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Abstract

The present thesis is devoted to summing non linear operators. We focus our attention on introducing and studying
polynomials and multilinear mappings that share good properties of summability with distinguished classes of
summing linear operators. In the second chapter we introduce the class of Cohen p-nuclear m-linear operators
between Banach spaces. This is the multilinear version of p-nuclear operators. The polynomial variant is obtained
thanks to consider the symmetric multilinear mapping associated to the polynomial. This polynomial variant forms the
p-nuclear polynomial, and it is used as an illustrative example also in Chapter IV. The main results proved in Chapter I
are: a characterization in terms of Pietsch's domination theorem and the related factorization theorem, which is an
extension to the multilinear setting of Kwapien's factorization theorem for dominated linear operators. Connections
with the theory of absolutely summing m-linear operators are also established. It is worth mentioning that, as a
consequence of our results, we show that every Cohen p-nuclear m-linear mapping on arbitrary Banach spaces is
weakly compact. The third chapter deals with transformations of sequences via summing nonlinear operators.
Operators Tthat belong to some summing operator ideal can be characterized by means of the continuity of an
associated tensor operator Tthat is defined between tensor products of sequences spaces. Our aim is to provide a
unifying treatment of these tensor product characterizations of summing operators. We work in the more general
frame, provided by homogeneous polynomials, where an associated tensor polynomial which plays the role of T, needs
to be determined first. Examples of applications are shown. In Chapter IV we characterize in terms of summability
those homogeneous polynomials whose linearization is p-nuclear. This characterization provides a strong link between
the theory of p-nuclear linear operators and the (non linear) homogeneous p-nuclear polynomials that significantly
improves former approaches. The deep connection with Grothendieck integral polynomials is also analyzed.

Keywords: multilinear operator, tensor product, m-homogeneous polynomial, p-nuclear operator, factorable strongly
p-nuclear nuclear.

Résumé

Cette thése est consacrée aux opérateurs non linéaires sommant. Nous concentrons notre attention sur I'introduction
et I'étude des polyndmes et des applications m-linéaires partageant les bonnes propriétés de sommabilité avec les
classes distinguées des opérateurs linéaires sommant. Dans le deuxiéme chapitre, nous introduisons la classe des
opérateurs m-linéaires Cohen p-nucléaires entre les espaces de Banach, qui est la version multilinéaire des opérateurs
p-nucléaires. La variante polynomiale est obtenue en tenant compte l'application m-linéaire symétrique associée au
polynébme, cette variante forme le polyndme p-nucléaire, qui est également utilisé a titre d'exemple explicatif au
chapitre 1V; les principaux résultats démontrés au chapitre Il sont: une caractérisation en termes du Théoreme de
Domination de Pietsch et du Théoreme de Factorisation, qui est une extension du Théoréme de Factorisation de
Kwapien pour les opérateurs linéaires dominés. Une connexion avec les opérateurs m-linéaires absolument sommant
est également établie. Il est important de mentionner que selon nos résultats et comme conséquence, nous montrons
que tout operateur linéaire Cohen p-nucléaire m-linéaire entre, les espaces de Banach est faiblement compact. On a
traité dans le troisieme chapitre les transformations des suites a travers les opérateurs non linéaires sommant. Un
opérateur idéal sommant Tse caractérise par la continuité d'un opérateur tensoriel associé T, lequel est défini entre le
produit tensoriel des espaces, de suites. Notre objectif est d'offrir un traitement uniforme pour ces caractérisations
tensorielles des opérateurs sommant. On travail dans un cadre plus général fourni par les polyn6mes homogenes, ou
un polynéme tensoriel associé jouant le réle de T, doit étre déterminé préalablement. Des exemples d'applications sont
présentés. Au chapitre IV, nous décrivons en termes de sommabilité les polyndbmes homogenes dont leurs
linéarisations sont p-nucléaire. Cette caractérisation fournit un lien fort entre la théorie des opérateurs linéaires p-
nucléaires et la théorie des polyndbmes homogenes p-nucléaires (non linéaires) qui améliore considérablement les
anciennes approches. Une connexion distinguée avec les polyn6mes Grothendieck intégrale est également analysée.
Mots-clés: opérateur multilinéaire, produit tensoriel, polynbme m-homogéne, opérateur p-nucléaire, operateur
factorable fortement p-nucléaire.



Notation

K The field of real or complex numbers.

p* The conjugate of the number p (1 < p < 00), that is % + ;% =1
X* The topological dual of X.

Bx The closed unit ball of X

L(X;Y) The set of all linear operators.

L(X;Y) The set of all continuous linear operators.

w The weak topology.
w* The weak * topology.
A Ideal of linear operator.
T The adjoint operator of 7.
Ty The linearization of the operator 7.
P The associated symmetric m-linear operators of polynomial P.
I The formal inclusion map defined between Lo (1) and Ly(p) (1 < p < 00).
ix The isometric embedding, ix : X — C(X*) given by ix(z) := (z,.).
K The set of all compact linear operators.
w The set of all weakly compact linear operators.
Ly The set of all finite rank linear operators.
11, The set of all linear p-summing operators (1 < p < o0).
D, The set of all strongly linear p-summing operators (1 < p < 00).
N, The set of all Cohen p-nuclear linear operators (1 < p < c0).
./\fpm The set of all Cohen p-nuclear multilinear operators (1 < p < 00).
b N The set of all Cohen p-nuclear polynomials).

Pr stp The set of all factorable strongly p-summing polynomials(1 < p < o).

ﬁj;sN The set of all factorable strongly p-nuclear operators (1 < p < 00).
771{ i The set of all factorable strongly p-nuclear polynomials (1 < p < o0).
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Introduction

The nonlinear theory of summability, specially addressed to the classes of multilinear and
homogeneous polynomial mappings between Banach spaces, has been a permanent topic
of investigation, developed by many authors as Alencar, Botelho, Cillia, Geiss, Gutiérrez,
Matos, Pellegrino, Pérez-Garcia, Pietsch, Villanueva... Actually it was Pietsch [52] who con-
ceived the basis of a research program on summing multilinear mappings where he began this
study under the inspiration of the ideas and techniques , derived from the theory of linear op-
erators ideals. The 1989 paper by Alencar-Matos is other cornerstone in this line of thought.
This approach turned out to be very successful and a number of operators ideals have been
fruitfully generalized to the multilinear and polynomial settings. It must be clear that there
is not a unique way to generalize a given operator ideal to polynomials and multilinear
mappings. This has caused the appearance of several works that compare different classes
of summing non linear ideals, as in [49], [54] or [26]. It is noteworthy that even if Pietsch
deeply studied linear operator ideals without using tensor product terminology, tensor prod-
ucts have proved to be a useful tool for the theory of operator ideals. Indeed, the excellent
monograph [29] deals with the tensor product point of view of the theory and provides many
applications to the study of the structure of several spaces of summing linear operators. In
the last decades this linear theory has spreaded to non-linear contexts that include multi-
linear mappings, polynomials, holomorphic functions or Lipschitz mappings among others.
Transferring summability properties to nonlinear mappings is not an obvious task as shows
the variety of different generalizations of several classes of summing operators to the mul-
tilinear case, and to hit the multilinear class that is closest, in some sense, to the original
linear class is not trivial (see e.g. [20, 17, 49, 54]). Even more complicated is working with
polynomials, where important lacks of basic results, as a Pietsch type factorization theorem

for dominated polynomials, proved deep differences between the linear and the polynomial



theories (e.g. [18, 15, 57]). The way that summing linear and multilinear mappings trans-
form vector-valued sequences is the essence of the theory of summing operators. Botelho
and Campos [14] show how these transformations can be treated from an unified point of
view, and recover in detail some former inaccuracies that have appeared in the literature. If
S(X) denotes a X-valued sequence space, the summability with respect to S of an operator
T:X — Y (being X and Y Banach spaces over K = R or C) is related to the associated
operator T : S(X) — S(Y) given by T((z;);) = (T(x;));. Indeed, Botelho and Campos
[14] have unified these results by analyzing the transformations of vector-valued sequences
by multilinear operators. In this thesis we provide the tensor product counterpart of this
unifying approach in the context of polynomials, more precisely, the classes of p-dominated
polynomials (see e.g. [13]), Cohen strongly p-summing polynomials introduced by Achour
and Saadi in [7], and the class of Cohen p-nuclear polynomial defined by Achour, Alouani,
Rueda and Sanchez-Pérez in [4]. One of the main problems when dealing with the nonlinear
theory of summability is that linear properties are not inherited in general by non linear
maps. This has caused the appearance of several different of approaching the linear theory
to a non linear context. A good example of such a lack of multilinear extensions of linear
properties concerning summability, are the well-known factorization theorems for summing
linear operators, that have no counterpart in the polynomial setting. It was not until[54]
with the introduction of factorable strongly summing multilinear mappings, and in general,
homogeneous polynomials, that this objective was accomplished. This class of factorable
strongly summing non linear operators is a distinguished subclass of p-summing multilinear
operators/polynomials modeled in [57], and it shares the main linear properties at once,
such as Grothendieck’s Theorem, Pietsch Domination Theorem, Dvoretzky—Rogers Theo-
rem, weak compactness and a natural factorization theorem through subspaces of L,-spaces
in the manner of the Pietsch factorization theorem. Inspired by this success, we apply the
ideas of factorable strongly summing polynomials/multilinear mappings to improve the al-
ready known class of p-nuclear multilinear mappings (see |2, 6]) that generalize the p-nuclear
linear operators introduced by Cohen in [28|. We will mainly work in the more general con-
text of homogeneous polynomials rather than multilinear mappings. Of course all the results
are true in the multilinear context. The symbiosis between factorable strongly and nuclear
polynomials allows to get the fundamental link with the linear theory via the linearization

of polynomials: a homogeneous polynomial is factorable strongly p-nuclear if and only if its



linearization is a p-nuclear operator (Theorem 4.18). Now, new results merge in the non
linear theory. For instance, the adjoint of a factorable strongly p-nuclear homogeneous poly-
nomial is a p*-nuclear operator, where p* is the conjugate of p (i.e., % + [% = 1). Another
consequence is that factorable strongly p-nuclear homogeneous polynomials are factorable
strongly p-summing and so, weakly compact. We end this research showing the connection
between nuclearity and integrability in this nonlinear context. Our main tool is the study
of integrability that was done by Cilia and Gutiérrez in [25] in the frame of vector valued
homogeneous polynomials. Integral polynomials with scalar values were introduced by Di-
neen when studying duality in the Theory of Holomorphic Types. There are two ways of
considering integral polynomials in the vector case: Grothendieck-integral polynomials and
Pietsch-integral polynomials (respectively G-integral and P-integral for short). The notion
of P-integrability is stronger than the notion of G-integrability. The relation of P-integral
polynomials with summing polynomials was studied in [41], where it was proved that the
space of all scalar P-integral m-homogeneous polynomials is isometrically isomorphic to the
space of all factorable strongly summing m-homogeneous polynomials. Some partial results
were also proved for vector-valued homogeneous polynomials with domain in a C'(K) space.
Now, we are interested in G-integral polynomials. We establish the link between integrability
and p-nuclearity in the vector valued polynomial case. Grothendieck-integral polynomials
are proved to be the main examples of factorable strongly p-nuclear polynomials and, in
some cases, we get the equality between both classes of polynomials.

The thesis consists of four chapters. In the first Chapter we establish the notation of the
thesis. We introduce some important results concerning sequences Banach spaces and we
recall the main definitions and properties of nonlinear application more precisely multilin-
ear /polynomial applications and m-fold tensor products of Banach spaces with m > 2, we
recall the most important results of the theory of operator ideals that we will generalized
later as the classes of the p-summing and strongly p-summing and p-nuclear linear mappings.
The second chapter of this thesis is dedicated to a generalization of the class oh p-nuclear to
the cases multilinear and polynomials. This chapter is divided into three parts. In the first
part we recall the basic concepts on the theory of multi-ideals when we give some examples of
multi -ideals as p-dominated, absolutely (p; g1, , ¢m; 7)-summing multilinear operators and the
last example see[2] is our generalization to the multilinear context of p-nuclear operators. In

the second part we introduce and study a new concept of the summability applications which



is a generalization of p-nuclear mapping to polynomial version, and we finish the chapter
with the domination and factorization theorems. In the third chapter titled by "Tensor char-
acterizations of summing polynomials" we give characterization of operators T that belong
to some summing operator ideal, by means of the continuity of an associated tensor oper-
ator T that is defined between tensor products of sequences spaces. After developing some
techniques for well defining an associated polynomial between tensor products of sequences
spaces we finally give an application of this procedure on particular classes of polynomials.
The end of this research and work is the fourth chapter, where we open the way to the
linearization for nonlinear applications by means of the new concepts of factorable strongly
p-summing and factorable strongly p-nuclear polynomials. It is of special relevance that an
m-homogeneous polynomial is factorable strongly p-summing if and only if its linearization is
absolutely p-summing. The same result is obtained for the class factorable strongly p-nuclear
polynomials. In addition, more related results are proved. We begin introducing and an-
alyzing the class of factorable strongly p-summing polynomials. The heart of this study is
the theorem of linearization. In the Section 2, strongly p-nuclear and factorable strongly p-
nuclear polynomials are introduced and analyzed. Connections to summing polynomials are
established and some fundamental properties are obtained. Regardin the linearization of the
polynomial, we prove that factorable strongly p-nuclear homogeneous polynomials are those
that factor through p-nuclear linear operators. We also relate them with factorable strongly
p-summing polynomials, and prove a domination inequality that characterize the class. In
Section 3 we prove that a homogeneous polynomial is factorable strongly p-nuclear if, and
only if, its adjoint is a p*-nuclear operator, where p* is the conjugate of p. We also describe
the space of all factorable strongly p-nuclear m-homogeneous polynomials as the dual of a
suitable tensor product space. We end this chapter with Section 4, where we characterize
G-integral homogeneous polynomials as those that factor through an integral linear operator.
As a consequence, we show that a m-homogeneous polynomial P is G-integral if, and only
if, its adjoint P* is G-integral. We use this result to prove that if the dual of the range space
is a L, ) space then, the spaces of factorable strongly p-nuclear polynomials and the space
of G-integral polynomials coincide. In particular, being G-integral or factorable strongly
2-nuclear is the same for any homogeneous polynomial with range in a Hilbert space. We

also prove that every G-integral homogeneous polynomial is factorable strongly p-nuclear.



Chapter 1

Multilinear mappings and polynomials

In this chapter we will be concerned by the basic properties of various spaces with values in
a normed linear space X used throughout the thesis. These sequence spaces will appear in
the definitions of the both classes linear and nonlinear operators, studied and treated right
here us first part. In the second part we will recall some fundamental definitions, properties
in nonlinear mappings (multilinear, m-homogeneous polynomial ) and in tensor product; we

end this chapter by given various examples of ideals of linear summing operators.

1.1 Notation and background

Throughout this chapter X, Y will denoted vector spaces over a field K which may be either
the real or complex numbers. A Banach space is a complete normed vector space. The
closed unit ball of X is denote by Bx.

A linear map T : X — Y is continuous if and only if

1T} = sup LT ()] - [l2)]| < 1,2 € X} < o0,

this value is a norm on the vector space L (X, Y') of all linear operators from X into Y. We
denoted by £ (X, Y) the space of continuous linear operators, and by X* the dual space of

X, the norm of z* € X* is given by
|z*[| = sup {| (", 2) | : 2 € Bx}.

We will denoted by (€2, 3, 1) a measure space, if p (2) = 1 then is (2, %, ) called prob-

ability space. For any measure space (2,3, 1) we define the space L, (1) = L, (Q2, %, p),



1 < p < o0, to be the space of ¥-measurable functions such that [ |f (w)[” du (w) < co, we

mean sup ess | f (w)| < co. We will use the notation

1Al = (/|f P dp >) for p > 1, and |f],, = supess|f (w)].

We know that:

1. A linear operator 7' : X — Y is invertible if there exist a linear operator noted
T':Y — X such that T"' o T = idx, and T o T"' = idy, where idx ( or idy) is
identity operator on X (or on Y ).

2. A linear operator T': X — Y between two normed spaces X and Y is isomorphism
if T is a continuous bijection whose inverse T-! is also continuous. In this case, the
spaces X and Y are isomorphism in addition if ||T'(z)|| = ||=||, for all z € X. Then T

be isometric isomorphism.

3. Let T': X — Y be continuous linear operator. Then the continuous linear operator
T*:Y* — X* defined by
T (y") (x) = y"T(x)

for every y* € Y* and x € X is called the adjoint of T" and he have the property

170 = 11T -

Also we have (T ou)” = u* o T* for all continuous linear operator u.

