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Résumé: Les travaux de cette these s’inscrivent dans le cadre de la théorie des opéra-
teurs non linéaires. Ce travail se divise en deux parties. Dans la premiére, nous étudions
les idéaux multilinéaires (multi-idéaux) et idéaux polynomiales engendrés par les classes
de Schatten S,, en présentant quelques théorémes de coincidence aux opérateurs multi-
linéaires Cohen fortement p-sommants et aux polynémes homogénes Cohen fortement p-
sommants, puis le théoréme d’inclusion aux opérateurs multilinéaires de Hilbert Schmidt et
aux polynémes homogeénes de Hilbert Schmidt. A la fin de cette partie, nous donnons des
résultats de factorisation sémilaires & ceux donnés par Lindenstrauss-pelczynski des opéra-
teurs linéaires de Hilbert-Schmidt en 1968 et J. Diestel, H. Jarchow et A. Tonge en 1995.
En deuxiéme partie, 1'idée a été inspirée de 'article de O. Blasco son intitulé " Positive
p-summing operators on L,-spaces" en 1987. Par conséquent, on a traité le concept des
opérateurs sous-linéaires positivement p-sommants en généralisant certaines propriétés de
ces opérateurs comme dans le cas linéaire. Nous avons donné aussi quelques résultats de
caractérisation des opérateurs sous-linéaires positivement p-sommants 7" : L, (1) — Y ou
% + z% = 1, en utilisant la représentation de ’application u € VT ou 'espace Y possede
la propriété de Radon-Nikodym et autres résultats sans cette propriété. A la fin de cette
partie, nous donnons une condition nécessaire a la propriété de Radon-Nikodym.

Mots-clés: Ideaux multilinéaires engedrés par les classes de Schatten, opérateur sous-

linéaire positivement p-sommant, propriété de Radon-Nikodym, théorémes de factorisation.

Abstract: The work of this thesis is situated within the framework of the non-linear
operators theory, and it consists on the development of some theorems of factorization
in the multilinear and polynomial mappings. Also some characterizations of positive p-
summing sublinear operators using representable mappings. Our work is divided into two
main parts. In the first part, we study the composition ideals of multilinear and polynomial
mappings generated by Schatten classes. We give some coincidence theorems for Cohen
strongly p-summing multilinear and Cohen strongly p-summing polynomial mappings. We
also present inclusion theorem for Hilbert Schmidt multilinear and Hilbert Schmidt poly-
nomial mappings. In the end of this part, we give factorization results like that given by
Lindenstrauss-Pelcznski for Hilbert Schmidt linear operators. The idea of the second part

was inspired by O. Blasco’s article entitled " Positive p-summing operators on L,-spaces".



(American Mathematical Society, 1987). Therefore, we have treated the concept of the
positive p-summing sublinear operators. Let T': X — Y be a positive p—summing sub-
linear operator, we shall establish analogous results of the linear case studied by O. Blasco.
Firstly, if X = C (), we prove some coincidence theorems and properties. Secondly, if
X =Ly (p) (% + z% = 1), we use the representation of u € VT for characterization of pos-
itive p—summing sublinear operators. And deduce that T is positive p-summing sublinear
operator if, and only if, for all u € VT, u is positive p-summing operator. In the end of this
part, we give necessary condition thatY has the Radon-Nikodym property.

Keywords : Banach lattice, Cohen strongly p-summing operators, factorization theo-
rems, homogeneous polynomials, multilinear mappings, positive p-summing sublinear, Schat-

ten class type mappings, the Radon-Nikodym property.
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Notations

K The field of real or complex numbers.

X* The topological dual of X.

By The closed unit ball of X.

L(X;Y) The set of all linear operators.

B(X;Y) The set of all continuous linear operators.

S,0B(X;H) The space of all linear mappings of type S, o B.

7 The ideal of all linear operators.

M The ideal of all multilinear operators.

S, (Hy; Ho) the p-th Schatten class (1 < p < 00).

Sy (Hy; Hy) The space of all Hilbert-Schmidt linear operators.

Lys (Hy, ..., Hp; H) The space of all Hilbert-Schmidt multilinear operators

P(mX;Y) The space of all continuous m-homogeneous polynomials.

DM (X1, ey X3 Y) The class of all Cohen strongly p-summing multilinear operators (1 < p < 00).

S,oP ("X, H) The space of all polynomials of type S, o P.

Sp0L(Xy,...,Xn; H)  The space of all multilinear mappings of type S, o L.

PLL(MX;Y) The space of all Cohen strongly p-summing m-homogeneous
polynomials.

u* The adjoint operator of u.

L(X, .., X Y) The space of all bounded m-linear operators.

T The linearization of the operator 7.

P The linearization of the polynomial P.

L,(u,Y) The space of measurable functions on 2 with

1l = (f, 11 DI du) 7 -
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- The canonical multilinear i, : X1 X ... X X, — X1@5..®@: X

Om The canonical polynomial d,, : X — @:SX .

C(92) The set of all continuous functions on the compact set (2.

K (Hy; Ho) The set of all compact linear operators.

Li(Xy,... X Y) The space of all finite rank multilinear operators.

F(X;Y) The set of all finite rank linear operators.

Ly rat (X1,...,Xn;Y)  The space of all p-factorable multilinear operators.

IL,(X:;Y) The class of p-summing linear operators (1 < p < 00).

IL (X5 Y) The class of all positive p-summing linear operators (1 < p < 00).
I, (X;Y) The class of all positive p-summing sublinear operators (1 < p < 00).
D,(X:;Y) The class of all (Cohen) strongly p-summing linear operators (1 < p < 00).
SL(X;Y) The set of all sublinear operators.

SB(X;Y) The set of all bounded sublinear operators.

II,_,(X;Y) The class of all p-summing sublinear operators (1 < p < 00).
L(X;Y) The set of all p-integral linear operators (1 < p < 00).

N, (X;Y) The set of all p-nuclear linear operators (1 < p < c0).

Co(X;Y) The set of all p-concave sublinear operators (1 < p < c0).
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Introduction

The concept of an absolutely 1-summing linear operator was established first by Grothendieck
[24] in the 1950’s. Later on, in 1967 the German mathematician A. Pietsch in [37] generalized
it for all p strictly positive. In 1968 Lindenstrauss-Petcznski have given the characterization
result of Hilbert-Schmidt linear operators through factorization by L..-space and by L;-
space in [28]. In 1973 J. S. Cohen [18] has introduced a characterization of the conjugates
of p*-summing linear operators. Later, this theory triggered a lot of motivations for study
and development by giving characterization and factorization results concerning the ideal of
p-summing linear operators ( sublinear, multilinear and polynomial case) and their conju-
gates. In this direction, the multilinear ideals were mainly introduced in 1983 by Pietsch’s
paper entitled “Ideals of multilinear functions” [39]. In his work, Pietsch has proposed two
methods to construct multilinear ideals from a given linear ideal, namely the composition
and the factorization methods, some classes of multilinear operators can be interpreted via
these methods, namely the class of p-dominated, weakly compact and compact multilinear
operators. Since then, many researchers have been interested in this field, and further, the
ideals of Pietsch were generalized to homogeneous polynomials.

On the other hand, the notion of positive p-summing linear operators has been introduced
and studied in 1987 by O. Blasco [9, 10]. We focus our work on the paper entitled " Positive
p-summing operators on Ly,-spaces." (American Mathematical Society, 1987). In [9] he
has given the following characterization: the positive p-summing operators u : L, (1) —
Y, (% + z% = 1) is representable by a function f € L, (1Y), (1 <p < oo) if and only if,
the space Y has the Radon Nikodym property. In addition, O. Blasco has proved for all
1 < p < oo, the coincidence IL (Ly (1) ;Y) = IIf (Ly (1) ;Y). D. Popa in [40] and [41] has

given a characterization of the positive p-summing operators on the L, () and the Kothe
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spaces respectively. In 2007 D. Achour, L. Mezrag and A. Tiaiba have given generalization
to sublinear operators in [4] . In 2015 Q. Bu and C. A. Labuschagne have presented in [16]
a generalization of some results given in [9] on the multilinear case.

The work of this thesis is situated within the framework of the non-linear operators the-
ory, and they consist of the development of some theorems of factorization in the multilinear
and polynomial case, also some characterizations of sublinear operators using representable
mappings. This work is divided into two main parts. In the first part, we study the main
topic which is the composition ideals of multilinear and polynomial mappings generated by
Schatten classes. In the second part, we study the positive p-summing sublinear operators
and we will establish analogous results of the linear case studied by O. Blasco in [9].

The first part focuses on the development of the multilinear ideals (multi-ideals) and
the polynomial ideals generated by the Schatten classes S, these latter were introduced
by R. Schatten and J. Von Neumann [1946-1948]. Note that the class Sy is that of the
linear operators of Hilbert Schmidt. In non-commutative theory, the Schatten classes are
considered as a fundamental example of newly introduced non commutative L,-space for
1 < p < oo. Braunss and Junek [14] have studied the multi-ideals generated by this linear
ideal using the factorization method of Pietsch. After that, H-A Braunss in [15] has given a
generalization for Polynomials of type P (S,). C. A. Mendes [33] has given some factorization
results of these mappings and showed that the class £ (Ss2) coincides with the class of 2-
dominated multilinear operators. In this part, we give an other class of m-linear operators
of Schatten class type S, whose operators 7" can be written as 7' = u o A with u belongs to
S, and A is a multilinear operator (this technique of factorization is known as composition
ideals, see [13]). (i.e.,

X, x.x X, - H

NA wl

K
where u € S,(K; H) and A € L(X;, ..., X;; K) such that T'=uo A). In this case, we write
TeS,oL(Xy,...,Xm H). Also we give an other class of m-homogeneous polynomials of
Schatten class type S, whose polynomials P can be written as P = u o () with u belongs
to S, and () is an m-homogeneous polynomial (i.e., the polynomials P € S, 0P (" X; H), if

its m-linear symmetric P is of type S, o L£). We also prove that the class S, o £ is compact
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and prove some of its properties. We will show that, the class S;oL coincides with D}, the
class of Cohen strongly p-summing multilinear operators which was introduced by Achour
and Mezrag [2]. We will use p-factorable multilinear operators introduced by Martin Cerna
Maguina in [31] for given factorization results like that given for Hilbert Schmidt linear
operators, and C. A. Mendes for multilinear operators of the type £ (S,). The same results
are given for polynomial case, but by using P¢,, the class of Cohen strongly p-summing
m-homogeneous polynomials which was introduced by Achour and Saadi [5]. We shall
introduce certain factorization results and the coincidence Syo P ("X; H) = Pr , ("X; H) .

In the second part. Let T : Ly (u) — Y, (119 + z% = 1) be a positive p-summing sublinear
operator, we use the representation of u € VT for a characterization of positive p-summing
sublinear operators. And deduce that every T is positive p-summing sublinear operator if,
and only if, for all v € VT is positive p-summing operator. We show in Theorem 5.6.1 a
characterization of positive p-summing sublinear operator 7" : L, (u) — Y, (l + 1= 1).

p p
So, we prove that

ueVT

17 ()] < / 1 (£)] g (£) dpu(t) such that, g (£) = sup gu (£), g > 0in L, (1)
Q

Where g, (t) is the function of the representation of u € VT, where
VT = {linear operators u : L, () — Y such that u < T},

and we conclude that

I, (Ly (1), Y) =TI (Ly (1) 5Y).
As a main result and with the condition thatY has the Radon-Nikodym property in The-
orem 5.6.2, we give other characterization using the representation of u € VT and deduce

that
Vue VT, uelIll (Ly (1);Y) e T elli_ (Ly (1);Y).

Finally, we give a necessary condition that ¥ has the Radon-Nikodym property. as follows

ueVT

T(f)< /If(t)lg(t) dpu (t) such that, g (t) = sup [gu ()], g = 0in L, (p,Y).
Q



Introduction

The thesis is divided into five chapters.

Chapter 1 is devoted to the ideals of linear mappings and a recall of the basic concepts
of the space B (Hy; Hy) of bounded operators on Hilbert spaces with some properties of the
polar decomposition, compact operators and finite rank operators. Finally in the prelim-
inaries, we will give a general overview of the space of all (bounded) continuous m-linear
operators and some useful properties. We will also give some recent results relating to this
class of operators and the projective tensor product, the linearization of the operator and
identification.

In Chapter 2, we start by studying the Schatten class S,. And then, the class S, o
B (X; H) of linear operators « which admit a factorization u = usu;, where uy is in S, and
the relation to ideals of linear mappings and some of its properties, as well as relations with
different ideals of linear mapping and linear mapping of type B(S,). In the end of this
chapter, we will give factorization results as Lindenstrauss-Pelcznski in [28] and J. Diestel,
H. Jarchow and A. Tonge in [19].

In Chapter 3, we study the composition ideals of multilinear mappings generated by
Schatten class S,. And then, we introduce a definition of multilinear mappings ideals, we
will give an overview of the Pietsch methods of construction which allow us to define a
multi-ideal from a linear ideal, by concentrating on the composition method. An in-depth
study of the multilinear operators of Hilbert Schmidt will be carried out by addressing the
factorization theorems that concern these classes. In the linear case, a Hilbert Schmidt
operator is characterized by its factorization by a L..-space or by Li-space. We will show
for example that this characterization is no longer verified in the multilinear case. We study
the class S, o £ of multilinear operators 7" which admit a factorization 7' = u o A where u
is in S, we will show that this is a class of compact multilinear operators. In particular
case, we show that the class Sy o £ coincides with the class of Cohen strongly 2-summing
multilinear operators. We will use p-factorable multilinear operators introduced in [31] for
given factorization results like that given for Hilbert Schmidt linear operators and multilinear
operators of the type £ (S,) .

We study in Chapter 4, the composition ideals of polynomials generated by Schatten

class S,. First, we recall some definitions and auxiliary results concerning polynomials,
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we introduce then the defintion of polynomial of type S, o P and their relations to Cohen
strongly p-summing m-homogeneous polynomials. At the end of this chapter, we give results
on factorization of Schatten class type Polynomials S, o P analogous to the class S, o L.
In the last chapter of this thesis (Chapter 5), we recall some standard notations and
definitions concerning Banach lattices spaces and sublinear operators. We also cite results
of some theorems that we use in this chapter, and after giving some results of coincidence
theorems analogous to the work in [9], we give some properties and coincidence results for
a positive p—summing sublinear operators T : X — Y in two cases if X = C' (2) and
X = Ly (p) with zl)_l_z% = 1. We give the main results about the characterization of a positive
p-summing sublinear operators 7" : L, (u) — Y | <Il’ + z% = 1) by using the linear repre-
sentation of Blasco without Y has the Radon-Nikodym property and condition the Radon-
Nikodym property. Finally, we obtain the corollary I, (Ly (n),Y) = II7_; (Ly (1) ,Y)

and for all w € VT, u € IL} (L1 (1) ,Y) if and only if, T' € I, (Ly (1), Y) .



Chapter 1

Preliminaries

In this chapter, we present some basic concepts of bounded operators on Hilbert spaces and
also different ideals of linear mappings. Finally, we give a recall of the basic notions and

the classical results concerning multilinear mappings used along this thesis.

1.1 Basic concepts

Let X,Y be Banach spaces, the space of all bounded linear operators from X into Y, which
is denoted by B(X;Y).

We denote by By the closed unit ball of X, i.e{x € X : || z|| <1}. If Y = K, the space
B (X;K) will be called the topological dual space of X, denoted by X*. We note that if H
is a Hilbert space, then H* = H.

1.1.1 Bounded operators on Hilbert spaces B (H;; H)

Consider Hq, Hy be two Hilbert spaces. We define the space of bounded linear operators
from Hjinto Hs by

B (Hy; Hy) = {u: Hy — Hs: wu is linear and bounded} .
The space B (Hi; Hy) is a Banach whose norm is

lull = sup [u ()] -



1.1. Basic concepts

If Hy = Hy = H, we simply write B (H). We denote by u* : Hy — H; the adjoint operator

of u.

Definition 1.1.1 Let Hy, Hy two Hilbert spaces and w € B(Hy; Hy). The operator u is
called:
a) Projection if uou = u.
b) Normal if u*u = uu*.
) Unitary if u*u = Idg, and uu* = Idp,.
d) Self-adjoint if u = u*.

e) Isometric if ||u (x)|| = ||x||, for every x € H;.

(
(
(c
(
(
(f) Positive (notation : u > 0) if u is self-adjoint and for every x € Hy : (u(x),z) > 0.

1.1.2 The polar decomposition

Definition 1.1.2 (1) Let T € B(H;; Hs), the module of T is given by |T'| = v T*T.
(2) A linear mapping U € B (Hy; Hy) is a partial isometry if

1T @) = N[l
for all z € ker (U)".

Theorem 1.1.1 (Polar decomposition) For all T € B (Hy; Hy), there is a partial isometry
U € B(Hy; Hy) such that T =U|T)|.

Proposition 1.1.1 (a) U is a partial isometry if and only if, U*U and UU*are orthogonal
projections on Hy and Hsy respectively.

