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Introduction

he past fifty years. The theory of the geometry of Banach spaces has developed

very quickly. In other hand the study of quasi-Banach spaces has lagged far be-
hind, even though the first articles on the subject appeared at the beginning 1940’s in [7, 8]. In
this way, several authors introduced some topological notions and properties in quasi-normed
linear spaces, for example, Rano in [2] introduce the concepts of Cauchy sequence, Convergent
sequence, Open set, Closed set, etc. in a quasi-metric space and established some basic theorems
such as Cantor’s intersection theorem and Baire’s category theorem in complete quasi-metric
spaces. In this memory we detail the work introduced by G. Rano and T. Bag in [?] such that
they studied the continuity and boundedness of linear operators in quasi-normed linear spaces.
Quasi-norm linear space of bounded linear operators is deduced. Concept of dual space is de-
veloped. This memory is divided as follows.
The first chapter of quasi-normed linear spaces we shall see the concepts Preliminairs on quasi-
normed linear spaces, topological properties, the product quasi-normed linear spaces, quasi-
Banach spaces and some examples.
The second chapter called of bounded linear operators in quasi-normed linear spaces, we intro-
duce and study the relationships between the continuity and boundedness of a linear operators
between quasi-normed linear spaces, all this in more details.

The third chapter is denoted to Hahn-Banach extension theorem in quasi-normed linear spaces

v



CHAPTER 1

QUASI-NORMED SPACES

1.1 Quasi-Normed

Definition 1.1.1. Let X be a linear space over the field K and 0 the origin of X Let ||.|[ : X — [0, o)
satisfying the following conditions:

(1) ||z]|, =0iffz =0;

(2) [z, = |a||z]|, for x € X and o € K;

(3) There exists a K > 1 such that

[z +ylly < K{llzllq + [lylle}

forz,y € X.
Then (X, ||.||,) is called a quasi-normed linear space (qnls) and the least value of the constant

K > 1is called the index of the quasi-norm ||.|,.

Definition 1.1.2. The quasi-normed linear space (X, ||.||,) is called a strong quasi-normed linear
space (sqnls) if it satisfies the following additional condition:
There exists K > 1 such that:

155 @illg < KX [|zillo}
forall z; € X and for all n € N.

Note 1.1.1. In a quasi-normed linear space (X, ||.||,) with quasi index K,

=il < K" S o}

forall z; € X and for all n € N.



1.1. QUASI-NORMED 9

Note 1.1.2. If K = 1, then the quasi-norm ||.||, is reduced to a norm on X and (X, ||.||,) a normed linear

space.

Th following example show that every normed linear space is a quasi-normed linear space

but the converse is not true.

Example 1.1.1. Let X = R? be a linear space. For = = (21, 13) € X we define

lzlly = (Vlza] + Vsl

Then (X, ||.||,)is a quasi-normed linear space but not a normed linear space.

Lemma 1.1.1. Let x4, 29,3, ..., x,, be a linearly independent set of vectors in a quasi-normed linear

space (X, ||.|l4)- Then 3C' > 0 such that for any choice of scalars Ay, Aa, ..., \,, we have

[A1z1, Aoa, ooy Annllg = ([ M) + [Ae] 4+ oo + [An])-

Definition 1.1.3. Let(X, ||.||,) be a quasi-normed linear space, we have.

(i) A sequence {z,},—1 C X issaid

(a) to converge tor € X denoted by lim,,_,o z, = = if lim,, 00 || 20 — Tim||lq = 0

(b) to be a Cauchy sequence if lim,,_, ||z, — x|, = 0

(ii) A subset B C X is said to be complete if every Cauchy sequence in B converges in B.

(iii) A subset A of X is said to be bounded if there exists a real number M > 0 such that
|z||, < M forall z € A.

(iv) A subset A of X is said to be closed if for any sequence {x,, } of points of A with lim,,_, z, =
r implies v € A.

(v) A subset A of X is said to be compact if for any sequence {z, } of points of A has a convergent

subsequence which converges to a point in A.

Proposition 1.1.1. Let (X, ||.||,) be a quasi-normed linear space. Then

(a) the limit of a sequence x,, in X if exists is unique;

Boundary and initial value problem of C-K type FDE



1.2. TOPOLOGICAL PROPERTIES AND METRIZABILITY 10

(b) every subsequence of a convergent sequence converges to the same limit;

(c) every convergent sequence in X is a Cauchy sequence.

