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1. Introduction

As a model problem in the unit square ©2; = (0,1) x (0,1), we consider the following
problem:

— 0y, (a (x) 8x2u) =g (fol h(x1) udxl) +f(x), in€y,
u(x1,0) =u(x;,1) =0, forae.x; €(0,1)

(1)

where x := (x1, x2), g is a nonlinear function, h and a are positive functions, with a > «
for some constant o > 0. First, we note that due to the presence of the non-local term that
involves the values of u on each segment (0, 1) x {x}, this problem cannot be considered
as a family of elliptic problems parametrized by x;. The above problem, as well as the one
arising from the time-dependent diffusion equation

ou

1
E_an (a(x)8x2u)=g</ h(xl)udxl) +f(x), t=0, (2)
0
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involve a non-standard type of equations with second-order differentiation only in some
of the variables (like dy, (a(x)dy,u) in (2)) and a non-local term given by a partial integral
on the other variables. Such problems appear in certain areas of physics and engineering.
For instance, an equation similar to (2) appears in the context of time evolution of some
populations of nonlinearly coupled random oscillators, described by a model proposed by
Kuramoto and Sakaguchi, see [1, Equations (11) and (21)] and [2-4]. In neutron trans-
port theory, the authors of [5] applied the so-called Vladimiriov method (see also [6,7])
to Boltzmann’s transport equation. The produced model is an integro-differential problem
that is close to (1).
To illustrate the type of problems dealt with in this work, let us take

g(s)=—1sI""ts, r>1.

Then, a weak solution for Problem (1) is a function u satisfying

1 1
f aaxzuavadx—i—/ / hu dx; / hu dx; vdx:/ frdx, (3)
Q1 Q1 0 0 Q1

forevery v € D(21), the set of C* function with compact support in €2;. To establish some

r—1

a-priori estimates for u, and due to the presence of the non-local term fol hu dx;, it will be
more convenient to take v as a test function (rather than v) in the weak formulation (3). By
analogy to Kufner and Rékosnik [8], we say that u is an ‘h-weak solution’ to (1) whenever

u satisfies
1 1 1
/ hu dx; / hu dx; / hvdx; | dxp; = frhdx,
0 0 0 Q

1

/ ahaxZuaxzvdx—l—/

o 0
(4)

for every v € D(L21). The fact that fol hu dx; depends only on x; is taken into account.
The lack of differentiation in the direction x; in the differential operator made Prob-

lem (1) less familiar. To overcome this inconvenience and profit from the theory of elliptic

operators, we employ an anisotropic perturbation in the x -direction. Thus we consider

r—1

fol hus dx; = f inQy,

u, =0 on 921,

X1

r—1
_%82 Ug — Ox, (@0x,ue) + ‘fol hug dxl‘

(5)

where ¢ > 0 is a small parameter. Of course, the produced problem is elliptic and the
function u, should have more regularity in the x;-direction. The corresponding integral
equation is given by

/ 823x1 Ug Ox, V + a0y, Ug 0y, v dx
Q1

1 1 1 1
—|—f f hu, dx; / hu, dxlf hvdx; | dx; =/ hfvdx, VYveD(Q).
0 0 0 0 Q

(6)
Dividing by 4 in the term of perturbation — % 8)%1 ue ensures the symmetry of the bilinear
form in the h-weak formulation of (5). This allows us to use a variational approach which

r—1
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is more adapted to the nonlinearity considered here (see for instance [9-11]). Therefore,
we examine the existence of solutions u, for (6) as critical points for the functional

1
/ hvdx;
0

Besides the existence and uniqueness of the solution, our main interest is to study the
asymptotic behaviour for anisotropic singular perturbed problems where the solution u, is
a critical point of the functional J%, as ¢ — 0. Roughly speaking, we show the convergences

r+1

d — | fohdx.
Q)

1

1 1
JF () = z/szl 62|05, v|* + ah |0y, v]” dx + A

ug — up and  J¢ (ug) = J° (ug), ase —> 0

where 1 is an h-weak solution to Problem (1) that is also a critical point to the functional

1
/ hvdxl
0

The problems treated in this work are multidimensional and involve more general non-
linearities, as we will see in the rest of this section. Let w; and w; be two open bounded
subsets of R™ (resp. R™), where #n; and n;, are two positive integers. We set

r+1

dx; — [ fvhdx.
Q)

1

1 2 1

0
V) = — ah |0y, v| dx+ ——
U 2/91 95/ r+1Jo

Q:wlxa)z

and split the components of a point x € R"*" into the n; first components and the n;
last ones, i.e.

x:= (X1,X;) whereX; = (xl,...,xnl) and X;:= (x/l,. ..,x/nz).

With this notation, we set

T T I
Vx,u = <8x1 U ..., 8xn1u2) ,  Vxu:i= (E)xrl Uy...,0y u) and Ay, := 21: s, -
i=

n

Let us denote by A = (a;j(x)) an ny x n, matrix that is symmetric, positive definite and
satisfying

a; €L®(Q), Yij=1---m. 7)

altP <A@C-C<BILP?, VYIeR™, aexeq, (8)

for some constants o, 8 > 0. Then, we consider the integro-differential problem to find u

satisfying

—Vx, - (A () Vxyu) = g0, 1) + i 0) + f(Xp) inQ,
u(Xy,-) =0, fora.e. X1 € w; on dwy,

)
where ¢ : w; x R — Ris a (nonlinear) function involving the non-local term / defined as

Iw) == | hXDuX;,Xz) dX;. (10)

w1

Although the function h does not appear in the main operator in (9), it will play a weight
role. This forces the study to be established in the framework of weighted Sobolev spaces.
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Furthermore, the function & may have zeros on the boundary of w;, which makes the
functional setting more delicate.

As it is illustrated in the model problem (5), the method of anisotropic singular per-
turbations will be applied by approximating the first equation in (9) by the following
one:

2

- %AXl ug — Vx, - (A(0) Vxyue) = g(X0, l(ue)) + i (0) + o (X2)  inQ,  (11)

coupled with some boundary conditions. The functional setting and the assumptions on
the real-valued functions g, h, fi and f, will be further stipulated in the next section.

In a series of recent works, the authors in [12-17] considered anisotropic singular
perturbations for different types of equations (elliptic, parabolic, hyperbolic, ...). This
technique was reused in [14,18,19] as a tool to show the existence of solutions for some
degenerate non-local semilinear problems. By adding perturbation terms involving a small
parameter &, the problem becomes non-degenerate and the existence of weak solutions,
denoted by u,, can be obtained by the Schauder fixed point theorem. Then, some a-priori
estimates independent of ¢ are established for the solutions u, and, letting ¢ tend to 0,
it is shown that the limit is a weak solution for the unperturbed problem. This tech-
nique of anisotropic singular perturbation was applied earlier in [20-22] to show the
existence of solutions for certain nonlinear integro-parabolic equations (of the Fokker—
Planck type).

In the paper at hands, we deal with Problem (11) when g is superlinear and should be
handled by a different method as the variational approach. This type of nonlinearity was
not considered in the previously cited works. We also appeal to different techniques as con-
vexity and compactness arguments to perform the passage to the limit. Since Problem (11)
is strongly related to the eigenvalue problem in the framework of Fredholm theory, we also
investigate the associated non-local eigenvalue problem. This was indispensable since the
principal eigenvalue (called here [-eigenvalue) is involved in the assumptions that ensure
the existence of solutions for the problem considered in the last section.

After the present section, we introduce some weighted spaces of Sobolev type, as well as
some C!-functional involving the non-local term /(). In Section 3, we show the existence
of solutions (denoted by u,) for the perturbed problem (11) under some upper bounded-
ness assumption on the nonlinear term. Then, we investigate the asymptotic behaviour of
solutions, as well as of the related functionals, when ¢ — 0. By passage to the limit, we
obtain the existence of solutions for the original problem (9) as limits of the sequences of
solutions u,. Section 4 is devoted to the non-local eigenvalue problem. We also investigate
the asymptotic behaviour of the smallest /-eigenvalue and its associated I-eigenfunctions.
In Section 5, we review the same issues considered in Section 3 for Problem (11) under
a weaker upper boundedness on the nonlinear term combined with some compactness
assumption.

