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Abstract

In this study, we addressed the problem of adaptive detection of radar targets in a
homogenous Gamma-distributed clutter. This type of detection is achieved by maintaining a
Constant False Alarm Rate (CFAR) during the detection process. We assume that the radar uses
a square-law device before the CFAR processor window. First of all, we present the
fundamentals of radar detection of targets embedded in noise and giving the basics of CFAR
detection. After that, we discuss in more details some Mean-Level CFAR detectors operating
over a Gamma-distributed clutter, namely the CA- and GO-CFAR detectors. To do so, we
carried out a complete theoretical analysis of both detectors. Indeed, closed-form expressions
for the probability of false alarm (Pr) have been presented for each detector. The calculation of
the probability of detection (Py), using the exact statistics of the cell under test (CUT), results in
complicated integrals, which are hard to evaluate numerically. Thus, we propose approximate
expressions for the probability of detection (P;) for both detectors. These approximations are
easier to compute and straightforwardly implementable in real-time applications. The obtained
theoretical results are then tested and validated numerically by comparing them to their
counterparts computed using numerical integrals and Monte-Carlo simulations, considering
various scenarios. Moreover, a performance comparison of the studied detectors with the
optimal detector has been made assuming a homogenous environment. The obtained results

confirmed the efficacy of the CA-CFAR detector in the case of homogeneous environments.

Keywords: Radar, Adaptative CFAR detection, non-Gaussian Clutter, Gamma-Distribution,
CA-CFAR, GO-CFAR.
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Introduction

A. Preamble

The technological advances in electronics and computer sciences have greatly
contributed to the progress of radar communication systems. The main function of such
system is to detect a target at a given range using transmitted and reflected high-
frequency radio (or Electromagnetic, EM) waves. In fact, the word “radar” is an
acronym for “radio detection and ranging”. Thus, radar detection has become one of
the main applications of radar signal processing that has attracted a great deal of
attention over the years.

B. Historical Background

The history of radar began more than one hundred and fifty years ago, with the
researches of the British physicist James Clerk Maxwell, in 1864. Maxwell showed
theoretically that radio waves possess some properties resembling those of light waves.
This was proved experimentally later in 1886 by the German physicist Heinrich Rudolf
Hertz. As predicted theoretically by Maxwell, Hertz discovered and showed that the EM
waves traveled at the speed of light and could be reflected, refracted, diffracted from
various objects, and can be polarized like visible light waves.

The amazing discovery inspired researchers across the world. In 1901, the Italian
inventor Guglielmo Marconi successfully sent radio signals across the Atlantic. This
was the birth of modern communications industry. In 1904, the German engineer
Christian Hulsmeyer first proposed the use of radio echo in a detection device to avoid
collisions in navigation [1, 2]. Then, in 1917, Nikola Tesla developed the theoretical
foundations for the future radar. Later, during the Second World War, Sir Robert
Watson-Watt was able to build a radio detector that the Americans named “RADAR”,

which stands for “RAdio Detection And Ranging”. During the following years, various
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experimenters in EM waves has been carried out, which contributes to the gradual
development of radar [1, 2].
For more in-depth information about radar history, the reader is invited to consult

the book of Robert Buderi entitled The Invention that Changed the World [3].
C. Motivations

As mentioned before, radar target detection is a topic of great importance in
various civil and military fields. Nowadays, the demand of more sophisticated detection
algorithms has been increased significantly especially with the huge progress made in
radar system electronics. It is well known that radar systems are operating in open
environment and will receive returns echoes from many sources. In addition to
reflections from targets (objects of interest), the radar signal includes unwanted echoes,
known as clutter, backscattered from the environment and other unwanted objects.
Thus, the radar system inevitably processes target signal in the presence of undesired
clutter.

Indeed, clutter is a random process, which is the main source of detection errors.
Thus, separating the target signal from the clutter is a key task, which will help
significantly to mitigate the effect of these errors. To do so, a good mathematical and
physical description of clutter is essential. Due to random nature of clutter, the theory of
probability, which is a branch of mathematics, represents the natural framework for
radar detection problem. It has been also shown that statistical modeling by means of
probability distributions can provides a physical context for relating the characteristics
of clutter to its random behavior. Thus, statistical clutter modeling is essential and basic

for calculating and optimizing the performance of radar detectors.
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D. State of the Art

A number of non-Gaussian models has been proposed in the literature to describe
the random behavior of modern clutter, such as Log-normal, Weibull, Positive Alpha-
Stable, Pareto, and K distributions [4] [5] [6] [7]. These models have been widely used
to study the problem of constant false alarm rate (CFAR) detection [4] [5] [6] [7] [8] [9]
[10]. It is well known that, whatever the adopted model, the performance of any CFAR
detector can be effectively controlled by using two key metrics: the probability of
detection (P;) and the probability of false alarm ( Py, ). However, closed-form
expressions for these two metrics are not always available, due to the mathematical
complexity that surrounds the use of non-Gaussian models. Therefore, it is important to
look for non-Gaussian distributions that describe the clutter very well, and allow
designing CFAR detectors whose Pd and Pra are preferably expressed in closed-forms.

