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General introduction 

      The beginning of the last century heralded the emergence of a multipolar scientific 

revolution. One of its poles represents Einstein's special and general relativity. Which 

was a successor to classical mechanics in the field of speeds comparable to the speed 

of light in a vacuum, which takes into account the effect of gravity. But their influence 

is in the macroscopic and astronomical fields. 

       While the second pole of the contemporary scientific revolution lies in the 

microscopic field, where the distances between objects are compared to Planck's 

constant known in the physical literature. In other words, quantum mechanics is 

concerned with physical phenomena at both the atomic and nuclear levels. 

          It is possible to know the various physical information about the studied systems 

by addressing the solutions of the basic equations known in the literature. 

           The Schrödinger equation describes the state of atomic particles with small 

energies of the order of the electron volt, this is according to the value of the spin.   

        While at the level of high energies of the order of Mev, the Schrödinger equation 

must be replaced by the Klein Gordon equation or by the Dirac equation. The 

Schrödinger equation has so far attracted researchers to it. Among the potentials that 

occupied the researchers' thought is the so-called Hulthén potential [1,2 and (1-11 

chapter2)]. The Hulthén potential is used in nuclear and particle physics, atomic 

physics, solid-state physics, this potential is one of the important short-range potentials 

in physics, this potential has been used in nuclear and particle physics and atomic 

physics [1-11_chapter 2]. 

        Since noncommutative quantum mechanics includes large physical symmetries 

than the symmetries of quantum mechanics known in the literature, we will reserve this 

study to obtain a master's degree in theoretical physics from Mohamed Boudiaf 



7 

 

University in M'sila to study this potential in noncommutative quantum mechanics 

promotion 2020-2021 intituled by the nonrelativistic model study of the energy 

spectrum resulting from a central potential in the extended quantum mechanics 

symmetries: The case of Hulthén potential  as a model : 

. 

          This master memory is organized as follows. In chapter one, the noncommutative 

quantum mechanics is represented. In chapter two, the Schrödinger equation is revised 

under the Hulthén potential. In chapter three, we study the effect of noncommutativity 

properties on the Hulthén potential. 
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 Ⅰ-Introduction 

       We reserve this chapter to a review of physical and mathematical concepts that are useful for a 

better understanding of noncommutative quantum mechanics. 

Ⅰ-Reminds about the structure of ordinary quantum mechanics: 

        The beginning of quantum physics is known in 1900 when Planck quantifies the energy of light 

( Eγ = hν ) where (h ≈ 6,6262. 10−34  js ). Currently, ordinary quantum mechanics is formulated on 

the commutative space of the coordinates of variable and the canonical moment of hermetic operators 

(xi, pi), as following [1-2]: 

                                 {

[𝑥𝑖, 𝑝𝑗] = 𝑖ℏ𝛿𝑖𝑗

[𝑥𝑖, 𝑥𝑗] = 0      

[𝑝𝑖, 𝑝𝑗] = 0     

                                                                    (Ⅰ-1) 

Where  ℏ =
h

2π
 Is the reduced Planck constant and δij Is Kronecker's ordinary symbol. The 

quantization procedure satisfies both relations principles concerning the energy E and impulsion P: 

ii
xi

p
t

iE



→




→


           and                                                              (Ⅰ-2) 

We know that the energy of a particle of mass m0 subjected to the forces produced by a potential 

 V(r⃗, t), in a classical mechanic is given by 

                                         E =
P⃗⃗⃗2

2m0
+ V(r⃗, t)                                                          (Ⅰ-3) 

Now apply the two principles of canonical quantization presented in Eq. (0–1), we obtain the 

following Schrödinger equation: 

                  [−
ℏ2

2m0
∇ + V(r⃗, t)]Ψ(r⃗, t) = iℏ

∂Ψ(r⃗⃗,t)

∂t
                                         (Ⅰ-4) 

Where the Laplacian operator in Cartesian coordinates is given by: 
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                                   ∇2=
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
                                                   (Ⅰ-5) 

While in the spherical coordinate is determined from the following relation: 

𝛻2 =
1

𝑟2
𝜕

𝜕𝑟
 (𝑟2

𝜕

𝜕𝑟
) +

1

𝑟2 𝑠𝑖𝑛(𝜃)

𝜕

𝜕𝜃
(𝑠𝑖𝑛(𝜃)

𝜕

𝜕𝜃
) +

1

𝑟2 𝑠𝑖𝑛(𝜃)

𝜕2

𝜕𝜑2
                       (Ⅰ-6) 

Eq. (0–2) known by the Schrödinger equation in ordinary space-time, based on the postulates 

presented, Ψ(r⃗, t) is the complex wave function, which determines the probability of finding the 

particle at time t in an elementary volume  d3r, rounding the point r. 

                                                  dP = |Ψ(r⃗, t)|3d3r                                                      (Ⅰ-7) 

The complex wave functions in the space of the impulsion allow us to determine the probability of 

impulsion 

                                           dP(p⃗⃗) = |Ψ(p⃗⃗, t)|3d3p                                                  (Ⅰ-8)        

The incertitude relation of Heisenberg in ordinary quantum mechanics: 

                                                    

{
 
 

 
 ∆x∆px ≥

ℏ

2

∆y∆py ≥
ℏ

2

∆z∆pz ≥
ℏ

2

                                                            (Ⅰ-9) 

  Furthermore, in ordinary quantum mechanics, the mean value is very important which denoted 

by 〈A〉, it takes the form: 

                      {
〈A〉 = ∫Ψ(r⃗, t)∗ Â Ψ(r⃗, t)d2r     2D

〈A〉 = ∫Ψ(r⃗, t)∗ ÂΨ(r⃗, t)d3r     3D
                                (Ⅰ-10) 

We know that 

( )





=

=





ddrdrrd

rdrdrd

sin23

2

                                                         (Ⅰ-11)   

The probability current density vector  J⃗(r⃗, t) given by 

Metatla
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                            J ⃗⃗ (r⃗, t) =
ℏ

2mi
(Ψ∗ ∆Ψ − Ψ∆Ψ∗)                                  (Ⅰ-12) 

Satisfies the continuity equation: 

                                  
∂

∂t
ρ(r⃗, t) + ∇⃗⃗⃗J⃗(r⃗, t) = 0                                        (Ⅰ-13) 

Where the term ρ(r⃗, t) represent the probability density, it’s perfectly similar to the equation of 

charge conservation. 

