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General introduction

The beginning of the last century heralded the emergence of a multipolar scientific
revolution. One of its poles represents Einstein's special and general relativity. Which
was a successor to classical mechanics in the field of speeds comparable to the speed
of light in a vacuum, which takes into account the effect of gravity. But their influence

is in the macroscopic and astronomical fields.

While the second pole of the contemporary scientific revolution lies in the
microscopic field, where the distances between objects are compared to Planck's
constant known in the physical literature. In other words, quantum mechanics is

concerned with physical phenomena at both the atomic and nuclear levels.

It is possible to know the various physical information about the studied systems

by addressing the solutions of the basic equations known in the literature.

The Schrédinger equation describes the state of atomic particles with small
energies of the order of the electron volt, this is according to the value of the spin.

While at the level of high energies of the order of Mev, the Schrédinger equation
must be replaced by the Klein Gordon equation or by the Dirac equation. The
Schrodinger equation has so far attracted researchers to it. Among the potentials that
occupied the researchers' thought is the so-called Hulthén potential [1,2 and (1-11
chapter2)]. The Hulthén potential is used in nuclear and particle physics, atomic
physics, solid-state physics, this potential is one of the important short-range potentials
in physics, this potential has been used in nuclear and particle physics and atomic
physics [1-11_chapter 2].

Since noncommutative quantum mechanics includes large physical symmetries
than the symmetries of quantum mechanics known in the literature, we will reserve this

study to obtain a master's degree in theoretical physics from Mohamed Boudiaf
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University in M'sila to study this potential in noncommutative quantum mechanics
promotion 2020-2021 intituled by the nonrelativistic model study of the energy
spectrum resulting from a central potential in the extended quantum mechanics

symmetries: The case of Hulthén potential as a model :

This master memory is organized as follows. In chapter one, the noncommutative
guantum mechanics is represented. In chapter two, the Schrédinger equation is revised
under the Hulthén potential. In chapter three, we study the effect of noncommutativity
properties on the Hulthén potential.
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CHAPTERI

The noncommutative space-phase formalism



I-Introduction

We reserve this chapter to a review of physical and mathematical concepts that are useful for a

better understanding of noncommutative quantum mechanics.
I-Reminds about the structure of ordinary quantum mechanics:

The beginning of quantum physics is known in 1900 when Planck quantifies the energy of light
(E, = hv)where (h ~ 6,6262.107* js ). Currently, ordinary quantum mechanics is formulated on
the commutative space of the coordinates of variable and the canonical moment of hermetic operators

(x4, pi), as following [1-2]:

[xl-,xj] =0 (I-l)
[pup;] =0

Where #h =% Is the reduced Planck constant and &;; Is Kronecker's ordinary symbol. The

guantization procedure satisfies both relations principles concerning the energy E and impulsion P:

E—> ih2 and p, > Ei (1-2)
ot i ox'

We know that the energy of a particle of mass m, subjected to the forces produced by a potential

V(%, t), in a classical mechanic is given by

E =

f)’Z -
S+ V(D (1-3)

Now apply the two principles of canonical quantization presented in Eq.{(0=1), we obtain the

following Schrédinger equation:

[~ v+ VG b weE o = in 0 (1-4)
2mg ot

Where the Laplacian operator in Cartesian coordinates is given by:
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2_ 0% 9% 0% a
Vo= p + 37 + P (1-5)

While in the spherical coordinate is determined from the following relation:

z_ii(zi) 1 0% g AN S _
Ve = r2or r ar + r2sin(6) 06 (Sln(e) 69) + r2sin(0) d¢? (I 6)

Eqg. (0=2) known by the Schrédinger equation in ordinary space-time, based on the postulates
presented, W (7, t) is the complex wave function, which determines the probability of finding the

particle at time t in an elementary volume d3r, rounding the point r.
dP = |¥(%,t)|3d3r (I-7)

The complex wave functions in the space of the impulsion allow us to determine the probability of

impulsion
dP(p) = [¥(p,t)[*d°p (I-8)
The incertitude relation of Heisenberg in ordinary quantum mechanics:

AxApy

v

v

AyApy, (1-9)

AzAp,

NN >N s

\Y%

Furthermore, in ordinary quantum mechanics, the mean value is very important which denoted
by (A), it takes the form:

(A) = [YEO)*AP(E td’r 2D (1-10)
(A) = [¥ ()" AP(E,)d’r 3D
We know that
d’r =rdrdg (111)
d°r =r?sin(6)drd&dg

The probability current density vector T(F, t) given by
4
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J(E D = = (¥ AY — WAY") (1-12)
Satisfies the continuity equation:
ZpED +VED =0 (1-13)

Where the term p(T, t) represent the probability density, it’s perfectly similar to the equation of

charge conservation.

