ¢ L(RY) € L*2(RY) ¢ L™°(RY).

B. Benaissi Cauchy problem for Fractional PDEs
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We also recall that, for 1 <p <ooand 1 <r < o0,

WPl = [[WI17,s

If 1 < g < s < oo, then there exists a constant () 5, > 0 such that

[Wllrs < Crsqll$llra:

We also recall the following interpolation property of Lorentz spaces. Let 1 < p; < py < o0,
O0<v<l,and let 1 < rq,ro, 7 < o00. If p is defined by

1 1-9 9

Y

p P1 b2

then
(Zrom(RY), L7272 (RY)) = L7 (R).

T

Here (-, -)g, denotes the real interpolation space obtained by the K-method. This result means
that Lorentz spaces form an interpolation scale: an intermediate space between LP*1(IR?) and
Lr22(RY) is again a Lorentz space, whose integrability exponent p is determined by the convex
relation above. The additional index r controls the fine scale of integrability inside the Lorentz
class. In particular, this property will be useful when estimating nonlinear terms, since it allows
one to pass from estimates in two different Lorentz spaces to an estimate in an intermediate Lorentz

space. For further properties of Lorentz spaces and real interpolation, we refer to [11,/12,28}|31].

Proposition 1.1 (Young’s inequality in Lorentz spaces [31,[54]). Let 1 < rq,7m9,7 < 00 , 1 <
S1, 82,8 < 00 satisfy 1+ % = % + i, and % = i + é If f € L' and g € L™, then

Hf * g“r,s < C||f||r1781||9||7‘2782-

Proposition 1.2 (Minkowski’s inequality [48]). For 1 <r,s < oo,

[T sy an

< [Tlrm.)

r,s dTl

T,
Euler Gamma function

The Euler gamma function extends the factorial function from positive integers to complex argu-
ments and plays a central role in fractional calculus, since it appears in the kernels of fractional

integrals and derivatives.

Definition 1.1 ( [36]). For z € C with £(z) > 0, the Euler gamma function is defined by

M'z) = /Oo et dt.
0

B. Benaissi Cauchy problem for Fractional PDEs
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Proposition 1.3. The gamma function satisfies:
1. T(z+1) =2T(2).
2. Forn € Ny, I'(n+1) =nl.
3. Forall z>0,T(z) > 0.

4. T admits an analytic continuation to C\ {0,—1,-2,...}.

Beta function

Definition 1.2 ( [36]). For z,w € C with £(z) > 0 and R(w) > 0, the beta function is defined by
1
B(z,w) = / #H1 — ),
0

Proposition 1.4. The beta function satisfies:

F(z)M(w)
Mz+w)

2. B(z,w) = B(w, 2).

1. B(z,w) =

Mittag—LefHler function

Solutions of many fractional differential equations are naturally expressed in terms of the Mittag—

Leffler function.

Definition 1.3 ( [36]). For R(«) > 0 and z € C, the one-parameter Mittag Leffler function is
defined by

Ey(2) = ;;) m.

For #(x) > 0 and € C, the two-parameter Mittag—Leffler function is

00 Zk:
B )

Proposition 1.5 (Basic properties of the Mittag—Leffler function). Let R(x) > 0. Then:
1. Ey is an entire function.

2. Special cases include

Ei(z) =€, Ei5(2) = , Ex1(z) = Ey(2).

B. Benaissi Cauchy problem for Fractional PDEs
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3. Ey admits a Hankel-type contour representation:

1 toc—l t
Eul2) /Q ©a

:Tm‘ t*—z

where QQ is a suitable Hankel contour.

Fox H-function

The Fox H-function is one of the most general classes of special functions and extends the Mellin—
Barnes representation of the Meijer G-function introduced in the 1930s. Its connection with the
@-Caputo fractional derivative has made it an important tool for studying fractional diffusion

models with memory and nonlocal effects.

Definition 1.4 ( [49]). The Fox H-function is defined as follows:

n,m (a1,01),.-,(ag, )] _ n,m (ap,0q)] _ 1 —s
Hes™ (2G| = Has™ [ 21600 = TM/QT‘(S)Z ds,

where
j=1 (b + Bys) I, T (1 — ar — o)
P T (ak + ) ?:nﬂ IMl—b;—Bjs)’
with z # 0 and 27° = exp [—s{In|z| + iarg z}]. Here, n,m,q,p € IN, with the constraints 0 <
m<gq,1<n<p, o, B; € RY and ay,b; e Ror C, for k=1,...,gand j=1,...,p.

mi(s) =

The contour Q starts at the point ¢ — 700 and extends to ¢ + ioo, where ¢ € R, and is defined
by the distance between the poles of ' (b; + 3;5), for j = 1,...,n, and those of I' (1 — a; — os),
fork=1,....,m.

The conditions for the convergence of the integral are as follows: 1. o* > 0, |argz| < %Woc*,
and z # 0.

2. «F =p =0, Re(p) < —1, argz =0, and z # 0, where

q

a*:z;aj— oo+ Bi— > By
i

j=m-+1 Jj=1 Jj=n+1
P q
p=> B~ &
= =
P q
qg—>p
0= b= aj+-—5—
=1 =
Proposition 1.6 ( [49]). The following inversion identity holds:
1 (1=bp,Bp)
Hm Z|(aqvfxq) — Hm7n[ . (11)
q,p |: (bP7BP):| P9 z (l—aq706q)

B. Benaissi Cauchy problem for Fractional PDEs
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Bessel function

Definition 1.5 ( [49]). The first type of Bessel function J, is defined as follows:

o] (_1)k <w>L+2k
Jl, = /1 . g e 3
(w) k; F(1+ 0+ k)& \ 2
where w € C\ (—o0,0] and ¢ € C.

Next, we assume that o > 0 or o* = p = 0 and Re(p) < —1. If € € C and ¥ > 0 satisty the

following conditions:

Re(c) + Re(r) + 9 min r{e(bﬂ') > 1,
<j<n j
and -
Re(e) + 9 max [ e(aj)] < §,
1<j<m | & o 2

for Re(r) > —3, then for a,b > 0, the following formula holds:

aq,%q)

o e—1 n,m J
/0 v J (ax)H ], [bx (bpﬁp)] dz

R I
= _H™7 b=
ac q+2,p (CL)

(1.2)

(bINBP)
Proposition 1.7 ( [68]). For any « >0, p € C, J > 0, and a € R, the following identity holds:
d _d [ d
[ <= Bl (=aldl?) ac = @mFaF [ afEL, (—aldl?) 1y (e did (13)

Here, Eéc')ﬁ denotes the i-th derivative of the Mittag-Leffler function (ML function).
The H-function can be used to express the i-th derivative of the Mittag-Leffler function as:

EDs(2) = Hi3 [= 2100 i wispy)] -

B. Benaissi Cauchy problem for Fractional PDEs



1.2. GENERALIZED FRACTIONAL CALCULUS 13

1.2 Generalized fractional calculus

In this section, we introduce the @-fractional integrals and fractional derivatives and present some
of their basic properties.

Let (a,b)(—o0 < a < b < 00) be a finite or infinite interval and n — 1 < & < n € IN. Assume
that @(t) € C"™(a,b) is a strictly monotone increasing function with @ — +oo as t — +o0,
satisfying ¢'(t) > 0. We define the function space ACy [a,b] as

ACy, [a,b] = {f : [a,b] = R| 957" f(t) € AC[a,b]}

where the operator 0, is defined recursively by

9010 = (s ) IO 0570 =2, (057210, with 087(0) = 1)

¢@-fractional integrals

Definition 1.6 ( [43,/55]). Let f € L'(a,b). The left-sided ¢@-fractional integral of order & > 0 is

defined by

L210) = g [ @0 (00— 0l e, 150

Similarly, the right-sided ¢-fractional integral is defined as

1

A0 = g | @0 (00 = o) f)dr, e <t

Remark 1.1. Special cases include:

o @(t) = t: yields the classical left- and right-sided Riemann—Liouville fractional integrals:

IS0 = g [ (=0 @

and
M) = g | (-0 @)

e @(t) =logt with a > 0: gives the Hadamard fractional integrals:

t ax—1 d
Y f () = r(l(x)/ (log i) fO, t>a>0

B. Benaissi Cauchy problem for Fractional PDEs



1.2. GENERALIZED FRACTIONAL CALCULUS 14

" HI“f(t)—l/b<1 T)“_lf( 1 a0
t,b - F(OC) s Ogt T T’ a .

e @(t) =1t° with a > 0 and ¢ > 0: corresponds to the Erdélyi-Kober fractional integrals:

EKyx _ 0 ¢ o oya—l dt
L) = g [ 0= F0 55
and , 4
EKyx . 0 o joya—1 T
Bl (0) =g ] (€= 100 55
Example 1.1. Let « > 0 and 3 > 0. We have
LI (@(t) — 0(a)P ! = ks (0(t) — @(a))*+P,
2. 5 (0(0) — 0(1)P~ = 85 (0 (b) — @(1))*+P~".
Proof. 1. Starting from the definition of the fractional integral,
oL@ p—1 __ 1 t / ox—1 p—1 d
L (o(t) —@(a))"™ = o Ju ® (7) (@(t) = ()" (@(T) — @(a)" " dr,
we introduce the substitution
o) - ela)
@(t) — o(a)

This implies that z = 0 when T = a and z = 1 when T = ¢, and

together with

Substituting these expressions into the integral yields

12 (0(0) = 0(@) " = e (00 = (@)™ [T a1 =) .

The remaining integral is the Beta function,

/01 P71 — 2)*'dr = B(B, )

Hence,

mﬂWQ—@@W*=<ww—@@ﬁ%”gfﬁg,

B. Benaissi Cauchy problem for Fractional PDEs
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Simplifying gives the asserted relation,
L (@(t) = @(a))P ! =

2. The same steps as in 1.

Remark 1.2. 1. When ¢(t) = t, we obtain

RLTx -1 _ F<B) o 1
Ia,t(t_a')[3 - F(OC—F[?)) (t_a) P
RLy«x -1 F(B) oa+p—1

(0 — )P~ = Tatrp Y Pt

2. When ¢(t) = logt, we obtain

3. When ¢(t) = t°, we obtain

EKI;t(to . a@)ﬁfl — r(E(_(i)E)) (tc . ac)oﬁﬁ—l)
EKIZb(bG _ td)ﬁ—l — F(EC(E)_)B) (bc i tc)oc—l—ﬁ—l‘

Proposition 1.8. The following semigroup property is valid for fractional integrals: if o« > 0 and
> 0. then

TP IR F() = Ta P A (),
INOIRP F(t) = TP £ (1),

Proof. 1. We have

L1805 (1) = ot [ o/ (0(0(1) — (1) P f(r) dr.

T(o+B) Ja

On the other hand,

LHRR ) = g [ @/ 0000 = @) i (x)

B. Benaissi Cauchy problem for Fractional PDEs
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Substituting yields
1t T

TP T = frgg [, (000 = ()0 (g [ @) 00) — @) f(s) dsdr

Thus,
1 t T

[&P1P £ (¢ :7// ()¢’ t) — o1 — p-1 ds dr.

ai Lot f(t) Fr (@) o o (D)@ (s)(@(t) — @(1)* (@(T) — @(s5))"" f(s) dsdt
We now apply the Fubini-Tonelli theorem to interchange the order of integration:

LA S0 = iy [ @ @000 — 00 (0(r) = 0(s)* " fls) drds.

Equivalently,
BT = 5 [ 0016 (g [ 00 = 000 - 006 o) ae) s
Therefore,

BP0 = oy . 6O g (0(0) — o) s
which simplifies to

BP0 = oo [ (0(0) = 0(s)™ 7 0/(s) f(5) ds.

(x+B)
This is precisely the definition of I; B9 £ (), and thus
LIl f(8) = T3P0 £ (1),

as asserted. O
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@-fractional derivatives

Definition 1.7 ( [43,)55]). Assume that a function f € ACY [a,b]. The left-sided ¢-Riemann-

Liouville fractional derivative of order « is defined by
DS = o [ e~ e(m) Rt t>a
ot F(n - CX) ® Ja ’ ’

Similarly, the right-sided @-Riemann—Liouville fractional derivative is defined as

D10 = iy [ @00 — () (b <

Remark 1.3. Special cases include:

o @(t) = t: yields the classical left- and right-sided Riemann—Liouville fractional derivatives:

D30 = g () [T @

and "o,
w00 = Vs () [

o @(t) =logt with a > 0: gives the Hadamard fractional derivatives:

) 1 A\" i\l de
HDa,tf(t):M<t(it> /a<10g1) fOS5 t>a>o.

and
i d noop n—a—1 d
"D f(t) = F(<n i) o (tdt> /t (log ;) f(T)%, b>t>a>0.

e @(t) =1t° with a > 0 and ¢ > 0: corresponds to the Erdélyi-Kober fractional derivatives:

d\" st d
D0 = T () [ e

and

o _ 0(_1)71 - fcd L o o\yn—a—1 dt
PEDY f(t) = Fn— o) (0 ! dt) /t (17 —17) f(T) o

Example 1.2. Let « >0, n = [«], and f > n. Then

L Dt (o) — @(a)P ! = gt (@) — @(a)P o,

2. DI (9(b) — @(1)P! = s (0(b) — (1))~

B. Benaissi Cauchy problem for Fractional PDEs
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Proof. proof of 1: We begin with

Dol (@(t) — @(a)?P = 9oLy “?(@(t) — @(a))P "

We have
r(B)

F(B — X TL) ((p(t) - (p(a))ﬁ—oﬂ-n—l'

Lor (e (t) — @(a)’~! =

Hence,

"B)an0(t) - o).

