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Abstract

I
n this thesis, we consider an inverse time-dependent source problem for a time-fractional telegraph

equation with mixed boundary conditions and an additional measurement at a fixed point. The frac-

tional derivative is described in the conformable sense. Under some assumptions on the input data,

the well-posedness of this inverse problem is shown by using Fourier’s method and Banach’s contraction

mapping principle. An inverse space-dependent source problem for a time-fractional telegraph equation

with periodic boundary conditions and an additional condition at final time is considered. The fractional

derivative is also in the conformable sense. The well-posedness of this inverse problem is shown under

some assumptions on the input data by using Fourier’s method. The algorithm using the finite difference

method is presented to solve the first inverse problem.

Keywords and phrases: Inverse problem, Telegraph equation, Fourier’s method, Conformable fractional

calculus, Banach’s contraction mapping principle, Finite difference method.
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Introduction

L
et ℓ, T > 0 be some fixed numbers and let ΩT be a rectangular region defined by:

ΩT := {(x, t) : 0 ≤ x ≤ ℓ, 0 ≤ t ≤ T} .

We consider the one-dimensional time-fractional telegraph equation

D(2α)
t u (x, t) + 2aD(α)

t u (x, t) + b2u (x, t) = ωuxx (x, t) + F (x, t) , (x, t) ∈ ΩT , (1)

where D(α)
t represent the left-conformable fractional derivative of order 0 < α ≤ 1 with respect to t such

that D(2α)
t := D(α)

t

(
D(α)
t

)
, F (x, t) is the source term, a ≥ b ≥ 0, ω > 0 and u (x, t) represent the voltage or

the current inside a piece of telegraph or transmission wire, whose electrical properties per unit length are:

resistanceR, inductanceL, capacitanceC, and conductance of leakage currentGwhere ω = 1
LC , 2a = G

C+
R
L ,

and b2 = GR
LC .

For α = 1, equation (1) is the classical telegraph equation developed by Oliver Heaviside in last decades

of 19th century [11]. This equation is a second-order linear hyperbolic equation and it models several phe-

nomena in many different fields such as signal analysis [15], wave propagation [24], random walk the-

ory [9].

Suppose the unknown function u satisfies the following initial conditions

u (x, 0) = φ (x) , D(α)
t u (x, 0) = ψ (x) , 0 ≤ x ≤ ℓ, (2)

and the homogeneous mixed boundary conditions

ux (0, t) = u (ℓ, t) = 0, 0 ≤ t ≤ T, (3)

1



where φ and ψ are given functions. If all functions F (x, t) , φ (t) , ψ (t) are given appropriately, the problem

(1)-(3) is a direct problem. It should be noted that the direct problem (1)-(3) has been investigated in the

works [2,3,20], and the references therein. In this thesis, we will study the following two inverse problems:

• Inverse time-dependent source problem:

When the source term F (x, t) = r (t) f (x, t) with f (x, t) is a given function. The problem of finding

the solution pair {u (x, t) , r (t)} of the problem (1)-(3) with additional measurement condition

u (x∗, t) = h (t) , 0 ≤ t ≤ T, (4)

is called the inverse problem where x∗ ∈ [ 0, ℓ [ is a fixed point and h (t) is a given function.

• Inverse space-dependent source problem:

When the source term F (x, t) = f (x). The problem of finding the solution pair {u (x, t) , f (x)} of the

problem (1)-(2) with periodic boundary conditions

u (0, t) = u (ℓ, t) , ux (0, t) = ux (ℓ, t) , 0 ≤ t ≤ T, (5)

and additional measurement condition

u (x, T ) = h (x) , 0 ≤ x ≤ ℓ, (6)

is called the inverse problem where h (x) is a given function.

We note that inverse source problems for fractional diffusion and wave equations were investigated

in [5, 12, 13, 22, 23, 25] and inverse coefficient problems for a semilinear time fractional telegraph equation

in [18,19]. It should also be noted that all the articles on the inverse problems mentioned used the fractional

derivative of the Caputo sense. However, the inverse source problems for fractional telegraph equations

have not yet been studied. As far as we know, the well-posedness of the inverse time-dependent source

problem (1)-(4) is studied in our article [4] for the first time.

The works [7,17] investigate inverse space-dependent source problems for time-fractional diffusion and

heat equations and inverse space-dependent source problem for space-time fractional differential equation

is studied in [6].
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The rest of this thesis is structured as follows: in Chapter 1, some definitions and properties of the

conformable fractional calculus theory and two theorems of stability theory of the finite difference schemes

are given.

In Chapter 2, under some natural regularity and consistency conditions on the input data, the well-

posedness of the inverse time-dependent source problem (1)-(4) is shown by using eigenfunction expansion

of a self-adjoint spectral problem along the Fourier’s method and Banach’s contraction mapping principle.

This chapter is the subject of an article titled "The well-posedness of an inverse source problem for a time-fractional

telegraph equation" published in an international journal "Palest. J. Math.", see [4].

In Chapter 3, under some assumptions on the input data, the existence, uniqueness and continuous

dependence upon the data of the solution of the inverse space-dependent source problem (1), (2), (5), (6)

are shown by using the Fourier’s method and some properties of the conformable fractional derivative.

Finally, we provide two examples of this inverse problem.

In Chapter 4, we proposed an algorithm to find the numerical solution of the inverse time-dependent

source problem (1)-(4) by using the finite difference method. Two numerical examples are presented to

confirm the effectiveness of this algorithm.
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CHAPTER 1

PRELIMINARIES

I n this chapter, we give some definitions and properties of the conformable fractional calculus theory

and two theorems of stability theory of the finite difference schemes.

1.1 The conformable fractional calculus

In this section, we provide some definitions and properties of the conformable fractional calculus theory.

Definition 1.1 ( [16]). Given a function f : [ 0,∞ [ −→ R. Then, the conformable fractional derivative of f

of order α is defined by

D(α)f (t) = lim
ε→0

f
(
t+ εt1−α

)
− f (t)

ε

for all t > 0, α ∈ ] 0, 1 ]. If D(α)f (t) exists in some ] 0, a [ , a > 0, and lim
t→0+

D(α)f (t) exists, then define

D(α)f (0) = lim
t→0+

D(α)f (t) .

If the conformable fractional derivative of f of order α exists, then we simply say f is α-differentiable.

Definition 1.2 ( [16]). The conformable fractional integral of a function f starting from a ≥ 0 of order α is

defined by

Iaα (f) (t) =

∫ t

a

f (x)

x1−α
dx,

where α ∈ ] 0, 1 ].

Theorem 1.1 ( [16]). Let α ∈ ] 0, 1 ] and f , g be α-differentiable at a point t > 0. Then

(1) D(α) (af + bg) = aD(α) (f) + bD(α) (g), for all a, b ∈ R.

4



1.1. THE CONFORMABLE FRACTIONAL CALCULUS 5

(2) D(α) (λ) = 0, for all constant functions f (t) = λ.

(3) D(α) (fg) = fD(α) (g) + gD(α) (f).

(4) If f is differentiable, then D(α) (f) (t) = t1−α dfdt (t).

Theorem 1.2 ( [16]). Let α ∈ ] 0, 1 ], a ≥ 0 and f : [ a,∞ [ −→ R be continuous function. Then, for all t > a we

have

D(α)Iaα (f) (t) = f (t) .

Definition 1.3 ( [1]). Let 0 < α ≤ 1 and f : [ 0,∞ [ −→ R be function. Then the fractional Laplace transform

of order α of f is defined by

Lα {f (t)} (s) = Fα (s) =
∫ ∞

0
e−s

tα

α f (t) tα−1dt.

Theorem 1.3 ( [1]). Let 0 < α ≤ 1 and f : ] 0,∞ [ −→ R be differentiable function. Then

Lα
{
D(α)f (t)

}
(s) = sFα (s)− f (0) .

Property 1.1 ( [1, 8, 14]). Let 0 < α ≤ 1, a, b ∈ R and f, g : [ 0,∞ [ −→ R be a functions such that

Lα {f (t)} (s) = Fα (s) and Lα {g (t)} (s) = Gα (s) exists. Then

1. The fractional Laplace transform is linear operator:

Lα {af (t) + bg (t)} (s) = aFα (s) + bGα (s) . (1.1)

2. We have:

Lα {f (t)} (s) = L
{
f
(
(αt)

1
α

)}
(s) , (1.2)

where L is the usual Laplace transform such that L{g (t)} (s) =
∫ ∞

0
e−stg (t) dt.

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales



1.1. THE CONFORMABLE FRACTIONAL CALCULUS 6

3. We have Lα
{
e−a

tα

α f (t)
}
(s) = L

{
e−atf

(
(αt)

1
α

)}
(s) = L

{
f
(
(αt)

1
α

)}
(s+ a). For example:

Lα
{
e−a

tα

α cosh

(
b
tα

α

)}
(s) = L

{
e−at cosh (bt)

}
(s) =

s+ a

(s+ a)2 − b2
, (1.3)

Lα
{
e−a

tα

α sinh

(
b
tα

α

)}
(s) = L

{
e−at sinh (bt)

}
(s) =

b

(s+ a)2 − b2
. (1.4)

4. The derivative of the fractional Laplace transform satisfies:

dLα {f (t)} (s)
ds

= −Lα
{
tα

α
f (t)

}
(s) . (1.5)

5. The fractional Laplace transform of the α-convolution of f (t) and g (t) is:

Lα {(f ∗ g) (t)} (s) = Fα (s) · Gα (s) , (1.6)

where (f ∗ g) (t) =
∫ t

0
f
(
(tα − τα)1/α

)
g (τ) τα−1dτ .

Theorem 1.4. Let η, γ > 0 and g : [ 0,∞ [ −→ R be continuous function. For all 0 < α ≤ 1, the following Cauchy

problem:


D(2α)y (t) + 2ηD(α)y (t) + γ2y (t) = g (t) , 0 ≤ t,

y (0) = y1, D(α)y (0) = y2,

(1.7)

admits a unique solution given in the following three cases:

1. If η < γ (by Theorem 2.1 in [2])

y (t) = y1e
−η tα

α cos

(√
γ2 − η2

tα

α

)
+

ηy1 + y2√
γ2 − η2

e−η
tα

α sin

(√
γ2 − η2

tα

α

)
+

1√
γ2 − η2

∫ t

0
g (τ) e−η

tα−τα

α sin

(√
γ2 − η2

tα − τα

α

)
τα−1dτ.

(1.8)

2. If η = γ

y (t) = y1e
−η tα

α + (ηy1 + y2)
tα

α
e−η

tα

α +

∫ t

0
g (τ)

tα − τα

α
e−η

tα−τα

α τα−1dτ. (1.9)

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales



1.1. THE CONFORMABLE FRACTIONAL CALCULUS 7

3. If η > γ

y (t) = y1e
−η tα

α cosh

(√
η2 − γ2

tα

α

)
+

ηy1 + y2√
η2 − γ2

e−η
tα

α sinh

(√
η2 − γ2

tα

α

)
+

1√
η2 − γ2

∫ t

0
g (τ) e−η

tα−τα

α sinh

(√
η2 − γ2

tα − τα

α

)
τα−1dτ.

(1.10)

Proof. According to Theorem 1.3 and from (1.1) and (1.7), we get:

Lα {y (t)} (s) =
y1 (s+ η)

(s+ η)2 − (η2 − γ2)

+
y1η + y2

(s+ η)2 − (η2 − γ2)
+

1

(s+ η)2 − (η2 − γ2)
· Lα {g (t)} (s) .

(1.11)

1. If η < γ, the proof in [2, page 30].

2. If η = γ, using (1.2) we have

Lα
{
e−η

tα

α

}
(s) = L

{
e−ηt

}
(s) =

1

s+ η
, (1.12)

using (1.5), from (1.12) we obtain:

dLα
{
−e−η

tα

α

}
(s)

ds
= Lα

{
tα

α
e−η

tα

α

}
(s) =

1

(s+ η)2
, (1.13)

by using (1.6), from (1.13) we obtain:

Lα
{∫ t

0
g (τ)

tα − τα

α
e−η

tα−τα

α τα−1dτ

}
(s) = Lα

{
tα

α
e−η

tα

α

}
(s) · Lα {g (t)} (s) , (1.14)

after substituting (1.12)-(1.14) in equation (1.11), we find

Lα {y (t)} (s) = Lα
{
y1e

−η tα

α + (ηy1 + y2)
tα

α
e−η

tα

α +

∫ t

0
g (τ)

tα − τα

α
e−η

tα−τα

α τα−1dτ

}
(s) ,

hence, by using the inverse fractional Laplace transform, we get (1.9).

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales



1.1. THE CONFORMABLE FRACTIONAL CALCULUS 8

3. The last case (if η > γ): using (1.4) and (1.6) with putting b =
√
η2 − γ2 in equation (1.4), we obtain:

Lα

{∫ t

0
g (τ)

e−η
tα−τα

α√
η2 − γ2

sinh

(√
η2 − γ2

tα − τα

α

)
τα−1dτ

}
(s)

= Lα

{
e−η

tα

α√
η2 − γ2

sinh

(√
η2 − γ2

tα

α

)}
(s) · Lα {g (t)} (s) ,

(1.15)

after rearranging (1.3), (1.4) and (1.15) in equation (1.11), we find

Lα {y (t)} (s) = Lα

{
y1e

−η tα

α cosh

(√
η2 − γ2

tα

α

)
+

ηy1 + y2√
η2 − γ2

e−η
tα

α sinh

(√
η2 − γ2

tα

α

)

+
1√

η2 − γ2

∫ t

0
g (τ) e−η

tα−τα

α sinh

(√
η2 − γ2

tα − τα

α

)
τα−1dτ

}
(s) ,

thus, by using the inverse fractional Laplace transform, we get (1.10).

Definition 1.4 ( [10]). Let α ∈ ] 0, 1 ]. Define a function space

Cα [0, 1] =
{
u : u (t) = I0αx (t) + c, c ∈ R, x ∈ C [0, 1]

}
.

Define

∥u∥α = ∥u∥0 +
∥∥∥D(α)u

∥∥∥
0
,

where ∥u∥0 = max
t∈[0,1]

|u (t)|.

Theorem 1.5 ( [10]). (Cα [0, 1] , ∥·∥α) is a Banach space.

Definition 1.5. Let α ∈ ] 0, 1 ] and T > 0. We define the set of functions as:

C2α [0, T ] =
{
u : D(α)u (t) = I0αx (t) + c, c ∈ R, x ∈ C [0, T ]

}
.

