PEOPLE'S DEMOCRATIC REPUBLIC OF ALGERIA
MINISTRY OF HIGH EDUCATION AND SCIENTIFIC RESEARCH

E yci. Ordre N°: ........cce...
-t MPBs 1IWVF | £ 4’6

MOHAMED BOUDIAF UNIVERSITY- M'SILA
MATHEMATICS AND COMPUTING FACULTY

Computer Science Department

DISSERTATION
Submitted in Partial Fulfillment of The Requirements
for The Degree of MASTER
Field: Computer Sciences

Major: Information and Communication Technologies
By: Ridha DJAIDJA

THEME

Rigidity Test Using the Pebble Game
Centralized Implementation

Discussed publicly on: 31 may 2016 by the jury:

Mr. A. BOUGUERRA University of M'sila President
Mr. A. MOUSSAOUI University of M'sila Research Director
Mr. A. GUEMMOUGUI University of M'sila Member

June 2016



Table of Contents

DR I I e e R R U AR S SR SR UL Y- SIS L BTG I S O e e i
ST T TIEETIET et R O SR U AT e e e S S T e D R iii
T 0 o T T T e s e L T e R L R iv
e B S e e et a ot o i e S S e o0 SRS R 4 0§ W RR oo s T a5 08 S S NN S F AT H R AU TR ShR v
GENERANINGROBDUGHI@ONISSS s 5o 0 ot ama A i sivsvessiassinsssassssssss sstons sssssssnnesnsndsansossssnsssnsonne il
CHAPTER 1 RIGIDITRYATEIE@RY . - icciastannsvs oo svssnssosssssis s isisomns fatisssss ssses ssssss s iun st sssssssuve sovennsiianus susonisnhassnssnastos 4
11 OIS TN oo oo et o e o e e et e e e L L T e P R o e 5

P 1B Ak and ol B MEWORKSEe w450 ok s S on I S uvursaonvihinuseesst Stagus ash sanis dawenvinssauyanads svhassaes 5

3. Rigidity ofiGraphs iNi2-diMeNSIONSS .. csesssuissrsovsssssvessssssssosassimsseamvessssass crsssassavasissassavennds i erssnessase 6

s iRioidityiofiGRaphislin S diTHe NS IONST a5, b 20l 4 RS BRI s cunseinrss ariaesndsnsindeini shes Eavass onorsoas 11
CHAPTER:2: APPLICATIONS OF RIGIDITY icoivoissssssnessssmnsessssssossunssssssssyeves sovsanassssssssssnsesnssncssssavassmmonsanrassosses 14
1w Introductions. searantes S cscis o b i e oo e RS 15

2. . Problem of SensorNetWorks LOCAlIZation ...........ccueeimimmeeiisissseiosnressnnessssesssnsssaeronsesssnessssssnessassses 15

3::+ ‘Rigidity:and:Flexibility:of Protein SEAUCEUIES e isusmsuisssnsssssesssssmuomsssssnsusssssssusssssssssasesssssnssassnassacs 19
3.1.  Structural rigidity AT S IS O D TOEEINS 1 cteessiosnmsisnrinnsimenssmnson fins s isais s AT SR SN AT e S nsa s v 20

4..= Applicationito.computer aided design (CAD): ciiiiuiiitiummsssmensenmasssimsssessissassossesssessssiesassassnssassonsaans 23
CHAPTER: 3= THEPEBBLE GAME ALGORIMHN 11 5500 s snssasinsssssssesisasssssaisnamsesvarssigsanassssssssssusssssssvtamessonsins 26
1 Introductioni ..... bbbl e Sl B R e et A A ST 27

2.~ The pebble:game algorithim wiisad main i Shasmmabimsissos ot bilus oo sussmssssivsssiumnsssiossnemsaness 27
2.1, « Thebeginof thepebbleBameral ORI . c..ocvviss oaimasmnssnssnnmarssnmsosnisssssnsmsnsoss iass susasses sassmasnsntss 28

2.2. - sTheend:efithe pebble . game algorithm .. ...ocuuussnssmisssrsmscsssssnsisasusssmmassosasmnsossassvsinismtsonsvocs 29

2.3.4 wTheipebble/gameral EoTIENIMIPROCEEMS. .. ooiesonssssanssssssssssss sansssssasss 38837 EAS ISR wm s e mnsass s 31
CHAPTERAZIMPLENMEN TATION o foatilre st ot s b st B it dasvsssles sebdssssassa sossiisni a5 s e w8 inun s s roas vnds duassanarons 33
i IS ) d 0o |V o) RS RO SO S WU I S R B e S e e 34
A | D) | T ) FO) Tl OUT et bes fcsons oo s e v o e oS e e e et o S R L s e el e 34
2.1.  Part 1 Algorithmimplementation ........ e esmssesssasasiasssisamesss isssens soasessssssenss cutsssmeisvass osssisss 34

2.2 - Part 2 VIS Ul e DS E M A0 s sns sasusressamsommunussnmeresnndioiubrmsmnmie deinunos FONsTrossnt aton sn ciinim s tsh Frnons 35

3 EXPEMEnTalESUIE s i s o svmamsmamr e o s s i e e ST eSS R 38
GENERAEIGE NG ST @ M oot i et e s St s s et e e TN 0o Do T oo eV alo s Ve e taeed d e 41
R O EEMTES i it oismemsessas o s roa v s s S s oS ST W e R R i v eSS e i 43

v



General Introduction

General Introduction

Rigidity theory has a rich history that can be traced back to Leonhard Euler, Baron Augustin
Louis Cauchy, James Clerk Maxwell and a host of other mathematicians and engineers. Euler
(1766) conjectured that "A closed spatial figure allows no changes, as long as it is not ripped
apart" [7]. Maxwell (1864) was exploring whether structures were stable or unstable
(deformable), and a host of other engineers worked on different applications, such as determining
the structural stability of different truss configurations in bridges and in mechanical linkages.