Dot (@(t) — @(a)P! = TB—atn)®

Set
O (@) — @(a)P <t fori=1,... n

SO

Step © =2

Tol@(t) = @)1= (B—atn—1)(B—a+n—2)(et) — @)’

Proceeding inductively, for ¢ = n we obtain

83(@(1&) - (P(a))ﬁ*oﬁnfl =PB-—a+n—1)PB-a+n—2)---(p—o)(@t) — (p(CL))Bfocfl_
Thus,

n —o+n—1 __ F(B -+ TL) —a—1
Fy(@(t) — o(a))P = e (00 @ ()Pt

We may justify the preceding product formula by induction, using the identity
P —o+n)=T((B-at+n—1)+1)=B—-a+n—1I(B—oa+n-1).
Applying this repeatedly, we obtain
FTB—a+n)=P-a+n—-1)PR—-a+n—-2)---(p—) (B — ).
Hence,

F(B—oc+n)'

(B_“+n_1)"'(ﬁ_“): F(B—(X)

B. Benaissi Cauchy problem for Fractional PDEs
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Therefore,
o P —oa+n) o
n t) — p—otn—1 _ 1) — B—a 1‘
I (@(t) — ¢(a)) TB-o) (o(t) — @(a))
Substituting this expression into the earlier formula yields
_ r'(p) e
Dog(p 1) — p—1 _ t) — B—a—1
at (@(t) — ¢(a)) TB—a a)(@( ) — @(a)) :
which completes the proof. O

Remark 1.4. 1. When ¢(t) = t, we obtain

mipg (¢ a)pt = B (g gre,

Fp — o)
RLT\x -1 __ F(B) —a—1
Dy, (b —1)Pt = m(b—t)ﬁ :

2. When o(t) = logt, we obtain

DR, (logi)ﬁ_l - r(;(% <logt>ﬁ_a_17

« (102) ~ _T(B) b\
HDW <logt> = m (logt> .

3. When ¢(t) = t°, we obtain

r
EKDZc’t (tc o ac)ﬁfl — (B) (to _ ao)ﬁfocfl’

rp — )
EKT\« o o\p—1 __ F(B) o o\p—a—1
Dy, (b7 — )P —m(b — %)t

Definition 1.8. Suppose that f € ACY [a,b]. The left-sided @-Caputo fractional derivative of
order &, with n —1 < o« < n and n € N, is defined by

D) = g [ @ (00— 0(0) T O far. 1>

Similarly, the right-sided @-Caputo fractional derivative is defined as

CT%,@ _ (_1)n /b / n—oa—1 an
D )= —/—"— —@(t ) d t <b.
0 = f [ @0 () = 0(0) 7 )
Remark 1.5. The left-sided @-Caputo fractional derivative was originally introduced by Kilbas
et al. [36] (see Equation (2.7.35), p. 115), although it was not explicitly named or analyzed under

the condition @ — 400 as t — +o0.
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Remark 1.6. For specific choices of @, the operators reduce to known fractional derivatives:

o @(t) = t: yields the classical Caputo fractional derivatives [36,58];

DS = g =0 O
and
DR = g L (1= 0 )

o @(t) =logt: gives the Caputo-Hadamard fractional derivatives [36},58];

N 1 ¢ "t A" dt
CHDa,tf(t) = l“(n—oc)/a <log T) (TdT> f(T)7,

and 1) , ) .
-1)" T\ % d dt
D (1) = oo [ (1og ) < e
00 = e | (108 ) T
o @(t) = e': corresponds to the exponential Caputo derivatives as defined in [42].
1 t d\” dt
CeDoc 1) = / t _  T\n—a—1 -t
a,tf( ) r(n _ O(.) a (6 € ) € dt f(T) €7T’
and

—1)n b d\” dt
C’eDoc — ( / T tyn—a—1 -1 )
) = g [ = ()
Example 1.3. Let « >0, n =[], and f > n. Then

LD (0(0) — 0(a) ! = gl (0(1) — @(a)P,

2. D’ (@(b) — @(1)P" = 325 (0 (b) — @(t))P.

Proposition 1.9. Let f € C"[a,b] and « > 0. Then

DRI = 1) - 3 P o(0) — ola)
and - % £h
I D) = 1) = -1 (o(0) - o)
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Proof. Using the semigroup law and the integration by parts formula repeatedly, we get
f “Dgl f(t) = T a0 f(t) = 1o 9 (1)

- (n—ll)' /at @'() (0(t) = @(1)" " pf(v)dr

— oty [ 0~ o) L0y )
— o [ (00 = o) Lo (o)
- L) ot - oty
— g (00— o) L0y )
T (o) - o)
—o= [ e 5 ) - gt
n—1 9k a k
= 1)~ X %1 (o(1) - o(@)

1.3 Generalized Laplace transform

Definition 1.9 ( [32]). Let @, f : [0,00) — R be real-valued functions such that ¢ is continuous
and @’ > 0 for all ¢ € [0,00). The generalized Laplace transform of f is defined as

Lol FOH@) = [~ @O0 pe)e(t) at

0

where the integral is valid for all values of w. In particular, this definition coincides with the

classical Laplace transform when @(t) = t.

Corollary 1.1 (See |22]). Let f, @ : [0,00) — R be real-valued functions such that @(t) is con-
tinuous and @'(t) > 0 for all t € [0,00). The inverse generalized Laplace transform is defined

by
1 c+ioo

271 Je—ico

E;I{F(w)} — ew(cp(t)—cp(o))p(w) dw,

where F(w) = Lo{f(t)}(w).
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Lemma 1.1 ( [22]).

and
wr P

Lo {(0(t) = 0(0)P " Eup (Mo (1) = 9(0)9)} = ——.

Definition 1.10 ( [32]). A function f : [0,00) — R is said to be of @-exponential order if there

exist non-negative constants M, ¢, and T such that

[f(B)] < Meo®

forallt >T.

Corollary 1.2 ( [32]). Let o« > 0, and f € ACy[a,b] with the derivatives 8(’; , fork=0,1,...,n,
being of @-exponential order. Then, the following holds:

£o{(D5) 0} ) = 0 |40 zw*k (05) 0]

Definition 1.11 ( [32]). Let f and g be two functions that are piecewise continuous on each

interval [0, 7] and of exponential order. The generalized convolution of f and ¢ is defined by

(Fro)®)= [ F(D)g (07 (0(t) +0(0) — (1)) @'(x)d.

Furthermore, the generalized convolution of two functions is commutative.

Theorem 1.1 ( [32]). Let f and g be two functions that are piecewise continuous on each interval

[0,T] and of exponential order. Then, the following relationship holds:

Lo {f *o g} = ﬁ@{f}ﬁw{g}-

Proposition 1.10 (The Young inequality for ¢-convolutions, [23]). If s1,s2,s3 € [1,00] with
i + é = i +1, feln (]Rd> and g € L™ (]Rd), then f x4, g € L™ (]Rd> with

1F %6 9l oo (ma) < IF 1l or (may 9] o2 (e

Proposition 1.11 (Gagliardo-Nirenberg inequality, [53]). Let v € W~ (IRd). The inequality is

valid

ey < MVl gl ey (14

for L=1—_% and 6 €]0,1] .
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1.4 Generalized fractional Laplacian and Fourier trans-

form

The d-dimensional fractional Laplacian with respect to a function ¢ is defined as [23]:

CAY ola) = v(x) —v(y)
(@) = CusPY- [, ey~ gy

| Jo ()| dy,

where ¢ : R — R? is a bijection whose first-order partial derivatives exist almost everywhere,

and Jy denotes the Jacobian determinant. A commonly used constant is

o 522T (8 + 9)
°T mdPT(1-8)

Remark 1.7. when ¢(x) = x, this reduces to the standard fractional Laplacian.
The fractional Laplacian (—A)S is defined as follows [19,/58]:

(—A)u(z) = Cys P.V. /R d W dy

1 v(x —y) = 20(z) + v(x +) a
:—5 d76/1Rd |y|d+25 dy, .CEE:[R y

where P.V. denotes the Cauchy principal value. One possible normalization is
8T (5+19)
4 w21 —d)
Numerical illustrations of the fractional Laplacian are postponed to Appendix @

Definition 1.12. (See [23].) Let d € N, and let ¢ : R — R? be a bijection whose first-order
partial derivatives exist almost everywhere. The d-dimensional Fourier transform with respect to
¢ of a function f is defined by

F@) = 1Fuf1 Q) = o [l 001 @) Lg(o)] da,

provided that the integral exists. The inverse transform is

-~

f(z) = {]—“glﬂ (x) = (27r1)d/2 /]Rd €i<¢($)’é)f(C) d¢, z e R%

Remark 1.8. when ¢(x) = z, this reduces to the standard Fourier transform.
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Definition 1.13. Let f and ¢ be functions in L! (Rd,dd)). The Fourier-type ¢-convolution is
defined by
(F o 9)@) = [ F(67(6(x) = &W))) 9v) 1Ja(v)] dy.

Theorem 1.2. (See [25].) Let ¢ : R? — R? be a bijection whose first-order partial derivatives

exist almost everywhere. Then
Fo [(=D)50 f(@)] = 12/ F(0),

for any f € LP (le,dd)), where 0 <8 <1 and 1 <p<2.
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CHAPTER, 2

Global existence for a generalized
fractional diffusion equation with

gradient nonlinearity

U n this chapter, we study the global existence of solutions to the following semilinear time—-space

fractional diffusion equation:

xT

CDEEu + (—A)u = alulP~lu+ b|Vult,  (t,z) € (0, +00) x RY,
(2.1)
uw(0,7) = up(z), =z € R,

where d > 1, € (0,1), & € (0,1), p > 1, and

B 20p
1= (p—1)+26

The constants a,b € R are prescribed, and the initial data satisfies uy € L*(R?), where

d
— S p—1)>1.
s 25(19 ) >

Problems of this type are closely related to the classical theory of semilinear heat equations. In
the particular case « = 1, @(t) = t, 8 = 1, b = 0, and a = 1, problem reduces to the
well-known Fujita equation. Fujita [25] showed that the exponent p = 1+ % plays a decisive role in
the global existence theory. Later, Weissler [64] refined this approach by proving global existence
for sufficiently small initial data in the critical Lebesgue space L*(R?), where s. = 4(p — 1) > 1.
The presence of the gradient nonlinearity connects the present problem with the model studied
by Snoussi and Tayachi [62], corresponding to the non-fractional case o« =1, @(t) =t, and & = 1.
They established the existence of mild global solutions under suitable smallness assumptions on
the initial data, with the critical gradient exponent ¢, = z%' Thus, the equation considered here
extends this framework by introducing both a generalized time-fractional derivative and a fractional
Laplacian, while preserving the critical balance between the source term and the gradient term.

Several related models are also included as special cases of (2.1). For instance, when a = 0

25
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and b # 0, the equation is related to the viscous Hamilton—Jacobi equation, which appears in
stochastic control theory and various physical models [3,8]. Further results on global solutions,
asymptotic behavior, and critical gradient effects were obtained in [61}|63], while extensions to
bounded domains and applications to population dynamics were discussed in [17,|1§].

More recently, fractional diffusion equations with memory effects have attracted considerable
attention. Viana and Gomes [27] studied nonlinear diffusion equations involving convolution-type
memory terms and obtained sufficient conditions for global existence, positivity, symmetry, and
long-time behavior of solutions. In a related direction, Li and Li [40] investigated a semilinear time—
space fractional diffusion equation involving the Caputo-Hadamard derivative and the fractional
Laplacian, proving global existence for small initial data in a critical Lebesgue space. These works
highlight the importance of fractional operators, critical spaces, and small-data assumptions in the
study of global solutions.

Motivated by these developments, we first derive the fundamental solution of the associated
linear problem by means of the @-Laplace transform and the Fox H-function. We then establish
decay estimates in Lebesgue spaces. Finally, under a suitable smallness assumption on the initial

datum, we prove global existence, uniqueness, and continuous dependence of mild solutions to (2.1J).

2.1 Fundamental solution of the linear problem

In this section, we derive the fundamental solution of the linear nonhomogeneous problem associ-

ated with (2.1)), namely

“Defu+ (—A)Pu=g(t,z), (t,z)€ (0,+00) xR, 02)
uw(0,z) = up(x), r € RY,

where ug is the prescribed initial datum and g is a given source term. Throughout this section, we

assume that
up € S(RY), g C([0,00);S(RY)).

These assumptions ensure that the Fourier transform with respect to the spatial variable and the
generalized @-Laplace transform with respect to time are well defined. The resulting representation

formula can then be extended to less regular data by density arguments.

Theorem 2.1. Let d > 1, a € (0,1), and & € (0,1).
The solution of problem ({2.2)) is given by

ult,) = [ GElt —y)ualy) dy

+ /Ot /]Rd Gl“)((pﬂ((p(t) + @(0) — (p(1)>,3; _ y) g(t,y) dy @'(7) dr,
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where .
_ —i(C,x) 7126 . o«

GE (1) = (357 Jo @7 Ban (H10 (0(6) — 0(0))") dC (2.3)

and |
G () = 5 [ (0(1) — 0(0)  Eun(~1P(0() — 0(0)) i (24)
(2m)d Jre

Proof. We apply the Fourier transform with respect to the spatial variable x. Since

(=AY u(x) = F ' ([ca(0)) (z), zeR!, 0<8<1,
problem ([2.2)) is transformed into

“Defa(t, ¢) + [cf*a(t,¢) = g(t,¢), (t.0) € (0,+00) x R, o)

u(0, ¢) = up(Q).

Applying the generalized @-Laplace transform to (2.5)), and denoting

U(s, Q) = Lotu(t, O)}(s),  Gls,0) = Lo{g(t, C)}(5),
we obtain
Lo {D5fa(t, ) + [ Lofalt, O} = Lo{g(t, )}
Using Corollary [[.2] with n = 1, since 0 < & < 1, we have
Lo {9D5 (0} = s"U(s, ) — s*71a(0, ).
Moreover, by the initial condition

(0, ¢) = uo(C),

and by the linearity of the generalized @-Laplace transform,
Lo {le)a(t, o)} = |¢*U(s, 0).
Therefore,

s*U (s, €) = s an(C) + LU (s, 0) = G(s, 0).

Equivalently,
(s*+12*)U(s, 0) = s (C) + G(s, Q).

Solving for U(s, ¢), we get

%1 1

U(S, C) = W aO(C) + W

G(s, Q).
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Hence,
s 1
%+ [ ]2 to(C) + ENTER

Indeed, the inverse generalized @-Laplace transform is applied term by term. Setting

ﬁq,{ﬂ(t, C)} = E@{g(t> C)}

A = |C’267

we use

and

£ ) = (o) — 0(0) Eaa (=A(0(1) — 0(0)").