Define

∥u∥C2α[0,T ] = ∥u∥C[0,T ] +
∥∥∥D(α)u

∥∥∥
C[0,T ]

+
∥∥∥D(2α)u

∥∥∥
C[0,T ]

,

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales



1.1. THE CONFORMABLE FRACTIONAL CALCULUS 9

where ∥u∥C[0,T ] = max
t∈[0,T ]

|u (t)|.

Theorem 1.6.
(
C2α [0, T ] , ∥·∥C2α[0,T ]

)
is a Banach space.

Proof. To prove this theorem, we follow the same steps as the proof of Theorem 1.5. It is easy to verify that

∥·∥C2α[0,T ] satisfies the norm axioms.

The following proof is the completeness of C2α [0, T ]. Let {un}∞n=1 be a Cauchy sequence in C2α [0, T ]:

D(α)un (t) = I0αxn (t) + cn,

where xn ∈ C [0, T ], and cn ∈ R. Then

D(α)un (t)−D(α)um (t) = I0α (xn (t)− xm (t)) + cn − cm,

by using parts (1) and (2) of Theorem 1.1 and using Theorem 1.2, we find

D(2α) (un (t)− um (t)) = xn (t)− xm (t) .

Because {un}∞n=1 is Cauchy sequence in C2α [0, T ], we have

∥un − um∥C2α[0,T ] = ∥un − um∥C[0,T ] +
∥∥∥D(α) (un − um)

∥∥∥
C[0,T ]

+
∥∥∥D(2α) (un − um)

∥∥∥
C[0,T ]

−−−−−−→
n,m→+∞

0.

Thus every term of the above formula converges to 0. By

∥un − um∥C[0,T ] −−−−−−→n,m→+∞
0 and

∥∥∥D(2α) (un − um)
∥∥∥
C[0,T ]

= ∥xn − xm∥C[0,T ] −−−−−−→n,m→+∞
0

we know {un}∞n=1 and {xn}∞n=1 are Cauchy sequences in C [0, T ]. By the completeness of C [0, T ], there exists

u, x ∈ C [0, T ] such that un −−−−−→
n→+∞

u and xn −−−−−→
n→+∞

x. The second term is

∥∥∥D(α) (un − um)
∥∥∥
C[0,T ]

=
∥∥I0α (xn − xm) + (cn − cm)

∥∥
C[0,T ] −−−−−−→n,m→+∞

0.

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales
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We have

∥cn − cm∥C[0,T ] ≤
∥∥I0α (xn − xm) + (cn − cm)

∥∥
C[0,T ] +

∥∥I0α (xn − xm)
∥∥
C[0,T ] −−−−−−→n,m→+∞

0,

that is to say, {cn}∞n=1 is Cauchy sequence in R. By the completeness of R, there exists c ∈ R such that

cn −−−−−→
n→+∞

c. Let D(α)u (t) = I0αx (t) + c, then u ∈ C2α [0, T ] and

∥un − u∥C2α[0,T ] −−−−−→n→+∞
0.

The completeness of C2α [0, T ] is proved.

1.2 Stability theory of the finite difference schemes

In this section, we mention the two theorems we need in chapter four.

Let 0 < α ≤ 1, T > 0 and Ny ∈ N∗, we consider the following scheme:


BV j

y + k2PV j
yy +AV j = F̄ j , j = 1, Ny − 1, k = Tα

αNy
,

V 0 = Φ, V 1 = Ψ,

(1.16)

where Φ and Ψ are given vectors of a finite-dimensional real space Hh, for all j = 1, Ny − 1 the vector F̄ j ∈

Hh is given; A,B and P are linear operators in the space Hh. The notations V j
yy and V j

y are simplifications

of formulas
V j+1 − 2V j + V j−1

k2
and

V j+1 − V j−1

2k
, respectively, with V j ∈ Hh for all j = 0, Ny. For the

stability of scheme (1.16) with respect to the initial data and right-hand side, we have the following two

theorems:

Theorem 1.7. [21, page 433] Let A = A∗ > 0 and P = P ∗ > 0 be positive operators. Then the conditions

B ≥ 0 and P >
1

4
A

are sufficient for the stability of scheme (1.16) with respect to the initial data.

Theorem 1.8. [21, page 436] Let the conditions of Theorem 1.7 be satisfied. Then scheme (1.16) is stable with respect

to the right-hand side.

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales



CHAPTER 2

THE WELL-POSEDNESS OF AN INVERSE

SOURCE PROBLEM FOR A TIME-FRACTIONAL

TELEGRAPH EQUATION

I n this chapter, under some natural regularity and consistency conditions on the input data, we show the

well-posedness of the inverse time-dependent source problem (1)-(4) by using eigenfunction expansion

of a self-adjoint spectral problem along the Fourier’s method and Banach’s contraction mapping principle.

This chapter is the subject of an article titled "The well-posedness of an inverse source problem for a time-fractional

telegraph equation" published in an international journal "Palest. J. Math.", see [4].

The following lemma is obtained with the help of integration by parts and the Cauchy–Schwarz in-

equality.

Lemma 2.1. Let µn = π(2n+1)
2ℓ with n ∈ N. We have:

1. If g ∈ C3 [0, ℓ] satisfies the conditions g′ (0) = g (ℓ) = g′′ (ℓ) = 0, then the inequality

∣∣∣∣2ℓ
∫ ℓ

0
g (x) cos (µnx) dx

∣∣∣∣ ≤ √
2

µ3n
∥g∥C3[0,ℓ] , holds.

2. If g ∈ C4 [0, ℓ] satisfies the conditions g′ (0) = g (ℓ) = g′′ (ℓ) = g′′′ (0) = 0, then the inequality

∣∣∣∣2ℓ
∫ ℓ

0
g (x) cos (µnx) dx

∣∣∣∣ ≤ √
2

µ4n
∥g∥C4[0,ℓ] , holds.

Lemma 2.2. The numerical series
+∞∑
n=0

1

µn
√
ωµ2n + b2 − a2

converges to S > 0, where µn = π
2ℓ (2n+ 1) and

a2−b2
ω < µ20.

11



12

Proof. Using Riemann’s rule, we get:

lim
n→+∞

n2

µn
√
ωµ2n + b2 − a2

=
ℓ2

π2
√
ω
,

then, the numerical series
+∞∑
n=0

1

µn
√
ωµ2n + b2 − a2

converges to S > 0.

Let α ∈ ] 0, 1 ], T > 0 and L > 0. For f ∈ C [0, T ], we define in C [0, T ] the norm

∥f∥L,α := max
0≤t≤T

e−Lt
α/α |f (t)| .

Lemma 2.3. The norms ∥·∥L,α and ∥·∥C[0,T ] are equivalent.

Proof. For f ∈ C [0, T ], we have

e−LT
α/α |f (t)| ≤ e−Lt

α/α |f (t)| ≤ |f (t)| .

For all t ∈ [0, T ], we obtain

e−LT
α/α ∥f∥C[0,T ] ≤ ∥f∥L,α ≤ ∥f∥C[0,T ] ,

where, ∥f∥C[0,T ] = max
0≤t≤T

|f (t)|.

Consider the following equation:

D(2α)
t h (t) + 2aD(α)

t h (t) + b2h (t) = ωuxx (x∗, t) + r (t) f (x∗, t) , 0 ≤ t ≤ T. (2.1)

The following lemma is valid.

Lemma 2.4. Let φ,ψ ∈ C [0, ℓ] , f (x∗, ·) ∈ C [0, T ] , h ∈ C2α [0, T ] and the consistency conditions

φ (x∗) = h (0) , ψ (x∗) = D(α)
t h (0) , (2.2)

be satisfied. Then, we have:

1. Each solution {u (x, t) , r (t)} of problem (1)-(4) is a solution of (1)-(3), (2.1).

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales
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2. Each solution {u (x, t) , r (t)} of problem (1)-(3), (2.1) is a solution of (1)-(4).

Proof. 1. Let {u (x, t) , r (t)} be a solution of the problem (1)-(4), from (4) we have

u (x∗, t) = h (t) , D(α)
t u (x∗, t) = D(α)

t h (t) and D(2α)
t u (x∗, t) = D(2α)

t h (t) , (2.3)

we put x = x∗ in (1), we find

D(2α)
t u (x∗, t) + 2aD(α)

t u (x∗, t) + b2u (x∗, t) = ωuxx (x∗, t) + r (t) f (x∗, t) , 0 ≤ t ≤ T, (2.4)

after substituting (2.3) in equation (2.4), we get (2.1).

2. Let {u (x, t) , r (t)} be a solution of the problem (1)-(3), (2.1), then from (2.1) and (2.4), we obtain:

D(2α)
t [u (x∗, t)− h (t)] + 2aD(α)

t [u (x∗, t)− h (t)] + b2 [u (x∗, t)− h (t)] = 0, 0 ≤ t ≤ T, (2.5)

by using (2) and (2.2), we get


u (x∗, 0)− h (0) = φ (x∗)− h (0) = 0,

D(α)
t [u (x∗, 0)− h (0)] = ψ (x∗)−D(α)

t h (0) = 0.

(2.6)

According to Theorem 1.4, the solution of (2.5)-(2.6) is:

u (x∗, t)− h (t) = 0, 0 ≤ t ≤ T.

Hence, the condition (4) is obtained.

2.1 Existence and uniqueness of the solution

In this section, the first main result on existence and uniqueness of the solution of the inverse time-dependent

source problem (1)-(4) is presented as follows.

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales
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Theorem 2.1. Suppose that the following assumptions holds:

(A1) : φ ∈ C4 [0, ℓ] ; φ′ (0) = φ (ℓ) = φ′′ (ℓ) = φ′′′ (0) = 0;

(A2) : ψ ∈ C3 [0, ℓ] ; ψ′ (0) = ψ (ℓ) = ψ′′ (ℓ) = 0;

(A3) : f ∈ C (ΩT ) ; f (·, t) ∈ C3 [0, ℓ] , f (x∗, t) ̸= 0 for all t ∈ [0, T ] ;

∂f

∂x
(0, t) = f (ℓ, t) =

∂2f

∂x2
(ℓ, t) = 0, for all t ∈ [0, T ] ;

(A4) : h ∈ C2α [0, T ] ;φ (x∗) = h (0) and ψ (x∗) = D(α)
t h (0) .

Then, the inverse problem (1)-(4) has a unique solution {u (x, t) , r (t)}.

Proof. The proof of this theorem takes place in three steps:

Step 1: Construction of solution

By using the Fourier’s method (separation of variables), the associated spectral problem of the direct

problem (1)-(3) is given by:


X ′′ (x) + λX (x) = 0, 0 ≤ x ≤ ℓ,

X ′ (0) = X (ℓ) = 0.

(2.7)

Eigenvalues and eigenfunctions of the spectral problem (2.7) are

λn = µ2n where µn =
π (2n+ 1)

2ℓ
and Xn (x) = cos (µnx) , n ∈ N. (2.8)

We can easily show that problem (2.7) is self-adjoint, then the eigenfunctions (2.8) forms a complete system

in the space L2 [0, ℓ].

By applying the standard procedure of the Fourier method, we obtain the following representation for

the solution of the direct problem (1)-(3) for arbitrary r ∈ C [0, T ],

u (x, t) =

∞∑
n=0

un (t)Xn (x) .

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales
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where the functions un (t) with n ∈ N satisfies the following sequence of Cauchy problems:


D(2α)un (t) + 2aD(α)un (t) +

(
b2 + ωµ2n

)
un (t) = r (t) fn (t) , 0 ≤ t ≤ T,

un (0) = φn, D(α)un (0) = ψn,

(2.9)

where

fn (t) =
2

ℓ

∫ ℓ

0
f (x, t) cos (µnx) dx,

φn =
2

ℓ

∫ ℓ

0
φ (x) cos (µnx) dx,

ψn =
2

ℓ

∫ ℓ

0
ψ (x) cos (µnx) dx.

According to Theorem 1.4, the solutions of (2.9) are given in the following three cases:

Case 1: If
a2 − b2

ω
< µ20, then the solutions of (2.9) are:

un (t) = e−a
tα

α

(
φn cos

(
δn
tα

α

)
+
ψn + aφn

δn
sin

(
δn
tα

α

))
+
e−a

tα

α

δn

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1ea

sα

α r (s) fn (s) ds,

(2.10)

where δn =
√
ωµ2n + b2 − a2.

Case 2: If exist n0 ∈ N such that µ2n0
<
a2 − b2

ω
< µ2n0+1, then the solutions of (2.9) are:

for n ≤ n0, un (t) = e−a
tα

α

(
φn cosh

(
∆n

tα

α

)
+
ψn + aφn

∆n
sinh

(
∆n

tα

α

))
+
e−a

tα

α

∆n

∫ t

0
sinh

(
∆n

tα − sα

α

)
sα−1ea

sα

α r (s) fn (s) ds

for n > n0, un (t) = e−a
tα

α

(
φn cos

(
δn
tα

α

)
+
ψn + aφn

δn
sin

(
δn
tα

α

))
+
e−a

tα

α

δn

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1ea

sα

α r (s) fn (s) ds,

(2.11)

where ∆n =
√
a2 − b2 − ωµ2n.

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales



2.1. EXISTENCE AND UNIQUENESS OF THE SOLUTION 16

Case 3: If exist n0 ∈ N such that
a2 − b2

ω
= µ2n0

, then the solutions of (2.9) are:

for n < n0, un (t) = e−a
tα

α

(
φn cosh

(
∆n

tα

α

)
+
ψn + aφn

∆n
sinh

(
∆n

tα

α

))
+
e−a

tα

α

∆n

∫ t

0
sinh

(
∆n

tα − sα

α

)
sα−1ea

sα

α r (s) fn (s) ds

if n = n0, un0 (t) = e−a
tα

α

(
φn0 + (ψn0 + aφn0)

tα

α
+

∫ t

0

tα − sα

α
ea

sα

α sα−1r (s) fn0 (s) ds

)
for n > n0, un (t) = e−a

tα

α

(
φn cos

(
δn
tα

α

)
+
ψn + aφn

δn
sin

(
δn
tα

α

))
+
e−a

tα

α

δn

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1ea

sα

α r (s) fn (s) ds.

(2.12)

Hence, the representation of the first component of solution pair {u (x, t) , r (t)} is given in the following

three cases:

☞ If
a2 − b2

ω
< µ20, then

u (x, t) =
∞∑
n=0

[
e−a

tα

α

(
φn cos

(
δn
tα

α

)
+
ψn + aφn

δn
sin

(
δn
tα

α

))

+
e−a

tα

α

δn

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1ea

sα

α r (s) fn (s) ds

]
cos (µnx) .

