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Introduction

The study of function spaces and their localization is a central field in modern mathematical analysis,
where the concept of "localization" aims to understand the local behavior of functions, which is crucial
for solving complex problems in functional analysis and differential equations. These foundational spaces
include Lebesgue spaces L,(R"), which laid the groundwork for integration, and Sobolev spaces W,"(R"),
which provided the framework for studying weak solutions to differential equations, in addition to Besov
spaces By (R") and Triebel-Lizorkin spaces F; (R"), which emerged to meet the need for more precise

classifications with the development of harmonic analysis.

The historical roots of this field date back to the early 20th century with the work of Henri Lebesgue, fol-
lowed in the 1930s and 1940s by the contributions of Sergei Sobolev, which brought about a paradigm shift
in the study of differential equations. By the 1970s, research focus shifted toward a deeper understanding
of the local properties of functions, leading to the development of Besov spaces (named after Oleg Besov)
and Triebel-Lizorkin spaces (named after Hans Triebel and Pyotr Lizorkin). This historical evolution has
contributed to building a comprehensive mathematical system that today allows for the high-precision

treatment of complex mathematical and physical challenges.

In this work, we investigate several advanced functional spaces and present illustrative examples of their

applications. Our work is based on some references, in particular [2], [4], [6], [9], [10], [11].
The dissertation is structured into three main chapters:

Chapter 1: We provide a comprehensive review of the fundamental concepts and preliminary results

concerning Lebesgue, Sobolev, Triebel-Lizorkin, and Besov spaces.

Chapter 2: We introduce and defines the local homogeneous versions of the aforementioned functional
spaces. Furthermore, we establish and prove several key properties that clarify the relationships between

these spaces and their general definitions.

Chapter 3: This chapter is dedicated to studying specific perturbations, properties, and direct applications

related to these functional spaces.



Finally, we note that the following:

This work is in the sense to understand the locally uniformly function spaces theory, in the goal of

hoping, in the future, to continue with scientific research in this file.



Notations

D(R™) Space of infinitely differentiable functions with compact support (test functions).
D'(R™) Space of distributions (generalized functions).

S'(R™) Space of tempered distributions.

S(R™) Schwartz space of rapidly decreasing functions.

L,(R™) Lebesgue space of p-integrable functions.

W (R™) Sobolev space of order m based on L.

F; (R™) Triebel-Lizorkin space of smoothness s and parameters p, q.

By, (R™) Besov space of smoothness s and parameters p, q.

E),. Local version of the function space E.

E;,, Local uniform version of the function space E.

|a| Length of the multi-index ¢, defined by |a| = a; + -+ + a,,, where a; € N for i =1,...,n.
B(x,r) Open ball centered at = with radius r, defined as B(z,r) ={y € R": |y — x| < r}.
D% Differential operator corresponding to the multi-index «, defined by D% = ole]

— 5,91 5 an-
Oz, "...0xp"

If f e S(R™), then its Fourier transform is defined as:

f& = [ fla)e ™ du.
R



Chapter 1

Preliminaries

1.1 Taylor’s Formula

Let f € C*(R"), we recall Taylor’s formula with integral remainder, that is :

flx) = Z(m—a)o‘aaf(a) + Z i(x—a)a/o (1—t)*0“f(a+ t(x — a)) dt.

|| <k ) |oo|=k+1

Remark 1.1.1 This formula plays an important role in the proof of Nikol’skii estimates. Indeed, the

polynomial part vanishes when we work on spaces modulo polynomials.

Example 1.1.1 Consider the function f defined by:

e*(2z + 3)
f@) = ————.

r+1
Our objective is to compute the Taylor’s Formula of f around the center a = 0 up to the order k£ = 3
with its explicit integral remainder. By successive differentiation of the function, we obtain the following

derivatives along with their respective evaluations at x = 0:

f(0) =3
f(l)(x) — 96 (1‘253:;)27 f(l)(()) —9
e’ x?
P =2+ LR 0 =3



e’ (23 + 3z — 2)
14zt 7

The general Taylor’s formula with the integral remainder of order k£ = 3 is given by:

FO(z) = 2¢% + FP(0) = 0.

) (3) 4 gl
f(z) = £(0) + fY0)z + f2—!<0):v2 + wx?’ + %/0 (1 —1)3fW(tz)dt.

Therefore :

dt.

3x2 N z? /1 (1 —¢)%e™ [2(1 + tx)® + t*a? + 6t%2% — 8tz + 9]
6 Jo

f(:c):3+2x+§ 1+ ta)f

1.2 The Lebesgue spaces

Definition 1.1.1 Let 1 < p < co. We define L,(R") the set of all measurable functions f such that

| fll, < oo, where :

i <Rf |f(x)P dx)p for 1 < p < oo,

ess sup |f(z)] for p = 0.
reR?