In the symmetries of traditional quantum mechanics QM, the global angular momentum J is the

sum of the two moments, angular momentum L and the spin momentum S as follows:
J=L+S (I-14)
The spin-orbit coupling takes the form
[S=-(2-12-%?) (I-15)
The eigenvalues of the operators J,LandS
Y =GRy
2V = i)Y (I-16)

2y =5E+ D

The previous two equations (I-15) and (I-16) allow deducing the eigenvalue of the coupling LS as

follows:
f§W=%{j(j+1)—l(l+1)—s(s+1)}‘[’ (I-17)

For a fermion particle as the electron, the possible value of ‘j’

(I-18)

I11_ Noncommutative space-phase:
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The idea of studying noncommutative space in particle physics is very old, the purpose was to
be able to eliminate ultraviolet divergences from the field of quantum theory. In quantum mechanics,
the phase space is defined by replacing the variables and the canonic momentum (X;, p;) by hermetic
operators. The idea of the noncommutativity of space is introduced by W. Heisenberg in 1930 [3] and
then developed by H. Syndre in 1947 [4], satisfied by the new algebraic stricter followed by the rule

of noncommutative commutations relations [1-2]:

[Xi,pj] = 1h51]
[xi,x] =0 (In ordinary QM)
[pipj] =0

It will be replaced by the following new algebra [5-20]:

[, D] = ifeeS;
[%i, %] = 1h6;; (In the extended QM) (1-19)
[pi, ;] = 11B;;

Where i,j =1,3 and  figg = A(1 + %) is the effective constant of Planck. The noncommutative

coordinate taking

Xi = X = f(x4, pi)
~ 1-20
{pi - i = g(Xi, pi) (1-20)

Then we have
(8™, 97 H) = —(BYH,07VH) = €MV (1, 0) (1-21)

Whereas the first parameter is an antisymmetric tensor induced by noncommutativity space-space,
and the second is an antisymmetric tensor induced by the noncommutativity phase-phase. It is very

important to note the dimensions:
((Lenght)? = (impulsion)?) - (B* =,07H)

In two-dimensional noncommutative phase space, the canonical switch relation is:



(1-22)
Or

]
Y]]i ¥,pxl =0 (1-23)

I- 4 Product star
We will see the star product properties and the Moyal-Weyl formula
I-4-1 Quantification of Moyal-Weyl

Within the framework of the canonical quantification of quantum mechanics, Weyl gives a
prescription that makes it possible to associate operators with the classical function of canonical

variables. The transform of each function f(x) or g(x), is denoted by f(k) and (k) [21-26]:

f(x) = [ d*k e f(k) . {f(k) = [d*x e f(x) (1-24)
gx) = [d*k e™gk) (8() = [d*xe™™*g(x)
can be defined as follow, with associates f and g by the operators w(f) and w(g) :
w(f) = (2m)~* [ d*e®*f(k) (1.25)
w(g) = (2m)™* [ d*e™g(k)
I-4-2 Products of Moyal
The product w(f)w(g) is defined[21-26]:
w(w(g) = (2m)~*(2m)~™* [ d*k d*p e (K)E(p) (1-26)



Used the formula of Campbl-Backer-Hausdorff:

oAeB — oA+B+3h[ABl+;h2[[AB]B]-5h?[[AB] Al+- (1-27)

With [A,[A B]] = [B,[A,B]]. A new product noted product star (*) then the product of
w(f)w(g)takes the form:

w(Bw(g) = (2m)~#(2m)~ f &k d*p lNHHPRIkPOTE )5 )

=w(f*g) (1-28)
Where (fxg) is a new function defined

i ij@@

(f * g) = eEhe 9%i0y) [f(X)g(X)]y—>x (1-29)
This relation is developed as follows
(£ 8) = f()g(x) + 3 hBY -2 £(x) == + 0(6?) (1-30)

The new products (f = g) represent the product in noncommutative phase space and the f(x)g(x)

represents the ordinary product in the commutative space

f(x) * g(x) = f)g(x) + X2, (E)n —QMvi .84 3, 0, f(x) D, 0y, 8(x) (I-31)
I-4-3 Product star properties
There are deferent properties of the star product, we have [21-26]:
e Noncommutative
f(x) * g(x) # g(x) * f(x) (I-32)
e The star product is an association

(f(x) * g(x)) * h(x) = f(x) * (g(x) * f(x)) (I-33)
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e The conjugate complex relation
(f(x) * g(x))" = f(x)" * g(x)" (1-34)
e The integral relation
[ d*x (F+ ) () = [ d*x f()g(x) (1-35)
Cyclic permutation
JdPx (frgxh)() = [d°x (h=f+g)(x) = [d’x (gxh*H(x)  (I-36)
e Satisfies Leibniz’s rule
0, (fxg) = (0,0 g+ f+ (9,8 (I-37)
I-5-The Boop’s shift method

