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Abstract

n this thesis, we consider an inverse time-dependent source problem for a time-fractional telegraph
equation with mixed boundary conditions and an additional measurement at a fixed point. The frac-
tional derivative is described in the conformable sense. Under some assumptions on the input data,
the well-posedness of this inverse problem is shown by using Fourier’s method and Banach’s contraction
mapping principle. An inverse space-dependent source problem for a time-fractional telegraph equation
with periodic boundary conditions and an additional condition at final time is considered. The fractional
derivative is also in the conformable sense. The well-posedness of this inverse problem is shown under
some assumptions on the input data by using Fourier’s method. The algorithm using the finite difference

method is presented to solve the first inverse problem.

Keywords and phrases: Inverse problem, Telegraph equation, Fourier’s method, Conformable fractional

calculus, Banach’s contraction mapping principle, Finite difference method.
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Introduction

et /,T > 0 be some fixed numbers and let ()7 be a rectangular region defined by:
Qr ={(z,t): 0< <, 0<t<T}.
We consider the one-dimensional time-fractional telegraph equation

D?a)u (x,t) + QGDIEQ)U (z,t) + b*u (2, 1) = Wigy (x,t) + F (,t), (z,t) € Qr, (1)

where Dt(a) represent the left-conformable fractional derivative of order 0 < a < 1 with respect to ¢ such

that Dﬁzo‘) = Dga) <D§a)>, F (x,t) is the source term, a > b > 0, w > 0 and u (z, t) represent the voltage or
the current inside a piece of telegraph or transmission wire, whose electrical properties per unit length are:
resistance R, inductance L, capacitance C, and conductance of leakage current G where w = %, 2a = % + %,
and b? = ¢&.

For a = 1, equation (1) is the classical telegraph equation developed by Oliver Heaviside in last decades
of 19'" century [11]. This equation is a second-order linear hyperbolic equation and it models several phe-
nomena in many different fields such as signal analysis [15], wave propagation [24], random walk the-
ory [9].

Suppose the unknown function u satisfies the following initial conditions
U(:B,O):(p((ﬂ),DEQ)U(JJ,O):w([E>,OS.’L'§& )
and the homogeneous mixed boundary conditions

up (0,t) =u(L,t) =0, 0< t < T, 3)



where ¢ and v are given functions. If all functions F' (z,t), ¢ (t) , ¢ (t) are given appropriately, the problem
(1)-(3) is a direct problem. It should be noted that the direct problem (1)-(3) has been investigated in the

works [2,3,20], and the references therein. In this thesis, we will study the following two inverse problems:

* [nverse time-dependent source problem:

When the source term F'(z,t) = r (t) f (x,t) with f (z,t) is a given function. The problem of finding

the solution pair {u (z,t),r (t)} of the problem (1)-(3) with additional measurement condition

u(ze,t) =h(t), 0<t<T, 4)

is called the inverse problem where =, € [ 0,¢] is a fixed point and A (t) is a given function.

e [Inverse space-dependent source problem:

When the source term F' (z,t) = f (z). The problem of finding the solution pair {u (z,t) , f (z)} of the

problem (1)-(2) with periodic boundary conditions

w(0,t) =u(l,t), uy (0,t) =uy (4,t), 0<t<T, (5)

and additional measurement condition

u(z, T)=h(z), 0<z </, (6)

is called the inverse problem where % () is a given function.

We note that inverse source problems for fractional diffusion and wave equations were investigated
in [5,12,13,22,23,25] and inverse coefficient problems for a semilinear time fractional telegraph equation
in [18,19]. It should also be noted that all the articles on the inverse problems mentioned used the fractional
derivative of the Caputo sense. However, the inverse source problems for fractional telegraph equations
have not yet been studied. As far as we know, the well-posedness of the inverse time-dependent source
problem (1)-(4) is studied in our article [4] for the first time.

The works [7,17] investigate inverse space-dependent source problems for time-fractional diffusion and
heat equations and inverse space-dependent source problem for space-time fractional differential equation

is studied in [6].



The rest of this thesis is structured as follows: in Chapter 1, some definitions and properties of the
conformable fractional calculus theory and two theorems of stability theory of the finite difference schemes
are given.

In Chapter 2, under some natural regularity and consistency conditions on the input data, the well-
posedness of the inverse time-dependent source problem (1)-(4) is shown by using eigenfunction expansion
of a self-adjoint spectral problem along the Fourier’s method and Banach’s contraction mapping principle.
This chapter is the subject of an article titled "The well-posedness of an inverse source problem for a time-fractional
telegraph equation" published in an international journal "Palest. J. Math.", see [4].

In Chapter 3, under some assumptions on the input data, the existence, uniqueness and continuous
dependence upon the data of the solution of the inverse space-dependent source problem (1), (2), (5), (6)
are shown by using the Fourier’s method and some properties of the conformable fractional derivative.
Finally, we provide two examples of this inverse problem.

In Chapter 4, we proposed an algorithm to find the numerical solution of the inverse time-dependent
source problem (1)-(4) by using the finite difference method. Two numerical examples are presented to

confirm the effectiveness of this algorithm.



CHAPTER 1

PRELIMINARIES

n this chapter, we give some definitions and properties of the conformable fractional calculus theory

and two theorems of stability theory of the finite difference schemes.

1.1 The conformable fractional calculus

In this section, we provide some definitions and properties of the conformable fractional calculus theory.

Definition 1.1 ( [16]). Given a function f : [0,00[ — R. Then, the conformable fractional derivative of f

of order « is defined by

DOVf (1) = 1 L L) T

e—0 e

forallt >0, € ]0,1]. If D@ f (t) exists in some ] 0,a[, a > 0, and lim+ D) f (t) exists, then define
t—0

D f(0) = lim DY ().

t—0+
If the conformable fractional derivative of f of order « exists, then we simply say f is a-differentiable.

Definition 1.2 ( [16]). The conformable fractional integral of a function f starting from a > 0 of order « is

defined by

wherea € ]0,1].
Theorem 1.1 ([16]). Let a € 10,1 | and f, g be a-differentiable at a point t > 0. Then
(1) D (af +bg) = aD (f) 4+ 6D (g), forall a, b € R.

4



1.1. THE CONFORMABLE FRACTIONAL CALCULUS 5

(2) D) (\) = 0, for all constant functions f (t) = \.
3) D (fg) = D) (9) + gD ().
@) If f is differentiable, then D) (f) (t) = t'=*%L (¢).

Theorem 1.2 ([16]). Let o € ]0,1],a > 0and f : [ a,00[ — R be continuous function. Then, for all t > a we

have

DL (f)(8) = f (1)

Definition 1.3 ([1]). Let0 < o« < 1and f : [ 0,00 — Rbe function. Then the fractional Laplace transform

of order « of f is defined by

et

Lo {F (D)} (5) = Fu(s) = /0 T e oL,

Theorem 1.3 ([1]). Let 0 < o« < land f : ]0,00[ — R be differentiable function. Then

LD F 0] () = sFa(s) = £ (0).

Property 1.1 ( [1,8,14]). Let 0 < a@ < 1, a,b € Rand f,g : [0,00] — R be a functions such that
Lo{f ()} (s)=Fa(s)and Lo {g(t)} (s) = Ga (s) exists. Then

1. The fractional Laplace transform is linear operator:
Lo{af (t)+bg(t)}(s) =aFa(s)+bGa(s). (1.1)

2. We have:

Q=

LoAF @O} () = £{f ((a)%) } (s). (12)

where L is the usual Laplace transform such that £ {g (t)} (s) = / e Stg (1) dt.
0

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales



1.1. THE CONFORMABLE FRACTIONAL CALCULUS 6

3. We have £, {e*a%f (t)} (s) =L {e_“tf ((ozt)é)} (s)=L {f ((atﬁ)} (s + a). For example:

S+ a

{ e cosh( a)} = c{eosh 0} () = "5 (1.3)
{ < smh< a)} = £ {e 9 sinh (bt)} (s) = (S+a§2_b2 (1.4)
4. The derivative of the fractional Laplace transform satisfies:
LA e %10} 0. (15)
5. The fractional Laplace transform of the a-convolution of f (£) and g (f) is
Lo A(f 9) (O} (5) = Fu(5) - Ga (5), 16)

where (f # g) (t) = /Ut 7 =7Y) g (r)rtar.

Theorem 1.4. Let 7,y > 0and g : [ 0,00 [ — R be continuous function. For all 0 < o < 1, the following Cauchy

problem:

DYy (t) + 29D Wy (¢) + 42y (t) = g (t), 0<t,

(1.7)
y(0) = y1, DWy(0) =y,
admits a unique solution given in the following three cases:
1. Ifn < (by Theorem 2.1 in [2])
t< ta a ta
y(t) =yie " cos (\/7 —n? ) T2 0 in (\/v —n? >
V-
1 " . o _ o (1.8)
+ / g(r)e "2 gin V2 —n? o dr.
/~2— 02 Jo o
2. Ifn=1v
e e t 1o — 7 e 1
y () =yre s + (ny1 +y2) —e ”a+/g(¢) e e T ldr, (1.9)
0

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales



1.1. THE CONFORMABLE FRACTIONAL CALCULUS 7

3. Ifn >~

— pyp L B ST (e il
y(t) =yie "« cosh nt—=—v"— 1+ 5 ¢ e sinh N4 —y-—
o Vit = &

(1.10)
1 t - te — 7o
- - 3 2 _ A2 0 a—1
+ \/m/o g(r)e sinh <\/77 7 )T dr.
Proof. According to Theorem 1.3 and from (1.1) and (1.7), we get:
yi(s+mn
Loly(®) (s) = — )
(s+m)" = 0=~ (111)
y1n + Y2 1 '
+ La{g ()} (s).
(s+m)° =2 =92 (s+n)’ (P —~?)
1. If n < v, the proof in [2, page 30].
2. If n = v, using (1.2) we have
t& 1
'z = —nt =
Lo {e }(s) L{e "} (s) P (1.12)
using (1.5), from (1.12) we obtain:
dcl, {—67”%} (s) o 1
zﬁa{e Ta }(s) = 5 (1.13)
ds a (s )

by using (1.6), from (1.13) we obtain:

i ) T b9 =L { ST o Lo ) (). a1y

« «

after substituting (1.12)-(1.14) in equation (1.11), we find

a ta a t tOt_ @ oo
La(y O} ) = Lo fine S 4+ ) S 1[9BT e e tar o),
0

hence, by using the inverse fractional Laplace transform, we get (1.9).

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales



1.1. THE CONFORMABLE FRACTIONAL CALCULUS 8

3. The last case (if > 7): using (1.4) and (1.6) with putting b = \/n? — 72 in equation (1.4), we obtain:

oo

Lo {/Otg(f) T nh (mﬂ ;Ta> TaldT} (s)

VL

) (1.15)
e e . t
= La {ﬁ sinh (W - fy?) } () La {9 (1} (5).
ne = «
after rearranging (1.3), (1.4) and (1.15) in equation (1.11), we find
t t* & t*
Laly(D)} (5) = Lo d pre " cosh ( g 72) § LAY 0y, (W = fﬂ)
(0% 772 — ,.YZ 8]
t a_La o — ro
+ —— / g(7) e™"& sinh n? — 7277— 77 dr b (s),
VP =% Jo a
thus, by using the inverse fractional Laplace transform, we get (1.10).
O

Definition 1.4 ([10]). Let & € ]0, 1 |. Define a function space
C¥0,1) = {u:u(t) =1z (t) + c,c e R,z € C[0,1]}.
Define

lully, = llully + [P

)

0
where [ = max [u (1)}

Theorem 1.5 ([10]). (C*[0,1],||||,) is @ Banach space.