(2.13)

☞ If µ2n0
<
a2 − b2

ω
< µ2n0+1, then

u (x, t) =

n0∑
n=0

un (t) cos (µnx) +

∞∑
n=n0+1

un (t) cos (µnx) , (2.14)

where un (t) is defined by (2.11).

☞ If
a2 − b2

ω
= µ2n0

, then

u (x, t) =

n0−1∑
n=0

un (t) cos (µnx) + un0 (t) cos (µn0x) +
∞∑

n=n0+1

un (t) cos (µnx) , (2.15)

where un (t) is defined by (2.12). In this case, if n0 = 0, we delete the first series from the representation

(2.15).

Now we construction the second component of solution pair {u (x, t) , r (t)}. Under the assumptions

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales
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(A3)− (A4), by using Lemma 2.4, from (2.1) we obtain:

r (t) =
D(2α)
t h (t) + 2aD(α)

t h (t) + b2h (t)− ωuxx (x∗, t)

f (x∗, t)
, 0 ≤ t ≤ T, (2.16)

by using the series (2.13)-(2.15), from (2.16) we obtain the following Volterra integral equation of the second

kind for r (t):

r (t) = B (t) +

∫ t

0
Q (t, s) r (s) ds, t ∈ [0, T ] , (2.17)

where

✓ If
a2 − b2

ω
< µ20, then

B (t) =
D(2α)h (t) + 2aD(α)h (t) + b2h (t)

f (x∗, t)

+
ωe−a

tα

α

f (x∗, t)

∞∑
n=0

[
φn cos

(
δn
tα

α

)
+
ψn + aφn

δn
sin

(
δn
tα

α

)]
µ2n cos (µnx∗) ,

(2.18)

and

Q (t, s) =
ωea

sα−tα

α sα−1

f (x∗, t)

∞∑
n=0

µ2n cos (µnx∗)

δn
sin

(
δn
tα − sα

α

)
fn (s) . (2.19)

✓ If µ2n0
<
a2 − b2

ω
< µ2n0+1, then

B (t) =
D(2α)h (t) + 2aD(α)h (t) + b2h (t)

f (x∗, t)

+
ωe−a

tα

α

f (x∗, t)

(
n0∑
n=0

[
φn cosh

(
∆n

tα

α

)
+
ψn + aφn

∆n
sinh

(
∆n

tα

α

)]
µ2n cos (µnx∗)

+
∞∑

n=n0+1

[
φn cos

(
δn
tα

α

)
+
ψn + aφn

δn
sin

(
δn
tα

α

)]
µ2n cos (µnx∗)

)
,

(2.20)

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales
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and

Q (t, s) =
ωea

sα−tα

α sα−1

f (x∗, t)

(
n0∑
n=0

µ2n cos (µnx∗)

∆n
sinh

(
∆n

tα − sα

α

)
fn (s)

+

∞∑
n=n0+1

µ2n cos (µnx∗)

δn
sin

(
δn
tα − sα

α

)
fn (s)

)
.

(2.21)

✓ If
a2 − b2

ω
= µ2n0

, then

B (t) =
D(2α)h (t) + 2aD(α)h (t) + b2h (t)

f (x∗, t)

+
ωe−a

tα

α

f (x∗, t)

(
n0−1∑
n=0

[
φn cosh

(
∆n

tα

α

)
+
ψn + aφn

∆n
sinh

(
∆n

tα

α

)]
µ2n cos (µnx∗)

+

[
φn0 + (ψn0 + aφn0)

tα

α

]
µ2n0

cos (µn0x∗)

+

∞∑
n=n0+1

[
φn cos

(
δn
tα

α

)
+
ψn + aφn

δn
sin

(
δn
tα

α

)]
µ2n cos (µnx∗)

)
,

(2.22)

and

Q (t, s) =
ωea

sα−tα

α sα−1

f (x∗, t)

(
n0−1∑
n=0

µ2n cos (µnx∗)

∆n
sinh

(
∆n

tα − sα

α

)
fn (s)

+µ2n0
cos (µn0x∗) fn0 (s)

tα − sα

α

+
∞∑

n=n0+1

µ2n cos (µnx∗)

δn
sin

(
δn
tα − sα

α

)
fn (s)

)
.

(2.23)

In this case, if n0 = 0, we delete the first series from the two representations (2.22) and (2.23).

Step 2: Existence of the solution

To establish the regularity of the first component u(x, t), we need to show u (x, t), ux (x, t), uxx (x, t),

D(α)
t u (x, t) and D(2α)

t u (x, t) are continuous functions in ΩT .

Under the assumptions (A1)− (A3) and Lemma 2.1, by using the series (2.13), the following inequalities

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales
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holds for any (x, t) ∈ ΩT such that

|u (x, t)| ≤
∞∑
n=0

[√
2 ∥φ∥C4[0,ℓ]

µ4n
+

√
2 ∥ψ∥C3[0,ℓ]

δnµ3n
+

√
2a ∥φ∥C4[0,ℓ]

δnµ4n

+

√
2eaT

α/α ∥r∥C[0,T ] ∥f∥C3[0,ℓ]×C[0,T ]

aαδnµ3n

]
.

(2.24)

|ux (x, t)| ≤
∞∑
n=0

[√
2 ∥φ∥C4[0,ℓ]

µ3n
+

√
2 ∥ψ∥C3[0,ℓ]

δnµ2n
+

√
2a ∥φ∥C4[0,ℓ]

δnµ3n

+

√
2eaT

α/α ∥r∥C[0,T ] ∥f∥C3[0,ℓ]×C[0,T ]

aαδnµ2n

]
.

(2.25)

|uxx (x, t)| ≤
∞∑
n=0

[√
2 ∥φ∥C4[0,ℓ]

µ2n
+

√
2 ∥ψ∥C3[0,ℓ]

δnµn
+

√
2a ∥φ∥C4[0,ℓ]

δnµ2n

+

√
2eaT

α/α ∥r∥C[0,T ] ∥f∥C3[0,ℓ]×C[0,T ]

aαδnµn

]
.

(2.26)

∣∣∣D(α)
t u (x, t)

∣∣∣ ≤ ∞∑
n=0

[
√
2

(
2a+ δn +

a2

δn

) ∥φ∥C4[0,ℓ]

µ4n
+

(
√
2 +

a
√
2

δn

)
∥ψ∥C3[0,ℓ]

µ3n

+

(√
2

a
+

√
2

δn

)
eaT

α/α ∥r∥C[0,T ]
∥f∥C3[0,ℓ]×C[0,T ]

µ3n

]
.

(2.27)

∣∣∣D(2α)
t u (x, t)

∣∣∣ ≤ ∞∑
n=0

[(
δ2n +

2a

δn
+ 2

)(√
2

(
1 +

a

δn

) ∥φ∥C4[0,ℓ]

µ4n
+

√
2 ∥ψ∥C3[0,ℓ]

δnµ3n

)

+
√
2

(
a

δn
+
δn
a

+ 2

)
eaT

α/α ∥r∥C[0,T ]
∥f∥C3[0,ℓ]×C[0,T ]

µ3n

]
.

(2.28)

From (2.24)-(2.28) and by Weierstrass M-test, the series corresponding to u (x, t), ux (x, t), uxx (x, t), D(α)
t u (x, t)

and D(2α)
t u (x, t) are uniformly convergent on ΩT . Hence, u (x, t), ux (x, t), uxx (x, t), D(α)

t u (x, t) and D(2α)
t u (x, t)

are continuous functions on ΩT .

Similarly, we show that u (x, t), ux (x, t), uxx (x, t), D(α)
t u (x, t) and D(2α)

t u (x, t) are continuous functions

on ΩT in the other cases. Thus, u (x, t) satisfies the conditions (1)-(3) for arbitrary r ∈ C [0, T ].
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We define the following operator:

P (r (t)) := B (t) +

∫ t

0
Q (t, s) r (s) ds,

on the space C [0, T ] with ∥ϕ∥L,α := max
0≤t≤T

e−Lt
α/α |ϕ (t)|. To show P is well defined.

Under the assumptions (A3) − (A4), the function t 7→ D(2α)h(t)+2aD(α)h(t)+b2h(t)
f(x∗,t)

is continuous on [0, T ].

Above we proved that the function uxx (x, t) is continuous in ΩT for r ∈ C [0, T ], then, under the assumption

(A3), the function t 7→ ωuxx(x∗,t)
f(x∗,t)

is continuous on [0, T ]. From (2.16), the operator P is well defined.

For the rest of this proof, we take only the first case (if a
2−b2
ω < µ20). Now we prove that P is a contraction

operator in the space C [0, T ]. We choose L > 0 and let r1, r2 ∈ C [0, T ]. Under the assumption (A3) and

using (2.19), we have the following estimates:

e−Lt
α/α |P (r1 (t))− P (r2 (t))| ≤ e−Lt

α/α

∫ t

0
eLs

α/α |Q (t, s)| e−Lsα/α |r1 (s)− r2 (s)| ds

≤ ∥r1 − r2∥L,α
∫ t

0
eL(s

α−tα)/α |Q (t, s)| ds

≤

√
2ω ∥f∥C3[0,ℓ]×C[0,T ]

+∞∑
n=0

1

δnµn

(L+ a) min
0≤t≤T

|f (x∗, t)|
∥r1 − r2∥L,α .

Consequently, we obtain:

∥P (r1)− P (r2)∥L,α ≤
√
2ωS ∥f∥C3[0,ℓ]×C[0,T ]

(L+ a) min
0≤t≤T

|f (x∗, t)|
∥r1 − r2∥L,α , (2.29)

where S =
+∞∑
n=0

1

µn
√
ωµ2n + b2 − a2

. It is easy to choose the real L > 0 such that,

√
2ωS ∥f∥C3[0,ℓ]×C[0,T ]

(L+ a) min
0≤t≤T

|f (x∗, t)|
< 1. (2.30)

Then the operator P is a contraction. Consequently, by Banach’s contraction mapping principle, P has a

unique fixed point r ∈ C [0, T ].

Step 3: Uniqueness of the solution

Let {u (x, t) , r (t)} and {ũ (x, t) , r̃ (t)} be two solution sets of the inverse problem (1)-(4). From (2.13)
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and (2.17) , we have

u (x, t)− ũ (x, t) = e−a
tα

α

∞∑
n=0

cos (µnx)

δn

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1ea

sα

α (r (s)− r̃ (s)) fk (s) ds, (2.31)

and

r (t)− r̃ (t) = P (r (t))− P (r̃ (t)) . (2.32)

From (2.29) and (2.32) we get:

∥r − r̃∥L,α ≤
√
2ωS ∥f∥C3[0,ℓ]×C[0,T ]

(L+ a) min
0≤t≤T

|f (x∗, t)|
∥r − r̃∥L,α , (2.33)

which implies that r = r̃. After inserting r = r̃ in (2.31), we have u = ũ.

Remark 2.1. We can prove Theorem 2.1 so that the function Q (t, s) given by (2.21) and (2.23). In both cases,

the contraction constant in (2.30) will be given as follows:

✓ If µ2n0
<
a2 − b2

ω
< µ2n0+1, the contraction constant in (2.30) is replaced by

√
2ωS′ ∥f∥C3[0,ℓ]×C[0,T ]

(L+ a) min
0≤t≤T

|f (x∗, t)|
where S′ =

n0∑
n=0

ea
Tα

α

2µn
√
a2 − b2 − ωµ2n

+
+∞∑

n=n0+1

1

µn
√
ωµ2n + b2 − a2

.

(2.34)

✓ If
a2 − b2

ω
= µ2n0

, the contraction constant in (2.30) is replaced by

√
2ωS′′ ∥f∥C3[0,ℓ]×C[0,T ]

(L+ a) min
0≤t≤T

|f (x∗, t)|
where S′′ =

Tα

αµn0

+

n0−1∑
n=0

ea
Tα

α

2µn
√
a2 − b2 − ωµ2n

+

+∞∑
n=n0+1

1

µn
√
ωµ2n + b2 − a2

.

(2.35)

2.2 Continuous dependence upon the data of the solution

In this section, we give the second main result on continuous dependence upon the data of the solution pair

{u (x, t) , r (t)} of the inverse problem (1)-(4).
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Let ℑ be the set of quartiles {φ,ψ, f, h} where the functions φ, ψ, f and h satisfies the assumptions

(A1)− (A4) of Theorem 2.1 and

∥φ∥C4[0,ℓ] ≤M1, ∥ψ∥C3[0,ℓ] ≤M2, ∥f∥C3[0,ℓ]×C[0,T ] ≤M3, ∥h∥C2α[0,T ] ≤M4,

M5 = min
0≤t≤T

|f (x∗, t)| , M6 = max
{
1, 2a, b2

}
.

(2.36)

For ϕ ∈ ℑ, we define the norm

∥ϕ∥ℑ := ∥φ∥C4[0,ℓ] + ∥ψ∥C3[0,ℓ] + ∥f∥C3[0,ℓ]×C[0,T ] + ∥h∥C2α[0,T ] . (2.37)

Theorem 2.2. The solution {u (x, t) , r (t)} of the inverse problem (1)-(4) under the assumptions of Theorem 2.1,

depends continuously upon the data.

Proof. Let {u (x, t) , r (t)} and {ũ (x, t) , r̃ (t)} be two solution sets of the inverse problem (1)-(4), corre-

sponding to the data ϕ = {φ,ψ, f, h} and ϕ̃ =
{
φ̃, ψ̃, f̃ , h̃

}
, respectively. We prove only the first case(

if a
2−b2
ω < µ20

)
and similarly, we prove the other cases.

From (2.18), we have

B (t)− B̃ (t) =
1

f (x∗, t)

[
D(2α)

(
h (t)− h̃ (t)

)
+ 2aD(α)

(
h (t)− h̃ (t)

)
+ b2

(
h (t)− h̃ (t)

)]
+
f̃ (x∗, t)− f (x∗, t)

f (x∗, t) f̃ (x∗, t)

[
D(2α)h̃ (t) + 2aD(α)h̃ (t) + b2h̃ (t)

]
+
ωe−at

α/α

f (x∗, t)

+∞∑
n=0

[
(φn − φ̃n) cos (δnt

α/α) +
1

δn

(
ψn − ψ̃n + a (φn − φ̃n)

)
sin (δnt

α/α)

]
µ2n cos (µnx∗)

+
ωe−at

α/α
(
f̃ (x∗, t)− f (x∗, t)

)
f (x∗, t) f̃ (x∗, t)

+∞∑
n=0

(
φ̃n cos (δnt

α/α) +
ψ̃n + aφ̃n

δn
sin (δnt

α/α)

)
µ2n cos (µnx∗) .