2. Assumptions and functional setting

In this section, we state the assumptions and define the functional spaces and functionals
related to the considered problems.
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2.1. Anisotropic weighted Sobolev-type spaces

Let h be a weight function on w; that satisfies
hel'(w), h'le Llloc (w1), h > 0a.e. inw. (12)

For1 < p < +00, we denote by L (€2, h) the set of all measurable functions on €2 for which

the norm
1/p
v Wl m = (/ h|vP dx)
Q

is finite. Then, we consider the following weighted anisotropic Sobolev space
V(Q.h):={vel*(Qh) | |Vxv| € L*(Q,h}.

Throughout this paper, the derivatives are taken in the sense of distributions. The above
space is equipped with the norm

v (||v||§2(g’h) n HVX2V|!§(%>”2- (13)
For a weight function A satisfying (12), V(£2, h) is a Hilbert space (see [23]). We will denote
Vo (2, h) := D (), the closure with respect to the norm (13). (1)

For convenience, this space will be equipped by the norm
Vi “ vXzV||L2(sz,h) J

which is equivalent to the norm (13), thanks to Poincaré’s inequality in the X,-direction.
We also consider the weighted Sobolev space

W (Q,h) = {v e L*(Q,h) | |Vx,v| € L*(Q) and |Vx,v| € L* (2, W)},

equipped with the norm (without weight for Vy,)

) 5 1/2
Vi (”VHIZ_Z(Q,h) + ”gvXIV”LZ(Q) + ” VXZVHLZ(Q,h)) : (15)
The parameter ¢ is introduced in the norm for convenience. We can easily see that if u is
in W(R, h), it is also in L?(£2). Under the assumption (12), W(, h) is also a Hilbert space
and clearly W(2, h) C V(, h). Then, we define
Who (22, h) := D (), the closure with respect to the norm(15). (2)

Using Poincaré’s inequality, the mapping

1/2
v (2 [Vl + 10l gn) s (17)

is a norm for Wy (2, h) equivalent to the norm (15).
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The two source terms f] and f, are supposed to satisfy

v
feVi(Qh), fr el (w), (18)
where V{ (2, h) is the dual space of Vi (€2, h). Of course it holds that V| (2, h) C W((2, h).

To characterize the elements of V(/)(Q,h), consider f € V(/)(Q, h). Then, by Riesz’s
representation theorem there exists ¢ € Vy (2, h), such that

(f,V>VO(Q)h)='/QhVX2¢-VX2vdx, VveV(Qh).

Here and in the sequel, the brackets (-, -) denotes the dual product between a given Banach
space and its dual. Setting ¢; = —Bx;qﬁ € L*(,h),i=1,...,ny, we can write

ny
f=h) o4
i=1

This defines a one-to-one correspondence between V| (€2, h) and the set
n
{Z duspir ¢i € L? (sz,h>} :
i=1

From now on, we shall mean by f € V; (£, h) its corresponding element » /2, dy¢i in the
above set. May be we have to point out that such element should be tested by hv to recover
an element of V{(2, h), i.e.

<— ZZ 8x§¢i> hv> = <—h Zz ax;(ﬁ,’, V>
i=1 i=1

xVYveD(Q).

1
= /Q hYy  ¢idgvdx={f, N
i=1

D(2)

Due to the presence of the non-local term, we also consider the space
LP (Q) == {v measurable in | (v) € Lf (v2)},
equipped with the semi-norm v = [[I(v) |16 (w,)-

Remark 2.1: By Holder’s inequality, we have

Ll =

hu Xm

w1

p
-1
<., / hul? dX,
w1

for p > 1. Then, integrating on w,, we get

p-1
1 (@)l e () < ||h||Lf(w1) lullze ,n (19)

and thus L (2, h) C LP(RQ).
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Following the usual notation, we set

o* . 21’12/ (}’12 - 2) if ny > 2
'_ +0o0 if ny, < 2.

Note that 2* is related to n,, the dimension of w;, and not to n; + #;. The next compactness
lemma is very useful to carry out some passages to the limit in the sequel.

Lemma 2.1: Let w,, be a sequence such that w, — w in Vo(2, h). Then, we have
L(wy) = L(w) in H} (w2). (20)
If1 < p < 2%, we moreover have the strong convergence

Iwy) = L(w) inIP (wy). (21)

Proof: Using Remark 2.1 and the fact that & is independent of X,, we derive for p = 2 and
v e Vo(2, h),

n
2 2 2
IVl D) | 20y = Z/ |10, v)|” dX; < ||h||L1(wl)/ h|Vx,v(x)|” dx.
i—1 Y @2 Q
Recalling that v = || Vx, V[l 2(4,) defines a norm on Hé (wy), then

1
”l(v)”Hé(a)z) S ”h“zl(wl) H VXZV”LZ(QJ,[) . (22)

Consequently, the linear operator v — I(v) from Vy(£2, h) into Hé (wy) is continuous and
the image of the weakly converging sequence (wj,), remains weakly converging. This
shows (20).

If 1 < p < 2%, the injection H(l) (w2) C LP(wy) is compact and (21) follows. |

Remark 2.2: (i) We can replace Vy(€2, ) in Lemma 2.1 by a Banach space V such
that V' .C Vo(€2, h) with continuous injection. In the sequel, we often take V =
Wo(2, h).

(i) Since h € L'(w;), if a function v € Hé (wy) then we have also v € Vy(£2, h) and

1/2

[Vxavl 2@ = 1l V¥l 20y -
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2.2. The unperturbed problem
Let r > 1 and consider the space Vy(£2, h) N LTHQ) equipped with the norm

Vi || VXZVHLZ(Q,h) + W Lr+1 () -

We can show that V)(Q.h) C Vo(Rh) N LHY(RQ)) and L7 (w) € Vo(R,h) N
L1(Q)) with continuous injections, hence

Vi (@) + L7 (w2) € (Vo ()N L (). (23)
The space V (2, h) + L+ (wy) is equipped with the norm

. r+1
> inf {||v1||vé(9,h) + Wally et o for v € Vo (@), 2 € L (a)z)}. (24)

v=v1+v2

Arguing asin [16, Corollary 1], we can show that the elements of V (€2, h) are the functions
with zero trace on w; x dw;. More precisely,

Vo (b)) ={veV(Qh)|v(Xy,) € H () aeXi €wr}. (25)
This allows us to state Problem (9) as follows:

{—VXZ (AVxu) = g(Xo, l(w) + fi () + 2 (X2) inQ,

ueVy(Q,hNLTH(Q). (26)

As mentioned in the introduction, we shall investigate the existence of solutions in the
following sense. We say that a function u € Vo(2, h) N L™1(R) is an h-weak solution to
Problem (26) if the integral identity

/QhAV)Qu . szvdx = / g(Xz, lw)l(v)dX, + (fl, V)VO(Q,h) + / le ) dX,. (Po)

holds for every v € Vo(2,h) N LTH(RQ).

2.3. The perturbed problem

We deal with the following anisotropic perturbation of Problem (26):

—2 Axytte — Vx, - (AVue) = g0, 1(ue)) + /i 1) + o (X2)  in ©,

(27)
ug € Wo () N LT (Q),
where the space Wy (2, h) N L71(Q) is equipped with the norm
2 5 1/2
v (82 I VXl"HLZ(Q) +| vXZV”H(Q,h)) T+, - (28)

We can show as for (23) that
Wy (@) + L7 (2) € (Wo (1) N L1 (),

where the norm of W/ (2, h) + L+ (wy) is defined as in (24), with V (2, h) is replaced by
Wi, h).
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We say that a function u, € Wy(£2, h) N L™1(Q) is an h-weak solution to Problem (27)
if the integral identity

/ SZVXI ug - Vx, v+ hAVx,u, - Vx,vdx = / 98X, l(ue))l (v) dX,
Q )
Hfiothyan [ RO R
)
holds for every v € Wy (2, h) N L™1(R).