In this Master memory, we apply Boop’s shift method instead of solving the Schrodinger
equation will be treated by using directly the two commutators [26-29]:

[9:1,9;] = i0;; (I-39)

To write the Schrédinger equation in noncommutative phase space, we apply the following steps
[30-36]:

e We replace the ordinary wave function with a new wave function W¥(r,t) — @(?, t)
e We replace the ordinary Hamiltonian operator with a new operator H(p;, x;) = H(P;, &)
e The ordinary energy E replaced by a new valueE,,..

e The ordinary product is replaced by the star product (*)

The four steps lead to obtains Schrodinger equation in the noncommutative phase space

AP, &) * P(F 1) = EnP(F 1) (1-40)



We can write the wave function as:
P(5,t) = P(H)f(Y) (1-41)
So, the equation (I-40) becomes:
AP, ) * P(F) = EnP(® (1-42)

The Hamiltonian operator takes the forms [34-40]:

A A ~ oy pli
H(p;, %) =H (pi =pi t XX =X —7131)
~ (NC - 3D:RSP)
~ o A . . ol
) HPL %) =H(Pi=pi ,» Ki=x —7131) (1-43)
~  (NC—3D:RS)
o . ol .
H(pi; Xi) =H (pi =p;+ ?X]- , Xj = Xi)
\ — (Nc—3D:RS)

The variety (1-43) corresponds:

~ il

Pi 2 Pi=Pi Tt ¥
. gii (1'44)
Xi 7 X=X~ 5P
With
pi = Di = pi
- gl (1-45)
Xi 2 X=X~ 5P
and
~ il
{pi = DPi = Ppi+ ¥ (I-46)
Xj — )’Zi = Xj

We are studying the noncommutative phase space in three dimensions, so the commutation relations

in Eq. (1.44) are replaced by a new commutation’s relation

10



x>
L

Il

>
>
i

Il

- O

x

X, =y and 3p,=0p,
)}23 =1 f)s = ﬁz
We can obtain the forms:
. 17 o
X1 - Xl_%z pz _$ ps
. [7) o
X, = X, ;1 X, —?xs,
R 17 o
Xy = X, %xl —%xz
and
_12 513
P, =P+ X, +——X;
2
R O 023
pz - pz + 7)(2 + X3
. On O
P; =Pp; + 7 X X,

With the square of (?)and (5) are given by:

4
N
Il
4
N
+
4
N
+
e
N

ol
[\S)
Il
o))
N
+
g3
N
+
g3
N

(1-47)

(1-48)

(1-49)

(1-50)

For getting the solution of the noncommutative Schrédinger equation we used the product star by

Bopp’s shift method that it is a consequence of the product star between the potential operator V(X)

and the complex wave function ®(¢) [26-29]:

[25_; + V()’Z)] « PR - [% + V(X)] Y(x)

(1-51)

In the noncommutative three-dimensional phase space, the tow operator (?)and (5 ), takes the form

[35-40];

11



¥ _ o I8 (1-52)

With @ = 6/2

LG) = LX®1 + LyOZ + LZ®3
(I-53)

=

Lé = LXélz + Lxé23 + Lzé31
I-7-Application on Hulthén potential

Now we ready to apply the noncommutative space-phase properties on the Hulthén potential
which has the following traditional expression [1=11 chapter 2]:

ze25e~8f

V() =——¢ (1-54)
From Eq. (I-52), we can write  as follows:
-\ 1/2
f=r (1 - i—e> (1-55)
We use the following formula:
1+x)"=14nx
I-
{ if x«<1 (1-56)
Eq. (1-55) take the form
fer(l-)=r—-=2 (1-57)

2r 2r

Now we begin to apply the Hulthén potential, the expression of e 8% can be written in the symmetries

of extended quantum mechanics symmetries as follows:

e~ = ¢=0re® O~ gbr (1 + %) (I-58)

Deducing that

12
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_5F _ L6 _
eSrzeSr_l_?e 8r

Therefore, we can get the following approximation:

_ -5 8L8 5 —5r\~1
=(l—e r)[1+?e r(l—e r) ]
Allows us to obtain the following:

. _&r,0L6 _
_8F Sr 8r
e e + or e

_e—8F T Lo -1
1-e (1_r—8r)[1+¥ e=8r (1—e~5r) ]

If we put:

A= gmr (g gmor)™!