Clearly, the L,(R") are normed vector spaces and have the following property :

Theorem 1.2.1 For 1 < p < oo, the L,(R") spaces are complete normed vector spaces, i.e., they are

Banach spaces.
Proof See [10].

Theorem 1.2.2 (Holder’s inequality) Let f € L,(R") and g € L, (R™) with 1 < p,q < oo, then:

1 1 1
fallr < Ifllpllglly for —:=—+4-.
£l < I fllsllgllq s

Proof See [7].

Theorem 1.2.3 (Young’s inequality) Let p,q,r € [1, +o0] and %+% = %4— 1, then for any f € L,(R")
and g € L,(R") we have:
frge L'(R") and |[f = gll. < [[fllllgllq



Proof See [7].

Theorem 1.2.4 (Bernstein’s inequality) Let 1 < p < r < oo, there exists C' > 0, such that for all
R >0, and all f € L,(R") with supp fc {€ e R": || < R}, we have:

1@, < CRGT £, Ya e N".

Proof See [6].

Theorem 1.2.5 (Minkowski’s inequality) Let p € [1, +oc[, and let f and g be two measurable functions
on € with values in [0, 4+o0], then f+ g € L,(R") and

1+ gllp < [1fllp + llgllp-

Proof See [10].

1.3 The Sobolev spaces

Definition 1.3.1 Let m € Nand 1 < p < oo . We define W;"‘(]R”), the Sobolev space, as the set of all
f € S’(R™) such that the distributional derivatives f(®) |a| < m, belong to L,(R™).
The W;"(R") are equipped with the norm :

I lwgeny = > 17l

laj<m
Wi (IR") is a Banach space, see [8].
Remark 1.3.1 If p = 2, we have WJ"(R") coincides with the usual Sobolev spaces H™(R™).

Remark 1.3.2 We can define W, (R"), for s a real number, but here we are with Slobodeckij spaces, see
[11] and [12].

Proposition 1.3.1 Let m > 1 be an integer and 1 < p < oo, we have:

3|3

1. If 1—1) — 7 >0, then W*(R") — L,(R") where % = 1—1)

2. If L — 2 =0, then W"(R") = Ly(R") Vg € [p, +o0.

3. If 1 —
p

303

<0, then W (R™) < Ly (R™).



Proof See [5].
Theorem 1.3.1 For each k € Ny and 1 < p < oo, the space W*(R") is a Banach space.
Proof See [7] .

Proposition 1.3.2 Let p; < ps and my, ms be two integers such that :

n n
mp—— 2 my— —,
D1 D2

then it holds
WIH(R™) — W2 (R™).
Proof See [7] .

In connection with the space of bounded continuous functions on R”, denoted by C,(R™), we have the

following statement:

Proposition 1.3.3 If m > n/p, or p =1 and m = n, it holds that :
WM (R™) C Gy (R™).
On the contrary, W*(R") is not embedded in L (R") in case
m <n/porm=n/pandp > 1.

Proof See [12].

1.4 Besov spaces

1.4.1 The Littlewood-Paley decomposition
Littlewood-Paley series play an important role in the definition of inhomogeneous and homogeneous

Besov spaces, for this, We recall the definition of the this decomposition .
We begin by a cut-off function .

A function p is called a cut-off function if p is a D(R"), 0 < p < 1, radial and even ; and p(§) = 1 if
€] < 1 and p(€) = 0if ¢ > .



We define ~(€) = p(€) — p(26), VE € R
The function v € S(R") is such that:

L suppy C{€: 3 < [¢] < 3}
2. 9(§) >0for 5 < ¢l < 3.
396 = Tif < g <1,

An easy calculation gives finally
+Zy gy =1, VEeR", (1.1)

and in the second

> (27 =1, VEeR"\{0}. (1.2)

JEZ

These two partitions of unity present the crucial role in Littlewood-Paley decomposition.
For p and v, we associate a sequence of convolution operators denoted by:
e Q;:S'(R") = C®(R") for j =1,2,3, ...
Q;f(x) = FH(y(27)Ff)(x) = * f(x)
o S;:S'(R") —» C*(R") for k=0,1,2,....
Sef(x) = FHp(27")Ff)(@) = pu = f ()
Where v;(z) := 2/"F~1~(27z) and p is defined similarly. We also put Qo = Sy

Definition 1.4.1 (Besov spaces) Let s € R, 1 < p < 00, and 1 < ¢ < co. The inhomogeneous Besov space
Bs (R") is defined as the set of all f € S'(R") such that:

1/q
> (27°01Q; f1l) < oo for g # oo,
1155,y = § 720

sup 24(|Q, fll, < o0 for ¢ = o0
J=0

Note. Qg here corresponds to the operator associated with p, i.e. Qo = Sy .