Remark 2.3: Let v € Wy(2, h). On the boundary w; x dw,, we have v(X,-) € Hé (w7)
fora.e. X; € wq since Wy(R2, h) C Vy(£2, h). There is no issue to define the trace of v on the
boundary dw; x w, since the L?>-norm of the gradient Vy, is independent of 4. In general,
a definition of the boundary values depends on the speed at which the weight degenerates
on the boundary, see for instance [24,25].

2.4. C'-functionals involving the non-local term I(u)

Concerning the nonlinearity, we assume that g : w, x R — R isa Carathéodory function,
ie.

(i) s = g(X3,s) is continuous for a.e. X5 € wy,

(ii) X2 > g(X»,s) is measurable for every s € R, (29)
and satisfies
|g (X2,5)| <n (Isl + ISIT), forae. X, e wy and VseR, (30)
where 1 < r < 400 and y; > 0 are constants. Then, define
t
G (X, t) := f g(Xs,8)ds, forX, ew, and telR. (31)
0
As a consequence of (30), it follows that
|t|2 |t|r+1
IGX, ) <y | — + , forae X, cw, and teR. (32)
2 r+1
This allows us to define the functional
Jo () == / G (Xp,7)dXp, foreveryv e L' (wy). (33)
w)

To determine the derivative of ], we first need the following lemma.
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Lemma 2.2: Assume that h satisfies (12) and let gy : wy x R — R be a function satisfying
(29) like g and

{go (Xz,s)‘ <wlsl", forseR anda.e X; € w, (34)

for1 < r < +00 and some constant yy > 0. Set
Jgo (W) == f Go (X2,1(w))dXy, foru e Wy (2,h) N L),
w2

where Gy is defined by go as in (31). Then, the mapping
u > go (-, 1 (w)) is continuous from Wy (2, h) N L (Q) into L# (w2),

Joo € C'OWVo (2, h) N LTTH(Q), R) and its derivative is given by

<]g0 (”)’V>W0(Q,h)mg+1(9) Z/w 8o (Xa,1(w)) [(v) dXs, (35)

2

for every u,v € Wo(,h) N LTH(Q).
Proof: Let us consider the functional
Joo (V) = / Go (X2, v)dXy, forv e L' (wy). (36)
@
Thanks to (34), we can argue as in [9, p.37], to show that

- . . . r+l
u +— go (-, u) is continuous from L+t (wy) intoL 7 (w2),

Jgo € C'(L™t(w,), R) and its derivative is given by

(J}O (1‘4),9> —/ g0 X2, ) vdXy, VYi,ve L™ (w).
w2

L"H(wz) -

From (19) with p = r+ 1, we infer in particular that u +> (1), from Wy(2, h) N L1(Q)
into L™ (w;,) is a continuous linear mapping. Consequently, the composite mapping

ur> (gool) (w) =go (1 (w)

is continuous from Wy (2, h) N L™T1(Q) into L+ (w2), and as we have Jg, = jg, o I(-) €
C'OWVo (2, h) N LTT1(Q), R), then the derivative of Jg, is given by

/ N r+1
i @09 ceroniy = QO forw v e Wo (@) 1 L7 ().
This shows (35) and the lemma follows. |

In the next section, we investigate the existence of solutions for (P.) as critical points of
the functional

1
JE (u) == E/ &2 |Vx,ul’ + AV, u - Vx,udx
Q
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- f G (X1 () dX: — {fi ) o — / Alwds.  (7)

Thus, we need to compute the derivative of J°.

Theorem 2.1: Let 1 < r < 4-00. Assume that g satisfies (29) and (30). Then, the mapping
u > g (Xy,1(w)) is continuous from Wy (2, h) N L) into Wy (2,h) + L+ (Q),

J¢ € C'OWo(2, h) N LTH(Q), R) and its derivative is given by

&\/ 2
u),v = [ & Vxu-Vx,v+hAVx,u- - Vx,vdx
<(] ) @ >W0(Q,h)m£’+1(§z) /Q i xr XZ Xz

- f g 0, 1) 1) X — {fiu )y g — / £l () dXa, (38)
for all u,v € Wo(Q2,h) N LTHRQ).

Proof: First, to show the continuity of u = g(X», [(u)) we split g into two parts g; and g
8 (X2,5) = g1 (X2,9) + &2 (X2,9)
where g1 (X3,5) = g(X3,s) for |s| < 1and g;(X3,s) = 0 for |s| > 2, such that
lgt X2, 9)| < Clsl, g2 (Xa,9)| < Clsl',

for a.e. X, € w;, and some positive constant C.
Thanks to Lemma 2.2 and Inequality (19), for p = 2, we see that the mapping

u > g1 (X2,1(u)) is continuous from Wy (22, h) N £%(Q) into L? (w3).
Since Wo(Q, h) C L2(Q2,h) C L2(Q) and L*(w;) C L*(R,h) C W{ (R, h), we infer that
u > g1 (X2,1(u)) is continuous from Wy (2, h) into W (2, h) .
As well, due to Lemma 2.2, the mapping
u > g (Xa,1(u)) is continuous from Wy (2, h) N L (Q) into L+ (w3).

Recalling that W (2, h) + L+ (2) is equipped with the norm defined in (24), then the
mapping

ur> g(Xo,l(w) = (g1 + g2) Xa,1(w))
is continuous from Wy (2, 1) N L1 () into Wy (€2, h) + L (wy) and

/ _ r+1
(e @, QWWWH(Q) = /w ORI IM &, foruy e Wo @) N L (@),
(39)

To give the derivatives for the remaining terms in the definition of J¢, we set

1
JE : Wo (2,h) — R,JE (u) := 5/982 |Vx,ul” + hAVx,u - Vx,udx,
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Ji Vo (2,h) = R, J; (w) = (fi, u>vo(§2,h)’
Jp : L7 N Wo (.h) = R, ], (w) == / fl (w) dXa.
w2
First, J& € C'Wo(Q, h),R) C C'OWVo(2,h) N L7T1(Q),R) and (J&)' is given by

e/ Tt ) — T (w)
<(]V) (u)’v>wo(9,h) o }E}) t

=lim | &*Vxu-Vx,v+ te? |VX1V|2 + hAVx,u - Vx,v
Q

+ thAVXZ v-Vx,v dx,
hence

/
((]EV) (u),v>WO(Q)h) = /Qszvxlu - Vx,v + hAVx,u - Vx,vdx. (40)

As the functionals I and Jp, are linear, this immediately implies that Jn € C'OVo (22, h),R)
C C'OWVo (2, h) N L), R) with

/ —
(Jfl (u)’v>Wo(Q,h)ﬂU+1(Q) =i “
and J, € C'Wo(R2,h) N L7H1(2),R) with
¢ (u), = 1 (v) dX,. 42
RO N /w B0, (42)
Taking into account (39)-(42), we obtain (38) since J* = Jg, — J; — In = Ip- |
Corollary 2.1: Let1 < r < 2* — 1. Assume that g satisfies (29) and (30). Then,
u — g (X2,1(u)) is continuous from Wy (2, h) into Wj (2, h),
J¢ € C*Wy(2, h), R) and (38) holds for all u,v € Wy (2, h).
Proof: By Sobolev’s embedding H} (w;) C L™ (w,) and (22), we get
1
||Z(V)||Lr+l(w2) 5 CS ||h”lz,1(a)1) || VXZV”LZ(Q)h)
< G Ih)1? 2|1y, v|? vy, : 43
< Csllhli g, (¢ Vol + [Verlign) @)

for all v € Wy(2, h). Here, Cs denotes the Sobolev constant. Thus, Wy(2, h) € LT1(Q)
and the corollary results follow from Theorem 2.1. |

Remark 2.4: In a similar manner, we can also show that Theorem 2.1 and Corollary 2.1
still hold if we replace Wy (2, h) by Vo (€2, h) and J° by the functional

1
() = 5/QhAszv-vXZvcbc— G (X2, 1) dX2 = {fi. v}y, o) —/ fol (w) dX;.