       In the symmetries of traditional quantum mechanics QM, the global angular momentum J⃗ is the 

sum of the two moments, angular momentum L⃗⃗ and the spin momentum  S⃗⃗ as follows: 

                                                   J⃗ = L⃗⃗ + S⃗⃗                                                 (Ⅰ-14) 

The spin-orbit coupling takes the form 

                                               L⃗⃗S⃗⃗ =
1

2
(J⃗2 − L⃗⃗2 − S⃗⃗2)                                  (Ⅰ-15) 

The eigenvalues of the operators   J⃗, L⃗⃗ and S⃗⃗   

                                    {

J⃗2Ψ = j(j + 1)Ψ

L⃗⃗2Ψ = l(l + 1)Ψ

S⃗⃗2Ψ = s(s + 1)

                                       (Ⅰ-16) 

The previous two equations (Ⅰ-15) and (Ⅰ-16) allow deducing the eigenvalue of the coupling   L⃗⃗S⃗⃗  as 

follows: 

   L⃗⃗S⃗⃗ Ψ =
1

2
{ j(j + 1) − l(l + 1) − s(s + 1) } Ψ                      (Ⅰ-17) 

For a fermion particle as the electron, the possible value of ‘j’ 

                    {
j = l +

1

2

j = l −
1

2

          With                 {
j ≤ |l +

1

2
|

j ≥ |l −
1

2
|
                  (Ⅰ-18) 

III_ Noncommutative space-phase: 
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       The idea of studying noncommutative space in particle physics is very old, the purpose was to 

be able to eliminate ultraviolet divergences from the field of quantum theory. In quantum mechanics, 

the phase space is defined by replacing the variables and the canonic momentum (x̂i, p̂j) by hermetic 

operators. The idea of the noncommutativity of space is introduced by W. Heisenberg in 1930 [3] and 

then developed by H. Syndre in 1947 [4], satisfied by the new algebraic stricter followed by the rule 

of noncommutative commutations relations [1-2]:  

{

[xi, pj] = i ℏδij

[xi, xj] = 0                   

[pi, pj] = 0             

(In ordinary QM)  

It will be replaced by the following new algebra [5-20]: 

            {

[x̂i, p̂j] = iℏeffδij

[x̂i, x̂j] = iℏθij

[p̂i, p̂j] = iℏθ̅ij

            (In the extended QM)                           (Ⅰ-19) 

Where  i, j = 1,3̅̅ ̅̅    and      ℏeff = ℏ(1 +
θθ̅

4ℏ2
) is the effective constant of Planck. The noncommutative 

coordinate taking 

                                          {
xi → x̂i = f(xi, pi)
pi → p̂i = g(xi, pi)

                                                  (Ⅰ-20) 

Then we have 

(θμν, θ−μν) ≡ −(θνμ, θ−νμ) = ℇμν(θ, θ̅)                                    (Ⅰ-21) 

Whereas the first parameter is an antisymmetric tensor induced by noncommutativity space-space, 

and the second is an antisymmetric tensor induced by the noncommutativity phase-phase. It is very 

important to note the dimensions: 

((Lenght)2 = (impulsion)2) → (θμν =, θ−μν) 

In two-dimensional noncommutative phase space, the canonical switch relation is: 
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{
 
 

 
 [x̂1, p̂1] = [x̂2, p̂2] = [x̂3, P̂3] = iℏ

[x̂1, p̂2] = [x̂2, p̂1] = 0             

[x̂1,x̂2] = iθ12                          

[p̂1, p̂2] = iθ̅12                        

                                           (Ⅰ-22) 

Or  

                            

{
 
 

 
 
[x̂ , p̂x] = [ŷ , p̂y] = [ẑ, p̂z] = i

[x̂ , p̂y] = [ŷ , p̂x] = 0                

[x̂ , ŷ ] = iθ12                           

[p̂x, p̂y] = iθ̅12                         

                                        (Ⅰ-23) 

Ⅰ- 4 Product star 

We will see the star product properties and the Moyal-Weyl formula 

Ⅰ-4-1 Quantification of Moyal-Weyl 

      Within the framework of the canonical quantification of quantum mechanics, Weyl gives a 

prescription that makes it possible to associate operators with the classical function of canonical 

variables. The transform of each function f(x) or g(x), is denoted by f̃(k) and   g̃(k) [21-26]: 

{
𝐟(𝐱) = ∫d4k eikx f̃(k)

𝐠(𝐱) = ∫d4k  eikx g̃(k)
→ {

𝐟(𝐤) = ∫d4x  e−ikx f(x)

𝐠̃(𝐤) = ∫ d4x e−ikx g(x)
                   (Ⅰ-24) 

can be defined as follow, with associates f and g by the operators w(f)  and   w(g) : 

                                {
𝐰(𝐟) = (2π)−4 ∫ d4eikx̂f̃(k)

𝐰(𝐠) = (2π)−4 ∫d4eikx̂g̃(k)
                         (Ⅰ-25) 

Ⅰ-4-2 Products of Moyal 

    The product  w(f)w(g) is defined[21-26]: 

w(f)w(g) = (2π)−4(2π)−4 ∫𝐝𝟒 k  d4p eikx̂eipx̂f̃(k)g̃(p)               (Ⅰ-26) 
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Used the formula of Campbl-Backer-Hausdorff: 

eAeB = eA+B+
1

2
h[A,B]+

1

2
h2[[A,B],B]−

1

2
h3[[A,B],A]+⋯.

                               (Ⅰ-27) 

With [A, [A, B]] = [B, [A, B]]. A new product noted product star (*) then the product of 

w(f)w(g)takes the form: 

w(f)w(g) = (2π)−4(2π)−4∫d4 k  d4p eikx̂+ipx̂−h
i
2
kipjθ

ij

f̃(k)g̃(p) 

               = 𝑤(𝑓 ∗ 𝑔)                                                                        (Ⅰ-28) 

Where (f∗g) is a new function defined   

       (f ∗ g) = e
i

2
hθij

∂

∂xi

∂

∂yj[f(x)g(x)]y⟶x                                            (Ⅰ-29) 

This relation is developed as follows 

        (f ∗ g) = f(x)g(x) +
i

2
hθij

∂

∂xi
f(x)

∂

∂xj
+ o(θ2)                        (Ⅰ-30) 

The new products (f ∗ g) represent the product in noncommutative phase space and the f(x)g(x) 

represents the ordinary product in the commutative space 

f(x) ∗ g(x) = f(x)g(x) + ∑ (
i

2
)
n

∞
n=1

1

n!
θμ1ν1 … . θμnνn ∂μ1 ∂μnf(x) ∂ν ∂νng(x) (Ⅰ-31) 

Ⅰ-4-3 Product star properties  

There are deferent properties of the star product, we have [21-26]: 

•  Noncommutative 

f(x) ∗ g(x) ≠ g(x) ∗ f(x)                                              (Ⅰ-32) 

• The star product is an association 

           (f(x) ∗ g(x)) ∗ h(x) = f(x) ∗ (g(x) ∗ f(x))                               (Ⅰ-33) 
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• The conjugate complex relation 

                      (f(x) ∗ g(x))∗ = f(x)∗ ∗ g(x)∗                                  (Ⅰ-34) 

• The integral relation 

                       ∫d4x (f ∗ g)(x) = ∫ d4x f(x)g(x)                                (Ⅰ-35) 