-8f
as follows:

And rewrite the expression ——
1—e™Or

st st 8LO —sr

e e 2r

1-e% (1-r 1Al (I-r)[1+A4

\

L | M (1-63)

Then we simplify the term L and M

L~ e—or 81’6’ e—Sr
T 1-e78r 2r 1-e~8r
And

(1—r—5r)[1+% e~8r (1—e—5r)_1]
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(1-61)

(1-62)

(1-64)

(1-65)


Metatla
Texte surligné 


After straightforward simplification, we obtain:

e dr SL8 [ e~ Or
L= 1-e=8r  ar (1—e—5r) (1-66)
And
~ 8{:6 e'sr 2
M= ————% +0(6%) (1-67)
Now,
e or 8LB [ e0r 2 sLO e~ or
LM == () + e (I-68)
Finally, we get the Hulthén potential in the noncommutative space as follows:
N _ —Ze?e " 8Lg|[/ e Or 2 e=dr
V() = 1-e=8r  2r (1—e—5r) B 1—e—5rl (1-69)
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CHAPTERII

The Schrddinger equation with Hulthén potential in ordinary Quantum

mechanics



II-1-Introduction

The study of the Hulthén potential in the extended noncommutative space-phase requires a

necessary review of this potential within the framework of quantum mechanics known in the literature.
I1-2-The Hulthén potential

The Hulthén potential is used in nuclear and particle physics, atomic physics, solid-state physics,
this potential is one of the important short-range potentials in physics, this potential has been used in
nuclear and particle physics, atomic physics, and solid-and solid- state physics [1,2]. Ahmadovet al.
studied the bound state solutions of the D-dimensional Schrodinger equation for the Hulthén potential
within SUSY guantum mechanics [3]. In 2009, Agboola studied the Hulthén potential in D -dimensions
with an exponential approximation of the centrifugal term using the Nikiforov—Uvarov method [4]. By
using the Pekeris approximation type, Onate solved the Schrodinger equation for the interaction of
Coulomb and Hulthén potentials within the framework of supersymmetric approach and Nikiforov-
Uvarov method and obtained energy levels are obtained with the corresponding wave functions in
terms of hypergeometric functions [5]. The bound state approximate solution of the Schrodinger
equation is obtained by C.O. Edeta and P.O. Okoi for the g-deformed Hulthén plus generalized inverse
quadratic Yukawa potential in generalized D-dimensions using the Nikiforov-Uvarov method and the
corresponding eigenfunctions are expressed in Jacobi polynomials [6]. Qiang et al. using the exact
quantization rule presented the approximate analytical solutions of the radial Schrédinger equation
with nonzero values for the Hulthén potential in the frame of approximation to the centrifugal potential
for any | state [7]. E. P. Inyang et al. obtained analytical solutions of the N-dimensional Schrodinger
equation for the Varshni-Hulthén potential within the framework of the Nikiforov-Uvarov method by
using the Greene-Aldrich approximation scheme to the centrifugal barrier [8]. Bayrak et al. Were
presented the analytical solution of the radial Schrodinger equation for the Hulthén potential within the
framework of the asymptotic iteration method by using an approximation to the centrifugal potential
for any | state and obtained the energy eigenvalues and corresponding eigenfunctions for different
screening parameters [9]. The researchers Eser Olgar, Ramazan Kog, and Hayriye Tutunculer studied
the bound state solution of the (1+1)-dimensional Klein—Gordon for the generalized Hulthén potential
in the framework of the asymptotic iteration method [10]. Qlang et al. developed a new and simple
approximation scheme for centrifugal terms using the new approximate formula for 1/r?, and they
derived approximately analytical solutions to the radial Schrodinger equation of the Hulthén potential

with arbitrary I-states [11].
23



I1-3-Revised of the Schrddinger equation for theHulthénén potential

In order to find the energy spectrum of the Hulthénén potential in the extended quantum
symmetries, it is necessary to review its energy spectrum within the framework of ordinary quantum
mechanics by referring to the references we have already mentioned, especially references 1 and 2 of
this chapter:

e—&r

V(r) = —Ze?%s

(II- 1)

1-e~67

Where Z is the atomic number and § is the screening parameter determining the range for the Hulthén
potential. As mentioned in Ref 11, this potential behaves like the Coulomb potential near the origin of
coordinates, but in the asymptotic region at a large distance similar to the potential decreases

exponentially, so its capacity for bound states is smaller than the Coulomb potential.
In the Hilbert space, the Schrodinger equation gives
HY(#t) = E¥ (7 t) (1I-2)
E represents the energy of the system, and the Hamiltonian obtains by

e—&r

7P _ .2 ]

H = ” Ze 61_8_& (11-3)
For a stationary state, the wave function takes the form

Y7 t) = e E/hY ) (11-4)