For the following property, we define:



(i) The Bessel Potential space H,(R") by :

/1

s = ||(L= AP f|l, < +oo, (1.3)

where A is the Laplacian operator and 1 < p < oo.
(ii) The Holder space C*(R™) by :

oo = (|1l + sup L&) =S W
Tk vyl

/]

< 400, (1.4)

if s €]0, 1], in case s > 1 (s ¢ N), we define :

co= ) lo°f]

|| <[s]

1.f1

C's—lsl, (15)

Proposition 1.4.1 The following properties hold:

o (By (R"), [ -]

Bgﬁq(Rn)) is a Banach space.

. B (R") = C5(R") if s € R* \ N,

Proof See [11].

We have a several embeddings associated with Besov space .We will recall some of them .
Proposition 1.4.2 Let se R, 1 <p < oo, 1< g < oo; then:

« S(R") = B, (R") — S'(R").

« B, (R") = L,(R") withe s > 2 — 2.
Proof See [12].
Proposition 1.4.3 We have :

1. Ifs,t€R, s >tand 1 <p,q< oo, then: By (R") — B) (R").

2. IfseR,and 1 <p; <py <o00,1<qg<00,5— pﬁl =t— p% then: By (R") < B;M(]R”) )

3. If 51,80 ER, 51 <89, 1 <1 < <00, 1< pp <py <ox0iif 81— pﬂl = Sy — p% then: Byl (R") —
B (R"™) .

p2,q2



4. f seRand 1 <p,r q < oo, and s > % — % ors=2— % g=1 then: By (R") — L. (R").

n
p

Proof

1
55, = (20 2711Q; 1) * < o,

We have s > t, then 2% < 257 therefore :

1. Let f € Bs (R"), then: ||f]

Q=

(ZzﬁqHijHZ) s(Z%sanijz) 7

>0 >0

hence :
£l Be,®ny < [If]

B q(R™) < 00,

which gives f € B (R").
2. By Bernstein’s inequality, we have:

1 1

10,1, < ¢- 2" G 3) 10,

Multiplying both sides of the inequality by 27¢:

5Q; Iy < ¢ 255 1Q, 1L

Given the condition s = ¢+ 2= — -, we get :

Qi f llps < - 2°[1Q; Iy
Hence :

(Z (2ﬁc2jfp2>q)2 _. (Z <2”ijpl>q)3

>0 >0

Consequently :

1£115s, oy < €llfll 5, 4@

p2.9

10



. By Bernstein’s inequality, for each frequency block @Q;f, we have:

10,71, < ¢ 2°G=3) 10,71,

Multiplying both sides by 2752 and incorporating the embedding condition s; = so+n (i

P

we simplify the expression to:

272(1Q; fllps < ¢ 27 [1Q; f Iy
by using Hoélder’s inequality:
(Z <2j52||@jf||p2>q2> <c (Z (2j51||ij||p1)’“)
Jj=0 Jj=0

Consequently :
115

2., <clflls

PQ 92

S1
Pl q1

4. We have L.(R™) C S'(R"),
for f € L,(R") then f € S'(R"), therefore :

F=>Y_Qif
Jj=0

we have :

£l =D Qif

J=0

| < Qi fllr,  forr > 1.

>0

By Bernstein’s inequality, we obtain :

SUQifll < ¢S 2GQ,f

j=>0 j>0

after simplification, we have :

Y 2G DNl < 3 G2, )

J=0 J=0

11

p2



For 1 < ¢ < o0, such that é + 5 = 1, by using Hélder’s inequality:

Qe

e PG, <o (Z 2“‘?‘5)")

J=0 J20

(Z 2jsq\|c2jf|\g> .

J=0

Consequently :

1

1fllr < e (Z 2j<3‘7‘5)q/> /1

Jj=0

Bg’q(R")a

since ¢ <Zj>0

converges if:

[\
<.
—
=3
|
313
|
»
N—
)Q\

v
Q\‘H

e 2—2—5<0 implies 2 —2<s therefore: [f[l; <c[fls;,mm.
or
« 2—T—5=0 implies % —%=s and q=1 therefore: [f|[, <c[fl 5, m@n-

Now we define the homogeneous Besov spaces on R™. We do not go into details, but we refer
to the following references: [6], [11], [12], [13].

Definition 1.4.2 (Homogeneous Besov spaces) Let s € R, 1 < p < o0, and 1 < ¢ < oco. The

homogeneous Besov space, denoted by Blf),q(R“), is the set of functions all f € S/ (R") such
that:

1

(Zjez 2jquQg‘fH]qJ) "< oo for q# oo,

sup;ez, 2°(|@; fllp < o0 for g = oo.

/]

Bj o (R") =

Proposition 1.4.4 (B;(J(R”), || - Hng(Rn)) is a Banach space.
Proof See [12].

Proposition 1.4.5 Let s e R, 1 <p < oo and 1 < ¢q < o0, then:
Sw(R") = B: (R") — S.(R™).