(b) U is a partial isometry if and only if, U*is also.
Remark 1.1.1 IfT =U|T|, then |T| = U*T.

Definition 1.1.3 (Finite rank operators) A linear operator uw € B (Hy; Hy) is of finite rank

if it is a finite sum of operators of the form
Upyahy, = M ® hy = — (h, @) o, (1.1.1)

where hy € Hy, hy € Hy. The class of all finite rank linear operators between Hilbert spaces

is denoted by F (Hy; Hs) .



1.2. The ideals of linear mappings

Example 1.1.1 If H; = Hs, for every n € N*, we denote by P, the orthogonal projection

on the subspace generated by {e,...,e,}. P, is an operator of finite rank equal to n.

Definition 1.1.4 (Compact operators) A linear operator T' € B (Hy; Hs) is said to be com-
pact if T(By, ) is relatively compact in Hy. We denote the space of compact linear operators

Proposition 1.1.2 We have the following properties.

(1) The space K (Hy; Hs) is closed in B (Hy; Hy) .

(2) The operator T is compact if for any bounded sequence (x;) of Hy, the sequence (T (z;))
has a convergent sequence in Hs.

(3) The operator T is compact if it is the limit of a sequence of operators of finite rank.
(4) The operator T is compact if it adheres to the space F (Hy; Hy)

i.e., for all e > 0,3S € F (Hy; Hs) such that

T — S| <e.

1.2 The ideals of linear mappings

First, we present the definition £, y-space introduced by Lindenstrauss-Pelczynski in their
article "Absolutely summing operators in L,-spaces and their applications". And studied

by Diestel, Jarchow and Tonge in [19].

Definition 1.2.1 Given 1 < p < oo and A > 1. The Banach space X 1is called to be an
L, r-space if every finite dimensional subspace £ C X is contained in a finite dimensional
subspace F C X, there exists an isomorphism u : F' — [3™Pwith |ul| [|u™"| < X. We say

that X is a L,-space, if it is L, x-space, for some A > 1.

Example 1.2.1 Let (; 1) a measure space, for 1 < p < oo, the Lebesque spaces L, (1)
are an L,-spaces. The space C (2) of continuous functions on a compact space € is an

L o-space.



1.2. The ideals of linear mappings

Proposition 1.2.1 [17/ (1) If 1 <p < oo and X is an L, -space, then X is isomorphic to
a subspace complemented by L, (1) -

(2) If X is an Ly-space (resp. L), then X**is isomorphic to a subspace complemented by
Ly () (resp. C'(K)).

Conversely, if X is an complemented subspace of L,(u) (1 < p < o0), then X is an

L,-space.

Proposition 1.2.2 [17] (1) If X is an L, \-space for every A > 1, then X is an L, (1) .
(2) Any Hilbert space is an Lo -space for all A > 1.

Definition 1.2.2 [38, Page 25] (Finite rank operators) Let X,Y be Banach spaces. we
called that v € B(X;Y') is to have a finite rank if u(X) is a finite dimensional subspace of
Y. We denote by F(X;Y) the class of all finite rank linear operators from X into Y. An

operator has rank one if and only it has the form
rRy:xr— (x, ")y

i.e., if u € F(X;Y), we have
u = fo ® Yi,
i=1

where (7)1, C X* and (y;)I~, C Y.

Definition 1.2.3 An ideal of linear mappings Z is a subclass of the class B of all contin-
uous linear operators between Banach spaces such that for all Banach spaces X and Y, the
components Z(X;Y) := B(X;Y)NZ satisfy:

(1) Z(X;Y) is a linear subspace of B(X;Y') which contains the finite rank operators.

(2) The ideal property: ifv € B(Xo; X), u € Z(X;Y) andw € B(Y;Yy), then the composition
wowvou isin Z(Xo;Yo).

If ||.|l7 : Z — R satisfies:

(1) (Z(X;Y), ||.l7) is a normed (Banach) space for all Banach spaces X and Y.

(2) Jidl; = 1.

(3") If v € B(Xo; X), u € T(X;Y) and w € BY;Yo), [wouovly < [lw] ol flul

then (Z,||.||z) is called a normed (Banach) operator ideal, where X, and Y, are Banach

spaces.



1.2. The ideals of linear mappings

The operator ideal 7 is said to be closed if each Z(X;Y') is a closed subspace of B(X;Y)

for the sup norm.

Remark 1.2.1 /38, Theorem 1.2.2] The finite rank linear ideals F is the smallest operator

tdeal and B the largest one.

Let us recall the definitions of ideal of p-summing [19, page. 31], (Cohen) strongly p-
summing operators, Cohen p-nuclear [18] and p-integral operators.[19, p. 95], which will be

used in the sequel.

1.2.1 The ideal of p-summing linear operators.

Definition 1.2.4 Let 1 < p < oo. A linear operator u : X — Y is p-summing if there

exists a constant C > 0 such that, for any x4, ...,x, € X, we have
1 1
D AT@E)I"] <C sup | D (€] (1.2.1)
i=1 €l x+<1 \ ;25
The class of p-summing linear operators from X into Y, which is denoted by IL,(X;Y). is

a Banach space for the norm m,(T), i.e., the smallest constant C such that the inequality

(1.2.1) holds.

Remark 1.2.2 u is p-summing if it takes weakly p-summable sequences in X to strongly

p-summable sequences 'Y .

Corollary 1.2.1 [19, Page 39] If 1 < p < q < o0, then IL,(X;Y) C II,(X;Y). Moreover,
for u € IL,(X;Y) we have m,(u) < mpy(u).

Theorem 1.2.1 [19, Corollary 2.16] Let Q be a compact Hausdorff space. An operator
u: X — Y is 2-summing if and only if there exist a reqular Borel probability measure on

Q such that the following diagram commutes
X 5 Y
s la

Moreover, we away arrange that ||@| = mo (u) .
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1.2. The ideals of linear mappings

Theorem 1.2.2 [19, Theorem 8.1, Page 60 | If X is an L x-space and Y is an Hilbert

space, then every operator u € B(X;Y') is 1-summing. i.e.,
B(X;Y)=1L(X;Y),
with w1 (u) < kg ||u||, ke is the constant of Grothendieck’s inequality.

Theorem 1.2.3 [19, Theorem 3.7, Page 64] If X is an Lo-space andY is an L,-space with

1 < p < 2. then every operator u € B(X;Y) is 2-summing. i.e.,
B(X;Y) =1L (X;Y),

with s (u) < kg ||ul|. kg is the constant of Grothendieck’s inequality.

1.2.2 The ideal of (Cohen) strongly p-summing linear operators.

Definition 1.2.5 Let 1 < p < oco. A linear operator u : X — Y is (Cohen) strongly
p-summing if there exists a constant C' > 0 such that, for any xi,...,z, € X, and any
Yy, .y € YY", we have

n

D (), yi)l < C<i§:1 ilI”)? sup (5 ()|

i=1 yeBy

- (1.2.2)

The class of strongly p-summing linear operators from X into Y, which is denoted by
D,(X;Y), is a Banach space for the norm d,(u), i.e., the smallest constant C' such that
the inequality (1.2.2) holds.

Remark 1.2.3 u is (Cohen) strongly p-summing if its adjoint operator u* : Y* — X* is

p*-summing.

Corollary 1.2.2 The following results due to Cohen, for proof (see [18]).

(1) If 1 <p < qg<oo, then Dy(X;Y) C Dy(X;Y).

(2) In general, we have Dp-(X;Y) # 1L, (X;Y).

(3) Ifu: X =Y, uell,(X;Y) if, and only if, u* € Dy (Y*; X*) and 7, (u) = dp-(u*).
(4) If we Dy(X:;Y) if and only if, u*™* € D,(X**; V™).

(5) If 1 <p < oo, then I, (X;Y) C Dy (X;Y) when X is an L,-space.

11



1.2. The ideals of linear mappings

(6) If 1 < p < o0, then D, (X;Y) CII, (X;Y) when Y is an L,-space.
(7) If 1 < p < oo, then Dp=(X;Y) = 1L, (X;Y) when X is an L,+-space and Y is an

L,-space.

1.2.3 The ideal of (Cohen) p-nuclear linear operators.

Definition 1.2.6 [19, Page 64] Let 1 < p < co. A linear operator u : X — Y is (Cohen)
p-nuclear, if there exists a constant C > 0 such that for all finite sets x1,...,x, € X, and

foryi,ys,...,yn € Y*, we have

n

=1

The class of (Cohen) p-nuclear linear operators from X intoY, which is denoted by Nj,(X;Y),

< C sup |[|((i(27))

T*EBx*

(1.2.3)

n,

i osup ||(yi (y))
P yeBy

is a Banach space for the norm n,(u), i.e., the smallest constant C' such that the inequality

(1.2.3) holds.

Remark 1.2.4 N, (X;Y) is an Banach ideal in B(X;Y) (i.e., Vu € N, (X;Y),u € B(X;Y)
and ||u]| < n, (T)).

Corollary 1.2.3 If 1 < p < g < oo, then L,(X;Y) C I,(X;Y). Moreover, for u €
N, (X3 Y), we have iy(T) < i,(T).

1.2.4 The ideal of p-integral linear operators.

Definition 1.2.7 [19, Page 95] Let 1 < p < co. A linear operator w : X — Y is p-integral

if there are operators such that the following diagram commutes

X &% vy & oy
lv Jw (1.2.4)

Loo (1) % Ly (n).

We denote by I,(X;Y) the class of (Cohen) of all p-integral linear operators (1 < p < 00).

Corollary 1.2.4 If1 <p <gq < o0, then I,(X;Y) C I,(X;Y). Moreover, foru € I,(X;Y)
we have i,(T) < i,(T).

To close this section, we introduce the definition of p-factorable operators ideals.

12



1.3. Some based notions on multilinear mappings

1.2.5 The ideal of p-factorable operators

Definition 1.2.8 [19, Pagel5}]/Let 1 < p < oo and X,Y be Banach spaces.
The operator v : X — Y is said p-factorable if there exist a measure space (€,3, 1),

veB(L,(1);Y™) and w € B(X;L,(n)) such that
Kyu: X = L, (p) = Y™

In other words

Ky ou=vow,

where Ky is the isometric embedding of Y into Y**. We denote by I', o (X;Y) the space

of all p-factorable linear operators, which is a Banach space.

Corollary 1.2.5 An operator:u : X — Y belongs to I's tqr (X;Y) if and only if, it has a
factorization

X5 HSY,

where H is a Hilbert space.

1.3 Some based notions on multilinear mappings

In this section, we recall briefly some basic notions of the m-linear operators and their
properties. Let now m € N and Xj, ..., X,,,, Y be Banach spaces over K (K =R or C). A
mapping 7" : X; X ... x X,,, — Y is multilinear or m-linear if it is linear for each component.
It is bounded (continuous) if there exists a constantC' > 0 such that for any (z1,...,z,,) €

X1 x ... x X,,, we have

IT (21, sl < C ][] (1.3.1)

We denote by L (X, ..., X,,;Y) the space of all (bounded) continuous m-linear operators
from X; x ... x X,, into Y. Banach whose norm is the smallest verifying constant (1.3.1).

It can be expressed

T = sup T (1, ..., zm)|| -

lz;lI<L1<j<m

If Y = K, we write shortly £ (X1, ..., X, k) = L (Xq, ..., Xin) -

13



1.3. Some based notions on multilinear mappings

The projective tensor product
Let Xi, .., X,, be Banach spaces. We denoteX; ® ... ® X,,, the algebraic tensor product of
X1, ..., X;,. We define the projective norm by
||v||7r—inf{ZHHa:gH}, (1.3.2)
i=1 j=1

where the infimum relates to all possible representations of v of the form
n
v = szl ®..Qx;".
i=1

As usual, X;®;...0,X,, stands for the (complete) projective tensor product of the Banach
spaces X1, ..., Xpn. If X1 = ... = X,,, = X, we simply write &, X.

The linearization of an operator

IfT e L£L(Xy,..,XnY), we denote by T the linearization of T, which is the linear map
T: X®..8,X,, =Y given by

Tv(i TR ... @) = iT(l‘}, ez,
i=1 i=1

for all xi € X; (mneN,1<i<n,1<j<m). This linear operator is well defined because

it does not depend on a chosen representation (see [42] ). We also have
T is bounded < T is bounded.

Furthermore, HTH = |7
Identification
Given the following mapping
U L(Xp e, Xy Y) = B (Xi®r @, X3 Y)
T — U(T)="T.

It is easy to see that this mapping is surjective isometric. So we have the following isometric
identification

L(Xisooy X3 Y) = B(X1®5...0: X Y) .
Particular case. The dual of X ®;...8,X,, is identified with the space of bounded multi-

linear forms

(X1 @ ®r X)) = L (X1, e, Xin) - (1.3.3)

14



1.3. Some based notions on multilinear mappings

For Banach spaces X1, ..., X,,, Y, we have the isometric identification
L(X1y o Xos V) = (X1 @07 X @, Y") (1.3.4)

Adjoint operator. To each multilinear operator 7" : X; x ... x X,,, — Y, we associate the

following adjoint operator

T Y™ — L( Xy, .oy, Xin).

Which is defined by y* — 7% (v*) : Xi X ... x X, — K, where

The canonical multilinear mapping

Consider the canonical multilinear mapping

i Xy XX Xy — X 1R, 0.X,,

(', 2™ — e..ea™

We have the next diagram which is commute

X1 x.x X, z, Y
Neim T1
X1®r @2 X
In the other words
T=Toip,. (1.3.5)

15



Chapter 2

The ideal of Schatten class operators

and linear mappings generated by &,

In this chapter, we study the composition ideals of linear mappings generated by Schatten
class. Firstly, we study the Schatten class S, and some properties. And then present
a relation to ideals of linear mappings (p-summing, (Cohen) strongly p-summing, Cohen
p-nuclear and p-integral operators), especially coincidence theorem for Cohen strongly 2-
summing linear operators and connection with linear mappings of type B (S,). Finally, we
give some factorization results like that given by Lindenstrauss-Pelcziiski and J. Diestel, H.

Jarchow and A. Tonge, for Hilbert Schmidt linear operators.

2.1 Schatten class operators S, (H)

In this section, we study the Schatten class S,. (S, considered as a fundamental example
of newly introduced non commutative L,-space for 1 < p < 0o). Throughout this section,
H is a separable Hilbert space. It is important to begin the definitions of Schatten class by
8o, it serves us to demonstrate several results, in particular those concerning the trace class

operators S.
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2.1. Schatten class operators S, (H)

2.1.1 Hilbert-Schmidt operators S; (H)

The Schatten class Sy (H) is no other that Hilbert-Schmidt operators. Indeed, we define
S> (H) as the class of all operators T of B (H) who verify

> (TP e er) < 0. (2.1.1)

el

That means

Z <\T\2 e, ei> = Z (T*Te;, e;) = Z (Te;, Te;)

iel il iel
= D T () < oo
iel

This class is equipped with the following Hilbert-Schmidt norm
ITlls, = Q_IT (e)]*)z.
iel
It is quickly to verify that this norm does not depend on the choice of the orthonormal basis
of H.
First, we show that T" and 7™ have the same norm of Hilbert Schmidt. Indeed

TN, = DT (=3 ewT ()

icl iel el
= > D T (e, el
iel el
* 2 X2
= DT )l = 177l -
icl

Now given (€;);;, (fj);c; two orthonormal basis of H, we have

TS, = 17715 = DI ()l =Y > [fn T (el

il i€l jeJg

= D> > T (fy). el

jeJ el

= D ITUHI.

JjeJ

Remark 2.1.1 (1) Sy (H) is a Hilbert space, its inner product is given by

\V/Tl,TQ € 82 (H) . <T1, T2>82 = Z <T1€7;,T2€7;> .

el
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2.1. Schatten class operators S, (H)

(2) Let T € Sy (H). If x in H and its norm is 1. We can find an orthonormal basis of H

which contains x. It follows that
1T () < I1T'lls,

therefore

1T <171, -

Corollary 2.1.1 It is concluded from above, then
(a) TeS(H)=T €S (H).
(b) For allT € Sy (H), we have |T|5, = Tr (T*T) = Tr (TT*).
(c) For all T\, Ty € Sy (H), we have Tr (T1Ty) = Tr (1T5TY) .
(d) (Ideal property) Let T € Sy (H) and u,v € B (H), we have uTv € Sy (H) .
In addition
fuTolls, < lhull [, o]

Proof. (a) Immediate, since ||T||‘2,52 = ||T*||‘292 :

(b) Let T' € Sy (H), we have

Tr(T*T) = > (T"Te; e;)

i€l

= Y (Te,Tey =Y |IT(e)|* = IT" ()]
i€l el el

= Y (T"e;, T e;) =Y (TT s e;) = Tr (IT").
i€l i€l

(c) We use (b) and the polarization identity.
(d) Let T € Sy (H) and w € B (H), then

lTls, = > IuT (el

el
2 2 2 2 2 2
< S Nl 1T () = llul® YT ()l = llul* 1713,
el el

therefore, uT' € Sy (H) and |[uT'||g, < |Jul| [|T]|s,-
Now, let v € B (H), by (a) the adjoint operator T*u* € Sy (H). Then, v*T*u* € Sy (H), by
a second application of (a) this indicates that uTv € Sy (H). B
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2.1. Schatten class operators S, (H)

Proposition 2.1.1 The operators of Hilbert-Schmidt are compact, i.e., So (H) C K (H).