Definition 1.5. Let @ € ]0,1 | and 7' > 0. We define the set of functions as:
C2[0,T) = {u D@y (t) = P2 (t) + c,c € R,z € C [o,:r]} .
Define

HUHcQa[o,T} = ”“HC[O,T] t HD(Q)UHC{O,T] + HD(za)uHC[O 7]’

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales



1.1. THE CONFORMABLE FRACTIONAL CALCULUS 9

where HUHc[o,T] = tgfg%i |u (£)].

Theorem 1.6. (Cza [0,7], ||~||cza[O7T}) is a Banach space.

Proof. To prove this theorem, we follow the same steps as the proof of Theorem 1.5. It is easy to verify that
Il g2 0,7 satisfies the norm axioms.

The following proof is the completeness of C2 [0, T. Let {u, }o-, be a Cauchy sequence in C** [0, T7:
D@y, () = Iz, (t) + cn,
where z,, € C[0,7], and ¢,, € R. Then
Dy, () = DOup, () = IO (2 (£) — T (£)) + €1 — Cm,
by using parts (1) and (2) of Theorem 1.1 and using Theorem 1.2, we find
D (uy, (£) = U () = T (£) — T (£) -
Because {u, }o- ; is Cauchy sequence in C?** [0, T], we have

llun — Um||C2a[0T l|n — Um||c[0 T] + HD( ) N um)HC[O,T]

+ HD(QQ) (up — um)H . — 0.

T} n,m—-+oo

Thus every term of the above formula converges to 0. By

2
= tmllego,ry = O and HD( ) (uy — um)HC[O,T} = lln = zmlleqo,r) =750 0

we know {u,}-7 ; and {z, },- , are Cauchy sequences in C [0, T]. By the completeness of C [0, T'], there exists

u, z € C[0,T] such that u,, — u and 2, —— . The second term is
n—-+oo n—-+oo

HD(“) (un—um)H = 110 (2 — ) + (cn — Cm) 0.

clo,r HC[O’T] n,m—~+00

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales



1.2. STABILITY THEORY OF THE FINITE DIFFERENCE SCHEMES 10

We have

llen — CmHC[o,T} < ng (T — xm) + (cn — Cm)Hc[o,T] + ng (zn — wm)”c[o,T] m 0,

that is to say, {c,},-; is Cauchy sequence in R. By the completeness of R, there exists ¢ € R such that

cn — ¢. Let D@y (t) = 1% () + ¢, then u € C%>* [0, T] and

n—-+o0o

lun = wllczapr) 775 O

The completeness of C2 [0, T is proved. O

1.2 Stability theory of the finite difference schemes

In this section, we mention the two theorems we need in chapter four.

Let0 < a <1,T > 0and N, € N*, we consider the following scheme:

. 2 - i 1] - 1T N 1 — T
BVY + K2PVjy + AVI = FI, j=TN, - 1, k = g, (1.16)

VOi=0, VI =T,

where ® and ¥ are given vectors of a finite-dimensional real space Hy, for all j = 1, N,, — 1 the vector FV €

Hy, is given; A, B and P are linear operators in the space Hj,. The notations V;), and V] are simplifications
Vitl _9oyi 4 yi-1 Vitl _yi-l ,
of formulas 12 T and o% , respectively, with V7 € Hj, for all j = 0, N,. For the

stability of scheme (1.16) with respect to the initial data and right-hand side, we have the following two

theoremes:

Theorem 1.7. [71, page 433] Let A = A* > 0 and P = P* > 0 be positive operators. Then the conditions
1
B>0and P > EA

are sufficient for the stability of scheme (1.16) with respect to the initial data.

Theorem 1.8. [71, page 436] Let the conditions of Theorem 1.7 be satisfied. Then scheme (1.16) is stable with respect
to the right-hand side.

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales



CHAPTER 2

THE WELL-POSEDNESS OF AN INVERSE

SOURCE PROBLEM FOR A TIME-FRACTIONAL

TELEGRAPH EQUATION

n this chapter, under some natural regularity and consistency conditions on the input data, we show the

well-posedness of the inverse time-dependent source problem (1)-(4) by using eigenfunction expansion

of a self-adjoint spectral problem along the Fourier’s method and Banach’s contraction mapping principle.

This chapter is the subject of an article titled "The well-posedness of an inverse source problem for a time-fractional
telegraph equation" published in an international journal "Palest. J. Math.", see [4].

The following lemma is obtained with the help of integration by parts and the Cauchy-Schwarz in-

equality.
Lemma 2.1. Let p,, = ”(237;1) with n € N. We have:

1. If g € C3[0, (] satisfies the conditions g’ (0) = g (£) = ¢" () = 0, then the inequality

’2

‘ V2
7 /0 9 () cos (na) dz| < -5 |llespo g » holds.

2. If g € C*0, 4] satisfies the conditions ¢’ (0) = g (¢) = ¢" (£) = ¢ (0) = 0, then the inequality

2 g (@) cos () da

V2
< i gllcajo e » holds.

+o0

. . 1
Lemma 2.2. The numerical series E converges to S > 0, where i, = 3;(2n+ 1) and
n=0 iun V UJ/I?L + b2 - CL2
a2;b2 < ,Uz(2]o

11



12

Proof. Using Riemann’s rule, we get:

. n? 2
lim = 5
notoo o Swp2 + 02 — a2 TA/w

400 1
then, the numerical series Z

=5 /W + b2 — a?

Leta € ]0,1],7 >0and L > 0. For f € C[0,T], we define in C [0, T'] the norm

converges to S > 0.

11l = oz e ™/ |f (2]

Lemma 2.3. The norms ||-||, , and ||-[|c(o 7y are equivalent.

Proof. For f € C[0,T], we have

e F @l < e P @I < 1S ()]
Forall ¢t € [0, 7], we obtain

et e 1 e,y < e < WS llegory »

where, || f{l¢jo. 7] = oAx FAGIE

Consider the following equation:
PPV (8) 4+ 2aD b (£) + b2h () = witgg (24, t) + 7 () f (z4,1), 0< t < T.

The following lemma is valid.

Lemma 2.4. Let ¢,v € C[0,4], f (2+,+) € C[0,T], h € C?**|0, T and the consistency conditions

be satisfied. Then, we have:

1. Each solution {u (x,t),r (t)} of problem (1)-(4) is a solution of (1)-(3), (2.1).

2.1)

2.2)

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales



2.1. EXISTENCE AND UNIQUENESS OF THE SOLUTION 13

2. Each solution {u (x,t),r (t)} of problem (1)-(3), (2.1) is a solution of (1)-(4).

Proof. 1. Let {u(x,t),r (t)} be a solution of the problem (1)-(4), from (4) we have
w(@et) = h(t), D (2., t) = DR (t) and DPVu (2., t) = DN (1), (2.3)
we put x = z, in (1), we find
DNy (2, 1) + 24D\ (24, 1) + b2 (24, 1) = Wikgg (T4, 8) +7 (8) f (2s,8), 0 E< T, (2.4)

after substituting (2.3) in equation (2.4), we get (2.1).

2. Let {u(x,t),r(t)} be a solution of the problem (1)-(3), (2.1), then from (2.1) and (2.4), we obtain:
DP u (e, 1) = h ()] + 2aD{ [u (s t) = h () + 0 [u (e ) —h ()] =0, 0t < T, (25)

by using (2) and (2.2), we get

(2.6)
DI [u (@4, 0) = 1 (0)] = ¥ (@) = DIV (0) = 0
According to Theorem 1.4, the solution of (2.5)-(2.6) is:
u(ze,t) —h(t)=0,0<t<T.
Hence, the condition (4) is obtained.
O

2.1 Existence and uniqueness of the solution

In this section, the first main result on existence and uniqueness of the solution of the inverse time-dependent

source problem (1)-(4) is presented as follows.

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales
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Theorem 2.1. Suppose that the following assumptions holds:

(A1) €CH0,4); ' (0) = (£) = " (£) = " (0) = 0;
(A2) :9p € C*[0,4]; ¢/ (0) = ¢ (£) = 9" (£) = 0;
(A3): f€C(Qr); f (1) €C3[0,4], f (x4,t) # 0 forall t €[0,T];

of _9%f
Oz Qa2

(Ag) 1 h € C[0,T]; 0 (2.) = h(0) and ¥ (z,) = DR (0).

(0,t) = f (¢4,¢) (¢,t) =0, forallt € [0,T];

Then, the inverse problem (1)-(4) has a unique solution {u (x,t),r (t)}.

Proof. The proof of this theorem takes place in three steps:
Step 1: Construction of solution
By using the Fourier’s method (separation of variables), the associated spectral problem of the direct

problem (1)-(3) is given by:

X"(x)+ XX (x)=0,0<z </,

(2.7)
X' (0) = X (¢) =0.
Eigenvalues and eigenfunctions of the spectral problem (2.7) are
A\, = u2 where p1,, = W(QZZ_D and X, (z) = cos (upx), n € N. (2.8)

We can easily show that problem (2.7) is self-adjoint, then the eigenfunctions (2.8) forms a complete system
in the space L? [0, /).
By applying the standard procedure of the Fourier method, we obtain the following representation for

the solution of the direct problem (1)-(3) for arbitrary r € C [0, 7],

w(z,t) =Y up(t) X (x).
n=0

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales
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where the functions u,, (t) with n € N satisfies the following sequence of Cauchy problems:

Dy, () + 2D Duy, () + (b2 + wp?) u, (8) =7 () fr (1), 0 <t < T, 9)

Unp (0) = Pn, D(a)un (0) = 1,

where
9 1t
fn(t) = 5/0 f (z,t) cos (upz) de,
9 rt
co=7 [ @)cos ().

4
hn = ?/0 Y () cos (upx) d.

According to Theorem 1.4, the solutions of (2.9) are given in the following three cases:

2 _ 12
< u%, then the solutions of (2.9) are:

un (t) = eﬂl% (gpn coS <5nt> + Yntagn sin (6nt>>
o On o
. (2.10)

—atZ t o
L /Osm<5nt e ) O (3) fo (5) d

where §,, = /w2 + b? — a?.
2 12

_b .
Case 2: If exist ng € N such that N%o <2 < ,uio 1, then the solutions of (2.9) are:
w

il n n . t
forn <mng, u,(t) = e~ Vs <g0n cosh < > + @Z}Zisﬁ sinh <An>>
n o
e—a% t ) o — o a1
+ sinh [ A, sY e T(S) fn (s)ds
A, Jo

o n no . e
for n > ng, uy, (t) = e Vs <gon cos ( ) + 1/)‘;76%0 sin <5na>>

—a~— t a
¢ sm< ) ©L 1 () fo (5) ds,
0

Case 1: If ¢

(2.11)

where A, = y/a? — b? —wp?.