Let X be a Banach space and 1 < p < oo, p* is the conjugate of p, i.e., 1—1) + z% =1. We
denote by ¢,(X), the space of all absolutely p-summable sequences in X; that is, sequences

(x;); in X such that
= (3 el < o

if 1 <p< ooor,

[(2i)illoo := sup ||z,
1

if p = o0.
E;;’(X), the space of all weakly p-summable sequences in X; that is, sequences (z;); in X such

that

H(xi)in,w = sup Z |:C |p 1/p < 00,

e X e*|<1



if 1 <p< ooor,

[(@i)illoow :==sup  sup 2" (x;)] = sup ||z,
i zreX* ||z||<1 i

if p = o0,

where X* denotes the topological dual of X. The closed unit ball of X will be denoted
Bx.

Note that £, (X) is a linear subspace of £;(X) and

@:)illpan < [l for all (2:); € £,(X).

Then £, (X) = £;)(X) for some 1 < p < oo if, and only if, dim(X) < oo. If p = oo, we
have £, (X) = % (X), also if we take X = K (‘or n = 1), then the spaces £, (K) and £;(K)
coincide

A sequences (z;);-,in X is said to be unconditionally p-summable if

lim ||(z;) = 0.

n— 00 t=ntpw

We denote by ¢,(X), the space of all strongly p-summable sequences in X; that is, se-

quences (x;); in X such that

Z x;(z;)| < o0.

7

[(zi)ille,x) == sup
(7)), llp* w <1

It well know that for 1 < p < oo and (¢;);, € £ , (Y™*) we have

1
p*

prw = SUD (ZW(%)V*) = sup |[(¢i (),

PEBy #x yEBy

(i)

p*

If u is a linear bounded operator from X into Banach Y for ¢, € Y*, i =1,....n we have

(i 0 w)ll, o < llull (i)l (1.1)



1.2 Multilinear mappings

Let m € N and X (1 < j <m) be a Banach spaces over K (K =R ou C). We consider the

Cartesian product

Xix..x X, = {(xl,...,xm) s € X;, Vvl §j§m},

which is a normed space equipped with the norm

H (ZL‘l, ,xm) H = maX{ij|

;)€ X;V1<j<m}. (1.2)

Definition 1.1. An application T : X1 X ... X X, = Y is called multilinear (or m-linear) if
the mappings
T,: X; = Y
v = T (zb .. 2, . 2™,

are linear for each x* € X, k # j, in other words
T (2. o\ + 9, a™) = AT (2, . 2?, o, a™) + T (2, .y, ™) s

forall e K and 27,y € X; (1 <j <m), we denoted by L (X1,..., X,,;Y) the space of all
m-linear applications T' from X1 X ... x X,,, into Y. The set S of all vectors in'Y of the form
T (2, ...,2™), 27 € X; (1 < j < m) is not in general vector subspace of Y. ( see [30, Section

1.1)).

Now we define the following linear operations

(S+7T)(z',...,2™) := S (', .., 2™) + T (x!, ..., 2™)
(AT) (2%, ..., ™) == AT (2}, ...,2™), A € K

which gives to L (Xi, ..., X;n; V) a structure of a vector space. If Y = K, we write L (X7, ..., X;).

Definition 1.2. The multilinear application T : X1 X ... X X,,, — Y s continuous if it is

continuous as a function between two normed spaces.

As a consequence of this definition, and the following equality
T (xl, - xm)—T (yl, ,ym) =T (1‘1 —y, ...,xm)+T (ml, e VLI xm)+...+T (xl, ™ — ym) ,

we have a result that gives a characterization of continuous m-linear mapping.



Proposition 1.3. Let Xi,..., X,,, Y be normed spaces. For all T € L(Xy,....,Xn;Y), the
following statements are equivalent

(1) T is continuous.

(2) T is continuous in (0, ...,0) .

(3) There exists a constant C > 0 such that

|7 (", ....2™)|| < C ||« - 1™, (1.3)
for all 27 € X;, (V1 <j<m).

If X;, (V1<j<m)andY are a normed spaces, then we provide the space ﬁXj of
topology of product vector spaces, and we denote by L (Xq,...,X,,;Y) the vecté?lspace
of all the continuous m-linear applications of ﬁXj into Y. We write by £(™X;Y) for
Xy =..=X, =X, and by L (X4, ..., X,,) for YJ::1 K. It is obviously if m =1 and Y = K,

then £(X;K) = L(X) = X* the topological dual of X.

Proposition 1.4. Let Y be a Banach space, the vector space L (X1, ..., X;m;Y) is a Banach
space endowed with the norm ||T|| define by:

7] ~=sup T (2, ..., 2™)||
|lz7]|<1, j=1,..m
_ |7 (e |
=SUD T

2I#0, j=1,...m

= inf {C 1 |T (2", ...,z™)|| < C |2 ... [2"™||} .

UTe Ll (Xy,..,X,Y) we define the adjoint operator of T" by
T Y - L(Xy,. 0 Xn), ¥ =T (y): Xy x ... x X,;, = K

with

Now we define the multilinear mapping
K:Xix..xX,— L(Xl, ,Xm)*

with



for all 27 € X; and ¢ € L (X1, ..., X,,) . Then K is continuous and ||K|| = 1. A good result
in multilinear operator theory is the isometric isomorphic identification described in the

following proposition

Proposition 1.5. [/7, Theorem 1.10] Let Xi,...,X,, and Y be Banach spaces. Then we

have the isometric isomorphism identification.

LOX1y i X, Y) = L(X1, ooy X3 V). (1.4)

Symmetric multilinear application
For all m € N*, we denoted by S,, the set of all permutations of {1,...,m}, in other word

the set of all bijections

o:{1,...m}—={l,...m}.

Definition 1.6. Let m € N* and let X, Y be a vector spaces over a field K. A multilinear

application T : X x ... x X =Y, is symmetric if

T (xl, ,a:m) =T (370(1), e xg(m)) ,

for every zt, ..., 2™ € X and every o € S,.
L("X;Y) will denote the subspace of L("X;Y') consisting of all the symmetric multilinear
mappings from X™ into Y.
Proposition 1.7. For all T € L("X;Y). Let Ts be the associate symmetric operator of T.
Then, the following are checked

(1) Ty € L(MX;Y)

(2) T, =T if,and only if T € L(™X;Y)

3) (To)s = Ts

(4) Ifr € X, then T (x,...,x) =Ts (x,...,x).

The next lemma shows the polarisation formula applied to the multilinear operator. For

more details see [47].

Lemma 1.8. Let X, Y be vector spaces and T € L(™X;Y). Then

1 o o
Ty(a',...,2™) = mlom E €1-..emT’ (;EO + E gird + ..+ 2%+ E 5j:v7> : (1.5)
T og=41 j=1 j=1

1

for every 2%, 2, ..., a™ € X. In particular, if T is symmetric, then it is determined by its

values T'(z,...,x), v € X, along the diagonal.
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1.3 m-homogeneous polynomials and tensor product

The letters X and Y correspond to Banach spaces over the same scalar-field K = R or C.
We work with 1 < p < oo, and p* denotes the conjugate of p, i.e., % + z% =1ifp=1 we
take p* = oo and consider é =0. Amap P: X — Y is called m-homogeneous polynomial,
if there exists a symmetric m-linear mapping P, such that P (z) = P (z, ™, z) for all z € X.
In that case, we say that P is the multilinear mapping associated with P.

Both mappings (m-homogeneous P and symmetric multilinear operator P) are related by

polarization formula ( for more details see [46]).

» m 1 m i\ m

P, .z ):W251--~5mP(51x1+---+5mx ), (@)L, X (1.6)
e;i=*+1

where 2!, ..., 2™ € X.

The m-homogeneous polynomial, P :X—Y is continuous if there is a constant C' > 0 with

| P(z) [<Cllz|™, (1.7)
we put
| P [|= sup [|[P(z)]. (1.8)
IEGBX

Moreover, if P is bounded, then P is also bounded, and

m

. m
=Pl — 1Pl (1.9)
Or equivalently the next diagram
X % XxmxX
N\ L P (1.10)
P
Y,

is commutative, where A,, is the natural embedding called diagonal mapping of X into

X x ™ x X which is defined as:

A, X — XxmxX

r = (z,7,x).

The space of all continuous m-homogeneous polynomials from X into Y is denoted by

P(mX;Y) (P("X) when Y = K), and becomes a Banach space when endowed with the

11



norm ||P||. When m = 1, the space P(*X;Y) is nothing by £(X;Y), the space of all
bounded linear operators from X to Y. For the general theory of homogeneous polynomials

we refer to [30] and [47].

Example 1.9. Let XY be normed spaces, p € X* and let ue L(X,Y), k € N. We define
the mapping P by
PiX >, P@) = (p(z))" "ulz).

Then P is a continuous m-homogeneous polynomial, and ||P|| < ||l¢||™ " ||ul|.

Example 1.10. /34, Example 1.3.11] Let X and Y be normed spaces. The application given
by
Qum: X = (P("X)) ,Qu () (P) = P(x),

1 a continuous m-homogeneous polynomial of norm 1.

Now draw attention towards tensor product. As usual, X; ® - - - ® X,,, denotes the m-fold
tensor product of Xy,...,X,,, and if X; = --- = X,, = X we use the shorter notation

"X =X ®---® X. The projective norm 7 on X; ® --- ® X, is defined by
m(u) =it Nllfl] el e =) Naf @ @af),
i=1 =1

where the infimum is taken over all representations of u € X; ® - -+ ® X,,. The completion
of X1 ® - ® X,, when endowed with 7 is denoted by X1®y - - - @ Xm.
It is well know that, if T : X7 x --- x X,,, — Y is a bounded m-linear operator then, there

exists only one bounded linear operator
TL:X1®7T"'®7TXm_>K
such that
Ty, (ar;z1 ®~~®x§") =T(x;,...,2"),

for all 27 € X;,7 =1,...,m. Moreover, ||T|| = ||T¢||. In other words, the mapping T — T,
from £ (Xy,..., X,,;Y)to L (X1®7r o Rn X Y) is an isometric isomorphism. In particular,
the vector spaces L (X, ..., X,,) and (X1(§>7r e <§>7er)* are isometrically isomorphic. For

more details refer to [59].

12



We denote by ¢ the injective norm on the tensor product X; ® --- ® X, given by

€ (u) = sup {

uweX;® - ® X, where > x] ® --- ® 2" is any representation of u.
i=1
The completion of the space X; ®---® X,, endowed with ¢, is the injective tensor product

X1®e T ®6Xm

n

Z<x},x{>(x?,xfn> ; 2y € Bxr,... 1y, EBX;%},

=1

Consider now a Banach space X, the symmetric m-fold tensor product ®”°X, defined as
the linear span of the elements in ®™X of the foom 2 ® --- ® z, v € X.

We will require two norms on this space:

1. The projective s-tensor norm s given by

k k
7 (z) = inf {Z Nl llzl™: 2 =) Awi@--® x} ,
=1

=1

for z € m™*X.

2. The injective s-tensor norm €4 given by

€5 (u) = sup {

Z)\Z@Z,x*)(xz,x*)‘ cat € BX*},

=1

n
being the supremum independent of the representation of u as > \iz; ® -+ ® ;.
i=1

By @Z’SX and @Z’SX we mean the completion of ®@7"*X and ®7*X respectively.
We associated to all m-homogeneous polynomial P € P ("™X;Y") an unique linear operator

Py e E(@)Z’SX, Y’) such that:

P(z)=PLr®..®@z),forall z € X.

The linear operator P, called linearization of P . Ryan [59] proved that the correspondence
P < Pj establishes an isometric isomorphism between the space P ("X ) and the dual of

@Z’SX . Consider the canonical m-homogeneous polynomial 0, : X — ®7“*X defined by

13



XLy (1.11)

is commutative, that is P = Py, 0 §,,.
The scalar case deserves special attention: when Y = K we call A, : P (™X) — (@)Z’SX )*

the isometric isomorphism A,, (P) = Py, for all P € P (™X). Note that A1 = 67 .

We can associated to P other operator P* the adjoint of P define from Y* into P(™X)
given by P*(y*)(z) := y*(P(x)), for y* € Y* and € X. It is well known that, (uo P)* =
P*ou*, for all w € L(Y;Z), where Z is a Banach space.

1.4 Normed operator ideals

A linear operator u € £(X,Y') is said to have finite rank if u(X) is finite dimensional. The
class of all finite rank linear operators between Banach spaces is denoted by L£¢(X,Y’). This

space is generated by the mappings of the special form
TRy — " (r)y
ie. if ue L¢(X,Y) we have
u= Zﬁf & Yi,
i=1
where (z})?, C X* and (y;)I~, C Y (see [51, page 25]).

Definition 1.11. An operator ideal T is a subclass of the class L of all continuous linear
operators between Banach spaces such that for all Banach spaces X and Y its components
I(X,Y) = L(X,Y)NT satisfy:

(1) Z(X,Y) is a linear subspace of L(X,Y) which contains the finite rank operators.

(i) The ideal property: if u € L(X,Z),v € L(Z,K) and w € L(K,Y), then the composi-
tion wovou isin I(X,Y).

If |||l : T — RT satisfies

(V) (Z(X,Y),]||.]l7) is @ normed ( Banach) space for all Banach spaces X andY,

(it*) idll = 1,

14



(i) If u e L(X,Z),veL(Z,K) and w € L(K,Y),
lwovouly < flwl{lvflg [l

then (Z, ||.||z) is called a normed (Banach) operator ideal.

The operator ideal Z is said to be closed if each Z(X,Y) is a closed subspace of £(X,Y") for
the sup norm. The ideal £; of finite rank linear operators is the smallest operator ideal and

L the largest one ( see [51, Theorem 1.2.2 ).

e The ideal of p-summing linear operators

Let 1 < p < oco. A linear operator u : X — Y between Banach spaces is said to be
absolutely p-summing or just p-summing if it takes weakly p-summable sequences (z;)$2,
of X to absolutely p-summable sequences (u(z;))52; of Y. This means that @ : (z;)2; —
(u(zi))2, defines a linear mapping from £2(X) into £,(Y) that is bounded in view of the
closed graph theorem (see[50],[31]). Hence there exists a constant C' > 0 such that

(ZHU(%)H’J)p <C sup (ZI{(:&)V’)p, (1.12)

l€llx= <1 \ 527
for every finite family (z;)?_, C X. This inequality characterizes p-summing operators. The
set of all p-summing operators, is denoted by IL, (X,Y), which constitute a Banach ideal
under the ideal norm

mp(u) == inf {C, for all C' verifying the inequality (1.12)},

moreover we have

mp(u) = |lul -
The nowadays classical Pietsch’s domination theorem characterizes the p-summability of an
operator by means of a norm domination uniform inequality. Concretely, it says that the

mapping u € L(X,Y) is p-summing if and only if there exist a constant C' and a regular

Borel probability measure 1 on By« (with the weak star topology) such that

i< ( [ R ) wex (1.13)

In this case, my(u) is the least of all the constants C' so that (1.13) holds. This inequality

also provides a factorization of u through the natural mapping C'(Bx«) — LP(u).
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e The ideal of strongly p-summing linear operators
Pietsch has shown that the identity mapping from ¢; into /5 is 2-summing but the adjoint
operator is not 2-summing, for this reason the concept of strongly p-summing operators

(1 < p < o0) appears as characterization of absolutely p*-summing operators ( see [28]).

Definition 1.12. Let 1 < p < oo. A linear operator u between two Banach spaces X and'Y
18 strongly p-summing if there is a positive constant C' such that for alln € N, x1,... 2, € X

and yi,...,y, € Y™ we have

I, vzl < C )il 1180)iz

(1.14)

Prw
In other terms u is strongly p-summing if and only if the operator
u:l,(X) — £,(Y) is continuous.

The set of all strongly p-summing linear operators, denoted by D,(X,Y), is a Banach ideal

with the ideal norm
dy(u) :=1inf {C' > 0: C verifying the inequality (1.14 )}.

For p =1 we have D;(X,Y) = L(X,Y).
The following result due to J.S. Cohen |28, Theorem 2.2.2].

Theorem 1.13. i) Let 1 < p < co. The linear operator u belongs to 1L,(X,Y') if and only if
the adjoint operator u* belongs to Dy« (Y*, X*). In this case m,(u) = dp(u*).

ii) Let 1 < p < oo. The linear operator u belongs to D,(X,Y) if and only if the adjoint
operator u* belongs to Il (Y™*, X*). In this case d,(u) = mp«(u*).