Moreover, by the convolution theorem associated with the generalized ¢-Laplace transform, we

have

o {S“;W@{g(t, C)}} = /Ot(cp(t) — @(1)* " B (—1*(0(t) — 0(1)*) §(t, Q) @' (1) dr,

Therefore,

a(t, ) = tp(C) Bat (—1C[* (@ (t) — 0(0))%)
+ [ (0) = 0(0)™ Bua (e (0(0) — 0(0)) gr. O @' (D) dr. (26)

Taking the inverse Fourier transform to ([2.6)), we obtain

ult) = [ GE(tx — ) ualy)dy

t
+/ / GY (o7 (o) +0(0) — (1)), x —y) g(t,y) dy ¢'(7) dr.
0 JRI
This completes the proof. O

The following lemma provides explicit expressions for the kernels G and GY in terms of the

Fox H-function.
Lemma 2.1. The kernels G¢ and G¢, defined by (2.3)—(2.4), satisfy

1.
1
T2z |d

|l’|26

22((t) — @(0))

G§(t,x) = HS;

(1,1),(1,x) ]

(1,1),(£,5),(1,9)
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|$|25

(@(t) = @(O)*! a1 25((t) — (0"

7Td/2|x|d 2,3

GY(t,x) =

(1,1),(x,0x) ]

(1,1),(4.8),(1,8)

Proof. We prove only the first identity, since the second one is obtained in exactly the same way.

By 7 , and , we have

GE () = o [ e Bu (10 (1) — 0(0))*) dC
_ 1 1-dj2 [ -1d/2 111 ] | 7126 «|(0:1)
= gl [ I 10 — 0y o | Iy st ald
1 H2,1 |x|25 (1,1),(1,0()
w2 |z |4 . 22(@(t) — ¢(0))* (1,1),(£,8),(1,8)
This completes the proof. O

Example 2.1. Figure 2.1] illustrates the kernel G corresponding to

for the two values o = % and o = 1, in dimension d = 1, over the time interval (0, 2].

a=1, p=1, 5=1, d=1

0.8

(v1)

04
Go'(x, 1)
0.2

il
(]

0.4

0.2

0.0

L L L
-3 -2 -1

0.5

7

0.
G5 (x, 1)
0.0

@)

1.0l

Figure 2.1: Profiles of the heat kernel G§. Top: x =1, p=1,06 =1, d = 1. Bottom: a = 0.5,
p=1086=1,d=1.
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2.2 Decay estimates

In this section, we establish decay estimates for solutions to (2.2)) in Lebesgue spaces.

For convenience, we write

- Ml = 11 o (ray,

and define
00, d < 29, 0, d < 49,
A(d,d) = d A*(d,d) = d
d > 29, d > 4%.

d— 25 d— 48’
Arguing as in [38, Theorem 3.5] and [40, Lemma 2.2], we first obtain the following estimate.

Lemma 2.2. Let 1 < s <r < oo, and define

S§(Euo = [ GE(tx =) uoly) dy.

Then
_ad(1l_ 1
158 (8ol < Col@(t) — @(0)) "% =) Jug (2.7)
whenever
1 1 , { 25}
- ——<ming 1, —;.
s T d
Remark 2.1. In particular, if g = 0, then (2.7 yields
_oad(1 1
Ju(t, )l < Col@(t) — @(0))~% G5 Jug .

Theorem 2.2. Letd € N, 0 < x <1, and 0 < & < 1. Assume that
1 <5 <A*(d,?d).
Then G¢(t,-) € L¥ (R?), and
ad 1

1GL(t, )l < Clo(t) — @(0)*=50-7) >0,

We next derive a decay estimate for the solution to (2.2]) with vanishing initial data.
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Theorem 2.3. Let 1 < < A(d,d), 1 < s,r < 00, and assume that
1 1 1
— o =14
s s T
Suppose that g(t,-) € L*(R?) for every t > 0, and that
—9
lgtt )l < C(L+ @)~ 9(0) ~. >0, (28)
for some v > 0. Then
t
ult.) = [ [ G207 (0(t) + 0(0) — o(v).x ~ ¥) g(r.¥) dy ¢'(7) dv
satisfies
lutt. )l < Clo(t) = @)= 50=0) g >0, (2.9)
if v # 1, and
a-1-52(1-%)
lu(t, - < Clo(t) — @(0)* % =) log (14 @(t) — (0)),  t>0, (2.10)
if0 =1,

Proof. We split the proof into two steps.

Step 1. Estimate of the first time interval. By Minkowski’s inequality and young’s inequality,

splitting the time integral at

@4<@@);@GD>,

we write
lu(t, )|, < I+11.

Using Theorem [2.2] and (2.8)), we obtain

ISCw@—@wW”3W50£O+@m—@wD<ﬁﬂﬁ

1

< Clo(t) — (0)* ™5 03,

(2.11)

Step 2. Estimate of the second time interval. For the second term, the singularity of G

near t = 0 is integrable provided that

od 1
—1——(1-—= —1.
x 26( s’)>

(2.12)
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Under this condition, we infer that
@71( «)(042—@(0)>

11< Clolt) = 9(0) ™ |

< C(o(t) — @(0))*—5(1-3), (2.13)

Conclusion. Combining (2.11)) and (2.13), we obtain (2.9). The case ¥ = 1 is handled in the
same way and yields the logarithmic correction in (2.10). This completes the proof. O

2.3 Global existence and continuous dependence

U n this section, we introduce the notion of mild solution to (2.1)) and establish global existence
and uniqueness by means of a contraction mapping argument.

For brevity, we shall sometimes write u(t) instead of u(t,x).

Definition 2.1 (Mild solution). A continuous function
u: (0,00) — W (RY)
is called a mild solution of problem (2.1)) if it satisfies

u(t) = Sg(t)uo + /0 “5¢(0 (0t) + 0(0) — 9(1)) [a|u<T>|“u<T> + 0| Vu(r)|?| @' (1) dT. (2.14)
Here
SYWf = [ G tx =) f() dy.

To prove global existence, we need suitable decay estimates for SP (t)ug and VSP (t)ug. Arguing

as in |38, Theorem 3.9] and [40, Lemma 2.3], we obtain the following result.

Lemma 2.3. Let 1 < s<r <oo. Then

11
™

152 (#) ol < C(t) — @(0)* 5 ) |jug ., (2.15)
IVSE (Duollr < C'(@(t) — @(0)* 55 (3) g, (2.16)

provided, respectively, that

1 1< . 145 1 1< . 1 46
Z — 2 < min — T <mind{=,—3}.
s r d | 2" d
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Lemma 2.4. Let

oxd /1 1
=5 0
Assume that the parameters 6,d, p,q, s,r, m, with m,r > 1, satisfy
max {d(q - 1), q} <7< gs, (2.18)
20
rpd
max {7’, P o5+ d} <m < ps. (2.19)

Then the following assertions hold:

r m
(i) —>1and — > 1,
q p

(i)
oxd (p 1 xd(q—1)
26(m_r)_(cx_1><1’ 20r —(a=D <1,
(iii)
ocpd(l 1) (oc )
TP 2) <1 had 1
p 26 \r m <5 1 25—1—\/ <5h
(iv)
v+(cx—1)—°‘d<p—1)— —W(l—l)ﬂ—o
26 \m 1 26 \r m Y
v d 1
v~|—(oc—1)—oc(2q§;)—q(;;+v)+1:0.

Remark 2.2. Corollary [2.4] provides the admissible exponents needed in the contraction argument
below. More precisely, part (i) ensures that the nonlinear terms are well defined in suitable
Lebesgue spaces, parts (ii) and (i7i) guarantee the convergence of the relevant time integrals,

while parts (iv) and (v) yield the cancellations required to derive uniform estimates on (0, co).
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Theorem 2.4. Assume that (2.18)—(2.19) hold, and let v be defined by (2.17)). Suppose that L > 0

satisfies
/iquil + /€2Lp71 <1,

where k1 and ko are the positive constants defined in (2.32)) and (2.33)). Let R > 0 be such that

R+ k1LY 4 ko LP < L. (2.20)
Let ug be a tempered distribution satisfying

N (ug) = sup [(0(t) — @(O)[1S¢ Duollr, (@(t) — @(O)FIVSEDull,] < R (2.21)

t>0

Then problem (2.14) admits a unique global mild solution u satisfying

sup [(@() = @(0)"[u(®)ll,, (@(t) = ©(0)F [ Vu(t)]|,| < L. (2.22)

t>0

Moreover,

(i) wu(t) — SF(t)up € C’([O, o0); Lp'(]Rd)> for max <Tg, 2) <p < ;2(? - 1),

(i) ult) — S (t)us € £2(0,00) L (RY) ifpf = 5o = 1),
(iii) limu(t) =uo in S'(R%).

In addition, if uy and vy both satisfy (2.21)), and if u and v are the corresponding solutions, then

sup [(@() = @(0))"[[u(t) = o), (9(t) = ©(0))% [ Vu(t) — Vo(t)],]

t>0

< (1= (L7 + kL)) N (g — o). (2.23)

Proof. We divide the proof into several steps.

Step 1. The fixed-point operator. Let X be the set of all Bochner measurable functions
u: (0,00) — WH(RY)
such that
lullx = sup (@(t) = @(0)"[[u(®)]lrs (@(t) = ©(0))"*5 || Vu(?)]l,| < oo. (2.24)

For L > 0, define
Xp:={ueX:||ul|x <L}
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Equipped with the metric d(u,v) = ||u — v||x, the set X is a complete metric space.

Define ¥, : X;, — X by

Wy (0)(0) = S5O+ [ S7(07 (0(t) +0(0) — () [alu(D)l~ u(x) + HTulw)l] (1) de.

We shall show that ¥, is a strict contraction on Xy.

Step 2. Estimate in the L"-component.
Let ug, vy satisfy (2.21)), and let u,v € X. Using (2.15)), together with

IVl = [Volllyg < g(IVullZ™ + [Voll2) [ Vu = Vo,
and
el w = [0l 0l < (el + ollE ) e = vllm,
as well as the Gagliardo—Nirenberg inequality, we obtain

(@) = 9(0))"[[Wag (w)(t) = Way (v) (1)
< (@(t) = @(0)"[1S8 (1) (o = vo) |l» + (C1L™ + Co L™ )d(u, v),

where
q 1

1 X X
Oy = 2Cblg / (1— 1) -8 E- D) 4,
0

and
paxd

1
Cy = 2C|alpht? [ (1 — ) HEDrr G ar
0

Similarly, by (2.16]), we obtain

(@(t) — @(0))* 5 [[ VW, () () — VW, (v)(t)]l,
< (@(t) = @(0))" 5 VS (1) (uo — vo) |, + (CLI™ + C4LP V) d(u, v),

where 1
C] = 20’\6[(]/ (1- T)“_l—%—%(g—%),r—q(%w) dr,
0
and 1
Cy = 2C"|alpM? [ (1 — 1) 5% G D=5 G- dr
2 P ; ( )

Step 3. Contraction estimate.

Combining (2.25) and (2.28)), we obtain

d(‘lluo(u), \IJUO(U)> < N(ug —vg) + (k1 L9 + ko LP7Y) d(u, v),

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

B. Benaissi Cauchy problem for Fractional PDEs



2.3. GLOBAL EXISTENCE AND CONTINUOUS DEPENDENCE 36

where

k1 = max{Cy, C}}, (2.32)
ko = max{Cy, Cy}. (2.33)

By Corollary 2.4] all these constants are finite.
If vyg = v =0, then (2.31)) yields

1o (u)llx < N(uo) + (51 L7 + 2L ulx

Hence, by (2.20]) and (2.21)), the operator ¥,, maps X, into itself.
If ug = vo, then (2.31) reduces to

(W (1), W (v)) < (2 L7 + K2 L) d(u, v).

Since
liquil + /€2Lp71 < 1,

the operator ¥, is a strict contraction on Xj. Therefore, by the Banach fixed-point theorem, it
admits a unique fixed point in X, which is precisely the desired global mild solution.
Proof of (i) and (ii).

Let p' satisfy

m r d
— - <y <=(p-1). 2.34
wa (1) <t < - (234

From the mild formulation, together with (2.15), the Gagliardo—Nirenberg inequality, and ({2.22]),

we obtain

lu(t) — S¢Euslly < Ca(o(t) — @(0) B brs (-5

+ Cilo(t) — (0) BT, (2:35)
Using the definition of v in (2.17)), estimate (2.35)) becomes
xd
[u(t) =S¢ (H)uolly < (Cs+ Ca)(@(t) — @(0))2 7T (2.36)

Since the exponent on the right-hand side is positive for p’ satisfying ([2.34)), it follows that
u(t) — S§(t)ug — 0 in L” (RY) ast — 0,

which proves (i). The endpoint case in (ii) follows by the same argument.

B. Benaissi Cauchy problem for Fractional PDEs



2.3. GLOBAL EXISTENCE AND CONTINUOUS DEPENDENCE 37

Proof of (iii) and continuous dependence.

Assertion (iii) follows from the convergence
Sty —uy  in S'(RY  ast— 0,

together with the fact that the nonlinear remainder tends to zero as ¢t — 0.
Finally, estimate ([2.23]) follows by setting ¥, (u) = u and ¥, (v) = v in (2.31]). This completes
the proof. O
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CHAPTER 3

Local existence for a generalized
fractional diffusion equation with
fractional Laplacian and exponential

nonlinearity

UN this chapter, we establish the local existence and uniqueness of solutions to the Cauchy problem

for the time-fractional diffusion equation

“Dgfu+ (—A)g,(x)u = Ié;y"p[e“] . (t,2) € (0,+00) x R4, o)
U(O) = Uy, IE Rd,

where «, 8,y € (0,1) and d € IN. The operator CDS‘f’ denotes the @-Caputo fractional derivative,
while Ié;y’(p is the Riemann—Liouville fractional integral with respect to the function ¢@. The
operator (_A)fb(x) represents the fractional Laplacian associated with the transformation ¢, which

allows the model to include spatial heterogeneity. The initial datum satisfies

Uy € Co(]Rd> = {U € C(]Rd)

|xl|i£>noov(x) = O} :

The study of diffusion equations with fractional operators has attracted considerable attention
because such models provide a suitable framework for describing anomalous diffusion, memory
effects, and nonlocal spatial interactions. In particular, equations involving time-fractional deriva-
tives are useful for representing processes with hereditary properties, while fractional Laplacians
are widely used to describe long-range diffusion phenomena. In the present chapter, the use of
the @-Caputo derivative and the ¢-fractional Laplacian introduces a more general temporal and
spatial structure than the standard fractional models.

The exponential nonlinearity appearing in is also motivated by several works on reaction—
diffusion equations with nonlinear memory. Cazenave et al. [16] investigated semilinear parabolic

equations with nonlinear memory terms, while Ahmad et al. [1] studied reaction—diffusion models
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involving nonlocal time and space operators with exponential nonlinearities. These contributions
show the relevance of nonlocal memory terms in the study of existence and qualitative behavior
of solutions.