Recently, the Gamma distribution has been validated as a statistical model for
high-resolution clutter collected by X-band maritime radar with low-grazing angles
[11]. Performance analysis of some CFAR detectors assuming a Gamma distributed
clutter has also been examined and discussed in [7] [11]. For instance, Zhou et al.
introduced the CA-CFAR and the GO-CFAR schemes considering a homogenous
background scenario [11]. One of their major contributions was the derivation of the
expressions of the Pfa for both considered CFAR schemes. Unfortunately, these
expressions were given in form of integrals, see e.g., Egs. (19) and (22) in [11]. The
authors of paper [11] claimed that these integrals cannot be expressed in simple closed-
forms, but are readily evaluated numerically. Herein, motivated by the need to develop
more practical CFAR detectors, we show in the present work that one can reduce both

integrals to two exact closed-form expressions. These exact expressions for the P of
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CA- and GO-CFAR detectors are given in terms of the Gauss hypergeometric function
and the second Appell function, respectively. To the best of our knowledge, it is worth
noting also that we provide an original use of some approximations of the probability of

detection for both detectors. This is the main contribution of this dissertation.
E. Organization of the Dissertation

This dissertation analyses the performance of some radar CFAR detection
approaches operating over a Gamma-Distributed clutter, beginning with the theoretical
concept and concluding with a simulated implementation.

In Chapter 1, a general description of the process begins by providing some
fundamentals of radar detection in noise. Chapter 2 describes analytically some Mean-
Level CFAR detectors and gives the mathematical derivations of the probability of false
alarm and the probability of detection for each detector. In Chapter 3, we validate, test
and examine the performance of such detectors via numerical simulations. The obtained
results are discussed and interpreted in the same chapter, as well. At the end of the

dissertation, we give some conclusions and recommends future works.
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Chapiter 1: Fundamentals of Signal Detection in Noise

1.1 Introduction

Signal detection in noise is a fundamental problem in signal processing, where the
goal is to extract a weak signal from a noisy background [12]. It is a challenging task
because noise can obscure the signal and make it difficult to distinguish. This problem
is crucial in applications like radar, sonar, communications, and medical imaging, where
the signal is often buried in noise caused by various sources. Various techniques, from
simple threshold-based methods to advanced statistical and machine learning
approaches, are used for signal detection. Advancements in this field have the potential

to unlock new capabilities in areas like remote sensing.

1.2 Decision theory

The statistical decision theory is employed in various fields like radar, sonar, digital
communication, and ultrasonic imaging with the objective of distinguishing between
signals containing information and those that have noise or interference [12]. In a binary
detection scenario, the observations are split into two sets that are mutually exclusive:
the null hypothesis, H,, containing noise samples (also called clutter), and the
alternative hypothesis, H;, containing both signal (target) and noise. When deciding
between these two hypotheses, two types of errors can occur: a false alarm, which is
when H,, is accepted when it is true, and a miss, which is when H, is accepted when H,,
is true. The statistical models of the two hypotheses and the detector’s design

significantly influence these errors.

Classical detection theory assumes or has prior knowledge of the probability
distribution functions of the two hypotheses [13]. The detector design can be

determined using the Bayes likelihood ratio based on these functions. When given the a
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priori density functions of the random variable X and an observed value », the optimal
detector's form is determined by the likelihood ratio, L(») [12] [14]:

_ fx(x|Hy)

L0 = o)

(1.1)

The statement is saying that there are two conditional probability densities,
fx(x|Hy) and fy(x|Hy) ), which describe the probability of an event X given two
different conditions, H; and H,. A decision is then made by comparing a test statistic
called L(x)to a threshold value called A. This threshold value is chosen based on how

well the detector is expected to perform.

> A accept H;
<A1 accept H,

L(x) = { (1.2)

The statement explains that if an equality condition is met, a random decision-
making rule can be used. This rule is usually equally likely to choose between two
hypotheses, but may be biased based on the detector's performance criteria or the
associated cost of each hypothesis. Currently, the equality condition is set for Hy to
reduce the chances of incorrectly accepting H,, which is crucial as further discussed

later on.

The detector’s effectiveness in detecting errors depends on the threshold set to
either fix the probability of a false alarm or the probability of a miss. Typically, having
a false alarm is more worrisome than a miss because accepting hypothesis H; could
have serious consequences. Therefore, selecting an optimal threshold A for the detector
requires considering the restrictions on the probability of false alarms. The probability

of false alarm,P¢, , can be found by the Neyman-Pearson criteria [14]:
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Py = j P(L(x|Hy))dL(x) < a forallx (1.3)

The size of the detect(;lr, which is referred to as quantity a, is a fixed parameter.

This means that regardless of the observations x, the probability of false alarm will
never go beyond a certain level. This is called constant false alarm rate (CFAR)
analysis, which is used as an optimizing constraint in various detectors discussed in this
thesis. It is important to note that the threshold for detecting the target is not based on

any information about the target itself. Therefore, the detector's probability of detecting

the target may vary depending on the distribution of the target.

Although the likelihood of committing a type I error, which is below a specified
level a, is certain for all observations that fall under the null hypothesis, Hy, the
occurrence of a type II error depends on the statistics of the alternative hypothesis, H;.
To calculate the probability of a missed detection, also known as a type II error, denoted
as P,,,, one needs to evaluate the integral of the test statistic presented in (1.2), that is

[12],

A

P, = fP(L(xIHl)) dL(x) =1-p (1.4)

—00

The probability of missing a target is represented by 1 — 3, while the probability
of detecting it, denoted as Py, is simply represented by . The probability of detection
depends on the threshold A, which is predetermined by the statistics associated with the
null hypothesis and is chosen to meet the CFAR constraint. This means that the
performance of a detector, in terms of probability of detection, cannot be improved for a

fixed size a independent of the target statistics [15] [16] [10].
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1.3 Statistical clutter models

This section will introduce the different statistical models of sea clutter found in
literature, and extensively discuss the properties that explain the random nature of radar
clutter. However, to avoid making this manuscript too lengthy, the experimental
validation of these statistical models will not be covered in this dissertation. For further
information on the experimental modeling and validation of sea clutter, please refer to
the literature. Table 2.1 presents a summary of the main distinctions between noise and
clutter returns, which are modeled differently due to their unique characteristics. It has

been noted that these two phenomena have distinct properties [17].