Remark 1.14. According to (i) in the previous theorem we obtain D, = 1% thus (D, d,)
18 Banach operator ideal.
e The ideal of Cohen p-nuclear linear operators

The concept of Cohen p-nuclear introduced by Cohen in [28]

Definition 1.15. Let 1 < p < oo. A linear operator u between two Banach spaces X and'Y
is Cohen p-nuclear if there is a positive constant C' such that for allm € N, x1,... 2z, € X

and yi,...,y, € Y™ we have
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n

ST () 4)

i=1

< ONl@i)izal, o 1@z e,

The smallest constant C' which is denoted by n,(u), such that the above inequality holds,
is called the Cohen p-nuclear norm on the space N(X,Y) of all Cohen p-nuclear operators
from X into Y which is a Banach space. For p = 1 and p = oo we have respectively
M(X,Y) =111(X,Y), and No(X,Y) = Do (X, Y) (for 1 < p < 00, D,(X,Y) the Banach

space of all strongly p-summing linear operators, see [10]).

Cohen in |28, Theorem 2.1.3] gives a characterization of Cohen p-nuclear operator using

the tensor product

Theorem 1.16. Let X and Y be Banach spaces and let 1 < p < oo . An operator u is

Cohen p-nuclear if and only if the mapping
ITQu:l,®. X = 0,0, Y
18 continuous.

The following theorem establishes a direct link between the Cohen p-nuclear operator u

and his adjoint operator u*.

Theorem 1.17. [28, Theorem 2.2.4] Let 1 < p < oco. An operator u € N, (X,Y) if and
only if u* € Ny (Y*, X*). Moreover
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Chapter 2

Multilinear and polynomial Cohen

p-nuclear operators

Since 1983 Pietsch’s paper [52], the ideal of multilinear mappings (multi-ideals) and homoge-
neous polynomials (polynomial ideals) between Banach spaces have been studied as natural
extension of the successful theory of operator ideals, several ideals and several generaliza-
tions of absolutely summing operators to the multilinear (multi-ideals) setting have been
investigated, in this chapter and as first part we highlight some examples of multi-ideals we
count: The ideal of Cohen strongly p-summing multilinear operators introduced by Achour
and Mezrag [6], the ideal of absolutely (p;q,,...,q,,;r)-summing represented by Achour in
[1], and the last example which is our generalization ( Achour and the author see [2] ) in
multilinear version of the concept of p-nuclear introduced in [28], this generalization called
Cohen p-nuclear multilinear operators . The second part of the chapter is dedicated to an
other generalization of p-nuclear linear operators to the polynomial version, we finish the
chapter with the domination and factorization theorems and some interesting properties.

The connection with a linear/multilinear mappings is given .

2.1 Cohen p-nuclear multilinear operators and kwapien’s
factorization theorem

Let m € N and Xy, ..., X;,,, Y be Banach spaces over K (real or complex scalars field), and let

L (X1, ..., X;n;Y) the Banach space of all continuous m-linear mappings from X; x ... x X,
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to Y. We denote by L;(Xj, ..., X,,;Y), the space of all m-linear mappings of finite type,
which is generated by the mappings of the special form

Tyem o =21 ® ... @ T, QY (z,..,a™) = af (2') .2, (™) .,

for some non-zero 27 € X7 (1<j<m)andy €Y.
According to Pietsch in [52]. An ideal of multilinear mappings (or multi-ideal) is a subclass
M of all continuous multilinear mappings between Banach spaces such that for all m € N,

Banach spaces X1, ..., X,, and Y, the components
M(Xq, . X Y) = L(Xq, .., X Y) N M

satisfy:

(i) M(Xq,...,X;n;Y) is a linear subspace of £(X1,..., X,,;Y) which contains the m-linear
mappings of finite type.

(ii) The ideal property: If T € M(Gy,...,Gn; F), u; € L(X;,G;) for j = 1,...,m and
v e LF)Y), then voT o (u,.., upy,)is in M(Xy, ..., X,,;Y).

If ||.|[ o, : M — R satisfies

(i) M(Xq,...; X3 Y), |||l og) is & normed ( Banach) space for all Banach spaces X7, ..., X,
and Y and all m,

i) 7™ : K™ - K:T™ (2, ..., 2™) = z'..a™|,, = 1 for all m,

(i) It T e M(Gh,...,G; F), u; € L(X;,G;) for j = 1,...,m and v € L(F,Y), then
v 0T o (ur, ;i) || g < NON TN g ] - ||t , then (M, ]].|| ;) is called a normed (Ba-
nach) multi-ideal.

A polynomial P € P("™X;Y) is called of finite type, if there exists k € N such that

P(z) =) (¢;(x))"b;, (2.1)

j=1
where ¢; € X*, b; € Y and j =1, ..., k. It is easy to shows that the subset of all continuous
m-homogeneous polynomials of finite type is a vectorial subspace of P(™X;Y), which will

be noted by Ps(™X;Y), for more details see [46]. An ideal of homogeneous polynomials (or

polynomial ideal) is a subclass Q of the class of every continuous homogeneous polynomials
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between Banach spaces such that, for all m € N and any Banach spaces X and Y the
components Q("X;Y) =P(™X;Y) N Q satisfy:

(1) Q(™X;Y) contains the m-homogeneous polynomials of finite type;

(77) Q has the ideal property: if u € L(F;X),P € Q("X;Y) and t € L(Y; F), then
t o P ow belongs to Q("E; F).

(Q;]Illg) is a normed (Banach) polynomial ideal if

(@) (QMX;Y);|llg) is a normed (Banach) space for all X,Y’;

(@') [[idgm : K — K :idgm (v) = 2|5 = 1 for all m;

(tid") f u e L(E; X),P € Q(X;Y)and t € L(Y; F), then

[to Poullg < [t 1Pllg llul™
We begin by presenting different classes of ideals of multilinear mappings related to the

concept of absolutely summing operators:

e Cohen strongly p-summig m-linear operators

The notion of Cohen strongly p-summig m-linear operator was introduced by Achour and
Mezrag in [6]. Consider m in N. An m-linear operator T" € L (X3,...,X,,;Y) is Cohen
strongly p-summing (1 < p < 00) if, and only if, there exists a constant C' > 0 such that for

any o], ...,x) € X;, (1 <j <m), and any 4}, ...,y" € Y*, we have

3=

Z<T s ), Y5

p*w

<C<ZHH ) v (v));

i=1j=1

The class of all Cohen strongly p-summing m-linear operators from X; x...x X,, into Y, which
is denoted by D*( X, ..., X;,,; Y') is a Banach space with the norm d'(.) which is the smallest
constant C' such that the above inequality holds. For p = 1, we have D7*(Xy, ..., X, Y) =
L(X1, ., Xm;Y).

It well know ( see [1, Theorem 3.6],[6] ) that,
(1) T is Cohen strongly p-summing (1 < p < o0) if, and only if, there exists a constant C' > 0
and a Radon probability measure g on By« such that for all (z',...,2™) € X; x ... x X,

and y* € Y*, we have
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du)l%. (2.2)

(7 (e ) < T

(77) For 1 < p < 0o, T is Cohen strongly p-summing m-linear operator if and only if 77, is

strongly p-summing linear operator.

(i4i) T'€ D' (X1, ..., X;n; Y), if and only if there exist Banach space G, strongly p-summing
linear operator u € L (G,Y) and a continuous m-linear operator S € L(Xy, ..., X;n; G) so
that

T=wuolS,

(i.e., D} =D, o L holds isometrically) :

e Absolutely (p;q,,...,q,,;7)-summing multilinear operators
The notion of Absolutely (p;q,, ..., g, ;7)-summing multilinear operators was introduced by
Achour in [1]. A bounded multilinear operator 7" is absolutely (p;q,, ..., q,,;7)-summing for

all 0 <p,q,,...,q,,r < oo with }D < qi + ...+ qi + % if there is a constant C' > 0 such that
1 m

(Sl )} <ef o)

with ¢; € Y*and xf € Xj,forallneN,i=1,...,nand j=1,....m

H(‘pi)lgign”nw (2.3)

For p > 1, the space <£a5(p;q17__,7qm;r) (X1, X3 Y), T sy sty 1) ()) is a Banach multi-ideal,

where i is the smallest constant C' > 0 such that the inequality 2.3 holds.

D3y s 3T) ()

Now we give the definition of Cohen (mp, p*)-nuclear multilinear operators this last is a

particular case of the class of absolutely (p;q,, ..., g, ; 7)-summing multilinear operators

Definition 2.1. Let 1 < p < co. The multilinear operator T : X1 x ... x X,, = Y; m € N s
Cohen (mp, p*)-nuclear if there is a positive constant C' such that, for :c{, nxl e X; ;1<

J <m and for yy, ..., yi € Y*we have :

ixwa o) )] <

(2.4)

u)H(y?)”

1<7,<n p*w
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We denote by N7 (X1, ..., X;m;Y) the Banach space of Cohen (mp, p*)-nuclear multilinear

mp,p*

operators with the norm

n™ . (T) =inf {C verifying the inequality (2.4)} .

mP,p*

The concept of Cohen p-nuclear multilinear operators introduced in conjunction with
supervisor and myself in 2010 ( see [2] ). This concept is different to the concept of Cohen

(mp, p*)-nuclear in the multilinear case.

Definition 2.2. An m-linear operator T : X; x ... X X, — Y is Cohen p-nuclear (1 <
p < 00) if there is a constant C' > 0 such that for any x{, woxd € X5, (1< j<m), and any

yr, -y € Y™, we have

Z <T(q:il, ,:Czn>>y:>

=1

¢ (ZHWW) T T

z*IEB .
X; i=1j=1

Again the class of all Cohen p-nuclear m-linear operators from Xi x ... X X, into Y, which
is denoted by NJ" (Xi,...,Xn;Y), is a Banach space with the norm ny (.), which is the
smallest constant C' such that the inequality (2.5) holds.

Remark 2.3. For every T € NJ* (X1,..., X;n;Y), T is continuous and ||T|| < n* (T).

We recall that from [20]. T € L£(X,..., X,,;Y) is semi-integral m-linear operators if
there exists a constant C' > 0 and a regular probability measure p on the Borel o—algebra
C(Bx; x ... X Bxy ) of Bx: X ... x Bx; endowed with the weak star topologies o (X7, Xj),1 <

7 < m, such that

B =

IT @ st < Oy, 01 @™ diiprs s o)

for every 27 € X; and j = 1, ..., m. This class of operators will denoted by L; (X1, ..., X;n; V).

So, it is clear that

Proposition 2.4. a) For p =1, we have N7 (X1, ... X;n;Y) = Loi1 (X1, ooy X3 YY)
b) For p = oo, we have N (X1, ..., X;n; Y) =D (Xq, ..., X3 V).
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Remark 2.5. The inequality (2.5) equivalent to

p

) 100

(2.6)

p*w

ZKT(xll,,xzm),yﬁ < C sup (ZH

Xj i=17=1

Example 2.6. Let K be a compact Hausdorff space, let i be a positive reqular Borel measure
on K and let 1 < p < oco. Each g € L,(p) defines an m-linear multiplication operator
T, € L("C(K); Li(n), T,(f*, ..., f™) =g - f'- ...« f™. This map is Cohen p-nuclear and

m

y (T9> = ||g||Lp(,u) ’

Example 2.7. [25] Every integral m-linear operator is Cohen p-nuclear.
We recall that Te L (X, ...., X;m; YY) is integral if there exists a constant C' > 0 such that for

every m € N, and all families (2))1<i<n C X; and (y})1<i<n C Y*, we have

n n
(T (wf, s 2)yi)| < C sup | D0 @™ ()™ (]") vy
i=1 2i*€Byx ||i=1 y*
J
1<j<m

Indeed, let T € L (X, ..., X;;Y) . If T is integral, we can use Hélder’s inequality in order

to write
n

> AT (g, oo ), 45)

i=1

S0 21 (@)™ )y ()

< [[T]; sup (sup

Z‘;EBX; yEBy |i=1
1<j<m
< 1% 1 mx (.m|P 1 - * p* i*
< I7Tll; sup (30 [ (a7)..a™ (27")[")» sup (3 [y7 (y)[" ) 7"
x;TGBX; i=1 yeEBy i=1
1<j<m

This T is Cohen p-nuclear.

The proof of the next proposition is straightforward and will be omitted

Proposition 2.8. (NJ" (X1,..., X;,;Y),n" (.)) is a normed (Banach) multi-ideal.

This class satisfies a Pietsch domination theorem which is the principal result of this
section. For the proof we will use Ky Fan’s lemma (see [31,p.190] ).
Ky Fan’s Lemma. Let E be a Hausdorff topological vector space, and let C be a compact

convex subset of E. Let M be a set of functions on C with values in (—oo, 00| having the

following properties:

(a) each f € M is conver and lower semicontinuous;
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(b) if g € conv(M), there is an f € M with g(z) < f(z), for every x € C;
(c) there is an r € R such that each f € M has a value not greater than r.
Then there is an xq € C such that f(xq) < r for all f € M.

Theorem 2.9. For T € L(X1,...X;Y) and 1 < p < oo, the following conditions are
equivalent:

(i) The operator T is Cohen p-nuclear.

(ii) No matter how we choose finitely many vectors x, ...,z in X; (1<j<m)andyi,...u;

m Y™, we have

* .

e sup (g7 ()

> KT (@, 2f) yf) < mp(T)( sup S (2], a7)[)

=1 xJ*EBX* i=1j5=1
1<]<m

(iti) There exist Radon probability measures p; € C(Bx:)* (1 <j <m) and A € C(By«)"
such that for all (z*,...,2™) € X1 X ... x X,,, and y* € Y*,

(T (&™)

SR i 19y (5o ) (27)

j=1
Proof. The implication (i)=-(ii) is trivial . The proof is omitted.

The main point of the proof, the implication (ii)=- (iii) follows the ideas in [35] and [6]. We
consider the sets P(Bx:) (1 < j <m) and P(By) of probability measures in C(Bx:)* and
C(By++)", respectively. These are convex sets which are compact when we endow C(Bx:)"
and C(Bys«)* with their weakx topologies. We are going to apply Ky Fan’s lemma with
E = C(Bx:)* x ... x C(Bx; )* x C(By+)* and C = P(Bx:) X ... x P(Bx; ) x P(By+).

Consider the set M of all functions f : C — R for which there exist z7, ..., ¥eX;(j=1,.,m

and y7,...,yr € Y* such that

J (s oos s A) =
> T (zg, oo @) , y7) —%; I;I fBX* (ad, a7 )| dp () — %;fgw

for all (pq, ..., ptm, A) € C. It is clear that all such f are continuous and affine and that the

iy dA(y™)

set M is a convex cone and consequently conditions (a) and (b) of Ky Fan’s Lemma are
satisfied.
For condition (c), since B X and By« are weak* compact and norming, there exist for

f € M elements xéj € B X and yg € By« such that
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sup ZH‘<$1,$J*> ZHle,m

CE]*GBX*’L 1j=1 i=1j=1

1<]<m

and

=;|<y;",yo>lp

sup (v7 ) 5

yEBy

Using the elementary identity

. 1 sa\P 1 p* N
apf = ll;lg {2; (z) + > (e8) } , Vo, eRL (2.8)
we find by taking a = ( sup Z H ‘<xz,x3*>‘ = sup [|(y; (v))l,- and e = 1
xJ*EBX* i=1j= yEBy

1<]<m

F (Bagps e B, B ) =

ST (& o) yi) = S sup 3 H (e, a7) ") = S sup (|7 ()15
i=1 ri*eB *Z 1j5= yEBy
1<j<m
<
> KT (@, 2f) y) = C( sup ZH (], 27)]") psup 1 W)l
i=1 xd* EBX i=1j=
1<]<m

where 59061’ <oy Ogzm , 0, are the Dirac measures at zl, L Ti™ o, Tespectively.

The last quantity is less than or equal to zero (by hypothesis (ii)) and hence condition
(c) is verified by taking » = 0. By Ky Fan’s lemma, there is (u1,..., ttm, A) € C with
I (s ooy phms A) < Oforall f € M. Then, if f is generated by the single elements (x!, ..., 2™) €
Xy x...x X, and y* € Y*,

(i, g™ dA(y™).