We obtain the ordinary Schrédinger equation by applying the procedure of quantization which we have

seen in the first chapter:

or AW ()

hz 2 e~ >\ s
(-8 -ze?6 =) w(H) = in 22 (II-5)
In the three-dimensions with the spherical coordinate, we know that
2_10 (129 10 gy D 1 0% ]
Ve = r2or (T‘ ar) t r2sin(0) 06 (Sln(e) a0 + 12 5in(0) 02 (H 6)
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In quantum mechanics, the classical momentum obtains the forms

e L — The orbital angular momentum
e S—The spin operator

e ] — Thetotalmoment j=L+3§

The orbital angular momentum gives

LT=7%AP
The Cartesian components are given
Lx = YDx — ZDy
L={Ly = zpy — xp,
L, = XDy — YDx
We can write also
0 ]
(te=7(r5-25;)

By the spherical coordinate (r, 0, @) the Eq. (11-9) becomes:

(=

L, = ,(—coswcot@%—sinq):—e)

|3 ~

L
L=HE)
We have

L,Y4(6,0) = mhY}

L2YL(0,9) =1(l+ DA Y6, )

With [ =0,n— 1, whereas the total momentum takes the following forms

25

; d a
y = l,(—sm<pcott9%+cos<p£)

(11-7)

(I1-8)

(I1-9)

(I1-10)

(I-11)



2 —2 —2 —2
] =k +]y +z (1I-12)
and

J21j,m) = j(j + 1R?]j, m)

(11-13)
zlj, m) =mlj,m)
The coupling operator spin-orbit ff can be written
232 2 2 , 22
LS=E<(L+S) —2-3 )
1(f2 72, &
=P +12+5?) (11-14)
Interesting, the complex wave function

Y(7) = R(r)Y(6,¢) into Eq. (1I-5), the radial part of the Schrodinger equation for the Hulthén
potential can be expressed as [3,11]:

d 2d l(l+1) e~ 0T _
[5+28 2 20 (B + Ze?6 = )| R() = 0 (11-15)
If we used the short-hand notations:
_l(1+1)h? —ér
Vers(r) == 52 e’s —1;_& (11-16)

Here V,¢¢(r) is the effective potential. The radial part of the Schrédinger equation for the Hulthén

potential can be expressed as [3,11]:

(;—,,22 + '_) R(r) = [Enz ~ Verr (N]R() (11-17)

If we assume R,,;(r) = % , the hyper-radial Schrodinger equation (II-17) becomes:

2@+ [ (E + zets Zo0) - D)y = 0 (I1-18)
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To solve Eq. (II-18) H. I. Ahmadov et al. for £0, were applying the approximation for the
centrifugal term [3,12,13]:

-ér

r2

The parameter Co = 1/21 is a dimensionless constant, when Co = 0, the approximation scheme in Eq.
(I1-20) becomes the convectional approximation scheme suggested by Greene and Aldrich
[3,12,13,14]:

5 8e70T  11+1)R?  eOT

Veff(r) = —Ze 1—e—6T 2u (1_9—51”)2

(I1-20)

The radial Schrodinger equation (II-18) after applying approximation for the centrifugal term is

written as follows:

x"(r)+ @ [-e2(1—5)2 = A((1=8)?+s)+a?s(s—D]x(s) =0 (11-21)
Where s = e % | —g? = ;2“; , a? = 2;:2252 and A =I(l +1). The solutions of Eq. (II-21) in

terms of hypergeometric polynomials , Fl(— n,n+2,/C, +K,;1+2,C, ,s) as [3,11]:

;((r):C”'r(n+2‘/C_”'+1)sﬂ(l—s)'<"'zFl(—n,n+2\/C_m+ K,1+2,/Cy.s) (1-21)

nr2,/c, +1)

The complete wave function ¥, ;,,(r, 6, ¢) , and the energy of the system E,, ; for the Hulthén

potential are given in this subsection where [3,11]:

C,In+2C, +1)s'
v, (r.0,p)=—" n 1-s)2Fl-nn+2\C, +K ;1+2,C,,s)"(0,p) (-
(1,000 = = B Rl 2 Gy Kt 2Oy s )
22)
Where
c, ——2HE +1(1+1)C
nl 52 nl 0 (H-23)
K, =1+1
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The normalization constant C,,;can be found from normalization condition [3]:
[VIR@)Pr2dr =[x (r)[2dr = b [ = |x(s)|2ds = 1 (11-24)

Which gives the following values of normalization constant:

P 2vVe(n+k +Vo)r(2(k ++c) +n) (I1-25)
"7 b+ M (n+ 2V + 1) (n + 2k)
While the energy eigenvalues E,, is given also from [3] when D=3 as follows:
2
2| U4+1(1+1 1/2 215f 2
g, O A vl (2uze? 1) +2C 1 +1) (1-26)
2u 2 2y1/4+1(1+1) +n+1/2 2u