(2.38)

Under the assumptions (A1)− (A4) and using Lemma 2.1, (2.36) and (2.38) we obtain:

∥∥∥B − B̃
∥∥∥
C[0,T ]

≤M7 ∥φ− φ̃∥C4[0,ℓ] +M8

∥∥∥ψ − ψ̃
∥∥∥
C3[0,ℓ]

+M9

∥∥∥f − f̃
∥∥∥
C3[0,ℓ]×C[0,T ]

+M10

∥∥∥h− h̃
∥∥∥
C2α[0,T ]

,

(2.39)
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where

M7 =

√
2ω

M5

+∞∑
n=0

(
1

µ2n
+

a

δnµ2n

)
,

M8 =

√
2ω

M5

+∞∑
n=0

1

δnµn
,

M9 =
M4M6

M2
5

+

√
2ω

M2
5

+∞∑
n=0

((
1 +

a

δn

)
M1

µ2n
+

M2

δnµn

)
,

M10 =M6/M5.

From (2.17) and for all L > 0, we have

e−Lt
α/α [r (t)− r̃ (t)] = e−Lt

α/α
[
B (t)− B̃ (t)

]
+

∫ t

0
e−Lt

α/αQ (t, s) [r (s)− r̃ (s)] ds

+

∫ t

0
e−Lt

α/α
[
Q (t, s)− Q̃ (t, s)

]
r̃ (s) ds.

(2.40)

Under the assumption (A3), using Lemma 2.1, Lemma 2.2 and (2.19), we obtain

∫ t

0
e−Lt

α/αQ (t, s) [r (s)− r̃ (s)] ds ≤
√
2ωS ∥f∥C3[0,ℓ]×C[0,T ]

(L+ a)M5
∥r − r̃∥L,α , (2.41)

and

∫ t

0
e−Lt

α/α
[
Q (t, s)− Q̃ (t, s)

]
r̃ (s) ds ≤ 2

√
2WωM3S

(L+ a)M2
5

∥∥∥f − f̃
∥∥∥
C3[0,ℓ]×C[0,T ]

, (2.42)

where W = ∥r̃∥L,α.

From (2.39)-(2.42), we have the estimate

(
1−

√
2ωS ∥f∥C3[0,ℓ]×C[0,T ]

(L+ a)M5

)
∥r − r̃∥L,α ≤M7 ∥φ− φ̃∥C4[0,ℓ] +M8

∥∥∥ψ − ψ̃
∥∥∥
C3[0,ℓ]

+

[
M9 +

2
√
2WωM3S

(L+ a)M2
5

]∥∥∥f − f̃
∥∥∥
C3[0,ℓ]×C[0,T ]

+M10

∥∥∥h− h̃
∥∥∥
C2α[0,T ]

.

(2.43)
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From (2.43) and (2.37), we get

(
1−

√
2ωS ∥f∥C3[0,ℓ]×C[0,T ]

(L+ a)M5

)
∥r − r̃∥L,α ≤M11

∥∥∥ϕ− ϕ̃
∥∥∥
ℑ
, (2.44)

where

M11 = max

{
M7,M8,M9 +

2
√
2WωM3S

(L+ a)M2
5

,M10

}
.

From (2.30) and (2.44), we have

∥r − r̃∥L,α ≤M12

∥∥∥ϕ− ϕ̃
∥∥∥
ℑ
, (2.45)

where M12 =
M11

1−
√
2ωS∥f∥C3[0,ℓ]×C[0,T ]

(L+a)M5

.

Under the assumptions (A1)− (A3) and from (2.13), we obtain

∥u− ũ∥C(ΩT ) ≤M13 ∥φ− φ̃∥C4[0,ℓ] +M14

∥∥∥ψ − ψ̃
∥∥∥
C3[0,ℓ]

+M15

∥∥∥f − f̃
∥∥∥
C3[0,ℓ]×C[0,T ]

+M16 ∥r − r̃∥L,α ,
(2.46)

where

M13 =
+∞∑
n=0

(√
2

µ4n
+

√
2a

δnµ4n

)
, M14 =

+∞∑
n=0

√
2

δnµ3n
, M15 =

+∞∑
n=0

W
√
2eL

Tα

α

(L+ a) δnµ3n
, M16 =

+∞∑
n=0

M3

√
2eL

Tα

α

(L+ a) δnµ3n

From (2.45) and (2.46), we get

∥u− ũ∥C(ΩT ) + ∥r − r̃∥L,α ≤M17

∥∥∥ϕ− ϕ̃
∥∥∥
ℑ
,

where M17 = max {M13,M14,M15} + M12M16 + M12. Then, the solution of the inverse problem (1)-(4)

depends continuously upon the data.
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CHAPTER 3

AN INVERSE SPACE-DEPENDENT SOURCE

PROBLEM FOR A TIME-FRACTIONAL

TELEGRAPH EQUATION

I n this chapter, under some assumptions on the input data, we show the existence, uniqueness and

continuous dependence upon the data of the solution of the inverse space-dependent source problem

(1), (2), (5), (6) by using the Fourier’s method and some properties of the conformable fractional derivative.

Finally, we give two examples of this inverse problem.

Before presenting the main results, we introduce the lemmas, which are used in this chapter. The fol-

lowing lemma is obtained with the help of integration by parts and the Cauchy–Schwarz inequality.

Lemma 3.1. Let ℓ > 0 and µn = 2nπ
ℓ with n ∈ N∗. We have:

1. If g ∈ C3 [0, ℓ] satisfies the conditions g (0) = g (ℓ), g′ (0) = g′ (ℓ) and g′′ (0) = g′′ (ℓ), then the inequality

∣∣∣∣2ℓ
∫ ℓ

0
g (x) cos (µnx) dx

∣∣∣∣ ≤ √
2

µ3n
∥g∥C3[0,ℓ] and

∣∣∣∣2ℓ
∫ ℓ

0
g (x) sin (µnx) dx

∣∣∣∣ ≤ √
2

µ3n
∥g∥C3[0,ℓ] , holds.

2. If g ∈ C4 [0, ℓ] satisfies the conditions g (0) = g (ℓ), g′ (0) = g′ (ℓ), g′′ (0) = g′′ (ℓ) and g′′′ (0) = g′′′ (ℓ), then

the inequality

∣∣∣∣2ℓ
∫ ℓ

0
g (x) cos (µnx) dx

∣∣∣∣ ≤ √
2

µ4n
∥g∥C4[0,ℓ] and

∣∣∣∣2ℓ
∫ ℓ

0
g (x) sin (µnx) dx

∣∣∣∣ ≤ √
2

µ4n
∥g∥C4[0,ℓ] , holds.

Lemma 3.2. The numerical series
+∞∑
n=1

1

µn
√
ωµ2n + b2 − a2

converges, where µn = 2nπ
ℓ and a2−b2

ω < µ21.

25



26

Proof. Using Riemann’s rule, we get:

lim
n→+∞

n2

µn
√
ωµ2n + b2 − a2

=
ℓ2

4π2
√
ω
,

then, the numerical series
+∞∑
n=1

1

µn
√
ωµ2n + b2 − a2

converges.

Lemma 3.3. Let α ∈ ] 0, 1 ] and T, a > 0. We have:

∫ T

0
sin

(
δn
Tα − sα

α

)
sα−1e−a

Tα−sα

α ds >
δne

−aTα

α

δ2n + a2

(
ea

Tα

α −
(
1 + a

Tα

α

))
> 0, (3.1)

where δn =
√
ωµ2n + b2 − a2 with ω > 0, µn = 2nπ

ℓ , n ∈ N∗ and a2−b2
ω < µ21.

Let t ∈ [0, T ], we have:

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1e−a

tα−sα

α ds ≤ δn
δ2n + a2

(
2 +

a

δn

)
. (3.2)

Proof. By using changing of variables τ =
Tα − sα

α
and integration by parts twice, we obtain:

∫ T

0
sin

(
δn
Tα − sα

α

)
sα−1e−a

Tα−sα

α ds =

∫ Tα

α

0
sin (δnτ) e

−aτdτ

=
δne

−aTα

α

δ2n + a2

eaTα

α − cos

(
δn
Tα

α

)
−
a
Tα

α
sin

(
δn
Tα

α

)
δn
Tα

α

 ,

(3.3)

we have δn
Tα

α
> 0 hold for any n ∈ N∗, this implies that

sin

(
δn
Tα

α

)

δn
Tα

α

< 1, then

∫ T

0
sin

(
δn
Tα − sα

α

)
sα−1e−a

Tα−sα

α ds >
δne

−aTα

α

δ2n + a2

(
ea

Tα

α −
(
1 + a

Tα

α

))
︸ ︷︷ ︸

>0

> 0.
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The constant T in (3.3) is replaced by t, we get

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1e−a

tα−sα

α ds =

∫ tα

α

0
sin (δnτ) e

−aτdτ

=
δne

−a tα

α

δ2n + a2

ea tα

α − cos

(
δn
tα

α

)
−
a
tα

α
sin

(
δn
tα

α

)
δn
tα

α

 ,

hence, we obtain:

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1e−a

tα−sα

α ds =
δn

δ2n + a2

1− e−a
tα

α cos

(
δn
tα

α

)
−
ae−a

tα

α sin

(
δn
tα

α

)
δn


≤ δn
δ2n + a2

(
2 +

a

δn

)
.

3.1 Existence and uniqueness of the solution

In this section, the first main result on existence and uniqueness of the solution of the inverse space-

dependent source problem (1), (2), (5), (6) is presented as follows.

Theorem 3.1. Suppose that the following assumptions holds:

(A1) : φ ∈ C4 [0, ℓ] ; φ (0) = φ (ℓ) , φ′ (0) = φ′ (ℓ) , φ′′ (0) = φ′′ (ℓ) and φ′′′ (0) = φ′′′ (ℓ) ;

(A2) : ψ ∈ C3 [0, ℓ] ; ψ (0) = ψ (ℓ) , ψ′ (0) = ψ′ (ℓ) and ψ′′ (0) = ψ′′ (ℓ) ;

(A3) : h ∈ C4 [0, ℓ] ; h (0) = h (ℓ) , h′ (0) = h′ (ℓ) , h′′ (0) = h′′ (ℓ) and h′′′ (0) = h′′′ (ℓ) .

Then, the inverse problem (1), (2), (5), (6) has a unique solution {u (x, t) , f (x)}.

Proof. The proof of this theorem takes place in three steps:

Step 1: Construction of solution

By using the Fourier’s method (separation of variables), the associated spectral problem of the direct
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problem (1), (2), (5) is given by:


X ′′ (x) + λX (x) = 0, 0 ≤ x ≤ ℓ,

X (0) = X (ℓ) , X ′ (0) = X ′ (ℓ) .

(3.4)

This problem has the eigenvalues

λn = µ2n where µn =
2nπ

ℓ
, n = 0, 1, . . .

and the eigenfunctions

1, cos (µnx) , sin (µnx) , n = 1, 2, . . . . (3.5)

We can easily show that problem (3.4) is self-adjoint, then the system of functions (3.5) forms an orthogonal

basis in the space L2 [0, ℓ].

The solution of the inverse problem (1), (2), (5), (6) can be written by using the Fourier method

u (x, t) = u0 (t) +
∞∑
n=1

u1,n (t) cos (µnx) + u2,n (t) sin (µnx) ,

f (x) = f0 +
∞∑
n=1

f1,n cos (µnx) + f2,n sin (µnx) ,

(3.6)

where the functions u0 (t) , u1,n (t) , u2,n (t) , f0, f1,n and f2,n with n ∈ N∗ satisfies the following sequence of

inverse problems:


D(2α)u0 (t) + 2aD(α)u0 (t) + b2u0 (t) = f0, 0 ≤ t ≤ T,

u0 (0) = φ0, D(α)u0 (0) = ψ0, u0 (T ) = h0,

(3.7)

with f0 =
1

ℓ

∫ ℓ

0
f (x) dx, φ0 =

1

ℓ

∫ ℓ

0
φ (x) dx, ψ0 =

1

ℓ

∫ ℓ

0
ψ (x) dx and h0 =

1

ℓ

∫ ℓ

0
h (x) dx,


D(2α)uk,n (t) + 2aD(α)uk,n (t) +

(
b2 + ωµ2n

)
uk,n (t) = fk,n, 0 ≤ t ≤ T,

uk,n (0) = φk,n, D(α)uk,n (0) = ψk,n, uk,n (T ) = hk,n,

k = 1, 2, (3.8)
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where

f1,n =
2

ℓ

∫ ℓ

0
f (x) cos (µnx) dx, φ1,n =

2

ℓ

∫ ℓ

0
φ (x) cos (µnx) dx, ψ1,n =

2

ℓ

∫ ℓ

0
ψ (x) cos (µnx) dx,

h1,n =
2

ℓ

∫ ℓ

0
h (x) cos (µnx) dx,

f2,n =
2

ℓ

∫ ℓ

0
f (x) sin (µnx) dx, φ2,n =

2

ℓ

∫ ℓ

0
φ (x) sin (µnx) dx, ψ2,n =

2

ℓ

∫ ℓ

0
ψ (x) sin (µnx) dx,

h2,n =
2

ℓ

∫ ℓ

0
h (x) sin (µnx) dx.

According to Theorem 1.4, the solution pair {u0 (t) , f0} of (3.7) given in the following two cases:

Case 1: If a = b, then the solution pair {u0 (t) , f0} of (3.7) is:

u0 (t) = e−a
tα

α

(
φ0 + (ψ0 + aφ0)

tα

α

)
+ f0

∫ t

0

tα − sα

α
e−a

tα−sα

α sα−1ds,

f0 =

h0 − e−a
Tα

α

(
φ0 + (ψ0 + aφ0)

Tα

α

)
∫ T

0

Tα − sα

α
e−a

Tα−sα

α sα−1ds

.

(3.9)

Case 2: If a > b, then the solution pair {u0 (t) , f0} of (3.7) is:

u0 (t) = e−a
tα

α

(
φ0 cosh

(
∆0

tα

α

)
+
ψ0 + aφ0

∆0
sinh

(
∆0

tα

α

))
+
f0
∆0

∫ t

0
sinh

(
∆0

tα − sα

α

)
sα−1e−a

tα−sα

α ds,

f0 =

∆0

(
h0 − e−a

Tα

α

(
φ0 cosh

(
∆0

Tα

α

)
+
ψ0 + aφ0

∆0
sinh

(
∆0

Tα

α

)))
∫ T

0
sinh

(
∆0

Tα − sα

α

)
sα−1e−a

Tα−sα

α ds

,

(3.10)

where ∆0 =
√
a2 − b2.