(@™ ) < G (loa ) i) + 2

Fix ¢ > 0. Replacing 27 by - T 27 y* by ey* and taking the infimum over all € > 0 (using the

elementary identity 2.8), we ﬁnd
[T (x!,...,2™) )]

: [ (T fo. [t @) o
b & (el My >|p"dA<y**>>5*)p*]
< CT Uy, 1 a) diy (w9))3 (. 1707 M)

25



Now we prove that (iii) implies (i). Let (z},...,2") € X; X .... x X, and y; € Y* by 2.7,
we have
1 m * o J *
T Gt o) 0] < CLL 2 o 198, (5 3)
for all 1 <17 <n, then
AT (), 2) )| < T (@i, 2"), yi)

m
]:[ H:cJHLp(Bx* ) Nyl o+ By s, A))

IN
1 M:

We can use Holder’s inequality in order to write

ST (2, o) )

=1

1
3

l *
< ZHWHL By p(Z 197112, (5yer ) *)7
N E Joyixn, w”(arw...xm*(xmp d(p @ . @ pin) (2", ooy )
n " 1
(= Joyo Wi (I AN (y)) 7

< O sup Y [t () am @) sup (3 ly ()7 )

zI*EBxx 1=1 yEBy i=1
J
1<j<m
Therefore T' is Cohen p-nuclear and n;" (T') < C, as we wanted to prove. [

Kwapien’s Factorization Theorem
Comparing the Theorem 2.9 with condition (b) of [29, Coorollary 19.2], it is fair to say that
Cohen p-nuclear multilinear operators are a generalization of (p; p*)-dominated linear opera-
tors. Therefore the following theorem can be regarded as a multilinear version of Kwapien’s

factorization theorem.

Theorem 2.10. Let 1 < p < oco. Then T € L(Xy,...., X;n;Y) is Cohen p-nuclear if and
only if there exist Banach spaces G, ..., Gy, absolutely p-summing linear operators u; €
L(X;,G;) and a Cohen strongly p-summing m-linear mapping S € L(G1,...,Gp;Y) so that
T = S(uy, ..., un,) Moreover,

nyt (1) = mf{ (S )pr(u]) /T:So(ul,...,um)}.

(i.e, NJ' = Dy o (I, ..., II,) holds isometrically ).
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Proof. For the proof of the converse, it is fair to say that it follows from a straightforward
combination of Proposition 2.8 with Pietsch’s domination theorem for absolutely p-summing

linear operators.
To prove the first implication, take T' € /\/'pm (X1, ..., Xon; Y). Then, by the inequality 2.7,
there exist Radon probability measures p; € C(Bx:)" (1 < j <m) and X € C(By+)" such
that for all (z!,...,2™) € X; x ... x X, and y* € Y'*
(T (2, ...,2™), y*)| < OHl Hl’j”Lp(BX%,M) Hy*HLP* (Bywe A) "
J= J
Let (z',...,2™) € X; X ... X X;,. Define uf(27) := (., 27) € C(Bx:) and consider the diagram

T

X, X..xX X, — Y

Lix, Lix,, ST

ix, (X1) Xx..x ix, (Xn) (I—I> : G1 X..X  Gp
1 \ N N

C(Bx:) x..x C(Bxs) T L,(p1) %X Ly (pm)

where [; : C(Bx:) — Ly (p;) is the canonical injection, ix, : X; — C(K;) is the natural
isometric injection and G is the closure of the space Ijou§ (X;), u;(2?) := I;(u)(27)). Since
mp(I;) =1 and ||[u?|| = 1, it follows that 7, (u;) < 1.

The operator S is defined on u1(X1) X ... X up(Xp); ui(X;) = L;(ud(a?)) (1 < j <m), by

Slup(xt), oyt (™)) == T(xt, ..., 2™)

and this definition makes sense because

1
=

(S (ur (1) 5 ooyt (2™)) )| < i (T) ﬁlHug- @l (. . [y, ™) 7 dA (y*))5 .

It follows that S is continuous on u;(Xj) X ... X u,(X,,) and has a unique extension to

ur(X71) X oo X U (X)) = G1 X ... X Gpp; moreover, the inequality implies that

1S () = sup {[(S*(y"), (wr (&), ooyt (z™)))] /g (29)] < 1}
< M 1 y )P dA (y™)P,

which means that S* is absolutely p*-summing. From [43, Theorem 2.7], S is a Cohen
strongly p-summing m-linear operator and d;'(S) = m,-(S*) < n* (T').

This end the proof. m
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Proposition 2.11. Let 1 < p < oo, let Xy, ..., X, Y be Banach spaces and let T : X1 X ... X
X, — Y be a m-linear operator :

IfT e N (X1,..., Xo; Y) then T € D)Xy, ..., Xon; Y) and &' (T) < np (T) .

Proof. If T is Cohen p-nuclear, then
(T (2!, ...,2™), y*)|

< @I @O diy (@)FC S |l anw)»
< g T Cow (@ @D T 1w duy)>
< p () Tl CF 1™ du ()

Thus, by the Inequality (2.2), T€ D)t (X1,..., X;; V) and d (T) < n;* (T).
[l

A multilinear mapping T' € L(Xq,..., X;n;Y) is said to be weakly compact, in symbols
TéeLy(X1,..., Xpn;Y), if T map By, X -+ X By, onto a relatively weakly compact subset
of Y. This is equivalent to say that (7' (z;.,...,2™)).~, has a weakly convergent subsequence

for every bounded sequence (95%)20:1 C X;(j=1,...,m). As a consequence of Proposition

2.11 and (iii) in [1, Theorem 3.6] we have

Corollary 2.12. FEvery Cohen p-nuclear m-linear mapping defined from arbitrary Banach

spaces is weakly compact.

2.2 Cohen p-nuclear m-homogeneous polynomials

The polynomial version of the above concepts of multilinear Cohen p-nuclear and Cohen

(mp, p*)-nuclear operators are coincide. In this range we have the following definition.

Definition 2.13. Fizm € N. Let 1 < p < oo and let X, Y be Banach spaces. An m-
homogeneous polynomial P : X — Y 1is Cohen p-nuclear, if there exists a positive constant

C such that for any 1, ..., x, € X and yy,...,y; € Y*, we have

n

=1

<C H('ri>1§i§nH:p7w H(y;)léz‘Sanaw . (2.9)
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The class of such polynomials is denoted by Py (" X;Y) witch is equipped with the norm
| P||p.n,i.e. The smallest constant C' such that inequality (2.9) holds.

We recall that:
an m-homogeneous polynomial P € P(™X;Y) is Cohen strongly p-summing if there is a

constant C' > 0 such that

[P,

< Ol(z)™, |
oy < Ol

for all x1,...,x, € X and all n € N. The infimum of all such C' > 0 defines a norm on the
space Py (™ X;Y) of all strongly Cohen p-summing m-homogeneous polynomials from X to
Y, that we denote || P||, s. For more information on Cohen strongly p-summing polynomials

we refer to [7].

Proposition 2.14. Let P € P("X;Y). Then
(i) Psy (X;Y) C P ("X;Y) with

1P| <P}y, for all P € Py (X,Y).

(#) Py (MX5Y) CPyo (MX;Y). If p=o00 we have P,y (" X,Y) =P 5 (MX,Y).

Proof. (i) Let P be Cohen p-nuclear polynomial of X into Y. By definition, if x € X and
y* € Y* we have
[(P(z),y) < [IPll,n sup [{z,z)|" sup [(y",9)]
(E*GBx* ¢€By**
< Pl 2™ [1y711

passing to supremum over all y* € By« , we get

IPIE< 1Pl ™

hence P is continuous, moreover ||P|| < ||P|,~-

(4ii) Let P € Pg n (" X;Y). Then

(P (z:), 9] < [P, 5 sup (3 e )™ 1157

1 z*€Bxx i=1

n 2™ §
< WPl [ Bl 1000l

-

*
p,w
(2
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So, P is strongly p-summing, and [|P||, s < ||P||,.n-

Now, let choose p = co. Then if P is strongly co-summing polynomial, hence :

n

2 (P za) ydl = IPlloo s supllal™ (57 )ill
1= KA
< Pllessup sup [ ()" (w7l
i x*€Bxx
= |[Pllos sup suplz; (z)[™ ()il
CE*EBX* )
then, P is Cohen oo-nuclear, and || P||lcon <||P|co.s- O

A famous example can be contained in our class

Example 2.15. Let 1 <p <oo;m € N and let u: X — Y be an Cohen p-nuclear operator,

where X, Y are two Banach spaces. For ¢ € X* the mapping

P : X-=Y
I Plpy = ¢" ' (z)u(z),
is Cohen p-nuclear polynomial, moreover || P|| < n, (u) ||o|™ " .

Indeed. For z4,...,2, € X and v, ...,y € Y*, we have :

Il

m—1 (

(¢ i) w () 3 y;)

(u (@™ (i) (@) 5 97)

i=1

Il

i=1
1
n P
< () sw (Sl @) @) ) N0heisle.
£eBxx \i=1 ) ’
n P
= ) s (S @ @) N0z
£eBxx \i=1 ) ’
m_1 n m P .
< m@ el s (@) 00z,

hence, P is Cohen p-nuclear, furthermore || P|l,n < n, (u) [Jo|™ " .

Proposition 2.16. Let P € P("X,Y), and let v : I} — Y™ be bounded linear operator.

Then the polynomial P is Cohen p-nuclear if

n

SUP (2) v (e)

i=1

< Ol 101l
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Proof. Let v : [y — Y™ be bounded linear operator such that

vie) =y ((ile) v=> ei®y

i=1

where e; is the canonical base of [, ). Since there is an isometric between the spaces [ (Y*),

and L (Ip;Y"), in other word |[v]| = ||y} || . We will have the proof. O

Theorem 2.17. Let P be an m-homogeneous polynomial between Banach spaces X and Y .
P is Cohen p-nuclear if and only if his associated symmetric m-linear operator P € L(MX,Y)
1s Cohen p-nuclear, and

1Pllp.x = my" (P) -

Proof. First we suppose that P is a multilinear Cohen p-nuclear operator by definition we
have:
For all z1,...,z, € X, and v, ...,y € Y*, then

2 (P (), y7)

i=1

1
. n.m P
< n3(P) sup <ZH |<$i,$*>|p) ||(y;)1§i§n o w
I*EBx* =1 ) ’
= n, (P) sup (Z |<xial‘*>‘mp) H(y;k)lgign P
ZP*GBX* =1 ’

hence P is Cohen p-nuclear polynomial, and [P, x < n;, (P).
Conversely, let (2/)7, € B (x),J = 1,...,m and let y7,...,y; € Y*. By the triangle

inequality,

H (elxil + -+ emxzn)

=l
i=1lImp,w

?21 ||mp’w S m

< || (exz;) + oA [l(emai)

il
i=11lmpw

for every €, ..., €6, = +1.
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Using the Polarization Formula (1.6) and (1.9) we have

| (o (P tam)) |
_Z‘y1< i?"'7 T))’

ST ()]

i=1
€1, Em=1=1

IA
3
N\
3
g
—
g
=, &
—
s
T~ TN
3
GE
~——
~— ——

IN
1

) —
3

(]
A~/
&
—/

T

€1y, 6m==F1 =1
1 u "
<o lPlpe D0 D el G
€1,...,em==x1 || j=1 mp,w

IN
5!—‘
3
ﬁﬁ:
2
™
™
N——
S

< THPHP,N 1))

So, for every (x l)l 1 € B L(x), 1 < j < m, we have

v )"
(ot (P (sl < S Pl i

and for (z))7, € Lypw (X)) With 2/ #0and j=1,..,m

‘ (yz*< (H( )Z Z1“mpw7m’ II(xZ”)?;Hmpw)))Zl

1 m
()
< A Py 1l

Thus
[y (P (s 2i))

(2;— ") 1Pl HH I

Therefore, P is Cohen p-nuclear and

(27m)”
TLZL (P) < T“PHpN < _HP”IJN
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[]

In a recent paper Achour and Bernardino [5]| obtained an characterization of (q,r)-
dominated polynomials: they first obtained donination/factorization theorems, where they
prove that the polynomial (g;r)-dominated can be factorized by an absolutely g-summing
operator and cohen strongly r*-summing polynomial, also they have obtained some impor-
tant consequences. Since our class of polynomials is an extension to the polynomial version
of a particular case of multilinear class introduced by Achour and Bernardino in [5] (for
p=1,¢=mp and r = p*), so we summarize some results in the following

The characterization of p-nuclear polynomials is useful.

Proposition 2.18. Let 1 < p < oo and P is Cohen p-nuclear polynomial, then their

linearization operator Py, belongs to N, (@::SX, Y) )

Proof. Suppose that P be Cohen p-nuclear polynomial;
Let z; ®...Qx; € @Z’SX and y; € Y* then :

S P @) )| = [SUP ()a0)
1= 1= L
n P
< [Py sup (2|<xi;x*>| ) 1G
xEBX* =1 )
< |Pllyx sup (z|x*<xz> : <xz>|p) T
z*€By» \i=1 1
n P
< Pl sup (Z|sa<xi®...®x@->|p) T
pec(mx) \i=l .
n P
< 1Pl s (S so)l) 100,
ve(@py®x)* \i=1
< 1Pl @1 ® - @ 2, 16
By the density of ®7°X in @Z’S, we achieved the prove. O]

The next proposition shows that the space of Cohen p-nuclear m-homogeneous polynomial

is a Banach ideal

Proposition 2.19. Let X, Y be Banach spaces, m a positive integer and 1 < p < co. Then
(1) Every polynomial of finite type from X into Y is Cohen p-nuclear.
(i7) |(P:K =K : P(x) =a™|,y =1; for all m € N.
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(1i1) Let P e P("X,Y),S € L(Y;Z) andT € L(E; X), (where Z and E are a Banach spaces ) .
If P is Cohen p-nuclear then the polynomial S o P o T is p-nuclear; and

150 PoTlpn < ISPl 1T

Proof. Let P be an m-homogeneous polynomial of finite type of X into Y, where X and Y
are Banach spaces. It is clear that Pg v (" X;Y') is a subspace of £ (X;Y), then :

P= 0 @)
=1

*m

The polynomial P can be written as the form P (z) = 2™ (2) y.

Just we prove that the form polynomials:

P=x""()y,

where z* € X* and y € Y are in the space Py \ (" X,Y).

Let (z;)1<i<n C X, we have

= % @) )

n
i=1

3=

< (Sl er) (Siwanr) g
< 1l (s o) 0 ()1cie

pEBx+i=1

p*
passing to the sup for y € By we find:

n

=1

1
n P
< l=*|™ < sup g \90($i)|mp> ||(yz*)z“wp’
pEeB

X* =1

consequently

PeP,y("X,Y).
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(1) Is easy.

(i73) Let xq,...,x, € X and y7,...,y5 € Y*. Then

(50PoT (@) )| = [£PoT(@). 5" 40)

n
=1

-

< [Pl sup (z <T<xi>,x*>|mp)p||R||,

T*EB x* =1 |

with :

oy

S
I

M=

(S* (W) y) e
(yi, S (v)) ei

n . S
S W X (v 75y e

ﬁ
Il
—

Il
NE

@
Il
—

which gives us:

IRI] < (IS 11Cy7 )|

w,p* *

Returning

S50 PoT () )| < Pl s (;|<T<xi>,x*>|mp) 1811
( \<xi,x*>|’“”) 1l

IN

[Pl 1T [[S]] sup

n
€Bx* \1=1

this implies that S o P o T is Cohen p-nuclear polynomial. Moreover

15 P o Tlpn < [IS[HIPllp.x 1T -

2.3 Domination and factorisation theorems

The polynomial version of the Pietsch Domination/Factorisation Theorem can be easy ob-

tained as an application of Theorem 2.17 and |2, Theorem 2.4| or [5, Theorem 4.3]
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Theorem 2.20. An m-homogeneous polynomial P € P ("X;Y) is Cohen p-nuclear if and
only if there exist Radon probability measures p; € C(Bx+)*, uz € C(By«)* and C > 0 such
that, for allz € X and y* € Y~

(P (2).y") < C / 2 (@)™ dpy (2°) / O e )| . (2.10)

By By #x
Moreover, in this case

| P~ =inf {C : C verifies 2.10} .

Theorem 2.21. Let 1 < p < oo, and let P € P(™X;Y) the following conditions are
equivalent:

(i) P is Cohen p-nuclear.

(13) There exist reqular probability measures p; on Bx«, ps on By, Banach spaces G C
Ly, (Bx+, 1), H* the dual of H subspace of Ly« (By«=, j12), absolutely mp-summing linear
operator u € L (X;G) and a Cohen strongly p-summing polynomial Q@ € P ("™G;Y') such that
P =Q ou. Moreover

1P[lp.n = inf {dy, (Q) Tmp (u)™ : P = Qou}

(i.e., PEy = Ph ) 0 Ty holds isometrically) .