1.2 Topological properties and metrizability

Definition 1.2.1. A b-metric on a nonempty set X is a function d : X x X — [0, 00) satisfying
the conditions

(D)d(z,y) =0 =z =y;

(#0)d(z,y) = d(y, z);

(ii)d(z,y) < sld(z, ) + d(z,y)],

for all z,y, z € X, and for some fixed number s > 1. The pair (X, d) is called a b-metric space.

Obviously, for s = 1 one obtains a metric on X.

Definition 1.2.2. Let (XX, d) be a quasi-metric or b-metric space. As in the case of metric spaces,
we have a topology 7(d) can be defined on (X, d) by considering the family V,(z) of neighbour-
hoods from a point z € X :

V € V,(z) & 3r > 0 such that By, d(zo,7) C V.

A set G C X will be 7(d)-open if for all z € G, there exists r = r, > 0 such that
Bx, d([[’o, T) C G.

Thus, if we consider the family F' of subsets U of E, empty or not, such that for all x € U, there
exists an open ball centred at = which is contained in U, it is clear that F' satisfies the properties
of a topology. (E, F) is therefore a topological space. We denote by 7(d) the topology generated
by F on X.

Using the conjugate quasi-metric d~* , we get another topology 7(d~!). A third topology can be

obtained by considering the quasi-pseudo-metric d°, we will denote it 7(d*).

Definition 1.2.3. Let (X, d) be quasi-metric space, zy € X et r > 0. We define the balls in X by

the formulas :

Boundary and initial value problem of C-K type FDE



1.2. TOPOLOGICAL PROPERTIES AND METRIZABILITY 11

1. The open ball of the center z;, € X and of radius r denoted by B, 4(zo, ) is defined by
By a(xo,7) = {x € X/d(zo,z) <7}

2. The closed ball of a center z, and of radius r denoted B;Q 4(zo,7) of (X, d) is defined by :
BIX,d(xO, r)={z € X/d(xy,x) <r}.

3. The sphere with center z, and radius  denoted by Sx q(z, ) is defined by:
Sx.a(zo,r) ={r € X/d(xg,x) =1}

Proposition 1.2.1. Let (X, d) be a quasi-metric or a b-metric space. Any ball Bx q4(x,r) is open for 7(d)

and any ball B'x 4(x, r) is closed for (d"). The ball B;(’d(a:, 1) is not necessarily 7(d) — closed.

Demonstration:
(@)Forall z € X and r > 0, we have for all y € Bx 4(z,7),r =1 — d(x,y) > Oet Vz € Bxq(y,7 ) :

’

dly,z) < r
d(z,z) < d(z,y)+d(y,z)
< d(z,y)+r

< d(z,y)+r—d(z,y)

Then z € Bx 4(x,r). So Bx 4(z,r) is 7(d)-open.
(b)Vy € X B/Xd(a:,r),d(x,y) >
Let’s pose r' = d(z,y) —r > 0let 2 € Bx 4-1(y,7 )sod (y,z) <1’
d(z,y) < d(z,2)+d(z,y)
< d(z,2)+d(y,2)
< d(z,2)+7

d(z,y) < d(z,z)+d(x,y)—r.

Boundary and initial value problem of C-K type FDE
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So d(x,z) > r, hence z € X/B;Qd(a:,r); hence B;(,d,l(y, ) C X/B;Qd(x, T).

As a result B;Qd,l (x,7)is 7(d~1)-closed.
1.3 The quasi product-normed linear space

Theorem 1.3.1. Let T : X — X be a quasi-normed linear space from X onto X, where X € [0,2].
1

T is a quasi-product-normed linear space if, X is a quasi normed space with index K = (o + 5)5, in

addition to, the following axiom
lzllllz2ll < flz1l] + [, Yoy, 22 € X.

Proof. We have
(x4+y)" >0
= (2,2) 4+ Ci{w, y) o, )7 +"Colw, )7 (y, y)+"Calw, ) "7 (y, y) (w, y)+"Calz, 2) "7 (y, y)>+"

n—=6

Cs{x,x) 2 (

=3
=3

(y,y)* +

)2z, y) + Cola,2) "3 (y,9)° + +"Colz, 2)"7 (y,y)*(z,y) +" Ca(z, )

= —"Cilz,a)ifyyi < {= (za)F +" 01<$,y><$,:v>”772 +" Cylw,x)" <y y +"

Crlw,2)" % (y,y)* (@, y) +" Co(z, )1 (y, )5 + .+ (2,2) 5}

= —n02<$,$>%<y7y>% < {: <I’,ZE>% +" Cl<$,y><l‘,$>n772 +" 02<1'717> g <y y> +"

Cyw,2)"% (y,y)(z,y) + 0 Culma) T (oY) " Cs(na)' T (y,y) (@, y) +"
Colw, )" (y,9)° +" Crlw,2)"T (y,9)*(w,y) + . +" Calw,2)i(y, )i + . + (v,2)5} =
~1Cy (o, 2) 0, 9) g () () < (g

I = (2,2)3 ()2 | = (@ +y)"]l
Uz lHlyll3™ = [Itz +y)l"

[z lHlyll < Izl + Nyl v, y € [0.2]. B
Theorem 1.3.2. The quasi product quasi-complete linear space (X, ||.||,n) is complete.