More recently, Kirane et al. [7] considered a time-space fractional evolution equation with a
nonlocal exponential nonlinearity, where the time derivative and the spatial operator were taken
in standard fractional forms. Borikhanov et al. [15] also studied an integro-differential diffusion
equation involving a Riemann-Liouville type memory operator and an exponential source term.
Compared with these works, problem introduces two additional levels of generality through
the @-Caputo derivative and the ¢p-fractional Laplacian.

In a related direction, Benaissi et al. [9] studied nonlinear time-space fractional diffusion
equations involving generalized fractional operators and established existence, uniqueness, well-
posedness, and decay estimates for mild solutions in suitable functional spaces. These results
provide important motivation for the present chapter, where the focus is placed on a generalized
fractional diffusion equation with a nonlocal exponential nonlinearity.

Motivated by these developments, we first derive the fundamental solution of the associated lin-
ear problem by means of the @-Laplace transform, the ¢-Fourier transform, and Fox H-functions.

We then prove the local existence and uniqueness of mild solutions to (3.1)).

3.1 Fundamental solution of the linear problem

In this section, we derive the fundamental solution of the linear nonhomogeneous problem

CDS‘:t‘Pu + (—A)g)($)u = g(]’j)x)7 (t,[[‘) c (O7 +OO) % Rd7

(3.2)
u(0,7) = up(z), =€ R%
Theorem 3.1. The solution to problem s given by
t
u(t, 1) = Golt, ) g wole) + [ G107 (0(0) + 9(0) = 0(1)).") g g(r. ) (2) /(1) i,
where )
_ (¢, P(z)) | 7126 . «

Got:7) = (5 Joa P Bua (12 (0(0) = 0(0))%) (33)

and

Gi(t:2) = /Rd P (@(t) — 9(0)* ! Eau (10 (@(t) — @(0))%) dT. (3.4

Here Ey, and Ey « denote the Mittag—Leffler functions.
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Proof. Applying the ¢-Fourier transform to (3.2]) with respect to the spatial variable z, we obtain

“Dolu(t, ©) + [¢)®a(t, ¢) = g(t, ¢),  (t,0) € (0, +00) x RY,

u(0, ¢) = 1o (C),

(3.5)

where

u(t, Q) = Folult, )](0Q),  §(t, ) = Fe[g(t, )](0).
Applying the generalized ¢-Laplace transform to (3.5)), and using Corollary with n = 1
together with Lemma [I.I}, we obtain

w* ! 1

Lol O = L3 ) + o g

we + |C!25 Uo

Lo{9(t,0)}-
Hence,

a(t, ) = tp(C) Ba1 (0% (@ (t) — 0(0))%)
+ [ (0) ~ 0(0)™ Bua(-Ie*(0() — 0(0)) gr. O @' (D) . (3.)

To justify the inversion procedure and the subsequent representation formula, we impose additional

assumptions on the data. We assume that
uy € Co(RY) N Lé(]Rd) and g(-,t) € Lé)(]Rd), vt € [0,T].

Under these assumptions, the Fourier transform with respect to ¢ is well defined, and the kernels
appearing in f are integrable in the spatial variable.

Moreover, from Lemma , the kernels Gy and G, satisfy suitable L'-bounds, which ensure
that all convolution expressions below are finite.

Next, the application of the inverse generalized Laplace transform to is justified by
Lemma together with the convolution theorem for the ¢-Laplace transform. In particular,
the second term in corresponds to a @-convolution in time.

Furthermore, the interchange between the inverse Fourier transform and the time integral is
justified by Fubini’s theorem. Indeed, the above assumptions and the kernel estimates imply that

the integrand is absolutely integrable on R? x (0, T').
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Applying the inverse ¢-Fourier transform to (3.6]), we deduce that

ult,z) = [ Golt: 47 (@) = 0(y)) uo(y) | Jo(y)|dy
[ G070 +0(0) — 0(). 676 () — d(1))) 9(t.1) g )| dy o (1) dx
= Golt, ) e uole) + [ G107 (0(0) + 0(0) — @(1)).) 59 97, ) (2) @'() T
This completes the proof. O

Lemma 3.1. The kernels Go(t,z) and G(t,z), defined by (3.3) and (3.4), satisfy the following

identities:

1.
1

w2\ ()|

()|
22(p(t) — @(0))*

GO(tax) = H22,7?}

| ()
22(o(t) — @(0)

(@(t) = @(0)* ' 24
Gt ) = i

(1,1),(x,x)
] . (3.8)
(1,1),(4,8),(1,8)

Proof. We prove only the first identity, since the second is obtained in the same way.

Using (1.3, (1.2)), and (|1.1]), we obtain

Golt.) = Gz [, 0 Eu (<12 (0(0) ~ 0(0))%) dC

)
1 ;

= o [T1d 10 00— o)) 1y el ala

I S ) [0

miP2lG()l | 2250 (t) = @(0)* | 1) (£.) 0]

To ensure the validity of the above representation, we verify the convergence condition of the Fox

H-function. A direct computation gives
& =2

Since « € (0,1), it follows that o* > 0. Therefore, the Fox H-function appearing above is well
defined and the corresponding integral representation is convergent.

This completes the proof. O

Lemma 3.2. For Go(t,z) and G1(t,z) given by (3.7) and (3.8)), the following properties hold:

Go(t,z) > 0, /]Rd Go(t,z)dx =1,
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[ Crlta)dz = 2o (0(0) — @(0)

IOto“pG1<t .I‘) Go(t,l‘)

Proof. We first compute

=1

w=0

Y

[ Golatyde = [ e <¥D0>Gofar 1) do = Bua ([ (0(t) ~ 0(0))%)

and

o i<d(x),0>
/IRdGl(:U,t)dx—/]Rd Gi(z,t)dx

= (0(1) = @(0)* Euu( ol (0(1) ~ 0(0)%) | = 0

where Ey1(z) and Ey«(2) are the Mittag-LefHler functions.
Next, using Definition and Definition [I.4] we obtain

Io+oc *Gi(z, t)

o) [
22(0(t) = @(0)* (1 1) (2 )(1,5)”'

Using the Mellin-Barnes representation of the H-function, we write

(o(t) — @(0)* 1H

= I(l):x,(p d
T2 | ()|

_ 1 1 TA+00E+8T)0(—1) [|d(z)|?
_M)(l")’dﬂd/z%i/ﬁ I'(ot + at)['(—07) ( 220

Applying the fractional integral gives

15700 = 0(0)"* ! = LT (1) ~ 9(0)™
hence
B 1 1/ I'(1+7)0(E +80)I(—1) (o + o) ( | (z)]? )T 1
() 4ri2 210 Ja T(oc+ ot)D(=8T)0(1 + oet) 22(@(t) — @(0)) *

Recognizing again the H-function, we obtain

1 (1,1),(1,a)

o H2,1

— T d d 2,3
w2 | (z)]

b ()[*
22(@(t) — @(0))*

] = GQ(I,t).
)-(1,8)

(1L1),(4.8).01,

)l - o)
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Moreover, since 0 < «, 6 < 1, and @(t) — @(0) > 0 for ¢t > 0, the function

¢ Ean(—1C*(0(t) — (0))%)

is completely monotone with respect to [¢|*. Since the Mittag-Leffler function Ey;(—r) is com-
pletely monotone for r > 0, it admits a subordination representation. Therefore, by the classical
subordination principle for time-fractional diffusion equations (see [6]), its inverse Fourier trans-
form is nonnegative. Hence, Go(z,t) > 0 for all x € R%, ¢ > 0. Furthermore, since Gy is the

fundamental solution associated with the fractional diffusion operator and

/]Rd Go(z,t)de =1,

we have
Go(z,t) > 0, reRY t>0.

This completes the proof. O

Lemma 3.3. Letd € N, a € (0,1), and T > 0. Assume that
g€ L((0,T),Co(RY),  ¢>1.
Define
t
Wy(t) = /0 Gi(@7 (@) + @(0) — (1)), ) %4 9(T, ) @'(7) dr.

Then
15,5,(1) = [ Go(0 (0(t) + 0(0) — (7)) %o (v, ) ¢/(7) T

Moreover, if qx > 1, then
¥, € C([0,7], Co(RY)).

Proof. We first prove the identity involving the fractional integral. By Definition[I.6land Lemma|3.2]

we have

B0 = fp e ) (00) — 0(0) 0y(0) ¢/(x) i

— = [0 = o) G (o7 (000 + 000) - 0(s). )
¢ g(s,+) @'(s)ds @'(t) dt
- /Ot Go((P_l((p(t) + (P(O) - @(8»’ ) *¢ g(sv ) (p,(S) ds.

We next establish continuity. Set Y = Cy(IR%), let h > 0, and assume that 0 <t <t+h < T.
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We write
Yo (t+h) =W, (t) = J1 + Ja,
where
h= [ 607 (0l + 1)+ 0(0) — 0(0).") #p () ') d
bzA%%@ (@t +h) + @(0) wﬁ»)—G&@WMU+M®—¢m%ﬂ

By Lemma and Holder’s inequality, we estimate J; as follows

1 e o ,
|Uﬂy§*4*/ (Wt +h) = (1) lg(D)ly @' ()T
I(a) Je

1 t+h q % t+h aa=l) %
<t U Temleman) [ (ot + )~ 0(0) T @'(0de

1 q - 1 q%ql 1 qa—1
<t () Iallon (0(T) = 00 (olt + 1)~ 0(1) "

To estimate J,, we use the following standard splitting argument.

Set
he =@t +h)—@(t)>0

and use the change of variables
r=@(t) - o(1).

Since @ is strictly increasing, we have
@'(t)dt = —dr.

Therefore,

[ (min {(cp(t) — @)L (@) — @(1)*he }) T @/(1) dT

o(t)—(0) _a_
:/ mln ra_l,h(pro‘_2}> = dr

/ mln alhro‘2}>qdr.

\1
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Splitting the last integral at r = hy,, we obtain

/OOO (min {To‘_l, h(pra_Q}) T dr

h(p q(a—1) %1 X g(a—2)
:/ r a1 dr 4 hg r a1 dr
0

he
S Sl SR kY
qga — 1 qg+1—qa«
_ q(g—1) =

(g =1)(g+1—qa)
Here the first integral is finite because qa > 1, while the second integral is finite since
—2
ga=-2)
qg—1

Consequently,
qoa—1

[ L2lly < Cligllzaqor).y) (@t +h) —@(t))

Since gox > 1, both terms tend to zero as h — 0. Therefore,
¥, € C([0, 7], Co(RY)).

This completes the proof. O

3.2 Local solution

In this section, we introduce the notion of mild solution to problem (3.1) and prove its local

existence and uniqueness by means of a fixed-point argument.

Definition 3.1. Let ug € Cyp(IR?) and T > 0. A function
u € C([0,T],Co(R))
is called a mild solution of problem (3.1)) if it satisfies
u(t) = Golt, ) xo 0+ [ Gi(07 (@0(0) + 0(0) = @(0), ) 5y (1577[e¥] ) (7) e

Theorem 3.2. Let d € N, oc € (0,1), & € (0,1), and ug € Co(R?). Then there exists a mazimal
time Tmax > 0 such that problem (3.1)) admits a unique mild solution

u € C([0, Tax), Co(RY)).
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Moreover, either Thax = 00, 01 Tyax < 00 and

”u||L°°((O,T),L°0(]Rd)) — 00 as t T Thax.
In addition,

(i) if ug > 0 and ug £ 0, then

u(t,-) >0 for all 0 <t < Thax.

(ii) if ug € L"(RY) for some 1 < r < oo, then

u € C’([O, Thnax) LT(IRd))-

Proof. (i) We divide the proof into several steps.

Step 1. Definition of the fixed-point operator. For 7" > 0, define
Eor = {u e C([0,T), CoRY) | [[ull o < 2ol o)} -

where
||U||E0,T = ||U||Loo((o,T),Loo(Rd))-

Since C([0, T, Co(R)) is a Banach space, the metric space (Eyr,d), endowed with
d(uﬂj) - HU - UHEO,T’

is complete.

For uw € Ey r, define

W(w)(1) = Golt, ) kg o+ [ Gr07 (0(0) +9(0) = 0(x)),") = (157771e"] ) @'(0)

We first show that the operator ¥ is well defined on Ey r. Let u € Ey . Since u is bounded,
it follows that e* is also bounded and belongs to C([0, T, Co(R?)).

Moreover, the generalized fractional integral operator Ié;y’(p preserves continuity in time.
Combining this with the L'-bounds of the kernels Gy and G and Young’s inequality for the

¢d-convolution, we deduce that W(u) is continuous.

By Lemma [3.3] we have
W(U) < C([Ov T]7 CO<]Rd))
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We show that W maps Eyr into itself for 7' > 0 sufficiently small. By Lemma [3.2]

[W(u) ()] Lo ray < |Golt, +) *4 tol| Lo (ra)
+0(0) — (1)) g (15771e))

@'(1)dt

Loo(R9)
< luol| oo (IR9)
2”“0HLOO(]Rd)
Fari oy L @) = e 00) — 0(s) ¢ (5 ds @'(x) v

e oy ol
M —v+2) '

< ||U0”L<>o(1Rd) +

Hence, if T' > 0 is chosen so that

(@(T) — @(0))*r*!
[Ma—v+2)

eleolleoe ) < lug|| oo (re),

then W(EQT) C EO,T-

Step 2. Contraction estimate.

Let u,u € Eyp. By the mean value theorem applied to the exponential function, we have
|€u(T . GE(T)| < 62||UOHLOO(IR¢)|U(T) — (7).

Therefore,

(@(T) — @(0))*r*!
Ll —v+2)

2luoll oo (e lu — || g, -

[b(u)(t) — & () ()| oo ray <
Choosing T' > 0 smaller if necessary, we may assume that

(©(T) = @(O)* " s - 1

Mo —v+2) -2

It follows that ¢ is a strict contraction on Eyp. Hence, by Banach’s fixed-point theorem,

there exists a unique mild solution on [0, 7.

By standard continuation arguments, there exists a maximal existence time Ty € (0, 00
such that
u € C([0, Trax ), Co(RY)).