(44)

w2
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3. A problem with superlinear growth of non-local terms

In this section, we aim to establish the existence of solutions u, for (P.) as global minimiz-
ers for J¢, defined by (37), provided that G satisfies some upper boundedness assumption.
Then, we study the asymptotic behaviour of 4, and J®(u,), as € — 0.

3.1. The perturbed problem

We have the following existence result for Problem (P,).

Theorem 3.1: Let& > 0 and assume that g satisfies (29) and (30) for r > 1. Suppose further
that G, defined by (31) satisfies

GXpt) <Cr—alt™, VteR (45)

for a.e. X; € wy and some constants C, > 0,a > 0. Then, there exists u € Wh(2,h) N
LTTYR) such that

J () = inf J ). (46)
vEW (RMNL(RQ)
In particular, u is a solution of (P¢).

Proof: A priori estimates. Thanks to (45), we deduce that

1
JE (v) > 5/ &2 |VX1v]2+hAVX2v- VXZudx—i-a/ 1) dX,
Q

w2
by — | B0& = Ciloal, (47)
w2

where |w;| denotes the Lebesgue measure of the set w,. Since Vo (€2, h) is equipped with
the norm v = || Vx, v 12(q,n), We infer that

, 1/2
Vi (h) (/;2 h |VX2v| dx)

1/2
Vi (Quh) (/Q &’ |VX1V|2 +h |VXzV|2 dx) . (48)

Then, by (8) and Hélder’s inequality it comes that

(flj V>vo(sz,h) = ||f1 \

< Al

1
J¢ (v) > 5/ &2 ’VX1v|2+ha |VX2V|2 dx+a/ [I(v)|"T dX,
Q w

2

1/2
— A va)(sz,h) </Q &’ ‘VX1V|2 +h |VX2V‘2 dx)
= Al

Applying Young’s inequality, we get

L#(wz) ”l(V)”LfH(a)Z) — C1|wa].

min {1, o}

J = 1

f82|vxlv|2+h|vxzv|2 dx+ff LI dx,
Q 2 w)
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1
1 2 2rr
~ min ) Vihvien - e |f2

for all v € Wy(, h) N L7T1(RQ). Thus J¢ is bounded below in Wy(2, h) N L™71(Q).
Passage to the limit. We set

4l
o —Cilwl, (49)
L7 (w2)

df = inf JE (v)
veWH(INLTH(R)

and let (1,,) »>0 be a minimizing sequence. By (49), such a sequence is necessarily bounded
in Wo(2,h) N LTTH(Q), ie.

Uy, |VX2un| are bounded in L? (2, ),
|VX1 un‘ is bounded in L? (),

I (u,) is bounded in L' (w,).

The boundedness of u, is a consequence of Poincaré’s inequality in the X,-direction.
Then, there exist u € Wy(S2, h), U; € (L*(22))™ and U, € (L*($2, h))" such that — up to
a subsequence —

Up — u, Vy,ty — Uy in L* (R, h) and Vx,u, — Uy, in L* (Q),

L(un) = 1) in L (@2),

as n — —+00. (These convergences meant component by component convergences). Since
the above convergences imply the convergence in the distributional sense, we can easily
see that

Uy =~ u, Vx,u, = Vx,uin L* (S, h) (50)
Vx, uy — Vxuin L* (Q). (51)

Using Lemma 2.1, with p = 2, we obtain the strong convergence I(u,) — (1) in L ().
Then, up to a subsequence

I(uy) — l(u) ae inw, (52)

and the continuity of G implies that
G (X5, l(uy)) > G(Xp,1(u)) ae. inwy;, asn— +o0. (53)

To perform the passage to the limit in J®, we write
e 1 2 2
Jwm=- e |Vx,tn|” + hAV X,y - Vx,u, dx
Q

- / (C1 = G (Xa, L (n))) dX2 — C1 leoal = (fisttn)yy g — f Sl () dXs,
(54)
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where C; — G(X3,v) > 0,fora.e. X; € w;. Then, Fatou’slemma and the convergences (52)
and (53) imply

/'aewn&Jw»wQshmgqfcn—ca¢uwnwg
- n—

w2

Besides, since A is symmetric and satisfies (8), then the mapping

1/2
V> </ &2 ‘VX1V|2 + hAVx,v - Vszdx>
Q

defines a norm on Wy (€2, h). Thanks to (50), (51) and the lower semi-continuity of norms,
we deduce that

/ &2 | Vx,ul’ + hAVx,u - Vxudx < liminf/ 62 |V, ttn|” + hAVx, 1y - Vi, iy dx.
Q Q

n— oo
Passing to the limit in (54), we get
J¢ (u) < liminfJ?(u,) = d°.
n—oo

Therefore J¢ (u) = d°.
Finally, by Theorem 2.1 we have (J°)'(u) = 0, i.e. u is a solution to (P¢). This ends the
proof of the theorem. |

Remark 3.1: Problems (P.) may have one or several solutions, depending on the assump-
tions on g, f; and f,. If the mapping ¢ — g(-, t) is nonincreasing, then the operator
2

&
i = Ay =V, - (AVx,u) — g (u) (55)

is strictly monotone. In this case, the solution of Problem (P¢) given by Theorem 3.1 is
unique.

Example 3.1: Theorem 3.1 applies to the problem

—EZ Axyu— Vx, - (AVxu) + ar 11w 1 (w)
—a (LT L) = fi +fo in Wy (1) + LT (@2),
ueWy (Q,hNLT(Q).
Here we have taken
gXo, ) =—a [t t+ a1 s,
where a;,a; € R,a; > 0and 1 < g < r. The assumptions (30) and (45) hold, since

a(g+1) o+

t9 < |t| + [t|” and a |t]9T! < C+
[ < |t] + [t] 2 [T < 2D

for some constant C > 0.
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3.2. Passage to the limit

Letting now ¢ — 0, we have the following convergence results that can be improved in the
next theorem.

Lemma 3.1: Let u, be a solution of Problem (P¢). Under the assumptions of Theorem 3.1,
we have - up to a subsequence -

ue = g, Ve — Vxyug in L* (. h), eVyue — 0inL* (Q), (56)
I(ug) — 1 (ug) in L*(w2), (57)
I(ue) — L(ug) in L' (w2), (58)

as & — 0, where uy is a solution of Problem (Py).
Moreover, the above convergences hold for the whole sequence if the solution of Problem
(P¢) is unique.