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales
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2 2
Case 3: If exist ng € N such that a4

= ”7210' then the solutions of (2.9) are:
n n . e
forn < ng, u,(t) = e_ata (gpn cosh (A a) + Yn + aen sinh (Ana)>

Ay,
A / sinh <

; —a*— t* as a—
if n=ng, up, (t) =e€ T (sDno (Yng + apn,) — - —I—/ e s L (8) fo () ds) (2.12)
0

for n > ng, uy (t) = e_“% (gpn cos <(5nt> + Yn + apn sin (6nt>>
o On o

t(l

—a=— t a Lo e
4+ 5 / sin <5nt i > s eV 1 (5) fu (s)ds
0

R L CIACLE

tta_ «

n (07

Hence, the representation of the first component of solution pair {u (z,t),r (t)} is given in the following

three cases:

a2 — b2
e If < p, then
u(z,t) = Z [e‘“f <<Pn cos <(5nta> + 1%‘(;:9% sin <5nta>>
n=0" (2.13)
—at- t « «
€ « . % —s a—1_ a2
+ / sin (6n ) s e ar (s) fn () ds} cos (finx) .
5n 0 (6
2 _ 12
v [f M%o < < M%OJrl, then
Zun cos (upx) + Z U, (t) cos (pnx) , (2.14)
n=ng+1
where u,, (t) is defined by (2.11).
2 _ 12
w If b = ,uio, then
no—1 o]
u(z,t) = Z U, (t) 08 (pnT) + Ung (t) cOS (tnyz) + Z U, (t) cos (pnx) , (2.15)
n=0 n=ng+1

where u,, () is defined by (2.12). In this case, if ny = 0, we delete the first series from the representation

(2.15).

Now we construction the second component of solution pair {u(x,t),r(¢)}. Under the assumptions

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales
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(As) — (A4), by using Lemma 2.4, from (2.1) we obtain:

rt) = DR () + 2aD b (£) + 62 (t) — Wiige (24, 1) N 216)
f(x*vt) ’ o o ’ ‘

by using the series (2.13)-(2.15), from (2.16) we obtain the following Volterra integral equation of the second

kind for r (t):
t
r(t)=B(t) +/ Q(t,s)r(s)ds, t (0,77, (2.17)
0
where
2 _ 12
/T )2 then
w
(20) (@) 2
B(t);p h(t)+2a'D h(t)+b h(t)
[ (z4,1)
_aﬁ oo ta w + ta (218)
= )y YnT0Pn o N 2
+ f (24,1 ng(] |:90n cos <5n a) + 5 on <5n 5 >] i, cos (pns)
and
Q (t ) weas(x;ta Sa—l io: M% COS (,LLTLJ,’*) g <5 & — Sa) f ( ) (2 19)
78 = in : 3 N |
f(CU*,t) e 6n
2 _ 12
v If N7210 < < /~L7210+1/ then
(20) (@) 2
B(t) = 2U0R () + 20D (1) + bR (1)
+ﬂ i cosh AE —i—wsinh AE 2COS( T)
flaat) \ = ©n n A, n || Hi €08 (pne (2.20)
3 N L Yntapn (]
+ n_%;rl [@n cos <5n a) + 5 sin <<5n 5 >] L4, COS (Mnx*)> ,

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales
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and
et E gam1 (T p2 cos (pnTs) . e — s@
Q) = (Zﬂ ) sinn (8,525
o " (2.21)
s cos (fnTx) . ¥ — s
+ Z B — sin <5n - >fn (3)> .
n=ng+1
2 _ 12
VIl b :ufm,then
B(1) = DRI (1) + 2aD @k (t) + b2k (t)
f(x*7t)
_ a2t no—1
we Ya e wn +apn . 2 2
o (8 oo (40 52 (3, 5) s
n= o (2.22)
[+ G+ ) | 2, €08 )
+ i [go cos ((5 ta) —l—wsin (5 ta)} 12 cos (pn ))
" e on e " R
n=no+1
and
Qt.s) = weasa;ta a1 noz—l N% <08 (fins) wnn (A o g )
U f(wet) —~ A, " "
o — g™
+ 12, €08 (HngZs) fro (8) " ° (2.23)
o 2 a Lo
+ nz%:ﬂ Hin ©O8 finT) Coséi“”x*) sin <5nt - ° > fn (s)) .

In this case, if ng = 0, we delete the first series from the two representations (2.22) and (2.23).

Step 2: Existence of the solution
To establish the regularity of the first component u(x,t), we need to show u (z,t), uy (x,1), Uz (z,1),
Dgo‘)u (z,t) and Dt(m)u (x,t) are continuous functions in Q7.

Under the assumptions (A;) — (A3) and Lemma 2.1, by using the series (2.13), the following inequalities

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales
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holds for any (z,t) € Q7 such that

lu(z,t)| < i \/§H(’0HC“[O7€} \[||w||c3 [0,¢] \@GH‘PH@[QQ
sl e Sutih (2.24)
V2T rlle 1y 1o gxcpor
acd, 13 '
|Ux (33 t)| < i \/5”90“04[0’5} \[”w”cs [0,4] n \/5@”@”674[07@]
+ﬂeaTQ/a HTHC[O,T] HfHCS[Qe]Xc[o,T}
acdp 12 '
‘u x t ‘ < Z \/>|’30||C4 [0,£] \/§H¢HC3[07€] n \/5&”@”64[0’0
. (2.26)
+\/§e“T /2 rllego.m 1 llespo.ancion
a0y fiy, :
(@) <y I¢lleipa av3 [¥lesios
’Dt u(:c,t)‘_z_jolﬂ(zaw +5> Tt V2 + 5 ;
- V22 171 227
2 X et M
+ ( . + 5 ) e 17Nl ejo, P ]
20),, 2, 2a a '\ 1¢llesoq \f‘WHC«?[OE
‘D xt‘ Z: (6 + +2> <\f2<1+5n> ” e
. (2.28)

On, aT% /ot 1fllesgo,axcro.r
+f( ++Q T el g

TS

From (2.24)-(2.28) and by Weierstrass M-test, the series corresponding to u (x,t), uy (x,t), uge (2, 1), Dt(a)u (z,t)
and D**u (z, t) are uniformly convergent on Q7. Hence, u (z, ), ug (7, t), Uga (2, ), D\ u (2,t) and DV (2, 1)
are continuous functions on Q7.

Similarly, we show that u (z,t), uy (x,1), ugs (z,1), Dt(a)u (z,t) and Dt(Za)u (z,t) are continuous functions

on Qr in the other cases. Thus, u (z, t) satisfies the conditions (1)-(3) for arbitrary r € C [0, T'].

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales
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We define the following operator:

P (r(t)) := B(t) +/O Q (t,s)r(s)ds,

on the space C [0, T] with |||, , == [Jnax, e~ P/ (1)]. To show P is well defined.

DY ()42 D h(t)+b2h(t)
f(I* 7t)

Above we proved that the function u,, (z, t) is continuous in Qr for r € C [0, T'], then, under the assumption

Under the assumptions (As) — (A4), the function ¢ — is continuous on [0, 7.

As), the function ¢ — wies (2+) §5 continuous on 0,T]. From (2.16), the operator P is well defined.
f(:l?* 7t) p

For the rest of this proof, we take only the first case (if # < p3). Now we prove that P is a contraction
operator in the space C [0,7]. We choose L > 0 and let r;,72 € C[0,T]. Under the assumption (A3z) and

using (2.19), we have the following estimates:

t
eth"‘/a |7D (7"1 (t)) _Pp (7‘2 (t))| < eLto‘/a/ 6Lso‘/oc |Q (t, S)‘ 6—Ls°‘/a ’7’1 (S) — 79 (8)| ds
0

t
< lir = rall o / M0 (1, 5)] ds
0

+00
1
V2 | Fllesgo.neio 2} o

< . I =72llpq -
(L +a) min |f (z.,1)]
Consequently, we obtain:
V2wS || fllespo.qxcior)
— : . — 2.29
[P (r1) P(TQ)’L,Q =~ (L+a) min ’f (.T*,t)’ Hrl TQHL,a? ( )
0<t<T
+oo 1
where S = Z . It is easy to choose the real L > 0 such that,
= i/ wpd + b2 — a?
V2wS :
1 lespo,qxcio1] -1 (2.30)

: "
(L +a) OglgnTlf(ﬂ: )

Then the operator P is a contraction. Consequently, by Banach’s contraction mapping principle, P has a
unique fixed point r € C [0, T7.
Step 3: Uniqueness of the solution

Let {u(z,t),r ()} and {a(x,t),7 (t)} be two solution sets of the inverse problem (1)-(4). From (2.13)

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales
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and (2.17) , we have

W) — (o ) = e 0's 3 08 Wnr) /0 sin <5nta - Sa) 1S (o (s) = 7 (s)) fi (s)ds,  (231)
and
P —F () = P (r (1)) — P (7 (1) 232)

From (2.29) and (2.32) we get:

V2wS || flleso.xcio

Ir = 7llpa < - 17 =7l (2.33)
(L +a) min [f (2.t
which implies that » = 7. After inserting » = 7 in (2.31), we have u = @. O

Remark 2.1. We can prove Theorem 2.1 so that the function @ (¢, s) given by (2.21) and (2.23). In both cases,

the contraction constant in (2.30) will be given as follows:

2 _ 32
v If ufm <4 < /‘7210 1, the contraction constant in (2.30) is replaced by
V2wS" || fllspo.qxcior) ;e e
- where S’ = Z
(L—I—a)01<ntl<nT\f(x*,t)\ L 2unn/a? — b2 — wp?
== . (2.34)
1
+ .
nnzo+1 pn/wpZ + b2 — a?
(I2 _ b2
v It = /‘io' the contraction constant in (2.30) is replaced by
VawS" ||f”c3[0,e]xc[0,T] where S” = T + noz_l -
(L+a) win |f (2., 0) Ainy 2 S P i
== . (2.35)
1

_|_

2.2 Continuous dependence upon the data of the solution

In this section, we give the second main result on continuous dependence upon the data of the solution pair

{u(z,t),r ()} of the inverse problem (1)-(4).
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Let S be the set of quartiles {y, v, f, h} where the functions ¢, 1, f and h satisfies the assumptions
(A1) — (Ay) of Theorem 2.1 and

lelleso.g < M, [¥llesp,g < Mo, ([ fllespo,gxcor < Mss [hllezagry < Ma,

(2.36)
2
M —021<n |f (z4,1)], Mg = max {1,2a,b} .
For ¢ € &, we define the norm
1lls = llelleso.q + 1¥lleso.q + 11 lesio,xcpo,r + 1Rllzapo,r - (2.37)

Theorem 2.2. The solution {u (x,t),r (t)} of the inverse problem (1)-(4) under the assumptions of Theorem 2.1,

depends continuously upon the data.

Proof. Let {u(z,t),r(¢t)} and {a(x,t),7(t)} be two solution sets of the inverse problem (1)-(4), corre-
sponding to the data ¢ = {p, %, f,h} and b = {@, 0, f, INz}, respectively. We prove only the first case
(1f @b :“0) and similarly, we prove the other cases.