Step 3. Blow-up alternative.
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(i)

Suppose that Tj,.x < oo and that there exists M > 0 such that
l|1w(t)]] oo (ray < M for all 0 <t < Thax-

Using the mild formulation and the continuity properties of the kernels, one verifies that u(t)

is a Cauchy sequence in Cy(IR?) as t T Tyax. Hence
u(t) = ur,,, in Cy(IRY) as t T Thax

for some ug, . € Co(R?). Repeating the local fixed-point argument with initial value ug,
at time T,,., we extend the solution beyond T},.,, which contradicts the maximality of T}.x.

Therefore, if Tj,.x < 0o, then necessarily

|| oo ((0,17), £o0 (Re)) —+ 0 as t T Thax-

Positivity.

If up > 0 and up # 0, then the fixed-point argument may be carried out in the cone of

nonnegative functions. Since Gg(t, ) is positive by Lemma we obtain

u(t,) > Go(t,") *pup >0  for 0 <t < Tipax.

L"-regularity.

Finally, assume that ug € Co(RY) N L"(IR?), where 1 < r < co. We define the space

Eor = {U € O([0, 7], Co(RY) N L"(RY)) : [[ull L= (0,79, < 2lJuo| 2=,

=00y < 2ol |-

Since the solution is already bounded in L>®(R?), the exponential nonlinearity is locally
Lipschitz, that is,
le* —€e”llr < Cllu — |-

for u,v in a bounded subset of L>(IR%).

Moreover, using the fact that the kernels satisfy L!-estimates and applying Young’s inequality

for the ¢-convolution, we obtain that the operator ¥ maps Ej r into itself.

Repeating the fixed-point argument in this space, we deduce the existence of a unique solution

u € C([0,T], L"(R%)).
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By continuation, this property extends to the maximal interval [0, Ty ).

This completes the proof. O

Example 3.1. We now illustrate the applicability of Theorem [3.2] Let

and consider the nonlinear problem
CDS‘ﬁ’u(m, t) -+ (—A)iu(x7 t) — I(l);%iﬁ[eu(ac,t)].

Assume that the initial data is given by

Clearly, uy € Co(R) and ug > 0. Therefore, by Theorem there exists a maximal time

Tax > 0 such that the problem admits a unique mild solution
u € C([0, Tax), Co(RY)).
The corresponding mild solution is given by
u(z,t) = Go(t) x4 up(x) + /Ot Gf( m> 56 1977 [e"®Y)] 21 dr.
Moreover, the positivity property implies
u(z,t) >0, r€R, 0<t< Ty

From the proof of Theorem 3.2 one may choose T > 0 such that

2\ x—y+1
(T0)* ™ uolloo < 1
Ma—v+2) 2
Since [Jug||os = 3, this yields
1
T(a — v+ 2)\ @D
T > T = <(&27+)> _
e

This example shows that the abstract existence and uniqueness result applies to concrete initial
data and yields an explicit lower bound for the lifespan of the solution. It also highlights the role

of the nonlinear time scaling ¢(¢) = ¢* in the evolution process.
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CHAPTER 4

Well-posedness and Decay of a
@-Caputo Superdiffusion Equation in

Lorentz Spaces

UN this chapter, we investigate the local well-posedness and decay properties of solutions to the
Cauchy problem for the semilinear time-fractional superdiffusion equation
“Dyfu+ (=A)u = (o(t) — 9(0))°0(z) + |ul?, (t,2) € (0,+00) x RY,
u(0) = ug, =€ RY, (4.1)
Opu(0) =u;, x€RY,

where « € (1,2), & € (0,1), 0 € (—1,0), p > 1, and d € IN. The operator “Dg’ denotes the
@-Caputo derivative, (—A)? is the fractional Laplacian, and
1 d

0o = @'(t) dt

denotes the so-called @-derivative. The functions uy and u; represent the prescribed initial data,
while 0 is a given spatial source term. The analysis is carried out in Lorentz spaces L™*(IR%) and
relies on decay estimates for the Green kernels associated with the corresponding linear problem.

The range 1 < & < 2 corresponds to the time-fractional superdiffusive regime. In contrast with
the subdiffusive case 0 < « < 1, the present problem involves two initial conditions and combines
diffusive and wave-like features. Moreover, the fractional Laplacian introduces spatial nonlocality,
while the dependence on the function ¢ replaces the standard linear time scale by a more flexible
one. Hence, problem is nonlocal both in time and in space, and its analysis requires tools
adapted to the generalized fractional framework.

The @-fractional setting extends several classical operators. In particular, it includes the usual
Caputo derivative when ¢ (t) = ¢, and the Caputo-Hadamard derivative when ¢(t) = logt [3658].
This generality is useful for describing evolution processes governed by non-uniform time scales.

However, it also introduces additional analytical difficulties, especially in the derivation of the
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fundamental solution and the corresponding decay estimates.

The use of Lorentz spaces is another important feature of this chapter. These spaces refine the
classical Lebesgue scale and are particularly suitable for convolution estimates involving singular
kernels. In the present setting, the Green kernels generated by the linear problem exhibit both
singular and decay behavior, for which Lorentz spaces provide a natural framework of analysis;
see, for instance, [12}14]28,54].

Several classical and fractional models are closely related to problem . The semilinear
heat equation is governed by the Fujita critical exponent p, = 1 + % [56], while the semilinear
wave equation is associated with a different critical threshold determined by the positive root of
(d—1p? — (d+ 1)p—2 = 0 [33,65]. For time-fractional diffusion equations with the classical
Caputo derivative, Zhang and Sun [67] showed that the Fujita exponent remains 1 + 2 in the
subdiffusive range 0 < o« < 1. In the superdiffusive range 1 < « < 2, Zhang and Li [66] studied
related semilinear problems with two initial conditions and obtained blow-up and global existence
results reflecting the influence of the second datum.

Motivated by these works, we first derive explicit representations of the Green kernels for the
corresponding linear problem by applying the Fourier transform in the spatial variable together
with the @-Laplace transform in time. These kernels are expressed in terms of Fox H-functions,
and suitable decay estimates are established in Lorentz spaces. Using these estimates, we analyze
the semilinear equation with source term (@(¢) — ¢(0))°0(x) + |u|?, where 0 € (—1,0) and p > 1.
Through a fixed-point argument, we prove the local well-posedness of mild solutions. We also
establish a blow-up alternative and discuss, at a formal level, the scaling condition suggested by
the linear decay estimates. A complete global small-data theory is left as an open problem in this
setting.

These results extend several classical studies on fractional diffusion equations to the broader
framework of @-fractional calculus in Lorentz spaces.

These estimates constitute the key analytical tool for the study of the nonlinear equation carried
out in Section [4.2]

We first consider the linear Cauchy problem

“Dofu+ (—AYu=g(t,z), (t,z)e (0,+00) xR,
u(0, ) = ug(x), (4.2)

aﬁpu(ov I) = ul(‘r)a
where 1 < o < 2 and 0 < & < 1. We assume first that
up, u; € S(RY), g€ C([O, oo);S(]Rd)).

The representation formula obtained under these regularity assumptions can later be extended to
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less regular data by density arguments.

The analysis proceeds in two steps. First, we derive a Green representation formula for the
solution by combining the Fourier transform in the spatial variable with the @-Laplace transform
in time. Second, we study the structure of the resulting kernels and establish their decay properties

in Lorentz spaces.

Theorem 4.1 (Green representation formula). et d > 1, « € (1,2), and & € (0,1).
The solution to problem (4.2)) is given by

ut,z) = (GOt ) xuo ) (x) + (GYO(t,) x ua ) (2)

+ [ (G0 0(t) + 0(0) — @), ) *gn, ) ) () @'() dn,

where
G50 (t, ) = (2;)61 e B (<10 (0(1) - 9(0))%) g, (4.3)
Gyt ) = (271T)d /R e (@(t) = 9(0)) Ewa (=12 (0(t) — ©(0))*) d, (4.4)
and

Gy?(t,x) = (271T)d /Rd e O ((t) = @(0)* " Baa(—10*(@(t) — @(0)*) dC. (4.5)

The functions Go*®, G°°, and G3® are the corresponding Green kernels, and Ey 1, Eyz2, and Eq
denote the Mittag—Leffler functions.

Proof. The proof relies on the Fourier transform with respect to the spatial variable and the
@-Laplace transform in time.

Applying the Fourier transform in z to equation (4.2), we obtain
g ¢) + 1Pa(t, ) = (t, 0), (4.6)
with the initial conditions
0,0 = w(0),  0,a(0,8) = w(0).

Thus, for each fixed ¢ € R?, we obtain a fractional ordinary differential equation in time.
Applying the @-Laplace transform to (3.5) and using Corollary , we obtain

(w* +1¢%) Loda(t, O} = w* @ (Q) + w* T (Q) + Lo{g(t, O)}-

Therefore,

woc—l w(x—Q 1

L{u(t,Q)} = W%(C) + WQ(C) + Wﬁw{ﬁ(t Q)}-
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Using the identities for the @-Laplace transform of Mittag—Leffler functions (Lemma , we

obtain

(t, ) = @(0) Bat (— 127 (0)%) + T (Q) () Eua(— 0[P @ (1))

t
+ [(@) = ()" Eua(—IC (@(1) — 2()*) 50, ) (n) dn.
where ®(t) = @(t) — ¢(0).
Applying the inverse Fourier transform with respect to ¢ yields
ult,z) = (G, )+ uo) (z) + (GTO(t, ) # uy) ()
t
+ [ (G0 0l + 0(0) — o)) < gn. ) ) ) ') dn,
where the kernels Gg*?, G7*°, and G are defined by (4.3)(4.5)).
This completes the proof. O

In the following lemma, we express the Green kernels Gg*®, G7°?, and G® in terms of Fox

H-functions.

Lemma 4.1. The Green kernels Go*®, GY*°, and G®, defined in ([4.3) ~([4.5)), satisfy the following

identities:

1.

D o0 25 (1,1),(2,0)
Go9(t,z) = M 5 | o 2] - (4.7)
7z |x|d 2%2(@(t) — ¢(0)) (4.5),(1,1),(1.,8)
2. (1,1),(1,)
1 ETRR
G (t,x) = Hy, : 4.8
0 ﬂg|l’|d 23 22(@(t) — ¢(0))* (2,8),(1,1),(1.8) “8)
and (1,1), (e, 00)
t) — @(0))*" » S
oo z) = @O = @O par) 7 (4.9)
7z |x|d 22(p(t) — 9(0)) (4,8),(1,1),(1.8)
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Proof. 1. We prove the first identity. By (1.3)), (1.2}, and (1.1]), we have

it o 0 — 0(0) Eu (~1E (0 (0) — 9(0)%) e
- (2;)3 % [T 108 e0) — ) [ 1K) — o)

x 3¢y (2ll2)ale]

GYo(t,x) =

[ 25| (1= 2.8).(0,1),(0,6)
@) —9(0) 1 o2
= Hyy | (@(t) — ¢(0)) Tl
i |x| - (071)7(7170‘)
i 1,1),(2,x
_ @) = (0) o |8 (1,1),(2,%)
o d 2,3 % .
72 |z|d _225(({)(15) — ©(0)) (£8).L1(19)

2. For parts (2) and (3), the proof follows exactly the same arguments as in part (1), replacing
the Mittag-Lefller function Fy o by Ey1 and Ey «, respectively. Using the same integral rep-
resentation and the standard properties of the Fox H-function, we obtain the corresponding

formulas for Gg*® and G§®. This completes the proof.

4.1 Asymptotic estimates for the Green kernels

Using the asymptotic properties of the corresponding Fox H-functions, we obtain the following
pointwise estimates for the Green kernels Gg*®, G7°°, and G®. Throughout this section we fix
deN, 1<a<2,and 0<d < 1.

For simplicity, we set ®(t) := @(t) — ¢(0), t > 0. We denote

R = o(t)"z|?.

The asymptotic estimates for the Green kernels follow from the known properties of the cor-
responding kernels in the classical Caputo case. Since the time variable appears through the

quantity

the same arguments apply after a change of time scale. Consequently, the estimates established

in [3839] remain valid in the present @-fractional setting.

Theorem 4.2 ( [38]). 1. If R > 1, then

|Gy (t,x)| < CO(t)* x|, ford>1.
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2. If R<1, then
G (t,x)| < CR()[z[~"*,  for d > 23,

GEO(t,2)] < CB(1)™ <1 + log<;fl>(t)_“|w|)‘> C ford=2s,

|GEP(t, )| < CO(t)" 35,  ford< 26.

Theorem 4.3 ( [39]). 1. If R > 1, then

x,@ o+1 —d—26
1 ) = ) - L.
|G (¢, z)| < CD(4)* |z ford>1

2. If R <1, then
|G (t, )| < CP(t) > |92, for d > 2§,

G2, 0)] < Ca) = (1+ flog (Ja) el )| ), Jora =25

GO (t, )| < CO(t)" =T, ford < 25.

Theorem 4.4 ( [38]). 1. If R > 1, then

|Gt )] < CP(t)2*Hw| 7472, ford > 1.

2. If R <1, then
G20 (1 )] < CO() a5, ford > 45,

() 00 )) prams

xd

|GSe(t, )] < CP(t)* 12, for d < 4%.

G20 (t,2)] < CB(t)™ (1 +

with o« € (1,2) and & € (0,1). Next, we investigate the L"*(IR%)-estimates of the Green
functions G?, G1*?, and G~®. For simplicity, we omit the variable x hereafter; that is, G (t) =
Gy *(t,x), GTP(t) = GY(t, ), and G?(t) = GF° (L, x).

Theorem 4.5 (Lorentz estimates). Define

K](é, d) = m
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Assume that d > 286, 1 <r < k(d,d) and 1 < s < oco. Then:

1.
GXO(t,) € I™*(RY,  [|GEP(t)]rs < Cra (B EGED 150,

GIP(t) € LP(RY),  [|GHO(1)]lns < Crs (@) FHET, £ >0
Proof. From the Fourier representations (4.3) and (4.4)), we obtain the scaling forms
GE(t,x) = B(t) % Ko (xd(t) 7% ) |
and
GO (t,2) = ()5 Ky (20(t) %)
where
Ko(r) = G0 (t.o) -

Step 1. Integrability of Ky and K;.
By Theorems [4.2] and [4.3] the kernels K and K satisfy

|[Kj(@)] < Cla ™7, 2] > 1,

and
|K;(z)| < Cla| =, lz| <1,

for 7 = 0, 1. Therefore,

Ko, K, € IP(RY)  forall 1 < p < k(8,d).