Proof. Let {X,,}>°, be a sequence in (X, |.|[gn) and z € X. For every ¢ > 0, there exists an

Boundary and initial value problem of C-K type FDE



1.3. THE QUASI PRODUCT-NORMED LINEAR SPACE 13

integer ng > N such that ||z, — z||,, < ¢ for all n > ng, then {X,,}72, converges x. Thus,
lim,, oo |2, — #||4n = 0. Also, we see that for every ¢ > 0, there exists integers m,n > N such
that lim,,, , o0 ||Zm — Zn||qn = 0. In this case, we see that every Cauchy sequence converges to a

point (X, ||.|lgn), then (X, ||.|[¢gn) is a complete quasi-product-normed linear space. O

Remark 1.3.1. The quasi-product normed linear space is a subspace of the quasi-normed linear
space, which is also a subspace of the Banach space. In each of these spaces a sequence of points
in that space converges to a point in the space. Thus, every Cauchy sequence converges to a

point in each of these spaces.

Theorem 1.3.3 (A Unique Fixed Point in Quasi-product normed linear space). Let(X, ||.||),. be a
quasi-product-normed linear space and T : X — X be a contractive operator, where X € [0,2]. Then T

has a unique fixed point & € X.

Proof. Setting xy € X, then
X, =T(X,) = X, =T,(x),Vn e N

Setting { X }°° a Cauchy sequence in (X, ||.||)4n- Since (X, ||.||)4n is a complete, which implies
thatz € X such that

lim X, = z.

n—o0

Again, we see that 7' is a contractive mapping, then it is continuous. Thus

lim T(X,) =T(x)

n—oo

We can see that

T(x) = lim T(X,)

n—o0

Boundary and initial value problem of C-K type FDE
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Hence, 7 is a fixed point of the operator 7.
In addition, we show that the fixed point is unique (X, ||?||) - By contradiction, we set x;, x5 €

X be the fixed points of T , then

1T (1) = T(x2)llgn = llr1 = 2lgn
Also, we see that:
I7(21) = T(@s)lgn < Kl = 2allgn, ¥k = 1.
SO
(1= F)llzr = z2llgn <0
= ||z — 22flgn <0
The above equation holds if z; = z,. Hence, the fixed point z is unique in a quasi-product-

normed linear space. O

1.4 Quasi-banach spaces

In this section we based on p-Banach spaces. Where K" > 1is a constant independent of z,y € X.
The smallest possible constant K’ = Kx > 1is called the quasi-triangle constant of X = (X, ||.||,)
A quasi-norm induces a locally bounded topology on X and conversely any locally bounded

topology is given by a quasi-norm. If, in addition, we have for some 0 < p < 1,
[+ yll” < flz]l” + [lyl]”

forall z,y € X, then a functional]|. || is called a p-norm. A complete quasi-normed (or p-normed)

space is called a quasi-Banach space (or p-Banach space).

Definition 1.4.1. Let F be a quasi-normed vector space, it is said to be a quasi-Banach space if

it is complete. That is, ¥ is complete if any Cauchy sequence in £ is convergent.

Theorem 1.4.1. Let X be a quasi-Banach space of type p where 0 < p < 2. Then:
(1) If p < 1 then X is p-normable.

(2) If p > 1 then X is normable (i.e., a Banach space).

Boundary and initial value problem of C-K type FDE



1.4. QUASI-BANACH SPACES 15

Theorem 1.4.2. (completeness of quasi-normed spaces). A quasi-normed space X = (X, ||.||,) with a

quasi-triangle constant C' > 1 is complete (quasi-Banach space) if and only if for every series such that :
P CF ]| < o0

we have

and

ISRzl < CXRZ, ¥l
Proof. Note that in a quasi-normed space X for natural numbers n > m we have:
IZk—mell < clllzml] + X5zl

< clllzmll + clllzmll + 13— 2]

<< ur ATz

Let X be a quasi-Banach space and assume that
Sharcllze]] = S < 00

. Foreachn € N let S,, = ¥}_, z;, be the sequence of partial sums. Then:

I$nm = snll = ISR el < SE "l
< S o]l = S o)) — Shoi

Sp — Sm — 0

where n, m — oo, imply that {5, } is a Cauchy sequence, and so, convergent in X.