       Cyclic permutation 

∫dDx (f ∗ g ∗ h)(x) = ∫ dDx (h ∗ f ∗ g)(x) = ∫ dDx (g ∗ h ∗ f)(x)          (Ⅰ-36) 

• Satisfies Leibniz’s rule 

∂μ (f ∗ g) = (∂μf) ∗ g + f ∗ (∂μg)                                       (Ⅰ-37)                     

Ⅰ-5-The Boop’s shift method 

      In this Master memory, we apply Boop’s shift method instead of solving the Schrödinger 

equation will be treated by using directly the two commutators [26-29]: 

[𝑥̂𝑖, 𝑥̂𝑗] = 𝑖𝜃𝑖𝑗                                                            (Ⅰ-38) 

[𝑝̂𝑖, 𝑝̂𝑗] = 𝑖𝜃̅𝑖𝑗                                                          (Ⅰ-39) 

 To write the Schrödinger equation in noncommutative phase space, we apply the following steps 

[30-36]: 

• We replace the ordinary wave function with a new wave function    Ψ(r⃗, t) ⟶ Ψ̂(r⃗̂, t) 

• We replace the ordinary Hamiltonian operator with a new operator    H(pi, xi) → Ĥ(p̂i, x̂i) 

• The ordinary energy E replaced by a new valueEnc. 

• The ordinary product is replaced by the star product (*) 

The four steps lead to obtains Schrödinger equation in the noncommutative phase space  

                          Ĥ(p̂i, x̂i) ∗ Ψ̂(r⃗̂, t) = EncΨ̂(r⃗̂, t)                                                      (Ⅰ-40) 
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We can write the wave function as: 

                                      Ψ̂(r⃗̂, t) = Ψ̂(r⃗̂)f(t)                                                           (Ⅰ-41) 

So, the equation (Ⅰ-40) becomes: 

                               Ĥ(p̂i, x̂i) ∗ Ψ̂(r⃗̂) = EncΨ̂(r⃗̂)                                                 (Ⅰ-42) 

The Hamiltonian operator takes the forms [34-40]: 

{
 
 
 
 

 
 
 
 Ĥ(p̂i, x̂i) = H(p̂i = pi +

θ̅ij

2
xj, x̂i = xi −

θij

2
pj)  

→   ( NC − 3D: RSP)

Ĥ(p̂i, x̂i) = H(p̂i = pi     ,        x̂i = xi −
θij

2
pj)   

→      (NC − 3D: RS)

   Ĥ(p̂i, x̂i) = H(p̂i = pi +
θ̅ij

2
xj       ,      x̂i = xi)  

 →      (Nc − 3D: RS)

                                     (Ⅰ-43) 

The variety (Ⅰ-43) corresponds: 

                            {
pi → p̂i = pi +

θ̅ij

2
xj

xi  →  x̂i = xi −
θij

2
pj

                                                            (Ⅰ-44) 

With 

                            {
pi → p̂i = pi                 

xi  →  x̂i = xi −
θij

2
pj

                                                                    (Ⅰ-45) 

and 

                                  {
pi → p̂i = pi +

θ̅ij

2
xj

xi  →  x̂i = xi              
                                                                 (Ⅰ-46) 

We are studying the noncommutative phase space in three dimensions, so the commutation relations 

in Eq. (I.44) are replaced by a new commutation’s relation 
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







=

=

=

zx

yx

xx

ˆˆ

ˆˆ

ˆˆ

3

2

1

  and   









=

=

=

z

y

x

pp

pp

pp

ˆˆ

ˆˆ

ˆˆ

3

2

1

                                                         (Ⅰ-47) 

We can obtain the forms: 















−−=

−−=

−−=

2

32

1

31

33

3

23

2
21

22

3

13

2
12

11

22
ˆ

22
ˆ

22
ˆ

xxxx

xxxx

ppxx







                                                        (Ⅰ-48) 

and 

                                                   















++=

++=

++=

2

32

1

31

33

3

23

2

21

22

3

13

2

12

11

22
ˆ

22
ˆ

22
ˆ

xxpp

xxpp

xxpp







                                                    (Ⅰ-49)             

With the square of (r⃗̂)and (p⃗⃗̂ ) are given by: 

                              {
r⃗̂2 = r⃗̂2 + r⃗̂2 + r⃗̂2

 

p⃗⃗̂2 = p⃗⃗̂2 + p⃗⃗̂2 + p⃗⃗̂2
                                                                  (Ⅰ-50) 

For getting the solution of the noncommutative Schrödinger equation we used the product star by 

Bopp’s shift method that it is a consequence of the product star between the potential operator V̂(x̂) 

and the complex wave function Ψ̂(r̂) [26-29]: 

[
p⃗⃗⃗̂2

2m
+ V̂(x̂)] ∗ Ψ̂(x̂)         →         [

p⃗⃗⃗2

2m
+ V(x)]Ψ(x)                                      (Ⅰ-51) 

In the noncommutative three-dimensional phase space, the tow operator (r⃗̂)and (p⃗⃗̂ ), takes the form 

[35-40]; 
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                               {
r̂2   =      r2 −  L⃗⃗⃗Θ⃗⃗⃗
p̂2

2m0
= 

p2

2m0
+

L⃗⃗⃗θ⃗⃗⃗̅

2m0

                                                             (Ⅰ-52) 

With  Θ =  θ 2⁄  

                             {

LΘ = LxΘ1 + LyΘ2 + LzΘ3
 

L⃗⃗θ⃗⃗̅ = Lxθ̅12 + Lxθ̅23 + Lzθ̅31

                                                  (Ⅰ-53) 

Ⅰ-7-Application on Hulthén potential 

     Now we ready to apply the noncommutative space-phase properties on the Hulthén potential 

which has the following traditional expression [1-11 chapter 2]: 

                                     V (ŕ) =
−ze2δe−δŕ

1−e−δŕ
                                               (Ι-54) 

From Eq. (Ⅰ-52), we can write ŕ as follows: 

ŕ = r (1 −
L⃗⃗⃗θ⃗⃗⃗

r2
)
1 2⁄

                                                (Ι-55) 

We use the following formula: 

                                   {
(1 + x)n ≃ 1 + nx
if   x ≪ 1              

                                               (Ι-56) 

Eq. (I-55) take the form   

ŕ ≃ r(1 −
L⃗⃗⃗θ⃗⃗⃗

2r2
) ≃ r −

L⃗⃗⃗θ⃗⃗⃗

2r
                                       (Ι-57) 

Now we begin to apply the Hulthén potential, the expression of e−δŕ can be written in the symmetries 

of extended quantum mechanics symmetries as follows: 

                                  e−δŕ = e−δre
δL⃗⃗⃗θ⃗⃗⃗

2r
⁄

       ≃ e−δr (1 +
δL⃗⃗⃗θ⃗⃗⃗

2r
)                          (Ι-58) 