Step 2. Interpolation.
Fix 1 <r < k(d,d) and 1 < s < oo. Choose rg, r; such that

l<rg<r<r <k(d,d).

Since

Ky, K, € L™ (RY) N L™ (RY),

the real interpolation identity
(_L’r‘()7 LT’1 )973 — LT‘,S

implies that
Ko, K; € L™ (R%).
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Step 3. Scaling.
Using the scaling property of Lorentz spaces,
Hf()")Hr,s = Aid/erHr,& A >0,
we obtain
IGE2 @l = (1) F | Ko@) %) < Cr@@® B0,
Similarly,
IGEO@lls < Crs®(t) 5 ).

This completes the proof. O

Lemma 4.2. Define
d

d— 45
Assume that d > 46, 1 <r < w(d,d) and 1 < s < oo. Then

w(d,d) =

, r,S d
Gg (p<t7 ) €L (IR )7

and
GO (E)[|s < Cry B> HEG) ¢ 50,

Proof. From (4.3), we obtain
GO (t,2) = B(t)* 15 K, (20(t) %) ,

where .
K, =
g (JZ) (27-[-)d
By Theorem [4.4] the kernel K, satisfies

/ e B o (— &%) dE.
Rd

[Ky(2)] < Cla|™*, Jaf > 1,

and
|Ky(z)| < Cle|™ "%, o] < 1.

It follows that K, € LP(R?) for every

1 <p<w(b,d).

Indeed, the decay at infinity implies LP-integrability for all p > 1, whereas near the origin the
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condition
| Ky(2)]P < | P44

is locally integrable if and only if
p(d —48) < d,

that is,
d

d— 458

p <

since d > 40.
Now fix 1 <7 < w(d,d) and 1 < s < co. Choose rg, 7 such that

l<rg<r<r <w(d,d).

Since

K, € L™(RY) n L™ (R),

the real interpolation identity
(L’r‘o, LT1 )ﬁ,s — LT‘,S

yields
K, € L™*(R%).

Using again the scaling property of Lorentz spaces, we obtain

GO (), = D(H)* 5

Ky (@(t) )

)
T8

and therefore
GO (8)[|s < Cp D)™ HE (1),

This completes the proof. O

Remark 4.1. When s = r, that is, in the Lebesgue space L", and @(t) = logt, the estimates of
Theorem and Lemma reduce to the corresponding results obtained in [38}40].

We next derive decay estimates for the Green operators in Lorentz spaces.

Lemma 4.3. Let 1l <p<t<o00,1<qg<s <00, and assume that
11 { 25}
— — —<min¢1,— ;.
p T d

o ad(1 1
1GS2(8) % uollee < C D) 3 g, (4.10)

Then, for allt > 0,
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and
1G39(0) % wles < OB B0l (4.11)
Proof. Choose r € (1,00) such that
1 1 1
1+-=>+".
T p T

The assumption
11 _ { 25}
— — — <min<1, —
p T d

ensures that 1 < r < k(8,d). Using Young’s inequality in Lorentz spaces together with Theo-
rem we obtain
1Go™ (2) * woll.s < CNGG (1)llr.0lti0]lp.g5

and similarly for G"?. The claimed estimates then follow from the bounds in Theorem [£.5] O

Lemma 4.4. Let 1l <p<Tt<o00,1<qg<s<o00, and assume that

11 { 45}
— — —<ming 1, — ;.
T

p d
Then, for allt > 0,
IGE2(t) * flle < COW*HEGD £l (4.12)
Proof. Choose 1 € (1, 00) such that
1 1 1
1+=-=>+-.
T p T

The assumption
11 , { 46}
— — — <mins 1, —
p T d

ensures that 1 < r < w(d,d). Hence, by Young’s inequality in Lorentz spaces and Lemma
1GG2(E) * fllxs < CNGG?()lrool[ 1o

which yields (4.12)). O

We now describe the decay behavior of solutions to (4.2)) in the homogeneous case g = 0.

Theorem 4.6. Assume that g =0, and let
u(t) = Gy®(t) * ug + Gy (t) * uy.
Suppose that 1 < g <s,81,8 <00, 1 <p<T<o00, and

1 1 1 1 1 1
=t + -,
T ] r S S1 S9
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for some 1 <r < k(8,d). If ug,u; € LP4(IR?), then, for allt > 0,
lu®llss < CRO ) uollog + R0 EE ]l
Proof. By Young’s inequality in Lorentz spaces and Theorem
[u()llr.s < GG (t) * wollxs + [|GT () * un]|x,s-
Using the convolution estimate,
|G (t) * uolles < CNGG () llrs: 1wl p,s52

and similarly for the second term. Since g < so, the monotonicity of Lorentz norms yields

[ujllo.se < Cllugllog, 5 =0,1.
Combining these bounds with Theorem we obtain the desired estimate. O

We next consider the inhomogeneous case with vanishing initial data.

Theorem 4.7. Suppose that ug = u; =0, and let 1 < ¢ <5,81,8 <00, 1 <p<T<00, and

1 1 1 1 1 1
1+-==+>, ===+,
T P r S S1 S9

for some 1 <r < w(8,d). Assume that g(-,t) € LP*2(R?) for all t > 0 and that

~

g o < C(1+2(1)) (4.13)

for some v > 0. Then

u(t) = /Ot G2 (@7 (@(t) + 0(0) — e(m))) * g(n) @' (n) dn
satisfies the following estimates:

1. If v # 1, then
() |5 < CR(E)*mnANTE (L), (4.14)

2. If y =1, then
lu(®) s < CR()* G 10g(1 + (1)), (4.15)
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Proof. 1. By Minkowski’s inequality and Young’s inequality in Lorentz spaces,

Ju(t)ls < € [ G5 (07 (0(0) + 0(0) ~ 0())

o 9@l @' () dn.

We split the integral into two parts:
Ju(t)]les < C(I +11),

where

(971( @(0>;<P(t)>

=

|GEe (@7 (@(t) + @(0) = o(m)))

o lgM)lf,s; @' () dn,

and

1= [ 165 (0700 4 0(0) = 000)] Il @'tn) .

For the first term, note that

_ 0) + o(t _
@ 1<(p()2(p()> <o Ho(t)+ @(0) — (n)) < t.
For the first term, let the time argument in the Green kernel be denoted by

z:=@ (@(t) + 9(0) — @n)).

Forn € [0, (p*1<(p(0);”p(t))}, we observe that ®(n) < %. Consequently,

®(2) = o) — o(n) = -
Using Lemma [4.2] the norm of the Green kernel can be bounded as

< C@@)) 1 EG,

.81

|5

Substituting this bound and the decay assumption (4.13) into the integral I, and applying
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the change of variables w = ®(n) (so that dw = ¢@’(n) dn), we obtain

B(t)

[ < O@(@1)*+5#G-1) /07(1 4 w) 7 dw

C(1+2)"7 o<y <y,

< o@() M EGEY
C, v > 1.

By absorbing the constants and noting the asymptotic behavior for large ¢, we obtain, for
v # 1,
[ < (@) mnlatas (5-1) (4.16)

For the second term, we use the singular behavior of G¢ as the time variable approaches

zero. By Lemma local integrability near the upper limit requires

oad /1
—14+—=(=-=-1 —1. 4.1
x + 25 (7’ > - (4.17)

This condition is compatible with the range of exponents considered here; in particular, it is

satisfied under the assumptions imposed on r in the statement of the theorem. Consequently,
1 < C(®()*+5 (1), (4.18)

Combining (4.16)) and (4.18)), we obtain (4.14]).

. If v = 1, the borderline contribution produces a logarithmic correction, and the same splitting

argument yields (4.15)). This completes the proof.
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The estimates established above constitute the main linear ingredients for the fixed-point anal-

ysis carried out in the next section.

4.2 Well-posedness and qualitative properties

Local well-posedness

Definition 4.1. Let 7' > 0. A function
u € C([0,T], LP*(R7) N C((0, T}, L™*(R7))
is called a mild solution of problem (4.1 on [0, 7] if it satisfies the integral equation

u(t) = GF(t) xug + GYP () * uy

+ [ e (07 (o) + 0(0) — o)) * (0t — 0(0)70 + [utn)| ¢'(men

. od (1 1
B'_26<p T>’

Lemma 4.5. Let 1 < p < oo. Assume that 0 € LP*(R?) and

For T € [p, 00|, we set

sup ®(8)P" [[u(t)||ppps < 00
te(0,T)

Define

by (t) = /Ot G2 (@7 (@(t) + ©(0) — @) * [(cp(n) — 9(0))70 + [u(m) | ¢'(n) dn.

If

1 1 . 206
0<———-—<mind1l,—,
P T d
then

P, € C((0,T], L™*(R7)).

Moreover, if
< a+o and o —ppP? — B >0,

then
P € C([0,T], L7 (RY)).
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Proof. Lett >0 and 0 <e <T —t. We write

ot +e) —Pu(t) = I + Iy,

where
t+e

I = G2 (@7 (@(t+2) + 0(0) — e(n)) * F(n) ¢'(n) dn,

t

Iy = /Ot [K(t +em) - K(t,n)] * I'(m) @’ (n) dn,
with
K(t,m) = G2®(o () + @(0) —om))),  F@n)=(2(1))°0 + |u(n)[".

Estimate of I;.
Using Lemma [4.4] and the boundedness of F'(n) on [t,t + €], we obtain

t+e .
Iille <€ [ (@(t+2) = 2m)* " ¢'(m) dn,

A direct computation gives
1i]le,s < C(O(t +€) — (1),
which tends to zero as e — 07 since o« — 7 > 0.

Estimate of I,.

For fixed 1 < t, we have
K(t+em)— K(t,n) ase—0".
Moreover, by Lemma [4.4
I (t+e,m) oo < C((E) = 2(n))* P,

uniformly for ¢ small.

To be precise, applying Young’s inequality in Lorentz spaces bounds the norm of the integrand
of I by a function that is integrable over the domain of integration and independent of €. Since
the integrand converges to zero pointwise almost everywhere as ¢ — 07, the Lebesgue dominated

convergence theorem justifies passing the limit inside the integral. Hence, we conclude that

| L]les =0 ase— 07,
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Continuity at ¢t = 0.

Using Lemma [4.4] we obtain

[ulO)lls < C [ @(0) = S F )]0/ (0) .

Estimating separately the contribution of the forcing term and that of the nonlinear term, we
obtain
[$u(®)lles < CR(0)* ][0, + CR()* """,

Under the explicit assumptions of the lemma, both exponents & + 0 — 3% and o« — pP° — 3™ are
strictly positive, hence
|[Wu(t)|lcs — 0 ast—0F.

This completes the proof. O

We are now in a position to state the main result concerning the local well-posedness of prob-

lem ([4.1)).

Theorem 4.8. Let 1l <a<2,p>1,0€ (—1,0), and 1 < p < 0o. Assume that

ug € LP*(RY), uy € LP*(RY), 0 € LP*(IRY).

O<1—1<min{1,26},
p T d

" < x+ o, o —ppP* — BT > 0.

Let 1 < p <1 < pp satisfy

and assume in addition that

Then there exists T > 0 such that problem (4.1)) admits a unique mild solution
u € C([0,T], L**(RY)) N C((0, T], L™ (RY)),

and

sup O(t)*" |lu(t)]s < 0.
0<t<T
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Proof. The proof is based on a fixed-point argument in a suitable Lorentz space.

Step 1.
Let
Xy — {u e C([0,T], L) N C((0,T), ™) : lullx, < oo},

where

lullx, = sup [[u(t)llos+ sup @)% [u(t)]rs.
t€(0,T) 0<t<T

Equipped with this norm, X7 is a Banach space.

For u € Xt we define
(Tu)(t) = Gg?(t) * uo + GTP(t) * ur +Pu(t),

where

by (t) = /Ot G2 (@7 (0(t) + @(0) — o)) * [(cp(n) = 9(0))°0 + [u(m)["| ¢'(n) dn.

By Lemma [£.5 the map u — 1, is well defined from X7 into C([0,T], L™*). Hence 7 maps
X into itself.

Step 2. Estimates.
Using the Lorentz estimates of the kernels (Lemma [4.3), we obtain

IG5 () * uollxs < CP(t) ™ [Juo]lp,s,

and
1G9 (t) * willes < CPE)' P [Jurlp,s-
Consequently
Sup ()P NGO (t) * uolles < Clluollp,s,
and

sup ®(8)P[[GL0 () % i [lr,s < CB(T) [ [|o,s-
t€[0,T]

Using again the kernel estimates and the identity

Ifel?llo,s = [lelFo,pss

we obtain

[bu(®lls < C [ (®() - D) (@) + [lu() ) @' ()
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Using the definition of the norm in X, this yields
Wullxy < C (18] + 1ullk, ) @7

where p = min{cx—l— o—R% oa—ppPP —R%;.
By the explicit assumptions of the theorem, both o« + o > (% and o« — pp? > (%, which
rigorously guarantees that p > 0.

Let
BR = {U € XT . ||U|IXT S R}

Combining the previous estimates gives
I Tullxy < C(l[uollos + llurllos + 18llps) + CRPO(T)".

Choosing R large enough and 7' sufficiently small, we ensure that

T(BR) C Bg.

Step 3. Contraction property.

For u,v € Bgr, we have

Hul” = JPl| < C(lul”™" + [~ |u - v].
Using again the kernel estimates, we obtain

ITu = Tvllx, < CRFIO(T) [lu — vl x,

Taking T sufficiently small, the constant on the right-hand side becomes strictly less than 1,

and therefore 7 is a strict contraction on Bp.

By Banach'’s fixed-point theorem, 7 admits a unique fixed point in Bg. This fixed point is the
unique mild solution of (4.1)) in X7.
The proof is complete. O

Corollary 4.1 (Continuous dependence on the data). Under the assumptions of Theorem[{.8, the
mild solution depends continuously on the initial data (ug,u1,0) in L°*(R?).

More precisely, let

(uén)7ugn),e(n)) . (u07u176> in Lp,s(]Rd) X Lp,S(]Rd) X Lp,s(]Rd)>
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and let u™ and u be the corresponding mild solutions on [0, T]. Then
u™ = u o in Xp,

where Xr is the Banach space introduced in the proof of Theorem [{.8.

In particular,

u™ — u in C([0,T], L**(RY)).