For the ground state, we have n =0, the hypergeometric polynomials function
F(0.2/C, +K,1+2Cy s)=1

This allows us to simplify the complex wave function and the corresponding energy eigenvalues E,,

to the following two formulas as follows:

S\/CT' K
Fon (1,6,0) = Coy ——(1-5)"¥"(6,9) (11-27)

And

2
2| JU4+1(1+1) +1/2 215) 2
g, 2 Of| A0 112 (2pze’l5) + 2 cli+1) (m2s)
2u 2 21/ 4+1(1+) +1/2 | 2u
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Chapter 111
The Effect of Noncommutativity

On the Energy Spectrum produced by the Hulthén potential

in three-dimensional noncommutative quantum mechanics



II-1-Introduction

The object of the last chapter is to know the effect produced by proprieties of deformed space-phase on
the Hulthén potential using the Boop’s Shift method and the perturbation theory to find the corrections of

energy.
III-2-The Schrodinger equation in noncommutative phase- space

In this section, we shall give an overview of a brief preliminary for the modified Hulthén potential in
three-dimensional nonrelativistic noncommutative quantum mechanics symmetries. To perform this task,

the physical form of the modified Schrodinger equation, it is necessary to replace the ordinary three-

A -
dimensional Hamiltonian operators H, (x#, pﬂ), the complex wave function ‘P(r) , and energy E with

N
f

the new three Hamiltonian operators H e ()2#, bﬂ), the new complex wave function ‘P( ) , and new values

E"P

nc’

respectively. In addition to replacing the ordinary product with the Weyl Moyal star product which

we have seen in the first chapter, which allows us to construct the modified Schrddinger equation in three-

dimensional nonrelativistic noncommutative quantum mechanics symmetry framework as [1-8]:
H (X, p#)‘P(r) = Em‘P(rj = H™(x,,p,)* ‘P(rj - E:c"‘l’(fj (1-1)

Bopp’s shift method [9-11] have been successfully applied to relativistic and nonrelativistic
noncommutative quantum mechanical problems using the modified Dirac equation [12-16], the modified
Klein-Gordon equation [17-25], and modified Schroédinger equation [21-25]. This method has produced
very promising results for several situations having physical, chemical interest. The method reduces the
modified Dirac equation, the modified Klein-Gordon equation, and modified Schrédinger equation to the
Dirac equation, Klein-Gordon equation, and the Schrodinger equation, respectively, under two-

simultaneously translations in space and phase. It is based on the following new commutators [9-11,26-32]:
1%, B, |=[%,(0). 6, (O] =15, 7104 . (IlI-.2)

[%,.%,|=[%,0).%,()]=i0,,, (I1-3)

and



[6,.. 6, =[5, (1), b, ()] =0, . (I11-.4)

III-3-The Hamiltonian operator for the Hulthén potential in extended quantum mechanics:

The generalized position and momentum coordinates (p;, X;)in the extended quantum mechanics
depend on the corresponding usual generalized positions and momentum coordinates (p;, x;) in NRQM as
follows [9-11]:

oA 0ij 0ij
(e p) — Eip) = (xi = Lpyp + L) (11-5)
The above equation allows us to obtain the two operators #2 and p? in (NC-3D: RSP) [26-32]:

(r?,p®) — (7%,p*) = (r* — LO,p* + LO) (I11-6)

The reduced Schrddinger equation can be written as [9-11, 26-32]:
H2(%,.p,)s ‘P(?j =E¢ ‘P(?j = H2(%,.p, )‘1’(?} - E:f‘P(?j (I11-7)

The Hamiltonian operatorH (p;, £;) which we have seen in the first chapter, be written as three models:

( 13 gl
H(pi,xl-) =H <pi =p;+ 7xj1xi =X; — 7p]> (III- 8)
- (NC —3D:RSP)
- el
4 H(p, %) =H <pi =P X = X; — 7}%’) (I1-9)
-~ (NC —3D:RS)
A g
H(, %) =H <Pi =pit 7xj X = xl-> (III- 10)
\ - (Nc—3D:RS)

= (III-8) signify that the deformation is applying on the phase-space.

=(II1-9) signify that the deformation is applying to space-space noncommutativity.

= (1II-10) signifies that the deformation is applying to the phase-phase noncommutativity.