Deducing that 
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                                 e−δŕ ≃ e−δr +
δL⃗⃗⃗θ⃗⃗⃗

2r
e−δr                                                   (Ι-59) 

Therefore, we can get the following approximation: 

                            1 − e−δŕ = 1 − e−δr +
δL⃗⃗⃗θ⃗⃗⃗

2r
e−δr                                          (Ι-60) 

 

                  = (1 − e−δr) [1 +
δL⃗⃗⃗θ⃗⃗⃗

2r
  e−δr (1 − e−δr)

−1
]                                      (Ι-61) 

Allows us to obtain the following: 

e−δŕ

1−e−δŕ
=

e−δr+
δL⃗⃗⃗θ⃗⃗⃗

2r
e−δr

(1−r−δr)[1+
δL⃗⃗⃗θ⃗⃗⃗

2r
  e−δr (1−e−δr)

−1
]
                                                  (Ι-61) 

If we put: 

                              A =
δL⃗⃗⃗θ⃗⃗⃗

2r
  e−δr (1 − e−δr)

−1
                                                   (Ι-62) 

And rewrite the expression  
e−δŕ

1−e−δŕ
  as follows: 

e−δŕ

1 − e−δŕ
=

e−δr    

(1 − r−δr)[1 + A]
+

 
δL⃗⃗θ⃗⃗
2r e

−δr

(1 − r−δr)[1 + A]
 

                                        L                                M            (Ι-63)     

Then we simplify the term L and M  

                         L ≃
e−δr

1−e−δr
[1 −

δL⃗⃗⃗θ⃗⃗⃗

2r

e−δr

1−e−δr
]                                                          (Ι-64) 

And 

M =
 
δL⃗⃗⃗θ⃗⃗⃗

2r
e−δr

(1−r−δr)[1+
δL⃗⃗⃗θ⃗⃗⃗

2r
  e−δr (1−e−δr)

−1
]
                                                  (Ι-65) 
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After straightforward simplification, we obtain: 

                               L ≃
e−δr

1−e−δr
−
δL⃗⃗⃗θ⃗⃗⃗

2r
(
e−δr

1−e−δr
)
2

                                                           (Ι-66) 

And 

                                                M ≃
δL⃗⃗⃗θ⃗⃗⃗

2r

e−δr

1−e−δr
+ O(θ2)                                                                (Ι-67) 

Now, 

   L + M =
e−δr

1−e−δr
−
δL⃗⃗⃗θ⃗⃗⃗

2r
(
e−δr

1−e−δr
)
2

+
δL⃗⃗⃗θ⃗⃗⃗

2r

e−δr

1−e−δr
                                             (Ι-68) 

Finally, we get the Hulthén potential in the noncommutative space as follows: 

   V(ŕ) =
−Ze2e−δr

1−e−δr
−
δL⃗⃗⃗θ⃗⃗⃗

2r
[(

e−δr

1−e−δr
)
2

−
e−δr

1−e−δr
]                                        (Ι-69) 
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Ⅱ-1-Introduction 

        The study of the Hulthén potential in the extended noncommutative space-phase requires a 

necessary review of this potential within the framework of quantum mechanics known in the literature. 

Ⅱ-2-The Hulthén potential 

      The Hulthén potential is used in nuclear and particle physics, atomic physics, solid-state physics, 

this potential is one of the important short-range potentials in physics, this potential has been used in 

nuclear and particle physics, atomic physics, and solid-and solid- state physics [1,2]. Ahmadovet al. 

studied the bound state solutions of the D-dimensional Schrödinger equation for the Hulthén potential 

within SUSY quantum mechanics [3]. In 2009, Agboola studied the Hulthén potential in D -dimensions 

with an exponential approximation of the centrifugal term using the Nikiforov–Uvarov method [4]. By 

using the Pekeris approximation type, Onate solved the Schrodinger equation for the interaction of 

Coulomb and Hulthén potentials within the framework of supersymmetric approach and Nikiforov-

Uvarov method and obtained energy levels are obtained with the corresponding wave functions in 

terms of hypergeometric functions [5]. The bound state approximate solution of the Schrodinger 

equation is obtained by C.O. Edeta and P.O. Okoi for the q-deformed Hulthén plus generalized inverse 

quadratic Yukawa potential in generalized D-dimensions using the Nikiforov-Uvarov method and the 

corresponding eigenfunctions are expressed in Jacobi polynomials [6]. Qiang et al. using the exact 

quantization rule presented the approximate analytical solutions of the radial Schrödinger equation 

with nonzero values for the Hulthén potential in the frame of approximation to the centrifugal potential 

for any l state [7]. E. P. Inyang et al. obtained analytical solutions of the N-dimensional Schrodinger 

equation for the Varshni-Hulthén potential within the framework of the Nikiforov-Uvarov method by 

using the Greene-Aldrich approximation scheme to the centrifugal barrier [8]. Bayrak et al. Were 

presented the analytical solution of the radial Schrodinger equation for the Hulthén potential within the 

framework of the asymptotic iteration method by using an approximation to the centrifugal potential 

for any l state and obtained the energy eigenvalues and corresponding eigenfunctions for different 

screening parameters [9]. The researchers Eser Olgar, Ramazan Koç, and Hayriye Tütüncüler studied 

the bound state solution of the (1+1)-dimensional Klein–Gordon for the generalized Hulthén potential 

in the framework of the asymptotic iteration method [10].  Qlang et al. developed a new and simple 

approximation scheme for centrifugal terms using the new approximate formula for 1/r2, and they 

derived approximately analytical solutions to the radial Schrodinger equation of the Hulthén potential 

with arbitrary l-states [11]. 
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Ⅱ-3-Revised of the Schrödinger equation for the Hulthénén potential 

      In order to find the energy spectrum of the Hulthénén potential in the extended quantum 

symmetries, it is necessary to review its energy spectrum within the framework of ordinary quantum 

mechanics by referring to the references we have already mentioned, especially references 1 and 2 of 

this chapter: 

                        𝑉(𝑟) = −𝑍𝑒2𝛿
𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
                                                                (Ⅱ- 1) 

Where Z is the atomic number and δ is the screening parameter determining the range for the Hulthén 

potential. As mentioned in Ref 11, this potential behaves like the Coulomb potential near the origin of 

coordinates, but in the asymptotic region at a large distance similar to the potential decreases 

exponentially, so its capacity for bound states is smaller than the Coulomb potential. 