Table 1.1 - Clutter versus Noise

Noise Signal Clutter Signal

ggl[;llitude is independent of the transmitted radar Amplitude is proportional to the transmitted signal
Wide bandwidth Narrow bandwidth

Independent of environmental parameters Can vary with changing environmental conditions

1.3.1 Gaussian clutter models

1.3.1.1 Normal Distribution

The probability density function (pdf) describes the characteristics the normal

distribution, also known as the Gaussian distribution, is defined as follows:

1 (x — p)?
fX(x)_w/—z,weXp<_ 202 > (1.5)

where u is the mean and 20?2 is the variance of X. The pdf of the normal distribution is

represented in Figure 1.3.

10
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Using the definition of the error function, the cumulative distribution function

(cdf) can be given as follows

Fo(x) = = 4 & f (x s ) 1.6
x)=—+—er )
X 22 o2 (1.6)
The moments about the mean of this distribution are
0 for nodd
nlo"
E[X"] = = forneven (1.7)

B

1.0
- J1=0, 07202, w—_
120, O0°=1.0, m——
J1=0, 07=5,0, m—
- f==2, 07=0.5, ==

0.8

Figure 1.1 - Probability density function of the Gaussian distribution

1.3.1.2 Rayleigh Distribution

The Rayleigh distribution is one of the Gaussian models, and it is defined by the

following pdf, which is depicted in Figure 1.2.

x x?
fx(x) = 1 exp (— ﬁ) x>0 (1.8)

and the corresponding cumulative distribution function is given by

xZ
Fy(x) =1—exp <_ﬁ> x>0 (1.9)

where b is the scale parameter of the Rayleigh distribution.

11
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1.4 T T | 1
b=05
b=1 —

h=2+ « =

o
o
(o
=1

Figure 1.2 - Probability density function of the Rayleigh distribution

1.3.2 Non-Gaussian clutter models

1.3.2.1 Lognormal Distribution

The lognormal distribution of a random variable X is given by

1 (In(x)—p)?
fx(x)z{ 2mx0 P (_ 202 )’x =0 (1.10)
0; otherwise

where p is the mean and 202 is the variance of the lognormal distribution. The

corresponding cdf can be expressed simply in terms of the error function, as follows

1 ln(x)—,u)
F(x)= =1+ erf| —— 1.11
ST a
;
c=0.5
0.8
c=1 c=2
0.6
0.4
0.2}
% 1 2 3 2 5

Figure 1.3 - Probability density function of the lognormal distribution
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1.3.2.2 Weibull-Distribution model

A random variable X is said to have a Weibull-distribution, as shown in Figure
1.2, if its probability density function is given by
C rX c—1 X c
(= —(=) ), x>0, a>0, andb >0
fx () = lb %) ex”( G) ) roh st (1.12)
0 otherwise

where ¢ and b are the shape and the scale parameters of the Weibull-distribution
respectively.

The corresponding cdf is given by

x c
F(x) =1—exp (— (Z) ) (1.13)
The n-th moments of the Weibull distribution can be given by
ne (M
m, = b r(;+1) (1.14)
and consequently, the mean and variance of this distribution are, respectively,
1
E(x) =bl“(z+ 1) (1.15)
2 1
Var (x) = b? [r (E 4 1) _r2 (E + 1)] (1.16)

where I'(*) denotes the Gamma function.

B=0.5
p=4

B=1, (exponentiel)

P(x)

B=2, (Rayleigh)

X

Figure 1.4 - Probability density function of the Weibull-distribution
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1.3.2.3 K-Distribution

The primary purpose of the K-distribution is to depict radar sea clutter. It is used

to model a random variable X, which has a probability density function

v

4 /x 2
fr () = F(v)(g) Kot <5x)'x =0 (1.17)

0 ,otherwise
where a and £ are the shape and the scale parameters of the Gamma-distribution

respectively, and I'(a@) denotes the Gamma function.

Figure 1.5 - Probability density function of the K-Distribution

1.3.2.4 Gamma-Distribution

The Gamma distribution is validated as a statistical model for high-resolution

radar clutter. Its pdfis defined by

a

flx:a,B) = %x“‘le‘ﬁx (1.18)

where a and S are the shape and the scale parameters of the Gamma-distribution

respectively, and I'(a@) denotes the Gamma function.
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Figure 1.6 - Probability density function of the Gamma-distribution

1.4 Target signal models

In this section, we will discuss the models of different types of radar targets.
Indeed, this is based on the concept of radar cross sections (RCS) for simple point
targets and extends to more complicated cases of targets with multiple scattering
centers. In general, targets scatter energy in all directions; the RCS, denoted by y, is a
function of the incident angle, the scattering angle, and the signal frequency. RCS also
depends on the shape of the target and the materials it’s made of [18] [19].

Because the radar system and the target may be moving, the RCS value can
change over time. This causes targets to fluctuate. To simulate fluctuating targets, four
statistical models, referred to as Swerling 1 through Swerling 4, are widely adopted in
practice. The Swerling models divide fluctuating targets into two probability

distributions and two time-varying behaviors (see Table 1.2).