In our Memory, we are interested in the first variety. The Hamiltonian operator which corresponds

to the first model takes the form
A A p2 R
Hne (1, %) = 32 + V() (I11-11)

The Hulthén potential in three-dimensional noncommutative space-phase symmetries gives

.\ —ze28e~ o
V(r) = - (T1-12)
We have seen in the first chapter, the Hulthén potential in the three-dimensional noncommutative space-

phase symmetries as follows:

N _ —Ze?e O 5L6 e=o1 \? e~ o7
V) = 1-e=67  2r (1—9“”) B 1—e‘5Tl (I-69)
We can deduce that
N 2e28L6 [ e 07 \2  eo7
V() =V() + 2 [(1_8_&) - 1_6_&] (II1-13)
52
We have seen in the first chapter, the kinetic term % can be transformed to the following form:
0
52 2 73
P b 10 (I1I-14)
2m0 Zmo Zmo

The last two relations (III-13) and  (IlI-14) allow finding the new Hamiltonian expression H " ()2”, b#) in

the three-dimensional noncommutative space-phase symmetries as follows

Hye(By %) = H(pp %) + Hper (3,2)  (ITI-15)

Where

e—5r

2
H(py x,) = ’Z’—H — Ze?5 (I11-16)

1—e—67

And



HP. (5,2) = 2220 I(lf;:)z - 1:;] +% (111-17)
Eq. (IlI-17) describes the product of the two deformations of space and phase.
ITI-4- The Spin-orbit Hamiltonian operator for the Hulthén potential in (NC: 3DSP)
In this section, we want to derive the physical form of the induced Hamiltonian H{}é’r(ﬁ, X) due to the
space-phase noncommutativity [26-32]:
(I11-18)

Which allowed rewriting Eq. (I11-17) as follow:

h AA Z925@ e“‘sr 2 8—51" -] -
Hy? (5, %) =y{ - l(l_e_gr) —l_e_&lw}Ls (I11-19)

Her we have

0 = (6%, + 6%; + 6%)1/? (I11-20)
6 = (9_122 + 9_223 + 6_?123)1/2

Here y = 1/137 Is the atomic fine structure constant, and S is the spin of the particle which
interacted with Hulthén potential. The obtained equation (I11-7) cannot be solved analytically for any state
10, because of the centrifugal term and the studied potential itself. To solve Eq. (I1I-7), we need to apply
the approximation scheme suggested by Greene and Aldrich [3,12,13,14 (chapter 2)]:

1 82 e—Sr

el (I1-21)

Which allow us to deduce immediately:

~

~ = 11-22
1-exp(-or) 1-s (1H1-22)

1 5e(6/2)r ~ 551/2
r

which gives the induced Hamiltonian Hggr(f), X) due to the space-phase noncommutativity:



Ze? &Y | g2 S 0 |-=
H™ (x ,p )= - O+ LS 11-23
pert( H py) }/{ 2 l—S |:(1—3)2 1—S:| 2m0} ( )

A direct simplification gives the induced Hamiltonian Hggr(f),ﬁ) due to the space-phase

noncommutativity as follows:

éZez SS/Z S3/2 5 .
H™ (R.,p, )= - O+ LS 111-24
pert( H p/,z) 7{ 2 |:(1—S)3 (1_5)2 2m0 ( )
The energy spectrum, by applying the standard perturbation theory as follow:
E¥ =E, +AE, (I11-25)

Where AE,, is the correction of energy which can be determined by using the standard perturbation theory

at first order as follows:
AEnI = <anIm |H SSrt ("# ' ﬁy } anIm > (HI'26)

In this memory of a master, we will confine ourselves to finding the energy correction corresponding to the

ground  state n=0, the hypergeometric  polynomials  function for this  case
’ Fl(— 0,2,/C, +K,:1+2,C,, ,s)=1, and regarding the corresponding wave function in Eq. (II-27), we

apply the formula (I11-26) to obtain AE,, as follows:

+o0 éZez S5/2 S3/2 5
AE, =C, 2 [s2' (1— ) _ 0 d )
ol ol !S ( S) 7{ 5 [(1_ 5)3 (1_ 8)2] + 2m0} r (I1-27)

After a straightforward calculation, we obtain:



5/2

5Ze’ Lo xS
AE, = A.s 5? —g)™ Odr
o =7 2 (J ) _([ ( ) (1—5)3
2 +00 \/C— s3/2
- r(j1,)Cy" [s7 (1-sf" = odr (I1-28)
0 (1_ S)

1ot 8)5 - 52/ (s dr

2 2 2
The value z(j,1,s) presents the eigenvalues of the operator =2 =J —L —S isgiven by:

(i, 1,s)=(j(i+D) -1 +1) —s(s+1))/2 (I11-29)

A direct simplification of Eq. (I1I-28) gives:

2

éZe 2\/§+3/2 2K,-3
ABy =7 (Jls)co.®j (L-s)"ds

2

20

-y T(J',l,S)Cof@JSZMM( s)"ds (I11-30)