Proof. Let (e;);e; be an orthonormal basis of H and T' € Sy (H). For all n in N*, we denote
by P, the orthogonal projection on the subspace generated by {ey,...,e,}. The operator

T, = TP, is of finite rank equal to n and we have

T(e;) ifi<n
0 ifi>n

Tn (61) =

0ifi<n
(T =To) (e:) = L
T(e) ifi>n+1
Since T'—T,, € Sy (H), it follows that

1T = Tol® < |IT - Toll2, = ZHT T,) (e;)] ZHTeZ

i=n+1 i=n+1

The second member is the remainder of a convergent series, so it tends to zero when n tends

to co. Therefore the operator T is the limit of a sequence of the finite rank operators. W

2.1.2 The trace class operators S; (H)

The class Sy (H) which we will define plays an important role in the Schatten class. Its
dual is the entire space B (H). We will also see that its elements are characterized by the

decomposition into two elements of Sy (H). We start by this follow definition.

Definition 2.1.1 We denote by Sy (H) the space of all the operators T € B(H) with
Tr(|T|) < 0o (where |T| = ( T*T)?), i.e.,

Sy (H) = {T €EB(H): Y (|T|eje;) < oo} : (2.1.2)

icl

The space Si (H) of the following norm
IT||s, = Tr (IT1).

Which makes it a Banach space.
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2.1. Schatten class operators S, (H)

Proposition 2.1.2 Let T € S, (H), by the polar decomposition of T, T = U |T|. Then,
|T|%and U |T]% are in Sy (H) .

Proof. We put = = |T|% and y =U |T|%, then

lolls, = Y (117 ex 717 e:)

iel

= D (ITleien) = |Tls, < oo.

icl

For y, we know that U*U is a projection on H with an image {|T| (k) : h € H}, then
UU|T|? = |T) .

Therefore

Iyls, = D (UITI e, U|T| e;)

iel
= Z <|U|% UrU|T|? €i7ei>
iel
= > {ITlese) = ||T|s, <oco. W
i€l

2.1.3 Factorization of the trace class operators

In this paragraph, we will study some relations between the two classes S; and Sy. It will
be seen that each element of Sy is decomposed into two elements of S5. This permits us to

give another version of the norm of ;.

Proposition 2.1.3 LetT € B(H). Then, T € S (H) if and only if, there are two elements
u,v € So(H) such that

T = uv.
Proof. Let u,v € Sy (H). Then, it is shown that uv € S (H). Indeed

Tr(juwl) = Y (juvlee) <Y fJuv (e
el el
< |llls, llulls, < oo

The reciprocal is immediate by Proposition 2.1.2. W
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2.1. Schatten class operators S, (H)

Corollary 2.1.2 (1) For any T € B(H). Then, Tr (|T]) < 1 < T is written as follows
T = uv with w,v € Bs,(m).
(2) If T is positive then, T € S, (H) < Tz € Sy (H).

Proof. According to the previous Proposition

lulls, = llvlls, =Tr (7)) <1. ™

Proposition 2.1.4 For any T € S; (H), we have

T, = min {Jlulls, [vlls, } -
where the minimum deals with all the decompositions of T, where T' = uv with u,v € Sy (H).
Proof. By Proposition 2.1.3, for any T" = v;v,, we have

ITlls, = lluvlls, < llulls, v, ;

therefore
IT|5, < min {[|ull, [[v]s,} -

We obtain immediately the reciprocal implication by taking the polar decomposition of T'.

|
Proposition 2.1.5 (1) For any u € B(H) and T €5, (H), we have
Tr(uT) =Tr(Tu).
(2) (Ideal Property) Let T €5, (H), then
uTve S (H),
for allu,v € B(H).
Proof. (1) By Proposition 2.1.3, for any 7' = zy, we obtain
Tr(uT) = Tr(u(xy)) =Tr ((ux)y)

uz)) =Tr ((yu) v)

I
-
<

—
<
—~

(2) Let T € Sy (H) and u,v € B(H)
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2.1. Schatten class operators S, (H)

Tr(JuTv]|) = > (JuTw| e, e;)

el

<l ol 22 (T ess e

i€l

< Aol (T]) < oo W

Generalization of the trace on S, (H)
We can generalize the definition of the trace on the entire space Sy (H) by the following

way.

Definition 2.1.2 (Trace on S (H)) Let H be a Hilbert space and (e;);., an orthonormal
basis of H. Let T € S (H), we define the trace of T by

Tr(T) = Z (Te;, e;) .

This is a linear form on S; (H). Indeed, for any 71,75 € S; (H) and a1, as € K, we have

Tr (OélTl + OéQTQ) = Z <(CY1T1 -+ OéQTQ) €, €i>

il

= Z (anTve; + asTre;, €;)

il

= 1 Z <T161‘, 6@') + (0% Z <T261‘, €i> .

i€l i€l

Proposition 2.1.6 For any T € S, (H), we have
Tr (T)| < Tr(|T1).

Proof. By Proposition 2.1.2, if T'=U ]T]% \T\% = zy, we have
Tr (D) = > ((zy)eie)

i€l

= D (yei,z"e)

el

= [{y,2%)s,] < llylls, I=lls, -

By taking the infimum on all 7" decompositions of two Hilbert-Schmidt elements, we find

Tr (D) <Tr(T)). W
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2.2. Schatten class operators S, (Hy; H»)

Remark 2.1.2 The application trace on S (H) is well defined, because Tr (T') = (y,x%)g,
is a inner product on Ss (H), that is independent of the choice of the orthonormal basis of

H.

Corollary 2.1.3 The space S; (H) contains all the finite rank operators, i.e., F(H) C
S (H).

2.2 Schatten class operators S, (H;; Hy)

In this section, we will study the Schatten class operators S, (Hy; Hs) .

Definition 2.2.1 Let Hy, Hy be Hilbert spaces and 1 < p < o0.

We denote by S, (Hy; Hy) the p-th Schatten class of all compact operators
T Hl — Hz,

such that Tryg, (|T|") < oo, equipped with the norm

S =

IT|ls, = (Tra, (IT1))7 .
7:.6., Sp (Hl, HQ) = {T eB (Hl, HQ) . |T|p € Sl (Hl)} .
Which makes it a Banach space.

Remark 2.2.1 In the case 0 < p < 1, the space S, (Hy; Hs) is quasinormed ( p-normed).

Remark 2.2.2 For any 1 < p < 0o, we have S, (Hy; Hy) C K (Hy; He).
Indeed, the projections P,on Hyare taken as in example 1.1.1. We pose T,, = T'o P,, (Finite

rank operators), and it is shown that T,, — T.

Proposition 2.2.1 [19, Theorem 4.6] An operator u : Hy — Hj is compact if, and only if,

There is (An (T')),,en Scalars sequences ( tends to zero) such that

T = A(T) Ty @ ki, (2.2.1)

neN

where (hy,),,cy i an orthonormal in Hy and (ky), oy s an orthonormal in Hy.
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2.2. Schatten class operators S, (Hy; H»)

Proposition 2.2.2 Let 1 < p < oo. The operator T' € S, (Hy; Ha) if and only if, the

sequence (A, (T')),,eny € £p- Furthermore, we have

I7lls, = (Z w) - (2.29)

neN

Proof. Let 1 < p < oco. First, it should be noted that if |7'| = Z i (|T) hy, @ hy, then,

neN

TP = 3" X (T1) Fip © B

neN

We have

Tr(|TP) = Z(\TV’ei,ei):Z<Z)\£(|T])<hn,ei)hn,ei>

i€l t€l; \neN
= (SR ) = SR 1D S e
i€l neN neN i€l
i\2
= D (TN Y (h)" =D M (TN Ihal* =D X (7)) -
neN 1€lh neN neN
What it shows the equivalence. W
Proposition 2.2.3 Let 1 < p < q < oco. Then
Proof. Let T' € S, (Hy; H2), we have
1 1
(o) < (Tor)
neN neN
= [Tls, < oo.

Then, T is in S, (Hy; Hy). W

Duality for Schatten classes

Theorem 2.2.1 [19, Theorem 6.3] Suppose that 1 < p, g1, qs < 00 are such that q%—i—q% = i.
Let T € B (Hy; Hy). The following properties are equivalent.

(1) The operator T belongs to S, (Hy; Ha).

(2) There exist a Hilbert space H and operators v € S, (H1; H) and v € Sy, (H; Hy) such

that T' = uv.
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2.3. Properties of the class Sy (Hy; Hs)

Theorem 2.2.2 [19, Theorem 6.4] Let Hy, Hy be Hilbert spaces.

i) If 1 < p < o0, then an isometric isomorphism
¢ S, (Hyy Hy) — [Sp(Hy H2)]*
15 obtained by setting
Yo € Sy« (Hoy Hy) Vu € S, (Hy; Hy) @ (v) (w) = Trp, (vu).

ii) In the same way, Sy (Hy; Hy)is isometrically isomorphic to [K (Hy; Ha)|"and B (Hy; Hy)

is isometrically isomorphic to [B (He; Hy)|".

2.3 Properties of the class S, (Hy; Ho)

This section is devoted to representing the Schatten classes Sy by a tensor writing. First,
we define the tensor product of Hilbert.
Hilbert’s tensor product. Let H;, Hy be Hilbert spaces. The algebraic tensor product
H, ® H, of the inner product defined by

Vh - (hl ® hg),k - (k‘l ® k‘g) S Hl ® H2 : <h, k> - <h1,k1> <h2,]€2> .

We denote by ||.||, the corresponding norm and H;&;H, the completed Hilbert space. Let
(ex,) p.cy, an orthonormal basis of H; (1 < j < 2). It can be seen without difficulty that the
J J

system

{ex, @ ep, } ki€l;
1<5<2

forms an orthonormal basis of H;®qH,.
We know the class Sy (Hy; Hs) is that Hilbert-Schmidt linear operators. thus let’s start with

the following result on factorization of Sy (Hi; Hs) .

Theorem 2.3.1 (Lindenstrauss-Pelczhski [28]) Let Hy, Hy be two Hilbert spaces and u €
B (Hy; Hy). The following properties are equivalent.

(a) The operator u belongs to Sy (Hy; Ha) .

(b) w factors through an L..-space.
)

(¢) u factors through an Lq-space.
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2.3. Properties of the class Sy (Hy; Hs)

A more general result due to Diestel ,Jarchow and Tonge, on the following form.

Theorem 2.3.2 [19, Theorem 19.2] Let Hy, Hy be two Hilbert spaces and u € B (Hy; Hs).
The following properties are equivalent:

(1) The operator u belongs to Sy (Hy; Ha) .

(2) For any Banach space G, there is vy € B(Hy; G) and vy € B(G; Hs) such that u = vyv.

Theorem 2.3.3 [19, Theorem 5.30] Let Hy and Hy be Hilbert spaces.

(a) If 1 < p < o0, then T, (Hy; Hy) = N, (Hy; Hy) = Sy (Hy; Hy) isomorphically and isomet-
rically if p = 2.

(b) Iy (Hy; Ho) = N1 (Hy; Ho) = Sy (Hy; Hy) isometrically.

Pelcznski in [36] has proved that Sy (Hy; Hy) = 11, (Hy; Ha). After that J. S. Cohen in [18,

Theorem 4.1.1 | has given us the following result.

Theorem 2.3.4 Let Hy, Hy be two Hilbert spaces and w € B (Hy; Hy). For 1 < p < oo and

1 < p* < oo, we have
82 (Hl,HQ) :Hp (Hl,HQ) :Dp* (Hl,Hg) (231)
We show that the dual of the Hilbert tensor product Hilbert coincides with the class Ss.

Theorem 2.3.5 Let Hy, Hy be Hilbert spaces. Then, H, @, H, isometrically identifies with
82 (Hl; HQ) .

Proof. Let u € H;®,Ho such that u = Z hi @ h?. The following application is defined
-1

O . H\®oHy — Sy (Hy; Hy)
u — D (u)
where ® (u) is defined by
Q(u) : Hi — H
b @) (W)=Y (2 A B

=1
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2.4. Linear mappings generated by S,

First, we verify that ® (u) € Sy (Hy; Ha). Indeed

12 @ls, = DI (e)l* = (® () (e), ® (u) ()

el i€l

- Zzz<hh’el <hjz’ ><h]11’hjlz>
J2= 1]1 1 el

SRR () =
Je=1j1=1

We also conclude that @ is isometric. It remains to see that ® is surjective.

Let T € Sy (Hy; Hs), we put

UT:ZT(@L‘)@GT-

el
It is verified that up € H;®,H, and @ (up) = T.
Indeed

lurll; = <Z T(e)®e Y T(e)® e—>

el i€l

— ZZ (€i,) @€, T (€5,) @ E5)

1€l ig€l

= Z Z 611 612)) <a’ %)

1€l i0el

= D T =T, < oo
el

On other hand

O (ur) (h) = > (eih)T(e;)

this ends the proof. W

2.4 Linear mappings generated by §,

At the beginning of this paragraph, we present the class multilinear mappings of type £ (S,)
for m =1 (i.e., linear mappings of type B (S,)). The definition was introduced by Braunss
and Junek in [14].
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2.4. Linear mappings generated by S,

Definition 2.4.1 Let 1 < p < oo, X a Banach space and H a Hilbert space.
The linear operator v : H — X is said to be of type B(S,), in symbols u € B(S,) (H; X), if
it factors through a Hilbert space K

u

H — X

U N\ /" uz (2.4.1)
K

where u; € S, (K; H). The space B(S,) (H; X) is a normed space with the following norm

[ullg(s,y = inf [luz]| [[u]s, ,
where the infimum is taken over all possible factorizations of the form (2.4.1).

Proposition 2.4.1 Let1 < p < g < oco. We have for a Banach space X and a Hilbert space
H.
B(S,) (H; X)CB(S,) (H; X). (2.4.2)

2.4.1 Linear mappings of type S, o B

Definition 2.4.2 Let 1 < p < oo, X a Banach space and H a Hilbert space.
The linear operator u : X — H is said to be of type S, 0 B, in symbols u € S, 0 B (X; H), if
it factors through a Hilbert space K

X - H

K

where uy € S, (K; H). The space S, 0o B(X; H) is a Banach space with the following norm

||UHSPOB = inf ||U2||$p [ua]]

where the infimum is taken over all possible factorizations of the form (2.4.3). We have

lull < flulls,on
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2.4. Linear mappings generated by S,

Remark 2.4.1 If X = G is a Hilbert space, for1 < p < oco. Because S, (K; H) is a Banach
1deal, we have

S,0B(G;H)=S,(G;H). (2.4.4)
Indeed, if uw € S, 0 B(G; H) then
u=uu; : G35 K3 H,

with uy € S, (K; H) andu; € B(X; K). By the ideal property of the Schatten class S,. We
obtain

u=uzou €S, (G;H)=8,0B(G;H).

Remark 2.4.2 (Same argument) If X = G is a Hilbert space, for 1 < p < oco. Because
S, (K; H) is a Banach ideal, we have

B(S,) (G;X) =S, (G; X).

Proposition 2.4.2 Let X a Banach space and H a Hilbert space. Let 1 < p < oo. Fvery
operator in the space S, o B (X; H) is compact.

Proof. Let u € S, o B(X; H). Then by (2.4.3), we have
U = UgUy,

with uy € S, (K; H). Since uy is compact, there exists a sequence of finite rank operators
(tn),en such that

lim |Jug — u,|| = 0.
n—oo

Consider (unu1),, oy the sequence of linear operators of finite rank, we have

|u —upua|| = [lugus — unuy ||

= ||(U2 - Un)“l“

IN

luz =t [lua]f = 0.
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2.4. Linear mappings generated by S,

Proposition 2.4.3 Let1 < p < g < oo. We have for a Banach space X and a Hilbert space
H.
S,oB(X;H)CS,0B(X;H). (2.4.5)

Proof. Let 1 < p < ¢ < oo. Suppose that u € S,0B (X; H), by (2.4.3) then © = uyu; when
uy € Sp(K; H). According to (2.2.3), we have uy € S;(K; H), then uguy € S, 0 B(X; H).
Consequently u € S,o B(X;H). B

Ideal property of S,oB

Proposition 2.4.4 Let H,G be Hilbert spaces and X,Y be Banach spaces. Let u € S, o
B(X;H). v be a operator in B(Y; X) and w be a operator in B(H;G). Then, the operator
wuv  belongs to S, 0 B(Y;G). In addition

||7~UUU||SPOB < lwl] ||U||s,,oB o] -

Proof. Let u € S, 0o B(X; H), by (2.4.3) then
U:UQ’U/lZXE)KEH,

with us € S, (K; H) and uy; € B(X; K). Suppose that v € B(Y;X) and w € B(H;G).