Table 1.2 - Swerling Target Models

Case Probablllty.Densny Fluctuation Period Fluctuation Speed
Function
Swerling 1 Rayleigh Dwell-to-Dwell Slow fluctuating
Swerling 11 Rayleigh Pulse-to-Pulse Fast fluctuating
Swerling I11 Chi-square, degree 4 Dwell-to-Dwel Slow fluctuating
Swerling IV Chi-square, degree 4 Pulse-to-Pulse Fast fluctuating
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1.4.1 Swerling I model

In this case, Swerling I model describes a target whose magnitude of the
backscattered signal is relatively constant during the dwell time. The RCS varies
according to the Rayleigh-distribution given by

2
fry) = lzexp (—y—2> (1.19)

o5 20§

where 20¢ is the arithmetic mean of all values of RCS of the reflecting object.

1.4.2 Swerling 11 model

The Swerling II target models are similar to Swerling I models, using the same
pdf, except in this case the RCS values changes faster and varies from pulse to pulse.

Both Swerling cases I and II can be applied to targets that are made up of many
independent scatterers of roughly equal areas like airplanes. However, in Swerling case

IT there is no rotating surveillance antenna but a focused onto a target tracking radar.

1.4.1 Swerling III model

The Swerling III target is similar to Swerling I, but with four degrees of freedom.
The RCS fluctuation follows the following distribution

) =2 exn (2 1.20
fYy _205*ex29 20_02 ( )

1.4.1 Swerling IV model

The Swerling IV model is similar to Swerling III, but the RCS varies from pulse

to pulse rather than from scan to scan and follows (1.20).

1.5 Radar detection principles
Previously, we have observed that in order to apply Bayes’ criterion, we need to

have information about the a priori probabilities and cost assignments for all potential
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decisions. However, if we are unable to determine the a priori probabilities, the
minimax criterion can be utilized. It is often challenging to assign realistic costs and a
priori probabilities in certain physical scenarios, such as radar detection. To address this
issue, we utilize the conditional probabilities of false alarm Pr, and detection P,. The
Neyman-Pearson test mandates that we fix Py, to a specific value ay, while maximizing
P;. Since P,, = 1 — P4, maximizing P, is the same as minimizing P,,.

To ensure that Pr, = a, and minimize B, (maximize Py), we utilize the calculus

of extrema and construct an objective function called J [20]:

J =P+ A(Prq + ap) (1.21)
where 1 > 0 is the Lagrange multiplier.

It is important to note that there are various decision regions, Z;, within the
observation space Z that satisfy the constraint Pr, = ay. The goal is to identify the
decision regions that result in the minimum P,,. Therefore, we modify the objective

function J to be expressed in terms of the decision region.
] = ffy(yIHl)dy +2 ffy(yIHo)dy— X (1.22)
7 Zs

As a result, the decision region Z; should be assigned values that satisfy f, (y|H;) >
fy (¥|Hy) to minimize the objective function J. Consequently, the decision rule can be

defined as follows [14]

WAL

A= i

(1.23)
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The threshold value n obtained from the Bayes’ criterion is the same as the
Lagrange multiplier A in the Neyman-Pearson (N — P) test where the false alarm
probability is set to a specific value a,. If we define the conditional density of A given

that Hyis true as f5(A|H,), then we can express Py, = g as [14]

Pra = | fyr(Y|Ho) dy=L falA(¥)|Ho] d2 (1.24)

Zy

If the probability of rejecting H, in a test is exactly a, then it is referred to as the

most powerful test of level «.

cos(2nf,t)

% f(-) a5 o2

sin(27f,t) Decision
r(t) —> H; ou H,

f Od 5] o
0

Y

Figure 1.7 - Optimal Neyman-Pearson quadratic detector

1.6 CFAR Detection

In the case of homogeneous clutter, the M samples x; , x5, ... ....., Xy in the M
neighboring cells of the reference window of the CFAR detector are statistically
independent and identically distributed (iid), and are independent of the CUT statistic
Zy. A statistical test, denoted Z, is formed from the samples x4 , x5, ... ....., X3y, Which
represents an estimate of the average power level of the clutter in the CUT. This

estimate is multiplied by a thresholding constant 7', which is chosen so as to guarantee a
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certain desired false alarm probability Pr,(T) = @, . This results in an adaptive
detection threshold. To make a decision on the presence or absence of a target in the
CUT, the content of the latter, denoted Z,, is compared to the threshold adaptive

according to the following binary decision rule [15, 16, 18]

Z,2TZ (1.25)

The CFAR detector uses a binary decision rule to compare the content of the
CUT, denoted Z,, with an adaptive detection threshold, which is totally independent of
the clutter parameters to ensure a constant false alarm rate. The detection threshold is
calculated based on the pdfs of the two statistic Z,|H, and Z. To evaluate the

performance of a CFAR detector, the false alarm probability, Pr,, and the detection

probability, P;, are often used. The pdfs of the statistical test Z, and the content of the

CUT, Z,, under the two hypotheses H, and H; respectively, are used to calculate Pf,

and P, as follows [14]

[ee)

Prq = Pr(Zy > TZ|H,) = f [f fZO|HO(ZO|H0)dZ0] f2(z)dz

0 Tz

o]

(1.26)

and

Py =Pr(Z, > TZlHl)f [f on|H1(ZO|H1)dZOI fz(2)dz (1.27)
0

Tz

It is difficult to determine the pdfs of the statistics Z, Z,|H, and Zy|H;, which
makes it challenging to calculate the false alarm probability and detection probability.