         In the Hilbert space, the Schrödinger equation gives 

                                        𝐻̂𝛹(𝑟, 𝑡) = 𝐸𝛹(𝑟, 𝑡)                                                     (Ⅱ-2) 

E represents the energy of the system, and the Hamiltonian obtains by 

                                 𝐻̂ =
𝑃⃗⃗2

2µ
− 𝑍𝑒2𝛿

𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
                                                            (Ⅱ-3) 

For a stationary state, the wave function takes the form 

                                    𝛹(𝑟, 𝑡) = 𝑒−𝑖𝐸 ℏ⁄ 𝛹(𝑟)                                                    (Ⅱ-4) 

We obtain the ordinary Schrödinger equation by applying the procedure of quantization which we have 

seen in the first chapter: 

                 (−
ћ2

2𝑀
∆ − 𝑍𝑒2𝛿

𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
)𝛹(𝑟) = 𝑖ћ

𝜕𝛹(𝑟)

𝜕𝑡
                                                 (Ⅱ-5) 

In the three-dimensions with the spherical coordinate, we know that 

𝛻2 =
1

𝑟2
𝜕

𝜕𝑟
 (𝑟2

𝜕

𝜕𝑟
) +

1

𝑟2 𝑠𝑖𝑛(𝜃)

𝜕

𝜕𝜃
(𝑠𝑖𝑛(𝜃)

𝜕

𝜕𝜃
) +

1

𝑟2 𝑠𝑖𝑛(𝜃)

𝜕2

𝜕𝜑2
                                    (Ⅱ-6) 
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In quantum mechanics, the classical momentum obtains the forms 

• 𝐿⃗⃗ ⟶ The orbital angular momentum  

• 𝑆 ⟶ The spin operator 

• 𝐽  ⟶ The total moment    𝐽 = 𝐿⃗⃗ + 𝑆 

The orbital angular momentum gives 

                                                    𝐿⃗⃗⃗ = 𝑟 ∧ 𝑝⃗                                                                    (Ⅱ-7) 

The Cartesian components are given 

                              𝐿⃗⃗={

𝐿𝑥 = 𝑦𝑝𝑥 − 𝑧𝑝𝑦
𝐿𝑦 = 𝑧𝑝𝑥 − 𝑥𝑝𝑧
𝐿𝑧 = 𝑥𝑝𝑦 − 𝑦𝑝𝑥

                                                 (Ⅱ-8) 

We can write also  

{
 
 

 
 𝐿𝑥 =

ℏ

𝑖
(𝑦

𝜕

𝜕𝑧
− 𝑧

𝜕

𝜕𝑦
)

𝐿𝑦 =
ℏ

𝑖
(𝑧

𝜕

𝜕𝑥
− 𝑥

𝜕

𝜕𝑧
)

𝐿𝑧 =
ℏ

𝑖
(𝑥

𝜕

𝜕𝑦
− 𝑦

𝜕

𝜕𝑥
)

                                               (Ⅱ-9)   

By the spherical coordinate (r, θ, φ) the Eq. (II-9) becomes: 

              

{
 
 

 
 𝐿𝑥 =

ℏ

𝑖
(− 𝑐𝑜𝑠 𝜑 𝑐𝑜𝑡 𝜃

𝜕

𝜕𝜑
− 𝑠𝑖𝑛 𝜑

𝜕

𝜕𝜃
)

𝐿𝑦 =
ℏ

𝑖
(− 𝑠𝑖𝑛 𝜑 𝑐𝑜𝑡 𝜃

𝜕

𝜕𝜑
+ 𝑐𝑜𝑠 𝜑

𝜕

𝜕𝜃
)

𝐿𝑧 =
ℏ

𝑖
(
𝜕

𝜕𝜑
)                                            

                              (Ⅱ-10) 

We have 

               {
𝐿𝑧 𝑌𝑚

𝑙 (𝜃, 𝜑) = 𝑚ℏ 𝑌𝑚
𝑙                         

                        
𝐿2 𝑌𝑚

𝑙 (𝜃, 𝜑) = 𝑙(𝑙 + 1)ℏ2 𝑌𝑚
𝑙 (𝜃, 𝜑)

                                (Ⅱ-11) 

With     𝑙 = 0, 𝑛 − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ,  whereas the total momentum takes the following forms 
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                                     𝐽2 = 𝐽𝑥⃗⃗⃗ ⃗
2
+ 𝐽𝑦⃗⃗⃗⃗

2
+ 𝐽𝑧⃗⃗ ⃗

2
                                                           (Ⅱ-12) 

and 

                                  {
𝐽2|𝑗,𝑚⟩ = 𝑗(𝑗 + 1)ℏ2|𝑗,𝑚⟩

 

𝐽𝑧⃗⃗ ⃗|𝑗,𝑚⟩ = 𝑚|𝑗, 𝑚⟩                

                                                 (Ⅱ-13) 

The coupling operator spin-orbit 𝐿⃗⃗̂𝑆⃗̂ can be written 

                                𝐿⃗⃗̂𝑆⃗̂ =
1

2
((𝐿⃗⃗̂ + 𝑆⃗̂)

2

− 𝐿⃗⃗̂2 − 𝑆⃗̂2)                    

=
1

2
(𝐽2 + 𝐿⃗⃗̂2 + 𝑆⃗̂2)                                     (Ⅱ-14) 

Interesting, the complex wave function  

𝛹(𝑟) = 𝑅(𝑟)𝑌(𝜃, 𝜑) into Eq. (Ⅱ-5), the radial part of the Schrödinger equation for the Hulthén 

potential can be expressed as [3,11]: 

[
𝒅

𝒅𝒓𝟑
+
𝟐

𝒓

𝒅

𝒅𝒓
−
𝒍(𝒍+𝟏)

𝒓𝟐
+ 𝟐µ (𝑬𝒏𝒍 + 𝒁𝒆

𝟐𝜹
𝒆−𝜹𝒓

𝟏−𝒆−𝜹𝒓
)]𝑹(𝒓) = 𝟎                                (Ⅱ-15) 

If we used the short-hand notations: 

  𝑉𝑒𝑓𝑓(𝑟)   =
𝑙(𝑙+1)ћ2

2µ𝑟2
− 𝑍𝑒2𝛿

𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
                                                   (Ⅱ-16) 

Here 𝑉𝑒𝑓𝑓(𝑟) is the effective potential. The radial part of the Schrödinger equation for the Hulthén 

potential can be expressed as [3,11]: 

      (
𝑑2

𝑑𝑟2
+
2

𝑟

𝑑

𝑑𝑟
)𝑅(𝑟) =

2µ

ћ2
[𝐸𝑛𝑙 − 𝑉𝑒𝑓𝑓(𝑟)]𝑅(𝑟)                                     (Ⅱ-17) 

If we assume   𝑅𝑛𝑙(𝑟) =
 𝜒𝑛𝑙

𝑟
 , the hyper-radial Schrodinger equation (Ⅱ-17) becomes: 

𝜒′′(𝑟) + [
2µ

ℏ2
(𝐸 + 𝑍𝑒2𝛿

𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
) −

𝑙(𝑙+1)

2𝑟2
] 𝜒(𝑟) = 0                                (Ⅱ‐18) 
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Metatla
Texte surligné 

Metatla
Texte surligné 
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            To solve Eq. (Ⅱ‐18) H.  I.  Ahmadov et al.  for l≠0, were applying the approximation for the 

centrifugal term [3,12,13]: 

1

𝑟2
≈ (𝑐0 +

𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
)                                                      (Ⅱ-19) 

The parameter C0 = 1/21 is a dimensionless constant, when C0 = 0, the approximation scheme in Eq. 