Therefore, 37° ,x, = © € X. Moreover,

IIZZ:MII < Eﬁzlckllwkll < EZLC'“H%H-

Boundary and initial value problem of C-K type FDE
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So

lim sup ||s,|| < 25,2k
n—oo

from which we obtain:

o[} < clim sup (||lz = sull + [lsall) < 372"l

n—oo

Conversely, assume that (z,), is a Cauchy sequence in X . Then there is a natural number n,;
such that for all n > n; we have||z, — z,,|| < (2C)~!. We take n, € N, such that for all n > na,
we have ||z, — z,,|| < (2C)72%

Inductively, we find an increasing sequence n; < ny < ns < ... such that for all n > n;, we have

|zn — 2, || < (2C)7*. Then (z,, ) is a subsequence of (x,) which satisfies

1
||xnk+1 - x”k” <55
(20)*

fork=1,2,...,
and

| + ZRs el Tnn s — Ta | < fln | + B3 27F = [l [ + 1 < 00

which by the assumption is convergent in X, that is
SN_1 = Tp, + Eff:_ll(xnkﬂ —Tp,) =Tpy >y EX

as N — oo. Since

ly = @nll < e(lly = @anll + Iz = 2nll) =0,

as n, N — oo it follows that (z,,) converges to y € X and so X is complete.

1.5 A finite dimensional quasi-normed space

Definition 1.5.1. Let (X, ||.||,) be a quasi-normed linear space. If X is a finite dimensional linear

space then (X, ||.||,) is called a finite dimensional quasi-normed linear space.

Boundary and initial value problem of C-K type FDE
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As a normed case, we can see the following theorem.
Theorem 1.5.1. In a finite-dimensional quasi-normed space, all quasi-norms are equivalent.

Corollary 1.5.1. A subset A of a finite dimensional quasi-normed space E is compact , if and only if it

is closed bounded.

Boundary and initial value problem of C-K type FDE



CHAPTER 2

BOUNDED LINEAR OPERATORS IN
QUASI-NORMED LINEAR SPACE

2.1 Linear operators

Definition 2.1.1. let X and Y be quasi-normed spaces over a field K. We say that: 7 : X — Y'is

a linear operator if 7' is linear that is,
T(x+y)=T(x)+T(y)

forall z,y € X and

T(A\x) = \T'(x)
forall z € X and X € K). or more simply, if and only if: Vz,y € X,VA € K
T\ +y) = XT(z)+T(y).

Remark 2.1.1. Let X and Y be any two linear space and 7" : X — Y be an operator. Then 7' is

said to be a linear operator if for any A, \; € F'and for any z; 22 € X
T()\lxl + /\21’2) = )\1T(ZL’1) + )\QT(ZL‘Q)

Note 2.1.1. The linear operator defined from X to'Y form a set than this set we note L(X,Y") which has

a structure of vector space on when it is provided with both laws of composition. Usual:
L(X,Y) x L(X,Y) = L(X,Y)
(f,9) = f+g

N f) = A f.

18



2.2. BOUNDED LINEAR OPERATORS IN QUASI-NORMED LINEAR SPACE 19

Definition 2.1.2. We call kernel of an operator 7' € L(X,Y), the subset of X of elements =
verifying:
We note this kernel Ker(T) (Ker comes from Kernel). We also write
Ker(T)={T""(0y)} ={z € X : T(z) = 0Y }.
The kernel of a linear operator from X to Y is a vector subspace of X.
Note 2.1.2. Let T be a linear operator from X to Y then T is injective if and only if :
KerT = {0x}.

Definition 2.1.3. We call image of an element 7" of L(X,Y") , the sub set denoted by Im(T") of Y’

consisting of element y of Y having an antecedent in X. We put:
Im(T)={yeY :JxeY,y=f(x)}.

Definition 2.1.4. We call linear form on a vector space, all operators of the definition of X in
Y . We indicate the set of linear forms of defined on X by X* = L(X,Y) and it is called dual

algebraic of X , obviously, X* has a vector space structure.

2.2 Bounded linear operators in quasi-normed linear space

In the following, we recall that the definition of norm of linear operator between normed
linear spaces.
Definition 2.2.1 (Bounded Linear Operator). Let (X, ||.||), (Y, ||.||) be the normed linear spaces
over same field K(real or complex). Let 7" : D(T) — Y, (domain D(T") C X) is a linear operator.