Proof. First we prove the converse. Let z € X and y* € Y*. Let P has the factorisation
Q o u, since () is Cohen strongly p-summing polynomial and u is absolutely mp-summing

linear operator then, by |7, Theorem 2.3| and [50| we have

(Pl = |@eule).w)
< @@ | [ e dw )

By**

We know that see [50, Theorem 2|, there is u; € C' (Bx+)", such that

1

mp

lu ()] < 7o (w) /Ifr*(w)lmpdul (z7)

By
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Now we get

(P (2),y")| < dp (Q) mmp ()™ / 2" ()™ dp ()

BX* By**

Therefore P is p-nuclear and || P, n < dp (Q) Tmyp (u)™ .

/ ™ (v dps (y™)

1
p*

To prove the first implication, let P be Cohen p-nuclear polynomial. Then by the Inequality

2.10, there exist Radon probability measures p; € C(Bx+)* and py € C(By++)* such that, for

all x € X and y* € Y™,

(P (), y") < [[Pllp.v /Ix* (@)™ dp (27) /Iy**(y*)lp* dpz (y™)

Now, we consider the operators

and

notice that

lu ()]

and

A (")

mp

= | [ Hn d )

Byx»
< |lz||, for all x € X,

Y=

B / [y )P dpa (y°)
By s

< ly*||, for all y* € Y.
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Let G be the closer in L, (11) of the range of @ (i.e.,G :==1u (X)me) and let v : X — G be

_ — L
the induced operator and H be the closure in Ly« (1s) of the range of h (i.e., H := h (Y*) ")

and h : Y* — H be the induced operator .

Also we note that u is absolutely p-summing with 7, (u) < 1, and h is absolutely p*-
summing with 7« (h) < 1.

According to Theorem 2.2.2 (7) in 28], we have h* : H* — Y™** is Cohen strongly p-summing
operator and my (h) = d, (h*).

Define the (m + 1)-linear form 7', on 4 (X) x ... x @ (X) x h (Y*), by

where 2/ € X (j=1,....,m), p € Y*.

Using the inequality 2.10 and by the polarization formula we have:
T (u(zh),...,u(@™), h(p))|
= ‘gp (ﬁ (z!, ,:z;m)) ‘

< B Pl ( [l )™ <x*>) X ( @)™ d <w*>>
Byx B+
1

P

X

" dyus (Z/*)>

By**

( J ey

= 2Pl llw (@) x o flu (@) x (A ()]

It follows that T is a continuous (m -+ 1)-linear form T, on @ (X) x ... x @ (X) x h(Y*)
and has unique extension T toGx..xG— H, and naturally induces a continuous m-
linear operator S:Gx..x G — H* Hence S is continuous and defines the continuous

m-homogeneous polynomial S by S (f) = S (f,...,f). Let z € X and ¢ € Y*, then

(h*Su(z),p) = <h*g(u($),...,u(w)),g0>

So, by equality (2.11) we have
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(hrsu(e),¢) = (kyP(2,..2),9)

Hence h*Su = ky P. We notice the image of h* o S is in Y. According to |7, Corrollary 3.3]
we have @ = h* o S belongs to P, ("G;Y), then P = Q o u. O

An immediate consequence of Theorem 2.21, and |7, Corrollary 3.5] is the following

Corollary 2.22. Let 1 < p < oo. Then
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Chapter 3

Tensor characterizations of summing

polynomials

The results in this chapter were published in collaboration with D. Achour, E. A. Sanchez
Pérez and P. Rueda in the journal of "Mediterranean Journal of mathematics " [4]. The
useful of the tensor products in the linear theory geos back to the early work of Grothendieck
[36], where he defined in terms of tensor product the concepts of summing linear operators.
Several authers emphasize the use of this tool as: linearizing, definition of duality theory of
spaces of operator and his interisting role in the theory of operator ideals. We can see in the
excellent monograph [29], recently the investigation is transferring summability property to
non linear mapping which is not a trivial task. Botelho and Compos [14] show how these
transformations can be treated from an unified point of view in parallel even the polynomial
case the work is more complicated. In this chapter we work in more general frame provided
characterization of summing polynomials where we can gives an associated polynomial that

is defined between tensor product spaces of sequences.

The tensor product ¢, ® X can be seen as a subspace of X via the algebraic isomorphism
spx U, ® X — XN given by s, x(O01 (ai;); @ 2;) == (D1, aijzi)j. The following facts are

well-known and can be found in [28].

e Let 1 < p < oo and let p* be the conjugate of p, i.e. %—i—% = 1. The space £;(X) induces

I

the injective norm € on £, X, defined as (u) := supy, <1 <1 | > 2 ()™ (vs)
p*— I’ —

forany u=>" 2,y €, X.
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o Let 1 < p < oo. The space ¢,(X) induces the A, norm on ¢, ® X, defined as
Ap(Yi e ® i) = (i, ) 7.

o Let 1 < p < oo. The space £,(X) induces the projective norm 7 on ¢, ® X, defined
as m(u) = inf Y"1, ||ille,||ys]| where the infimum is taken over all representations of

u=>1 0y cl,®X.

The following characterizations (see [28]) provide nice examples of how tensor products

come into the theory of summing operators:

o An operator T : X — Y is absolutely p-summing if and only if [ @ T : {, ®. X —

b, ®a, Y is continuous.

o An operator T : X —'Y is strongly p-summing if and only if IQT : £, X — £,®:Y

15 continuous.

o Letl < p < oo. An operator T : X — Y is Cohen p-nuclear if and only if I @ T :

l,®:. X = 1, ®:Y is continuous.

The interplay between tensor products and summing polynomials has been explored for a
long time, for example in [40, 32, 25, 15, 21|. In this chapter we unify and characterize
particular classes of summing polynomials by introducing an associated polynomial defined
between tensor product subspaces of vector-valued sequences spaces. This approach can be
applied to several classes of summing polynomials, as p-dominated polynomials, strongly
Cohen p-summing polynomials or Cohen p-nuclear polynomials. Note that P(*X;Y") coin-
cides with the space of all continuous linear operators from X to Y endowed with the usual
norm, and so, to unify the linear case it just suffices to take m = 1. In that case, P = T is
a continuous linear operator and the associated polynomial defined between tensor product
spaces is nothing but the associated tensor product operator (see the next section for def-
initions). The concept of finitely determined sequence classes introduced in [14], that was
the key of that study, also plays a fundamental role when dealing with the transformation

of tensor product spaces by homogeneous polynomials.

41



3.1 Associated polynomials

Given a linear operator 7' : X — Y, its associated tensor product operator I @7 : £, ® X —
(, ®Y is defined by

n n

I® T(Z(Cij)j ® 1) 1= Z(Cij)j ® T'(x;),

i=1 =1

and this map is clearly linear. When dealing with a m-homogeneous polynomial P : X — Y
one can be tempted naively to replace the T" by the P in the above definition with the
hope to have an associated polynomial. However, a quick look makes us to refuse such an
approach as the resulting map is not even well defined when m > 2. So, some extra work is
required to introduce an associated tensor polynomial that plays the role of I ® T

This kind of tensor product of homogeneous polynomials has already been considered in
the literature (see, e.g., [12, Section 6] and [11]). For our purposes we will consider the vector
space Eg of all sequences in ¢, with all entries 0 but finitely many. Let e; denote the canonical
unit vector of fg with 1 in the jth coordinate and 0 otherwise. Note that if u belongs to
3 ® X then there exist non-necessarily unique (aij)?:l €lyandz; € X,i=1,...,n,so that

n

u=> (ay)i, @,

i=1
Adding 0 if necessary, we can assume that all the k; are equal. Let us denote them by k.

Now define the associated “tensor" polynomial P : €Omp ®X — 22 ® Y by

n

?(Z(aw LX) Z e; ® P( Z ai;T;).

i=1

To check that the map P is well defined we do

n

n k k
k
u=Y (@) ®z=Y ) aye;@x;=) €Oy
i=1 i=1 j=1 j=1
where y; == D" @z, j = 1,...,k. An easy calculation shows that the representation of

an element u € (9 ® X of the form u = >*

j=1 € ®y; with y; € X is unique and so P is well
defined.

When we take £ = n and a;; := 1 if i = j and 0 otherwise, in particular we get

=1 =1

42



In [58] tensor products have been used to characterize summability properties of linear
and multilinear operators by means of an “order reduction" procedure and the calculus of

traced tensor norms. The map P is the restriction to the diagonal of the m-linear symmetric

operator
. (g0 0 0 0
T (U @ X)X (L @X) X oo X (£, @X) = £, @Y
defined as
T(O eioal,....y @)=Y e®T(x),...,a"),
i=1 i=1 i=1
where T is the unique symmetric m-linear operator such that 7'(z, ..., z) = P(x). Therefore

P:), ®X = (J®Y is a m-homogeneous polynomial and
pP="P

The class of all Banach spaces over K is denoted by BAN and if X, Y € BAN then X Ly
means that X is a linear subspace of Y and ||z|y < ||z]x for all z € X. The set of all
sequences in X with all entries 0 but finitely many is denoted by cyo(X). We take from [14]

the following definition, that will be of interest in our study.

Definition 3.1. A class of vector-valued sequences S, or simply a sequence class S, is a rule

that assigns to each X € BAN a Banach space S(X) of X-valued sequences such that
1 .
coo(X) C S(X) = loo(X) and |lej|lsw) =1 for every j.

A sequence class S is finitely determined if for every sequence (x;)32, € X", (2;)32, €

S(X) if and only if supy, ||(z;)5_, |s(x) < +o0 and, in this case,

;)32 llsc) = sup ()51 llsx0)-

The sequences classes (oo (+), £,(+), £ () and £,(-) are finitely determined [14, Remark 1.3].

Given a m-homogeneous polynomial P : X — Y. let us consider the associated m-
homogeneous polynomial P : XN — YN naturally defined by P((z;);) := (P(x:))i.

The linear space fg ® X can be seen as a vector subspace of X~ by means of the map

n

8P7X(Z(aij)§:l ® ;) = (Z aiﬂfi)?:u
i=1

i=1

which is an algebraic isomorphism into.
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Lemma 3.2. If P: X — Y is a m-homogeneous polynomial then
ﬁ O Smp,X = Sp,y © I_D

Proof. For

n

Z(aij);?:l R x; € ég ® X

i=1

we have
n n n k
ﬁosmp,X (Z((IZ]) ®J/’Z> = ﬁ (( aijxi)j1> (P(ZCLZ]IZ)>
P

i=1 =1 i=1 j=1
k
= Spy €; &®
j=1

= spyoP (Z a;)h_, ® :c) .

]

Lemma 3.3. Let Sy and Sy be two finitely determined sequence classes. Let P € P("X;Y)
be such that P(S1(X)) C S5(Y). Then coo(X) is a norming set for P : S1(X) — Sy(Y).

Proof. Let us write N(P) := sup ||(P(z i))illss(v), where the supremum is taken over all
(23); € coo(X) with [[(2;)s]|s,(x) < 1. Clearly N(P P) < ||P||. If N(P) = oo there is nothing to
be proved. If we assume that N( P) < || P||, there is (z;)2, € S1(X) with ()21 ]l x) < 1
such that N(P ) < [[(P(2:))521]|so(v)- Since S1(X) and S»(Y') are finitely determined,

()il < (@) llsyxo < 1
for every N € N and
I(P@:))Zillss () = sup 1(P(z:))ilallsary < N(P),

which is a contradiction. ]

From now on we consider two classes of vector-valued sequences S; and Sy, and P €

P(™X;Y) so that P(S;(X)) C S5(Y). Note that

Smp,X(gi)np ® X) C Coo(X) C Sl(X> and Sp’y(gg &® Y) C COQ(Y> C SQ(Y)
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Therefore, the following diagram arises

S1(X) —E—= 5,(Y)
Smp,XT sp,Y]
P
b, ®X —0RY
that, in virtue of Lemma 3.2, commutes.

Theorem 3.4. Let X and Y be Banach spaces and let S; and Sy be sequence classes. Let
P eP(™X;Y) be so that P(S1(X)) C S5(Y). Let a and 8 be norms on 6, 0X and HRY

respectively so that smp x : €5, @a X — S1(X) and spy : £) @Y — Sy(Y) are continuous.

1. If s,y 1is an isometry into then P é?np Raq X — ég ®p Y 1s continuous whenever

P: S1(X) = Sy(Y) is continuous. In this case |P|| < ||18||||smpx||

2. If S1(X) and S2(Y) are finitely determined and spp, x is an isometry into then P
S1(X) — Sy(Y) is continuous whenever P : (5 ®q, X — (9 @3 Y is continuous. In

this case ||ﬁH < ||ﬁ||||3p,Y||~

Proof. (1) It follows immediately from Lemma 3.2 and the hypothesis on s,y being an
isometry.

(2) Since S1(X) and Sy(Y') are finitely determined, by Lemma 3.3 ¢qo(X) is a norming
set for P : S1(X) = Sy(Y). Take (2:)7, € coo(X) with ||(z:), [, x) < 1. Then,

PR oy = 1P g = | (s (e Pe)

Sp,y (F( z": € & xz)>

1=

< ||Sp,yl|ﬁ<ﬁ( Xn: e; ® xz))

i=1

Sa2(Y)

Sa(Y)

< sy lIPlla(Y e @ 2:)™ = lspy P ()75, -

i=1

[
Corollary 3.5. Let X and Y be Banach spaces and let S1 and Sy be sequence classes. Let
P e P(™X;Y) so that P(S1(X)) C S5(Y). Let a and S be norms on 0,9 X and () @Y
respectively so that smy x = €9, ®a X — S1(X) and s,y : £) @Y — S3(Y) are isometries
into. If S1(X) and S2(Y') are finitely determined then P S1(X) — Sa2(Y) is continuous if
and only if P: 03, ®q X — (S ®3Y is continuous. In this case ||]3H = ||P]|.
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The next result is the polynomial version of [14, Proposition 1.4]. Note that although the
proof cannot be adapted straightforwardly to polynomials (because it uses the closed graph

theorem for multilinear operators), it still remains true.

Proposition 3.6. Let m € N, P € ("X;Y) and let Sy and Sy be sequence classes. The

following are equivalent:
1. (P(z;))2, € S2(Y) whenever (z;)2, € S1(X).

2. The induced map P : S1(X) — S5(Y) is a well-defined continuous m-homogeneous

polynomial.

The conditions above imply condition (3) below, and they are all equivalent if the sequence

classes Sy and Sy are finitely determined.

(3) There is a constant C > 0 such that H(P(xz)) < COW(@)iy || six) for all

Ly
T1,...,2, € X and alln € N.

In this case, | P|| = inf{C : (1) holds }.

Proof. (2) implies (1) clearly. Assuming (2), it is also clear that P is well-defined and a
m-homogeneous polynomial. Let us prove the continuity. It suffices to be proved that the
associated m-linear symmetric operator ]v3 is continuous. Consider the m-linear operator
induced by P, that is, P S1(X) x -+ x S1(X) = S2(Y) given by ﬁ((z});’il, o (@Mey) =
(P(x},. .. ,x?))zl, (x))2, € Si(X), j = 1,...,m. By the polarization formula (sce e.g.

[47, Theorem 1.10]), for each i € N

. 1
P(x},...,2") = —— Z g1+ emPerm) + -+ +epal). (3.1)

Since S1(X) is a Banach space, the sequence (g1} + - - - +€,21")2, belongs to S1(X). Then,
by (1) the sequence (P(e1x} + -+ + emx;”))zl € S5(Y). The equality (3.1) gives now that
the sequence (P(zl,... ,xlm))zl € S3(Y). From Proposition 1.4 in [14] we get that P is
well-defined and continuous. Since P = f’, it follows that P is continuous and condition (2)
is proved. We have actually shown that if P satisfies (1) then P satisfies [14, Proposition
1.4.(a)], part (c) of that result gives easily (3). The rest of the proof follows the lines of |14,
Proposition 1.4]. Immediately one gets (2) implies (3) and that ||P|| > inf{C : (1) holds }.
We now assume (3) and that S;(X) and S3(Y") are finitely determined. Taking the supremum
over n in (3) we get its equivalence with (2) and ||ﬁ|| < inf{C : (1) holds }. O
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3.2 Applications to classes of summing polynomials

We apply now Theorem 3.4 and Proposition 3.6 to some classes of summing polynomials
to get new characterizations in terms of tensor product transformations and also to recover
probably known characterizations of these classes in terms of transformations of vector-
valued sequences. With our approach, all the results are straightforward applications of
Corollary 3.5 and Proposition 3.6, just using that the sequences classes (s (-), £,(-), €)(*)
and £, () are finitely determined [14, Remark 1.3] and that the maps s, x : £, ®. X — £;(X),

Spx i lp @a, X = £p(X) and s, x : €, @ X — £,(X) are isometries into.