Proof See [4] .

Proposition 1.4.6 We have :

12



i. Let se R, 1 <p<ooandq < gy < oo, then: B;ql (R*) — B?, (R")

DP,q2
ii. Let s1,s9 € R such that s; < s, and 1 < py §p2§oo,1§q§ooand31—p%:32——
then: B2 (R") — Byl (R").

p2,q9

Proof See [11] .
Theorem 1.4.1 (Nikol’skil) Let 0 < a < b and (u;)jez C S, such that:
o supp 4; C {€: a2 < || <27} .

1
o (Syea2tluslly) T < o0
Then )

s /
jez Uj converges in S_ and

1> il

JET

1
By ) < C (Z 2jsq||“j“§> :

JET

Proof See [4] .

The relation between inhomogeneous and homogeneous Besov spaces is given by the following

assertion:

Proposition 1.4.7 : Let s > 0and 1 < p,q < oo. For all f € By (R") one has f € L,(R")
and [f], € B;q(R”). We write :

B: (R") = L,(R") N B (R™).

Proof See [13].

13



1.5 Triebel-Lizorkin spaces

Definition 1.5.1 (Triebel-Lizorkin spaces) Let s € R, 1 < p < oo and 1 < ¢ < oo. The
Triebel-Lizorkin space is defined as the set of all f € S'(R") such that:

a
(Z 25jq|gpjf\q> < oo for g # oo,
| fll7s,&ny = 720

Isup(2|g; f1)llp < oo for ¢ = oo.
jEN

p

Proposition 1.5.1 Let s e R, 1 <p < o0, 1 < g < oo then:
¢ S(R") — F; (R") — S'(R")
o Iy (R") — L,(R") withe s >
Proof See [12] and [13].

n_n
P r

Proposition 1.5.2 The following properties hold:
o (F, (R"), [+ [|Fs, @) is a Banach space if s € R and 1 < p,q < oo.
o I,(R") = Hy(R")if s€ Rand 1 < p < oo.
Proof See [12] .
Definition 1.5.2 (Homogeneous Triebel-Lizorkin spaces) Let s ¢ R, 1 <p<ocand 1 < g <

oo. The homogeneous Triebel-Lizorkin space, denoted by F]f,q(R”), is the set of functions all
f €S (R™) such that:

Qe

(
(Z 2jsq]ij]q> < oo forq+# o0
. - jer.

By (R *= p

sup(2”°|Q; f1)
JEZ

1.f]

< 00 for ¢ = c.
P

Proposition 1.5.3 Let se R, 1 <p<ooand 1 < g < oo, then:
Su(R™") = F2 (R") — S/ (R").
Proof See [12] .

14



Proposition 1.5.4 We have :

i. Let seR, 1 <p<ooandq <q < oo, then: F;ql (R™) — F;QQ(R”).

n

ii. Let s1,50 € R such that s; < so and 1 < py szgoo,1§q§ooandsl—pﬁl:sQ—p—2
then: F2 (R") — F51 (R").

p2,9

Proof See [12] and [13].

15



Chapter 2

Locally uniform spaces

2.1 The local uniform space

To define the local uniform space, we first introduce the following notion :

Definition 2.1.1 Let E be a subspace of D'(R"). We say that E is a Banach distributions
space if it is embedded into D’(R™) continuously. We use the abbreviation E.B.D.

Definition 2.1.2 (The Multiplier space) Let F be a Banach space of functions (or distri-
butions) defined on R”. The multiplier space M (E) is defined as follows :

M(E)={g:9-f€E, VfeFE}
The norm on this space, denoted by : ||g||a (), is typically the operator norm defined by
9laeey = sup{llg- flle:VfeE, |fle<1}.

Proposition 2.1.1 The space M (E) satisfies the following properties:

i. (M(E),| - |lm)) is a Banach space.
ii. If D(R") — M(FE), then M(F) is an algebra.
Proof See [6].

Example of such spaces. We consider E = L,(R") for 1 < p < oo, then M(L,(R")) = Loo(R™).

16



2.2 Uniform localization
A Banach space of distributions (E.B.D) is said to be isometrically translation-invariant if :

.f€E and |1flle=Iflg, Vf€E, VaecR"

Furthermore, if F is a D(R")-module, the following property holds :
el = ¥ llaee), V¢ € D(RY), Va e R"

If any function space E satisfies the above conditions, we say that:

f belongs to E locally uniformly if :
Vo e DR") and VYaeR", ¢(-—a)f €E.

FE endowed with the norm :
£l £, = sup [[p(- — a)f]lg,
a€ER™

is a Banach space .