Later in the half of the nineteenth century, Rigidity theory for plane bar and joint frameworks
was already well advanced. Then earlier in twentieth century, previous work was summarized as
well as important inductive techniques that are used to construct 2-dimensional bar and joint
frameworks starting from the basic building blocks introduced by Henneberg [12]. These
inductive techniques with other more recent"techniques are still widely used, particularly in
proofs and rigidity analysis of frameworks [27]. While a school of work in the rigidity theory
continued for decades.in the former Soviet Union [8], overall the best discoveries of the
nineteenth century in the rigidity theory of bar and joint frameworks was forgotten for at least in
the first half of the twentieth century.

An important édvapcement in rigidity theory begins with the theorem of Dutch mathematician
Gerard Laman (1970); this theorem gives a beautiful and complete combinatorial characterization
of rigidity and flexibility of bar and joint frameworks in dimension 2. In combinatorial
characterization of rigidity, to determine the rigidity and flexibility of a corresponding framework
it can simply count the vertices and edges in a graph and its subgraphs. Even though Maxwell
and many others, with mechanical engineers, were counting vertices and edges in a graph to
analyze rigidity, Laman’s theorem gives a first rigorous characterization. Almost in similar time,
mathematicians and engineers began to interact and further revive and develop the topic.

Mathematicians and researchers from different fields are continuing to work on problems and
applications related to rigidity theory. The number of different applications that rely on this
theory is rapidly expending. Some of these include protein and glass network flexibility
predictions [14, 24, 25], sensors and communication [1, 4], computer aided design (CAD),

- decomposition of linkages in mechanical engineering [20, 21] ... etc.



General Introduction

In our work we start by outlining some definitions from rigidity theory (Chapter 1). For the
sake of simplicity, we will start by looking at the most common and simplest structures known as
bar and joint frameworks. Since the fast algorithms for determining the rigidity/flexibility do not
rely on the complicated geometry (positions). in other words, the rigidity becomes a graph
theoretic property and this gives fast algorithms (pebble game) for determining
rigidity/flexibility. We will also briefly present some problems with finding the fast algorithms
for determining flexibility of the bar and joint frameworks in 3-dimensional space.

Chapter 2 presents a three different applications related to rigidity theory and we give some
detailed examples, we will discuss for the 1- problem of network localization problem, 2-
Rigidity and Flexibility of Protein Structures and 3-Application to computer aided design (CAD).

In Chapters 3 we will present some definitions and describes of the pebble game algorithm,
also we illustrate example in detailed of the algorithm for enlarging a pebble covering.

Chapter 4 discussing for our implementation of pebble game algorithm and present some
describe for the development environment, also our tools uses in implementation, and offer some

concluding remarks.



General conclusion

General Conclusion

The rigidity theory gives a beautiful and complete combinatorial characterization of rigidity
and flexibility of bar and joint frameworks in 2 dimension. different applications related to
rigidity theory have been made in several fields. This theory has facilitated the development of
the pebble game algorithms and it is an efficient algorithm for studying flexibility and rigidity and
it can be used to explore new and interesting questions which will lead to further research
possibilities. We also implement a computer program for the algorithm that Jacobs and
Hendrickson has proposed in [10].

In conclusion, for future work, to increase the performance of our computer program we want
to

e check if a given graph is rigid, redundantly rigid or globally rigid.

e extract rigid and flexible regions from a given graph.
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Abstract

In this dissertation, we start our study with rigidity theory that can test rigidity and flexibility
of bar and joint frameworks in 2 dimension. different applications related to rigidity theory have
been made in several fields. This theory has facilitated the development of the pebble game
algorithms, and we implement a computer program to test the rigidity and flexibility of a given
graph.

Key Words: rigidity theory, rigidity, bar and joint frameworks, 2 dimension, pebble gaiié
algorithms, graph.

Résumé

Dans cette these, nous c‘ommengons notre étude avec la théorie de la rigidité. Cette théorie
peut tester la rigidité et souplesse du bar and joint framworks dans 2 dimensions. Des
applications différentes reposent sur-la théorie de la rigidité ont été faites dans plusieurs
domaines. Cette théorie a facilité le développement des algorithmes de pebble game, et nous
avons implémenté un programme d'ordinateur pour tester la rigidité et la flexibilité¢ d'un graphe

donné. .

Mot clés : la théorie de la rigidité, la rigidité, 2 dimension, bar and joint frameworks, les

algorithmes de jeu de galets, graphe.
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