Then
y % X X H

u S uy w]

K 2

We have

wuv = (wusg) (ugv)

= wws,

with wy € S, (K; G) and wy € B(Y; K). Therefore wuv € S, 0 B(Y;G).

On other hand, we also have

Hw“UHspoB < fJwll HuHSpOB [off. =
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2.4. Linear mappings generated by S,

And we deduce the following result.

Corollary 2.4.1 If X, is a subspace of X and uw € S, 0o B(X;H). Then, the restriction
mapping u/x, : Xo — H is also of type S, o B

i.e., u/x, € SpoB(Xo; H),

and

I u/XOHSpoB < HUHSPOB'
Injectivity of S, 08

Proposition 2.4.5 If Hy is a subspace of H and i : Hy — H to be the inclusion mapping.
Then, The next properties are equivalent.

(a) The operator u belongs to S, o B(X; H).

(b) The operator iu belongs to S, o B (X; Hy) .

In this case

I iu”spozg = ||u||sp03-

Proof. Immediately by ideal property of linear mappings of type S, o B. W

2.4.2 Relation to ideals of linear mappings

We have some inclusion and coincidence situations with old classes.

Proposition 2.4.6 Let 1 < g < 2, we have
(1) S,0oB(X;H) CD,(X;H), for all p.

(2) S,0B(X;H) CIIL,(X; H), for all p.
(3) SyoB(X;H) CI,(X;H), for all p > 1.
(4) S0 B(X;H) CN,(X;H), for allp > 1.
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2.4. Linear mappings generated by S,

Proof. (1) Let 1 < ¢ <2andu € S,0B(X; H), by Proposition 2.4.3 then u € S;0B (X; H).
There is a Hilbert space K such that u = us o uy with us € Sy (K; H). By Theorem 2.3.4
we have uy € D, (K; H), for all p. We conclude the proof by the ideal property of (Cohen)
strongly p—summing operators.

(2) Same argument with (1).

(3) Let 1 < g <2andu e S,o0B(X;H), by Proposition 2.4.3 then v € Sy 0o B(X; H).
There is a Hilbert space K such that u = uy o u; with uy € S (K; H). By Theorem 2.3.3
this implies that uy € I, (K; H), for all p > 1.We conclude the proof by the ideal property
of p—integral operators.

(4) Same argument with (3).

Proposition 2.4.7 Let X a Banach space and H o Hilbert space, we have
(a) S0 B(X;H)CI(X;H).
(b) SioB(X;H) CN(X;H).

Proof. (a) Let u € S§; o B(X; H). So, There is a Hilbert space K such that u = us o uy
with uy € S (K; H). Then from Theorem 2.3.3 (b), we have us € I (K; H), by the ideal
property of p-integrale, we obtain us o uy € I (X; H), therefore u € I (X; H).

(b) Same argument with (a). W

Remark 2.4.3 If X is a Banach space isomorphic to a Hilbert space, it is not difficult to
show that the coincidence in the situations (1) in proposition 2.4.6 ( respectively (a), (b) in

proposition 2.4.7)

Proposition 2.4.8 Let X be a Banach space and H be a Hilbert space. Then
If 1 < p < o0. The following statements are equivalent:

(a) The operator u belongs to S, o B(X; H).

(b) The operator u** belongs to S, o B(X**; H).

In this case
||U**||$pozg = ||u||sp03-

Proof. (a) = (b) : Let u € S, 0 B(X; H), then

ul ug
u=1uu : X - K —= H,
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2.4. Linear mappings generated by S,

with us € S, (K; H) . The adjoint of u is given by
u*:ufuz:HgKgX*.
The second adjoint of u is given by

u** u**
™t =yl X5 K5 H,

then u3* € S, (K; H) and consequently u** € S, 0 B(X**; H).

(b) = (a) : By the next factorization

X % H
kx| kg |

ie.,u= kg u™kx,

we can show that v € S, o B(X; H). On the other hand, we have

[ 5,05 = ua"u"ll 5,08
P P
< g, llui|
< luplls, lluall,
SO
lulls,o5 = ”k;Il“**kX”spoB
< [JBE | e s,en x|
< u™lls,on-
Consequently

||U**||spozs = ||u||spozs- u

From the above result and the ideal property, we deduce the following consequence.
Corollary 2.4.2 Ifu e S,0B(X; H), if and only if, kyu € S, 0 B(X; H). Moreover,

||k'HU||spoB = ||U||s,,oB :
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2.4. Linear mappings generated by S,

Remark 2.4.4 For 1 < p < oo, the adjoint of u € S, 0o B(X;H), he can not be of type
S,0B.

Lemma 2.4.1 Let X,Y be Banach spaces such that Y is reflexive. Let u : X — Y be a
(Cohen) strongly 2-summing linear operator. Then, u factors through a Hilbert space, i.e.,

d a Hilbert space H and two linear operators vy, ve such that

X 5 Y
(N /" Uy (2.4.6)

In other words

U = vy 01,

with ve € Dy (H;Y).

Proof. Let u € Dy (X;Y). By Corollary 1.2.2,(3), its adjoint u* : Y* — X* is 2-summing.
Then, u* factors through a Hilbert space H (see the Pietsch Factorization Theorem) Theo-
rem 1.2.1, i.e.,
u =y Y5 H B X

where vy is 2-summing (i.e., its adjoint v} is strongly 2-summing). The second adjoint of u
is given by

u™ =iy X N A
We use the elementary identity u**ky = kyu which comes to the next diagram

u

X - Y
kx| ky |

with ky is bijective (Y is reflexive). Consequently, we obtain
u= (ky'vy) (vzkx). M

There is an interesting relationship between (Cohen) strongly p-summing linear operators

and linear operators of type S, o B.
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2.4. Linear mappings generated by S,

Theorem 2.4.1 Let X be a Banach space and H be a Hilbert space. For all 2 < p < o0,
we have

SyoB(X;H)=D,(X;H). (2.4.7)

Proof. Let u € Sy 0 B(X; H). By the factorization (2.4.3), u = ug o u; with uy € Sy (K; H)
and u; € B(X; K). By (2.3.1) and the ideal property, we have

uweD,(X:H).

Reciprocally, let 2 < p < oo and u € D, (X; H). By Corollary 1.2.2 (1), wis in Dy (X; H).
According to Lemma 2.4.1, u factors through a Hilbert space

U u
UZ’ZJ,QOuliX—1>K—2>H,

with uy € Dy (K; H) (= So (K; H)). Therefore, u = uguy € SooB(X;H). W
Duality for S, o B (X; H)

Proposition 2.4.9 Let 1 < p,r,q < oo and X a Banach space and H a Hilbert space.
T € B(X;H). The following properties are equivalent.
(1) The operator T belongs to S, o B(X; H).

(2) The operator T is factored T = uv with v € S; 0 B(X;K;) and v € S, (Ky; H) with
1 1
> T

Q=

T

Proof. (1) = (2): Let T' € S, o B(X; H). Then by (2.4.3), we have
T = UgU7 ,

with uy € S, (K; H) and u; € B(X; K). By Theorem 2.2.1, the operator us = vyv;where
vy € S, (K13 H) and vy € S, (K; K;) with % + % =1

ie., up = v9uy : K 4K, 3 H.
Then, T = vyviuy, by the ideal property of the Schatten class S;, we have

UlulszSQOB(X;Kl),i.e.,w:v2u1:XgKgKl
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2.4. Linear mappings generated by S,

with v; € S, (K; K;) and vy € B(X; K). So
T = vyw, where vy € S, (K1; H) and w € S, 0 B(X; K7).

(2) = (1) : Suppose that T' = wv, where u € S, 0 B(X;K;) and v € S, (K;; H) with

1, 1_1
p+q_7“'

Then u = uguy,with uy € S, (K; H) and u; € B(X; K), by Theorem 2.2.1 therefore
uv=weS, (K;H).

Then
wuy €S, (K;H). R

2.4.3 Connection with linear mappings of type B (S,)

Proposition 2.4.10 Let X be a Banach space, H be a Hilbert space and 1 < p < oo, then

the following statement are equivalent:
(1) The operator u belongs to S, o B(X; H).
(2) The operator u*belongs to B (S,) (H; X*).

Proof.(1) = (2) : Let u € S, 0 B(X; H), then
u:u2u1:Xﬂ>Kﬂ>H,

with us € S, (K; H) and u; € B(X; K), the adjoint of u is given by
u*:ufunggKﬁX*,

with uy € S, (K; H) and uj € B(K; X*). Consequently, we obtain u* € B(S,) (H; X*).
(2) = (1) : Let u* € B(S,) (H; X*), the adjoint of u*is given by

sk
ut =y X - K= H,

so uy* € S, (K; H) and consequently u™* € S, o B(X™; H), by Proposition 2.4.8, then
veS,oB(X;H). N
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2.4. Linear mappings generated by S,

Proposition 2.4.11 Let1 < p < co and X a Banach space and H a Hilbert space. Suppose
1, 1 _

5—!—};-1, we have

1)IfTy€S,0B(X;H) and Ty € B(Sy+) (H; X), then T'T, € S, (H; H) .

2)IfTy € S,oB(X;H) and Ty € B(S,) (H; X), then TyT» € S, (H; H) .

Proof. 1) Let T1 € S, o B(X; H)and Ty € B(S,) (H;X). Then by (2.4.3) and (2.4.1), we
have

11Ty = uguyvavy
. v v U U
1.e.,T1T2:H—1>K—2>X—1>K—2>H,

with uy € S, (K; H) and vy € Sy (H; K). Firstly ujvs = w € B(K;; K). By the ideal
property of the Schatten class S,, then usw € S, (Ky; H). By Theorem 2.2.1, the operator

uswv, € Sy (H; H) .

Consequently
T1T2 € 81 (H,H) .

2) Same argument with 1). W
Since S, (Hy; Hs) is a Banach ideal and by Theorem 2.2.2, we have the following results

Corollary 2.4.3 Let 1 < p < oo and Hy, Hy be Hilbert spaces. We have the following

isometric identification
(S, 0 B(Hy; Hy)|" = Sy« 0o B(Hay; Hy), (2.4.8)
where duality is defined by
Vu € Sy« 0 B(Hy; Hy) ,Yv € Sy 0 B(Hy; Hy) : (u,v) = Try, (vu) .

Corollary 2.4.4 Let Hy, Hy be Hilbert spaces. Then,
H\®5H, isometrically identifies with Ss o B (Hy; Hy) .
H,\®,H, isometrically identifies with S1 o B (Hy; Ho) .
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2.5. Characterization of the classes of type Sa o B and B (Ss)

2.5 Characterization of the classes of type S; o B and
B(S,)

Theorem 2.5.1 Let 1 < p < 0o, X a Banach space and H a Hilbert space. The following

properties are equivalent.
(1) The operator u belongs to Sy o B(X; H).
(2) There exist a linear operator vy € B (Ly1; H) and w € T'y g4 (X; L1) such that

u = v 0w.
Proof. (1) = (2) : Let u € S0 B(X; H), Then by (2.4.3), we have
U = Ugly,

with uy € Sy (K; H) and u; € B(X; K). By Theorem 2.3.1, the operator us factors through
an Li-space, i.e., ug = v1 0 vy with vy € B(K; L) and vy € B(Ly; H), thus

X 5 H
up | T
K 2 L
Then
U = U1 0V 01U
= viow,

where w = vy 0o uy € Ty gt (X5 L4) .
(2) = (1) : Suppose that u = v o w, where w € I'y 4 (X; L) and vy € B(Ly; H). One can
write w as

ul V2
w=1uv90u : X — Ki = L;.

By Theorem 1.2.2, the operator v; is 2-summing. So it factors through a Hilbert space, i.e.,

vp=t,ot,: Ly b, K, b, H with t, € Iy (Ly; K3). Therefore,

u=uviow=1=t, 0%, 0vy0 U,
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2.5. Characterization of the classes of type Sa o B and B (Ss)

with t, ot, ovy € S (K1; H) and uy € B (X; K;)
u:tlotzovgoul:XgKlgﬁnggiH.
Then u € Sy 0 B(X; H), this ends the proof. W

Theorem 2.5.2 Let 1 < p < 0o, X a Banach space and H a Hilbert space. The following

properties are equivalent.
(1) The operator u belongs to Sy o B(X; H).
(2) For every Banach space Z, there exist vy € B(Z; H) and w € 'y sqt (X; Z) such that

u = v 0w.
Proof. (1) = (2) : Let u € So 0 B(X; H), then by (2.4.3), we have
U = UgUy,

with us € Sy (K; H) and u; € B(X; K). By Theorem 2.3.2, the operator us factors through
a Banach space Z, i.e., us = vy o vy with vy € B(K; Z) and v, € B(Z; H), thus

X = H

up | T

K 3 Z

then
U = vV 0Vy0U
= viow,

where w = vy ouy € Iy gt (X Z).
(2) = (1) : Suppose that u = vy o w, where w € I'y 44 (X; Z) and vy € B(Z; H). One can

write w as
Ul V2
w = vyou X — K> 7.
U = V1 0W ="V V20U,

by Theorem 2.3.2, the operator s = (v; o vy) belongs to Sy (K1; H). So s owuy belongs to
Sy0B(X;H), with uy € B(X;K) and s € Sy (Kq; H) . Therefore u € Sy 0o B(X; H), this
ends the proof. W

The proof of the following theorems is done in the same way as the theorems previous.
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2.5. Characterization of the classes of type Sa o B and B (Ss)

Theorem 2.5.3 Let 1 < p < 0o, X a Banach space and H a Hilbert space. The following
properties are equivalent.

(1) The operator u belongs to Sy o B(X; H).

(2) There exist a linear operator vy € B(Loo; H) andw € Ty 41 (X; Loo) such that u = viow.

Theorem 2.5.4 Let 1 < p < 0o, X a Banach space and H a Hilbert space. The following
properties are equivalent.

(a) The operator u belongs to B (S2) (H; X).

(b) There exist a linear operator v; € B (H; L) and w € Ty fqr (Loo; X) such that u = wowy.
(©)

(d) For every Banach space Z, there exist vi € B(H;Z) and w € Ty 141 (Z; X) such that

There exist a linear operator vy € B(H; Ly) and w € 'y f4 (L1; X) such that u=wouy.

U = W o ;.

Corollary 2.5.1 As characterization result that give by Theorem 2.3.1, we can say that
linear mappings of type Sa o B and B (Ss2) are characterized by their factorizations by L, -

space and by L..-space.
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Chapter 3

On the composition ideals of Schatten

class type mappings

The content of this chapter is based on a paper published in Journal of Mathematics [6].

In this chapter, we study the composition ideals of multilinear mappings generated by
Schatten class. Firstly, we present a factorization theorem for Hilbert-Schmidt multilinear
operators by Li-space and by L,-space. Secondly, we introduce the definition of multilinear
mappings of type S, o £ and we give some coincidence theorems for Cohen strongly 2-
summing multilinear operators. Finally, we present factorization results like that given by

Lindenstrauss-Pelcznski for Hilbert Schmidt linear operators.

3.1 Ideals of multilinear mappings

Definition 3.1.1 (The m-linear mappings of finite type) A multilinear mapping T € L(X1, ..., Xm;Y)
1s of finite type if it is a finite sum of operators of the form

*

Ty®;_n:1x; =11 ®. 01 ®y: (xl, ,xm) — ] (:L‘l) (™) y,

where x5 € X7 (1 <j<m)andy €Y. We denote by L;(Xy,..., X,;n;Y) the space of all

finite type multilinear operators.

Definition 3.1.2 An ideal of multilinear mappings (or multi-ideal) M is a subclass of the
class for all continuous multilinear mappings such that for all m € N and Banach spaces

X1, .oe, Xpn and Y, the component M (X1, ..., X,;Y) = L (X1, ..., Xpn; Y) N M satisfy:
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3.1. Ideals of multilinear mappings

(1) M (Xy,..., X;n;Y) is a linear subspace of L (X1, ..., X;n; Y') which contains the m-linear
mappings of finite type.

(2) The ideal property: If T € M (X1, ..., Xmn;Y), u; € B(E;; X;) andv € B(Y; F), then
Vo T o (U, ..., ty,) 18 in M (EY, ..., Ep; F) .

If || pg : M — RY satisfies

(1) (M (X1, ..., X3 Y) |l pg) 28 @ normed (Banach) for all Banach spaces X1, ..., X,,, and
Y and for all m € N*.

2)|A" K" = K; A™ (21, .0, T) = T T || 0y = 1.

(3) IfT e M(Xy,..., X0 Y),u; € B(E;; X;), forj=1,..m andv € B(Y; F), then

[v 0T 0 (u, oy uj)l| g < NONIT g 1wl feemll
then (M;|.]|\,) is called a normed (Banach) multi-ideal.