Proof: Without loss of generality, we assume that 0 < & < 1. Then, we know that
J ) <JF 0 <J 0, Yve W @hNnL(Q). (59)

Thanks to (49), we deduce that

min {1, o}
T/ 2|VX1u€| dx+h|VX2 (u€)| dx+ ”l(ué')“fr:—ll(wz)
5t
rr
<1 W+ Al g + C1 o2l + ———— (60)
Al ar (r+ 1)
and it follows that
Ug, |VX2 u8| are bounded in L? (2, h),
|8VX1 uei is bounded in L? (£2)
and
I (ug) is bounded in L' (w,) . (61)

Then, there exist ug € Vo(2,h) N LH(Q), U, € (L2(Q)™, U, € (L2(K, h))™ such that
- up to a subsequence -

Ue — g, Ve — Upin L? (2,h) and eVxue — U; inL*(Q),

as ¢ — 0. Since the above convergences imply the convergence in the distributional sense,
we can check that

ue —~up and Vx,u, — Vx,up in L?(Q,h). (62)

dwxl

As well, since |e Vx, u¢| is bounded in L*(2) and i

€ L*(2,h),Y® € (D())™, then

divy,
/8VX1u€-CDdx=/ ex/hug (— e )dx—>0, Ve (DE@)".
Q Q Vh
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It follows that
eVx,ue — 0, inL*(RQ). (63)
Besides, we have
I(ug) = 1(ug) in L™ (w2) (64)
and also the strong convergence I(u;) — l(ug) in L?(w,) from Lemma 2.1 with p = 2.
Then, we have - up to a new subsequence -

I(ug) = l(ug), a.e inw;. (65)

Assumption (30) and Young’s inequality ¢t < (r — 1 + 2[¢|"*1)/r + 1 imply that

r+1
r

lg X, 1 (ue))| 7 < C(L+ 11 (ue)™). (66)

Thus g(X3,1(ug)) is bounded in L (wy) since I(ug) is bounded in L'*!(w,). More-
over, (65) and the continuity of g ensure that

&g (XZ’ ! (ng)) — g (XZ’ ! (uO)) , ae inws.
Then, due to Lemma 1.3 in [26, p.12], we infer that
r+1
g (X, 1 (up) = g (X0, 1(ug))  inL7 (wy). (67)

The convergences (62)-(64) and (67) allow us to pass to the limit in (P¢). It comes that ug
satisfies

/ hAVquo . VX2de = / g(Xz,l(u()))l(V) dx; + <f1’V>V0(Q,h) + / le(v) dXxs,
Q w) w)

(68)
for all v € Wy (2, ) N L7T1(R). By density of Wo(2, k) in Vo (2, h), this means that the
limit ug is a solution to Problem (Py). |

Remark 3.2: Under the assumption (30) and (45), the function g(X3,t) behaves like
—|¢|"~t for large ¢, but it is not necessarily monotone. This prevents the use of the mono-
tonicity argument to get the strong convergence as in [15,16]. An example illustrating this
situation can be given by g(¢¥) = —t — (2 + cos(e)|t|"1t.

We have the following result about the convergence for the minimum of J* as ¢ — 0.

Theorem 3.2: Under the assumptions of Lemma 3.1, the converging subsequences give a
smooth minimizing sequences for the functional J°. That is

1’ (), (69)

JE (ug) — J° (ug) = in
veVO(Q,h)ﬂU“(Q)

as € — 0, where the functional J° is defined by (44). Moreover, we have the strong
convergences

ue — ug, Vx,ue — Vg in L* (1),  eVyue — 0 inL* (Q), (70)
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G (1 (ue)) = G (1 (up)) in L' (w2), (71)
Hue) = L(uo) in L™ (@)). (72)
Proof: We begin by establishing (69). Since u, realizes the minimum of J?, then
Jo () <J°(v), VveD(Q).
Passing to the lim sup, we get

limsup )¢ (us) <)° (v), VYveD(Q).

e—0

By density and the fact that 10 € C*Vo(2,h) N L771(Q), R) (see Remark 2.4), the prece-
dent inequality also holds for every v € Vo(2, ) N L™1(2). Thus

lim sup J¥ (u,) < inf 1°(v). (73)
e—=0 veVy (Q2,)NLTLH(Q)

Since G satisfies (32), then we have
IG (X2, 1 (ue))| < C(1+ [1(ue)"™), (74)

for some constant C > 0. Thanks to (61), this means that G(-, [(1)) is a bounded sequence
in L' (w;). Due to (65) and the continuity of t = G(X3, t), for a.e. X5 € w, we get — up to
a subsequence -

G (X, 1(ug)) — G(Xa,1(ug)), aeinwy, ase— 0. (75)

Writing J® as in (54), then the convergences (56), (58) and (75) allow us to pass to the
infimum limit in J® (u.). We deduce that

J° (up) < liminfJ® (ug).
e—0
Reporting this to (73), we obtain 10 (up) < inf, ey @ mnc @) J°(v) and thus (69) is

proved.
To show the strong convergences, we consider

I, .= 5 /;2 &2 le u‘,;|2 + hAVx, (us — up) - Vx, (ue — up) dx
+ [ 16060 10) = G (o ) 76)
2
Then, expending I, we get
I, = %/982 |Vxlus|2 + hAVx,ue - Vx,ue dx — /QhAVXZug - Vx,up dx

1
+ 5/ hAVx,ug - Vx,updx + | 1G (X2, 1 (ue)) — G (X2, [ (1)) ] dX.
Q

w2



COMPLEX VARIABLES AND ELLIPTIC EQUATIONS 19

Going back to the definition of J°, given in (37), we can write

IS = ]8 (Lls) + (fla MS)VQ(QJI) + / le(l/lg) dX2
w3
1
— /QhAVXZug - Vx,up dx + E /;2 hAVquo - Vx,up dx

- / C1 — G (X2, 1 (ug)) — |G (X2, I (1)) — G (X2, (up))| dX2 + Ci |wa| . (77)

(Recall that C; — G(X3,t) > 0, for t € R). Thanks to the pointwise convergence (75), we
can apply Brezis-Lieb’s Lemma [27] to the sequence C; — G(Xa, [(u)), we get

/ C1 — G (X2, 1 (ue)) — 1G (X2, 1 (us)) — G (X2, 1 (uo))| dX;

— Ci1 — G (X2,1(up)) dXs, (78)

w2

as ¢ — 0. Using (69), (78) and the convergences (56), (58) from Lemma 3.1, we can pass
to the limit in (77). It comes that

shj)r%) I, = ]0 (uO) + (fl’ uO)Vo(Q,h) + / le (MO) dX2
w3

1
— 5/ ]’lAVqu() . VXZMO dx +/ G(Xz,l(uo)) dX2 =0,
Q w2

since JO is defined by (44). The convergences (70) and (71) are consequences of the
inequality

I, > min{l,a}/ &2 |VX1u8}2 + h ]VXZ (ug — ug)‘2 dx
Q

+ | 1G(X2, 1 (ue)) — G (X2, 1 (up))| dXo.

w2

Finally, due to the convergences (65), (71) and the fact that a|l(u.)|"™! < C; —
G(X2,l(ue)), we deduce (72) by applying Lebesgue’s theorem. This ends the proof. |

Remark 3.3: Taking & =0, replacing Wy(2,h) by Vo(2,h) and arguing as in
Theorem 3.1, we can show directly that under the assumptions of Theorem 3.1 there exists
u € Vo(2, h) N L1(Q) such that

1° (u) = inf 1°), (79)
veVy (SL,INLH(Q)

where u is a solution of (Pg). Moreover, this solution is unique when ¢ g(-,t) is
nonincreasing.

4. A non-local eigenvalue problem

To go further and study problems (Pg) and (P, ) under some assumptions weaker than (45),
we need to consider the following non-local eigenvalue problem.
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4.1. l-eigenvalues and I-eigenfunctions
We say that A° is an [-eigenvalue of the linear problem

{-%Am) — Vx, - (AVx,0) = Al(g) in W} (Q,h)

(80)
(NS WO (Q’ h) >

provided that there exists a solution ¢ such that I(¢) is not identically null. A solution ¢
to (80), called an [-eigenfunction associated with A%, is taken in the h-weak sense, i.e. ¢
satisfies

/ 82VX1<,0 - Vx,v+ hAVx,¢ - Vx,vdx = A° / lp)l(v)dX,, VveW,(R2,h).
Q ;

’ (EVP,)
Theorem 4.1: The smallest I-eigenvalue of Problem (EVP,) exists, is positive and defined by

/ &2 |Vx,v|” + hAVx,v - Vx,vdx
Q

A= inf

> (81)
VEWO(h), 110 1WI72

(@2)

The associated I-eigenfunctions are the minimizers of the above functional.