The operator 7' is said to be bounded if there is a real number C' such that for allx € D(T),

[Tz| < Cll|

Boundary and initial value problem of C-K type FDE



2.2. BOUNDED LINEAR OPERATORS IN QUASI-NORMED LINEAR SPACE 20

Note 2.2.1. A bounded linear operator maps bounded sets in D(T') onto bounded sets in'Y. For x # 0,

smallest value of C' is given by
7]

<C
]l

but C' must be at least as big as supremum of the quantity on which we denote by ||T']| (p,q)
such that,
7]

IT||= sup &
ze€D(T),x#0 ||‘/E||

||| is termed as quasi-norm of T'. Clearly,
T[] < T[]

Now, as the same way of normed case, we introduce the definition of quasi-norm of linear
operator between qusi-normed linear spaces introduced by Gobardhan Rano and Tarapada Bag

in [?].

Definition 2.2.2. Let (X, ||.||,,) and (Y ].||4,) be two quasi-normed linear spacesand 7" : X — Y
be a linear operator. Then 7' is said to be continuous at € X if for any sequence z,, of X with
(Tn)n — xie,

Tim [z, —z[lg, =0
implies T'(z,,) — T'(z). i.e.,
lim ([ T(2,)  T(@)]|,, = 0.

If T' is continuous at each point of X, then T'is said to be continuous on X.

Proposition 2.2.1. ] Let (X, ||.||,,) and (Y, ||.||4,)be two quasi-normed linear spaces and T': X — Y be

an operator. If T' is continuous at a point x € X, then T is continuous everywhere on X.

Definition 2.2.3. Let (X, ||.||,;) and (Y ||.||4,) be two quasi-normed linear spacesand 7" : X — Y

be an operator. Then 7T’ is said to be bounded if 3M > 0 such that

1T ()l < M[z]lg,, Vo € X

Boundary and initial value problem of C-K type FDE



2.2. BOUNDED LINEAR OPERATORS IN QUASI-NORMED LINEAR SPACE 21

Example 2.2.1. Let (X, ||.||,) be a quasi-normed linear spaces and 7" : X — X be a linear operator

defined by T'(x) = 2x. Then T is a bounded linear operator. Indeed,
1T (@)llg = l122]lq < 2|zl

Theorem 2.2.1. Let (X, ||.||4,) and (Y,||.||4,) be two quasi-normed linear spaces and T' : X — Y be an

operator. Then T is bounded if and only if T is continuous.

Proof. Let T'be a bounded linear operator. Then 31/ > 0 such that:
IT@) ] < Mg, Ve € X
Let {x,} be any sequence in X with z,, — x i.e,,
Tim [z, — zflg, = 0.

Now
1T (x0) = T(2)||g = IT(z0) — ) |lg
< M|z, — z|lg,

= lim | T(x,) = T(@)]ly = 0

n—yo0
{T(zn)} — T'(x).

So T’ is continuous.

Conversely, suppose T is a continuous linear operator. We have to prove that 7" is bounded. If

possible suppose 7' is not bounded linear operator. Then there exists a sequence {z,} in X such

that:

’ Tn

" onflzall

then
1

I
||xn||q1 = ﬁa

this implies that

. ’
lim ”anlh =0,
n—oo

Boundary and initial value problem of C-K type FDE



2.2. BOUNDED LINEAR OPERATORS IN QUASI-NORMED LINEAR SPACE 22

hence

. ’
lim z, =0
n—oo

Since T is continuous, it follows that:

lim T'(z,,) = T(0)

n—oo
= tim [T}, = 0
But ||T(x,)|l4, > 1,¥n € N, which is a contradiction. Hence T is bounded. O

Theorem 2.2.2. Let (X, ||.||4,) and (Y, ||.||4,) be two quasi-normed linear spaces and T' : X — Y be a

linear operator. If X is of finite dimensional, then T' is bounded (so continuous).

Proof. Letdim X = n and {z;; z2; z3;...; x, } be a basis of X.
Let
r=X" v, € X
then
1T (@) lge = T(Eq Nizi) lge = [ AT () [| o
By Note[I.1.1]
IS AT (@)l < K™ ST () g,

let M = k" Maz{||T(x1)lg, [T (x2)lga» - 1T (2n) lgo }
then

1T (@)llgy < ME [ Ad]

By Lemma , exists C' > 0 such that :
e = [ Aiwilla = OB ]

we have

M

IT@) e < F 2l

Boundary and initial value problem of C-K type FDE



2.2. BOUNDED LINEAR OPERATORS IN QUASI-NORMED LINEAR SPACE 23

Since Lemma holds for any arbitrary scalarsA;; As; ...; A, we have

M
IT@) < &

2]lg,, Va € X.