Definition 2.2.1 We say that a function (or distribution) f belongs to Ej, (locally uniformly

function in space (F) if the following two conditions are satisfied :

(i) There exists a positive function ¢ € D(R"), not identically zero, such that :
Il = sup [[(7a) fllp < +o0.
a€R”
(7i) For every function i) € D(R™), we have (7,¢)f € E for all a € R" and :

sup [|(7a9) fl|p < +o0.
acR”

In the Definition 2.1.2; the two conditions (i) and (ii) are equivalent. For the proof of this

assertion, see [6]. In our work, we take these properties as a definition.

For the following statement we need to define the algebra property of any function space. To

do this, any function space F is said "has the algebra property" if for any g; € E and g, € F,

17



the product g;go belongs to E. An easy example, that F = L (R"), we have :
91,92 € Loo(R") = 9192 € Loo(R").
Proposition 2.1.1 If F is an algebra spaces, then:
M(E) = Ey,.
proof
(C) Let g € M(FE). For any ¢ € D(R™), we have :

1(ra9) - 9lle < llgllarce) magll

= HQHM(E)HSOHE
= Cy,.

Where C, is a constant independent of a. Hence, g € Ej,.

(D) Let f € Ej, and let ¢, ¢ € D(R™) be such that ¢ = . Then:

Ifelle = [I(fP)elle
< |[lfllelele

Since fiY = fr91p and E is an algebra, moreover:
| folle = | frovlle £ Cy (by definition).

Hence, we obtain:
Ifelle < Cllglle

Consequently, f € M(E).

18



2.3 The local uniform Lebesgue space L, ;,(R")

Definition 2.3.1 We say that a function (or distribution) f belongs to the space L, (R™) if it

satisfies the following condition:

sup [(Ta0) - fllp < 00, Vo€ DR").
acR™

Proposition 2.3.1 Alternatively, we can say that a function (or distribution) f belongs to
L, ., (R") if it satisfies:

1/p
1l gy 2= sup (/‘ IfQﬁFdx> < oo.
B(a,1)

acR”

Proof

(«<=) Suppose . By choosing the function ¢y € D(R™) with support in the ball B, we then have

i)l = ( [ lente—aPls@pas )
= (/ loo(z — a)|P| f(x)[? dx) ’ , since supp g C B
B+a

SWmM(é V@wm), va & RY.
“+a

Which implies that :

SUP|Kﬂw%)fma§|M%H«)$u>(/Q+ uxxnpdx)p

acR” acR”

< 400,

this shows that f € LP(R™)y,.

(=) Conversely, suppose that f € LP(R"), (i.e., supgern ||(Ta) fll, < +00). By choosing the

19



function ¢ € D(R™) such that ¢(z) = 1 on B, we then obtain :

(/ | ( \pdx) = < x—a)]”d:v)p, since p(x) =1 on B
B+a B+a
S( x—a)|pd$)p,sinceB+aCR”
Rn
< [[(ra) fllp,  Va € R™.

Which implies that :

sup ( / rf<x>|de) < sup [|(ra@) 1l < +o0,
+a

acR™ acRn?

Proposition 2.3.2

(1) If 1 < ¢ < p < oo, then L, ;,(R") < L1, (R™).
(2) Lp(Rn> — Lp,lu(Rn) — LPJOC(R")'
Proof

1- Assume L, ,(R™) < Ly, (R") for 1 < ¢ < p < co. We have :
1Al g pny = sup [ fllz,(Ba,0)-
ac€R”

By using Holder’s inequality on the bounded set B(a,1) :

([ wwrar) < ([ iwra) mani-

Since |B(a, 1)| = V,, (where V,, is a constant representing the volume of the unit ball in R"), we
1

1/q 1/p
(/ \f(x)\qda:) <C- (/ ]f(x)]”dx) .
B(a,1) B(a,1)

Where C' = Vq . Hence:
1/q 1/p
s ([ iropas) s ([ ippas)
a€R™ \J B(a,1) acR™ \JB(a,1)
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Therefore:
1fl 2y ru@y < C -1 fll Ly @)

Which completes the proof of the continuous inclusion Ly, (R"™) < L, (R™).
2- L,(R") — L, ;,(R™)

Let f € L,(R"). For any a € R", we have B(a,1) C R", therefore :

/ f(@)|Pdx < | |f(z)]Pdz.
B(a,1) R

</B<“vl> e dx) T ( | @r dx) "

By taking the supremum over all a € R", we obtain :

It follows that :

sup | fll p(Ban)) < 1 f]lLp@n)-

Thus :
L,(R™) C L,;,(R").

3- Lp,lu(Rn) C valoc(Rn)

Recall that f € L, ,.(R") if for every compact set K C R", we have:

(f rf<x>|pdx)l/p <.

Since K C R" is compact, it can be covered by a finite number of balls with radius 1 :
K c| B ).
i=1
Let f € L,;,(R™). This implies that for all « € R™ :

/B @S < o
a,l
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Therefore, we have the following estimation :

/K!f@:)!”d:c < Z/B( y |f(2)]? da

m
S Z ”le[)/p,lu(Rn)
=1

=m:- ||f”]£p’,u(Rn)

< 0Q.