Proof: Let A® be an [-eigenvalue of Problem (EVP,). Taking v = ¢ € Wy(L2, h) in (EVP,),
we get

/982WX1€0|2+hAVXz<P'VX2</)dx=/\£/ (@) |* dX;

w2
and we have clearly A{ < A° and A* > 0 since [(¢) # 0.

Let us show that the infimum in (81) is indeed achieved for a function in Wy (L2, h).
Thanks to the density of D(Q2) in Wy(£2, h), we can take a minimizing sequence ¢, €
D(Q), ie.

2
/52|VX1(/’n| + hAVX, ¢ - Vx, ¢ dx
Q

1) 12,

/ g’ |Vxlv|2 + hAVyx,v- Vx,vdx
Q

— inf 5
YWD (QI()£0 1)1

= Inf, (82)
(@2)

as n — +00. Replacing hgy, by hgy/[|1(gn) | 12(,)> We can assume that [[(n) [l12(4,) = 1,
Vn € N. By (8), (82) and for n large enough, we derive

2 2
a/ h|Vx, @n| dx§/82|VX1(pn| + hAVX, 0 - Vx,0n dx < Inf + 1, (83)
Q Q

which guarantees that
|VX1 g0n| isbounded in L? () and |szfpn| is bounded in L (2, h) .
Then, we have - up to a subsequence -

on— @ and Vy,@, — Vx,@in L’ (Q,h),
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Vx,¢n — Vx,@ in L* (),

for some ¢ € Wy(£2, h). The first convergence ¢, — ¢ is a consequence of Poincaré’s
inequality in the X direction. Moreover, using Lemma 2.1, with p = 2, we obtain

Hpw) = 1@ inL* (@) and 1@l 2y = @y =1 (84)

This means that [(¢) £ 0 and a fortiori ¢ £ 0. By lower semi-continuity of norms, we
deduce that

Inf < / &2 |VX1g0|2 + hAVx,0 - Vx,pdx < liminf/ &2 |VX1¢,1|2
Q n—+00 Jo
+ hAVx, @ - Vx, @ dx == Inf.
To summarize, ¢ € Wy(2, h) is a function for which the infimum (81) is achieved, i.e.

2
/ng |VX1¢i + hAVXz(p . VX2¢ dx = )\Fi\’ ||l(¢)||Lz(w2) =L (85)

Let us show that this ¢ is an [-eigenfunction. Let v € D(2) and consider

T(t) = / e* |Vx, (¢ + tv)}z + hAVy, (¢ + tv) - Vx, (¢ + tv) dx /
Q

X / (g + tv)|? dX,.
@
Then, we should have T7(0) = 0. That is

/ 82VX1(p -Vx,v+ hAVx, 0 - Vx,vdx - / |l(g0)|2 dXx,
Q

w
- / lp)l(v) dX; - / & |VX1</7|2 + hAVyx,¢ - Vx, dx = 0.
w) Q
Using (85), we obtain

/ 82VX1(/) -Vx,v+ hAVx,0 - Vx,vdx = )ﬁ/ lplv)dX,, VveD(Q).
Q

w2
This shows that ¢ is an [-eigenfunction associated with the smallest [-eigenvalue A{. W

Concerning the (expected) limit problem, we say that A is an I-eigenvalue of the linear
problem

(86)
(78S VO (97 h) >

provided that there exists a solution ¢ such that I(¢) = 0. This solution ¢ is also taken in
the h-weak sense, i.e. ¢ satisfies

{—vxz - (AVx,¢) =A%) in V) (Q,h)

/ hAVx, ¢ - Vx,vdx = 20 lp)l(v)dX,, VveVy(Q,h). (EVPy)
Q

(2]

The proof of Theorem 4.1 can be easily reproduced, by taking ¢ = 0 and replacing
Wi (2, h) by Vo(£2, h), to prove that:
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Theorem 4.2: The smallest I-eigenvalue of Problem (EVPy) exits, is positive and defined by

/ hAVx,v - Vx,vdx
Q

0
}\.1 = n 2
veVy(Qh),1(v)#0 1)1

(87)

(@2)

Remark 4.1: If the matrix A is independent of Xj, it is clear from (EVPy) that an
l-eigenfunction ¢y, associated with an I-eigenvalue A, is independent of X; and

—Vx, + (A (X2) Vx,@0) = A0 [Ihll 10y G0 With @ € Hy (2).

This means that A°|||| Ll(ey) @nd @ are respectively an eigenvalue and eigenfunction (in
the classical sense) of the operator —Vy, - (A(X2)Vx,*) on w,, with Dirichlet bound-
ary conditions. Denoting by A}, the usual first eigenvalue —Vx, - (A(X2)Vx,*) on wy,
with Dirichlet boundary conditions, then by definition A1, < )»?||h|| Ll(ay)- Besides, if
@0 € Vo(2, h) is the eigenvalue corresponding to Aj ,, then (87) yields

1Al L1 (@) / AVx, @0 - Vx, @0 dX;
w)

A1,
M s G0 sy, = Tl o
Thus A = A10, /1Bl 11 (0y)-
Even if A depends on x, we still have:
Corollary 4.1: For every & > 0, the l-eigenvalues 15 and A\ satisfy
32 A = @i,/ Il ) » (89)

where o is the ellipticity constant given in (8) and )‘1A,w2 denotes the first eigenvalue of —Ax,
on w; with Dirichlet boundary conditions.

Proof: By the density of Wy(2, h) in Vo(2, h) and from the definitions (81) and (87), it is
clear that A] > )\(1). Let ¢p be a normalized I-eigenfunction of Problem (EVPy) associated
with X?, then

,\?:f hAVXm.sz(podea/ h|Vx,00|” dx. (90)
Q Q

On the other hand, taking p = 2 in (19) then using Poincaré’s inequality in the X;-
direction, we get

1Al 2
1= 110 1220y < Nlz1 o) /Q Blgol? dv < =7 fg |Vl dx. (91)

Lawn

Combining this with (90), we deduce (89). [ |
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4.2. Some proprieties of the first I-eigenvalue and I-eigenfunction

As for the classical eigenvalue problems, we can obtain some proprieties like simplicity of
L, the positivity of . and its uniqueness up to a multiplicative constant.

Theorem 4.3: Let ¢ > 0 and ¢, be an l-eigenfunction for (EVPy) associated with A{. Then,
A{ is simple and ¢, does not change sign in Q.

Proof: Letg, € Wy(2, h),I(¢e) # 0, be an h-weak solution of (EVP,) and thus ¢, realizes
the infimum (81). Set ¢, := max{0, . }. Arguing by density as in [28, Lemma 1.19], we
can show that

goj e Wy (2,h) and axigaj = (axigag) Xige>0), fori=1,...,n; +ny.

In particular, this means that |p¢| = Q¢ —¢,) € Wo(22,h). Since [[1(@e)ll12(0) <
(10 ) | 12(@,)> We infer that

2
/ &2 |V, I¢:l|? + hAVx, l0e] - Vx, loe] dx
Q

@D 1132 .,

2
/ & |Vx,0e|” + hAVx,0: - Vx, ¢ dx
< JQ = AL, (92)
- 1 (@)1 12w) :

hence the function |@,| also realizes the infimum (81). Thanks to Theorem 4.1, |¢,| is also
an [-eigenfunction for (80).

Next, we show that ¢, does not change sign in 2. Going back to (80), the non-negative
function |@,| satisfies

82

h

in the weak sense. According to [29], under the assumption (12) we must have |¢@¢| > 0,
a.e. in € and thus A{ has a positive [-eigenfunction. Therefore we must have ¢, = %|¢,]|.
Otherwise ¢, = (¢ + |@¢|)/2 would be a non-negative /-eigenfunction for (80) vanishing
on a set of positive measure in contradiction with the precedent assertion |¢;" | = ¢ > 0,
a.e. in Q2.