Hence T is bounded (so continuous). O]

Theorem 2.2.3. Let (X, ||.||,,) and (Y, ||.||4,) be two quasi-normed linear spaces. We denote by B(X,Y')

the set of all bounded linear operators from (X, ||.|[41) to (Y, ||.||q2)- Then B(X,Y') is also a linear space.
Proof. LetT1;1, € B(X,Y) and for x € X
(T, + Ty)(x) = Ty () + T(x)
(A1) (z) = ATy (z)
Since 17,1, are bounded,dM > 0, N > 0 Such that Vx € X
171 ()]l < M|z g1

and

IT2(2) g2 < Nllzllg1

Now [|(k1T1 + koTo)()][g2 = [|k1(T1()) + ka(T2(2))]] g2
= Ty (K1()) + To(Ka2(2))]lg2

< K{||ki(T1 () + ko(To()) || g2}

Thus

(k1 Ty + ko To) () |lg2 £ MK || K 2|1 + NK || Kox|| 2
= K(M| K1| + N|Ks|))|[z]| g

= H(lel + kQTz)(l’)qu < PHxqu where
P = K(M|| K|l + N K2||)

thus (k?lTl + ]{JQTQ) € B(X, Y) U]

Boundary and initial value problem of C-K type FDE
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Theorem 2.2.4. Let (X, |.||,1) and (Y, ||.||l,2) be two quasi-normed linear spaces. For T' € B(X,Y') we
define

T ()
1Tl = sup | =
z(#0)inX ||$||Q1

Then (B(X,Y),|.ll4) is a quasi-normed linear space.

Proof. Clearly ||T||, > 0 and conditions(*). and(**) are directly followed from definition.

For(***),let T}; 1> € B(X,Y), then:

T+ T, = sup LWOTT)@)le
! z(£0)eX 214,

(71 (2) + To(@)llg,

= sup
z(£0)eX 2|4,
<y B@e + 1T
z(£0)eX [E41P
e v WMTO@ T
o(£0)eX ] g o(#£0)eX [Ea{P

So

1Ty + Tollg < K{IIT1llg + [ T2ll}
hence (B(X,Y),||.||,) is a quasi-normed linear space. O

Remark 2.2.1. In Theorem [2.2.4] we can also define

1T, = Slel)g{llT(x)llqz el < 1}

then (B(X,Y), ||.||,) is a quasi-normed linear space and two quasi-norm in two cases are same.
Again

1T < 1T llgll2lgy, Ve € X

Lemma 2.2.1. Let(X, |.||,) be a quasi-normed linear space and {x,,} be a sequence in X such that:

lim z, = x
n—o0
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ie.,
Jim |z, — ]y = 0
then
lally = || lim ], < k lim [,
Proof. Indeed
lzllg < k{llz = 2nll}q + [[zalle}

this implies that

. ) o
lelly < T (e = wall}o + lall} = & Tim [,

then

lelly = || lim ]y < lim [l
L]

Theorem 2.2.5. Let (X, |.|,,) be a quasi-normed linear space and (Y, |.|,,) be a complete quasi-normed

linear space. Then (B(X,Y), |.|,) is a complete quasi-normed. linear space

Proof. By Theorem 2.2.4, (B(X,Y),|.||y) is a quasi-normed linear space. Next we shall prove
that it is complete. Now we consider an arbitrary Cauchy sequence{Tn} in (B(X,Y), ||.||,) and

show that {7},} converges to an operator in (B(X,Y),|.||,). Since {Tn} is Cauchy sequence
im 1T, = T, = 0,
so corresponding to any e > 0 there exists a positive integer N (¢) such that
T — Tinllg < €,Ym,n > N(e)
forall z € X and m,n > N(e)
[T () = Ton ()l g2 = [[(Tn = To) (2) [l g,

<N = Tnllgllllar < €llllq,-
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Now for any fixed x € X we see that {7},(x)} is a Cauchy sequence in (Y, ||.||;2) Since (Y, |.|,2)
is complete, {7},(z)} converges, say, lim,,_,o, 1},(z) = y. Clearly, the limit y € Y depends on the

choice of z € X. This defines an operator
T (X ) = (- llg2),

wherey = T'(z). We shall show that the operator T is linear.