According to Theorem 1.4 and Lemma 3.3, the solutions pair {uk,n (t) , fk,n} of (3.8) are given in the

following three cases:
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Case 1: If
a2 − b2

ω
< µ21, then the solutions of (3.8) are:

uk,n (t) = e−a
tα

α

(
φk,n cos

(
δn
tα

α

)
+
ψk,n + aφk,n

δn
sin

(
δn
tα

α

))
+
fk,n
δn

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1e−a

tα−sα

α ds,

fk,n =
δn

(
hk,n − e−a

Tα

α

(
φk,n cos

(
δn

Tα

α

)
+

ψk,n+aφk,n

δn
sin
(
δn

Tα

α

)))
∫ T
0 sin

(
δn

Tα−sα
α

)
sα−1e−a

Tα−sα

α ds
,

(3.11)

where δn =
√
ωµ2n + b2 − a2.

Case 2: If exist n0 ∈ N∗ such that µ2n0
<
a2 − b2

ω
< µ2n0+1, then the solutions of (3.8) are:

for n ≤ n0, uk,n (t) = e−a
tα

α

(
φk,n cosh

(
∆n

tα

α

)
+
ψk,n + aφk,n

∆n
sinh

(
∆n

tα

α

))
+
fk,n
∆n

∫ t

0
sinh

(
∆n

tα − sα

α

)
sα−1e−a

tα−sα

α ds

fk,n =

∆n

(
hk,n − e−a

Tα

α

(
φk,n cosh

(
∆n

Tα

α

)
+
ψk,n + aφk,n

∆n
sinh

(
∆n

Tα

α

)))
∫ T

0
sinh

(
∆n

Tα − sα

α

)
sα−1e−a

Tα−sα

α ds

for n > n0, uk,n (t) = e−a
tα

α

(
φk,n cos

(
δn
tα

α

)
+
ψk,n + aφk,n

δn
sin

(
δn
tα

α

))
+
fk,n
δn

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1e−a

tα−sα

α ds

fk,n =

δn

(
hk,n − e−a

Tα

α

(
φk,n cos

(
δn
Tα

α

)
+
ψk,n + aφk,n

δn
sin

(
δn
Tα

α

)))
∫ T

0
sin

(
δn
Tα − sα

α

)
sα−1e−a

Tα−sα

α ds

,

(3.12)

where ∆n =
√
a2 − b2 − ωµ2n.

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales



3.1. EXISTENCE AND UNIQUENESS OF THE SOLUTION 31

Case 3: If exist n0 ∈ N∗ such that
a2 − b2

ω
= µ2n0

, then the solutions of (3.8) are:

for n < n0, uk,n (t) = e−a
tα

α

(
φk,n cosh

(
∆n

tα

α

)
+
ψk,n + aφk,n

∆n
sinh

(
∆n

tα

α

))
+
fk,n
∆n

∫ t

0
sinh

(
∆n

tα − sα

α

)
sα−1e−a

tα−sα

α ds

fk,n =

∆n

(
hk,n − e−a

Tα

α

(
φk,n cosh

(
∆n

Tα

α

)
+
ψk,n + aφk,n

∆n
sinh

(
∆n

Tα

α

)))
∫ T

0
sinh

(
∆n

Tα − sα

α

)
sα−1e−a

Tα−sα

α ds

if n = n0, uk,n0 (t) = e−a
tα

α

(
φk,n0 + (ψk,n0 + aφk,n0)

tα

α

)
+ fk,n0

∫ t

0

tα − sα

α
e−a

tα−sα

α sα−1ds

fk,n0 =

hk,n0 − e−a
Tα

α

(
φk,n0 + (ψk,n0 + aφk,n0)

Tα

α

)
∫ T

0

Tα − sα

α
e−a

Tα−sα

α sα−1ds

for n > n0, uk,n (t) = e−a
tα

α

(
φk,n cos

(
δn
tα

α

)
+
ψk,n + aφk,n

δn
sin

(
δn
tα

α

))
+
fk,n
δn

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1e−a

tα−sα

α ds

fk,n =

δn

(
hk,n − e−a

Tα

α

(
φk,n cos

(
δn
Tα

α

)
+
ψk,n + aφk,n

δn
sin

(
δn
Tα

α

)))
∫ T

0
sin

(
δn
Tα − sα

α

)
sα−1e−a

Tα−sα

α ds

.

(3.13)

Hence, the representation of the solution pair {u (x, t) , f (x)} of the inverse problem (1), (2), (5), (6) is given

in the following four cases:

☞ If a = b this implies that
a2 − b2

ω
< µ21, then

u (x, t) = u0 (t) +

∞∑
n=1

u1,n (t) cos (µnx) + u2,n (t) sin (µnx) ,

f (x) = f0 +
∞∑
n=1

f1,n cos (µnx) + f2,n sin (µnx) ,

(3.14)

where {u0 (t) , f0} and {uk,n (t) , fk,n} are defined by (3.9) and (3.11) respectively.
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☞ If a > b and
a2 − b2

ω
< µ21, then

u (x, t) = u0 (t) +

∞∑
n=1

u1,n (t) cos (µnx) + u2,n (t) sin (µnx) ,

f (x) = f0 +
∞∑
n=1

f1,n cos (µnx) + f2,n sin (µnx) ,

(3.15)

where {u0 (t) , f0} and {uk,n (t) , fk,n} are defined by (3.10) and (3.11) respectively.

☞ If a > b and µ2n0
<
a2 − b2

ω
< µ2n0+1, then

u (x, t) = u0 (t) +

n0∑
n=1

u1,n (t) cos (µnx) + u2,n (t) sin (µnx)

+
∞∑

n=n0+1

u1,n (t) cos (µnx) + u2,n (t) sin (µnx) ,

f (x) = f0 +

n0∑
n=1

f1,n cos (µnx) + f2,n sin (µnx) +
∞∑

n=n0+1

f1,n cos (µnx) + f2,n sin (µnx) ,

(3.16)

where {u0 (t) , f0} and {uk,n (t) , fk,n} are defined by (3.10) and (3.12) respectively.

☞ If a > b and
a2 − b2

ω
= µ2n0

, then

u (x, t) = u0 (t) +

n0−1∑
n=1

u1,n (t) cos (µnx) + u2,n (t) sin (µnx) + u1,n0 (t) cos (µn0x)

+ u2,n0 (t) sin (µn0x) +
∞∑

n=n0+1

u1,n (t) cos (µnx) + u2,n (t) sin (µnx) ,

f (x) = f0 +

n0−1∑
n=1

f1,n cos (µnx) + f2,n sin (µnx) + f1,n0 cos (µn0x) + f2,n0 sin (µn0x)

+

∞∑
n=n0+1

f1,n cos (µnx) + f2,n sin (µnx) ,

(3.17)

where {u0 (t) , f0} and {uk,n (t) , fk,n} are defined by (3.10) and (3.13) respectively. In this case, if

n0 = 1, we delete the first series from the representations of u (x, t) and f (x).

Step 2: Existence of the solution

To establish the regularity of the solution pair {u (x, t) , f (x)} of the inverse problem (1), (2), (5), (6), we

need to show f (x) is continuous function in [0, ℓ] and u (x, t), ux (x, t), uxx (x, t), D(α)
t u (x, t) and D(2α)

t u (x, t)
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are continuous functions in ΩT .

Under the assumptions (A1)− (A3), Lemma 3.1 and Lemma 3.3, by using the series (3.14), the following

inequalities holds for any (x, t) ∈ ΩT such that

|f (x)− f0| ≤
∞∑
n=1

4
(
δ2n + a2

)
γ

[
∥φ∥C4[0,ℓ]

µ4n
+

∥ψ∥C3[0,ℓ]

δnµ3n
+
a ∥φ∥C4[0,ℓ]

δnµ4n
+

∥h∥C4[0,ℓ]

µ4n

]
, (3.18)

where γ = e−a
Tα

α

(
ea

Tα

α −
(
1 + aT

α

α

))
.

|u (x, t)− u0 (t)| ≤
∞∑
n=1

χn

[
∥φ∥C4[0,ℓ]

δnµ4n
+

∥ψ∥C3[0,ℓ]

δ2nµ
3
n

+
a ∥φ∥C4[0,ℓ]

δ2nµ
4
n

+
∥h∥C4[0,ℓ]

δnµ4n

]
, (3.19)

where χn = 4
γ (a+ 2δn + γδn).

|ux (x, t)| ≤
∞∑
n=1

χn

[
∥φ∥C4[0,ℓ]

δnµ3n
+

∥ψ∥C3[0,ℓ]

δ2nµ
2
n

+
a ∥φ∥C4[0,ℓ]

δ2nµ
3
n

+
∥h∥C4[0,ℓ]

δnµ3n

]
. (3.20)

|uxx (x, t)| ≤
∞∑
n=1

χn

[
∥φ∥C4[0,ℓ]

δnµ2n
+

∥ψ∥C3[0,ℓ]

δ2nµn
+
a ∥φ∥C4[0,ℓ]

δ2nµ
2
n

+
∥h∥C4[0,ℓ]

δnµ2n

]
. (3.21)

∣∣∣D(α)
t u (x, t)−D(α)

t u0 (t)
∣∣∣ ≤ ∞∑

n=1

χn (a+ δn)

[
∥φ∥C4[0,ℓ]

δnµ4n
+

∥ψ∥C3[0,ℓ]

δ2nµ
3
n

+
a ∥φ∥C4[0,ℓ]

δ2nµ
4
n

+
∥h∥C4[0,ℓ]

δnµ4n

]
. (3.22)

∣∣∣D(2α)
t u (x, t)−D(2α)

t u0 (t)
∣∣∣ ≤ ∞∑

n=1

χn (a+ δn)
2

[
∥φ∥C4[0,ℓ]

δnµ4n
+

∥ψ∥C3[0,ℓ]

δ2nµ
3
n

+
a ∥φ∥C4[0,ℓ]

δ2nµ
4
n

+
∥h∥C4[0,ℓ]

δnµ4n

]
. (3.23)

From (3.18)-(3.23) and by Weierstrass M-test, the series corresponding to f (x), u (x, t), ux (x, t), uxx (x, t),

D(α)
t u (x, t) and D(2α)

t u (x, t) are uniformly convergent on [0, ℓ] and ΩT , respectively. Hence, f (x), u (x, t),

ux (x, t), uxx (x, t), D(α)
t u (x, t) and D(2α)

t u (x, t) are continuous functions on [0, ℓ] and ΩT , respectively.

Similarly, we show that f (x) is continuous function on [0, ℓ] and u (x, t), ux (x, t), uxx (x, t), D(α)
t u (x, t)

and D(2α)
t u (x, t) are continuous functions on ΩT in the other cases. Thus, {u (x, t) , f (x)} satisfies the con-

ditions (1), (2), (5), (6).

Step 3: Uniqueness of the solution
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Suppose {u1 (x, t) , f1 (x)} and {u2 (x, t) , f2 (x)} are two solution sets of the inverse problem (1), (2), (5),

(6). Define ũ (x, t) = u1 (x, t) − u2 (x, t) and f̃ (x) = f1 (x) − f2 (x). The functions ũ (x, t) and f̃ (x) satisfies

the following system:

D(2α)
t ũ (x, t) + 2aD(α)

t ũ (x, t) + b2ũ (x, t) = ωũxx (x, t) + f̃ (x) , (x, t) ∈ ΩT

ũ (x, 0) = 0, D(α)
t ũ (x, 0) = 0, 0 ≤ x ≤ ℓ

ũ (0, t) = ũ (ℓ, t) , ũx (0, t) = ũx (ℓ, t) , 0 ≤ t ≤ T

ũ (x, T ) = 0, 0 ≤ x ≤ ℓ.

(3.24)

By using the orthogonal basis (3.5), we have

ũ0 (t) =

∫ ℓ

0
ũ (x, t) dx,

ũ1,n (t) =

∫ ℓ

0
ũ (x, t) cos (µnx) dx,

ũ2,n (t) =

∫ ℓ

0
ũ (x, t) sin (µnx) dx,

f̃0 =

∫ ℓ

0
f̃ (x) dx,

f̃1,n =

∫ ℓ

0
f̃ (x) cos (µnx) dx,

f̃2,n =

∫ ℓ

0
f̃ (x) sin (µnx) dx.

(3.25)

Applying the fractional derivative D(α)
t and D(2α)

t to both sides of the first equation in (3.25), we get

D(α)
t ũ0 (t) =

∫ ℓ

0
D(α)
t ũ (x, t) dx and D(2α)

t ũ0 (t) =

∫ ℓ

0
D(2α)
t ũ (x, t) dx,

from the boundary conditions of ũ (x, t), we have

∫ ℓ

0
ũxx (x, t) dx = 0,

after using these equations and (3.24), we find that the pair
{
ũ0 (t) , f̃0

}
satisfies the following inverse
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problem:


D(2α)ũ0 (t) + 2aD(α)ũ0 (t) + b2ũ0 (t) = f̃0, 0 ≤ t ≤ T,

ũ0 (0) = 0, D(α)ũ0 (0) = 0, ũ0 (T ) = 0,

(3.26)

according to Theorem 1.4, the first component of solution pair
{
ũ0 (t) , f̃0

}
of (3.26) is given in the following

two cases:

Case 1: If a = b, then

ũ0 (t) = f̃0

∫ t

0

tα − sα

α
e−a

tα−sα

α sα−1ds.

Case 2: If a > b, then

ũ0 (t) =
f̃0
∆0

∫ t

0
sinh

(
∆0

tα − sα

α

)
sα−1e−a

tα−sα

α ds,

where ∆0 =
√
a2 − b2. By using the condition ũ0 (T ) = 0, we obtain:

f̃0 = 0, this implies that ũ0 (t) = 0.