(Ⅱ-20) becomes the convectional approximation scheme suggested by Greene and Aldrich 

[3,12,13,14]: 

     𝑉̃𝑒𝑓𝑓(𝑟) = −𝑍𝑒2
𝛿𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
+
𝑙(𝑙+1)ℏ2

2µ

𝑒−𝛿𝑟

(1−𝑒−𝛿𝑟)
2                    (Ⅱ-20)  

The radial Schrödinger equation (Ⅱ‐18) after applying approximation for the centrifugal term is 

written as follows: 

𝜒′′(𝑟) +
𝜒′(𝑠)

𝑠
[−𝜀2(1 − 𝑠)2 − 𝜆((1 − 𝑠)2 + 𝑠) + 𝛼2𝑠(𝑠 − 1)]𝜒(𝑠) = 0                     (Ⅱ-21) 

Where 𝑠 = 𝑒−𝛿𝑟  ,   −𝜀2 =
2µ𝐸

ℏ2𝛿2
   , 𝛼2 =

2µ𝑍𝑒2

ℏ2𝛿 
  and   𝜆 = 𝑙(𝑙 + 1). The solutions of Eq.  (Ⅱ-21) in 

terms of hypergeometric polynomials ( )sCKCnnF nlnlnl ,21;2,12 +++−  as [3,11]: 

( )
( )
( )

( ) ( )sCKCnnFss
Cn

CnC
r nlnlnl

KC

nl

nlnl nlnl ,21;2,1
12!

12
12 +++−−

+

++
=    (Ⅱ‐21) 

The complete wave function   𝛹𝑛,𝑙,𝑚(𝑟, 𝜃, 𝜑) , and the energy of the system 𝐸𝑛,𝑙 for the Hulthén 

potential are given in this subsection where [3,11]: 

( )
( )
( )

( ) ( ) ( ) ,,21;2,1
12!

12
,, 12

m

lnlnlnl

K
C

nl

nlnl

nlm YsCKCnnFs
r

s

Cn

CnC
r nl

nl

+++−−
+

++
=   (Ⅱ‐

22) 

Where 

( )









+=

++−=

1

1
2

02

lK

CllEC

l

nlnl




                                                   (Ⅱ‐23) 
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The normalization constant 𝐶𝑛𝑙can be found from normalization condition [3]: 

∫ |𝑅(𝑟)|2𝑟2𝑑𝑟 = ∫ |𝜒(𝑟)|2𝑑𝑟 = 𝑏 ∫
1

𝑠

1

0

∞

0

∞

0
|𝜒(𝑠)|2𝑑𝑠 = 1                                 (Ⅱ‐24) 

Which gives the following values of normalization constant: 

𝐶𝑛𝑙 = √
𝑛! 2√𝑐(𝑛 + 𝑘 + √𝑐)𝛤(2(𝑘 + √𝑐) + 𝑛)

𝑏(𝑛 + 𝑘)𝛤(𝑛 + 2√𝑐 + 1)𝛤(𝑛 + 2𝑘)
                                    (Ⅱ‐ 25) 

While the energy eigenvalues nlE  is given also from [3] when D=3 as follows: 

( )
)1(

22/1)1(4/12

/2

2

2/1)1(4/1

2
0

2
2

222

++














++++
−

++++
= llC

nll

Zenll
Enl








  (Ⅱ‐26) 

For the ground state, we have 0=n , the hypergeometric polynomials function 

( ) 1,21;2,0 0012 =++− sCKCF lnll  

This allows us to simplify the complex wave function and the corresponding energy eigenvalues lE0  

to the following two formulas as follows: 

( ) ( ) ( ) ,1,,
0

00

m

l

K
C

llm Ys
r

s
Cr l

l

−=                              (Ⅱ‐27) 

And 

( )
)1(

22/1)1(4/12

/2

2

2/1)1(4/1

2
0

2
2

222

++














+++
−

+++
= llC

ll

Zell
EOl








   (Ⅱ‐28) 
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Chapter III 

The Effect of Noncommutativity 

On the Energy Spectrum produced by the Hulthén potential 

in three-dimensional noncommutative quantum mechanics 

 

 

 

 

 

 



  

 

Ⅲ-1-Introduction  

   The object of the last chapter is to know the effect produced by proprieties of deformed space-phase on 

the Hulthén potential using the Boop’s Shift method and the perturbation theory to find the corrections of 

energy.  

Ⅲ-2-The Schrödinger equation in noncommutative phase- space 

    In this section, we shall give an overview of a brief preliminary for the modified Hulthén potential in 

three-dimensional nonrelativistic noncommutative quantum mechanics symmetries. To perform this task, 

the physical form of the modified Schrödinger equation, it is necessary to replace the ordinary three-

dimensional Hamiltonian operators ( ) pxH hp ,ˆ , the complex wave function 









→

r  , and energy nlE  with 

the new three Hamiltonian operators ( ) pxH hp

nc
ˆ,ˆˆ , the new complex wave function 










→

r̂  , and new values

hp

ncE , respectively. In addition to replacing the ordinary product with the Weyl Moyal star product which 

we have seen in the first chapter, which allows us to construct the modified Schrödinger equation in three-

dimensional nonrelativistic noncommutative quantum mechanics symmetry framework as [1-8]:  

( ) ( ) 







=

















=










→→→→

rErpxHrErpxH hp

nc

hp

ncnlhp
ˆˆˆ,ˆˆ,ˆ

           (III-1) 

Bopp’s shift method [9-11] have been successfully applied to relativistic and nonrelativistic 

noncommutative quantum mechanical problems using the modified Dirac equation [12-16], the modified 

Klein-Gordon equation [17-25], and modified Schrödinger equation [21-25]. This method has produced 

very promising results for several situations having physical, chemical interest. The method reduces the 

modified Dirac equation, the modified Klein-Gordon equation, and modified Schrödinger equation to the 

Dirac equation, Klein-Gordon equation, and the Schrödinger equation, respectively, under two-

simultaneously translations in space and phase. It is based on the following new commutators [9-11,26-32]: 

  ( ) ( )  effitptxpx  == ˆ,ˆˆ,ˆ ,                                            (III-.2) 

  ( ) ( )   itxtxxx == ˆ,ˆˆ,ˆ ,                                                (III-.3) 

and 



  

 

  ( ) ( )   itptppp == ˆ,ˆˆ,ˆ .                                             (III-.4) 

Ⅲ-3-The Hamiltonian operator for the Hulthén potential in extended quantum mechanics: 