In practice, the user specifies the desired false alarm probability, Py, denoted as a,, and

the detection threshold value is deduced accordingly.
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Z

TZ

Figure 1.8 - Typical CFAR detection processor

1.7 Conclusion

In conclusion, the detection of signals in noise is a challenging problem that arises
in many signal processing applications. The ability to reliably detect weak signals in the
presence of noise is critical for many fields, including radar. Developing effective
algorithms for signal detection in noise requires balancing sensitivity and specificity,
and may involve exploiting various statistical and spectral properties of the signal and
noise. Advances in this area have the potential to enable new capabilities and improve

performance in a range of applications.
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2.1 Introduction

In this chapter, we will examine and analyze the CFAR detection in
homogenous Gamma-distributed (GM) clutter. In doing that, we introduce and study
three well known CFAR processors, namely the Cell-Averaging (CA) CFAR, the
Greatest-Of (GO) CFAR. As a part of our analysis, we will provide, for each detector,
the fundamental aspect of its functioning and the corresponding probabilities of false

alarm and detection (Pt. and Pa).

2.2 Statistics of the CUT

In this paragraph, we introduce the distribution that characterize the signal in the
CUT under both hypothesis H, and H;. For our analysis, we suppose that the radar
system is equipped by a square-law detector before the CFAR window.

In practical situations, the CUT’s content consists Z, either of clutter echo X only
or a combination of clutter echo X and target signal return Y. In that case, the detection
problem can be formulated as a binary hypothesis testing problem, which may be stated
as follows [13] [19]

Hy(Clutter only): Zy = X (2.1)

H,(Target + Clutter): Zy =Y + X (2.2)

where H,, stands for the null hypothesis, which states that there is no target in the CUT
(i.e., only clutter in the CUT), and H; is the alternative hypothesis, which states that

there is a target and clutter in the CUT.
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2.2.1 Statistics of the CUT under H

We assume that the content of the CUT Z, under H, is distributed according to
the GM-distribution (here there is no target present in the CUT). Thus, the pdf and cdf

of Z, in this case are given, respectively, by [11] [21]

fz, (zo|Hp) = F[éa) zo*"" exp (—f2) (2.3)
And
Fy, (zo|Ho) = % (2.4)

2.2.2 Statistics of the CUT under H4

Under hypothesis H;, the content of the CUT Z,,, defined by (3.2), is due to both
target returns Y and clutter echoes X . Specifically, we assume throughout this
dissertation a Swerling I or II fluctuating target whose pdf and cdf are given,

respectively, by

1 y
frvioy) = 202 exp <— 273) (2.5)
and
1 y
fr(y;oy) = 202 exp T 202 (2.6)

where o is the variance of the in-phase and in-quadrature Gaussian components of the
target signal Y, and 20 the average of the target signal power.
By knowing the appropriate models of target signal returns given by (2.6) and

clutter echoes, we can now look for the distribution of Z, under H;. Since the signal in
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the CUT is a combination of target and GM distributed clutter, it is difficult to calculate
analytically the pdf of the CUT’s content under H;. For a square-law detector, the
complex envelope of the target signal S is added to the complex envelope of clutter
echo C, and the resulted complex signal is then squared. Accordingly, the CUT output
Z,y can be modelled as the square of the resulted complex signal modulus, which can be
given as [22]

Zy 2 |S+C|*> = |S]? +|C|* + 2|S]|C| cos(¢)

=Y + X + 2VYVX cos(¢p) (2.7)

where || is the complex modulus, Y = |S$|?, X = |C|? and ¢ is a random variable (rv)
uniformly distributed on the interval [0, 2], which represents here the phase between
S and C.

Unfortunately, a closed-form expression for the pdf of Z; under hypothesis H;
cannot be derived, which complicates significantly the analysis. Thus, for convenience,
we assume that the pdf of clutter in the CUT will be approximated by an exponential
distribution with exact same mean power as that of the GM-distributed clutter.
Accordingly, the content of the CUT, under H;, is reduced to the sum of an exponential
fluctuating target and an exponential distributed clutter. This approximation has
demonstrated high accuracy, which makes it commonly used in the literature [23]. In
such case, the resulting signal in the CUT will be also exponentially distributed, and its

corresponding conditional pdf can be expressed as

1 Zy
H)=————exp|——5—— .
f2,(ZolH1) 20% + 20y exp( 202 + 20,?) (2.8)
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where 207 = a/f is the mean power of GM-distributed clutter in the reference cells,
and 20 is the mean power of the exponentially fluctuating target. Now, the signal-to-

clutter ratio (SCR) can be defined as

SCR 2 20-}3 = 20-% 2.9
“207 " /B 29

Hence, the pdf and cdf of Z,|H; can be given in terms of SCR, respectively, by

fuaolt) = =L exp (- L2 ) 210
ZMOFS T (1 4 SCR) a(1 + SCR) '
And
FZO(ZolHl) =1- exp (—%) (2.11)

2.3 Optimal fixed threshold detector

In the Neyman-Pearson framework, an optimal detector for detecting a target in a
homogenous background with parameters, which are known a priori (i.e., known
power) uses a fixed detection threshold, 4. To determine the presence of the target, the
signal value Z, in the CUT is compared simply to 4, according to the following decision

rule

Zy2 A (2.12)

25



Chapiter 2: CFAR Detection in Homogenous Gamma-Distributed Clutter

2.3.1 Py, of the optimal fixed threshold detector
In the absence of a target in the CUT (i.e, under H,), Z, follows a GM-distribution
with parameters a and . Therefore, the probability of false alarm of the optimal

detector (P?lp) can be determined by

PP = Pr(Z, > AH,) = j f 20l Ho)d2o
A
(2.13)
_¥(a, )

=1 Fp(lHg) = 1= s

In order to obtain the value of the fixed threshold A of the optimal detector, for a

desired Pr, = @y, equation (3.12) must be inverted numerically.