Applying the fractional derivative D(α)
t and D(2α)

t to both sides of the second equation in (3.25), we get

D(α)
t ũ1,n (t) =

∫ ℓ

0
D(α)
t ũ (x, t) cos (µnx) dx and D(2α)

t ũ1,n (t) =

∫ ℓ

0
D(2α)
t ũ (x, t) cos (µnx) dx,

the following equation is obtained by using the integration by parts and boundary conditions of ũ (x, t)

ũ1,n (t) = − 1

µ2n

∫ ℓ

0
ũxx (x, t) cos (µnx) dx,

after using these equations and (3.24), we find that the pair
{
ũ1,n (t) , f̃1,n

}
satisfies the following inverse

problem:


D(2α)ũ1,n (t) + 2aD(α)ũ1,n (t) +

(
b2 + ωµ2n

)
ũ1,n (t) = f̃1,n, 0 ≤ t ≤ T,

ũ1,n (0) = 0, D(α)ũ1,n (0) = 0, ũ1,n (T ) = 0,

(3.27)

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales



3.1. EXISTENCE AND UNIQUENESS OF THE SOLUTION 36

according to Theorem 1.4, the first component of solution pair
{
ũ1,n (t) , f̃1,n

}
of (3.27) is given in the fol-

lowing three cases:

Case 1: If
a2 − b2

ω
< µ21, then

ũ1,n (t) =
f̃1,n
δn

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1e−a

tα−sα

α ds,

where δn =
√
ωµ2n + b2 − a2.

Case 2: If exist n0 ∈ N∗ such that µ2n0
<
a2 − b2

ω
< µ2n0+1, then

for n ≤ n0, ũ1,n (t) =
f̃1,n
∆n

∫ t

0
sinh

(
∆n

tα − sα

α

)
sα−1e−a

tα−sα

α ds,

for n > n0, ũ1,n (t) =
f̃1,n
δn

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1e−a

tα−sα

α ds,

where ∆n =
√
a2 − b2 − ωµ2n.

Case 3: If exist n0 ∈ N∗ such that
a2 − b2

ω
= µ2n0

, then

for n < n0, ũ1,n (t) =
f̃1,n
∆n

∫ t

0
sinh

(
∆n

tα − sα

α

)
sα−1e−a

tα−sα

α ds,

if n = n0, ũ1,n0 (t) = f̃1,n0

∫ t

0

tα − sα

α
e−a

tα−sα

α sα−1ds,

for n > n0, ũ1,n (t) =
f̃1,n
δn

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1e−a

tα−sα

α ds.

By using the condition ũ1,n (T ) = 0 and Lemma 3.3, we obtain:

f̃1,n = 0, this implies that ũ1,n (t) = 0, n = 1, 2, . . . .

Similarly, we can show that

f̃2,n = 0 and ũ2,n (t) = 0, n = 1, 2, . . . .

For every t ∈ [0, T ], the functions ũ (x, t) and f̃ (x) are orthogonal to the system of functions (3.5), which

forms an orthogonal basis in the space L2 [0, ℓ], consequently ũ (x, t) = 0 and f̃ (x) = 0.
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3.2 Continuous dependence upon the data of the solution

In this section, we give the second main result on continuous dependence upon the data of the solution pair

{u (x, t) , f (x)} of the inverse problem (1), (2), (5), (6).

Let ℑ be the set of triples {φ,ψ, h} where the functions φ, ψ and h satisfies the assumptions (A1)− (A3)

of Theorem 3.1. For ϕ ∈ ℑ, we define the norm

∥ϕ∥ℑ := ∥φ∥C4[0,ℓ] + ∥ψ∥C3[0,ℓ] + ∥h∥C4[0,ℓ] . (3.28)

Theorem 3.2. The solution {u (x, t) , f (x)} of the inverse problem (1), (2), (5), (6) under the assumptions of Theo-

rem 3.1, depends continuously upon the data.

Proof. Let {u (x, t) , f (x)} and
{
ũ (x, t) , f̃ (x)

}
be two solution sets of the inverse problem (1), (2), (5), (6),

corresponding to the data ϕ = {φ,ψ, h} and ϕ̃ =
{
φ̃, ψ̃, h̃

}
, respectively. We have the representation of the

solution of the inverse problem (1), (2), (5), (6) is given in four cases. We prove only the first case (a = b and

a2−b2
ω < µ21) and similarly, we prove the other cases.

From (3.9), we have

u0 (t)− ũ0 (t) = e−a
tα

α

(
φ0 − φ̃0 +

(
ψ0 − ψ̃0 + a (φ0 − φ̃0)

) tα
α

)
+
(
f0 − f̃0

)∫ t

0

tα − sα

α
e−a

tα−sα

α sα−1ds,

f0 − f̃0 =

h0 − h̃0 − e−a
Tα

α

(
φ0 − φ̃0 +

(
ψ0 − ψ̃0 + a (φ0 − φ̃0)

) Tα
α

)
∫ T

0

Tα − sα

α
e−a

Tα−sα

α sα−1ds

.

(3.29)

From (3.29), we obtain:

∥u0 − ũ0∥C[0,T ] ≤M1 ∥φ− φ̃∥C4[0,ℓ] +M1

∥∥∥ψ − ψ̃
∥∥∥
C3[0,ℓ]

+M2

∣∣∣f0 − f̃0

∣∣∣ ,∣∣∣f0 − f̃0

∣∣∣ ≤M3

(
∥φ− φ̃∥C4[0,ℓ] +

∥∥∥ψ − ψ̃
∥∥∥
C3[0,ℓ]

+
∥∥∥h− h̃

∥∥∥
C4[0,ℓ]

)
,

(3.30)
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where

M1 = 1 + a
Tα

α
+
Tα

α
,

M2 =
Tα

αa
+

2

a2
,

M3 =
M1∫ T

0

Tα − sα

α
e−a

Tα−sα

α sα−1ds

.

From (3.11), we have

uk,n (t)− ũk,n (t) = e−a
tα

α

(
(φk,n − φ̃k,n) cos

(
δn
tα

α

)
+
ψk,n − ψ̃k,n + a (φk,n − φ̃k,n)

δn
sin

(
δn
tα

α

))

+
fk,n − f̃k,n

δn

∫ t

0
sin

(
δn
tα − sα

α

)
sα−1e−a

tα−sα

α ds,

(3.31)

and

fk,n − f̃k,n =

δn

(
hk,n − h̃k,n − e−a

Tα

α

(
(φk,n − φ̃k,n) cos

(
δn

Tα

α

)
+

ψk,n−ψ̃k,n+a(φk,n−φ̃k,n)
δn

sin
(
δn

Tα

α

)))
∫ T
0 sin

(
δn

Tα−sα
α

)
sα−1e−a

Tα−sα

α ds
.

(3.32)

Under the assumptions (A1)− (A3) and using Lemma 3.1, Lemma 3.3, (3.31) and (3.32) we obtain:

∥uk,n − ũk,n∥C[0,T ] ≤
2

µ4n
∥φ− φ̃∥C4[0,ℓ] +

2

δnµ3n

∥∥∥ψ − ψ̃
∥∥∥
C3[0,ℓ]

+
2a

δnµ4n
∥φ− φ̃∥C4[0,ℓ] +

2 + a
δn

δ2n + a2

∣∣∣fk,n − f̃k,n

∣∣∣ ,
(3.33)

and

∣∣∣fk,n − f̃k,n

∣∣∣ ≤ δ2n + a2

γ

(
2

µ4n
∥φ− φ̃∥C4[0,ℓ] +

2

δnµ3n

∥∥∥ψ − ψ̃
∥∥∥
C3[0,ℓ]

+
2a

δnµ4n
∥φ− φ̃∥C4[0,ℓ] +

2

µ4n

∥∥∥h− h̃
∥∥∥
C4[0,ℓ]

)
,

(3.34)
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where γ = e−a
Tα

α

(
ea

Tα

α −
(
1 + aT

α

α

))
. From (3.33) and (3.34), we get

∥uk,n − ũk,n∥C[0,T ] ≤M4,n

(
∥φ− φ̃∥C4[0,ℓ] +

∥∥∥ψ − ψ̃
∥∥∥
C3[0,ℓ]

+
∥∥∥h− h̃

∥∥∥
C4[0,ℓ]

)
,∣∣∣fk,n − f̃k,n

∣∣∣ ≤M5,n

(
∥φ− φ̃∥C4[0,ℓ] +

∥∥∥ψ − ψ̃
∥∥∥
C3[0,ℓ]

+
∥∥∥h− h̃

∥∥∥
C4[0,ℓ]

)
,

(3.35)

where

M4,n = 2

(
1

µ4n
+

1

δnµ3n
+

a

δnµ4n

)(
1 +

2

γ
+

a

γδn

)
,

M5,n =
δ2n + a2

γ

(
2

µ4n
+

2

δnµ3n
+

2a

δnµ4n

)
.

By using (3.28), (3.30) and (3.35), from (3.14) we obtain:

∥u− ũ∥C(ΩT ) ≤M4

∥∥∥ϕ− ϕ̃
∥∥∥
ℑ
,∥∥∥f − f̃

∥∥∥
C[0,ℓ]

≤M5

∥∥∥ϕ− ϕ̃
∥∥∥
ℑ
,

where

M4 =M1 +M2M3 + 2

∞∑
n=1

M4,n,

M5 =M3 + 2
∞∑
n=1

M5,n,

hence, we get

∥u− ũ∥C(ΩT ) +
∥∥∥f − f̃

∥∥∥
C[0,ℓ]

≤M
∥∥∥ϕ− ϕ̃

∥∥∥
ℑ
,

where M =M4 +M5. Then, the solution of the inverse problem (1), (2), (5), (6) depends continuously upon

the data.

3.3 Examples

In this section, we give two examples of the inverse space-dependent source problem (1), (2), (5), (6).
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Example 3.1. We consider α = 1
2 , a =

√
2, b = 1

2 , ω = 3
4 , ℓ = 2π, T = 1 and the functions φ,ψ, h are given by:


φ (x) = −

√
2π,

ψ (x) =
√
2π cos (x) ,

h (x) =
√
2πe−2

√
2 sinh (2) cos (x)−

√
2π.

For these data, the assumptions of Theorem 3.1 are satisfied and the coefficients φ0, φ1,n, φ2,n, ψ0, ψ1,n, ψ2,n,

h0, h1,n and h2,n are given by:

φ0 = −
√
2π, φ1,n = 0, φ2,n = 0, ψ0 = 0, ψ1,n =


√
2π if n = 1

0 if n ̸= 1,

ψ2,n = 0,

h0 = −
√
2π, h1,n =


√
2πe−2

√
2 sinh (2) if n = 1

0 if n ̸= 1,

h2,n = 0 for all n ∈ N∗.

By using (3.10) and (3.12), we obtain:

u0 (t) = −
√
2π, u1,n (t) =


√
2πe−2

√
2t sinh

(
2
√
t
)

if n = 1

0 if n ̸= 1,

u2,n (t) = 0,

and

f0 =
−
√
2π

4
, f1,n = 0, f2,n = 0.

Hence, the solution pair {u (x, t) , f (x)} of the inverse space-dependent source problem is given by:

u (x, t) =
√
2π
(
e−2

√
2t sinh

(
2
√
t
)
cos (x)− 1

)
, f (x) =

−π
2
√
2
.

Example 3.2. In this example, we consider a = 2, b = ω = 1, ℓ = π, T = 2, α is arbitrary and the functions
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φ,ψ, h are given by:



φ (x) = − sin (2x) ,

ψ (x) = 2 cos (2x) ,

h (x) = 2e−
21+α

α sin

(
2α

α

)
cos (2x)− sin (2x) .

We can easily show that the assumptions of Theorem 3.1 are satisfied, we have:

φ0 = 0, φ1,n = 0, φ2,n =


−1 if n = 1

0 if n ̸= 1,

ψ0 = 0, ψ1,n =


2 if n = 1

0 if n ̸= 1,

ψ2,n = 0,

h0 = 0, h1,n =


2e−

21+α

α sin

(
2α

α

)
if n = 1

0 if n ̸= 1,

h2,n =


−1 if n = 1

0 if n ̸= 1,

for all n ∈ N∗

then, by using (3.10) and (3.11), we get:

u0 (t) = 0, u1,n (t) =


2e−2 tα

α sin

(
tα

α

)
if n = 1

0 if n ̸= 1,

u2,n (t) =


−1 if n = 1

0 if n ̸= 1,

and

f0 = 0, f1,n = 0, f2,n =


−5 if n = 1

0 if n ̸= 1.

Consequently, the solution pair {u (x, t) , f (x)} of the inverse space-dependent source problem is given by:

u (x, t) = 2e−2 tα

α sin

(
tα

α

)
cos (2x)− sin (2x) , f (x) = −5 sin (2x) .
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CHAPTER 4

FINITE DIFFERENCE APPROXIMATION FOR

INVERSE SOURCE PROBLEM FOR A

TIME-FRACTIONAL TELEGRAPH EQUATION

I n this chapter, we proposed an algorithm to solve the inverse time-dependent source problem (1)-(4) by

using the finite difference method. We present two numerical examples to confirm the effectiveness of

this algorithm.

Definition 4.1. [21, page 49] A number λ such that there exists a vector Y ̸= 0 with AY = λY is called an

eigenvalue of the operator A. This vector Y is called an eigenvector corresponding to the given eigenvalue

λ.

4.1 Finite Difference Scheme

We consider the inverse problem (1)-(4) consisting of finding the solution pair {u (x, t) , r (t)}. According

to Lemma 2.4, this problem is equivalent to the problem (1)-(3), (2.1). Hence, we will consider the inverse

problem (1)-(3), (2.1), this problem is discretized in two steps:

Step 1: Semi-discretization in space. We sub-divide the segment [0, ℓ] with

xi = ih, i = 0, 1, 2, . . . Nx

where h =
ℓ

Nx
is step size. We denote by ui (t) the numerical approximation to u (xi, t) and fi (t) = f (xi, t).

1. The approximation of uxx (xi, t), is given by

ui+1 (t)− 2ui (t) + ui−1 (t)

h2
, i = 1, 2, . . . , Nx − 1.

42
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2. The approximation of the initial conditions (2), are givens by

ui (0) = φi and D(α)
t ui (0) = ψi, i = 0, 1, . . . , Nx.

3. The mixed boundary conditions (3), are approximated

u0 (t) = u1 (t) and uNx (t) = 0, 0 ≤ t ≤ T.

Now, by using these approximations we obtain the following semi-discretization of the direct problem (1)-

(3):


D(2α)
t ui (t) + 2aD(α)

t ui (t) + b2ui (t) = ω
ui+1 (t)− 2ui (t) + ui−1 (t)

h2
+ r (t) fi (t) , i = 1, Nx − 1, 0 ≤ t ≤ T,

ui (0) = φi, D(α)
t ui (0) = ψi, i = 0, 1, 2, . . . , Nx,

u0 (t) = u1 (t) , uNx (t) = 0, 0 ≤ t ≤ T.