       The generalized position and momentum coordinates (𝑝̂𝑖, 𝑥̂𝑖)in the extended quantum mechanics 

depend on the corresponding usual generalized positions and momentum coordinates (𝑝𝑖, 𝑥𝑖) in NRQM as 

follows [9-11]: 

(𝑥𝑖, 𝑝𝑖)  ⟶ (𝑥̂𝑖𝑝̂𝑖) = (𝑥𝑖 −
𝜃𝑖𝑗

2
𝑝𝑗 , 𝑝𝑖 +

𝜃̅𝑖𝑗

2
𝑥𝑗)                      (III-.5) 

The above equation allows us to obtain the two operators 𝑟̂2  and    𝑝̂2   in (NC-3D: RSP) [26-32]: 

                       (𝑟2, 𝑝2) ⟶ (𝑟̂2, 𝑝̂2) = (𝑟2 − 𝐿𝛩, 𝑝2 + 𝐿𝜃̅)                      (Ⅲ‐6) 

The reduced Schrödinger equation can be written as [9-11, 26-32]:   

( ) ( ) 







=

















=










→→→→

rErpxHrErpxH hp

nc

hp

nc

hp

nc

hp

nc 
ˆ,ˆˆˆˆ,ˆˆ     (Ⅲ‐7) 

The Hamiltonian operator𝐻̂(𝑝̂𝑖, 𝑥̂𝑖) which we have seen in the first chapter, be written as three models: 

{
 
 
 
 
 

 
 
 
 
 𝐻̂(𝑝̂𝑖, 𝑥̂𝑖) = 𝐻 (𝑝̂𝑖 = 𝑝𝑖 +

𝜃̅𝑖𝑗

2
𝑥𝑗 , 𝑥̂𝑖 = 𝑥𝑖 −

𝜃𝑖𝑗

2
𝑝𝑗)                           (Ⅲ‐ 8) 

→   ( 𝑁𝐶 − 3𝐷: 𝑅𝑆𝑃)

𝐻̂(𝑝̂𝑖, 𝑥̂𝑖) = 𝐻 (𝑝̂𝑖 = 𝑝𝑖     ,        𝑥̂𝑖 = 𝑥𝑖 −
𝜃𝑖𝑗

2
𝑝𝑗)                             (Ⅲ‐ 9)

→      (𝑁𝐶 − 3𝐷: 𝑅𝑆)

𝐻̂(𝑝̂𝑖, 𝑥̂𝑖) = 𝐻 (𝑝̂𝑖 = 𝑝𝑖 +
𝜃̅𝑖𝑗

2
𝑥𝑗        ,      𝑥̂𝑖 = 𝑥𝑖)                              (Ⅲ‐ 10)

 →      (𝑁𝑐 − 3𝐷: 𝑅𝑆)

 

⇒ (Ⅲ‐ 8)     signify that the deformation is applying on the phase-space. 

⇒(Ⅲ‐ 9)    signify that the deformation is applying to space-space noncommutativity. 

⟹(Ⅲ‐ 10)   signifies that the deformation is applying to the phase-phase noncommutativity. 



  

 

          In our Memory, we are interested in the first variety. The Hamiltonian operator which corresponds 

to the first model takes the form  

                                          𝐻𝑛𝑐(𝑝̂𝑖, 𝑥̂𝑖) =
𝑃̂2

2µ
+ 𝑉(𝑟̂)                                         (Ⅲ‐11) 

The Hulthén potential in three-dimensional noncommutative space-phase symmetries gives 

                                         𝑉 (𝑟́) =
−𝑧𝑒2𝛿𝑒−𝛿𝑟́

1−𝑒−𝛿𝑟́
                                  (Ⅲ‐12) 

We have seen in the first chapter, the Hulthén potential in the three-dimensional noncommutative space-

phase symmetries as follows: 

   𝑉(𝑟́) =
−𝑍𝑒2𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
−
𝛿𝐿⃗⃗𝜃⃗⃗⃗

2𝑟
[(

𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
)
2

−
𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
]                          (Ι-69) 

We can deduce that 

                     𝑉(𝑟́) = 𝑉(𝑟) +
𝑍𝑒2𝛿𝐿⃗⃗𝜃⃗⃗⃗

2𝑟
[(

𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
)
2

−
𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
]                       (Ⅲ‐13) 

We have seen in the first chapter, the kinetic term 
𝑝2

2𝑚0
 can be transformed to the following form: 

𝑝2

2𝑚0
= 

𝑝2

2𝑚0
+

𝐿⃗⃗𝜃⃗⃗⃗̅

2𝑚0
                                                     (Ⅲ‐14) 

The last two relations (Ⅲ‐13) and   (Ⅲ‐14)  allow finding the new Hamiltonian expression ( ) pxH hp

nc
ˆ,ˆ  in 

the three-dimensional noncommutative space-phase  symmetries as follows 

                              𝐻𝑛𝑐(𝑝̂𝜇, 𝑥̂𝜇) = 𝐻(𝑝𝜇, 𝑥𝜇) + 𝐻𝑝𝑒𝑟
ℎ𝑝 (𝑝̂, 𝑥̂)      (Ⅲ‐15) 

Where 

                                𝐻(𝑝𝜇, 𝑥𝜇) =
𝑃2

2µ
 − 𝑍𝑒2𝛿

𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
                         (Ⅲ‐16) 

And 



  

 

                   𝐻𝑝𝑒𝑟
ℎ𝑝 (𝑝̂, 𝑥̂)  =

𝑍𝑒2𝛿𝐿⃗⃗𝛩⃗⃗⃗

2𝑟
[(

𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
)
2

−
𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
] +

𝐿⃗⃗𝜃⃗⃗⃗̅

2µ
          (Ⅲ‐17) 

Eq. (Ⅲ‐17) describes the product of the two deformations of space and phase. 

Ⅲ-4- The Spin-orbit Hamiltonian operator for the Hulthén potential in (NC: 3DSP) 

       In this section, we want to derive the physical form of the induced Hamiltonian 𝐻𝑝𝑒𝑟
ℎ𝑝 (𝑝̂, 𝑥̂) due to the 

space-phase noncommutativity [26-32]: 

                                                  {
𝐿⃗⃗𝛩⃗⃗   → 𝛾𝛩𝐿⃗⃗𝑆

𝐿⃗⃗𝜃⃗̅ ⟶ 𝛾𝜃̅𝐿⃗⃗𝑆
                                                     (Ⅲ-18) 

Which allowed rewriting Eq. (Ⅲ‐17) as follow: 

               𝐻𝑝𝑒𝑟
ℎ𝑝 (𝑝̂, 𝑥̂)  = 𝛾 {

𝑍𝑒2𝛿𝛩

2𝑟
[(

𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
)
2

−
𝑒−𝛿𝑟

1−𝑒−𝛿𝑟
] + 𝜃̅} 𝐿⃗⃗𝑆       (Ⅲ‐19) 