From (2.18), we have

B(t)—B(t) =

[ (2, t)
f(:c*,t) - f(x*at)
T @ J nt)

[ DRI (4) 4 2D (t) + b2h (t)}

we—at/a I R N 1 _ 3 (2.38)
+ T nz:;) {(gpn — @n) €os (0,1 /ar) + i (1/Jn — ¥n +a(pn — cpn)> sin (Ot /a)] cos (LnTy)
we—at /o (f (x4, t) — f(x t)) +oo b ~
* * ~ a n+apn . a 2
+ = O, €08 (0nt® /o) + ————— sin (Ot /a)) i €08 (fn ) -
[ (@, t) f (24, 0) 72( On
Under the assumptions (A;) — (A4) and using Lemma 2.1, (2.36) and (2.38) we obtain:
HB - BH C[o,T] < Mrlle = Glleap,qg + Ms H¢ v c3[0z Hf / €3]0, xC[0,T]
(2.39)
+ Mo Hh —h c2e0,1]’
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where

Vow =N/ a
vi= 3 ()
M5 Ha, 5”:“71

\fw 1
Mg = ;
8 M5 nZ:;J(gnNn
M4M6 \@w = << a> M1 M2 )
My = + — 14+ — + ,
g M3 nzjo On/) M Onkn
M10 = MG/M5.

From (2.17) and for all L > 0, we have

eTH [ (1) = 7 (0] = eTH B (1) - B (1)
+ /Ot e HQ (8, ) [r (s) — 7 (s)] ds (2.40)
+ [t Q) - Q)] (5 ds

0

Under the assumption (A3), using Lemma 2.1, Lemma 2.2 and (2.19), we obtain

t . V2wS
| et eQue s ) - s < ﬂ‘j{of};‘f”ﬂ Ir =7l (241)

and

2V2WwM3S

/Ot emte [Q (t:5) = Q(t.5)| 7 (s) ds < (L+a) M2 Hf / 30, xC[0,T]’ (242)
where W = [|F|| -
From (2.39)-(2.42), we have the estimate
<1 - \/M; ﬂfﬁﬂ;wﬁ Ir =0 < M llo = Bllcug,q + Ms e =4,
Mot W Hf ! 3[0,6]xC[0,T] 24
+ Mo Hh —h c2e0,1]
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From (2.43) and (2.37), we get

(1 V208 |Ifllsjo.q <oy

TTo)il >W—ﬂha§MuW—$L, (2.44)

where

2/ 2WwM3S
My, = maX{M7,M8,M9 + u Mlo}

(L+a) M3
From (2.30) and (2.44), we have

7 =7l .o < Mg Hqﬁ—iﬂs, (2.45)

My,
V2SI Fll s

where My = .
0,6]xC[0,T]
(LFa)Ms

Under the assumptions (A;) — (A43) and from (2.13), we obtain

lu = dllery < Mzl — @lleag,q + Mia H¢ — ] +Mis Hf -7

C3[0,¢ €3[0,£]xC[0,T) (2.46)

+ Mg |7 = 7ll 0

where
B\ el ) T T e T T (Lt a) o T = (Lt a) O

From (2.45) and (2.46), we get

= il + I = 7.0 < Mz |0 =3 .

where M7 = max {M3, M4, M5} + Mi2Mi6 + Mia. Then, the solution of the inverse problem (1)-(4)

depends continuously upon the data. O
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CHAPTER 3

AN INVERSE SPACE-DEPENDENT SOURCE
PROBLEM FOR A TIME-FRACTIONAL

TELEGRAPH EQUATION

n this chapter, under some assumptions on the input data, we show the existence, uniqueness and

continuous dependence upon the data of the solution of the inverse space-dependent source problem
(1), (2), (5), (6) by using the Fourier’s method and some properties of the conformable fractional derivative.
Finally, we give two examples of this inverse problem.

Before presenting the main results, we introduce the lemmas, which are used in this chapter. The fol-

lowing lemma is obtained with the help of integration by parts and the Cauchy-Schwarz inequality.
Lemma 3.1. Let ¢ > 0and pi, = 22" with n € N*. We have:
1. If g € C3|0, (] satisfies the conditions g (0) = g (¢), ¢’ (0) = ¢’ (¢) and g" (0) = g" (£), then the inequality

2 l
‘/ g (x) cos (pnx) dz
t Jo

V2 2 [t :
< 3 19lleso,q and 6/0 g (z)sin (pn) do

V2
< 3 19llcsgo,q » olds.

2. If g € C*|0, /] satisfies the conditions g (0) = g (£), g’ (0) = ¢’ (£), g" (0) = ¢" (¢) and g"" (0) = ¢"" (£), then

the inequality
2 [ V2 2 [0 V2
\g /0 g () cos () d| < 7 gl and ‘E /0 9 ) sin (n) da| < S gleug g - holds

+o00 1

7;1 pn /w2 + b? — a?

Lemma 3.2. The numerical series

2 12
converges, where i, = 2 and =% 2,

- 7 w

25



26

Proof. Using Riemann’s rule, we get:

£2
lim = P} )
n—r+oo 1. wu% + b2 — g2 A7 \/(;

400 1
then, the numerical series Z

1 Mo/ Wi+ 0% — a?

Lemma 3.3. Let a € ]0,1 | and T, a > 0. We have:

T _ (e
TO& PN e oo 5 a @ o TOL
/ sin (5n5> et T s > T <eaTa = (1 +a>) >0, (3.1)
0 o on +a o'

where 5, = \Jwp2 + b2 — a2 withw > 0, p,, = 2% n € N* and “QWi < us.
Let t € [0, T, we have:

L 1% — 5%\ 1 _gt¥=s® On a
/0s1n<(5n - )s e a d8§5%+a2 <2—|—6n>. (3.2)

67 «

T —
Proof. By using changing of variables 7 = = —° and integration by parts twice, we obtain:
(0%

converges. OJ

T

T L
Ta _ o« a_ o o
/ sin <5ns) s gm0 2 ds = / sin (0,7) e~ “Tdr
0 « 0

TOC
T sin <5n >
we have J, — > 0 hold for any n € N*, this implies that #ﬁf‘ < 1, then
a

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales



3.1. EXISTENCE AND UNIQUENESS OF THE SOLUTION 27

The constant 7" in (3.3) is replaced by ¢, we get

t(X

t ta _ Sa 1O g o
/ sin (5n > s lem0 o ds = / sin (6,7) e “7dr
0 @ 0

t* t™
at® o a—sin | 0, —
dpe Yo | o < t )_ « a

On—
tOL 9
Q 5,

hence, we obtain:

ot (5 ta)
t 6] (e} o ae a SIn n——
t* —s o ) @ t «@
/ sin <6n ) s Lm0 5" s 1— e %% cos <5n) —
0 « (0]

3.1 Existence and uniqueness of the solution

In this section, the first main result on existence and uniqueness of the solution of the inverse space-

dependent source problem (1), (2), (5), (6) is presented as follows.

Theorem 3.1. Suppose that the following assumptions holds:

(A1) 1 €CH0,45 0 (0) =@ (£), ¢ (0) =4 (£), " (0) = " (£) and ©" (0) = " (¢);
(A2) 19 € C3[0,€]; 1 (0) =4 (€), ¢’ (0) = ' (€) and ¢ (0) = 4" (£);
(A3) :h € ct [0,4]; h(0)=h(£), W (0)=h (£), K" (0) =h" () and 1" (0) = K" (¢).

Then, the inverse problem (1), (2), (5), (6) has a unique solution {u (z,t), f (z)}.

Proof. The proof of this theorem takes place in three steps:
Step 1: Construction of solution

By using the Fourier’s method (separation of variables), the associated spectral problem of the direct
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problem (1), (2), (5) is given by:

X" (x)+ XX (z) =0, 0<z </,

(3.4)
X (0)=X(0), X" (0)=X"(0).
This problem has the eigenvalues
5 2nm
An = p;, where p, = 7 n=0,1,...
and the eigenfunctions
1, cos (upz), sin (upx), n=1,2,.... (3.5)

We can easily show that problem (3.4) is self-adjoint, then the system of functions (3.5) forms an orthogonal
basis in the space L? [0, £].

The solution of the inverse problem (1), (2), (5), (6) can be written by using the Fourier method

u(z,t) =up (t) + Z ULy () cos (nx) + ugp (t) sin (punx),
e (3.6)
f (SL‘) = fO + Z fl,n Ccos (,unaj) + f2,n sin (,Unx) s

n=1

where the functions ug (t) , w1 (t) ,u2n (t), fo, fi,n and fo, with n € N* satisfies the following sequence of

inverse problems:

D(QQ)U() (t) + QGD(Q)UO (t) + bQUQ (t) =fo, 0<t<T,

(3.7)
o (0) = o, Dug (0) = o, uo (T) = ho,
1 /¢ 1 [t 1 [t 1 [t
with fy = / f(z)dz, ¢o = / o (z)dz, o = / Y (x)dx and hy = / h(z) dzx,
¢ Jo ¢ Jo ¢ Jo ¢ Jo
Dy, (1) + 26Dy, () + (b2 + wpe2) ugp (8) = fom, 0 <t < T,
k=12, (3.8)

Uk,n (0) = Pk,n, D(a)uk,n (0) = wk,na Uk,n (T) = hk,na
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where
2 [ 2 [ 2 [t
fin= 7 [ @) cos (o) dn, o1 =7 [ () cos (un) diy 1 = [0 0) o () din
0 0 0
9 !
hip = g/ h (z) cos (pnx) dx,
0
2 [* 2 [* 2 [f
fan =7 [ F@)sin ) o, enn =5 [ o @)sin (o) de, von =5 [ () sin (uas) da.
0 0 0
9 [t
hon = / h (z) sin (ppx) de.
) g 0
According to Theorem 1.4, the solution pair {ug () , fo} of (3.7) given in the following two cases:
Case 1: If a = b, then the solution pair {ug (¢), fo} of (3.7) is:
e t bpo — 5@ oo
ug (t) = e™“a | o+ (o +apo) — | + fo e " e 5" s,
o 0 (@
a2 re
ho —e % a (@o + (tho + ago) a) 3.9)
Jo= AT .
/ "o e a2 s
0 (07
Case 2: If a > b, then the solution pair {ug (¢), fo} of (3.7) is:
ug (t) = e*“% (cpo cosh <A0t> + w sinh <A0t)>
« Ap «
t a _ L« a_ga
+ io/ sinh <A0t i ) s@~lema' =5 ds,
(0]
070 (3.10)

- T T
AN <ho ey <<p0 cosh <A0> + M sinh <A0>>>
fo = « Ag «
- T @ _ & a_ga ’
/ sinh (AOT 5 ) s@~lgmat " g
0 (6%

where Ay = Va? — b2.

According to Theorem 1.4 and Lemma 3.3, the solutions pair {u, (t), fin} of (3.8) are given in the

following three cases:
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a? — b2

Case 1: If < 12, then the solutions of (3.8) are:

« o t*
Uk () = eV <<pk7n cos <5n> + Vb T+ aPkn sin <6n)>
@

5n a
fk,n t . t* — s a1 —gt=s*
T ) e s (3.11)
Ta o . (3
G (B — "% (i o8 (8, 57) + L2520 sin (5,27 ) )
fk,n = R ’

fOT sin (%W) sl (s

where §,, = /w2 + b? — a?.