Proof. The result follows from the contraction mapping argument used in the proof of Theorem 4.8
Indeed, the solution operator 7 depends continuously on the data (ug,u1,0), and its unique fixed

point in X7 therefore depends continuously on these data as well. O
Blow-up alternative
Theorem 4.9 (Blow-up alternative). Let the assumptions of Theorem be satisfied, and let

u € C([0, Tmax), LP*(R%) N C((0, Tmax ), LP*P*(RY))

be the maximal mild solution of problem , defined on its mazximal interval of existence [0, Tyax ),
where 0 < Thpax < 00.
If Thhax < 00, then
timsup ([[u()llp. + DEOP [1(t) lpppe) = o0

tTTmax
oot (1 1)
20 \p pp)’

sup  ([[u(t) lo.s + B0 [u() o) < 0.

0<t<Tmax

where

Equivalently, if

then the solution can be extended beyond T ax.

Proof. Assume that T}, < oo and

sup (HU(t) os + @(t)ﬁppuu(t)upp,ps) < M < oo,

0<t<Tmax
Let T < Tiax. By the mild formulation, the solution on [0,77] satisfies the same integral
equation as in the local existence result. Moreover, the uniform bound implies that the nonlinear
term remains bounded in the corresponding weighted space.
Repeating the contraction argument used in Theorem 4.8 with constants depending only on
M and ®(T,,.x), we obtain that the solution can be extended beyond T by a fixed time step
independent of T
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By iterating this extension procedure, we extend the solution beyond T,.., which contradicts
maximality.
Therefore,
tim sup ([[u()lp. + ()" () ) = 0.

max

Remarks on global behavior

The linear estimates derived in Section [4.1|suggest a natural framework for the study of global-in-

time small-data solutions. In particular, the quantity

Bpp:occi(l_l)
20 \p pp

appears as the natural decay exponent associated with the nonlinear term in the weighted Lorentz-
space setting.

However, in the present @-fractional framework, the passage from the local fixed-point argu-
ment to a genuinely global small-data theory requires additional global-in-time estimates that are
not completely captured by the local contraction scheme used above. This is especially delicate in

the presence of the forcing term

®(1)°0, o€ (=1,0),

whose long-time contribution is not automatically compatible with uniform decay.

For this reason, the rigorous results established in this thesis are the local well-posedness
statement of Theorem [4.8] the continuous dependence result in Corollary [4.1 and the blow-up
alternative in Theorem[4.9] The global behavior suggested by the linear decay estimates is discussed

below at a formal level through the associated scaling condition.

Remark 4.2. A complete global small-data theory in the present setting would require an ad-
ditional argument yielding uniform control of the nonlinear Duhamel term on (0,00), possibly
under stronger assumptions on the forcing profile 0, on the time scale @, or in a different weighted

solution space. We leave this question for future work.
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Scaling insight and candidate critical exponent

We conclude with a formal discussion of the scaling suggested by the linear estimates.

For T € [p, pp], the linear analysis yields the decay profile
[u(t)||xs < ()",

where

In particular, for T = pp,
o (1LY et
26 \p pp 20 pp

Balancing the decay predicted by the linear part with the strength of the nonlinearity formally

leads to the condition
pp* =1.

Solving this relation for p gives
20 p
(p) =14+ —.
pe(p) =1+~
We emphasize that this exponent is obtained here as a candidate threshold suggested by the
weighted Lorentz-space scaling. Establishing a sharp dichotomy between global existence and blow-

up at this level of generality remains open in the present @-fractional setting.
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CHAPTER 5

Blow-up for the fractional superdiffusion

equation

N this chapter, we investigate the finite-time blow-up phenomenon for solutions to the Cauchy

problem associated with the time-space fractional superdiffusion equation

“De’u+ (=AY u = [uf?, (t,2) € (0,4+00) x R,
u(0, ) = uo(z), = eR, (5.1)

dou(0,7) = ui(z), z€RY,
where o € (1,2), 6 € (0,1), p > 1, and d € IN. The initial data satisfy
Ug, U1 € Co(]Rd)

The operator CD& ¥ denotes the @-Caputo fractional derivative, (—A)? is the fractional Laplacian,

and

is the @-derivative.

The equation combines a time-fractional dynamics of order o« € (1,2), a nonlocal spatial
diffusion operator of order & € (0,1), and a power-type source term. Since o > 1, the problem
requires two initial conditions and exhibits a superdiffusive behavior that is qualitatively different
from the subdiffusive case. The main purpose of this chapter is to analyze the blow-up mechanism
for solutions and to derive sufficient conditions under which global-in-time solutions cannot exist.

The study of finite-time blow-up for nonlinear diffusion equations goes back to the classical
work of Fujita [25], who investigated the semilinear heat equation with a power source term and
identified a critical exponent separating global existence from blow-up phenomena. Since then, this
topic has been extensively developed, especially for integer-order parabolic equations and related
nonlinear evolution models; see, for instance, the survey work of Hu [30].

Further developments considered nonlocal and memory effects in diffusion equations. Cazenave

et al. [16] studied a semilinear heat equation with nonlinear memory and obtained conditions for
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both finite-time blow-up and global existence. Later, Fino and Kirane [24] extended this type of
analysis to models involving the fractional Laplacian, showing how spatial nonlocality influences
the blow-up mechanism. These works form an important background for equations where the
diffusion operator is no longer the classical Laplacian.

Time-fractional models have also attracted considerable attention in the study of blow-up.
Zhang and Sun [67] investigated finite-time blow-up and global existence for a time-fractional
semilinear heat equation involving the standard Caputo derivative. In the subdiffusive range
0 < o < 1, related time-space fractional equations with the @-Caputo derivative and the frac-
tional Laplacian were studied in [41], where blow-up of mild solutions was proved under suitable
restrictions on the exponent p and nontrivial nonnegative initial data.

The superdiffusive case 1 < & < 2 is more delicate because of the presence of two initial data
and the mixed diffusive-wave nature of the equation. In particular, when @(¢) =t and & = 1,
earlier results [66] established finite-time blow-up under different assumptions on the initial data
up and wuy, with critical ranges of the exponent p depending on the dimension and on the fractional
order o«. The present chapter extends this direction by considering the more general @-Caputo
framework together with the fractional Laplacian (—A)®.

The chapter is organized as follows. We first recall the representation formula for the associated
linear problem together with the relevant kernel properties. We then introduce the notions of
mild and weak solutions and show that every mild solution is also a weak solution. Finally,
we establish several sufficient conditions for finite-time blow-up and conclude with a numerical

example illustrating the qualitative behavior of the solutions.
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5.1 Fundamental solution of the linear problem

We begin by recalling the representation formula obtained in Chapter [4| for the linear nonhomo-

geneous problem
“Difu+ (-A)Ru=g(t,z), (t,z)€ (0,+00) x RY,
u(0, ) = uo(x),
0o (0, z) = uy(z).
Theorem 5.1. The solution to problem ((5.2) is given by
U(t, ZE) = chy(p(tu ) * UO(‘I) + G?(p(tv ) * ul(‘r)

+ [ Ge (o7 (o) +0(0) — 0(1).) = glr. )(x) ¢'(1) d

where
G (1:2) = Gy o B (<1 (0(0) =~ 00))7) L
oL Q 1 —i{x 2 o
G (1.7) = (i [ @O (00) — 0(0) Bua(-I2(0(0) — 0(0)") &
and

Gyt r) =

Here Ey,1, Eyg2, and Ey o denote the Mittag—Leffler functions.

Lemma 5.1. The kernels G"°, Gg'®, and G§®, defined by (5.4)(5.6), satisfy

1.
1,1),(2,
o, _ o(t) — @(0) 2,1 |x|26 e
GO m) = ampp 125 | 935(p(0) - p(0)" |

() ® (g,é),(m),(l,é)
2.

SRR S I ]

0 M) T 2 d 123 | 928 — ,

/2| 22 (@(t) — @(0))> (4,8).(1,1),(15)

3.

’x‘25

22((t) — @(0))

(o(t) — @(0)*!

/2| |d

2,1
G;"‘”(t, T) = Hys

(1,1),(ax,x) ]

(£,5),(1,1),(1,8)

it o 00 = 90 a1 010) — 0(0)))
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5.2 Auxiliary lemmas

Lemma 5.2. Let & € (1,2) and & € (0,1). Then:
1. Go*(t,x) > 0, GY*(t,x) > 0, and G®(t, ) > 0.
2.
Ig;“’q’(}’;"“’(t,x) =Gy, ).
Proof. We prove the two assertions separately.

1. The positivity of G'?, G1"?, and G® follows from the same argument as in [34, Theorem 1].

2. Using the explicit Fox H-function representation of Gg® and the fractional integration

formula for powers, we obtain

x— (1,1), ()
I(Q);“’(‘)G‘X"P(t ) = Ig;a,cp (o(t) — 9(0)) 1H22’; |95|25 e
7 g 7 7Td/2|x’d ] 22(@(t) — @(0))* (4,8),(1,1),(1,8)
1,1),(2,x
_ ) = @(0) o, N L
= 2,3 "
/2| 22(o(t) — ¢(0)) (4,8),(1,1),(1,8)
=Gy, ).
This completes the proof. O

For notational convenience, we shall often omit the spatial variable and write
Go®(t) =Go®(t,x), GYP(t)=GT0(tx), Gy°(t) =Gy (t,x),

and similarly u(t) = u(t, z), whenever no confusion is likely to arise.

Lemma 5.3. Let « € (1,2), 5 € (0,1), and ug, u; € Co(R?). Then, for every t > 0,
Gy (t) * ug + GO (t) x uy € Co(RY),
and
“Dif (GoP(t) * uo + GYP(t) xwr) = —(=A); (Gy*(t) xuo + GTO(t) xw), > 0.

Proof. The continuity and vanishing at infinity follow from the continuity of the kernels together
with the assumption ug, u; € Co(RR?). Moreover, by the representation formula (5.3)), the function

Gy (t) xup + GT?(t) * uy

is precisely the solution of (5.2]) in the case g = 0. Therefore, it satisfies the stated identity. O
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Lemma 5.4. Let x € (1,2), 6 € (0,1), and k > 1. If
f e LF((0,7),Co(RY), T >0,

and
ht) = [ @/(1) G5 (07 [0(t) + 9(0) — @(x)]) * f(x) dr,
then .
5,n() = [ 0@ G (07 [0(t) + 0(0) = (1)) * f(x)dr.

Proof. By Definition [I.6] and Lemma [5.2]

B h(r) = ml_a) [ (0(t) = o) ~*h(x) o/ (1) dr
2 2 / [ (0(t) = 0(0)' ¢ ()@’ ()G5* (0~ [0(1) + 0(0) — 0(w)])
« f(w) dtdw
= [ @)@ (0 o) + (0) - @(w)]) * fw) du:
This proves the claim. O

The following fractional integration by parts formula will also be used:

T T
[ @090 D5 s de = [ @0 (F(6) ~ (0() ~ 0(a) Dy f(a) — f(a)) DEFg() e, (5.7)
provided that 1 < « < 2, the operators 0, f and 0,9 are defined almost everywhere, and
g(T) =0, 9eg(T) = 0.

For a given T' > 0 and k£ > 0, define

DRI = g (0T w0 (1 SHZOG) e
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Since (—A)? is self-adjoint; see [24], it satisfies
[ 0@) (=A%) dx = [ (@) (=A)i0(x) dx,

]Rd

for any ¢, € H?*(R?). Moreover, for any ¢ > 1 and any nonnegative x € S(R?), one has

(—A)2x"(2) < gx"'(2) (-A)ix(@),

(see [24]).

5.3 Blow-up

This section is devoted to the study of finite-time blow-up for solutions of Eq. (5.1)). We first
introduce the notions of mild and weak solutions and then derive several sufficient conditions for

finite-time blow-up.

Definition 5.1. Let o € (1,2), 6 € (0,1), p > 1, and suppose ug, u; € Co(RY). A function
ue C([0,7],Co(RY), T >0,
is called a mild solution of Eq. (5.1)) if

u(t) = Gy ®(t) * ug + GYP(t) * uy

+ [ 00650 (07 lol0) + 0(0) — 0(x)]) # lu(0) d.
Definition 5.2. Let o € (1,2), 6 € (0,1), p > 1, and assume ug, u; € L2(IR?). A function
we L((0,7), L*(RY)) N L'((0,T), L*(RY))

is called a weak solution of Eq. (5.1]) if

NI (Uo +(olt) - <p<o>>u1) D] dids

—/Rd/ 1|)dtdx+/ / ) uCDIE dt dx

for every compactly supported function

p € C2([0,T), H*(R))
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such that 9,2 € C°([0, 7], H*(R?)) and
BT, =0, 9b(T,)=0.
Theorem 5.2. Let o« € (1,2), § € (0,1), p > 1, and suppose ug, u; € Co(RY). If
u € C([0,T7, Co(R?)
1s a mild solution of Fq. , then u is also a weak solution of Fq. .
Proof. Starting from Definition we have

u—g = (@(t) = @(0))ur = Gg*(t) * uo + G (1) * u1r — uo — (@(t) — @(0))us

+ [ 00650 (07 fol0) + 0(0) — 0(x)]) # Ju(0) d.

Applying 13;“"" to both sides and using Lemma m, we obtain

I5, %% (u—uo — (@(t) — @(0))us)
=I5, (G () * ug + G () x uy —up — (@(t) — @(0))uy)

+ [ o6 (07 0(t) + 0(0) — (x)]) + lu(r) dr. (5.5)

Let y € C*([0,T], H®(R?)) be compactly supported, with 9, € C°([0,T], H*®*(R?)), and
satisfying
W(T,) =0,  9o0(T,-)=0

Multiplying (5.8) by 9,1, integrating over R?, and then using Lemmas and , the fractional

integration by parts formula, and the self-adjointness of (—A)2, we arrive at

Ju o WVﬂ%%@m+<@@w—mw»uJCD%@](hdx

—/Rd/ 1])dtd3:+/ / ) uCDED dt da.

Hence w is a weak solution. O

As usual, a solution u of Eq. (5.1]) is said to blow up in finite time T if

lim {|u(t) | oo (rey = o0
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Theorem 5.3. Let d € N, o« € (1,2), 6 € (0,1), and p > 1. Suppose that the initial data
ug, u; € Co(R?) satisfy

ug, uy > 0,

and
[ wol@m(@)de > 377, [ w@n(@)de >0,

where

T) = (/ e_\/mdx)_l e~ VieP+®
Rd
Then the mild solution of Eq. (5.1)) blows up in finite time.