(4.1)

Step 2: Total discretization in space-time. According to Theorem 1.1, we have:

D(α)
t ui (t) =

dui (t)

dt
t1−α, (4.2)

on the other hand, we have:

dui (t)

dt
=
dui (t)

d
(
tα

α

) ·
d
(
tα

α

)
dt

=
dui (t)

d
(
tα

α

) tα−1, (4.3)

from (4.2) and (4.3), we obtain:

D(α)
t ui (t) =

dui (t)

d
(
tα

α

) . (4.4)

On the other hand, there exist a real function vi define on
[
0, T

α

α

]
, such that:

ui (t) = vi

(
tα

α

)
, (4.5)
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from (4.5) we get:

D(α)
t ui (t) = D(α)

t vi

(
tα

α

)
and D(2α)

t ui (t) = D(2α)
t vi

(
tα

α

)
, (4.6)

by using (4.4), we obtain:

D(α)
t vi

(
tα

α

)
=
dvi
(
tα

α

)
d
(
tα

α

) and D(2α)
t vi

(
tα

α

)
=

d

d
(
tα

α

) [dvi ( tαα )
d
(
tα

α

) ] , (4.7)

we put t
α

α = y in (4.7), we get:

dvi
(
tα

α

)
d
(
tα

α

) = v′i (y) and
d

d
(
tα

α

) [dvi ( tαα )
d
(
tα

α

) ] = v′′i (y) , 0 ≤ y ≤ Tα

α
. (4.8)

Hence, we put
tα

α
= y in (4.1), we obtain the following problem equivalent to (4.1):


v′′i (y) + 2av′i (y) + b2vi (y) = ω

vi+1 (y)− 2vi (y) + vi−1 (y)

h2
+R (y)Fi (y) , i = 1, Nx − 1, 0 ≤ y ≤ Tα

α
,

vi (0) = φi, v
′
i (0) = ψi, i = 0, 1, 2, . . . , Nx,

v0 (y) = v1 (y) , vNx (y) = 0, 0 ≤ y ≤ Tα

α ,

(4.9)

where R (y) = R
(
tα

α

)
= r (t) and Fi (y) = Fi

(
tα

α

)
= fi (t). We sub-divide the segment

[
0, T

α

α

]
with

yj = jk, j = 0, 1, 2, . . . , Ny

where k =
Tα

αNy
is step size. We denote by vji the numerical approximation to vi (yj), Rj = R (yj) and

F ji = Fi (yj).

1. The approximation of v′i (yj) and v′′i (yj), are given by

vj+1
i − vj−1

i

2k
and

vj+1
i − 2vji + vj−1

i

k2
, i = 0, 1, . . . , Nx, j = 1, 2, . . . , Ny − 1.
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2. The boundary conditions of the problem (4.9), are approximated

vj0 = vj1 and vjNx
= 0, j = 0, 1, . . . , Ny.

3. The approximation of the initial conditions of the problem (4.9), are givens by

v0i = φi and v1i = kψi + φi, i = 0, 1, . . . , Nx.

Hence, by using these approximations, from (4.9) we obtain the following discretization of the direct prob-

lem (1)-(3):



vj+1
i − 2vji + vj−1

i

k2
+ 2a

vj+1
i − vj−1

i

2k
+ b2vji = ω

vji+1 − 2vji + vji−1

h2
+RjF ji , i = 1, Nx − 1, j = 1, Ny − 1,

v0i = φi, v
1
i = kψi + φi, i = 0, 1, 2, . . . , Nx,

vj0 = vj1, v
j
Nx

= 0, j = 0, 1, 2, . . . , Ny,

(4.10)

where Rj = R (yj) and F ji = Fi (yj).

• For i = 1 and j = 1, 2, . . . , Ny − 1,

vj+1
1 − 2vj1 + vj−1

1

k2
+ a

vj+1
1 − vj−1

1

k
+ b2vj1 − ω

vj2 − vj1
h2

= RjF j1 ,

• For i = 2, 3, . . . , Nx − 2 and j = 1, 2, . . . , Ny − 1,

vj+1
i − 2vji + vj−1

i

k2
+ a

vj+1
i − vj−1

i

k
+ b2vji − ω

vji+1 − 2vji + vji−1

h2
= RjF ji ,

• For i = Nx − 1 and j = 1, 2, . . . , Ny − 1,

vj+1
Nx−1 − 2vjNx−1 + vj−1

Nx−1

k2
+ a

vj+1
Nx−1 − vj−1

Nx−1

k
+ b2vjNx−1 − ω

vjNx−2 − 2vjNx−1

h2
= RjF jNx−1.
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Hence, we have the following scheme:


V j
yy + 2aV j

y +AV j = F̄ j , j = 1, Ny − 1,

V 0 = Φ, V 1 = Ψ,

(4.11)

where

V j =



vj1

vj2
...

vjNx−1


, V j

y =



vj+1
1 − vj−1

1

2k
vj+1
2 − vj−1

2

2k
...

vj+1
Nx−1 − vj−1

Nx−1

2k


, V j

yy =



vj+1
1 − 2vj1 + vj−1

1

k2

vj+1
2 − 2vj2 + vj−1

2

k2
...

vj+1
Nx−1 − 2vjNx−1 + vj−1

Nx−1

k2


, F̄ j =



RjF j1

RjF j2
...

RjF jNx−1


,

(4.12)

and

AV j =



b2vj1 − ω
vj2 − vj1
h2

b2vj2 − ω
vj3 − 2vj2 + vj1

h2

b2vj3 − ω
vj4 − 2vj3 + vj2

h2
...

b2vjNx−2 − ω
vjNx−1 − 2vjNx−2 + vjNx−3

h2

b2vjNx−1 − ω
vjNx−2 − 2vjNx−1

h2



, Φ =



φ1

φ2

...

φNx−1


, Ψ =



kψ1 + φ1

kψ2 + φ2

...

kψNx−1 + φNx−1


. (4.13)

Suppose that scheme (4.11) is stable with respect to the right-hand side F̄ j , that is, when we make a small

change in the right-hand side F̄ j , the solution V j changes only slightly. Therefore, we can approximate Rj .

Now, we consider the inverse problem (1)-(3), (2.1), with r is unknown function and h is a given function,

from (2.1) we get

r (t) =
D(2α)
t h (t) + 2aD(α)

t h (t) + b2h (t)− ωuxx (x∗, t)

f (x∗, t)
, 0 ≤ t ≤ T, (4.14)
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where, there exist I ∈ {0, 1, . . . , Nx − 1}, such that x∗ = xI . The approximation of uxx (x∗, t), is given by

uI+1 (t)− 2uI (t) + uI−1 (t)

h2
, (4.15)

we put
tα

α
= y in (4.14) and (4.15), by using (4.5) we obtain:

R (y) ≈
H ′′ (y) + 2aH ′ (y) + b2H (y)− ω

vI+1 (y)− 2vI (y) + vI−1 (y)

h2

FI (y)
, 0 ≤ y ≤ Tα

α
, (4.16)

where R (y) = R
(
tα

α

)
= r (t), H (y) = H

(
tα

α

)
= h (t), H ′ (y) = D(α)

t h (t) and H ′′ (y) = D(2α)
t h (t). From

(4.16) we get:

Rj ≈ R̃j =
1

F jI

(
H ′′
j + 2aH ′

j + b2Hj −
ω

h2

(
vjI+1 − 2vjI + vjI−1

))
, (4.17)

where j = 0, Ny. In scheme (4.11), we replace Rj by R̃j , this means we made a small change in F̄ j , but we

must prove the stability of scheme (4.11). Using (4.17), from (4.11) we obtain the following explicit scheme:



vj+1
1 = a1v

j
1 + a2v

j−1
1 + a3v

j
2 + a4R̃

jF j1 , for j = 1, Ny − 1,

vj+1
i = a5v

j
i + a2v

j−1
i + a3v

j
i+1 + a3v

j
i−1 + a4R̃

jF ji for i = 2, Nx − 2 and j = 1, Ny − 1,

vj+1
Nx−1 = a5v

j
Nx−1 + a2v

j−1
Nx−1 + a3v

j
Nx−2 + a4R̃

jF jNx−1 for j = 1, Ny − 1,

v0i = φi, v
1
i = kψi + φi, i = 0, Nx,

(4.18)

where

a1 =
2− b2k2 − ωk2/h2

1 + ak
, a2 =

ak − 1

1 + ak
, a3 =

ωk2

h2 (1 + ak)
, a4 =

k2

1 + ak
and a5 =

2− b2k2 − 2ωk2/h2

1 + ak
.

The above scheme (4.18) can be written as the following matrix form:


Vj+1 = MVj + a2Vj−1 + a4R̃

jF j , j = 1, Ny − 1

V0 = Φ, V1 = Ψ,

(4.19)
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where M is matrix given by

M =



a1 a3 0 0 0 · · · 0

a3 a5 a3 0 0 · · · 0

0 a3 a5 a3 0 · · · 0

...
. . . . . . . . . . . . . . .

...

0 · · · 0 a3 a5 a3 0

0 · · · 0 0 a3 a5 a3

0 · · · 0 0 0 a3 a5


and

Vj =



vj1

vj2
...

vjNx−1


, F j =



F j1

F j2
...

F jNx−1


, Φ =



φ1

φ2

...

φNx−1


, Ψ =



kψ1 + φ1

kψ2 + φ2

...

kψNx−1 + φNx−1


.

4.2 Stability analysis

The main objective of this section is to study the stability of the finite difference scheme (4.11). According

to Theorem 1.7 and Theorem 1.8, to establish the stability of scheme (4.11) with respect to the initial data

and right-hand side, we need to show A = A∗ > 0, P = P ∗ > 0, B ≥ 0 and P > 1
4A, where A is defined by

(4.13) and

P =
1

k2
E and B = 2aE,

where E is the identity operator.

Let Hh be the space of all grid functions defined on the grid
{
xi = ih, i = 1, Nx − 1, h =

ℓ

Nx

}
. In [21,

page 99], we have

⟨Y, Z⟩ =
Nx−1∑
i=1

YiZih, (4.20)

is inner product. We can easily show that the inner product (4.20) satisfies all the axioms of the inner
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product in the space Hh. Let Y ∈ Hh, from (4.13) we have:

AY =



b2Y1 − ω
Y2 − Y1
h2

b2Y2 − ω
Y3 − 2Y2 + Y1

h2

b2Y3 − ω
Y4 − 2Y3 + Y2

h2
...

b2YNx−2 − ω
YNx−1 − 2YNx−2 + YNx−3

h2

b2YNx−1 − ω
YNx−2 − 2YNx−1

h2


with Y =



Y1

Y2
...

YNx−1


.

• We show that the operator A is self-adjoint. Let Y, Z ∈ Hh, then

⟨AY,Z⟩ =
Nx−1∑
i=1

(AY )i Zih

=
ω

h2
Y1Z1h+

Nx−1∑
i=1

b2YiZih+

Nx−2∑
i=1

−ω
h2

Yi+1Zih+

Nx−1∑
i=2

2ω

h2
YiZih+

Nx−1∑
i=2

−ω
h2

Yi−1Zih

=
ω

h2
Z1Y1h+

Nx−1∑
i=1

b2ZiYih+

Nx−1∑
i=2

−ω
h2

Zi−1Yih+

Nx−1∑
i=2

2ω

h2
ZiYih+

Nx−2∑
i=1

−ω
h2

Zi+1Yih

= ⟨AZ, Y ⟩

= ⟨Y,AZ⟩ ,

then, A is self-adjoint (A = A∗).

• Now, we show that the operator A is positive. Let Y ∈ Hh − {0Hh
}, then

⟨AY, Y ⟩ = b2Y 2
1 h+

ω

h2
Y 2
1 h− ω

h2
Y2Y1h+

Nx−2∑
i=2

b2Y 2
i h+

ω

h2

Nx−2∑
i=2

(
−Yi+1Yi + 2Y 2

i − Yi−1Yi
)
h

+

(
2ω

h2
+ b2

)
Y 2
Nx−1h− ω

h2
YNx−2YNx−1h

=

Nx−1∑
i=1

b2Y 2
i h+

ω

h2

Nx−1∑
i=2

(Yi − Yi−1)
2 h+

ω

h2
Y 2
Nx−1h

≥
Nx−1∑
i=1

b2Y 2
i h > 0,

then, A is positive A > 0.

• We show that the operator P is self-adjoint. Let Y, Z ∈ Hh, then
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⟨PY,Z⟩ = 1

k2
⟨EY,Z⟩

=
1

k2

Nx−1∑
i=1

YiZih

= ⟨Y, PZ⟩ ,

then, P is self-adjoint (P = P ∗).

• Now, we show that the operator P is positive. Let Y ∈ Hh − {0Hh
}, then

⟨PY, Y ⟩ = 1

k2
⟨EY, Y ⟩

=
1

k2

Nx−1∑
i=1

Y 2
i h > 0,

then, P is positive P > 0. Similarly, we show that the operator B is positive B > 0.

• Scheme (4.11) is stable for P > 1
4A, that is, for

1

k2
>

∥A∥
4
, (4.21)

the norm ∥A∥ of the operator A is equal to its greatest eigenvalue.

Lemma 4.1. The norm of the operator A satisfies the following inequality

∥A∥ < b2 +
4ω

h2
(4.22)

Proof. For Y ∈ Hh − {0Hh
} and λ ∈ R, we have

AY = λY ⇐⇒



b2Y1 − ω
Y2 − Y1
h2

b2Y2 − ω
Y3 − 2Y2 + Y1

h2

b2Y3 − ω
Y4 − 2Y3 + Y2

h2
...

b2YNx−2 − ω
YNx−1 − 2YNx−2 + YNx−3

h2

b2YNx−1 − ω
YNx−2 − 2YNx−1

h2


=



λY1

λY2

λY3
...

λYNx−2

λYNx−1


,
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then

AY = λY ⇐⇒



Yi+1 − 2

(
1 +

b2h2

2ω
− λh2

2ω

)
Yi + Yi−1 = 0, i = 2, Nx − 2,

Y2 −
(
1 +

b2h2

ω
− λh2

ω

)
Y1 = 0,

YNx−2 − 2

(
1 +

b2h2

2ω
− λh2

2ω

)
YNx−1 = 0.

(4.23)

To solve this problem we rely on pages (24-28) of book [21].