Pietsch in [39], proposed methods for construct multi-ideals from a linear ideal. The com-
position method and the factorization method. But we will focus our study on the first

method only, because we need it later.

Definition 3.1.3 (The composition method) Let Zbe an operator ideal , a multilinear oper-
ator T € L(X1,...,Xm;Y) is said to be of type T o L, in symbols T € T o L(X71,..., X;m;Y),
if there exist a Banach space G, a linear mapping u € Z (G;Y) and a multilinear operator

A€ L(Xy, ..., Xn; G) such that the following diagram commutes

X, x.x X, % v
NA ul

G

In other words 7" = uwo A. If 7 is a normed operator ideal and 7' € Z o L( X1, ..., X;,,; V), we
define

1Tl 2o, = inf [|ull7 [[All

where the infimum is taken over all possible factorizations T'=u o A with u € Z.
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3.1. Ideals of multilinear mappings

3.1.1 Cohen strongly p-summing multilinear operators

In this passage, we present the definition of Cohen strongly p-summing multilinear operators

and result. Which we will need in the sequel.

Definition 3.1.4 [2, Definition 2.1] Let 1 < p < co. An m-linear operator T : X1 X ... X
X, — Y is Cohen strongly p-summing if its linearization T is (Cohen) p-summing linear
operator. The class of Cohen strongly m-linear operators from X; x ... x X,, into Y is

denoted by D' (X1, ..., Xp; Y'), which is a Banach space.
Proposition 3.1.1 /2, Corollary 2.5] If 1 < p < gq. Then
DXy, ooy X3 V) € DXy, oy X V),

for all Banach spaces X1, ..., X,,, Y.

3.1.2 Factorization of Hilbert-Schmidt multilinear mappings

In this paragraph, We will prove by anti-examples that this characterization is not verified
in the multilinear, opposite linear case.

The definition of the Hilbert-Schmidt multilinear mappings was introduced by Dwyer [23].
And studied by several authors including Pietsch in [39]. These mappings where also studied

by Matos in [30] for the vector -valued case.

Definition 3.1.5 Let Hy, ..., H,,, H be Hilbert spaces. A mapping T € L (Hy, ..., H,; H)
1s said to be Hilbert -Schmidt if there is an orthonormal basis (ei].)i_ef_ for H;, for each
7 =1,..,m, such that
2
Tl = Y 1T (ens o ein)lI* < 0.
7;lell ----- imejm

We denote by Lys (Hy, ..., Hy; H) the space of all Hilbert-Schmidt multilinear mappings.

It is easy to show that it is a Hilbert space under the norm ||.||,,s defined by the inner product

(T,Te) = Y <T1(eil,...,eim),Tg(eil,...,eim)>.

il EII ----- irne['m
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3.1. Ideals of multilinear mappings

Definition 3.1.6 [30, Definition 5.8/It is considered on Hy & ... ® H,, in the inner product

m

(hok) =TT (hyky)

j=1
where h = (b1 ® ... @ hy) bk = (k1 ® ... ky) € HH ® ... ® Hy,. The space H; @ ... ® Hy,
with this inner product is denoted by Hy ®s ... ®9 H,, and its completion by H ®s..R5H,,.

The corresponding norm is denoted by ||.||,-
If is an orthonormal basis for Hy, k = 1,..,m. Then

{er, ® ... @ ep, } kel
1<j<m

is an orthonormal basis for H,®s...@9H,,.

Proposition 3.1.2 /30, Propostion 5.10] Let Hy, ..., H,,, H be Hilbert spaces. The following
properties are equivalent.

(1) The operator T belongs to Lys (Hy, ..., Hy; H) .

(2) The operator Tgbelongs to Sy (Hl®2...<§>gﬂm; H), where @ denotes the extension ofT
on the space H1(§)2...(§>2Hm),

In this case ||T|| 5 = TVQHS :

Theorem 3.1.1 /32, Theorem 2.10] Let T € Lys (Hy,...,Hy; H) and Hy,...,H,,,H be
Hilbert spaces and then for all G Banach space, we have T'= uo A where u € B(G; H) and
AeL(Hy,...H, Q).

Remark 3.1.1 In [32, Example 2.12] C. A. Mendes has given an example such that, the

converse is not true in general.

By using the composition method, we give an other similar result on factorization of Hilbert-

Schmidt multilinear mappings.

Theorem 3.1.2 Let Hy, ..., H,,, H be Hilbert spaces. If T € Lys (Hy,...,Hy; H), then T
factors through an L.,-space and L1-space in the following ways:

(1) T is represented by T =uo A where u € B(Loo; H) and A € L(Hy, ..., Hy; L) -

(2) T is represented by T' = uo A where u € B(Ly; H) and A € L(Hy,...,Hn; L1).
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3.2. Multilinear mappings generated by S,

Proof. (1) Let T € Lys (Hy, ..., H,,; H). By Proposition 3.1.2 , Ty isin SQ(H1®2...®2Hm; H).
The Theorem 2.3.2 assure the existence of two operators v € B (H1®2...</§§2Hm;£oo) and
u € B (L, H) such that

Ty = uv,
then, T'= u o A with
A =001,
with i, is defined by
im ¢ Hi X ..X Hy, — H®o.0:H,
(hi, s hm) = A ® ... @ hy,.

Same method then the second. W

Remark 3.1.2 The reciprocal of the previous theorem is mote true in general. Indeed,

consider the following example.

Let A: Hx Hx H — Ly, the operator define by

Az, y,2) = (z,y) 2.

Let u € B(Loo; H) (ie., u € MIo(Lo; H)) by Theorem 1.2.3. Then, the operator T is
represented by T = uo A where u € B (Loo; H) and A€ L(H,H,H;L,).

Now, let us check that T is not Hilbert-Schmidt. Indeed

Z HT<€’€1767€27€]€3>H2 = Z H<e/€1?€k2>u(€k3)”2

ki1€l,kacl k3el ki1€l,kocl k3el

= e luler)I?

k1€l kol k3el

= > luler)l® Y llewll” = +oo,
kel ko€l
3.2 Multilinear mappings generated by S,
3.2.1 Multilinear operators of type L (S,)

In this paragraph, we present the multilinear operators of type £ (S,) with some properties.

The definition was introduced by Braunss and Junek in [14].
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3.2. Multilinear mappings generated by S,

Definition 3.2.1 Let Hy, ..., H,, be Hilbert spaces and F a Banach space. A multilinear op-
erator T : Hyx...xH,, — F is said to be of type L (S,), in symbols T € L(S,) (H1, ..., Hpn; F)
if, for each i = 1,.,m, there exist a Hilbert space K;, a linear operator u; € S,(K;; H) and

A€ L(Xy,..., Xpm; K) such that
T = Ao (Upy.coyUp) .

A norm for that space is

||T||£(sp) = T:Ao(iillfww) [A] H ||Uz||sp :
i=1

Proposition 3.2.1 If1 <p < g < oo, we have
L(S,) (Hy,....,Hn; H) C L(S,) (Hy, ..., Hpns H) .
Corollary 3.2.1 Let Hy, ..., H,,, H be Hilbert spaces. We have
L(S2) (Hy,....,Hn; H) C Lys (Hy, ..., Hps H) .
This inclusion is strict in general.

Proposition 3.2.2 Let Hy,..., H,, be Hilbert spaces and F a Banach space. For all 1 <
p < 2, we have

Finally this paragraph, we present factorization of Schatten class type mappings L (Ss)
introduced by C. A. Mendes in [33].

Theorem 3.2.1 Let Hi, ..., H,, be Hilbert spaces and F a Banach space. The following
properties are equivalent:

(a) T € L(Sy)(Hy,y..., Hp; F).

(b) For each j = 1,.,m, there exist Y; is an Lq-space, an linear operator u; € B(H;;Y;)

and R € L2 (Y1, ..., Yim; F) such that
T =Ro(uUp,....Up) .

(b) For each j = 1,.,m, there exist Y; is an L-space, an linear operator u; € B (H;; X;)

and R € L2 (X1, ..., X;m; F) such that
T =Ro (U, ... Up) .

Where £2 (X1, ..., X;n; F) the class of all 2-dominated multilinear mappings.
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3.2. Multilinear mappings generated by S,

3.2.2 Multilinear operators of type 5,0 L

We introduce a similar definition to the category of multilinear mappings. This procedure
is a particular case of the technique called composition ideals to generated multilinear ideals

from a given linear ideal.

Definition 3.2.2 Let X, ..., X,, be Banach spaces and H a Hilbert space. A multilinear op-
erator T : Xy X...x X, — H is said to be of type S,0L, in symbols T € S,0L (X1, ..., Xon, H);
if there exist a Hilbert space K, a linear operator v € S,(K;H) and A € L(X;, ..., X,; K)

such that the following diagram commutes

T

X, x.x X, — H
NA u?
K
In other words
T=wuoA. (3.2.1)

The space S, 0 L (X7, ..., Xm; H) is a Banach space with the following norm
ITls,0z = nf flulls, Al
where the infimum is taken over all possible factorizations of the form (3.2.1). We have
1T < 17|50 -

Remark 3.2.1 If X; = H; ,i =1,..,m. H; are be Hilbert spaces, for 1 < p < 0o, in general
case the spaces S, 0 L (Hy, ..., Hp; H) and Lys (Hy, ..., Hy,; H) are not coincident. Contrary

to the linear case.

The representation of compact multilinear operators by the technique of composition ideals

(see [13]) is the key to the following result.

Proposition 3.2.3 Let X1, ..., X,, be Banach spaces and H a Hilbert space. Let1 < p < o0.
Every operator in the space S, o L (X7, ..., Xpm; H) is compact.
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3.2. Multilinear mappings generated by S,

Proof. Let T' € S, 0 L (X1, ..., X, H). Then by (3.2.1), we have
T=uoA,

with v € S, (K; H). Since u is compact, there exists a sequence of finite rank operators
(tn),en such that

lim ||u —wu,| =0.
n—oo

Consider (un,A), oy the sequence of multilinear operators of finite rank, we have

1T = un Al = [JuAd = u, Al
= [(u—ua) All < [lu— u,|| [A] = 0. =

As in the linear case, we can prove the following.

Proposition 3.2.4 Let X4, ..., X,, be Banach space and H a Hilbert space.

If 1 < p < q < oo, we have
Spo L (X, Xon H) C S 0 L(Xy, .., X H) . (3.2.2)

Proof. Let '€ T € S, 0 L (X1, ..., X;n, H). Then by (3.2.1) T =uo A, withu € S, (K; H).
By (2.4.5), we have u € S, (K; H), consequently T' € S, 0 L (X1,..., X, H). N
Our theorem below deals with the relation between a multilinear operator of type S, o £

and its linearization.

Theorem 3.2.2 Let X1, ..., X,, be Banach spaces and H be a Hilbert space.
Let T € L(Xy,...., X;n; H). The next properties are equivalent:

(1) The multilinear operator T belongs to S, o L (X, ..., Xpm; H) .

(2) The linearization T e S, 0 B(X1@n...0x Xpn; H).

Proof. First, we suppose that 7" is of type S, o L. Then, by the factorization (3.2.1) we have
T =wuoAwithueS,(K;H). So, by using (1.3.5) we obtain T = uo A, where A is the
linearization of A, then

T eS8, o0B(X,Rr..0pXm; H).
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3.2. Multilinear mappings generated by S,

Now, we suppose that (2) is true. We can write
T:Toim:uzouloim,

withus € S, (K; H) and u0i,, € L (X7, ..., Xpn; K). Therefore T € Syol (Xy,.... X,; H). R
Comparing the ideal multilinear operators of type S, o £ with the ideals of Cohen strongly

p-summing and Hilbert-Schmidt multilinear mappings.

3.2.3 Connection with Cohen strongly p-summing multilinear op-

erators

The following result due to L. Mezrag and K. Saadi [34, Corollary 4.2], which is considered

the key of the proof of our main results in this section.

Lemma 3.2.1 Let Xy, ..., X,,,Y be Banach spaces and T' € L(X1,..., X;n;Y). Then, the
following assertions are equivalent:
(1) The operator T' € D' (X1, ..., Xpm; Y).
(2) There exist a Banach space Z, a linear operator u € D, (Z;Y) and A € L (X1, ..., X;n; Z)
such that

T =wuo A

Asin the linear case (2.4.7), we can establish the relation between Cohen strongly p-summing

multilinear operators and multilinear operators of type S; o L.

Theorem 3.2.3 Let X4, ..., X,, be Banach spaces and H be a Hilbert space. For all 2 <
p < oo, we have

Syo L(Xy, ... Xp; H) =D (Xy, ..., Xps H) (3.2.3)
Proof. Let T' € Sy 0 £ (X1, ..., X,n; H). By the factorization (3.2.1), we have
T=uoA,

with u € Sy (K;H) and A € L(Xy,...,Xn; K). Because Sy (K;H) = D, (K; H) from
(2.3.1). Then u € D, (K; H). So, by Lemma 3.2.1, we have

uo A€ D (Xy,...,X;m; H).
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3.2. Multilinear mappings generated by S,

Reciprocally, let 2 < p < co and T' € D}" (X, ..., X;n; H). By Proposition 3.1.1 , T is in
Dy (X4, ..., X,n; H) and by Lemma 3.2.1, we have T' = uo A, where u € Dy (Z; H) and Z is

a Banach space. According to the Lemma 2.4.1, u factors through a Hilbert space,
1.€.,U = Usg O Uq,
with ug € Dy (K; H) (= S (K; H)). Therefore,
T=uyouoA€So0Ll(Xy,...X; H). N
The desired result follows.

Theorem 3.2.4 Let Hy, ..., H,,, H be Hilbert spaces. Then,
(1) If 2 < p < 00, we have

Dy (X1, oy Xpns H) € Spo L( X,y Xpns H)
(2) If 1 < p < 2, we have
Sp o L(X1, ., Xps H) C DY (X1, ooy Xon; H)

Proof. (1) Let 2 < p < oo and T' € D (X, ..., X;n; H). By (3.2.3), T belongs to Sy o
L (X, ..., X;n; H) and the result follows by (3.2.2).

(2) Let 1 < p < 2 and T be a multilinear operator of type S, o L. Then, T' = u o A, with
uweS,(K;H)and A € L(Xq,..., Xpm; K). It follows by (2.2.3) that u € Sy (K; H), from
(2.3.1), we have u € Dy (K; H) Thus Lemma 3.2.1 completes the proof of Theorem. M

we use the Lemma 3.2.1 and Theorem 3.2.3, we present the following result.

Proposition 3.2.5 Let Xy,..., X,, be Banach spaces and H be a Hilbert space. For all
1 < p < oo, we have

(a) H is finite dimensional.

(b) The identity idy € So o B(H; H).

(¢) For all Banach spaces, we have

82 oL (Xl, ,Xm, H) =L (Xl, 7Xm, H) .
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3.2. Multilinear mappings generated by S,

Proof. (a) = (b) : Obviously

(b) = (c¢) : By Theorem 2.3.3, idy € D,(H; H).From Corollary 1.2.2 (3), we have idy €
IL-(H; H).

(¢) = (d) : It is easy by using the Lemma 3.2.1. W

3.2.4 Connection with Hilbert-Schmidt multilinear mappings
Theorem 3.2.5 Let Hq, ..., H,,, H be Hilbert spaces. We have

Los (Hy, .o, Hyy H) C Sy 0 L(Hy, ..., Hyyy H) (3.2.4)
This inclusion is strict in general.

Proof. We have the following diagram

H x..xH, 5 H
H @, .. @ H, % H®. R:H,

where j,, is the natural inclusion and YN} is the extension of T to H 1R9...09H,,. We have
T = Tojm O im.
By Proposition 3.1.2, Ty is Hilbert Schmidt
(i.e., Ty € So( H1®y...89Hp; H)),
and iy, 0 im € L (Hi, ..., Hyp; H1®5...02H,,). Therefore, T is in Sy 0 £ (Hy, ..., Hy3 H). W

Remark 3.2.2 Now, to show that the inclusion (3.2.4) is strict.
Let’s take the following example. Let A: H x H x H — H the operator define by

Alz,y,2) = (1,9) 2,

let w €Sy (H; H) (i.e., u is Hilbert-Schmidt). Then

HxHxH X H

NA ud
0
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3.3. Factorization of Schatten class type mappings

(i.e., the operator T'= uo A is of the type Sy o L).
Now, let us check that T is not Hilbert-Schmidt. Indeed

Z ||T(€k1vek2’ek3)||2 = Z ||<ek176k2>u(6k3)||2

ki1€l,ko€l kzel ki1€l,ko€l kzel

= Y lenmsew)P lute)l?

k1€l ko€l ksel

= 3> luler)l ller

ko€l ksel

2 4
= Julls, D llewsI* = +oo.

ko€l
3.3 Factorization of Schatten class type mappings

In the linear case, it is well known that Hilbert Schmidt operators factor through an £;-
space or an L..-space (i.e., Theorem 2.3.1) and also through infinite dimensional Banach
spaces in Theorem 2.3.2. The converse is also true in both cases. For the multilinear and
polynomial cases, every Hilbert Schmidt multilinear or polynomial mappings factor through
any Banach spaces, but the converse is not true (see Theorem 3.1.1 and Remark 3.1.1). In
this section, we consider the particular class Sy o £ for which it is possible to obtain an
extension similar to the linear case cited above.