From this, it follows that :

/K F(2)|P dz < oo.

Thus, we conclude that :

f € Lpioc(R").

2.4 The local uniform Sobolev space W' (R")

Ju

Definition 2.4.1 We say that a function (or distribution) f belongs to W™ (R™) if it satisfies :

plu

Suﬂf [(Tatp) - fHWz;”(R") <00, Ve e DR).
acR™

Definition 2.4.2 We say that a function (or distribution) f belongs to W (R") if it satisfies :

plu

”f“W;’flu(]R”) = sup Z /B( ) D@ f(z)|Pdr | < oo.

n
a€R la|<m

Proposition 2.4.1 we have :

(1) WiL,(R") = W7, (R") (1<p<g<oo)

p,lu
(2) W (R") = Wi, (R") = W, (R")
(3) Wy (R"™) = Wi, (R")  (if k > m)
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Proof

1- Wr

q,lu

(R™) — W™ (R™).

plu

Let f € W/, (R"), since D@ f is defined for every |a| < k :
/ D) f(z)P - 1da.
B(a,l1)

by applying Holder’s inequality with exponents % and - :

q—p
/ |D@ f(z)|P dx < (/ (]D(“)f(:c)]p)de>q : (/ las dx) "
B(a,1) B(a,1) B(a,1)
Hence : )
[ esardas ([ pes@pa) 6]
Bl(a,1) B(a,1)

9—p

Let ¢ = |B(a,1)| < , then :

[ psapdn < ( / |D(“)f(rr)|qu>
B(a,1) B(a,1)

I3

q

Therefore :

( [ pesar da:)” <ob. ( / |D(“)f(x)!qu>q .
B(a,1) B(a,1)

By taking the sup over a € R" :

1
sup ( / |D(a)f(ﬂ:)|”dx) < sup ( / |D(a)f(x)|qu)q |
a€R” B(a,1) aER™ B(a,1)

@) < ¢ fllwy

q,lu

Therefore : || f||wm

p,lu (R™)-

2-1 W(R™) = W (R™).

plu

Given that B(a,1) C R" for every a € R"™ then :

/ DO f@)Pdr< [ D@ )P dr.
B(a,1)

Rn
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Hence :

Z/ |D f(z)P dz < Z/ | D f(z)|P da.
B(a,1)

| <k || <k

By taking the sup we obtain :

S

wp | 3 [ separ| < | Y [ p0sepa

n
9€R™ \ Jal<k la <k

Therefore :
[ fllwm ®ey < || fllwm @n)

plu

2.2 W™ (R") < W™ (R

P, lu p,loc

We have :
fEWRY) = [|fllwyp ) < oo.

Let L be a compact subset of R™, since L is compact, it is bounded, thus : L C B(0, R) C U}, B(a;, 1).
Let f € W, (R"), this implies :

wewr: Yy [ LIPS s < 1y, ey

lal<k

We have :

Z/\D(a 2P de < Z/ ) F ()P da

o<k \a|<k —1 B(as,1
55 / D@ ()| do
i=1 |a|<k Y Blai])

p,tu
From this, it follows that :

Z/]D x)Pdx < 0.

|a|<k
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Thus :
f € ploc(Rn)

3- Wi (R?) = Wi, (R™) (k= m).

Since k > m, then :

Z/B( D \de<z/ D@ f(2)|P da.

|a|<m a,1) la|<k
And thus :
> [ pesapra) <X [ p@s@pa
jof<m ¥ Bl@1) jaf<k Y BlaD)

By taking the sup of both sides with respect to a :

B =

a€R™ a€eR”

la|<m laj<k B

Therefore :

[ llw, @y < A fllws,, gn)-

p,lu

2.5 The local uniform Besov space B? , (R")

p,q,lu
Definition 2.5.1 We say that a distribution f belongs to By ,,(R") if it satisfies :
Sup (7o) f || B5 ,(&m) < 00, Vi € DR").
acR™

Definition 2.5.2 We say that a distribution f belongs to B?

D,q,lu

1.f]

Bs . (Rn) —SUPHf|

S ol Bs ,(B(a 1)) Q.

Proposition 2.5.1

B (R") = B:_ . (R").

p,q,lu

Proof
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Let f € By (R"), we aim to prove that:

sup [|(7a0) fllBs ,(r) <00 Vo € S(R").

acR”

To achieve this, it is sufficient to find a constant ¢ > 0 such that:

Va € R" [[(Tap)f]

By (R7) < |l f] By ,(R™)-

Given that ¢ € S(R"), and we know that S(R") C M(B; ) it follows that :

1(Ta0) Nl Bs &7y < |Taollnems,) - [1f] s, &)

From the properties of Besov spaces, we know that the translation operator 7, : f(-) — f(- —a) is an since

we have :

ITapllaress,) = llellaes;,) = C.