Proof. Let ¢ satisfy

o € Co°(RY), wa{L5<L 0<o<. (5.9
0, |£| > 9
Define
) =@ @b, e o).
where i
— (i @) -0
M”‘@ Wﬂ—@@)’
with

k:2max{2 pcx}
p—1

Since every mild solution is also a weak solution, Definition yields

/IR/ ) [+ (Uo+(<p(t)—<p(0)> )CD““’M dt dx

—/]Rd/ wndtdx—Ir/ / ) uCDEEp, dt dx.

Using the inequality (—A)%n < 1, see |40, Theorem 4.3], and passing to the limit as n — oo

(5.10)

by dominated convergence, we obtain

/Rd /T (t upan)dt dx + /d/T ©'(t) (uo + (o(t) — (p(o))ul)ncD%pJ) dt dx

N (5.11)
</ / t) (3um +un “DFP) dt dx.
R4 ’

Applying Jensen’s inequality and setting
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we arrive at

[ o) (9(t) — 39(0))b0) e

+ [ o 0)(6(0) +3(0)(0(t) ~ 9(0)“DFH()

0

A direct computation gives

[ 0/(#) 9(0) D (1) i =

Using Young’s inequality, we also obtain

1— &P

[ 0@ 9 DB e < < [ 6 P (B(0) i + CE) 0(T) — 9(0)) 7.

Substituting (5.13]) and (5.14)) into (5.12)), we obtain

/oT o' (1)(g7(t) — 3g(t) )b(t) dt + Img(())(q)(j") ()"
lmgl(o)<(l3(T) — 9(0))>

1- 22

T -
<< [ 07 b1 at + CE)0T) - 9(0) P
Choosing ¢ > 0 sufficiently small and using the assumption
_1
g(0) = /R ug(a)n(z) dr > 35,

we infer that
ap

9(0) < C(o(T) — @(0))*#1.

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

Assume now, by contradiction, that the solution is global. Letting T" — oo in ([5.16]) yields g(0) = 0,

which contradicts the assumption on uy. Hence the mild solution blows up in finite time.

O
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We next establish further sufficient conditions for finite-time blow-up. We first consider the

case u; = 0.
Theorem 5.4. Letd € N, o € (1,2), 6 € (0,1), and suppose that
0 < Ug € Co(]Rd), Uy 0.

Then the mild solution of Eq. (5.1) blows up in finite time, provided that

20
1<p<1+g

Proof. Let ¢ be as in (5.9)), and define

) = (0 ((0l7) = 00 F1a)) T, @)= (1- D=0

where

Using Theorem [5.2] we obtain

T
/d/ 't upxa)+u0xCD?;"a)) dt dx
R I

(5.17)
—/Rd/ ~APx @+ ux ‘D @) dtdx.

By the inequality for (—A)%x and the estimate for the fractional derivative of @, there exist
constants C7, Cy > 0, independent of 7', such that

(—A)x(x) @(t) < Cie(T) — ©(0)) X /*@!?, (5.18)

and
XCDZ%"G)(t) < Cy(@(T) — @(0)) X" /7. (5.19)

Substituting (5.18)) and ( into , and applying Hoélder’s and Young’s inequalities, we

obtain
xp

v)dz < C(ox, p)(@(T) — @(0))* % 7.

%\
SN
<
S

In other words,

[ wo@)x(@) dz < Clew p) (@(T) = p(0))* 575, (5.20)
Since " P
o op
1 1+ = — -
<p<l+ p - o+ % p1 <0,
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letting 7' — oo in ([5.20)) yields ug = 0, which contradicts the assumption. Hence the mild solution

blows up in finite time. O
We now turn to the case u; Z 0.

Theorem 5.5. Let d > 2, and assume that
0 <wug,uy € C()(Rd), uy £ 0.

If
200
1 14 =%
<Pt i o

then any mild solution of Eq. (5.1) blows up in finite time.

Proof. Proceeding exactly as in the proof of Theorem [5.4] but retaining the contribution of u;, we

obtain
qped_ ap

[ w@)x(@) de < Clep)(@(T) — @(0))* 554,
That is,

[ un(e)x(e) dr < Clap)(@(T) — 9(0))* 5% (5.21)
Since - p

o o4 op
1 1 .

<p<l+—T—r = a1+ p_1<0,
letting 7" — oo in (5.21)) yields u; = 0, which is a contradiction. Hence every mild solution blows
up in finite time. O
Example

We consider the nonlinear fractional superdiffusion problem

CDé;?’mu + (=A)%5u =2, (t,z) € (0,4+00) X R,
a‘Pu(O’ [E) = U1($)7

where
o(t) =t

Initial data. We choose Gaussian-type initial data

2

up(w) = Nge™P*, (5.23)
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where \g > 0 and 3 > 0 are fixed parameters. This choice ensures that ug is smooth, nonnegative,
rapidly decaying, and concentrated near the origin.

For the second initial condition, we consider two cases.

Case I: Zero initial velocity.
uy(z) = 0. (5.24)

Case II: Nonzero nonnegative initial velocity.
u () = kug(x), (5.25)

where k > 0 is a fixed parameter. This choice guarantees that u; > 0 and u; # 0.

Blow-up behavior and comparison. Numerical simulations reveal a clear qualitative differ-

ence between the two cases. For the parameter values

and for suitable choices of Ay, 3, and k, the computed blow-up times satisfy
Tr o~ 11118,  T7 .~ 1.4539.

Hence, in this numerical experiment, the case u; = 0 leads to earlier blow-up, whereas the presence
of a nonzero nonnegative second initial condition delays the onset of blow-up.

Figure [5.1] illustrates the qualitative difference between the two cases.

Influence of the second initial condition. For fractional evolution equations of order « €
(1,2), the solution depends on both the initial state uy and the initial velocity dyu(0) = uy. The
numerical experiment above suggests that the second initial condition may significantly affect the
early-stage dynamics. In the present example, a nonzero nonnegative initial velocity appears to

delay the concentration mechanism responsible for blow-up.

Table 5.1: Numerical comparison of the blow-up time 7™ for different second initial conditions in
the @-Caputo model.

o« & p Second initial condition u; T Behavior
1.5 05 2 u =0 T* ~ 1.1118 earlier blow-up
1.5 0.5 2 uy () = Kug(x) T* ~ 1.4539 delayed blow-up
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Comparison: @(t)=t3, a=1.5, 6=0.5, p=2.0, Ao=5.0, B=10.0, k=0.2

- Case (A):u1=0
2.50x10
x Case (B): u1 = 0, us # 0
2.00x10*
3
= 150x10" |
)
X
=2
= 1.00x10" |
5.00x10*
0 1 1 1 1
0.0 0.3 0.6 0.9 1.2
t
Log scale comparison
Case (A):u1=0
Case (B):u1=0,u1#0
=)
—
()}
2 10t
8
=
X
=
10° . .

E_1 1
0.0 0.3 0.6 0.9 1.2

Figure 5.1: Comparison of the blow-up behavior for the @-Caputo model with ¢@(t) = 3. The
figure shows the evolution of the L*-norm of the numerical solution for two different second initial
conditions: Case (A) u; = 0 and Case (B) u;(z) = kug(z) with k > 0. The parameters are & = 1.5,
d=0.5, p=2, and uy(z) = Aoe P’
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Table reports the numerically observed blow-up times for the two choices of u;. In this
simulation, the zero-velocity case blows up earlier, whereas the positive second initial condition
delays blow-up. This illustrates the subtle interplay between memory effects and the second initial

datum in fractional evolution equations of order « € (1,2).

Remark 5.1. The numerical value of the blow-up time 7™ depends on the discretization param-
eters and on the prescribed blow-up threshold. Nevertheless, the qualitative distinction observed

between the two cases remains stable under mesh refinement in our computations.
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APPENDIX A

Numerical Illustrations of the Fractional

Laplacian Operator

This appendix collects numerical illustrations related to the fractional Laplacian operator. These
examples are provided to complement the theoretical developments presented in Chapter 1 and to

offer additional insight into the behavior of the operator for specific test functions.

A.1 Fractional Laplacian in One Dimension

In the one-dimensional case (d = 1), explicit expressions for the fractional Laplacian can be
5

obtained for certain polynomial-type functions. Table summarizes the values of (—A)%u(z)

for selected functions defined on the interval (—1,1).

u(z) (—A)5u(x)
(1—2%)~"F 0
(1- 2)6 ~T(25 + 1)
(1 — z2)1+8 ~D(25+ 1)252(1 - (1+28)2?)
(1— 22> | —D(25 + 1)22 2604 (1 (48 +2)2? + (2 1) (25 + 1)x4)

Table A.1: Fractional Laplacian of selected functions in one dimension.

A.2 Fractional Laplacian of a Gaussian Function

We consider the Gaussian function
u(z) =e r € R,

and compute numerically the fractional Laplacian (—A)%u(x) for several values of the fractional
order & € (0,1).

In the numerical experiments, the fractional orders

5 €{0.1, 0.3, 0.5, 0.8, 0.9}
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are considered. To reduce boundary effects, the numerical results are displayed only on the interval
[—4,4].

2

Fractional Laplacian of Gaussian u(z) = e=*

OO O O
i

o000
0ok

5

x

Figure A.1: Numerical approximation of (—A)2u(z) for the Gaussian function u(z) = e™** with

different values of 6.

A.3 Remarks

These numerical illustrations are not used directly in the analytical proofs developed in the thesis.
They are included to provide intuition on the effect of the fractional order and to visualize the

nonlocal behavior of the fractional Laplacian.
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General conclusion

ﬁ) In this thesis, we have undertaken a comprehensive study of nonlinear time—space fractional
diffusion and superdiffusion equations involving generalized fractional derivatives in the sense
of the p-Caputo operator and spatial nonlocality generated by the fractional Laplacian. By em-
ploying advanced analytical tools such as generalized Laplace transforms, Fourier analysis with
respect to appropriate kernel functions, and representations via Fox H-functions, we derived ex-
plicit fundamental solutions to several classes of associated linear problems. These representations
allowed us to establish precise decay estimates in both Lebesgue and Lorentz spaces, thereby pro-
viding a deeper understanding of the dispersive and smoothing mechanisms inherent to fractional
diffusion models.

Building upon the linear analysis, we developed a rigorous framework for studying nonlinear
equations of superdiffusive type. Local existence and uniqueness of mild solutions were proved
by combining the derived decay properties with fixed-point arguments in suitably chosen function
spaces. Under additional smallness assumptions on the initial data and through the introduction of
modified norms, we further demonstrated the global well-posedness of nonlinear fractional diffusion
equations governed by @-Caputo derivatives. These results highlight the delicate interplay between
nonlinear effects, fractional time dynamics, and spatial nonlocality.

In the case of nonlinear superdiffusion equations with both fractional temporal and spatial
operators, we constructed mild and weak solutions and established their equivalence. Moreover, we
investigated conditions under which solutions exhibit finite-time blow-up, revealing that fractional
orders in time and space significantly influence the long-term behavior of solutions.

Overall, the contributions of this thesis provide a unified analytical framework for fractional
diffusion and superdiffusion equations with generalized fractional derivatives. The results enrich
the existing theory by offering explicit fundamental solutions, refined decay estimates, and rigorous
well-posedness and blow-up criteria. These findings may serve as a foundation for future research,
including numerical analysis, stochastic interpretations, and applications in physics, biology, and
anomalous transport phenomena.
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his thesis is devoted to the analytical study of time-space Fractional Partial Differential Equations (FPDEs)

involving generalized fractional derivatives and nonlocal spatial operators. The main objective is to inves-
tigate the existence, uniqueness, and qualitative behavior of solutions for a class of fractional Cauchy problems
governed by the p-Caputo fractional derivative in time and the fractional Laplacian in space.

The analysis is based on the construction of explicit fundamental solutions, expressed in terms of the Fox H-
function, which provides a unified and powerful representation framework for fractional diffusion and superdiffusion
models. These representations allow us to derive sharp decay estimates in Lebesgue and Lorentz spaces, highlighting
the dispersive and smoothing effects induced by fractional dynamics.

Building on the linear theory, local and global existence results for nonlinear fractional diffusion equations

are established using fixed-point arguments in suitable functional spaces. Moreover, sufficient conditions for

finite-time blow-up are derived for nonlinear superdiffusion equations, showing that the interplay between nonlinear

effects and fractional orders in time and space plays a decisive role in the long-time behavior of solutions. The

results presented in this thesis contribute to the theoretical development of fractional partial differential equations

with generalized fractional operators and provide a rigorous analytical framework that extends several classical
models.

Keywords: ¢-Caputo fractional derivative, Fractional Laplacian, Fox H-function, Global existence, Blow-up.

ette thése est consacrée a 1’étude analytique des équations aux dérivées partielles fractionnaires (EDPF) en

temps et en espace, faisant intervenir des dérivées fractionnaires généralisées et des opérateurs spatiaux non
locaux. L’objectif principal est d’analyser I'existence, I'unicité et le comportement qualitatif des solutions pour une
classe de probléemes de Cauchy fractionnaires gouvernés par la dérivée fractionnaire de type ¢-Caputo en temps et
par le Laplacien fractionnaire en espace.

L’approche adoptée repose sur la construction de solutions fondamentales explicites, exprimées & ’aide de la
fonction de Fox H, offrant un cadre unifié pour I’étude des modeéles de diffusion et de superdiffusion fractionnaires.
Ces représentations permettent d’établir des estimations de décroissance fines dans les espaces de Lebesgue et de
Lorentz, mettant en évidence les effets dispersifs et régularisants induits par la dynamique fractionnaire.

En s’appuyant sur cette analyse linéaire, des résultats d’existence locale et globale de solutions pour des équa-
tions de diffusion fractionnaire non linéaires sont obtenus a 1’aide de méthodes de point fixe dans des espaces fonc-
tionnels appropriés. De plus, des conditions suffisantes d’explosion en temps fini sont établies pour des équations
de superdiffusion fractionnaire non linéaires, montrant que I'interaction entre les effets non linéaires et les ordres
fractionnaires en temps et en espace joue un role déterminant dans le comportement a long terme des solutions.

Les résultats présentés dans cette these contribuent au développement théorique des équations aux dérivées
partielles fractionnaires avec opérateurs fractionnaires généralisés et étendent plusieurs modeles classiques de
la littérature.

Mots-Clés: dérivée fractionnaire de type p-Caputo, Laplacien fractionnaire, fonction de Fox H, existence globale, explosion en
temps fini.
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