First, we recall the definition of p-factorable multilinear operators introduced by Martin
Cerna Maguina in [31] as a generalization of the one given by Diestel, Jarchow and Tonge

in the linear case [19].

Definition 3.3.1 Let 1 < p < o0 and X1, ..., X,,,Y be Banach spaces.
The operator T : X1 x ... X X,, — Y 1is said p-factorable if there exist a measure space
(.2, 1), ue B(L,(p);Y*™) and B € L (X1, ..., Xon; L, (1)) such that the following diagram

commutes
T Ky
Xix.xX, =— Y — Y*

(3.3.1)
B\, Ju

In other words



3.3. Factorization of Schatten class type mappings

where Ky is the isometric embedding of Y into Y**.
We denote by L, ot (X1, ..., Xm;Y') the space of all p-factorable multilinear operators, which

18 a Banach space.

Theorem 3.3.1 [31, Proposition 2.3]Let Xi,..., X, Y be Banach spaces. Then, the fol-
lowing assertions are equivalent.

(1) The operator T belongs to Lo far (X1, ..., Xm;Y).

(2) The operator T' factors through a Hilbert space, i.e., there exist a Hilbert space H,
uweB(H;Y) and B € L(Xq,..., X.n; H) such that

T =wuoB.
Proposition 3.3.1 Let Hy,..., H,,, H be Hilbert spaces, we have
'CHS (Hl, ey Hm; H) C Eg_fat (Hl, oo Hm; H) .

Proof. Let T' € Lys (Hy, ..., H,; H). By the Proposition 3.1.2, fg S (H1®2...®2H1;H).
thus, it is factored by a Hilbert space. Therefore, T' € Ly jo; (H1, ..., Hp; H). W

Example 3.3.1 We have
;C (,Cl, ceey ,Cl; H) = ,Cg_fat (,Cl, ...,,Cl; H) y

where H is Hilbert space. Indeed, we have the following diagram

L1 X ...xX Ly K
inl T/
L1@r...®7L1
let T € L(Ly,...,L1;H), then
T="Ty0i,,
with TVQ € B(,Cl@ﬁ..@,rﬁl;H). Since L1R@y...2.L1 is L1-space, then by Grothendieck’s
Theorem 1.2.2, T is 2-summing. Hence, it is factored by a Hilbert space K,

r.e., T = v,
with v € B (£1®w.--®w£1; K) and u € B(K; H). Therefore

T =wu(voipy).
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3.3. Factorization of Schatten class type mappings

We now present a factorization results for mappings of Schatten class type S; o L.

Theorem 3.3.2 Let X4, ..., X,, be Banach spaces and H be a Hilbert space. Then, the next
properties are equivalent:

(1) The operator T € Sy 0 L (X7, ..., Xon; H) .

(2) There exist a linear operator uw € B (L1; H) and B € Lo por (X1, ..., Xin; £1) such that

T=wuoB.

Proof. (1) = (2) : Let T € Sy 0 L(X4,..., Xpn; H), then T' = uwo A with u € Sy (K; H).
By Theorem 2.3.1, the operator u factors through an Li-space, i.e., u = v; o vy with vy €

B(K;L,) and v; € B(Ly; H), thus

A | T v

K 2L
that is

T =uv,0B,

where B =v90A € Lo o (X1, ..., Xpn; L1). Then T'=u o B.
(2) = (1) : Let T =uo B withu € B(L1;H) and B € Ly ot (X1, ..., Xin; £1) . One can
write B as

B=voA: X, x..xX, 5K %L

By Theorem 1.2.2, the operator u is 2-summing. So it factors through a Hilbert space, i.e.,

u=s0s,:L 2 Ky H with sy € II, (£1; K3). Therefore,
T=uoB=5s1080v0A,

with s1 08y 0v € Sy (K7; H), this ends the proof. W

The demonstration of the following theorem is done in the same way as the previous one.

Theorem 3.3.3 Let X4, ..., X,, be Banach spaces and H be a Hilbert space. Then, the next

properties are equivalent:
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3.3. Factorization of Schatten class type mappings

(a) The operator T € Syo0 L (X, ..., Xpm; H) .
(b) There exist a linear operator uw € B (Loo; H) and B € Ly f41 (X1, ..., Xin; Loo) such that

T=wuoB.

Proof. (a) = (b) : Let T' € Sy 0 L(X1,.... X;n; H), then T = wo A with u € Sy (K; H).
The operator u factors through an L.-space, i.e., u = v1 0 vo with ve € B(K;L,,) and
v1 € B(Loo; H), thus

Xy X..xX, = H

Al T v

K =L
ie., T =wv; 0B where B=v30A € Ly 0t (X1, .., X3 Loo) -
(b) = (a) : Let T =wo B with u € B(Ls; H) and B € Lo pa (X1, ..., Xin; Loo) - One can
write B as

B=voA:X;x..xX, 5K L.

By Theorem 1.2.3, the operator u is 2-summing. So it factors through a Hilbert space,
1..,u=35,08,: L. 2Ky S H,
with sy € Ty (Loo.; K3) . Therefore

T = woB

= §1080V0A,

with s 0 s 0v € Sy (Ky; H), this ends the proof. H

Now, we give a multilinear version of the Diestel-Jarchow-Tonge result.

Theorem 3.3.4 Let X;, ..., X,, be Banach spaces and H be a Hilbert space. The following
properties are equivalent.
(1) The operator T € Sy o L(Xy,.... X3 H) .
(2) For every Banach space Z, there exist u € B(Z; H) and B € Lo o (X1, ..., Xpn; Z) such
that

T=wuoB.
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3.3. Factorization of Schatten class type mappings

Proof. (1) = (2) : Let T € Sy 0 L (X1, ..., X;n; H) .
Then T = uo A with u € S (K; H). The operator u factors through an £;-space, i.e.,
u = vy 0ve with vy € B(K;Z) and vy € B(Z; H), thus

T:X;x..xX, AK272%0H,

ie., T =v;0B where B=v30A € Lo o1 (X1, Xin; Z).
(2)=(1):Let T =wo B withu e B(Z;H) and B € Ly 4t (X1, ..., X;n; Z) . One can write
B as

B=voA:X;x..xX, 5K %2

Then
T=movoAd: Xyx..x X, 5K % 7Z%H.

By Theorem 2.3.2, the operator w =uov € Sy (K1; H) and A € L(Xq,..., Xpm; K1).
Therefore

T=woA€SoL(X,.,XpmH),

this ends the proof. H

Corollary 3.3.1 As characterization result that give by Theorem 2.3.1, we can say that
multilinear mappings of type Sy o L is characterized by their factorizations by L1-space and

by L-space.
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Chapter 4

Composition ideals of polynomials

generated by Schatten class

The content of this chapter is based on a paper published in Journal of Mathematics [6]. The
purpose of this chapter is to study the composition ideals of polynomial mappings generated
by Schatten class. We give some coincidence theorems for Cohen strongly 2-summing of
polynomial mappings and factorization results like that given by Lindenstrauss-Pelcznski

for Hilbert Schmidt linear operators.

4.1 Definitions and auxiliary results

At the beginning of this section, we start by the following definition of multilinear symmetric.

Definition 4.1.1 Given Banach spaces X,Y. Let T € L("X;Y); T is symmetric if it is

mwvariant for any permutation of its components, i.e.,
Too (x1,.y@m): =T (xg(l), ...,:Ug(m)) =T (x1,..;Tm),

for every permutation o of the set {1,...,m}.
We denote by Ls (™ X;Y') the space of all symmetric continuous m-linear operators from

X x..xX intoY.
————

m
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4.1. Definitions and auxiliary results

For any T' € L (™X;Y’) we will denote by T its associated symmetric multilinear operator,

i.e., that is Ts € Ls (™X;Y) defined by

TS:%ZTOU.

We note that, for every x € X, we have

Definition 4.1.2 A mapping P : X — Y is an m-homogeneous polynomial if there exists

a unique symmetric m-linear operator P:X x..x X —Y such that
P(z) = P <x, (.”.”‘.),a:) for every x € X.

The polynomial P is bounded on the unit ball of X if, and only if, P is bounded on the unit
ball of X x ... x X.
We denote by P (™ X;Y), the Banach space of all continuous m-homogeneous polynomials

from X into Y endowed with the norm

1P| = sup{[[P(z)]:[lzf <1}
= inf{C:|P ()| <C ", zeX}.

For the general theory of polynomial on Banach spaces, we refer to [21] and [35].

If Y =K, we simply write P ("X).

Proposition 4.1.1 (Polarization formula) We have for all PeLg ("mX;Y) [35, Theorem
1.10].

~ 1 .
P(l'l,...,$m) = W Z 61...€mP(Z€jﬁCj),

e;==+1 Jj=1
1<i<m

where P is the polynomial associated with P. Furthermore, P is bounded on the unit ball of
X if and only if Pis bounded. The two norms verify the following inequality [35, Theorem
171 < |2 < =2 ie.
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4.1. Definitions and auxiliary results

By @ZLX = X®,®,X, we denote the m fold symmetric tensor product of X. That is

the set of all elements u € ®,X of the norm
u=>Y ;@ M@, (neN,zeX 1<i<n).
i=1

By @:SX , we denote the closure of ®. X in @:sX . For symmetric tensor products, we
refer to [25].
If Pe P(™X;Y), we define its linearization P : @:SX — Y by

PO mi@mWer)=Y P(),
i=1 i=1
where (7;),,.,, € X. Consider the canonical polynomial

o+ X —  ®,,X

r — 20 Mz

We have the next diagram which is commute

X ]_3> Y
NS
B X
In other words
P=Pod,. (4.1.1)

Proposition 4.1.2 [25] 1) The correspondence P « P establish an isometric isomorphism
between P (" X;Y)and B (@:SX; Y).
2) The correspondence P P establish an isometric isomorphism between P (" X;Y )and

Ls(MX;Y).

Definition 4.1.3 [13/ (Polynomial ideal) An ideal of homogeneous polynomials Q is a sub-
class of the class for all continuous homogeneous polynomials between Banach such that for
allm € N and Banach spaces X and Y, the component Q ("X;Y) =P ("X;Y)NQ satisfy:
(1) Q("X;Y) is a linear subspace of P (" X;Y) which contains the m-homogeneous poly-
nomials of finite type.
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(2) The ideal property: If w € B(E;X),P € Q("X;Y), and v € B(Y;F), then the
composition vo Pow is in Q("E; F).

If | llg : @ — R" satisfies:

(1) (Q(mX;Y),|l.lg) is a normed (Banach) for all X,Y and m € N.

2) [P K™ — K; P™ (x) = 2™ o = 1, for all m € N*.

(3) Ifue B(E;X),PeQ("X;Y) andv € B(Y; F), then

lve Poullg <[l 1Pllg llull™

Then (Q;]].lg) is called a normed (Banach) polynomial ideal.

Polynomials of type P (S,)

In this paragraph, we present the Polynomials of type P (S,) with some properties. The
definition was introduced by H-A Braunss in [15].

Definition 4.1.4 Let X be a Banach space, H be a Hilbert space and 1 < p < oco. A poly-
nomial mapping P € P (™H; X) is said to be of type P (S,), in symbols P € P (S,) ("H; X),
if there exist a Hilbert space K, a linear operator v € S,(H; K) and QQ € P ("K; X)such
that

P=Qou. (4.1.2)

The space P (S,) ("H; X) is a space with the following norm
1Plosyy = int Il i
The following results due to C. A. Mendes, for proof (see [33]).
Corollary 4.1.1 Let H,G be Hilbert spaces, we have
P (S2) ("H;G) C Pus ("H; G).

Proposition 4.1.3 Let X be a Banach space, H be a Hilbert space. For all 2 < p < 0o, we

have

P(S) ("H; F) = Py ("H; F).
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Theorem 4.1.1 [33, Theorem 2.10] Let F be a Banach space, H be a Hilbert space and
1 <p<oo. The following properties are equivalent.

(a) The operator P € P (Ss) (™H, F).

(b) There exist Y is an Li-space and R € B(H,Y) and Q € P (™Y, F)such that

P=RoQ.
(¢) There exist X is an Loo-space and S € B (X, H) and Q € P5 ("X, F)such that
P=QoS.

Where P ("X, F) the class of all 2-dominated m-homogeneous polynomials.

4.1.1 Cohen strongly p-summing m-homogeneous polynomials

We present the definition of Cohen strongly p-summing m-homogeneous polynomials was

introduced by Achour and Saadi [5].

Definition 4.1.5 Let 1 < p < 0o. An m-homogeneous polynomial P : X — Y is Cohen
strongly p-summing if there exists a constant C' > 0 such that, for any x,...,x, € X and

any yi, ..., yr € Y*, we have

Z! Y |<C(Z i) sup (v ()

yEBy

- (4.1.3)

The class of Cohen strongly p-summing m-homogeneous polynomial from X into Y, which is
denoted by P, (" X;Y), is a Banach space for the norm d;}(P), i.e., the smallest constant
C' such that the inequality (4.1.3) holds.

Theorem 4.1.2 [5, Theorem 2.4] Let 1 < p < oco. An m-homogeneous polynomial P :
X — Y is Cohen strongly p-summing if and only if, its associated symmetric m-linear

operator P is Cohen strongly p-summing multilinear operator.

Corollary 4.1.2 [5, Corollary 2.4] Let 1 <p < ¢ < 0.
If P ePlL,("X;Y), then P € P&, ("X;Y) and d, (P) < d, (P).
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Proposition 4.1.4 Let X, ..., X, Y be Banach spaces. We have (a) = (b), where
(a> T e 'CQ—fat (X17 7Xma Y) :
(b) Ts € Lo jar (X1,...., X3 Y) .

Proof. Let T' € Ly for (X1, ..., X;n;Y), By Theorem 3.3.1, then there ezist a Hilbert space
H,ueB(H;Y) and B € L(X1,..., X\n; H) such that T = uo B.
We have

TS = %ZTOO’

Consequently Ts € Lo far (X1, ..., X;n; Y).

4.1.2 Hilbert-Schmidt polynomials

Definition 4.1.6 /32, Definition 2.2] Let H, K be two Hilbert spaces. An m-homogeneous
polynomial P : H — G is a Hilbert-Schmidt Polynomial if its m-linear symmetric p
belongs to Lys (MH; G). The space of such polynomials is indicated by P, ("H; K) and a

norm s defined by
1Plhes = 2] .

We give the factorization result of Hilbert-Schmidt polynomials P, ("H; K) .

Theorem 4.1.3 Let H,G be two Hilbert spaces. If P € P, ("H;G), then P factors
through an L..-space and Li-space in the following ways:
(1) P is represented by
P=uoQ,
where u € B(Loo; H) and Q € P (™H; L) with Qe L(MH; L) .
(17) P is represented by
P=uoQ@,
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4.2. Polynomials mappings of type S, o P

where u € B(Ly; H) and Q € P ("H; Ly) with Q € L (™H; Ly).

Proof. Let P € P, ("H;G) then its m-linear symmetric P belongs to Lys ("H;G). By
Theorem 3.1.2, then P factors through an L -space and L;-space in the following ways:
(1) P is represented by P = uo Q, where u € B(Loo;G) and Q € L ("H; L) .

(2) P is represented by P =uo Q, where u € B(Ly;G) and Q € L (™H; Ly).

From (1), we have P = uo A, s0 P = uoQ where u € B (Lo: G) and Q € P (™H; L) with
Q€ L(MH:Ls).

From (2), we have P = uo A, so P = uo Q where u € B(£1;G) and Q € P (™H; L£;) with
@ € L(™H; Ly). This concludes the proof of the theorem. W

Remark 4.1.1 The reciprocal of the previous theorem is false in general.

4.2 Polynomials mappings of type S, 0P
We introduce now the definition of polynomial mapping of type S, o P.

Definition 4.2.1 Let X be a Banach space, H be a Hilbert space and 1 < p < oo. A
polynomial mapping P € P ("X; H) is said to be of type S, o P, in symbols P € S, o
P("X;H), ; if there exist a Hilbert space K, a linear operator u € S,(K;H) and QQ €
P("X; K) such that

P=uoQ. (4.2.1)

The space S, o P ("X, H) is a Banach space with the following norm
1Pl o = inf [lulls, Q.
where the infimum is taken over all possible factorizations of the form (4.2.1). We have
Pl < 1Plls,om -

Proposition 4.2.1 Let P € P (™X; H) and P its associated m-linear symmetric operator.
The next properties are equivalent:

(a) The polynomial P belongs to S, o P ("X; H).

(b) The muitilinear operator P belongs to S, o L (™X; H).
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4.2. Polynomials mappings of type S, o P

Proof. (a) = (b) : If P € S, 0o P(™X;H), then P = wo @ with u € S,(K;H). And
Q € P("X; K) its m-linear symmetric Q belongs to £ (™X; K). Then

~

P=uoq.