2 _ 2
. a” —
Case 2: If exist ng € N* such that p2 <

< uio 11, then the solutions of (3.8) are:

o o te
forn < ng, ug, (t) = e Vs (gokncosh (An> + M sinh (An>>
’ ’ o A, «

t a @
t _ a_ o
—i—]zn/ sinh (An i )saleat a ds
0

n «

“ Ta n n . TO(
JANS (hk n— e~V e <<pk n cosh <An> + w sinh (An)>>
’ ’ « JANS «

T T foY a_ .«
. — S _ _T%—s
sinh [ A,—— ) s* e ds
0 «Q

o t@ + te
for n > ng, ug, (t) = Py ((pk,n cos <5n) + M sin <5n)>
a

On «

t «@ «a
t _ oa_ o
+ f;"/ sin <5n as >8°‘_1e_“t a ds
n 0
- T T
On <hkn ey <g0k n, COS <5n> + w sin <6n>>>
’ ’ « On «
T e} «
T _ a_ga
/ sin <(5ns> Sa_le_aT a ds
0 «

fk,n =

(3.12)

fk,n =

)

where A, = y/a? — b% — wp?.
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a? — b2

Case 3: If exist ng € N* such that = uio, then the solutions of (3.8) are:

@ t* +a . t*
for n < ng, ugy (t) = e Vs (gpk n cosh (An> + Yk + Pkin sinh (An>>
’ o A, o

t a _ o (0 g
Jin / sinh (Ant i > s le™* 5 ds
ATL 0 [0

o T n n . T

JANS (hk,n e (gpk,n cosh (An> + w sinh (An>>>

o = o A, «
T T _ go o_ o
/ sinh <An8) selgma =" g
0 (6%

’n -
. —at2 t ¢ e — s —at?=s 4
ifn=no, ukn, (&) =€ o | g + (Vhng + APk.ng) " + fno e a s* *ds
0

+

«
—aT™ re
hk,no —€ @ @k,no + (wk,no + a’gpk,no) E (313)
fk: ng — T
’ T — a_ga
/ LT et el
0 (6%
o te a te
forn > ng, ug, (t) = e Vs (gpkncos <5n> + M sin <5n>)
’ ’ « On «
t o @
t — oa_ o
+ Jrn sin ((5n i > s@—lema 5" g
571, 0 [0

a T T
On <hk7n e <gok7n cos <5n> + M sin <6n>>>
Fo = « On o
o T .
To — 5@ oo
/ sin <5n5> selgma " g
0 (6%

Hence, the representation of the solution pair {u (x,t), f (x)} of the inverse problem (1), (2), (5), (6) is given

in the following four cases:

a? — b2

ww If @ = b this implies that < ,u%, then

w(z,t) =g (t) + > w1 (t)cos () + g (t) sin (unz)
N (3.14)
f@)=fo+ Y fimcos (i) + fonsin (i),

n=1

where {ug (t), fo} and {ug, (t), fxn} are defined by (3.9) and (3.11) respectively.
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a2 — b2
i If @ > band

< 3, then

( = UD + Z ui n COS ,unx) + U2 n (t) sin (an) )
(3.15)
F )= fo+ 3 Fincos (n) + fonsin (tnc).
n=1
where {ug (t), fo} and {uy, (t), frn} are defined by (3.10) and (3.11) respectively.

2 12
= Ifa>band p2 <

< uioﬂ, then

( = UO Z uy n COS Mnx) + Uz.n (t) sin (Mnx)
+ Z U1y (1) cos (pnx) + ugp (t)sin (unx), (3.16)

F@)=fo+ Y fincos (tnm) + fonsin (unz) + > frncos (un) + fomsin (unz)

n=1 n=ng+1

where {ug (t), fo} and {ug, (t), frn} are defined by (3.10) and (3.12) respectively.

2 2

—b
i If @ > band a4 = ufm, then

no—1

u(x,t) =up( Z w1y (t) cos (pnx) + Uz p (t) sin (Lnx) + Ui ng () €OS (finex)

o0

+ U2 g (t) sin (pnez) + Z U1y (1) cos (punx) + ugp (t) sin (unz),

n=notl (3.17)

no—1

f@)=fo+ > fincos(n®) + fonsin (n®) + fing €08 (fingT) + fong Sin (tny)

n=1

o
+ Z fl,n Ccos (,unx) + f2,n sin (Nnx) )
n=ngp+1

where {ug (t), fo} and {ug (t), frn} are defined by (3.10) and (3.13) respectively. In this case, if

no = 1, we delete the first series from the representations of u (x,t) and f (z).

Step 2: Existence of the solution
To establish the regularity of the solution pair {u (x,t), f (x)} of the inverse problem (1), (2), (5), (6), we

need to show f (z) is continuous function in [0, ¢] and u (z, 1), ug (z,1), Ugs (z,1), Dga)u (x,t) and Dg%‘)u (z,t)

Q. Acheb Problemes inverses régis par des équations aux dérivées fractionnaires locales



3.1. EXISTENCE AND UNIQUENESS OF THE SOLUTION 33

are continuous functions in Q7.
Under the assumptions (A;) — (A3), Lemma 3.1 and Lemma 3.3, by using the series (3.14), the following

inequalities holds for any (z, t) € Q7 such that

> 4(52—1-&2) H@Hc‘l[oz] “¢‘|C3[0£} aH‘PHcﬂM] Hth‘*[oe}
< n =+ =+ ~ + =1, 3.18
D I B W 7 I v e 619
where v = e (e o (1 +a%)).
||90Hc4[oe] [¥llesjo,g  allelleapg  NPllepoq
_ < 2 2 u .
o) 0 012 3 [ T R TR S 7 R
where x,, = % (a+ 20y, + y0p).
> lelleao,g  llespg — allelleapg Rl
Uy (x,1)] < Xn =+ =+ = 4 —|. 3.20
e < 2 [ T R T A 7 S AT 620
it [l ag oe] 1¥llespg  allellcapg — Ihlleapoq
e (2 ) Z_: [ T R I A W 82D
(@) (@) > ellcao,g  1¥llespg — allelleapg — Rlleapq
‘Dt u(x,t) — Dy ug t)‘ < an (a+dp) [ St + 528 + 52, + Suih | (3.22)
(20) Py lelleao,g  llesp.g — allelleapg — NRllea.
‘Dt u(a,t) — \ an Sn) [ Fr i ey M% . (3.23)

From (3.18)-(3.23) and by Weierstrass M-test, the series corresponding to f (z), u (z,t), uy (z,t), uzs (x,1),
Dt(a) (x,t) and D(Qa) (x,t) are uniformly convergent on [0, /] and 7, respectively. Hence, f (z), u(x,t),
Ug (2, 1), Ugy (2, 1), D§ Ju (z,t) and Dg%‘)u (x,t) are continuous functions on [0, /] and {7, respectively.

Similarly, we show that f (z) is continuous function on [0, ¢] and u (z,t), uy (z,t), Uugs (z,1), D,ga)u (x,t)
and Dt(za)u (z,t) are continuous functions on Q7 in the other cases. Thus, {u (z,t), f (x)} satisfies the con-
ditions (1), (2), (5), (6).

Step 3: Uniqueness of the solution
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Suppose {u1 (z,t), fi (z)} and {uz (x,t), f2 (z)} are two solution sets of the inverse problem (1), (2), (5),
(6). Define w (x,t) = uy (x,t) — ug (z,t) and f2)=H (x) — fa (z). The functions u (z,t) and f (z) satisfies

the following system:

D§2a) (z, t)+2aD( a)~ U(x,t) + 02U (2, 1) = Wiige (2,1) + f (), (2,t) € Qp

(2,0) =0, D (2,0) =0, 0< z < ¢

(3.24)
uw(0,t) =u(l,t), uy (0,t) =u, (4,t), 0<t<T
u(x,T)=0,0<z </
By using the orthogonal basis (3.5), we have
¢
u () = / u(z,t) dz,
0
¢
up (t) = / u(x,t) cos (upx) dz,
0
¢
Ugp (1) = / u (z,t)sin (upz) dz,
(3.25)

0
~ er-\/
fO = f(l')dCU,
fln—/ 7 () cos (n) d,

fé,n = / f(l‘) sin (ppx) dz.
0
Applying the fractional derivative Dga) and Dt@a) to both sides of the first equation in (3.25), we get

/D (z,t)dz and D7 /172‘“

from the boundary conditions of u (z,t), we have

0
/ Ugg (z,t) dz =0,
0

after using these equations and (3.24), we find that the pair {170 (t) ,fg} satisfies the following inverse
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problem:

DNy (1) + 2aD g (t) + b21o () = fo, 0 <t < T,
(3.26)

o (0) = 0, D (0) = 0, g (T) =0,

according to Theorem 1.4, the first component of solution pair {170 (1), fo} of (3.26) is given in the following
two cases:

Case 1: If a = b, then

t s o

~ ~ t“ —s ot —s” _

uo (1) :f(]/ e~ s 1.
0 «

Case 2: If a > b, then

3 t 1o g a_ga
Uo (t) = i(;/o sinh <A0 o i > Sailefat o ds,

where Ay = va? — b?. By using the condition u (T') = 0, we obtain:

fo =0, this implies that g (t) = 0.

Applying the fractional derivative D,E“) and Dt(Qa) to both sides of the second equation in (3.25), we get

¢ L
Dga)ﬁlm (t) = / Dga)'d (z,t) cos (upx) de and DEZO‘)ﬁLn (t) = / Dgza)ﬁ (x,t) cos (punpx) dz,
0 0

the following equation is obtained by using the integration by parts and boundary conditions of @ (x, )

~ 1

l
Uy () = _/72 /0 Ugy (x,t) cos (unx) dz,
n

after using these equations and (3.24), we find that the pair {ﬂlm (t), fln} satisfies the following inverse

problem:

DTGy, () + 2Dy, (1) + (b2 + wp?) Uy () = fin, 0<t<T, 627
3.27

1.5 (0) =0, Dy, (0) =0, Uy, (T) =0,
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according to Theorem 1.4, the first component of solution pair {ﬁlm (t) ,fvln} of (3.27) is given in the fol-

lowing three cases:

a2 — b2

Case 1: If <y, then

t @ «
~ . t¢“ —s 1t s
Uiy () = f(sl"/o sin <(5n - >s°‘ lg—a™— ds,
n

where §,, = \/wp2 + b? — a?.

Case 2: If exist ng € N* such that p2 < 2

~ fl n t . t® — 5@ a—1l —gt¥=s®
forn < ng, uyy (t) = == sinh [ A, s e « ds,
’ An 0 «

I t

~ . tO& - Sa _ _ t&—s%
for n > ng, u1, (t) = Jin / sin | Oy, s* lema 5 (s,
’ 677/ 0 «

where A, = \/a? — b? — wp?.

2 72
. a®—b
Case 3: If exist ng € N* such that = ufm, then
rs t « a
~ . t“ —s gt
for n < ng, Uy, (t) = ‘2”/ sinh <An " > s@ le at— ds,
n Jo
t 1 «
~ ~ t* — s tY — s
if n = no, Ul,ng (t) = fl,no/ e_af o Sa_lds,
0 «
rs t « a
- . t“ —s g
for n > ng, w1, (t) = ];1"/ sin <(5n - > se—lema 5.
n Jo

By using the condition %, (7') = 0 and Lemma 3.3, we obtain:
flm =0, thisimplies that @, (t) =0, n=1,2,....
Similarly, we can show that
fon =0 and Tg, (1) =0, n=1,2,....