Finally, if A{ is not a simple [-eigenvalue, then there is a second I-eigenfunction v, cor-
responding to A] and orthogonal to ¢;. This ¥ would not be of one sign (a.e.) which leads
to a contradiction. This shows the simplicity of A]. |

AX1 |§08| - VXZ : (AVXZ |(p8|) > 0)

Remark 4.2: Let ¢y € Vo (€2, h) be an I-eigenfunction associated with )‘(1)- Taking ¢ =
0 and replacing ¢ by ¢ in (92), we deduce that the function |¢g| € Vo(2, h) is also
an [-eigenvalue. The function (,0(;r (or ¢, := max{0, —¢g}) is another non-negative I-
eigenvalues whenever it is not identically null.

Remark 4.3: Arguing as in [13, p.185] and if dy.a;; € L°°(2) for k = 1,...,n;, we can
show that a solutions of (EVPy) satisfies Vx, ¢p € [L*(Q, h)]™.
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4.3. Passage to the limit

We are now interested in the behaviour of the [-eigenvalue A{ and its associated I-
eigenfunction ¢;, as ¢ — 0.

Theorem 4.4: Let 1] be defined by (81) and ¢, an associated l-eigenfunction such that
11(@e) 12 (ey) = 1. Then, we have

lim A5 = A9, (93)

e—0
where A is defined by (87). Moreover, - up to a subsequence -
0 = 90, V9o = Voo in L2 (Qh), eVxge — 0inl*(Q)  (94)
Lge) > Lgo)  inL*(w), (95)

where g is a normalized l-eigenfunction associated with )‘(1)’ i.e. a solution to (EVPy),
satisfying ||l(g00)||Lz(w2) =1.

Proof: The sequence A¢ is decreasing as ¢ — 0 and clearly A5 > 19 > 0, Ve > 0. Thus A¢
converges to some limit
A = A= inf A7 > 9. (96)

Let ¢, be an [-eigenfunction associated with A such that ||I(¢¢) | 12(4,) = 1, then

(w2

/982|Vx1<ps|2+a|vxz%|2hdx§/S282|Vx1¢s|2+hAVx2sos-szwsdxzki <M,

(97)
for 0 < ¢ < 1. It follows that

Pe> |VX2(,0€| are bounded in L2 (Q,h),
|a3VX1 <p8\ is bounded in L? (Q) .

Of course, the first estimate follows from Poincaré’s inequality in the X,-direction. Then,
there exists ¢y € Vy(£2, h) such that — up to a subsequence -

9e = 90, Vi, 0 = Vx,00in L* (2,h) and  &Vx,p, — 0, inL*(Q).  (98)
In addition, Lemma 2.1 with p = 2 ensures that

1(ge) = 1(po) inL*(wy). (99)

Let us now prove that * = )‘(1) and ¢y is its associated [-eigenvalue. On one hand, taking
¢ = ¢, in (EVP;), then using the convergences (98) and (99) to pass to the limit yields

/ hAVx, @y - Vx,vdx = L/ o)l (v)dXs, YveD(Q). (100)
Q

w2

Besides, the strong convergence (99) means that ||/(¢o)[l12(,,) = 1, hence I(¢o) # 0 and

the identity (100) shows that ¢y is an I-eigenvalue associated with A;.
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On the other hand, by definition we have
A< /Qez Vx| + hAVY,v - Viovdx, YveD(Q), W)l = 1
and passing to the limit, when ¢ — 0, we get
A < /Q hAVx,v - Vx,vdx, VveD(Q), W2, = 1.

By density of D(2) in Vy (2, h) we infer that X < )‘(1)- Taking (96) into account, we obtain
A =20
It remains to show the strong convergences (94). Set

2
Ag = / % | Vx, 0" + hAVx, (9e — 90) - Vx, (9 — ¢o) dx.
Q

Developing A, and using the convergences (93) and (98), we get
A, = )»? — 2/ hAVXZ(po - Vx, 0¢ dx-l—/ I’IAVXZQDO . szqoodx
Q Q

— )\.(1) — LhAVszo . szql)o dx=0.
The strong convergences (94) follow from the fact that
2 2
Ag > / g2 |VX1¢5| + ah |VX2 (pe — <p0)| dx, Ve&e=>D0.
Q

This ends the proof of the theorem. |

5. A problem with subcritical growth of non-local terms

In this section, we relax the assumption (45) by considering an upper quadratic bound of
G(-,t) for t large, and assume that

1<r<2"—1.

We recall that in this case Wy (2, h) € L7T1(Q2) and L (w2) C W((2, h). So, without
loss of generality, we assume that f, = 0 and the h-weak formulation of Problem (27) reads
/ SZVXI ug - Vx,v + hAVx,u, - Vx,vdx = / g(Xo, l(ue))l (v) dX, + (fl,V>VO(Q by
Q w? ’ -

) (Bo)
for every v € Wy (L2, h). The functional associated to (P;) is given here by

~ ]_ 2
JE (u) == 5/982 ‘Vxlu’ + hAVx,u - Vx,udx — /wz G (X, l(w)dX, — (fl’“>vo(9,h)'

(101)
We aim to establish the existence of solutions u, for (P;) as global minimizers for J¢, then
we study the asymptotic behaviour of u, and J°(u,), as ¢ — 0.
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/\ Cr — alt !
t t

Figure 1. Anillustration of the assumptions (45) and (102), as well as their compatibility with (32).

5.1. The perturbed problem

First, we establish the following existence result.

Theorem 5.1: Let ¢ > 0. Assume that g satisfies (29) and (30) with 1 <r <2* — 1. In
addition, assume that G defined by (31), satisfies

—A
G Xy, 1) < 71‘2 a.e. X; € wy, for |t| large enough (102)

and some A > —A{. Then, there exists u € Wy(2, h) such that

J (w) = veV{/?{Q,h)I ) (103)

where J¢ is defined by 101. In particular, u is a solution of (P,).

Proof: A priori estimates. Due to (102) we have
Ao
GXph = Cr— 3 VieR (104)

for some constant C, > 0. Reporting this to (101), we have the lower boundedness
) = @5 ) = (fiv), o — C2lenl, (105)

where
& 1 2 2 A 2
Pl (v):=< | ¢ |VX1V| + hAVx,v- Vx,vdx + — [l (v)|* dX;.
2 Q 2 )

Thanks to (81) we have, for any given 0 < < 1,

n+ 1 -

A
¢ (v) = ”)/ 82|Vxlv|2+hAVX2v-VX2vdx+—/ [1(v)|* dX;
2 Q 2 w2
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&
|2 (IT—=mA]+A

dx + ) dX,.

w2

> ﬁmin{l,a}/ &2 |Vxlv|2+h|VX2v
2 Q

Since A 4+ A{ > 0, then for 0 < n < 1, := min{1, (A + 1{)/A{}, the last term above is
nonnegative. Denoting é, := 1, min{1, «}, we have

8
@5 (v) > 58/982 (Vi v|” + 1 |Vxv]* dx, Ve >o0. (106)
Going back to (105) and using (48), we obtain

~ )
J¢ (v) > ?8/;252 |VX1V|2 +h |VX2V|2 dx

1/2
— Hfl‘ Vé(Q,h) (/;2 82 ’vX1V|2 + h |VX21/’2 dx) —_ C2 |a)2| .

Applying Young’s inequality ab < 8. 1a® + 8.b%/4, we get

- ) 1
e (v) > ZE /Q g2 |VX1V|2 +h \VX2V|2 dx — g ||f1| i(’)(ﬂ,h) — Cy |wa]. (107)

Thus is is bounded below, i.e.

d;:= inf J*(v) > —o0.
VEW()(Q,h)

Passage to the limit. The estimation (32) implies that
G(Xy,t) <y #2, for small t and some constant y, > 0.