Let a, 5 € K then,
T(ax + fz) = lim T,(ax + fz) = lim T,(azx) + T,(52).
n—o00 n—00

Now
T [(To(a) + To(82)) = (aT(@) + BT(2) |,
< Tim B{JallTa(e) = T(@)ll, + BI1Ta() = T} = 0
hence T(ax) + T(8z) = oT(x) + BT ().
Next we have to show that 7" is bounded and

T T, = T\ To() = T(@)ll, = [ Tale) = Tim Ty ()],

b lim [T, = (2
k lim ([T, Tl

ke||x||,Vn = N(e)Ve € X

since Ty (¢)is bounded, there exists My > 0 such that:
[Tne) (@)llg, < Mnollz]lq Ve € X
thus
|T(2) g = 1T (x) = Tnv(e)(x) + Tivie) ()l g
< K||T(x) = Ty (@) lgs + Kllwe (@) V2 € X

< KQEHleh + KMN(€)||IL‘||q1,\V/ZE cX
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= (K*¢ + kMy ()| ], V2 € X

so T is bounded.

Now
T, (x)—T
P C) R GO
z(£0)eX [Ea{P
then
lim |7, — T, =0,
n—oo
SO
lim 7,, =T.
n—oo

]

Definition 2.2.4. Let (X,|.||;,) and (Y, ]||.]|4,) be two quasi-normed linear spaces. For T' €

B(X,Y) we define

P CO] %
-

z(£0)eX 2|4,

then (B(X,Y),||.|l,) is a quasi-normed linear space. The space (B(X,Y), ||.||,) is called the Dual

space of (X, ||.||p) if Y = R and ||.||;, = |.|- We denote the set of all bounded linear functional

defined on (X, ||.||,) by B(X,||.||;) which is the Dual space of (X, ||.|,)-

Example 2.2.2. Let X = R? be a linear space. For 2 = (1, 13) € X define

lzllg = (Vllzall + V/llw2])*.

Then (X, ||.||;)is a quasi-normed linear space let f : X — X be an operator defined by

f(z) = x.a = x101 + 2209
. Then T is a bounded linear functional.

Proof. Now
[f@)|l  [lzia1 + 20|

lelle (el + /22])?
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1 [[llax | + || llaz|l

2]l + [z + 2{v/ e [fl2])
1 [l 2| flas|]

+
all + [l + 20Vl l[llz2ll) 2l + [z + 2[1V 2 llz2])

< (larll + llazll) = If @) arll + a2l 2[4, Ve € X.

<
(

]

Remark 2.2.2. In Example (X, |I.l,)is a quasi-normed linear space for quasi index K = 2
but not a normed linear space . Therefore there exists such type of function which are quasi-

norm but not a norm.

Theorem 2.2.6. Let (X, ||.||,) be a quasi-normed linear spaces. Then the Dual space B(X,|.||,) of

(X, |I-llq) is a complete normed linear space.
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CHAPTER 3

FUNDAMENTAL THEOREMS

3.1 Hahn-Banach extension theorem in quasi-normed linear
spaces

Definition 3.1.1. Let X be a linear space and P : X — R* be a function. Then P is called a
quasi sub-linear functional on X if the followings hold :
(i) p(az) = |a|p(x) forall « € R, Vz € X;

(ii) There exists K > 1such that
p(r+y) < Kp() +py), Yo,y € X.

Theorem 3.1.1. Let X be any vector space and p : X — R™ a quasi sub-linear functional on X. Let f
be a linear functional which is defined on a subspace Z of X satisfying || f(z)|| < p(z)Vx € Z. Then f
has a linear extension f from Z to Z, having higher dimension of Z satisfying || f(x)| < Kp(z)vz € Z,
and f(z) = f(z)V,z € Z.

Proof. Let xy € Z — X Clearly xy = 0 and the space Z; generated by Z | J{z}is also a subspace

of X and has higher dimension than Z. Let z, y € Z, then:
flx) = fly) = fle—y) <plz—y)
= p(z +x0 — 20 —y) < k{p(z + 20) + p(zo +y)}
= f(x) = kp(z —x0) < f(y) + kp(y + x0), Y2,y € Z
supyez{ f(x) = kp(x +x0)} < infyez{f(y) + kp(y +x0)}

letp € Rsuch that:

suprez{f(x) — kp(z + 20)} < B <infyez{f(y) + kp(y + x0)}

29
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let z € Z; then z is of the form z = x + tx(, where t € Rand x € Z. Clearly this representation is
unique. If we define:

f(z) = fz) —tp
Then clearly f is a linear functional defined on Z; such that:

~

f(l') = f(l’),vm €Z

if t > 0 then
F2) =S () = BY < thp(S +20) = Kp(a + tao) = Kp(2).