For every t € [0, T, the functions @ (x,t) and f (z) are orthogonal to the system of functions (3.5), which

forms an orthogonal basis in the space L2 [0, /], consequently @ (z,t) = 0 and f (z) = 0. O
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3.2 Continuous dependence upon the data of the solution

In this section, we give the second main result on continuous dependence upon the data of the solution pair
{u(z,t), f (z)} of the inverse problem (1), (2), (5), (6).
Let S be the set of triples {, ¢, h} where the functions ¢, 1 and h satisfies the assumptions (A;) — (A3)

of Theorem 3.1. For ¢ € &, we define the norm

[¢lls = llellcao,.q + 1¥lleso.q + 1llcapo,q - (3.28)

Theorem 3.2. The solution {u (z,t), f ()} of the inverse problem (1), (2), (5), (6) under the assumptions of Theo-

rem 3.1, depends continuously upon the data.

Proof. Let {u(x,t), f (x)} and {a (z,t), f (x)} be two solution sets of the inverse problem (1), (2), (5), (6),
corresponding to the data ¢ = {¢, ¢, h} and b= {cﬁ, ¥, ﬁ}, respectively. We have the representation of the
solution of the inverse problem (1), (2), (5), (6) is given in four cases. We prove only the first case (¢« = b and
@~ < 12) and similarly, we prove the other cases.

From (3.9), we have

[e% «

~ tia 10 g
ug (£) = iio (t) = "' <900 — %o+ <¢0 — 4o +a(po - @0)) ta> + (fo - fo) /0 ! - ® et 2 s,

@

ho — ho — e~ (@0 — o+ <¢0 — o +a(po — 950)) :)

fO - fO = T
T _ go a_a
/ ¥ et gl
0 (6
(3.29)
From (3.29), we obtain:

[[uo = tollgiory < Mi [0 = Plleago,g + M HT/) — o My ‘fo — Jo|
’ (3.30)

‘fo a fo‘ = Ms (HSD ~ Plesoq + qu —¥ g Hh —h c4[oe}> ’
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where

(67 Ta

Mi=14+a—+—,

o o
T« 2
M2:7 "o
aa  a

M

M = L

T pa e a_.a ’
— S _T%—s _
e R
0 (0%

From (3.11), we have

> @ n - ) n n - 0 n . ta
e (£) — g (1) = €% <(¢k7n — Bhn) COS <5”ta> n Uk — Vb + @ (Phm — Prm) sin ( 5, a))
(3.31)

On

g t «a a
— t% — s & s
+ 7fk’n6 Thn / sin <5n ) so‘*le’“tTdS,
n 0 (e}

and
) 5n <hk,n o Bk,n - efaTT ((‘Pk,n - Sbk,n) cos (5n%) + ¢k,n—¢k,n+;n<@k,n—s5k,n) €in (5n7:*)>)
fk,n - fk,n - o o a_ga
fOT sin (5nTT_S) so—lg=05" g
(3.32)
Under the assumptions (A;) — (A43) and using Lemma 3.1, Lemma 3.3, (3.31) and (3.32) we obtain:
ok = Tealegory < o 1= Bl + 527 [ = ¥ o * 5 10 = Pleson + 57525 52 b o= .
(3.33)
and
- 62 +a% [ 2 i} 2a . 2 -
Jrem = Jem| < 5 (}L% I = @llesjo.q + H“ﬁ ¢ 5104 5nM% le = @llesgo,q + it Hh —h 04[0!]) ;

(3.34)
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T T

where y = e % a (e“T — (1 + a%)). From (3.33) and (3.34), we get

Huk,n - ak,an[o T) < My, (H‘P - @HC‘I[(M] + Hw - 7; 5 + Hh - . ) )
C310,4] C4[0,4] (3.35)

3 ),
c4[0,]

‘fk,n - fk,n

< Mspn <||<P — Pllepo,g + H¢ — 9

st T Hh -
[0,4]

where

M —2(1+ L+ 2 ><1+2+ a)
b [ Onpth  Onph Y )

62 4+ a? < 2 2 2a >
Ms, =" —+ + .
" v\t Onp Onpy

By using (3.28), (3.30) and (3.35), from (3.14) we obtain:

lu—ille,y < Ma H¢ - <13H%,

[ g = 2 lle =41,

clo,g] —

where

[e.e]
My = My + MyMs +2)  Myy,

n=1

(o)
Ms = M3 +2»  Msy,

n=1

hence, we get

o=l + [1£ = F < 2 ]l0 =],

where M = My + Ms. Then, the solution of the inverse problem (1), (2), (5), (6) depends continuously upon
the data. 0
3.3 Examples

In this section, we give two examples of the inverse space-dependent source problem (1), (2), (5), (6).
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Example 3.1. We consider o = %, a=+2

\.O"
I

%,w = %, ¢ =27, T =1 and the functions ¢, ¢, h are given by:

¥ () = V2 cos (x),

xh (z) = V2me=2Y2sinh (2) cos (x) — /2.

For these data, the assumptions of Theorem 3.1 are satisfied and the coefficients o, ©1.1, Y2.n, Yo, Y10, V2.1,

ho, hi,, and hs , are given by:

Vor ifn=1
po=—V2m, P10 =0, Y20 =0, Yo =0, Prp= Yon =0,
0 ifn#1,
V2re 2Y2ginh (2) ifn=1
ho = —V2m, hin= hon =0 foralln € N*.

0 if n # 1,

By using (3.10) and (3.12), we obtain:

\/§7re_2\/ﬂ sinh (2\/5) ifn=1
up (t) = V2, ur, (t) = ugy (t) =0,

0 if n# 1,

and

= _\/§7T

fo 1

, fl,n = 0, f2,n = 0.
Hence, the solution pair {u (z,t), f (z)} of the inverse space-dependent source problem is given by:

w(z,t) =V2r (672@ sinh (2\/%) cos (z) — 1) , f(z)= 2;\;%

Example 3.2. In this example, we consider a = 2,b = w = 1,/ = 7, T = 2, o is arbitrary and the functions
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©, 1, h are given by:

¢ (x) = —sin (2z),

¥ (x) = 2cos (2x),

_alte (2¢ .
h(z) =2 o sin| — | cos(2z) — sin (2z) .
a

We can easily show that the assumptions of Theorem 3.1 are satisfied, we have:

-1 ifn=1 2 ifn=1
wo=0, Y1n =0, Y2, = Yo =0, Y1, = Yo =0,
0 ifn#1, 0 ifn#1,
14a 2c
2¢~ = sin <> ifn=1 -1 ifn=1
hg =0, hl,n = « hgm = forall n € N*

0 ifn#1, 0 ifn#l,

then, by using (3.10) and (3.11), we get:

@ ta
2¢2'% sin () ifn=1 -1 ifn=1
() (t) =0, Ul n (t) = a U2 n (t) =
0 ifn#1, 0 ifn#1,
and
-5 ifn=1
fo=0, fin=0, fo,=

0 ifn#1.

Consequently, the solution pair {u (z,t), f (x)} of the inverse space-dependent source problem is given by:

o

u(x,t) =2 % sin (t;) cos (2x) —sin (2z), f(z)= —5sin(2z).
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CHAPTER 4

FINITE DIFFERENCE APPROXIMATION FOR

INVERSE SOURCE PROBLEM FOR A

TIME-FRACTIONAL TELEGRAPH EQUATION

n this chapter, we proposed an algorithm to solve the inverse time-dependent source problem (1)-(4) by
using the finite difference method. We present two numerical examples to confirm the effectiveness of

this algorithm.

Definition 4.1. [21, page 49] A number A such that there exists a vector Y # 0 with AY = AY is called an
eigenvalue of the operator A. This vector Y is called an eigenvector corresponding to the given eigenvalue

A

4.1 Finite Difference Scheme

We consider the inverse problem (1)-(4) consisting of finding the solution pair {u (z,t),r (t)}. According
to Lemma 2.4, this problem is equivalent to the problem (1)-(3), (2.1). Hence, we will consider the inverse
problem (1)-(3), (2.1), this problem is discretized in two steps:

Step 1: Semi-discretization in space. We sub-divide the segment [0, /] with
zi =ih, i=0,1,2,... N,

1
where h = A is step size. We denote by u; (¢) the numerical approximation to u (z;,t) and f; (t) = f (x4, t).

1. The approximation of u,, (x;,t), is given by

Uj41 (t) — 2u; (t) + Uj—1 (t)

7 Li=1,2,..., Ny — 1.

42
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2. The approximation of the initial conditions (2), are givens by

u; (0) = ¢; and D{u; (0) = ¢y, i = 0,1,..., N,.

3. The mixed boundary conditions (3), are approximated

Now, by using these approximations we obtain the following semi-discretization of the direct problem (1)-

(3):

a o i+1 (8) — 2u; (T i—1 (1t .
DEV ;s () + 20Dy (1) + b2 (1) = 0L uh2()+u 1O 4w fi), i= TN, =T, 0<t<T,

u; (0) = @i, Du; (0) =4y, i =0,1,2,..., Ny,

ug (t) =uq (t), un, () =0,0<t<T.

(4.1)
Step 2: Total discretization in space-time. According to Theorem 1.1, we have:
du; (t) ;-
D(O‘) i (t) = 4 i@ 4.2
t U ( ) dt Y ( )
on the other hand, we have:
. . d(Z .
du; (t) _ duztgt) ‘ (%) _ dultgt)to‘_l, 43)
dt d(&) at d(%)
from (4.2) and (4.3), we obtain:
(a) _dy (t)
Dy i (t) = y (%) . (4.4)
On the other hand, there exist a real function v; define on [O, %} , such that:
u; (t) = v; = (4.5)
7 - Y1 a 9 .
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from (4.5) we get:
Dy, (t) = D\, (ts) and D*Y; () = DY, <i> , (4.6)
by using (4.4), we obtain:
Dy, (tj) - d;’i(g%) and Dy, (tj) - d(‘%) [d;”'(%)] : 4.7)
we put £ =y in (4.7), we get:
dsi(%) =v;(y) and - (Cf:) [d;i(%)] = (y), 0<y < Tg (4.8)

tOé
Hence, we put — = y in (4.1), we obtain the following problem equivalent to (4.1):
(6

i — 2v; i L e T
ol () + 2a0f ) + P ) = D22 g py), i TN, ST oSy T

U’L(O):SO’H U;(O):wh Z:0717277Nw7

v (y) = v (), on, (y) =0, 0 <y < I

4.9)

where R (y) = R (L) =r(t)and F; (y) = F; () = f; (). We sub-divide the segment [0, £~] with

«

yj:jkaj:()7172a"'aNy

[e7

where k = is step size. We denote by v/ the numerical approximation to v; (y;), R = R (y;) and
A ANy
F} = Fi (y)).

7

1. The approximation of v} (y;) and v/ (y;), are given by

o - - ) -
vf-+ —vf- Ug+ —2vf+vf-
and 5
2k k

L i=0,1,...,N,, j=1,2,...,N, — 1.
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2. The boundary conditions of the problem (4.9), are approximated

vézv{andvgvz:0,j:0,1,...,Ny.