3.2.1 p-dominated polynomials

Let m € N, m < p < oo and let X and Y be Banach spaces. A m-homogeneous polynomial

P e P("X;Y) is p-dominated if there is a constant C' > 0 such that

H (P(xi))?:l

< Ol(xs)is |7
-y < I

for all z1,...,2, € X and all n € N. The infimum of all such C' > 0 defines a norm on the
space P, 4("™X;Y) of all p-dominated m-homogeneous polynomials from X to Y, that we
denote || P||,4. For more information on p-dominated polynomials we refer to [13| and the

references therein.

Corollary 3.7. Let m e N, m < p < oo and P € P("X;Y). The following are equivalent:
1. P is p-dominated.
2. (P(x3))2) € Ly (Y) whenever ()32, € £yw(X).

3. The induced map P : 0, ,(X) — Cpym(Y') is a well-defined continuous m-homogeneous

polynomial.

4. The induced m-homogeneous polynomial P : ﬁgjw ®. X — 0

pym OBy Y is continuous.

In this case ||P||pa = ||ﬁ|| = || PJ|.
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3.2.2 Cohen strongly p-summing polynomials

Let m € N, 1 < p < oo and let X and Y be Banach spaces. An m-homogeneous polynomial
P e P("X;Y) is Cohen strongly p-summing if there is a constant C' > 0 such that

<C €T; roAT
oy < Ol

H (P<xi))?:1

for all z1,...,2, € X and all n € N. The infimum of all such C' > 0 defines a norm on the
space Py s(MX;Y) of all strongly Cohen p-summing m-homogeneous polynomials from X to
Y, that we denote || P||,,s. For more information on Cohen strongly p-summing polynomials

we refer to [7].

Corollary 3.8. Let 1 <p < oo, m € N and P € P("X;Y). The following are equivalent:
1. P is Cohen strongly p-summing.
2. (P(x;))2, € £,(Y) whenever (x;)72, € £,(X).

3. The induced map P - (X)) — £,(Y) is a well-defined continuous m-homogeneous

polynomial.
4. The induced m-homogeneous polynomial P: (0 @, X — 0 ®,Y is continuous.
p P p

In this case ||P|ps = ||ﬁ|| =PI

3.2.3 Cohen p-nuclear polynomials

Let m e N, 1 <p < oo and let X and Y be Banach spaces. An m-homogeneous polynomial
P e P(™X;Y)is Cohen p-nuclear if there is a constant C' > 0 such that

H (P(xi))?:l

< Cl(z:) |
oy S O, o

for all x1,...,z, € X and all n € N. The infimum of all such C' > 0 defines a norm on the
space P; y(™X;Y) of all Cohen p-nuclear m-homogeneous polynomials from X to Y, that
we denote || P||, n-

Clearly, P is Cohen p-nuclear if and only if the (unique) symmetric m-linear operator
A given by A(zx,...,x) = P(x), is either Cohen p-nuclear in the sense of [2] or absolutely

(1;mp, ..., mp,p*)-summing in the sense of [1].
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Corollary 3.9. Let 1 <p<oo, m €N and P € P("X;Y). The following are equivalent:

1. P is Cohen p-nuclear.
2. (P(x:))2, € £,(Y) whenever (z;)52, € £y (X).

3. The induced map P - by (X)) — £,(Y) is a well-defined continuous m-homogeneous

polynomial.

4. The induced m-homogeneous polynomial P : E?np ®: X — 62 R Y is continuous.

In this case ||P|,x = ||P|| = |[P]|.
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Chapter 4

Factorable strongly p-nuclear

m-homogeneous polynomials

In the last part of this thesis we characterize in terms of summability those homogeneous
polynomials whose linearization is p-nuclear. This characterization provides a strong link
between the theory of p-nuclear linear operators and the (non linear) homogeneous p-
nuclear polynomials that significantly improves former approaches. The deep connection
with Grothendieck-integral polynomials is also analyzed.

The chapter is organized as follows. Section 1 is devoted to fix the notation and to recall
some definitions and basic facts. In Section 2 strongly p-nuclear multilinear and factorable
strongly p-nuclear polynomials mappings (cf. Definition 2.4) are introduced and analyzed.
Connections to summing polynomials are established and some fundamental properties are
obtained. By passing to the linearization operator associated to the polynomial, we prove
that factorable strongly p-nuclear homogeneous polynomials are those that factor through
p-nuclear linear operators. We also relate them with factorable strongly p-summing poly-
nomials, and prove a domination inequality that characterize the class. In Section 3 we
prove that a homogeneous polynomial is factorable strongly p-nuclear if, and only if, its
adjoint is a p*-nuclear operator, where p* is the conjugate of p. We also describe the space
of all factorable strongly p-nuclear m-homogeneous polynomials as the dual of a suitable
tensor product space. We end this chapter with Section 4, where we characterize G-integral
homogeneous polynomials as those that factor through an integral linear operator. As a

consequence, we show that a m-homogeneous polynomial P is G-integral if, and only if, its
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adjoint P* is G-integral. We use this result to prove that if the dual of the range space
is a L, » space then, the spaces of factorable strongly p-nuclear polynomials and the space
of G-integral polynomials coincide. In particular, being G-integral or factorable strongly
2-nuclear is the same for any homogeneous polynomial with range in a Hilbert space. We

also prove that every G-integral homogeneous polynomial is factorable strongly p-nuclear.

4.1 Factorable strongly p-summing m-homogeneous poly-
nomials

It is well know that the heart of the theory is the concept of summing linear operator.
When moving to a non-linear context, several generalizations of (Cohen) strongly p-summing
linear operators appear. This is why strongly p-summing and Cohen strongly p-summing
polynomials will refer to different classes of polynomials. This does not mean any ambiguity
as both concepts coincide in the linear case. In the following, we recall some known concepts
related to summability of non-linear operators whose ideas were inspired by [57].

Let 1 < p < oo. A continuous m-linear operator T' is factorable strongly p-summing if

there exists C' > 0 such that for every ( C Xj and all positive integers ny, 1o

) 1<i<ng,1<k<n;

we have
n1 no p % ni P %
1 m
E E T(xijk,...,:cﬁk) <C sup E lk,... k) }
k=1 || i=1 lell<1, e€BL(xy x...xXm) \ =1 | im=1 )
(4.1

The set of all factorable strongly p-summing m-linear operator 7' : X; x .... x X,, = Y is
denoted by Lrsip (X1, ..., Xpn;Y) and endowed with the norm |.[ g, ,, where [Tz, , is
given by the infimum of all constant C' cheek the inequality 4.1. Note that if 7" is factorable
strongly p-summing then making ny, = 1 we have

1 1
<Z"T($i,kvax?jk)“p) S C sup <Z|30 xl Koo L1 k)| > ) (42>
k=1 xXm)

ol <L, @€BL(xy x.... k=1

i.e.,T is strongly p-summing introduced by Dimant in [32] . In particular every time m = 1,
Lrpstp (X1;Y) =11, (Xy;Y), where 11, (X7;Y) is the class of absolutely p-summing operator
from X; toY .

A polynomial P € P ("X;Y) is:
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e factorable strongly p-summing 1 < p < oo (see [54, Definition 4.1|) if there exists C' > 0

such that for all ny,ng, all (z;) C X and all scalars A}, 1 <k <ny, 1 <i<ny

) ’ , (4.3)

This class of polynomials is denoted by Pr g:,(X,Y) and endowed with the norm

1<i<ng,l1<k<ny

N n1
< C sup

) llall<1 (kz:;
P(mX)

qe

the following relation holds

n2

1

n2
Z N4 (ix)

=1

>

k=1

1=

1P|lp_g;, = inf{C' > 0: C satisfies the inequality (4.3)}.

e strongly p-summing polynomial (see [32]) if ny is required to exclusively take the value 1
in (4.3) (and the A\{’s are 1 in the real case). In this case, the class is denoted by Pg; ,(™X,Y)

and its norm by ||.||g, ,- 1t is not difficult to complete the following Proposition and show

that factorable strongly m-homogeneous polynomials form an ideal of polynomials.

Proposition 4.1. If P € Pp g ,(X,Y) and u : G — X, v: Y — Z are continuous linear

operators then vo Pou € Pp g,(G, Z) and

[voPo UHF—St,p < ol ||P||F—St,p [Jul ™.

This new class of summing polynomials keep a big amount of the fundamental properties
as a natural Pietsch Factorization type theorem. Pellegrino, Rueda and Sanchez Perez
in [54] show that an homogeneous polynomials is Factorable strongly p-summing if and
only if its associated multilinear map is factorable strongly p-summing or, equivalently , its
linearization is absolutely p-summing. In addition they prove that this class can be obtained

as the composition of ideal.

Proposition 4.2. If Q € P(G,X) and u : X — Y is an absolutely p-summing linear
operator, then uo Q € Pr s:,(G,Y)

lwoQllp_g1, < (W) |1Q.

Proposition 4.3. Let P € P (X,Y).The following are equivalent:
(i) P € Prsip(X,Y)

(i1) Prs is absolutely p-summing.
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(i11) P € Lp sip(X™,Y).
In that case,

HPHF—St,p =y (PLs) -

4.2  Strongly p-nuclear multilinear mappings

We now proceed to introduce our distinguished class of p-nuclear m-linear operators. The
study of this class and its polynomial version is an another main objective of the thesis as
it recovers the essence of p-nuclear linear operators in a more accurate way than former
classes. For the sake of clarity, we will give both definitions: for multilinear mappings and

for homogeneous polynomials.

Definition 4.4. Let 1 < p < oo, and let m > 1. A bounded m-linear operator T : X X
<o x X, = Y s strongly p-nuclear if there exists a positive constant C' such that for any

v, .x) € X;(1<j<m)and yt,...,y5 € Y*, we have

1
D NT (ai,..nal) ,yn[ <C sup (Z!w(xi,--->wf)!p> 17 )ill e -
, Xm) \i

The corresponding class is denoted by L5 n (X1, ..., X;n;Y) and endowed with the norm
7o § (1), where 7y  (T') is given by the infimum of all constants C > 0 that satisfy the above

imequality .

Remark 4.5. ¢ Form =1, we have L;  (X1;Y) = N, (X1,Y), see [28] where N}, (X1,Y)
is the class of all p-nuclear operators from X, to'Y. For more details refer to [28].
e By definition, if p =1, we have L3 (X1, ..., Xp;Y) := Lo (X1, ..., X3 Y) .

The proof of the next proposition is quite simple.

Proposition 4.6. Let 1 <p<oo, andletT € L(X1,...,X,;;Y), then

e Fuery strongly p-nuclear multilinear operator is strongly p-summing, i.e.

‘C]S),N (Xl? cee ?Xm?Y) C ‘CSt,p (Xb s .. 7XmaY)

e Fvery strongly p-nuclear multilinear operator is Cohen strongly p-summing

L3n (Xiyo o, X Y) D (X1, X Y.
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As a straightforward consequence of the Proposition 4.6 and [1], we get
Corollary 4.7. Every strongly p-nuclear multilinear operator is weakly compact.

This class satisfies the analogue of Pietsch domination theorem, for the proof we use
the full general Pietsch domination theorem recently presented by Pellegrino, Santos and S.

Septlvzda in [55]

Let X1,..., X, Y and Fy, ..., Ej be (arbitrary) non-void sets, H be a family of mappings
from X x...xX,, toY. Let also K1, .., K; be compact Hausdorff topological spaces, G1, ..., G¢

be Banach spaces and suppose that the maps
RjZKj x Ey x ... x B XG]'—> [0,+OO) ,jzl,...7t
S:HXE; X ..xE,xGyx..xGy—[0,+00)

satisfy:
(1) For each z! € Fj and b € Gy, with (j,1) € {1,...,t} x {1,...,k} the mapping
(R;)an,.., : Kj = [0, +00) defined by (R;), ., xk,b(%‘) = Rj(pj, 2", ..., 2", D)

is continuous.
(2) The following inequalities hold:

Ri(pj,xt, .., a® b)) < niR;(p;, 2t ...,z V)

S(f,x, ..., 2% arbt, ... apbt) >y S(f, b, ..., 2k bY, L b,
for every p; € K;, 2! € E; (with [ € {1,..,k}),0 < nj,a; < 1,07 € G; with j = 1,...,t and
feH.
Definition 4.8. If0 < py,...,ps, p < 00, with% = —+ —|——, a mapping [+ Xix..xX,, —
Y in H is said to be Ry, ..., Ry-S-abstract (py, ..., pt)-summing if there is a constant C > 0
so that

L.
(ZS(f,xil,. Lok bl b ) <C’H sup (ZR LN A )J,
i=1

IL,DEK
forall x5, a5 € B, bl,....b € Gj,neNand (s,j) € {1,....,k} x {1,...,t}.

Theorem 4.9. [55[/A map f € H is Ry, ..., R-S-abstract (py, ..., p;)-summing if and only if

there is a constant C' > 0 and Borel probability measures pu; on K; such that

1

t P;
S(f,;[l’,,, S H (/ 80], ,,,,7x’f7bj)md,uj> s
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forallz' € B, 1 €{1,....,k} and bV € G with j =1, ..., L.

As consequence of the Theorem 4.9 we get the following domination theorem

Theorem 4.10. If 1 < p < 0 with 1 = %—i— 1%‘ A continuous m-linear mapping T -
Xy X ... x X, — Y s strongly p-nuclear if and only if there is a constant C' > 0 and

Borel probability measures j11 on Bg(x,... x.) (1 <j<m) and ps on By, so that for all

,,,,,

(., 2™ y*) € X1 X ... x X,,, X Y* the inequality
(T (2!, 2™),y)] <

C(/BL(XI B ‘gp (xl’ ,_.7xm)|p d,ul)llo(/BY** ‘¢(y*)’p* d/]@)l%*’ (44)

15 valid.

Proof. Note that by choosing the parameters
( t=2,r=m-—1
E,i=X;,j=1..,m-1
Gi =X, and G, =Y"*
K, = Bﬁ(Xlx....me) and Ky = By«
H=L(X,....,.Xm;Y)

=1, pp =p, and py = p*
S(T, 2, ....x™ y*) = (T («,...,2™) , y*)]
Ri(p,at, ... a™) = |p (2!, ..., 2™)|
Ro(p, 2, o™ y*) = [ (y")],

(
we can easily conclude that T': X; x ... x X,, — Y is strongly p-nuclear if and only if
T is Ry,Rs-S abstract (p,p*)-summing. Theorem 4.9 tells us that T is R;,Rs-S abstract
(p, p*)-summing if and only if there is a C' > 0 and there are probability measures p; on
Ky, k =1,2, such that

S(T,x',...,x2™ y*)) < 1 1

C (le Ri(p, zt, ...,xm)pdm); X (f}@ Ry(p, z, ...,xmfl,y*)p*dm) " ,
ie;

(T (&', ..;a™) y7)]

<Oy, 1@ e dp) ([ [ OO ).

and we recover the inequality 4.4. ]
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Proposition 4.11. Let 1 < p < oo, and let m > 1. A bounded m-linear operator T : Xy X
<X X, = Y s strongly p-nuclear if there exists Banach space G, strongly p-summing linear
operator S € L (G;Y) and strongly p-summing multilinear operator u € L (X1 X ... X X,; G)
so that T' = S o u.Moreover

o n (1) <inf{d, (S) msip (u) : T'= Sou} (4.5)

Proof. Let S € L (G;Y) is strongly p-summing linear operator and u € £ (X1 X .... X X,,;; G)
is strongly p-summing multilinear operator, where G is a Banach space. For all 2/ €
X; (1 <j<m)and y* € Y* we suppose that the multilinear operator 7" has the factorisa-
tion S o u, by [50] and [32] we have

‘<T (xl,...,xm) ,y*>} = ‘<Sou($1,...,xm) ,y*>

1
p*

() u @) [ 1 0 i (57

VAN

We know that see [32, Proposition 1.2|, there is u; € C (BE(X1><....><Xm))*7 such that

3=

| (2, . 2™) || < T (w) / ‘go(xl,...,xmﬂpd,ul (p)

Br(xyx...xXm)

Now we get

’<T (ml, ey xm) ,y*>

1

< d, (S) Tarp (u) ( / o (2!, oy 2™)[P dpn (w))p ( )
Br(x1x...x Xm) By wx

Therefore T' is strongly p-nuclear and 7,  (T') < d, (S) 75t (u) -

1
e

Example 4.12. Let 2 < p < co. Consider the bilinear mapping
T :ly x by = Us, given by, T (x,y) = (TnYn), -

T s strongly p-nuclear. Recall that the operator I : {1 — {5 is absolutely q-summing for
1 < g < oo; however the conjugate operator I* mapping (s into { 1s strongly p-summing

for 2 < p < oo. In the other hand, and according to [22] the bilinear operator
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S £2X€2 — 62

(z,y) > (Tln),,

s strongly p-summing for every p. So, by the Proposition 4.11, the operator T = [* o S

defined from ly X ly into { s strongly p-nuclear.