Hence P € S,oL("X; H).

(b) = (a) : Let P € S,0 L(™X;H) by (3.2.1) then P = uo Q with u € S,(K; H) and
QeL(mX;K).

SoQ € P("X;K), by (42.1) thenuo@Q € S, o P ("X; H).

Thus P=uoQ e S,oP(mX;H). W

From Definitions 3.2.2 and 4.1.2, we obtain the definition as the following.

Definition 4.2.2 A polynomial mapping P € P ("™X; H) is said to be of type S, o P, if its
m-linear symmetric P is of type S, o L.
In addition,

|Plls,p = || P

SpoL

Proposition 4.2.2 Let X be a Banach space, H be a Hilbert space and 1 < p < co. Suppose
that P € P ("™X; H).The next properties are equivalent.

(1) The polynomial P belongs to S, o P ("X H).

(2) The linearization P € S, o B(@:SX; H). ( where P the linearization of P).

Proof. First, we suppose that P is of type S, o P. Then, by the Proposition (4.2.1), then P
is of type S, o L. From Theorem 3.2.2, we have

P e S,0B(®. X; H),

where P, the linearization of ]3, by Corollary 2.4.1. Thus P € 5,0 B(@:sX; H).

Now, we suppose that the second assertion is true. By (4.1.1), we can write
P=Po Om.-
According to P € S, o B(@:SX; H). Then
P = uy0uq 06,

with us € S, (K; H) and uy € B(@?SX; K), but uy 06, € P("X; K). Therefore P belongs
t0 S, 0P ("X;H). W
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4.2.1 Relation to Cohen strongly p-summing m-homogeneous poly-

nomials

Theorem 4.2.1 Let X be a Banach space and H be a Hilbert space. If 2 < p < 0o, we

have

S0P ("X;H) =P}, ("X;H).

Proof. Firstly, P}, ("X;H) C Syo P("X;H), if P € P}, ("X;H), by Theorem 3.2.3,
then its m-linear symmetric P belongs to DJ* (" X;Y). By Theorem 3.2.3 P e Sy o
L("X;H), and thus P € S,0 P("X; H).

Secondly, Sy 0 P("X:H) C P2, ("X:H), let P € Syo0 P("X;H), then P is of type
Sy 0 L(™X;H). By Theorem 3.2.3, So that P belongs to D5 (™X;Y), therefore P €
Peop ("X;H). W

Theorem 4.2.2 Let X be a Banach space and H be a Hilbert space. Then
(1) If 2 < p < 00, we have

Peon ("X;H) €S, 0P ("X H).
(2) If 1 < p < 2, we have
SpoP ("X H) C Pey, ("X; H).

Proof.(1) If P € P2, (™X; H) then its m-linear symmetric P belongs to Dy (™X;Y). By
Theorem 3.2.4, P € S,oL("X;H), and thus P € S, o P ("X; H).

(2) Let P € S, 0P ("X; H), then P is of type S, 0 L. By Theorem 3.2.4, PeDr(mX;Y)
and thus P € PZ,, ("X;H). W

4.2.2 Connection with Hilbert-Schmidt polynomials
Theorem 4.2.3 Let Hy, ..., H,,, H be Hilbert spaces. We have

Prus ("H; K) C S0P ("H; K). (12.9)
This inclusion is strict in general.

Proof. Let P € P, ("H; K), then its m-linear symmetric P belongs to Lys ("H; K). By
Theorem 3.2.5, P € Sy 0 £L(™H: K) , and thus P € S,0 P ("H; K). W
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4.2.3 On factorization of Schatten class type polynomials

In this section, we give some factorization results of Schatten class type polynomials, which

is consequence of the last theorems in chapter 3 (multilinear case).

Theorem 4.2.4 Let X be a Banach space and H be a Hilbert space. The following proper-
ties are equivalent:

(a) The polynomial P € S;oP ("X;H).

(b) There exist a linear operator u € B (Loo; H) and Q € P ("X; L) such that

P=uoQ withQ € Lo sar ("X; L) .

Proof. (a) = (b): If P € Sy0P (™X; H) then P € Sy0 L ("X H).
So, by Theorem 3.3.3, P factors through an £.-space, i.e.,

P=wuoB, withue€ B(Lo;H) and B € Ly o ("X; Log) .
Now, it is not difficult to show that
P=wuoBgand Bg € Lo o ("X; Loo) .

Then P = u o Q where Q = Bs.
(b) = (a) : suppose that (b) is true.
We have P = u o @, by Theorem 3.3.3 P belongs to Se o L (" X; H)

i.@.,PGSQOP(mX;H). [ |
Theorem 4.2.5 Let X be a Banach space and H be a Hilbert space. The following proper-
ties are equivalent:

(1) The polynomial P € S0P ("X; H).
(2) There exist a linear operator uw € B(Ly; H) and Q € P (™X; Ly) such that

P =wuoQ with @ € Lo jar ("X; L)
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Proof. (1) = (2): If P € S0P (™X: H) then P € Sy0 L ("X; H).
So, by Theorem 3.3.2, P factors through an L..-space, i.e.,

~

P=wuoB, withue€ B(L;H) and B € Ly ot (" X; L) .
Now, it is not difficult to show that
P=wuoBgand Bg € Lo o ("X; Loo) .

Then P = u o () where @ = Bg.

Reciprocally, suppose that (2) is true.

We have P = wu o @, by Theorem 3.3.2, P belongs to Sy o L(MX; H), i.e., P € S0
P("X;H). W

To close this chapter, we give a polynomial version of the Diestel-Jarchow-Tonge result.

Theorem 4.2.6 Let X be a Banach space and H be a Hilbert space. The following proper-
ties are equivalent:

(i) The polynomial P € Sy o P ("X; H).

(17) For every Banach space Z, there exist w € B(Z;H) and Q € P (" X;Z) such that

P=uoQ withQ € Ly s ("X; Z).

Proof. (i) = (ii) : If P € Sy0P ("X H) then P € Sy0 L ("X; H).

So, by Theorem 3.3.4, then for every Banach space Z, there exist uw € B(Z;H) and B €
Lot ("X Z) such that P=uoB.

Now, it is not difficult to show that

~

P =wuo Bg and Bg E»Cz-fat(mX§Z)'

Then P = u o () where @ = Bg.

(73) = (i) : suppose that (i7) is true.

We have P = u o @7 by Theorem 3.3.4 P belongs to Sy o L(™X;H), ie., P € S0
P("X;H). W

Corollary 4.2.1 As characterization result that give by Theorem 2.3.1, we can say that
polynomials of type So o P and P (Ss) are characterized by their factorizations by L1-space
and by L.-space.
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Chapter 5

Characterization of positive
p-summing sublinear operators using

representable mappings

In this chapter, we study the class of positive p-summing sublinear operators. Thus we shall
establish analogous results of the linear case studied by Blasco in [9]. Let T': X — Y
be a positive p-summing sublinear operator. Firstly, in the case X = C (Q), we prove
some coincidence theorems and properties, and as a second result if X = L, () with
% + ]% = 1, we use the representation of u € VT for some characterizations of positive
p-summing sublinear operators, which will be proven below at Theorem 5.6.1 and Theorem
5.6.2 in this chapter. We deduce that every T is positive p-summing sublinear operator
if and only if, for all v € VT, u is positive p—summing operator. We also conclude that
Iy, (Ly (1), Y) =1, (Ly (1),Y). In the end of this work, we give necessary condition
that Y has the Radon-Nikodym property.

5.1 Preliminaries

We begin by recalling briefly the abstract definition of Banach lattices. Let X be a Banach

space. A real Banach lattice (resp, a real complete Banach lattice) X is equipped with a
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lattice (resp. a complete lattice) and for all x,y in X, then

@) Ml =]l

(1) o] <yl = llzll < [lyll -
Where |z| = sup {z, —z}, |z| = 2+ + 2~ (with 27 = sup {z,0} and 2= = sup {0, —z}).
The spaces L, (1 < p < co) are complete Banach lattices. The C'(K) is a Banach lattice.
We denote by X+ = {2 € X : x> 0}. An element z of X is positive if x € XT. The dual

X* of a Banach lattice X is a complete Banach lattice with the natural order,
v} < <= (z],x) < (xb,x), VreXT,

where (.,.) denotes the duality bracket.
Let X be a Banach lattice, n in N and 1 < p < oo. We denote by X(I7), (1 <p < 00),
(resp. I “ (X)) the space of all sequences & = (z1, ..., 2,) in X such that

HxHXln—' p 1f1<p<oo
(vesp. [|z]lx(n ) = suB |z;||| if p = 00).

The space X (l;) is a Banach lattice equipped with the natural order
r<y<s=z; <y, V1<i<n.

Let X be a Banach space and 1 < p < co. We denote by I, (X)(resp. [} (X)) the space of

all sequences (z;)in X equipped with the norm

° 1
Il e = (O llaall?)? < oo.
1

(vesp. [|(zy, Hln(X ZH:E,HP

and by [2 (X) (resp. I} “ (X)) the space of all sequences (7;) in X equipped with the norm

@l = s (5 e OF)P).

€l 1 .
(vesp. [|(za)llye ) = \Ellp (21: (i, ©)IF)P).
X*
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Definition 5.1.1 A mapping T from a Banach space X into a Banach lattice Y, is said to
be sublinear if for all z,y € X and X\ € Ry, we have

(1) T(A\x) = MI'(x) (i.e., positively homogeneous).

(7)) T(x+y) < T(x)+T(y) (i.e., subadditive).
Note that the sum of two sublinear operators is a sublinear operator, and the multiplication

by a positive number is also sublinear operator. Let us denote by
SL(X;Y) = {sublinear operators 7 : X — Y},
and we equip it with the natural order induced by Y
T'<Ty& T (vr)<Ty(z), Vzr e X.

Let T € SL(X,Y), we say T is:
(a) Symmetrical if for all z in X, T'(x) = T'(—x).
(b) Positive if for all  in X, T'(x) > 0.

(¢) Increasing if for all z,y in X (where X is a lattice),
z<y=T(x) <T(y).

The operator T is continuous ( bounded ). If and only if, there is a positive constant C'
such that for all z in X, ||T(z)|| < C ||z|| .

In this case, we put | 7| = {sup |T(x)|| : [|z[|5, =1} .

We denote by

SB(X;Y) = {bounded sublinear operators 7T : X — Y},

and

VI ={ueB(X;Y):u<T (ie. ,Vo € X, u(z) <T(x))}.
The set VT is not empty if Y is a complete Banach lattice.

Remark 5.1.1 Let X,Y,and Z be Banach spaces such that Y, Z are Banach lattices.

(a) Consider T in SB(X;Y) and u in B(Y; Z) (assume that u is positive, i.e., u(y) > 0 for
everyy € Y ). Then, uoT in SB(X; 7).

(b) Consider v in B(X;Y) and T in SB(Y;Z). Then, Tou in SB(X; Z).

(¢) Consider T in SB(X;Y) and S in SB(Y; Z) (increasing). Then, SoT in SB(X; Z).
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Let us recall the definitions of concept of p-summing and p-concave sublinear operators [1].

Definition 5.1.2 Let X,Y be Banach lattices and 1 < p < oo. A sublinears operator
T : X — Y is called p-concave if there is a constant C such that; for all n in N. The
operators
T, X(I}) — L(Y)
(1, ey @) +— (T(x1),...,T(2))
are uniformly bounded by C'. The smallest constant C' for which this holds is denoted by
Co(T). We denote by C,(X,Y) the set of all p-concave sublinear operators from X into Y.

Definition 5.1.3 Let X be a Banach space andY be a Banach lattice, A sublinear operator
T:X — Y is p-summing for 1 < p < oo if there is a constant C' > 0 such that for any

T1,...,Tn € X, we have

n

OIT @) < ¢ sup (3 Ja" @)l")?-

.Z'*EB}(*

B =

(5.1.1)

We denote by II,_, (X,Y) the class of all p-summing sublinear operators from X into Y
and w_ (T) = inf{C verifying the inequality (5.1.1 )}.

5.2 Positive p-summing operators

5.2.1 Positive p-summing linear operators

In this paragrah we present the definition of positive p-summing linear operators. And some

properties that we need later. For more information, see [9].

Definition 5.2.1 Let X be a Banach lattice and Y be a Banach space . An operator
u: X — Y 1is positive p-summing for 1 < p < oo, if there exists a constant C' > 0 such

that for every x4, ..., x, positive elements in X, we have

QoIT@)I")? <€ sup (3 | (). (5:2.1)

T*EB x* i=1

We denote by H; (X;Y) the class of all positive p-summing linear operators from X into 'Y
and w7 (1) = inf{C verifying the inequality (5.2.1)}.
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Remark 5.2.1 [9] Let X be a Banach space. If we use the duality (1,)" = l,y, we have

n

>l

i=1

1
sup (ZK zi, & >\p> = sup (5.2.2)
1

§€Bxx* anl';,

X
With U, = {a = ()i, > a:/ <1l,a; > O} :

P i=1
Proposition 5.2.1 Let X, Xy be Banach spaces and for all 1 < p < oco.

If X1 C X5, X = Xy, then IL (Xo;Y) CILF (X13Y).

Proposition 5.2.2 Let Y be a Banach space, we have
(1) If 1 < p < oo, then IL} (Ly (1), Y) = B (L1 (1), Y).
(2) If 1 <p<q< oo, then IIF (X;Y) CIIF (X Y).

Theorem 5.2.1 For all 1 < p < oo, we have
I (Ly (1) Y) =TI (Ly (1);Y).

Theorem 5.2.2 [9, Theorem 2] Let 1 < p < oo. The following assertions are equivalent:
(a) Let Y has the Radon-Nikodym property.

(b) H;r (Lp' (:u) 7Y) = Lp (M7 Y) .

5.2.2 Positive p-summing sublinear operators

Now, we give the definition of positive p-summing sublinear operators and some results, for

more information, see [4].

Definition 5.2.2 Let X,Y be Banach lattices. A sublinear operatorT : X — Y s positive
p-summing for 1 < p < oo if there is a constant C' > 0 such that, Vn € N*, V{xy,...,z,} C
X*. We have

(T @)y < C Ny - (5.2.3)

We denote by H:,p (X,Y) the class all positive p—summing sublinear operators and

i (T) = inf{C, verifying the inequality (5.2.3)}.

S—p
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Remark 5.2.2 (a) All sublinear p-summing operator is positive p—summing sublinear op-

erator. Furthermore, we have

(b) From duality (5.2.2), we obtain the definition equivalent to (5.2.3) as follows

<Z HT(%)H”) < C’sup{ S| Y ol <tz 0}. (5.2.4)
1 i=1

X =1
Theorem 5.2.3 (Pietsch’s domination theorem) Let X,Y be Banach lattices. A sublinear

operator T : X — Y is positive p-summing (1 < p < 00) if and only if there exists a positive

constant C' and a Borel probability A\ on (B¥., o (X*, X)) (B%. = Bx- N X} ) such that

T (z)] <C (/+ |< |z],& >"dX (5)) " for every x € X. (5.2.5)

B,

Moreover, in this case

mi ,(T) = inf{C, verifying the inequality (5.2.5)}.

S

Proposition 5.2.3 Let X,Y be Banach lattices and T € SL (X,Y).
(a) If 1 <p < q < oo, then
Iy, (X,)Y)clf (X,Y)and ol (T) <7l ,(T). (5.2.6)

(b) If T eI, (X,Y) (where Y is a complete lattice), then

Vue VT, welll (X,Y) and we have 7, (u) < 277, (T). (5.2.7)

5.3 Properties of the positive p-summing sublinear op-

erators

The Remark 5.1.1, yields the following proposition.

Proposition 5.3.1 (Ideal property) Let E be a Banach spaces, let F, X,and Y be Banach
lattices. Let T € TI} ,(X;Y). v be a positive operator in B(E;X) and w be a positive

operator in B(Y; F'). Then wTv is positive p-summing sublinear operator. In addition

T p(WTv) < lwl 7l (T) |||l
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5.3. Properties of the positive p-summing sublinear operators

And we deduce the following results.
Corollary 5.3.1 If X is a sublattice of X and T € II_, (X,Y). Then
T/x, € Hstp (Xo;Y),

and

mlp (T/x,) <7l (T).

Corollary 5.3.2 (Injectivity) If Y is a sublattice of Y and i : Yo — Y. The canonical
injection. Then, The next properties are equivalent:

(a) The operator T belongs to I}, (X;Yy).

(b) The operator iT belongs to IIf , (X;Y).

In this case

mi, (T)=m],(T).

s—p

Lemma 5.3.1 /3, Proposition 2.1] Let T be a sublinear operator between a Banach space
X and a Banach lattice Y.
(1) For all x in X, we put

p(x) = sup {T'(x), T(=x)} .