3. The approximation of the initial conditions of the problem (4.9), are givens by

f[}?:(pland’u}:sz—i—gpz,’L:O’l,7Nx

Hence, by using these approximations, from (4.9) we obtain the following discretization of the direct prob-

lem (1)-(3):

1 j i—1 +1 i—1
+ —2v! + v 49 vzﬁ — v +62] —21) +Uzl
k2 Y - h2

'U,L'O:QOZ', U,}:sz"’_goz? Z-:071727"‘7]\f$7

+RF, i=1,N,—1,j=1,N,— 1

N R R R
vy =y, vy, =0, 7=0,1,2,..., Ny,

(4.10)

where R7 = R (y;) and F/ = F; (y;).
e Fori=1landj=12,..,N, -1,

J+l -1 j+1 J—1 ) J J
— 21}1 + vl vy — vy —

2 “TT%

e Fori=2,3,...,N,—2and j =1,2,...,N, — 1,

j+1 j j—1 j+1 j—1 J J
vl = 2u + v v — v — 22U + v
7 q 7 q 7 2 7 i+1 7 i—1 J
+a + b*v —w =RF/,
k2 k v h?
e Fori=N,—-landj=1,2,...,N, — 1,
J+1 J Jj—1 Jj+1 jfl J 9,
VN, 1~ 2UN, 1 T UN, UNa=1 ~ UNp—1 g2, Un,_o —2UNn, 1 i
12 “+a 2 +0vy 1 —w 2 = No—1°
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Hence, we have the following scheme:

Vi +2aVi] + AVi=Fi, j=1 N, —1,

(4.11)
Vo=9 V! =
where
it -1 ]+1 -1
) vy — vy 21}1 + U1 o
J -t J
“ 12k i—1 1 K2 -1 RR
J U%Jr Uéi J+ 21}2 + U2 Rij
. v . - £ _
Vi = 2 Vi = 2k , Vi, = k2 - 7
, +1 1 +1 ; i1 y
”3\@71 1}5\7—12;”3\71—1 Ug\f 21’?]:;—1 + ”3\71—1 R]Flj\fz—l
(4.12)
and
J J
j Uy — 1
b - ‘." 02
; — 20 + v
2.7 2 1
b7, w= h2 »1 k1 + @1
; 207 4+ v
. b vy — W# P2 ko + 2
AV — 3 h? , &= . , U= ‘ ) (4.13)
J _9,J J
b2 _ w”er 2uN, 2 T UN, 3 ON,—1 kvn,—1+ pN,—1
e J i J
. v —2v
2 Np—2 No—1
b ’Ugvz_l —w %

Suppose that scheme (4.11) is stable with respect to the right-hand side F7, that is, when we make a small
change in the right-hand side F7, the solution V7 changes only slightly. Therefore, we can approximate R’.
Now, we consider the inverse problem (1)-(3), (2.1), with r is unknown function and % is a given function,
from (2.1) we get

DR () + 2aD b (£) + 621 (t) — Wiige (24, 1)

r(t) = oD ,0<t<T, (4.14)
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4.1. FINITE DIFFERENCE SCHEME 47

where, there exist I € {0,1,..., N, — 1}, such that z, = x;. The approximation of u,; (z,t), is given by

Ur+1 (t) — 2u1 (t) +ur—1 (t)

n2 ) (4.15)
we put L y in (4.14) and (4.15), by using (4.5) we obtain:
(6%
H" (y) + 2aH' (y) + b2 H (y) — et (y) — Q’U;LQ(y) +vr-1 (y) -
= F 0y < —, (4.16)
1 () o

where R(y) = R(2) = r(t), H(y) = H () = h(t), H (y) = D1 (t) and H" (y) = Dk (t). From
(4.16) we get:

. 1 . . 4
BRI = (#] + 2aH) + 0B, % (vf1 —20f +0,)). (4.17)
1

where j = 0, N,,. In scheme (4.11), we replace R/ by R, this means we made a small change in F7, but we

must prove the stability of scheme (4.11). Using (4.17), from (4.11) we obtain the following explicit scheme:

oIt = a1l + agv] ' + azv + ey RIFY forj=1,N, — 1,
v{“ = a5vg + agvg_l + agvzj+1 + agvf-;l + a4§jFZ-j fori =2,N, —2and j =1, N, — 1,
(4.18)
vatl_l = asvaz_l + azvf\,;l_l + agvaz_2 + a4§jFJ{fm—1 forj=1,N, —1,
'U? = @i, vil = kwl + @i, 1= OaNLEv
where
2 — b%k? — wk?/h? ak —1 wk? k2 and 2 — b%k? — 2wk? /h?
a; = as = ag = ay = as = .
! 1+ ak " T ek P T B2+ ak) Tt 1+ ak b 1+ ak
The above scheme (4.18) can be written as the following matrix form:
VIt = MV 4 apVi~ ' 4 ayRIFI, j=T1,N, -1
(4.19)

V=9 V=1,
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where M is matrix given by

ai az 0 O O --- O

a3z as as 0 0 ce 0

0 as as as 0 0

M=

0 0 a3 as as 0

0 0 0 as as as

0 0O 0 0 a3z as

and
U{ Ff 1 k1 + o1
Uj . Fj 2 ko + o9
vie| 2 A= 7 e=| 7| u= V2t
vy, -1 F PN, -1 kN, -1+ oN, -1

4.2 Stability analysis

The main objective of this section is to study the stability of the finite difference scheme (4.11). According
to Theorem 1.7 and Theorem 1.8, to establish the stability of scheme (4.11) with respect to the initial data
and right-hand side, we need to show A = A* > 0,P = P* > 0,B > 0 and P > 1A, where A is defined by
(4.13) and

1
P= ?E and B = 2aF,

where FE is the identity operator.
Let H}, be the space of all grid functions defined on the grid {CUZ =ih,i=1,N, —1,h = ]\l;} In [2],

page 99], we have

Nz—1
(Y,Z) =Y YiZh, (4.20)
=1

is inner product. We can easily show that the inner product (4.20) satisfies all the axioms of the inner
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product in the space Hy,. Let Y € Hy, from (4.13) we have:

Yy — Y,
bQY-l_w 2 ; 1
Y3 —2Y5 + Y]
b2Y2 _w% Yl
Y, -2Y5+ Y5
e P it Bkt Ys
AY = h with Y =
YN, -1 —2YNn, 2+ YN, —
Y, 2 — w Np—1 g; 2+ YN, -3 Y, 1
Yn,—2 —2YnN,—
VY, g — w2 = Na—1
* We show that the operator A is self-adjoint. Let Y, Z € Hj, then
Ny—1
(AY,Z) = Y (AY), Zih
i=1
Ny—1 Ny —2 Nol, Ny—1
2
h2Y1Z1h+ZbYZh+Z h2 Z+1Zh+z h2 Z h2 Yi1Zih
=1 1=1 =2
Ny—1 Ny—1 Na—l NT—2
hQZlYthr D VZYih+ Y 5 ZiaYih+ Y h2ZYh—|— P 2 Zip1Yih
i=1 1=2 =2 =1
= (AZ)Y)
= (Y, AZ),

then, A is self-adjoint (A = A*).

* Now, we show that the operator A is positive. Let Y € Hj, — {Op, }, then

Nz—2 N"(:_2
(AV,Y) =0*Y?h+ h2 Yih— hQYQYm + Y VYPh+ h2 (<Y Y +2Y7 = Yi1Yy) h
=2 =2
2w
+ <hZ + b2> Y]\leflh hZYNI QYNI 1h
Ngz—1 w Ngz—1
— 2vy/2 . . 2
_Zinh+ﬁZ(YZ—Y,_1) hQYNI h
=1 =2
Ngz—1

> > VYR >0,
i=1

then, A is positive A > 0.

* We show that the operator P is self-adjoint. Let Y, Z € H},, then
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(PY,2) = 5 (EY. 2)

Ng—1

= % > YiZih
=1

=(Y,PZ),

then, P is self-adjoint (P = P*).

* Now, we show that the operator P is positive. Let Y € Hj, — {Opg, }, then

(PY,Y) = % (BY,Y)

1 Ngz—1

= > Yh>0,
=1

then, P is positive P > 0. Similarly, we show that the operator B is positive B > 0.

e Scheme (4.11) is stable for P > %A, that is, for

the norm || A|| of the operator A is equal to its greatest eigenvalue.

Lemma 4.1. The norm of the operator A satisfies the following inequality
Al <b* + —

Proof. ForY € Hj, — {0p, } and A € R, we have

Yo-Y;

2

bZB—w 3 22 1
b2YV3*wY4_2Y:3+Y2

AY = \Y h?

Yn,-1—2YN, 2+ YN, 3

2
b YNE_Q — W 3

Yn,—2 —2YN, 1
w h2

bV Yy,—1 —

Y]
NG
AY;

)\YNZ _92
AYn, 1

(4.21)

(4.22)
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then

p
b2h2  \h2 I

E+1_2<1+_)}/1+}/1—1:07 Z:27NZ‘_27
2w 2w

212 2
AY = )\Y — Y2—<1+bh—)\h Y = (4.23)
w w

To solve this problem we rely on pages (24-28) of book [21].

1. If A < b2, then 1 4 2212 — A2 o SubstitutingYi:q",q;éOandl—%ﬁ—’\—hQ:cosh(ﬁ),ﬁ;éOinto

2w 2w 2w 2w

(4.23), we get the quadratic equation for ¢:
¢* —2cosh(B)q+1=0,

with A = 4 (cosh? () — 1) = 4sinh? (8) > 0 and roots

g =c’and g = e 7,

then, particular solutions of (4.23) are given by
¢, =e¥and gf = e
hence, the general solution of (4.23) can be written as follows:

Y; = c1e” + e, with c1,c2 € R,

by using the boundary conditions

b’h?  Ah? b’h?  Ah?
14— — Y1:0andYN_2—2 1+ — - — YN_1:0,
i 2w 2w ’

of the problem (4.23), we find

c1 (eQ’B — (2cosh (B) — 1) e’3> + c2 (e_w — (2cosh (B) — 1) e_5> =0,

c1 (e(N”_Z)B — 2cosh (B) 6(N“”_1)B) + ¢ (e_(Nx_mB — 2cosh (B) e_(N”_l)B) =0,
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this problem has only one solution, because

e?® — (2cosh (B) — 1) €? e 2% — (2cosh(B) —1)e™"

= (1 — eﬁ) (eiNIﬁ + e(Nﬂ”fl)B) #0,
eWNe=2)8 _ 2 cosh (B) eNe=1B = (Na=2)8 _ 9 cosh (3) e~ (Na—1)B

hence ¢; = ¢y = 0, this is implies that Y; = 0 forall: =1, N, — 1.