It is remarkable that some multilinear approaches are simple but there are several deli-
cate, surprising and intriguing questions related to the multilinear extensions of absolutely
summing operators. Indeed, let us now take the time to present examples of some surpris-
ing/challenging results/questions related to the multilinear setting which justify the efforts
of the last years dedicated to the constructions of multilinear “prototypes” of absolutely sum-
ming operators. We know that every multilinear operator 7' € £ (X; X .... X X,,;;Y) has an
associated linear operator T, € L (X1®....®Xm; Y) . It is clear that if T}, is Cohen p-nuclear.
Then T is strongly p-nuclear, Indeed.

Forall z; € X;(1<j<m)and y* € Y*, then 2] ® ... @ 2" € X1 ® .... ® X,,,, we have
(T (@hoa?) )] = 2T @0 a7) )]

n
i=1

SR

NE

< |

. ot ®xm|p) Wil
PEB(X1&....0xm)*

i

n

1
@) s (Sl ) 160,

PEBL(X1x....x Xm) \i=

Hence T' is strongly p-nuclear. Moreover 5  (T') < n,, (1) .
Open Problem. Does T' € £ (X; X .... X X,,,;Y) strongly p-nuclear imply
T, € L (X1®....®Xm; Y) is Cohen p-nuclear 7
If the answer of the problem is yes, we can define commutative diagrams and factorizations

of strongly p-nuclear multilinear operators as in the linear case.

4.3 Factorable strongly p-nuclear m-homogeneous poly-
nomials

Here, we introduce a new attempt of lifting properties of absolutely p-summing linear op-

erator to the multilinear and polynomial cases. Factorable strongly p-nuclear multilinear
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/polynomials mappings which is a subclass of strongly p-nuclear multilinear/ polynomials
operators. Our motivation of this new definition, that trying to keep a big amount of the
fundamental properties as a natural Pietsch Factorization type theorem or weak compactness

and ensure the path to linearization

Definition 4.13. Let 1 < p < oo, and let m > 1. A bounded m-linear operator T : Xy X

- x X, = Y is factorable strongly p-nuclear, if there exists C' > 0 such that for all natural

numbers ny, na, all (z,

following holds

)19‘92719%”1 C X;, 1 <j <m, and all (y;)1<k<n, C Y7, the

1
n1 | na ny | n2 P\ p
SO AT (whg-o2lh) ui)| <C - sup <Z Do (@) > 1)kl e
k=1 | i=1 PEBL(Xy o Xm) \ k=1 | izl
where the supremum is taken over all m-linear functionals ¢ : X; x -+ x X,,, — K with
lell < 1.

The space of all factorable strongly p-nuclear operators is denoted by ngN (X1,..., X3 Y)

and endowed with the norm WIJ:’SN (T') where 7T]];8N (T') is given by the infimum of all constants

C > 0 that satisfy the above inequality.

Note that if T is factorable strongly p-nuclear then :

e Making no = 1 we have

1
ni P
< C o (z o (e ,xm\p) G0,

Z ‘<T (mi,kn e a$71nk) YR
p lel<t \ i

When T satisfies just this condition, we get T is strongly p-nuclear. The corresponding
class is denoted by L3 (X1, ..., X;,;Y) and endowed with the norm 75 v (T') , where 7  (T')
is given by the infimum of all constants C' > 0 that satisfy the above inequality. Therefore,
EIJ;SN (X1, Xy V) C L5 v (X3, ..., X Y) continuously.

e In particular for m = 1, we have L, y (X1;Y) = EfN (X1;Y) = N, (X1,Y), where
N, (X1,Y) is the class of all Cohen p—nuclear operators from X; to Y. For more details
refer to [28].

Now we give the polynomial version.

Definition 4.14. Let 1 < p < oo and P € P("X;Y). We say that P is strongly p-nuclear if

there exists a constant C' > 0 such that for alln € N, all xy,..., 2, € X and all y3, ...,y €
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Y™, the following holds

Z| < sup (Z\qm)rp)pu@:)ip

9€Bpmx) \ =1

We denote by PSN(WX Y') the class of all strongly p-nuclear polynomials from X into Y
endowed with the norm 7, v (P) given by the infimum of all C's.

When m = 1, 1-homogeneous polynomials reduce to linear operators. In that case, we
use the classical notation of Cohen p-nuclear linear operators NV, (X,Y’) and n, for the norm.

For details we refer to [28] (see also |31, Page 187] and [29, 19.1]).

Remark 4.15. The following relations follow easily:

1. FEvery Cohen p-nuclear polynomaial is strongly p-nuclear, i.e.

N ("X Y) CPy N (MXGY).
2. Fvery strongly p-nuclear polynomial P : X — Y s Cohen strongly p-summing.

3. FEvery strongly p-nuclear polynomial is strongly p-summing, i.e.

SN ("XGY) C Py (MXLY).

Pellegrino, Rueda and Sanchez-Pérez |54] have determined those strongly summing mul-
tilinear operators/polynomials that not only share the main properties of p-summing linear
operators, as Grothendieck’s Theorem, Pietsch Domination Theorem and Dvoretzky-Rogers
Theorem, but also that have even better properties like weak compactness and a natural
factorization theorem. These m-homogeneous polynomials are called factorable strongly p-
summing polynomials. Even though these polynomials have been introduced by means of
a summing inequality, they form the well-known class of composition with absolutely sum-
ming operators. This makes possible the characterization of a factorable strongly p-summing
polynomial via the corresponding associated multilinear mapping and its linearization. In
concrete, a m-homogeneous polynomial is factorable strongly p-summing if and only if its
associated multilinear map is factorable p-summing or, equivalently, its linearization is p-
summing. The multilinear version has been studied by Popa in [53]. Our objective is to

apply these techniques to give an appropriate definition with the aim of characterizing those
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p-nuclear polynomials whose linearization is Cohen p-nuclear. This will guaranty the best

possible way to generalize linear results to the polynomial and multilinear setting.

Definition 4.16. Let P € P("X;Y) and 1 < p < co. We say that P is factorable strongly
p-nuclear if there exists a constant C > 0 such that for allny,ny € N, all (i )1<i<ny 1<k<n, C

X, all (y})1<k<n, C Y™, and all scalars N, 1 <1 <ng,1 <k <ny, we have

SIS NP G| <€ s (ZZAkqm >p||<yz>k

k=1 |i=1 lall<1,qeP(™X) \ .27 |i=1
The class of all factorable strongly p-nuclear m-homogeneous polynomials from X to Y

is denoted by PIS (MX:Y) and endowed with the norm 7/ given by the infimum of all
p,N N

constants C' as above.

Remark 4.17. The following statements come immediately from the definition:
1. If we take m =1 we get the class of Cohen p-nuclear linear operators N, (X1,Y).

2. Taking ny = 1 in the definition of factorable strongly p-nuclear polynomial, we get that

every factorable strongly p-nuclear polynomial is strongly p-nuclear, i.e.

Pl ("X Y) C Piy (MX;Y).

3. When p =1, we obtain Pﬁ\, (MX;Y) =Prsia ("X, Y).

The following result justifies the introduction of factorable strongly p-nuclear polynomials

as it establishes a direct connection with their linearization.

Theorem 4.18. Let 1 < p < oo and P € P(™X;Y). Then, the following assertions are

equivalent
1. P is factorable strongly p-nuclear.
2. Pr: ® "X =Y is Cohen p-nuclear.
3. There exist a Cohen strongly p-summing operator u and a factorable strongly p-summing
polynomial ) such that P =wuo @), i.e.

Py ("X;Y) =D, 0 Progy ("X;Y).
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In that case, m, n(Pr) = 7rfSN(P).

Proof. (1) = (2) Suppose that P is a factorable strongly p-nuclear polynomial and take
(uk)1<k<n, C ®™*X and (y)1<k<n, C Y*. Then, completing the sum with zeros if necessary,
there is a natural number n, so that we can write each u;, = Z?jl }szk ® - - @@, for some

7,1 € X and scalars \i. Since P is factorable strongly p-nuclear it follows that

ZKPL(UIC)?iyZH :Z ZAk xzk >
)p 1)

k=1 | i=1
Z)\ZC]L (Tip @ @ xig)

mrv(P)  sup (Z

| /\

Z/\kq l‘zk

i=1

lall<tgeP(mx) \ i3

= 7T£SN (P) sup ) (Z

lacll<lare(87°X)" \k=1

P\ b
) (1677973

1
=y (P) sup ) (Z lar (Uk)|p) 1yl
k=1

lazll<1az€(81°X)

By density of ®™*X in @Z’SX we conclude that the operator P, is Cohen p-nuclear and
o (Pr) < )iy (P).

(2) = (1) Let us suppose that the linearization Py, : @)Z’SX — Y is Cohen p-nuclear.

Take (; ) C X, (})1<k<n, C Y™ and scalars (A.)1<i<n, 1<k<n,. Then, for each

1<i<ng,1<k<n;
ny ~ ~

1 <k < ny the element up, = Y Aix; ) ® - -+ ® ;1 belongs to ®:sX. Since P, : ®::’SX —Y
i=1

is p-nuclear we have:

5 z NP (2s) )| = Z;ZKPL (ur) , 52)]

k=1 |i=

< mpn (Pr) H(Uk)lgkgnl pr (Y )1<r< P* W

[

na

Z AZQ (xzk)

=1

=y (Pr) sup (%

llgll<1,qeP(mX) \ k=1
Hence P is factorable strongly p-nuclear and

)p 19D rere

(2) = (3) By [31, Theorem 9.7] (or [29, 19.3]) the p-nuclear operator P, factors as

w5 (P) S o ().

P, = SoT, where S is a Cohen strongly p-summing operator and 7' is a p-summing
operator. By [54, Proposition 4.4] the composition T 04, is a factorable strongly p-summing
polynomial, and

||T o (SmHF_St,p < T (T) H(SmH .
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Then
P :PLOém

=SoT o,
and (3) follows.
(3) = (2) Let u be a Cohen strongly p-summing operator and @ be a factorable strongly

p-summing polynomial such that P = u o (). Then, the following diagram commutes:

X P

ny

On X4

i.e. P=wuoQrod,. Since @ is factorable strongly p-summing polynomial, by [54, Proposi-
tion 4.4] its linearization @, is absolutely p-summing and, by [31, Theorem 9.7] the compo-
sition P, = w o (), is p-nuclear.

O

An immediate consequence of Theorem 4.18, [15, Proposition 3.2 (b)| and [31, Theorem
9.7] is the following corollary.

Corollary 4.19. (Factorization Theorem). Let XY be Banach spaces. Then
i) PIy ("X, Y) = N, o P ("X;Y).
i) P ("X;Y) =D, oll, 0 P ("X;Y).

Corollary 4.20. Every factorable strongly p-nuclear homogeneous polynomial between arbi-

trary Banach spaces is factorable strongly p-summing.

Proof. If P € P(™X;Y) is factorable strongly p-nuclear then Pp is p-nuclear by Theorem
4.18. Then, by [28, Theorem 2.2.1] Py, is absolutely p-summing. Finally, [54, Proposition
4.8] gives that P is factorable strongly p-summing. O]

Corollary 4.21. Every factorable strongly p-nuclear homogeneous polynomial between arbi-

trary Banach spaces is weakly compact.

From Theorem 4.18; [54, Proposition 4.2|, [15, Proposition 3.7 (b)] and Corollary 4.19,
we can deduce that factorable strongly p-nuclear m-homogeneous polynomials form an ideal

of polynomials.
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Proposition 4.22. The class of factorable strongly p-nuclear m-homogeneous polynomials

constitutes a Banach ideal of m-homogeneous polynomials.
Let us characterize factorable strongly p-nuclearity in terms of a domination inequality.

Proposition 4.23. Given P € P("X;Y) and1 < p < 0o. P is factorable strongly p-nuclear
if and only if there are a constant C' > 0 and regular probability measures j1 on Bpmxy and
A on By« (both endowed with the weak star topology) such that for all (v;),,c,, C X and
y* € Y* the following relation holds

1
p*

B =

IONIEL

Br(mx)

Zq (Iz)

dy (q) / y™ @) dA ()

Moreover W;:jv (P) =inf {C > 0: C satisfies the above inequality } .

Proof. By Theorem 4.18 P is factorable strongly p-nuclear if and only if its linearization
Pp:®,. "X — Y is p-nuclear. In this case 7,y (Pr) = 7TIJ:’SN (P). By the Pietsch domination
theorem [31, Theorem 9.7 (iii)], there are C' > 0 and regular probability measures p on

B(@m,sx)* and A on By« such that for all u € @Z’SX and y* € Y* we have

3=

1
p*

(P (u),y")| < C / g (W) du (q) / ™ ()" dX (y™) (4.6)
B( ye

s

@m,sx)*

Moreover, 7, y (Pr) is the infimum of the constants C.

Let (x;);<;,, in X. Applying (4.6) to the tensor v = > z; ® - - - @ x;, we get
- i=1

Y

du (q) / Y™ ()" dX (y™)

O

Theorem 4.18 has a natural multilinear counterpart. We just state the following charac-

terization as we will make explicit use of it in Corollary 4.25.
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Proposition 4.24. Let 1 <p < 0. Let X1,...,X,,,Y be Banach spaces and T : X; X
X, = Y be an m-linear operator. Then T is factorable strongly p-nuclear if, and only if, its

linearization Ty, : X1®y - - @ Xm — Y Cohen is p-nuclear. Moreover, ﬂ;;sN (T) =n, (TL) .

Proof. Let us suppose that T is factorable strongly p-nuclear. Let (uk)1gkgn C X Q... Qp

X, Then there exists a natural number nj and ( ; k) C X; (1 <j <m) such that

1<i<ng

ng
Uy = szlk; ® ... @ foralll <k <mn,

i=1
we have
ng Nk
Ty, (uy) = ZTL (xllk ®R...Q xznk) = ZT (xik, s xznk)
i=1 i=1
and

Nk Nk
@ () =D @ (i ® - ®(3) =D 0 (Wi i)
1=1 i=1

where 1 : X7 X .... x X,,, = K is a bounded m-linear functional.

Now since T' is factorable strongly p-nuclear

z (s (ur) )]

n | ng
= Z <T (le,kﬂ 7372119) 7?JZ>
k=1 |i=1 L
fs - P g *
< 7% (T) sup (z 3 (rhes ) ) 1l
lpll<1 \k=1 |i= )
fs = <& ~ P g *
— ol (T) swp (z 35 (el e @ 1) ) 1)
lol<1 k=1 |i=1
@E(X1®7r-~~~®7er)* )
n P
— (1) swp (z |so<uk>|”) el
loll<1 k=1

@E(X1®7r-~-~®7er)*
So we get

DT (w) )| < ol (T) v SN (Z Isﬁ(wc)lp) p 1Rkl o - (A7)

Since Xy @ .... ®; X, is (norm) dense in X1 ®r...0:X,n we deduce from 4.7 that for every
(k) 1<pep C X1®r....07 X, the following relation holds

Z| Ty (o), yi)| < w5y (T) sup < |95(Uk)|p>p (Y )x

o ~ = ~ *
”‘p”§1750€(X1®7r----®7rX7n) k=1
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hence T}, is Cohen p- nuclear, and

ny (Tr) < )l (T). (4.8)

Conversely. Now let suppose that T, : X @y @, X, — Y is Cohen p-nuclear. Let n, ny

be natural numbers and ( Zk) C X;,(1 <j <m). Then for each 1 < k <n the

1<i<ng,1<k<n

element vy = szlk; ® .0z} € X1 O ... Or X, and

=1

Ty, (ug) = ZT( T g ) -

Since T7, is Cohen p- nuclear we have

3
3=

(T (ur) , yi)| < myp (T1) sup ( Isﬁ(wf)lp) 15kl e o

N N ~ ~ *

or equivalently,

1
n | ng PN\ p
Z Z<T (‘rz‘l,lw tety 'Lk) yk> < np (TL sup (Z Z()O zk? tety zk ) H(?ﬁ:)k p*w?
k=1 | i=1 lell<t \ =1 | i=1
where ¢ : X7 x -+ x X,,, = K is a m-linear functionals, with ||¢|| < 1.
which means that T is factorable strongly p-nuclear, moreover
o (T) <y (T1). (4.9)
combining the inequalities 4.8and 4.9 we obtain
oo (T) = ny (T1) .
O

Corollary 4.25. Let P € P("X;Y). Then, P is factorable strongly p-nuclear if, and

only if, its associated multilinear operator P is factorable strongly p-nuclear. In this case,

W]];jv (P) = WI])CSN (P) )

4.4 Duality

In this second part of the chapter we are interested to the adjoint of a m-homogeneous

polynomial. While we inspired the idea of an old result of Cohen (see |28, Theorem 2.2.4])
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states that a linear operator is p-nuclear if, and only if, its adjoint is p*-nuclear. We start
proving a polynomial variant of this theorem. After we move to the corresponding tensor

representation of factorable strongly p-nuclear m-homogeneous polynomial space.