1. If λ < b2, then 1 + b2h2

2ω − λh2

2ω > 1. Substituting Yi = qi, q ̸= 0 and 1 + b2h2

2ω − λh2

2ω = cosh (β) , β ̸= 0 into

(4.23), we get the quadratic equation for q:

q2 − 2 cosh (β) q + 1 = 0,

with ∆ = 4
(
cosh2 (β)− 1

)
= 4 sinh2 (β) > 0 and roots

q1 = eβ and q2 = e−β,

then, particular solutions of (4.23) are given by

qi1 = eiβ and qi2 = e−iβ

hence, the general solution of (4.23) can be written as follows:

Yi = c1e
iβ + c2e

−iβ, with c1, c2 ∈ R,

by using the boundary conditions

Y2 −
(
1 +

b2h2

ω
− λh2

ω

)
Y1 = 0 and YNx−2 − 2

(
1 +

b2h2

2ω
− λh2

2ω

)
YNx−1 = 0,

of the problem (4.23), we find


c1

(
e2β − (2 cosh (β)− 1) eβ

)
+ c2

(
e−2β − (2 cosh (β)− 1) e−β

)
= 0,

c1

(
e(Nx−2)β − 2 cosh (β) e(Nx−1)β

)
+ c2

(
e−(Nx−2)β − 2 cosh (β) e−(Nx−1)β

)
= 0,
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this problem has only one solution, because

∣∣∣∣∣∣∣
e2β − (2 cosh (β)− 1) eβ e−2β − (2 cosh (β)− 1) e−β

e(Nx−2)β − 2 cosh (β) e(Nx−1)β e−(Nx−2)β − 2 cosh (β) e−(Nx−1)β

∣∣∣∣∣∣∣ =
(
1− eβ

)(
e−Nxβ + e(Nx−1)β

)
̸= 0,

hence c1 = c2 = 0, this is implies that Yi = 0 for all i = 1, Nx − 1.

2. If λ > b2+
4ω

h2
, then 1+ b2h2

2ω −λh2

2ω < −1. Substituting Yi = qi, q ̸= 0 and 1+ b2h2

2ω −λh2

2ω = − cosh (β) , β ̸= 0

into (4.23), we get the quadratic equation for q:

q2 + 2 cosh (β) q + 1 = 0,

with ∆ = 4
(
cosh2 (β)− 1

)
= 4 sinh2 (β) > 0 and roots

q1 = −e−β and q2 = −eβ,

then, particular solutions of (4.23) are given by

qi1 =


e−iβ if i even

−e−iβ if i odd
and qi2 =


eiβ if i even

−eiβ if i odd

hence, the general solution of (4.23) can be written as follows:

Yi =


c1e

−iβ + c2e
iβ if i even

−c1e−iβ − c2e
iβ if i odd

, with c1, c2 ∈ R,

by using the boundary conditions of the problem (4.23), we get

if Nx odd,


−c1

(
1 + e−β

)
− c2

(
1 + eβ

)
= 0,

c1e
−Nxβ + c2e

Nxβ = 0,

if Nx even,


−c1

(
1 + e−β

)
− c2

(
1 + eβ

)
= 0,

−c1e−Nxβ − c2e
Nxβ = 0,
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these two problems each have only one solution, because

∣∣∣∣∣∣∣
−
(
1 + e−β

)
−
(
1 + eβ

)
e−Nxβ eNxβ

∣∣∣∣∣∣∣ = −

∣∣∣∣∣∣∣
−
(
1 + e−β

)
−
(
1 + eβ

)
−e−Nxβ −eNxβ

∣∣∣∣∣∣∣ = −2 (sinh (Nxβ) + sinh ((Nx − 1)β)) ̸= 0,

hence c1 = c2 = 0, this is implies that Yi = 0 for all i = 1, Nx − 1.

3. If λ = b2 +
4ω

h2
. Substituting Yi = qi, q ̸= 0 into (4.23), we get the quadratic equation for q:

q2 + 2q + 1 = 0,

with ∆ = 0 and roots

q1 = q2 = −1 = q0,

then, particular solutions of (4.23) are given by

qi0 = (−1)i and iqi0 = i (−1)i ,

hence, the general solution of (4.23) can be written as follows:

Yi = (c1 + ic2) (−1)i , with c1, c2 ∈ R,

by using the boundary conditions of the problem (4.23), we find

if Nx odd,


−2c1 − c2 = 0,

c1 +Nxc2 = 0,

if Nx even,


−2c1 − c2 = 0,

−c1 −Nxc2 = 0,

Q. Acheb Problèmes inverses régis par des équations aux dérivées fractionnaires locales



4.2. STABILITY ANALYSIS 54

these two problems each have only one solution, because

∣∣∣∣∣∣∣
−2 −1

1 Nx

∣∣∣∣∣∣∣ = −

∣∣∣∣∣∣∣
−2 −1

−1 −Nx

∣∣∣∣∣∣∣ = −2Nx + 1 ̸= 0,

hence c1 = c2 = 0, this is implies that Yi = 0 for all i = 1, Nx − 1.

4. If λ = b2. Substituting Yi = qi, q ̸= 0 into (4.23), we get the quadratic equation for q:

q2 − 2q + 1 = 0,

with ∆ = 0 and roots

q1 = q2 = 1 = q0,

then, particular solutions of (4.23) are given by

qi0 = 1 and iqi0 = i,

hence, the general solution of (4.23) can be written as follows:

Yi = c1 + ic2, with c1, c2 ∈ R,

by using the boundary conditions of the problem (4.23), we get


c2 = 0,

−c1 −Nxc2 = 0,

=⇒


c1 = 0,

c2 = 0,

this is implies that Yi = 0 for all i = 1, Nx − 1.

Hence, the eigenvalues λ of the operator A are includes in the interval ] b2, b2 + 4ω
h2

[ , therefor

∥A∥ < b2 +
4ω

h2
.
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Now, by using (4.21) and (4.22), we get the following condition:

k2
(
b2

4
+
ω

h2

)
< 1.

Hence, we obtain the following Theorem:

Theorem 4.1. Let the condition

k2
(
b2

4
+
ω

h2

)
< 1, (4.24)

be satisfied. Then scheme (4.11) is stable with respect to the initial data and right-hand side, thus scheme (4.11) is

conditionally stable.

4.3 Algorithm and examples

In this section, an algorithm to solve the inverse problem (1)-(4) and two numerical examples are presented

to confirm the effectiveness of this algorithm. The algorithm using the finite difference method is as follows:
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Algorithm 1 (The finite difference method)

1: Initializations:

1. Give the fractional order 0 < α ≤ 1, the coefficients a, b and ω, the values of T, ℓ and x∗.

2. Give the source term f (x, t), the initial conditions φ (x) and ψ (x).

3. Give the additional condition h (t) and its fractional derivatives D(α)
t h (t), D(2α)

t h (t).

4. Give the step size of space h =
ℓ

Nx
such that there is a I ∈ {0, 1, . . . , Nx − 1} that satisfies the

equality x∗ = Ih.

5. Give the step size k =
Tα

αNy
such that it satisfies the condition:

k2
(
b2

4
+
ω

h2

)
< 1.

6. Give the constants:

a1 =
2− b2k2 − ωk2/h2

1 + ak
, a2 =

ak − 1

1 + ak
, a3 =

ωk2

h2 (1 + ak)
, a4 =

k2

1 + ak
, a5 =

2− b2k2 − 2ωk2/h2

1 + ak
.

7. Compute the matrix M and the vectors V0 and V1.

2: For j = 1, 2, . . . , Ny − 1:

1. Calculate the source term F j .

2. Calculate the approximation of r at the point (αjk)
1
α :

R̃j =
1

F jI

(
H ′′
j + 2aH ′

j + b2Hj −
ω

h2

(
vjI+1 − 2vjI + vjI−1

))
. (4.25)

3. Calculate the approximation of u at the points
(
ih, [α (j + 1) k]

1
α

)
, i = 1, Nx − 1:

Vj+1 = MVj + a2Vj−1 + a4R̃
jF j .

3: Calculate the approximation of r at the points 0 and T by putting j = 0 and j = Ny respectively in

(4.25).
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Let L2, L∞ and MS be the errors defined by:

L2 =

√√√√h

Nx∑
i=0

(u (xi, t)− ũ (xi, t))
2,

L∞ = max
0≤i≤Nx

|u (xi, t)− ũ (xi, t)| ,

MS =

Nx∑
i=0

(u (xi, t)− ũ (xi, t))
2

Nx + 1
,

where u is the exact solution and ũ is the numerical solution.

Example 4.1. We consider the inverse problem (1)-(4) where α = 1
2 , a = 2, b = 1, ω = 3

π2 , ℓ =
5
2 , T = 5 and

x∗ = 2, the functions f, φ, ψ and h are given by:



f (x, t) =
(
4
√
t+ 5

)
e− sin(2t) cos (πx) ,

φ (x) = −2 cos (πx) ,

ψ (x) = cos (πx) ,

h (t) = 8t+ 2
√
t− 2, D(α)

t h (t) = 8
√
t+ 1, D(2α)

t h (t) = 4.

The exact solution pair {u (x, t) , r (t)} is given by:

u (x, t) =
(
8t+ 2

√
t− 2

)
cos (πx) , r (t) = 8

√
tesin(2t).

We give the step size of space h =
5

2Nx
, according to the data in this example, Nx must be a multiple of 5,

we take Nx = 5000. Then, the condition (4.24) is satisfied for
20

N2
y

(
1

4
+

3

π2h2

)
< 1, that is, for Ny > 4931.

We apply Algorithm 1 for Ny = 5000. The results on the error of the function r (t) are presented as follows:

MS =

Ny∑
j=0

|r (tj)− r̃ (tj)|2

Ny + 1
= 3.4096E − 08,

L∞ = max
0≤j≤Ny

|r (tj)− r̃ (tj)| = 3.2110E − 04.

where r̃ is the numerical solution, we present the error graph er = r − r̃ in Figure 4.1. In Table 4.1, we
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present the MS, L2 and L∞ errors of u (x, t) at different values of t. The graphs of the exact and numerical

solutions of r (t) and u (x, t) are shown in Figure 4.2 and Figure 4.3, respectively.

Figure 4.1: The error er = r − r̃

Figure 4.2: The exact and approximate of r (t)
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Table 4.1: The MS, L2 and L∞ errors of the function u (x, t).
t MS L2 L∞

0.05 5.7460E-08 3.7905E-04 3.6142E-04
0.2 6.1471E-08 3.9206E-04 3.8871E-04
0.45 6.6364E-08 4.0736E-04 8.1058E-04
0.8 2.2287E-07 7.4651E-04 2.4613E-03
1.25 9.0078E-07 1.5008E-03 4.9113E-03
1.8 2.7897E-06 2.6412E-03 8.2018E-03
2.45 6.9750E-06 4.1763E-03 1.2368E-02
3.2 1.5002E-05 6.1248E-03 1.7441E-02
4.05 2.8936E-05 8.5061E-03 2.3448E-02

5 5.1401E-05 1.1337E-02 3.0409E-02

Figure 4.3: The exact and approximate of u (x, t) for t = 1.8
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Example 4.2. In this example, we consider the inverse problem (1)-(4) with the following data:



α = 3
4 , a = 3, b = 2, ω = 4

π2 , ℓ = 3, T = 3, x∗ = 2,

f (x, t) = −3e− sin2(4t3/4) cos
(
π
2x
)
,

φ (x) = sinh (1) cos
(
π
2x
)
,

ψ (x) = − cosh (1) cos
(
π
2x
)
,

h (t) = − sinh
(
1− 4

3 t
3/4
)
, D(α)

t h (t) = cosh
(
1− 4

3 t
3/4
)
, D(2α)

t h (t) = − sinh
(
1− 4

3 t
3/4
)
.

The exact solution pair {u (x, t) , r (t)} of this problem is:

u (x, t) = sinh

(
1− 4

3
t3/4
)
cos
(π
2
x
)
, r (t) = 2e

4
3
t3/4−cos2(4t3/4).

We give the step size of space h =
3

Nx
, according to the data in this example, Nx must be a multiple of 3,

we take Nx = 1500. Hence, the condition (4.24) is satisfied for
16√
3N2

y

(
1 +

4

π2h2

)
< 1, that is, for Ny > 967.

We apply Algorithm 1 for Ny = 1000. The results on the error of the function r (t) are presented as follows:

MS =

Ny∑
j=0

|r (tj)− r̃ (tj)|2

Ny + 1
= 9.1629E − 09,

L∞ = max
0≤j≤Ny

|r (tj)− r̃ (tj)| = 2.2118E − 04.

where r̃ is the numerical solution, and we present the error graph er = r − r̃ in Figure 4.4. The MS, L2 and

L∞ errors of u (x, t) at different values of t are presented in Table 4.2. The graphs of the exact and numerical

solutions of r (t) and u (x, t) are presented in Figure 4.5 and Figure 4.6, respectively.
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Figure 4.4: The error er = r − r̃

Figure 4.5: The exact and approximate of r (t)
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Table 4.2: The MS, L2 and L∞ errors of the function u (x, t).
t MS L2 L∞

0.1875 3.8443E-08 3.3971E-04 5.6840E-04
0.3888 3.9273E-08 3.4336E-04 5.4855E-04
0.7203 2.6193E-08 2.8041E-04 3.7468E-04
1.2288 1.0040E-08 1.7361E-04 1.8565E-04
1.9683 7.2505E-09 1.4753E-04 5.0529E-04

3 8.0810E-08 4.9254E-04 1.6684E-03

Figure 4.6: The exact and approximate of u (x, t) for t = 1.9683
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General Conclusion

T
his thesis investigates two novel inverse source problems for the one-dimensional time-

fractional telegraph equation with left-conformable fractional derivatives of order 0 < α ≤ 1.

The equation models voltage or current in transmission wires, incorporating electrical pa-

rameters via coefficients ω = 1/LC, 2a = G/C +R/L, and b2 = GR/LC.

We first establish well-posedness of the inverse time-dependent source problem recovering r(t) from a

point measurement u(x∗, t) = h(t) using eigenfunctions expansion, Fourier’s method, and Banach’s con-

traction principle under mixed boundary conditions. This provides the first such result for conformable

fractional telegraph equations.

Second, for the inverse space-dependent source problem recovering f(x) from final-time data u(x, T ) =

h(x) under periodic boundary conditions, we prove existence, uniqueness, and continuous data depen-

dence via Fourier analysis and conformable derivative properties, with illustrative examples.

Finally, a finite difference algorithm is developed and tested numerically for the time-dependent case.

These results advance inverse problem theory for fractional hyperbolic models, with applications in signal

propagation and wave phenomena.
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