Her we have   

                 {
𝛩 = (𝛩12

2 + 𝛩23
2 + 𝛩13

2 )1 2⁄

𝜃̅ = (𝜃̅12
2 + 𝜃̅23

2 + 𝜃̅13
2 )1 2⁄

                                        (Ⅲ‐20) 

          Here 𝛾 ≈ 1 137⁄  Is the atomic fine structure constant, and S is the spin of the particle which 

interacted with Hulthén potential. The obtained equation (Ⅲ‐7) cannot be solved analytically for any state 

l≠0, because of the centrifugal term and the studied potential itself.  To solve Eq. (Ⅲ‐7), we need to apply 

the approximation scheme suggested by Greene and Aldrich [3,12,13,14 (chapter 2)]: 

                                                
1

r2
≈

δ2e−δr

(1−e−δr)
2                                                     (Ⅲ‐21) 

Which allow us to deduce immediately: 

( )

( ) s

s

r

e

r

r

−
=

−−


1
  

exp1

1 2/12/ 



 

                                        (Ⅲ‐22) 

which gives the induced Hamiltonian Hper
hp
(p̂, x̂) due to the space-phase noncommutativity: 



  

 

( )
( )

SL
ms

s

s

s

s

sZe
pxH hp

pert















+








−
−

−−
=

0

2

22/12

21112
ˆ,ˆ


                     (Ⅲ‐23) 

A direct simplification gives the induced Hamiltonian    Hper
hp
(p̂, x̂) due to the space-phase 

noncommutativity as follows: 

( )
( ) ( )

SL
ms

s

s

sZe
pxH hp

pert















+








−
−

−
=

0

2

2/3

3

2/52

2112
ˆ,ˆ


                    (Ⅲ‐24) 

The energy spectrum, by applying the standard perturbation theory as follow:  

nlnl

hp

nc EEE +=                                                     (Ⅲ‐25) 

Where nlE  is the correction of energy which can be determined by using the standard perturbation theory 

at first order as follows: 

( ) nlm

hp

pertnlmnl pxHE = 
ˆ,ˆ                                          (Ⅲ‐26) 

In this memory of a master, we will confine ourselves to finding the energy correction corresponding to the 

ground state 0=n , the hypergeometric polynomials function for this case 

( ) 1,21;2,0 0012 =++− sCKCF lnll , and regarding the corresponding wave function in Eq. (Ⅱ‐27), we 

apply the formula (Ⅲ‐26) to obtain lE0 as follows: 

( )
( ) ( )

+




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0 0
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222

00
2112

1
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dr
ms

s

s

sZe
ssCE ll KC

ll


                      (Ⅲ‐27) 

After a straightforward calculation, we obtain: 
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The value ),,( slj presents the eigenvalues of the operator 
222

2
→→→

−−= SLJ is given by: 

( ) 2/)1()1()1(),,( +−+−+ sslljjslj                                         (Ⅲ‐29) 

A direct simplification of Eq. (Ⅲ‐28) gives: 
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We have )exp( rs −= , this allows us to obtain
s

ds
dr



1
−= . After introducing a new variable sz 21−= , we 

have
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z
s . From the asymptotic behavior of )exp( rs −=  and sz 21−=

, when 0→r  ( )1−→z  and +→r  ( )1→z , this allows to reformulate Eqs; (Ⅲ‐30) as follows: 
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Comparing Eqs. (Ⅲ‐31) with the integral of the form [33]: 
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A direct calculation gives the expectation values in Eqs. Eqs. (Ⅲ‐31) As follows:  
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The energy spectrum, by applying the standard perturbation theory as follow:  
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Where lE0  is determined from Eq. (Ⅱ‐28) which we have seen in the second chapter: 
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Through this master's memory in physics, theoretical specialty: 

Promotion 2020-2021 

The nonrelativistic study of the energy spectrum producing from a central potential in the extended 
quantum mechanics symmetries: the case of Hulthén potential  as a model 

 This memory aims to study physical systems within the framework of the modified Schrödinger equation 

with the modified Hulthén potential, in three-dimensional non-commutative quantum mechanics. 

        In the first chapter, we have represented the mathematical and physical formalisms of the 

noncommutative three-dimensional space-phase, and apply these principles to the atoms of modified 

Hulthén potential. 

        In the second chapter, we reviewed the effect of the modified Hulthén potential on a physical system 

based on many works. 

       In the third chapter, we studied the effect of the noncommutativity of the three-dimensional phase 

space, by applying the generalized Bopp shift method and standard perturbation theory at the first order,  

the modifications on the energy corresponding to the ground state are obtained, we have constructed a 

noncommutative Hamiltonian operator, we can conclude that the application of the noncommutativity in 

this work on the modified Hulthén potential, includes the spin-orbit coupling effect internally. 
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Abstract 

        In our work   to this master memory, in theoretical physics(2020/2021), we have studied the 

Schrödinger equation with the Hulthén potential in noncommutative three dimension spaces and phases, by 

applying the Boop’s Shift method to the first order of the parameters (Θ, θ̅), in addition to the standard 

perturbation theory, to obtain the spectrum of energy of the system, which is changing radically, and 

replaced by degenerate new states which depending on the discrete atomic quantum numbers (j, n, l, s) this 

result was produced from the spin-orbit interaction. we saw that the Hamiltonian operator of the Hulthén 

potential in the extended symmetries is the sum of two operators, the first part is the usual ordinary 

Hamiltonian (ordinary kinetic energy and standard Hulthén potential), while the second is the is spin-orbit 

interaction. 

Keywords: Schrödinger equation, Hulthén potential, noncommutative quantum mechanics, star product, 

Boop’s shift method.   

 ملخص 

(، قمنا بدراسة معادلة شرودينغر لكمون هولثين في 2021-2020الماستر هذه، في الفيزياء النظرية )  هذا الخاص بمذكرةفي عملنا         

,θ )الفضاء اللاتبادلي ثلاثي البعد والطور، بتطبيق مبدأ بوب الذي يوافق الحد  Θ̅)، من ةبالإضافة إلى تطبيق نظرية الاضطراب المعياري ،

 يتغير بشكل جذري، بحيث يستبدل بحالات منحلة جديدة والتي تتعلق بالأعداد الكمية المتقطعة،اجل الحصول على طيف الطاقة للجملة، الذي  

(j, n, l, s)  مدار المستحدث تلقائيا-مفعول السبينهذه النتائج تنتج من تأثير. 

مؤثر    موع لمؤثرين، الأول هو  رأينا ان مؤثر الهاميلتوني لكمون هولثين في تناظرات الفضاء ثلاثي الطور والبعد اللاتبادلي هو مج         

 . مدار-سبين  مؤثر التفاعلالطبيعي و الثاني هو   لكمون هولثين الهاميلتونيان 

 كلمات مفتاحية: معادلة شرودينغر، كمون هولثين، ميكانيك الكم اللاتبادلي، الجداء النجمي، طريقة بوب.  

 

 