Then :

[(Ta) f1

B;,Q(RTL) S CHf| Bg’q(Rn).

Taking the sup over a € R™ :

B; @) < CI|f|

sup [|(7a0) f| Bs ,(R™)-
acR™

Therefore :

/]

B @y < C|f]

p,q,lu quq(Rn).

Which concludes that f € By, (R").

2.6 The local uniform Triebl-Lizorkin space F ; (R")

Definition 2.6.1 We say that a distribution f belongs to F*

p,qJU(R") if it satisfies:

sup [[(Ta) f|

F;’q(Rn) < 007 V(,O S D(Rn)
a€R™

Definition 2.6.2 We say that a distribution f belongs to F; (R") if it satisfies:

/]

Fg ,(B(a,1)) < O0.

B qau(2) = SUD /]
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Proposition 2.6.1
F (R") — F}

p:q,lu

(R") — F?

p,g,loc

(R™).

Proof See [12] and See [13].
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Chapter 3
Application on locally uniform spaces

Let E be a functional space on R™. With real-valued, as Sobolev space W*(R"), Besov space B; (R"),
Triebel-Lizorkin space F;q(R”). In this chapter, we interested to apply some functional calculus on locally

uniform space FEj,, that is the acting composition of functions in the following sense :

Let f: R — R be a function, we consider the operator (which is not a linear)
Ty:9— fog, VgeF (3.1)

If the following assertion
Ty(E)C E (3.2)

Associated to (3.1) is satisfied, we say that f acts by composition on E.

Our application concerns to recall some theorems,given in [6], [11], [12], [13] .

In which the acting function f belongs to Ej,, where E = W;"*(R") or B; (R") or F; (R").

Noting that, we will give some examples in it possible.

3.1 A preparation

Let E be a function space on R”. We will use the following concept:
« FE is supercritical if £ C Ly (R").
e F is subcritical if E ¢ L. (R™).
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Here are some applications:

« Sobolev space W"(R")

W (R") is supercritical if
n .
m>— or m=— withp=1.
p

W (R") is subcritical if

n n .
m< — or m=— withp>1.
p p

Example W™(R") = {f, fM, ..., f™ € Ly}

(i) if m > 5 then W3"(R") C Lo (R"), hence W3"(IR") is supercritical.

(ii) if m < 5 then WJ"(R") ¢ Loo(R™), hence W™ (R") is subcritical.
 Besov space B; (R")

Bs (R") is supercritical if

s>E or s:ﬁwithq:l.

p p

B, (R™) is subcritical if , .
s< — or s=—withqg>1.

p p

Example By, (R") = W (R") s=m

(i) if m > § then ByL(R") C Loo(R™), hence By, (R™) is supercritical.

(ii) if m < § then B3y (R") ¢ Loo(R™), hence Byy(R™) is suberitical.
« Triebel-Lizorkin space F; (R")

s (R™) is supercritical if

n n
§s>— or s=— with p=1.

p p

Fy (R™)is subcritical if ; ;
s<— or s=— with p>1.

p p

Example

() Fpa(R™) if 0 < & then F),(R") = L,(R"), hence F),(IR") is subcritical.
(ii) F5 5 (R™) if 2 > & then F3,(R™) = W3(R"), hence F3,(R") is supercritical.
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3.2 Theorems on locally uniform spaces

We give some examples related to L,(R"), W7 (R"), By (R™) and F; (R"). All these paragraphs can be
found in [2], [4], [9], [10], [11].
3.2.1 Examples related to Lebesgue spaces

Theorem 3.2.1 Suppose n > m > 2. Then the following conditions are necessary and sufficient for F' to
operate on W™ (R"): F' € L., and F™ belongs to L, ,(R).

n/m

Proof See [5]. The prove is based on Taylor’s Formula, section 1.1.
Example : See [11] and [3] .

i. Let us take the function :

F(t) =1+
We have : .
F'(t) = )
W=
Hence :

=1<o0 = F' € Lo (R).

F = su

Now, For higher-order derivatives, F(™)(t) is a linear combination of terms of the form

W. As t — 400, these fractional terms tend toward zero (m > 2), which confirms

that they are bounded. Therefore:
FM™ e L, (R).
Consequently, if u € W:}m(Rn), then:

n/m

ii. Let us take the function :

We have :
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From this, it follows that :

| F'|| oo () = SUpP el = +o00.
teR

Hence :
2 ¢ Loo(R).

Therefore, the function does not satisfy the conditions of Theorem 3.2.1 .
Consequently, if u € W™ (R™), then :

n/m

eu®) ¢ WL (R™).

3.2.2 Examples related to Sobolev spaces

Theorem 3.2.2 Let m = 2,3,..., and let 1 < p < oo, let W* be subcritical, let G: R — R be continuous
and let G(0) = 0.