0

2 4. 5 i 2\Co-L 2K,
+1C,, T(J'I’S)Zmdjs (1-s)“ds

0~ 0

We have s = exp(—or), this allows us to obtaindr = —%E . After introducing a new variablez=1-2s, we
S
1-z 1 dz z+1
haves === ,ds = 515 andl1—s= — From the asymptotic behavior of s =exp(-or) andz=1-2s
-2

2
,when r — 0 (z > -1) andr -+ (z —1), this allows to reformulate Egs; (I1I-30) as follows:

1 OZe? Coi +1/2 2K
AE, = 1,5)C,°0 =
0l 5 2/Col +3/2+2K-3 /4 25 (J S) 0l :[( ) ( ) z

1 et . # JCor-12 -
-7 22\/CT,|+1/2+2K|—2 252 T( I | ! S)COI2®J.( - 2)2 ( )2K dz (HI_3 1)
|

1 0
7 Co i) [

0 -1

Comparing Eqgs. (ITI-31) with the integral of the form [33]:



+ 2n+a+f+1
Il(l_x)nm(“x)mﬂdx: 2 r(n+a+)r(n+p+1)
4 @2n+a+p+1r(2n+a+B+1)

(I1-31)

A direct calculation gives the expectation values in Egs. Egs. (I1I-31) As follows:

ozet r(2./C. +3/2)0(2K, -2
AEm:?/?T(J,LS)COlZ@( (\/: )F( | )

2,/Cy +2K, -3/2J7(2,/C,, +2K, -3/2)

LI e g r(2,/C, +1/2)r(2k, -1)
7225 T e, vk, ~3i2f 2 ey v 2K, —sr2)  (0-32)

5 r(2,C, ~1Jr(2K, +1)
+7Co 7(J1,5) 2m o (2\/CT|+2K| _1ﬁ“(2@+2K| _1)

The energy spectrum, by applying the standard perturbation theory as follow:
EX = E, +AE, (I1-33)

Where E,, is determined from Eq. (II-28) which we have seen in the second chapter:

2 2 2 2 2
S U (RS (20287 15) LD )
21 2 21/ 4+1(1+) +1/2 |  2u




General conclusion

Through this master's memory in physics, theoretical specialty:
Promotion 2020-2021

The nonrelativistic study of the energy spectrum producing from a central potential in the extended
guantum mechanics symmetries: the case of Hulthén potential as a model

This memory aims to study physical systems within the framework of the modified Schrddinger equation

with the modified Hulthén potential, in three-dimensional non-commutative quantum mechanics.

In the first chapter, we have represented the mathematical and physical formalisms of the
noncommutative three-dimensional space-phase, and apply these principles to the atoms of modified
Hulthén potential.

In the second chapter, we reviewed the effect of the modified Hulthén potential on a physical system

based on many works.

In the third chapter, we studied the effect of the noncommutativity of the three-dimensional phase
space, by applying the generalized Bopp shift method and standard perturbation theory at the first order,
the modifications on the energy corresponding to the ground state are obtained, we have constructed a
noncommutative Hamiltonian operator, we can conclude that the application of the noncommutativity in

this work on the modified Hulthén potential, includes the spin-orbit coupling effect internally.
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Abstract

In our work to this master memory, in theoretical physics(2020/2021), we have studied the
Schrédinger equation with the Hulthén potential in noncommutative three dimension spaces and phases, by
applying the Boop’s Shift method to the first order of the parameters (©,8), in addition to the standard
perturbation theory, to obtain the spectrum of energy of the system, which is changing radically, and
replaced by degenerate new states which depending on the discrete atomic quantum numbers (j, n, 1, s) this
result was produced from the spin-orbit interaction. we saw that the Hamiltonian operator of the Hulthén
potential in the extended symmetries is the sum of two operators, the first part is the usual ordinary
Hamiltonian (ordinary kinetic energy and standard Hulthén potential), while the second is the is spin-orbit

interaction.

Keywords: Schrddinger equation, Hulthén potential, noncommutative quantum mechanics, star product,
Boop’s shift method.

gedla

o il on et pain gy Alalae Al oy B (2021-2020) Aokl ol 5l (A coda jinlall 3 S3a palall 12a Ulee
O A bl ol sl A Hhs ke ) ALY (0, 0) ) 38 s o) (s Tane Gakaty ¢ shall g 2l DG sl g liadl)
Aadaiall paS 2oV (3lati i) 5 Bagaa Aaie Vs sy Gy g ) IS sy ) dleall B8l Cala e J saanll Jal

Ll il Hlaa-Cpanall Jgrie 5l (e i 5 038 (G, 1, 1, S)

Size s JsY) ccnisal g sana g DU aaill ) ghall S eliadll <l LAl 8 (i) g ) eSS silualel) S o) Ll
Oep Jeldll Sise s (SE 5 el il s () 5aS] ()l il