Combining this with (102), which holds for ¢ large, we deduce that for some constant ;1 > 0
it holds that

G(Xy,t) < ut?, forallt e R. (108)
Then, we rewrite J¢ as
- A
F0) =0+ - (5 + u) /w EWI> dXa = (i, vy o » (109)
where
hoy= [ ~Goale) +ulloP dx. (110)
w2

Let (uy)n>0 be a minimizing sequence. By (107), we deduce that (u,),>0 is neces-
sarily bounded in Wy(2, h). Then, there exist u € Wy(2, h) and a weakly converging
subsequence (uy, )n, >0 in Wo(S2, h) such that

Vx, thy, — Vxuin L* (Q), Vi, — Vx,u, in L? (,h),
I(un,) = 1(w) inL* (w3),
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as n — —+00. The last strong convergence is a consequence of Lemma 2.1 with p = 2. Up
to a new subsequence, we have [(u,,) — (1) a.e. in w; and since the function —G(X, t) +
ut? is nonnegative, Fatou’s lemma implies that

J1 (w) < liminf J; (ug,).
1j—> 00

Using the weak lower semi-continuity of norms, we infer that

@ (u) < lriziri}gof D (uy,).

Passing to the limit in (109) yields
J¢ (1) < lim inffg(unk) =d,.
ng—> 00
Therefore, the limit u realizes the minimum of J& on Wy($2, ).

As 1=r< 2* — 1, then by Corollary 2.1 we have J¢ € C'Wy (2, h),R). Thus
(J%)'(u) = 0 and the limit u is a solution to (P;). This ends the proof. |

Example 5.1: Theorem 5.1 applies to the problem

—Z Ax,u— Vx, - (AVxyu) + AL () +a (1 () 11"~ 1 (u)
—b (I w) 1|7 1 (u) = fi in W (2, h)
u e W() (Q,h) s

where A > —A{,1 < g <r <2*—1landa,b:R — Rarebounded continuous functions
satisfying

a>0 and b(t) =0(a(t), as|t|—> +oo.
Here we have taken
g t)=—Aat—a@ |t L t+b@)|t|T ', forteR.
Corollary 5.1: Let u be a solution of Problem (P) given by Theorem 5.1. If the mapping
s+ g (-,8) + As is non increasing, (111)

then u is the unique solution 0f(13£).

Proof: We keep the notation of the previous proof. If (111) holds, then the functional
A
vie — [ GO lm) + S 1Im dX;
w2 2
is convex. In addition, ®7 is strictly convex since it satisfies (106). Rewriting J¢ as
- A
I (v) = ® (v) — /w GO 1)+ 5 HOP A = (v -

we can see that J is strictly convex and the uniqueness of the solution realizing the
minimum follows. u
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5.2. Passage to the limit

The next theorem shows the existence of a solution uy to the following unperturbed
problem

/ ]’ZAVXZM . VXZde = / g(Xz,l(u))l(v) dx; + (fl’v>Vo(§2,h) , YveVy(Qh). (130)
Q

(2]

Theorem 5.2: Under the assumptions of Theorem 5.1 with . > —19, and if u is a solution
of Problem (P;), then we have — up to a subsequence -

ue — g, Vx,ue — Vxug in L* (2,h), eVyue — 0in L*(Q), (112)
I(ug) — 1(ug) in L' (wy), (113)
g Lue)) = g (51 (u)) in LT (w2). (114)

Moreover, the above convergences hold for the whole sequence if the solution of (P,) is unique.

Proof: First, the assumptions of Theorem 5.1 hold since A > —19 > —1%. Thus, for any
& > 0, asolution u, exists and realizes the minimum of J¢ on Wy (2, h). For0 < ¢ < 1, we
have

) <) <T' ), YveW(Qh
and )»} > A > )‘(1)- In particular,

Ne > No := min{l,(k +A(1)) /Ai} >0, fora>—21Y

where 7, is the constant considered in (106). Denoting &g := 19 min{1, «}, we have
3
of (v) > 30/982 \VX1V|2 +h |VX2v|2 dx, for0<e <1,

where this time § is independent of ¢.
The same argument used to derive (107) yields

I} ~ 1
X ng |V, ute | +h | Ve | dx < T W+3 1A

2
V(;(Q,h)+clw2|’ VVEWO(Q>h)‘

(115)
This means that the sequences

Ug, |VX2 u5| are bounded in L? (2, h),
|8VX1 u€| is bounded in L? (Q) .
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Then, there exists ug € Vy(2, h) such that - up to a subsequence -
U — ug, Ve — Vxugin L2 (Q,h), eVyue — 0 inL*(Q), (116)
as ¢ — 0. Thanks to Lemma 2.1, we have also
I(ue) = L(ug) in L' (w2) (117)

since 1 < r < 2* — 1. Moreover, up to a new subsequence, I(u;) — I(ug) a.e. in w, and
there exists K € L' (w,), such that |I(1;)| < K a.e. in w,. The continuity of g implies that

(X2, 1 (ug)) = g (X2, 1 (uo)) ae. inws. (118)

In addition, we have

r+1
r

g (X2, (1))

<C(1+K"(Xp) aeinam,

see (66). Applying Lebesgue’s theorem, we derive the strong convergence (114).
Going back to (P;) and passing to the limit, we deduce that the limit u satisfies

/QhAVXzHO - Vx,vdx = / g (X2, 1 (up)) I (v)dX;, + (fl’V)VO(Q,h) (119)
w2

for every v € Wy (£2, h). This means that u is a solution to Problem (P,) since Wy (€2, h)
is dense in Vy (L2, h).
It remains to show the strong convergences (112). To this end, we consider

I = /Q 62 | Vx,ue | + AV, (ue — ug) - Vi, (e — up) dx. (120)
Expanding I, and taking v = u, in the h-weak formulation (P,), we get
I = /w § (X2, 1 (ue)) (1te) dXz + {f1. tie) )y )
2
- 2‘/S;hAVX2uS - Vx,up dx + /Q hAVx,ug - Vx,ug dx.
Thanks to (114), (116) and (117), the passage to the limit in I, yields
b}i_r)r%)js = /wzg(Xz,l(uo))l(uo) dX; + (fl’u0>V0(Q,h) - /QhAVXZMO - Vx, up dx.

Going back to (P ) and taking v = ug, we infer that lim,_, o I, = 0.The convergences (112)
follow from the inequality

I, > min{l,a}/ &2 |VXlu8}2 + h |VX2 (ug — u0)|2 dx.
Q

This ends the proof of the theorem. |
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Concerning the convergence of Jé (ue) as € — 0, we set
~ 1
1° (v) = 5/ hAVy,v - szvdx—/ G (X, 1(v) dXz — (1, v). (121)
Q w2

Then, we have:

Corollary 5.2: Under the assumptions of Theorem 5.2, the converging subsequences satisfy
G (o1 (we)) = G (1)) in L' (an) (122)
and give smooth minimizing sequences for the functional J°. That is,

1€ 70 _ . 70
V' (ue) = J" (uo) = ve%l(g)h)l ). (123)

Proof: Since (113) holds and G still satisfies (32), the convergence (122) followsNas in the
proof of Theorem 3.2. Combining this with (112), we can pass to the limit in J®(u,). It
comes that

7 (ue) = 1% (wo) > inf  JO(v).
veVy(2,h)

In addition, J& (u;) < J¢(v), Vv € D(RQ). Passing to the limit in both sides, we get
I ) <T° (1), VveD(Q). (124)

Since D(Q) is dense in Vo(§2, h) and J° € CL (Vo (2, h), R) (see Rgmark 2.4), then (124)
still holds for every v € Vy(£2, h). So ug realizes the minimum of J° on Vy(2, h) and the
corollary follows. |

Remark 5.1: The arguments used in the proof of Theorem 5.1 can be adapted, by setting
& = 0 and replacing Wy (€2, h) by Vy(£2, h), to obtain the existence of a solution for Prob-
lem (Po) that realizes the infimum of J° on V, (2, k). Moreover, this solution is unique
if (111) holds.
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