2.3.2 P, of the optimal fixed threshold detector
In the presence of a target in the CUT, Z,|H, follows the exponential distribution
defined by (2.10). Therefore, the probability of detection of the optimal detector (PdOP)

can be determined by

PP =Pr(Z, > AlH;) = f fz,(zolH1)d 7,
A

BA
a(l+ SCR))

(2.14)
= 1— B, AlHy) = exp (-

2.4 Cell Averaging CFAR detector
In this paragraph, we will analyze the performance of the Cell Averaging
(CA) CFAR detector in presence of GM-distributed clutter. The bloc diagram of the
CA-CFAR detector is shown in Figure 3.1 [11].
Let us consider a set {x;:i =1,2,...,2N} of 2N independent and identically

distributed (iid) GM random variables, which represent in our case a 2N radar clutter
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observations located in the reference window of a given CFAR detector. In the case of

CA-CFAR processor, the decision rule is defined as follows [11]

(2.15)

where Z., = Y2, X, is a sufficient statistic of clutter power level, whose pdf can be

expressed, according to [11], by

,BZN a
=  _2Na-1 ,—-fBz
f20.(2) = FaND e (2.16)
S -L .
Detector [¢—— Input Signal
Lagging Window Leading Window
» Xl ......... XN ZO _XN+1 ......... XZN
CUT
v 3 Target
2N » H; present
Zca ZZ. X; Zo=2TZcy
=1 | Ho Target
i absent

TZca
T

Figure 2.1 - Block diagram of the CA-CFAR detector

2.4.1 Py, of the CA-CFAR detector

The false alarm probability (Pra) of the CA-CFAR detector can be obtained by
replacing (2.3) or (2.4) and (2.15) into (1.26), and it can be given as [7]

pea _ F(a(@N + 1))T¢
fe T T@2Na + 1)T(a)(1 + T)e@N+D 2

1
F (1 a@2N+1):2Na+1:——)  (2.17
1( (2N +1);2Na + 1+T) @.17)
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where ,F; (-,;-) denotes the Gauss hypergeometric function [24].

2.4.2 P, of the CA-CFAR detector

The detection probability (Pd) of the CA-CFAR detector can be obtained by
replacing (2.10) or (2.11) and (2.15) into (1.27) as follows

P4 =Pr(Zy > TZc,s|Hy)

- foo [ f fz, (zO|H1)dz0] fz0,(2)dz
0

Tz

(0]

S AT O
0

‘ BTz
= f 1 - eXp a1+ SCR)>> f20,(2)dz (2.18)
0
Z
- f EXp Ta(l+ SCR)) frea(2)dz
0
B ﬁZNa e BTZ
“Tana ) © e <_ «(1+SCR) BZ) dz
0

_ 1 z2Na-1 gy (_ (1 + ;) Z) dz
I['(2Na) a(1 + SCR)
0

This last integral can be solved using equation 3.381.4 of [25], which yields the

following closed-form approximation for the P4 of the CA-CAFR detector

—2Na

P§4 = <1 —)
d + a(1 + SCR)

(2.19)
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2.5 Greatest Of CFAR detector
Herein, we will analyze the performance of the Greatest Of (GO) CFAR detector
in presence of GM-distributed clutter. The bloc diagram of the GO-CFAR detector is

shown in Figure 2.2. The decision rule of this detector is defined as follows [11, 26]

202 TZgo (2.20)

where Zgo = Max(U,V), and U =YY X; and V =Y., X; are two sufficient

statistics of clutter power level, whose pdfs and cdfs can be expressed, respectively, by

Na
o) 2 £y () = st exp (=62) @21)
N )
Fo) 2 () = LoD 02)

According to [14], the pdf of Z;, can be calculated as follows

f260(2) = 2fy(2) Fy(2) £ 2fy(2) Fy(2) (2.23)

which yields
( ) = ﬂ Na-1 N ﬁ _B 724
a0 = Fagyay <™ Y (Nt p2) exp (=) (2.24)
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Square-Law
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N 2N Target
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=1 702 TZgo

= Hy Target
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TZg0
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Figure 2.2 - Block diagram of the GO-CFAR detector

2.5.1 Py, of the GO-CFAR detector

The false alarm probability (Pr) of the GO-CFAR detector can be obtained by

replacing (2.3) or (2.4) and (2.23) into (1.26), and it can be given as [7]

1
poo _ 2 F(E)F(ZNa)F(Na)_ F(a(2N + D)TE,
T8 "T2(Na)| g2var(ng1l) — Na?T(@)(2 + Tgo)*CN+D
2

(2.25)

xF((2N+1)11-N Lt 1 Too )
2\* P T T T 2 ¥ Ty

2.5.2 P, of the GO-CFAR detector

Now, the detection probability (Pd) of the GO-CFAR detector can be obtained by

replacing (2.10) or (2.11) and (2.23) into (1.27)

P§° =Pr(Zy > TZs0|H;) (2.26)
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=f [fon(ZolHl)dZOIfZGo(Z)dZ
0 Tz

= 1= [ By (T2l fyp ()

0

- j (1 o0 (- 22T ) oy

r pTz
- Of exp (_ a(l+ SCR)) f250(2)dz
_ r pTz
- Of exp (_ a(l+ SCR)) f250(2)dz
_2pNe - pTz
T E(Va) ) 2Ny (Ne, fz) exp (_ a(1+SCR) ﬁz) dz

= I"Z(fVa) Of ZN 1 y(Na, 2) exp (— (1 + M) Z) dz

This last integral can be solved using equation 3.381.4 of [25], which yields the

following closed-form approximation for the P4 of the GO-CAFR detector

pGO _ 2I(2Na)
GO —

1
>va 2F1 (1,2N0{; Na + 1;—Tc;()> (2.27)

T
NaT2(Na) (2 +——) aCL+SCR)

a(1+SCR)