If m=n/p> 2, then (Tg(W") C W/™) holds if and only if G’ € W} *(R).

p,lu

Proof See [11].

Example :

See [11] and [3].

i. Let us take the function :
G(t) = sin(t).
We have:
e On one hand, the function is continuous on R, and G(0) = sin(0) = 0.

e On the other hand, G'(t) = cos(t), and since all derivatives of cos(t) are bounded

functions, it follows that for any derivative of order m and for all p, we have:

dk
'% cos(t)' < 1.
Thus, G' € W1 (R).
Consequently, if u € WJ"(R"). In this case, the condition is satisfied since sin(u(x)) €
W (R").
ii. Let us take the function :
Gt)=t", (m=>2).
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We have :
e G(0) =0™ =0, and the function is continuous.
o G'(t) =mt™ L.
o GM(t) =ml.

According to the L,(R)-norm of the derivative G'(¢t) = mt™ " on the interval [z, z + 1], when x — oo :

z+1 z+1
IC O sy = / - £ Pt = / plmt) gy

Since m > 2 and p > 1, we have p(m — 1) > 0. Therefore, for a sufficiently large x > 0 :

z+1
/ =D gp > 1. gpm=1) _ p(m-1),

By taking the supremum over all z € R (where x > 0) :

IG5

m > su m? - 2P} = 400,
W Z 30 )

Thus :
G' ¢ WI(R).

Consequently, if u € W*(R"), then :
u(z)™ & Wy (R").

3.2.3 Examples related to Besov spaces and Triebel-Lizorkin spaces

The following two theorems are given in [1]. We will write some examples on these results.

Theorem 3.2.3 If 0 < s < 1, then B _, (R") is the set of functions f such that:

p,q,lu

1 . L dt 1/q
sup (t Wp,IBH—a(f: t)) ? + ||f||Lplu(Rn) < +o00. (33)
0

acR”

Moreover, the expression above is an equivalent norm on B, ,, (R").

Proof See [2].

Remark 3.2.1 For s = 1, see [2].
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Example : See [12] and [13].

Consider the constant function f(x) = C, where C' # 0. Implies f € B, ; (R"). .

Theorem 3.2.4 If 0 < s < 1, then F;_,, (R") is the set of functions f such that :

([ (e avoran) )

Moreover, the expression above is an equivalent norm on F; , (R™).

sup
a€R”

Lp(B+a)

Proof See [2].
Remark 3.2.2 For s = 1, see [2].

Example : See [12] and [13] .

+ ||f||Lp,lu(Rn) < +OO

(3.4)

Let n =1 and 0 < s < 1. consider the smooth bump function ¢» € C>°(R), where ¢ (z) is defined as follows:

e ( ! ) if |2 < 1
xp | — if |x ,
() = -

0 if |z] > 1.

We can prove:
,QD € Fpiq,lu(R)

Theorem 3.2.5 Let 0 < s < 1 and p, q € [1,+o0]. We have :
M(B;,q) = <M<B;,q))loo

Proof See [2].

Example : See [12] and [1].

1
1422

Consider the function g(z) = wheren=1,p=¢=2,and 0 < s < 1.

We have :
B3 (R) = H*(R) for0<s<1.

We can prove that g € M(H?) .

We can also prove that g € (M (H?®)),,.
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Conclusion

We have clarified by several examples the relationship between locally uniform spaces and ordinary spaces
through a set of proofs.

Furthermore, we have presented concepts of some of the relevant theories related to locally uniform spaces,
such as: By, (R™), F5 ., (R™), W, (R?), and Ly, (R") .

P,q,lu p,lu
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Abstract

In this memory, we study local uniform spaces of the type F; _,, (R"), L, 1, (R"),B5 ., (R"),
and p’ﬁu(Rn), where we provide definitions for these spaces and present their main prop-
erties and embeddings.

Afterward, we select some theorems related to these spaces and provide examples along

with their explanations to facilitate and understand their content.

Key words:

Local uniform spaces, Sobolev spaces, Besov spaces, Triebel-Lizorkin spaces, Littlewood—
Paley decomposition, Multiplier spaces .

Résumé
Dans ce mémoire, nous étudions les espaces localement uniformément de type F; q}lu(Rn),
Ly (R™) By 1, (R?) et W (R"), ot nous donnons les définitions de ces espaces et nous

présentons leurs propriétés principales ainsi que leurs injections.

Ensuite, nous sélectionnons certains théorémes liés a ces espaces et nous donnons
des exemples accompagnés de leurs explications pour faciliter la compréhension de leur
contenu.

Mots clés :

Espaces localement uniformément, espaces de Sobolev, espaces de Besov, espaces de
Triebel-Lizorkin, décomposition de Littlewood—Paley, espaces de multiplicateurs .
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