Theorem 4.26. Let 1 < p < oo. A polynomial P € P ("X;Y) is factorable strongly

p-nuclear if, and only if, the adjoint operator P* : Y* — P (™ X) is p*-nuclear.

Proof. Assume first that P : X — Y is factorable strongly p-nuclear. By Theorem 4.18 its
linearization Py, : @, X — Y is p-nuclear. By [28, Theorem 2.2.4] its adjoint P} : Y* —
(®,°X)* is a p*-nuclear operator. Consider the isometric isomorphism A, : P("™X) —
(@ZSX)* given by A,,(P) = Py. Since P = Py, 0 d,,, by duality we get P* = ¢}, o P} =
A 1o P;. The ideal property ensures that P* is p*-nuclear.

Conversely, assume that P* is p*-nuclear. Then the equality P; = A,, o P* and the ideal
property gives that P; is p*-nuclear. Again, |28, Theorem 2.2.4| gives that Pj is p-nuclear,
and by Theorem 4.18 we conclude that P is factorable strongly p-nuclear. n

Combining [54, Proposition 4.8], |28, Theorem 2.2.2] and the ideal property we get the

following result.

Proposition 4.27. Let 1 < p < co. A polynomial P € P(™X;Y) is factorable strongly
p-summing if, and only if, the adjoint operator P* belongs to Dy (Y*, P (™X)).

Cohen in |28, Lemma 2.5.1] proved that, the p-nuclear operators can be described in terms

of a suitable tensor product. i.e;

N, (X,Y) = (X @, V)5 (4.10)

where w), (.) is a reasonable cross norm on X ® Y defined by:

oy () = i0f L) |y 1Pl

the infimum being taken over all representations of u = Za:z Xy in X QY.

From Theorem 4.18 and the isometric isomorphism (4.10) we extend this to m-homogeneous

factorable strongly p-nuclear polynomials.

Corollary 4.28. The spaces PI{jV(mX; Y) and (@Z’SX Quw, Y*)* are 1sometrically isomor-

phic.
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4.5 Relation with G-integral polynomials

In [36], Grothendieck introduced the integral operators, which we call G-integral, between
Banach spaces. This notion has been widely studied and applied by many authors (e.g. [23],
[24], |63] and the references therein).

A polynomial P € P ("X;Y) is Grothendieck-integral [8] (G-integral for short) if there
exists a regular Y **-valued Borel measure GG of bounded variation on By, endowed with the

weak star topology, such that

P(z) = / A(z)"dG ()

for all z € X. The space of m-homogeneous G-integral polynomials is denoted by Pgr (™ X;Y)
(L (X;Y) when m = 1) and the integral norm of a polynomial P € Pg; (™X;Y) is defined
as

1Pllgr = mf{[G] (Bx+)}

where the infimum is taken over all measures G representing P.

In |24, Proposition 2.5] and |23, Proposition 1], the authors show that the linearization Py, :
®"™*X — Y of any G-integral polynomial P : X — Y is continuous when ®™*X is endowed
with the s-injective norm €,. We shall denote Py, . : @:’SX — Y the injective linearization of
P ie P (r®---®@x)= P(x), for all x € X. Indeed, they prove that the correspondence
P < Pp. between G-integral polynomials from X to Y and G-integral operators from
@ZSX to Y, determines an isometric isomorphism between the spaces Pgr ("X;Y) and
Lar (@ZSX;Y). We will need the variant of |25, Theorems 2.3 and 2.4| for G-integral
polynomials. There, the authors show which modifications should be done in order to state

Theorem 2.3 for G-integral polynomials. For the sake of clarity, we summarize these results

for G-integral polynomials in the next theorem.

Theorem 4.29. (/25, Theorem 2.3] for G-integral polynomials) Let P € P("X;Y'). The

following are equivalent:
1. P is G-integral.

2. There are a compact Hausdorff space K, an embedding h € L(X,C(K)), and a regular

countably additive, Y**-valued Borel measure G of bounded variation on K such that

P(x):/K[h($) (W)]"dG (w), x € X.
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3. There are a compact Hausdorff space K, an embedding h € L(X,C(K)), a finite non-
negative countably additive, Borel measure v on K, and an operator A € L (Ly (K, ) ; Y™*)

, such that the following diagram is commutative

X Py By
R A]
C(K) —Li(K, )

where j1 1S the natural inclusion mapping, Ky 'Y — Y™ s the canonical isometric

embedding and R € P(™X;C (K)) is given by R (z) := [h (x)]™, for all z € X.

4. There are a finite measure space (2, %, p), an operator A € L (L (K, p);Y™), and an
embedding h € L(X, Ly, (2, 11)) such that the following diagram is commutative

Ky

X7 .y Y
A i
LOO(Qaﬂ) i L1<Q>:u)

11

where iy is the natural inclusion mapping and R € P("X;C (K)) given by R (z) =
[ ()], for all x € X.

5. There are a finite measure space (Q, %, p), an operator B € L (@Z’SX; Ly (9, ,u)) and
Ae L(Ly(Qu);Y™) such that the following diagram is commutative

grox e,y K,y
Bl A

11

In this case, the operator Py . is G-integral.

As an application of Theorem 4.29, we can prove the following result, that will be used

afterwards.

Proposition 4.30. Let P € P(™X;Y). Then, the following are equivalent:
(i) P is G-integral

(11) P is G-integral.
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(i1i) There exists a Banach space Z such that P =T o Q, for some Q € P("X;Z) and
T e Lar (Z; Y)

(iv) The polynomial Ky o P € P("X;Y*") is G-integral.
If one (and then all) of these assertions holds, then we have

HPHGI = HPL,e = ||Ky OPHGI‘

ler

Proof. The equivalence between (i) and (ii) follows from Theorem 4.29.
(ii) implies (iii) follows from the factorization P = Py, . 0 0,y,.

Assume (iii), i.e. P € P("X;Y) factors as P = T o Q, with Q € P("™X;Z) and T €
Ler (Z;Y). By the ideal property, T' o Qp . is G-integral. Then, (T'o Q)r = T o Q. is
G-integral. Hence, by the equivalence between (i) and (ii) P = T o ) is G-integral.

The equality of the norms ||P|,; = ||Prello; follows from combining Theorem 2.3 and

Theorem 2.4 of [25].

(i) implies (iv) follows from the ideal property. Besides,

| Ky o PHGI < HPHG]‘ (4.11)

Let us prove (iv) implies (i). Let P € P(™X;Y) be such that Ky o P € Pg (™ X;Y™).
Then by Theorem 4.29 (5) there are finite measure space (£, %, 1), an operator A € L (L (Q, ), Y***) |
and an embedding h € L (X, Ly (2, 1)) such that Ky« o (Ky o P) = Aoi; o R, where
R(z) = [h(x)]™, for all x € X.

Since [Ky+]" o Ky = Iy«, we have

KY O P = [[KY*]* O KY**] (@) KY (@) P
= [Ky:]"0AoijoR
= A/OiloR,

where A" = [Ky+]" o A. Hence, we obtain the following commutative diagram

X oy By
Rl A/T
Lo (S2, 1) : Li(Q, 1)

11
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Therefore, by Theorem 4.29 (4), P is G-integral and (i) is proved.

Besides,
1Pllgr < |1R]| 1 (K)

Then, taken the infimum over all factorizations we get
1Pl < [[Ky o Pllg - (4.12)
So, combining (4.11) and (4.12) we get

HPHGI = HKYOPHGI'

Theorem 4.31. Let P € P("X;Y). The following assertions are equivalent:
(i) P € P (mX,Y).
(1)) P* € Lar(Y*, P ("X)).

(iii) P € Lar((P(MX))",Y™).

Proof. (i) = (ii). Let P € Pg;(™X,Y). By Theorem 4.29 (4) there are a probability mea-
sure p, a bounded linear operator A : L; (1) — Y** and a continuous m-homogeneous
polynomial R : X — L (u) such that Ky o P = Aoi; o R.

From

(Ky o P)" = P*o Ky and Ky o Ky« = idy~,
we obtain
P*=R'0ijo A" o Ky-.
Then, there is a decomposition

Kp(mx)
—

Kpmyyo P Y 55y A5 1) 25 L () 25 P (mX) P(mX)"

: K
Now, factoring 4§ = Ky, © i1 ¢ Loo () —> Ly (1) 218 (Ly (w)™, we obtain the

following commutative diagram

* Kpm
Y* P P(m}() P( X)])(mX)**

b /|

Loo (1) : Li(p),

11
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where a = Kpmx)o R* o Ky, (), and b = A* o Ky+. Therefore, P* is G-integral.

The equivalence (ii) < (éi7) can be found in [31, Theorem 5.15].

(ii7) = (i) Assume now that P** € Lo (P (™X))",Y**). We define the map K : X —
P(™X)* by

for x € X and @ € P("X). It is easy to see that K is a continuous m-homogeneous
polynomial with ||K|| = 1, and
KyoP=P*oK.

Using Proposition 4.30 we get that P** o K, and so Ky o P, is G-integral. Again by
Proposition 4.30, P is G-integral. O]

Remark 4.32. Note that since the space P("X) is a dual space, the bidual P("™X)™ can
be avoided in the factorization whenever the adjoint P* is G-integral. That is, P* factors as

Py 2 Lo(p) 5 Ly(p) -5 P(X), where a = R* o Kp, ().

Next, using the concept of G-integral polynomial, we give some examples of factorable

strongly p-nuclear polynomials.
Theorem 4.33. Every G-integral m-homogeneous polynomial is factorable strongly p-nuclear.

Proof. Let P € P(™X;Y) be a G-integral m-homogeneous polynomial. By Theorem 4.29
(5) (or Proposition 4.30) its linearization P, : ®. °X — Y is G-integral, hence p-nuclear
by [28, Theorem 3.3.3]. Using the ideal property, the operator P, = P, o4 : @ZX — Y is
p-nuclear, where 7 : @Z’SX — @Z’SX is the canonical continuous inclusion. As a consequence

of Theorem 4.18, P is factorable strongly p-nuclear. O]

By Theorem 4.33 and [23, Lemma 4 and Remark 6], we conclude that all polynomials

defined as below are factorable strongly p-nuclear.

Example 4.34. Let (Q,%, 1) be a finite measure space and G : ¥ — X a vector measure

which is absolutely continuous with respect to . Then, the polynomial Py given by
R(f)= [ 7 @G () (413
Q
is factorable strongly p-nuclear m-homogeneous polynomial on L., (2, p) with

w5 (P) < |G,
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Also, for any compact hausdorff space K and any reqular, Borel measure G on K, the

polynomial on C (K) given in (4.13) is factorable strongly p-nuclear, with 7T]]:j\7 (P) <|G].

Let us now show that, for a wide class of range spaces Y both classes, G-integral homo-
geneous polynomials and factorable strongly p-nuclear homogeneous polynomials, coincide.

For the notion and main properties of £, \ spaces, we refer the reader to [38].
Theorem 4.35. Suppose that Y* is an L, x-space. Then
PI("XY) = Par("X;Y).

Proof. Let P € Pi?v(mX;Y). By Theorem 4.26 the adjoint P* : Y* — P ("X) is a p*-
nuclear linear operator. Since Y* is a £, ) space, by |28, Theorem 3.3.3] the operator P* is
G-integral. Then, by Theorem P : X — Y is G-integral. The converse follows from Theorem
4.33. O

Since every Hilbert space is a Ly -space for all A > 1, the above theorem gives the

following consequence.

Corollary 4.36. IfY is Hilbert space then Pgr("X;Y) = P{‘?V(’"X; Y).
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Abstract

The present thesis is devoted to summing non linear operators. We focus our attention on introducing and studying
polynomials and multilinear mappings that share good properties of summability with distinguished classes of
summing linear operators. In the second chapter we introduce the class of Cohen p-nuclear m-linear operators
between Banach spaces. This is the multilinear version of p-nuclear operators. The polynomial variant is obtained
thanks to consider the symmetric multilinear mapping associated to the polynomial. This polynomial variant forms the
p-nuclear polynomial, and it is used as an illustrative example also in Chapter IV. The main results proved in Chapter I
are: a characterization in terms of Pietsch's domination theorem and the related factorization theorem, which is an
extension to the multilinear setting of Kwapien's factorization theorem for dominated linear operators. Connections
with the theory of absolutely summing m-linear operators are also established. It is worth mentioning that, as a
consequence of our results, we show that every Cohen p-nuclear m-linear mapping on arbitrary Banach spaces is
weakly compact. The third chapter deals with transformations of sequences via summing nonlinear operators.
Operators Tthat belong to some summing operator ideal can be characterized by means of the continuity of an
associated tensor operator Tthat is defined between tensor products of sequences spaces. Our aim is to provide a
unifying treatment of these tensor product characterizations of summing operators. We work in the more general
frame, provided by homogeneous polynomials, where an associated tensor polynomial which plays the role of T, needs
to be determined first. Examples of applications are shown. In Chapter IV we characterize in terms of summability
those homogeneous polynomials whose linearization is p-nuclear. This characterization provides a strong link between
the theory of p-nuclear linear operators and the (non linear) homogeneous p-nuclear polynomials that significantly
improves former approaches. The deep connection with Grothendieck integral polynomials is also analyzed.

Keywords: multilinear operator, tensor product, m-homogeneous polynomial, p-nuclear operator, factorable strongly
p-nuclear nuclear.

Résumé

Cette thése est consacrée aux opérateurs non linéaires sommant. Nous concentrons notre attention sur I'introduction
et I'étude des polyndmes et des applications m-linéaires partageant les bonnes propriétés de sommabilité avec les
classes distinguées des opérateurs linéaires sommant. Dans le deuxiéme chapitre, nous introduisons la classe des
opérateurs m-linéaires Cohen p-nucléaires entre les espaces de Banach, qui est la version multilinéaire des opérateurs
p-nucléaires. La variante polynomiale est obtenue en tenant compte l'application m-linéaire symétrique associée au
polynébme, cette variante forme le polyndme p-nucléaire, qui est également utilisé a titre d'exemple explicatif au
chapitre 1V; les principaux résultats démontrés au chapitre Il sont: une caractérisation en termes du Théoreme de
Domination de Pietsch et du Théoreme de Factorisation, qui est une extension du Théoréme de Factorisation de
Kwapien pour les opérateurs linéaires dominés. Une connexion avec les opérateurs m-linéaires absolument sommant
est également établie. Il est important de mentionner que selon nos résultats et comme conséquence, nous montrons
que tout operateur linéaire Cohen p-nucléaire m-linéaire entre, les espaces de Banach est faiblement compact. On a
traité dans le troisieme chapitre les transformations des suites a travers les opérateurs non linéaires sommant. Un
opérateur idéal sommant Tse caractérise par la continuité d'un opérateur tensoriel associé T, lequel est défini entre le
produit tensoriel des espaces, de suites. Notre objectif est d'offrir un traitement uniforme pour ces caractérisations
tensorielles des opérateurs sommant. On travail dans un cadre plus général fourni par les polyn6mes homogenes, ou
un polynéme tensoriel associé jouant le réle de T, doit étre déterminé préalablement. Des exemples d'applications sont
présentés. Au chapitre IV, nous décrivons en termes de sommabilité les polyndbmes homogenes dont leurs
linéarisations sont p-nucléaire. Cette caractérisation fournit un lien fort entre la théorie des opérateurs linéaires p-
nucléaires et la théorie des polyndbmes homogenes p-nucléaires (non linéaires) qui améliore considérablement les
anciennes approches. Une connexion distinguée avec les polyn6mes Grothendieck intégrale est également analysée.
Mots-clés: opérateur multilinéaire, produit tensoriel, polynbme m-homogéne, opérateur p-nucléaire, operateur
factorable fortement p-nucléaire.
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