4 .
2. If A > 62+h—o;,then 1+%—)§—}f < —1. Substituting Y; = ¢*, ¢ # 0 and 1+%—é—ff = —cosh(8),8#0

into (4.23), we get the quadratic equation for g¢:

¢®> +2cosh(B)g+1=0,
with A = 4 (cosh? (8) — 1) = 4sinh? (8) > 0 and roots

¢ =—e P and g = —€”,
then, particular solutions of (4.23) are given by

, e ifieven ‘ e ifieven
g = and g5 =
—e” B if i odd —e® if i odd

hence, the general solution of (4.23) can be written as follows:

cre” P 4 cyetP if i even
Y, = , with ¢1, ¢ € R,

—cre” B — cyetP if § odd

by using the boundary conditions of the problem (4.23), we get

;

—c1(1+eP)—co(1+€P =0,
if N, odd, ' ( ) ’ ( )

cre NeB 4 coeNeB = 0,

—ci(1+eP)—co(1+6P =0,
if N, even, ' ( ) ? ( )

_Cle_Nxﬁ — C2eNzﬁ — 07
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these two problems each have only one solution, because

—(1+e_ﬂ) —(1+e'8) —(1+6_B) —(1+€B> ) .
= _ = —2(sinh (N,) + sinh ((NV, — 1) 8)) # 0,
e—NaB eNaB — e N2 —elNeB

hence ¢; = ¢3 = 0, this is implies that Y; = 0 forall: =1, N, — 1.

3. If A =02+ %} Substituting Y; = ¢', ¢ # 0 into (4.23), we get the quadratic equation for ¢:
¢ +2¢+1=0,
with A = 0 and roots
@ =q2 = —1=qo,
then, particular solutions of (4.23) are given by
g6 = (~1)" and gy =i (~1)',
hence, the general solution of (4.23) can be written as follows:
Y = (e1 + ico) (—1)i, with ¢, 0 € R,

by using the boundary conditions of the problem (4.23), we find

(

*261 — Cy = O,
if N, odd,
c1+ Nyca =0,
\
—2c1 —ca =0,
if N, even,
—C1 — NxCQ = 0,
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these two problems each have only one solution, because

-2 -1 -2 -1
=— = —2N, +1#0,
1 N, -1 =N,

hence ¢; = ¢y = 0, this is implies that Y; = 0 forall: =1, N, — 1.

4. If X = b%. Substituting V; = ¢, ¢ # 0 into (4.23), we get the quadratic equation for ¢:
?—2¢+1=0,
with A = 0 and roots
q1 = q2 = 1= qo,
then, particular solutions of (4.23) are given by
¢4 = 1and ig) =1,
hence, the general solution of (4.23) can be written as follows:
Y; = ¢1 + ico, with eg, o € R,
by using the boundary conditions of the problem (4.23), we get

Cy — 0, c1 = 07
—C1 — N;ECQ = 0, Cy = 0,

this is implies that Y; = 0 forall ¢ =1, N, — 1.

Hence, the eigenvalues \ of the operator A are includes in the interval ] 5%, b + 3% [, therefor

4w

Al < b* + ox

O
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Now, by using (4.21) and (4.22), we get the following condition:
b2 w
2
— + — 1.
k ( an h2> <
Hence, we obtain the following Theorem:
Theorem 4.1. Let the condition
b2 w
2
— 4+ —= 1 424
k ( 1 + h2) <1, (4.24)

be satisfied. Then scheme (4.11) is stable with respect to the initial data and right-hand side, thus scheme (4.11) is

conditionally stable.

4.3 Algorithm and examples

In this section, an algorithm to solve the inverse problem (1)-(4) and two numerical examples are presented

to confirm the effectiveness of this algorithm. The algorithm using the finite difference method is as follows:
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Algorithm 1 (The finite difference method)

1: Initializations:

1. Give the fractional order 0 < « < 1, the coefficients a, b and w, the values of T', ¢ and x.

2. Give the source term f (z,t), the initial conditions ¢ (z) and ¢ ().

3. Give the additional condition A (t) and its fractional derivatives D\ 1 (¢), Dk (t).
14
4. Give the step size of space h = A such that thereisa I € {0,1,..., N, — 1} that satisfies the

equality z, = Ih.

[0}

T
5. Give the step size k = such that it satisfies the condition:

QlVy
b2 w
B —+— 1.
<4 * h2> <
6. Give the constants:
2 — b2k —wk:Q/h2 _ak—1 B wk? B k2 B 2 — b2k2 —2wl<:2/h2
“= 1+ ak ’a2_1+ak¢’a3_h2(1+ak)7a4_1+ak’a5_ 1+ ak '

7. Compute the matrix M and the vectors VY and V!
2: Forj=1,2,...,N, - 1:
1. Calculate the source term F7.
2. Calculate the approximation of r at the point (ajk) o

1

R = (Hj’-’ +2aH, + B H; — = ( 7 — 20l + v}'_l)> . (4.25)
I

12
3. Calculate the approximation of u at the points <ih, [a(j+1) k]é> yi=1,Ny, — 1:
VIt = MV 4 a7 ay RIFY

3: Calculate the approximation of r at the points 0 and 7" by putting j = 0 and j = N, respectively in
(4.25).
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Let Ly, Lo, and MS be the errors defined by:

Ny
Ly= |k (u(wit) — (i t))?,
1=0
Lo = ng‘lg}&z lu(zi,t) — u (x4, t)],
N
> (u(@ist) — 1 (23, 1))
5 N, +1 ’

where u is the exact solution and w is the numerical solution.

Example 4.1. We consider the inverse problem (1)-(4) where oo = %, a=2b=1w= %,E = %, T =5 and

z, = 2, the functions f, ¢, and h are given by:

f(z,t)=(4VEt+5)e” sin(2) cos (mz)
v (x) = —2cos (mz),
¥ (2) = cos (n2),

ht)=8t+2vi—2, DYh(t)=8Vi+1, DPVh(t) = 4.

The exact solution pair {u (z,t) ,r (t)} is given by:
u(z,t) = (8t +2Vt - 2) cos (1), r(t) = 8v/2esm(@D).

5
We give the step size of space h = N according to the data in this example, N, must be a multiple of 5,
xX

20 /1 3
we take N, = 5000. Then, the condition (4.24) is satisfied for — | — + < 1, that is, for N, > 4931.
Ny2 4 72p2

We apply Algorithm 1 for N, = 5000. The results on the error of the function r () are presented as follows:

Ny
> e (ty) =7 ()
7=0

MS =
> N, +1

= 3.4096E — 08,

Lo = ogg}lily |r(t;) — 7 (t;)| = 3.2110E — 04.

where 7 is the numerical solution, we present the error graph e, = r — 7 in Figure 4.1. In Table 4.1, we
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present the MS, Ly and L errors of u (z,t) at different values of t. The graphs of the exact and numerical

solutions of r (t) and u (x, t) are shown in Figure 4.2 and Figure 4.3, respectively.

35 T T T T T

05 : i ; i i
]

Figure 4.1: The error e, =1 — 7

45 T T T T T
Exact i) : : :
— — —Approximate rit)

Figure 4.2: The exact and approximate of r ()
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uix,1.8)

Table 4.1: The MS, Ly and L errors of the function u (x, t).

t MS Loy L
0.05 | 5.7460E-08 | 3.7905E-04 | 3.6142E-04
0.2 | 6.1471E-08 | 3.9206E-04 | 3.8871E-04
0.45 | 6.6364E-08 | 4.0736E-04 | 8.1058E-04
0.8 | 2.2287E-07 | 7.4651E-04 | 2.4613E-03
1.25 | 9.0078E-07 | 1.5008E-03 | 4.9113E-03
1.8 | 2.7897E-06 | 2.6412E-03 | 8.2018E-03
2.45 | 6.9750E-06 | 4.1763E-03 | 1.2368E-02
3.2 | 1.5002E-05 | 6.1248E-03 | 1.7441E-02
4.05 | 2.8936E-05 | 8.5061E-03 | 2.3448E-02
5 | 5.1401E-05 | 1.1337E-02 | 3.0409E-02
2':' T T |
: Exact ulx,1.8) :
15 ........ ———Approximate ulx,1.8) | ... ST
10
5 T T S S P, TR
|:| oo e
_5 .
A0k ................. ................. .................
Ak .............. ...................................................
o0 i i i a
1] 0.5 1 15 2 25

Figure 4.3: The exact and approximate of u (x,t) for t = 1.8
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Example 4.2. In this example, we consider the inverse problem (1)-(4) with the following data:

¥ (z) = — cosh (1) cos (3z) ,

h(t) = —sinh (1 — 463/%) | DI h () = cosh (1 — 43/1), D h (t) = — sinh (1 — 43/1) |

The exact solution pair {u (z,t),r (t)} of this problem is:

4 - )
U (.Z',t) = sinh (1 — 3t3/4> cos (El') o (t) — 26%1‘/3/470052(4155/4)‘

2
We give the step size of space h = Ni' according to the data in this example, N, must be a multiple of 3,
) 1 4
we take N, = 1500. Hence, the condition (4.24) is satisfied for 76 1+ —— | <1, thatis, for N, > 967.
V3 Ng w2h2

We apply Algorithm 1 for N, = 1000. The results on the error of the function r (¢) are presented as follows:

Ny
> e (ty) =7 ()
7=0

MS = ? — 9.1629E — 09
Ny +1 ’

Loo = max |7 (tj) = 7 (t;)| = 2.2118E — 04.

where 7 is the numerical solution, and we present the error graph e, = r — 7 in Figure 4.4. The MS, L, and
L errors of u (x,t) at different values of ¢ are presented in Table 4.2. The graphs of the exact and numerical

solutions of r (t) and u (x,t) are presented in Figure 4.5 and Figure 4.6, respectively.
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3 i 1 1 i 1
] 04 1 1.5 2 24 3
t
Figure 4.4: The errore, =r — 7

BD | T T T T
: Exact rit) :

— — —Approximate )

Zh : : :

Figure 4.5: The exact and approximate of r (t)
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Lt

Table 4.2: The MS, Ly and L errors of the function u (x, t).

t

MS

Lo

Lo

0.1875

3.8443E-08

3.3971E-04

5.6840E-04

0.3888

3.9273E-08

3.4336E-04

5.4855E-04

0.7203

2.6193E-08

2.8041E-04

3.7468E-04

1.2288

1.0040E-08

1.7361E-04

1.8565E-04

1.9683

7.2505E-09

1.4753E-04

5.0529E-04

3

8.0810E-08

4.9254E-04

1.6684E-03

2 T

Exact ulx t)

— — —Approximate u

[ I P

Figure 4.6: The exact and approximate of u (z,t) for t = 1.9683
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General Conclusion

his thesis investigates two novel inverse source problems for the one-dimensional time-

fractional telegraph equation with left-conformable fractional derivatives of order 0 < o < 1.

The equation models voltage or current in transmission wires, incorporating electrical pa-
rameters via coefficients w = 1/LC, 2a = G/C + R/L,and b> = GR/LC.

We first establish well-posedness of the inverse time-dependent source problem recovering r(¢) from a
point measurement u(z.,t) = h(t) using eigenfunctions expansion, Fourier’s method, and Banach’s con-
traction principle under mixed boundary conditions. This provides the first such result for conformable
fractional telegraph equations.

Second, for the inverse space-dependent source problem recovering f(z) from final-time data u(x,T") =
h(x) under periodic boundary conditions, we prove existence, uniqueness, and continuous data depen-
dence via Fourier analysis and conformable derivative properties, with illustrative examples.

Finally, a finite difference algorithm is developed and tested numerically for the time-dependent case.
These results advance inverse problem theory for fractional hyperbolic models, with applications in signal

propagation and wave phenomena.
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