2.6 Conclusion

In this chapter, we first present an overview about CFAR detection of radar signal
embedded in homogenous Gamma-distributed clutter. After that, our efforts were
focused on studying particularly two well-known Mean-Level CFAR detectors, namely
the CA and GO. Indeed, we provide a complete analysis for both detectors. To do so,
we present their basic principles and develop their corresponding Pr4and Pgexpressions.
For each detector, the Pr4 expressions were given in closed-forms, however we propose
approximations for the Pj expressions. The performance of both detectors will be

analyzed and compared in the last chapter.
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3.1 Introduction
In this last chapter, we will test and examine via simulations the discussed CFAR
detectors, namely the CA- and GO-CFAR, which operate over a homogenous GM clutter.
First, the different parameters used in our simulations are given. After that, we will validate
the proposed expressions of Pr, and Py for both detectors, by comparing them to existing
integral expressions and to those obtained by simulations, as well. At the end, the
performance of both detectors (i.e, CA- and GO-CFAR) is compared against the well-known
optimal fixed threshold detector. The former is included here as a benchmark, since it needs a
prior knowledge of clutter parameters.
In the first step, we provide some numerical results to examine and validate the
correctness of the proposed expressions (2.16), (2.18), (2.24) and (2.26) for the CA- and the
GO-CFAR detectors, respectively. After that, the performance of these detectors is compared

to that of the optimal detector.

3.2 Simulation parameters

In order to analyze the performance of the above mentioned CFAR detectors, we
propose to carried out several simulations. The influences of changing different parameters on
Pt and P4, over the detection performance, is also considered for different simulation
scenarios.

The performance of all detectors has been done using both analytical and Monte-Carlo
(MC) simulation results. The number of trails for MC simulation is 107 and the generated
samples were considered independent and identically distributed (IID) according to the
Gamma-Distribution. It may be noted that the MC simulation results were included here just
for validation purposes.

To this end, a simulated Gamma distributed clutter is generated by considering the

shape parameter a equals to 2, 3, and 5. For each value of a, the size of the reference window
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for both CFAR detectors is taken to be 2N = 10, 12, and 16. For each case, the resulted data
matrix is of size 2N X 107, so that it can be assimilated to a CFAR reference window, which
is generated 107 times. Moreover, the content of the CUT is also generated 107 times for both
hypothesis H, and H; .

In all considered scenarios, the simulated Py, curves were produced using 107 Monte-

Carlo simulation trials. For each detector, the decision rules (2.14) and (2.19) was also
simulated and the corresponding thresholds were estimated accordingly. To study the Pd

performance we consider also a Swerling I or II fluctuating target.

3.3 Validation of our proposed expressions
In this section, we test and validate through several examples the proposed expressions

of Py, and Py. To do this, we provide a comparative analysis between the exact closed-forms
Psq and the approximated P, expressions, and those counterparts calculated using numerical

integration and Monte-Carlo simulations.

3.3.1 Validation of Py, expressions

Herin, we validate the expressions of Py, of both CA- and the GO-CFAR detectors.
Figures 3.1 — 3.6 illustrate the evolution of the Py, versus the scaling factor T for both
detectors, respectively. According to these figures, it is clear that all Py, curves are in
excellent agreement for both CA- and GO-CFAR, which confirms our analytical results. In
addition, it can be remarked from Figures 3.1 for CA-CFAR and 3.4 for GO-CFAR that the
Py q is well maintained whatever the value of . This conforms the CFAR property of CA- and
GO detectors with respect to f. Moreover, according to Figures 3.2, 3.3, 3.5 and 3.6, it is

clear that both detectors don’t satisfy the CFAR property with respect to a and N.
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Figure 3.3 - False Alarm Probability of the CA-CFAR detector against the scaling factor 7'
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3.3.2 Validation of P4 expressions

As an initial examination of detection performance, we validate and confirm, in this
subsection, our proposed approximation expressions of P; of both CA and GO-CFAR
detectors. In doing that, we compare the approximated P; with those obtained from Monte-
Carlo simulations. The results of both detectors are presented on Figures 3.7 — 3.6. In all
cases, performance is measured by plotting the P, as a function of the Signal-to-Clutter Ratio
(SCR), in dB. Monte Carlo sampling with 10° runs has been used for each detection

probability estimate. The target model used in the CUT is a Swerling I or II as in [16].

All these figures clearly show good agreement between approximate and MC values of
P, curves for both CA- and GO-CFAR detectors. This confirms the effectiveness of the

proposed approximation, particularly for relatively high SCR values.
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3.4 Comparison of detection performance of CA and GO

Now, we will compare the detection performance of CA and GO-CFAR processors, by
assuming the case of homogenous Gamma-Distributed clutter. Several examples of
performance will be analyzed by changing some simulation parameters, namely a, N and
desired Pr,. The optimal detector is also included in these experiments as a benchmark. The
obtained results are presented in Figures 3.13, 3.14 and 3.15, respectively.

In Figure 3.13, we study the effect of changing the shape parameter a on the detection
performance of the Optimal, CA and GO detectors. In fact, the value of a gives an idea about
the spikiness of clutter, where it was observed in practice that the clutter becomes spikier if a
decreases and vice-versa (i.e, the clutter becomes less spiky if a increase). Thus, according to
this figure, it is evident that the presence of very spiky clutter (i.e, with @ = 2) introduces a
significant detection loss for all detectors. For instance, for « = 2 an increase in SCR of about
2dB is required to achieve a P; = 0,5 compared with the case where a = 5.