Then, ¢ 1s symmetrical sublinear operator and we have

1T < llll and [lo()|| < sup {7 (@), |T(=2)][} - (5.3.1)

(2) For every (a;)?_, C R, we have

T(Z ;) < Z |ai| (i)

In addition

Proposition 5.3.2 The sublinear operator T : X — Y is p-summing for all 1 < p < o0

< Zlail le()]] -

if and only if, the sublinear operator ¢ is p-summing. In addition

mop(i0) < V21 (T).
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5.3. Properties of the positive p-summing sublinear operators

Proof. By (5.3.1), we find that if ¢ is p—summing, then T is p-summing

Y le@)” < sup {Z 1T (:)|I” Z ||T(—$i)||p}
< ZHT " \|p+ZHT oI
< (ms—p(T))" sup (ZK xi,§>\p>+(ﬂp )P sup <Z|< $l,§>’p)

E€Bxx 1 E€EBxx

< 2(ms—p(T))" sup <Z|<xz,§>|p>

£€EBx«

Then

[
Sl

<Z ||90(93i)||p> < V2, ,(T) sup (Z < @i,€ >|p>

£€EBx« 1

Hence ¢ is p-summung, in addition
P
Toplp) < V2o ,(T).
This end the proof. W

Proposition 5.3.3 The sublinear operator T : X — Y s positive p—summing for all

1 < p < oo if and only if, the sublinear operator ¢ is positive p—summing. In addition

Proof. by (5.3.1), we find that if ¢ is positive p—summung, then 7" is positive p—summung.
Reciprocally, since T' is positive p—summung, therefore by (5.2.5). Then

3=

Vo e X, |T (z)|| <7, (T) (/B+

X*

< |z, & >|"dA (5))
From (5.3.1), for all z in X, we have

le @) < T @)+ T (=)

< 7, (/ \<|xr,f>|pdA<§>>

X*

< 2t (T) ( /.

1
p

S

ot (T) (/B+

X*

<=zl & >["dA (é))

D=

X*

< \x|,§>|pdA(§))

[6)



5.4. Some inclusion and coincidence results

Hence ¢ is positive p—summing and

This end the proof. W

5.4 Some inclusion and coincidence results

Proposition 5.4.1 Let X1, X5,Y be Banach lattices and for all 1 < p < oo.
Ile - X27 AX_Vl = X27 then

IIF, (X Y) C Y, (Xy;Y).

Proof. We suppose that X; C X5, then X; C X} and ||{] x; < 1] x3-
Let T € IIf , (X2,Y) and n in N, since V{21, ..., 2,,} C X{” C X; . We have

(ZHT(%ﬂ@)p < C sup <Z’< x¢,€>\2>

€13 <1

< 0o (Sienco)
1

€]y <1

N|=

2

Then T € I, (X;;Y). W
The following theorem clarifies the relation between IT] , (X;Y) and C, (X;Y).

Theorem 5.4.1 Let X,Y be Banach lattices and 1 < p < oo, we have
Hj_p (X;Y) CC,(XyY).

Proof. Let T in IT¥_, (X;Y) and 2, ..., C X. For all 1 < p < 0o, by (5.3.1), we have
(Z T(az»’;); < (Z uso(asaw;)

< (Sl ool
< (Sl <xr>uz); +(Sleent)

1
p

SIS
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5.4. Some inclusion and coincidence results

by ¢ symmetrical, then

(> T<xi>e); (5 ¢(x;>;);+ (Sl

By Proposition 5.3.3, then

1 1 1
n P n P n P
(E ||T(l’i)||§’/) <ai (o) | sup (D] ]< xi,£>\p) + S (E < $T7€>!”>
1 x*

£€Bx« 1 1

RS

n n
<t (@) | swp Y awi|| + sup [ aur|| | by (5.2:2)
o€l ||i=1 x €Ul |[im1 x
n
<2 (o) | sup |1 ol
aEU;, i=1 X

Since Y a;), < 1 and from Holder’s inequality, we obtains that
i=1

n n %
Zai |z < (Z |xi|p) , forall a € U;"
i=1 i=1

This implies

Sl

1T @l < 27(0) (Zw)
=1

3=

< 4Arl (T) (Z |in”>

=1 ¥

Then T is p-concave. This concludes the proof of the theorem. WM
Example 5.4.1 The identity
’[dl2| : 12 —_— 12,
is 2-concave sublinear operator but is not positive 2-summing. Indeed, because for all (ey,)

orthonormal basis of ly. We have

(Birer) -

1

n 3
and sup (Z|< 67;,§>\2) = sup |||,

=

lel,<t \'T ¢l
< supi¢],

€l

< 1

7



5.4. Some inclusion and coincidence results

If X = C'(9), the following theorem gives the coincidence between IT,_, (C' (Q);Y), II7_, (C'(Q);Y)
and C, (C'(Q);Y).

Theorem 5.4.2 Let Y be a Banach lattice and 1 < p < oo, we have
I (C(Q);Y) =TI, (C(Q);Y) =G, (C(Q);Y).

Proof. (i) IT{, (C'(Q);Y) C II,_, (C(Q);Y).
First, by [19, page 41], we can find a convenient form ||(fi)?:1||zjeak for when {fi, ..., fu} in
C(2). To each w € ) there corresponds a point mass’ d,, € C(Q)* given by (d,, f) = f(w).

The point masses evidently a norming subset of C'(Q2)*. So

sup <Z|<fi,£>|p> — (S 106 P

gec) \ i weQ 3

= (> D)

wGQil

QI

Let T € II7 , (C () ;Y). From (5.3.1), we have

ZHT NIF)? < leso DIF)?

<Z lo(fF = D], because f = fiF — f

QO NN+ O lel= £ NI,

IN

IN

by ¢ is symmetrical, then

ZHT PP < ( ZHso (FDIM? + ZH@ NI

By Proposition 5.3.3, we obtain that
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5.4. Some inclusion and coincidence results

ZHT WP < 7t (v S <Z|<ff,£>}p)

.|p5

IN

o0

IN

So, we have

ZHT IWYP < 2ml () sup (ZK fz,§>|p)

EEC

< 4nl (T) sup <Z|< f1,§>|p>

§€C’ Q)*

Consequently, T is p-summing and 7,_, (T) < 4nf  (T).
(i) Cp (C(Q),Y) C I, (C(Q),Y).
Let T € C, (C(Q),Y) and {fi,..., f»} in (C(Q))", we have

ZHT )P

IN

e || ()Y

c(Q)

< cpsup Z fi(w)[P)»

weN

< ¢, sup (ZK fi, 6 >

£€eBe o)+ i=1

Then T is positive p—summing and 77, (T') < ¢,. Consequently
Gy (C(Q);Y) C I, (C(9):Y).

From (7) and (ii) we obtain that

=

)

-, (C/(Q);Y) =TI, (C(Q):Y) = G, (C(Q):Y).

s—p
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5.5. On the positive p-summing sublinear operators on the space Ly, (f1)

5.5 On the positive p-summing sublinear operators on

the space L, (1)

At the beginning of this section, we start by the following lemma.

Lemma 5.5.1 [1] Let X be a Banach space and let Y be a complete Banach lattice. Let
T € SB(X;Y), then

(a) Vo € X, IT@)ll < sup [lu(@)] < [Tl + [T(=2)Il

® I < sup el < 2]

(c) For all ; 3: m X there is u, € VT such that

T (x) =u, (x)(de, T(z)= supu(z)).

ueVT

Proposition 5.5.1 Let Y be a Banach lattice and for all 1 < p < 0o, we have
[, (Ly ()5 Y) = SB(Ly (1);Y).

Proof. Tt suffices to show that II7 | (L; (u);Y) =SB (Ly (u);Y).
Let T € SB(Ly (1),Y), for all {fi,..., fo} in (L (1))™ by Lemma 5.5.1 (c), we have

S ITGDI = (3 e (5)
< (s o) U5,
Zfi

<2||T|| sup Z| p, )], where [|p]l, < 1.

pEL™>® (1) 4

< 2|7

Then T is positive 1-summing and 7, , (T') < 2|T’||. Consequently
M, (L1 (1);Y) =SB (Li(p);Y). W

According to Proposition 5.2.2 and Proposition 5.5.1, we have the following result.
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5.5. On the positive p-summing sublinear operators on the space Ly, (f1)

Corollary 5.5.1 LetY be a complete Banach lattice and for all 1 < p < oo. The following
properties are equivalent:

(1) The operator T € 117, (L1 (1);Y).

(2) For allu € VT, u € ILY (L1 (n);Y) .

Lemma 5.5.2 Let p be a real number in |0, +o00[ and be a measure space (2, 1), let I be a
set of indices.

If {9i};er is a filtering family and norm bounded in L, (j). Then {g;},.; has a superior in
Ly (p) -

Proof. It is Known that the (L, (1))" is Banach complete lattice and that the family {g;},.;

is norm bounded, and it has a superior.

Remark 5.5.1 LetY be a complete Banach lattice.
We suppose that T € 117, (L1 (1), Y). By (5.2.7), we have Vu € VT, u € ILF (Ly (1);Y)
and } (u) < 2rf  (T). According to [9, statement (8) in proof Theoreml]. There exists a

function g, > 0 in L, (1) such that
(< [ 10 (6)] g (6 s where € Ly ().
o)
Furthermore, [|g.||, = 7, (u), hence

lgull, < 27, (T).

Then {gu} egr s norm bounded. Therefore by the Lemma 5.5.2, we obtain an upper bound

i.e., sup g, (t) =g (1), g € Ly (u)) :
ueVT

Proposition 5.5.2 Let Y be a complete Banach lattice, T € SL(Ly (1);Y) and for all
1 < p < oco. We suppose that Yu € VT, u € 1LY (Lyy (1) ;Y'), then, there exists a function
Gu € Ly, (1) such that

w(f) = [ £(0)9,(0)du or cvery 1 € Ly (1), (5.5.1)

Furthermore, {gu},cor i norm bounded in Ly (1) (i.e., |gull < 2(|T]).
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5.6. Characterization of positive p-summing sublinear operators using representable

mappings
Proof. Let u € VT, u € I} (Ly (1) ;Y).
According to [9], there exists a function ¢, € L, (1) such that
W)= [ 1090 (0)dp fore very < Ly (1)
Q
By Lemma 5.5.1 (¢), we obtain that
Yue VT, u(f) <T(f),

hence

fu (NI < NT O+ 1T (N0 < 20T LA (5.5.2)
and

lu(F)ly = / £ () g0 ) dpl
Q Yy

With the choice that ¢ (t) = 11, ().
Holds true. Then

le (I = {[llgull, Iy = lgullz, -
by (5.5.2), we have [[g. |, < 2T
Therefore {g,}, g is norm bounded in Ly (p).

By Lemma 5.5.2., we obtain an upper bound (i.e., sup ¢, (t) =g (t) € Ly (,u)> [ |
ueVT

5.6 Characterization of positive p-summing sublinear
operators using representable mappings

In this section, we denote by L, (1,Y) the space of measurable functions on Q with
111 = (fo IIf @1° du)% and Y is a complete Banach lattice .We give some characterizations
of positive p—summing sublinear operators using the representation of v € VT and u €
IL (Ly (p);Y).  We introduce now the theorem of characterization without Y has the

Radon-Nikodym property.

Theorem 5.6.1 Let 1 < p < oco. The following properties are equivalent:
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5.6. Characterization of positive p-summing sublinear operators using representable

mappings
(a) The operator T belongs to I17_, (Ly (1);Y).
(b) There exists a function g > 0 in L, (1) such that
1T ()l < / |f (t) g (t) dp for all f € Ly (). (5.6.1)
Q

(¢) The operator T belongs to 17| (Ly (1),Y).

Proof. (a) = (b) : Let T € I, (Ly (1), Y) by (5.2.7), we have
Vue VT, uelll (Ly (1),Y),

by Remark 5.5.1,we find

[u (NI < [ 1 @]9 @ dp for all £ € Ly (u) and g, > 0n Ly 1)

By using Lemma 5.5.1 (a), we have

1T (P < sup [lu ()]

uevVT

hence

17 ()] < Sup/\f ) gu (2
< / £ ) ( Sup g <t>) dp. by Lemma 5.5.2.
Q ueVT

Consequently, there exists a function g > 0in L, (1) <g (t) = sup g, (t)), such that
ueVT

1T (Il < /Q [f D)l g ) dp, with f € Ly (1) and g € Ly (1) -

(b) = (c) : By (5.6.1), let fi,..., fn, > 0in Ly (1), we have

ZHT fz|<2/fz

i=1 Q
< [9t0 (Zfi <t>) dn
o i=1
< llgllz, (by Holder’s inequality).
L, (1)
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5.6. Characterization of positive p-summing sublinear operators using representable

mappings
By (5.2.4), this implies that 7' € I}, (L, (1), Y).
(¢) = (a): By (5.2.6). W
From the above result, we deduce the following corollary.
Corollary 5.6.1 Let 1 < p < oo. We have
I, (Ly (1) 5Y) =TT (Ly (1);Y). (5.6.2)

Proof. By (5.2.6), we have
Iy (Ly (1):Y) €I, (Ly (1)5Y).
From Theorem 5.6.1, we obtain

H:_—p (Ly (p);Y) C H:——l (Ly (1);Y). W

The aim of the following theorem is to give other characterizations of positive p-summing

sublinear operators using the Radon-Nikodym property.

Theorem 5.6.2 Let 1 < p < co. Suppose Y has the Radon-Nikodym property. The follow-
ing statements are equivalent:

(1) The operator T' belongs to 117, (Ly (1);Y).

(2) For all u € VT, u is representable by a function g, in L, (1, Y) such that

u(f)= / f(t)gu(t)dp for every simple function f € Ly (1) .
Q
Proof. (1) = (2) : Let T € II_, (L (1) ;Y), by (5.2.7) then
Vu e VT, u eIl (Ly (n);Y).

So by Theorem 5.2.2, we have ILT (Ly (u);Y) = Ly, (1, Y).
Therefore u is representable by a function g, in L, (1, Y). As the follows

u(f)= /f (t) gu (t) dp, for every simple function f € L, (u). (5.6.3)
Q
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5.6. Characterization of positive p-summing sublinear operators using representable
mappings

(2) = (1) : On other hand, by (5.6.3), we have

lu(fll = / 7 (8) g (1) dp

IN

J1£ O 90l
Q

S ngHLP(H,y)/’f(t)’d,u.
Q

Hence

sup o (7)1 < 9l [ 15 ()]t
uevVT A

By using Lemma 5.5.1 (¢), we obtain
7 < Il [ 1 O
Q

Therefore, this implies for all fi,..., f, > 0in L, (u).

SUTE < S loulle, / £ (8) du
=1 =1 Q

||9uHL,,(H,y)/ <Zfz (t)) dp
>_filt)

Consequently T € II7_; (L, (1), Y). According to (5.2.6), wehave T € II7, (Lyy (), V). W

IA

< Ngull vy

L, (1)

From the above result, we conclude the following corollary.

Corollary 5.6.2 Let 1 < p < oco. Suppose Y has the Radon-Nikodym property. The follow-
1ng statements are equivalent:

(1) The operator T € TI7_, (Ly (1);Y).

(2) For allu € VT,u € I} (Ly (1);Y) .

Proof. (1) = (2) : By the Inequality (5.2.7).
(2) = (1) : Let u € VT, u € IL} (Lyy (1) ;Y) .
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5.6. Characterization of positive p-summing sublinear operators using representable
mappings

Then by Theorem 5.2.2, we have IT} (L, (1);Y) = Ly (11,Y). Hence

By Theorem 5.6.2, we obtain T € I} (L, (p);Y). M

We close this section by showing the following result.

Proposition 5.6.1 Let 1 < p < co. We have (a) = (b), where
(a) The space Y has the Radon-Nikodym property.
(b) There exists a positive function g in L, (1, Y") such that

T(f) < / F ()] g (0 dps for all f € Ly ().

Proof. Suppose Y has the Radon-Nikodym property. By Theorem 5.2.2, we have I} (L, (1) ;Y') =
L, (1, Y). Therefore u is representable by a function in L, (1, Y"). i.e

w(f)=[ f(t)gu(t)dp.
/
We have u (f) < |u(f)|, then
u(h < [ 17 Ollou O] dr
Q
By Lemma 5.5.1 (¢), we obtain that

T(f) = supu(f) < sup |u(f)].

ueVT ueVT

Hence

T(f) < sup / 1 )9 (8)] i

ueVT

~
=
A

[ 170 sup lo. 0]
7)< [ 1£ @19 Odu withg(®) = sup |9 ()

T(f) < /Q!f(t)!g(t) dp, with f € Ly (1) and g = 0in L, (1, Y) .

This ends the proof. W
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5.6. Characterization of positive p-summing sublinear operators using representable

mappings

Remark 5.6.1 In both Theorem 5.6.1 and Theorem 5.6.2, we could not give a representable,
but only a characterization. In other words, it is not possible at least to make a representation

of positive p-summing sublinear operator. For if written in the same way in linear case

T(f):/ﬂf(tmwdu.

This means that T is linear.
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