On the other hand, we study through Figure 3.14 the effect of increasing the size of the
CFAR window, N, on the detection performance of CA and GO processors. We can observe
that the detection performance is highly dependent on the value of N. For small N (i.e, N = 4)
the loss is quite large compared to the optimal detector, but decreases considerably for N =
16. For both cases, the performance of the optimal detector remains unaffected. In fact, for
N = 4, the CFAR loss of CA and GO is about 3dB for a P; = 0,2 compared to the optimal
scheme, but reduces to less than 0.6dB in the case where N = 16.

Figure 3.15 shows the effect of reducing the probability of false alarm Pg,. It is
interesting to note that the detection performance of all CFAR detectors is good for relatively
large false alarm probability (Pr, = 1073 ). However, when Py, is reduced, we can see the

substantial performance degradation for all detectors including the optimal.
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As a last remark, we can observe also, from Figures 3.13, 3.14 and 3.15, that the
detection performance of the CA-CFAR is closer to that of the optimal detector. Moreover, it
is clear that the GO-CFAR detector exhibits minor degradation in performance compared to

the CA-CFAR.

Probability of detection, P "

77777 &---- Optimal
CA-CFAR =
- GO-CFAR

0 5 10 15 20 25 30
SCR, dB

Figure 3.13 - Comparison of detection performance of CA and GO-CFAR detectors for
Ps, = 1073, N = 16 and different values of & (@ = 2 and 5)
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Figure 3.15 - Comparison of detection performance of CA and GO-CFAR detectors for &« =
2 and N = 16 different values of Pg, (Pg, = 1073 and 1075)
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3.5 Conclusion

In this chapter, we first tested and validated numerically the closed-form expressions of
the false alarm probability and the proposed approximations of detection probability for the
CA and GO-CFAR detectors. The obtained results show that all derived expressions agree
very well with their counterparts calculated using numerical integration and Monte-Carlo
simulations. After that, we studied the detection performance of the Optimal, CA and GO-
CFAR algorithms by varying the shape parameter of the Gamma-distribution, the size of the
reference window and the desired false alarm probability. The obtained results lead us to
conclude that the CA-CFAR detector is effective in homogenous Gamma-Distributed

environments.
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» Conclusion

In this master dissertation, we have discussed the problem of CFAR detection of targets
embedded in a homogenous Gamma-Distributed clutter. This problem is of great importance
in radar systems and remote sensors applications.

Specifically, we focused on studying the performance of two Mean-Level CFAR
detectors, namely CA and GO algorithms, by providing a detailed theoretical analysis for each
one. The first contribution of this work was presenting two closed-form expressions for the

false alarm probability, Pf,, for both detectors. It has been shown also that computing the

probability of detection, P;, using exact statistics of the cell under test, results in difficult
integrals which are hard to evaluate numerically. Thus, in order to make the analysis easier,
we introduced an approximation to the statistics in the cell under test, which leads to obtain
two novel approximated expressions for the detection probability for both detectors. It may be
noted that our proposed expressions and approximations are easier to compute and to
implement in real-time applications.

Our new expressions of Pr, and P, are then tested and validated numerically against
their counterparts obtained via numerical integration techniques and Monte-Carlo simulations.
Moreover, the performance of CA and GO-CFAR detectors is illustrated and compared to that
of the optimal detector. It has been shown that, the CA-CFAR detector offers acceptable
performance in a homogenous clutter compared to the GO-CFAR detector, but exhibits some
CFAR loss relative to the optimal detector. It has been also demonstrated that the performance

of the GO-CFAR is somewhat worse compared to that of the CA-CFAR.

= Perspectives
The issues addressed in this dissertation are varied, and therefore far from being fully
covered in one manuscript. Following the promising results presented here, we can consider

different perspectives for future researches, namely:
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A theoretical analysis of CFAR detection performance in the presence of clutter
discontinuities and/or interfering targets will be an important topic for further
discussion.

It would also be interesting to analyze and examine the performance of the Smallest
Of (SO) CFAR in the presence of a homogenous Gamma-Distributed clutter.
Similarly, we suggest studying the performance of Multiple pulses detection for the
case of a Gamma-distributed clutter.

It is also worth considering the realistic case where the clutter parameters are
completely unknown a priori. This will contribute enormously to improve detection

performance in non-Gaussian environments.
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Abstract — In this study, we addressed the problem of adaptive detection of radar targets in a
homogenous Gamma-distributed clutter. This type of detection is achieved by maintaining a Constant
False Alarm Rate (CFAR) during the detection process. We assume that the radar uses a square-law
device before the CFAR processor window. First of all, we present the fundamentals of radar detection
of targets embedded in noise and giving the basics of CFAR detection. After that, we discuss in more
details some Mean-Level CFAR detectors operating over a Gamma-distributed clutter, namely the
CA- and GO-CFAR detectors. To do so, we carried out a complete theoretical analysis of both
detectors. Indeed, closed-form expressions for the probability of false alarm (P;,) have been presented
for each detector. The calculation of the probability of detection (P,), using the exact statistics of the
cell under test (CUT), results in complicated integrals, which are hard to evaluate numerically. Thus,
we propose approximate expressions for the probability of detection (Ps) for both detectors. These
expressions and approximations are easier to compute and straightforwardly implementable in real-
time applications. The obtained theoretical results are then tested and validated numerically by
comparing them to their counterparts computed using numerical integrals and Monte-Carlo
simulations, considering various scenarios. Moreover, a performance comparison of the studied
detectors with the optimal detector has been made assuming a homogenous environment. The obtained

results confirmed the efficacy of the CA-CFAR detector in the case of homogeneous environments.

Keywords: Radar, Adaptative CFAR detection, non-Gaussian Clutter, Gamma-Distribution, CA-
CFAR, GO-CFAR.
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