if t <0 then

FG = 8) 2 —kolG +20) =~ kpla + 1) = JEp(2)
hence

J() = t{1(3) = 8} < kn(2)
if t = 0 then
F(2) = f(2) <p(z) < kp(2),Vz € Z

Now

~ () = f(=2) < kp(—2) = | = Ukp(z) = hp(2), ¥z € 2
hence

]

Corollary 3.1.1. If X is a finite dimensional vector space and p : X — R a quasi sub-linear functional

on X. Let f be a linear functional which is defined on a subspace Z of X satisfying
I (@) < p(x), Vo € Z.
Then f has a linear extension f from Z to X satisfying

If(z)|| < K™p(x),Vz € X.
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and

f(x) = flz),Vz € Z.

Theorem 3.1.2. Let (X, |.|lq) be a quasi-normed linear space and f be a bounded linear functional
which is defined on a subspace Z of X. Then f has a linear extension f from Z to Z, which is a higher

dimensional subspace of X and bounded on Z, satisfying

1l < 1 lle < K1 1lg

Proof. Let p(x) = || f|l¢l|z|l¢Vx € X Then clearly p is a quasi sub-linear functional on X .fhas a

linear extension f from Z to Z; satisfying :
If (@)l < Kp(e)Vz € 2,

= [lF @) < K[l fllqllzlllvz € 21

Thus f is a bounded linear functional on Z;

and
; 1f ()]l
1fllq = SUPs(FOZ T
q
Since Zis a subspace of Z1 and f(z) = f(z)Vz € Z
1f ()]l 1/ ()]
SUD 1 Z SUPy 1T
(#0)ezZ |z, (#0)ez 2],
1A llg = 11 f1lq
Hence|[fll < [Ifllq < K[ fl,- O

Corollary 3.1.2. If (X, ||.||q) is a finite dimensional quasi-normed linear space and f be a bounded linear
functional which is defined on a subspace Z of X. Then f has a linear extension f from Z to X which is

bounded on X satisfying
1£lla < 011l < K™ 11£1lg

Theorem 3.1.3. Let (X, ||.||q) be a n-dimensional quasi-normed linear space and xo(## 0) € X . Then

there exists a bounded linear functional f on X such that 1 < ||f||, < K™ and f(x0) = |z, -

Boundary and initial value problem of C-K type FDE



3.1. HAHN-BANACH EXTENSION THEOREM IN QUASI-NORMED LINEAR SPACES 32

Proof. We consider the subspace Z of X consisting of all elements + = cx( where c is a scalar.
On Z we define a linear functional f by f(z) = f(czo) = c[|zoll; - Then f is bounded since
| f(@)|| = lelllzolly = llexollqy = ||z]lg and || f|| = 1, f has a linear extension f from Z to X with

1£llg < Ifllg < K™(I£llqie. 1 < || flly < K™ and f(zo) = f(x0) = [|zoll,- O

Corollary 3.1.3. For every x € X we have

1/ (@)l

HxHq = SUPf+#0,feB(z,Q) 171l
q

Hence if x is such that f(xz) =0 for f € B(X,Q), then x =0

Proof. From the above theorem we have, writing « for

Squ#O,feB(x,Q)l‘ﬁ}:ﬁZH > Hﬁ}ﬁi” = ||zl

and from||f(z)[| < [ f[l[l=]l; we have

Lf (@)

SUPf£0.1€BQ) 7] <zl
q

Hence proved. O

Theorem 3.1.4. Let (X, ||.||q) be a n-dimensional quasi-normed linear space. Let yo € X — Z. Let

dy = infrez|lyo — x||4 > 0.

then there exists a bounded linear functional f on X such that
(1)f(x) =0Vx € Z.
(2).f(yo) = 1.

@L< fll, < 2.

dq
Proof. The subspace Z + y, is uniquely representable in the form y = x + ty, where z € Z and ¢
is real. Let us define a functional ¢ on{Z + yo} by ¢(y) = tfory = = +tyo € {Z + yo}. Then ¢ is

a linear functional on {Z + yo}. Also ¢(x) = 0,Vz € Z and ¢(yo) = 1. Now

[tllllg
Y1l

Il = [1tll =
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Iyl litwlly
1Yllg =+ tyollg
7 PR 7 PR ]
X x — d
1= +wlle  llvo— (=)l a
t t’y

So ¢ is a bounded linear functional on{Z + y,} and

1
191l = supye(ziyot <1 oW} < T
q

since
dg = infrezllyo — x”‘l'

there exists a sequence {z,, }in Z such that
= lim ||z, — yollq = dg-...- (D)
n—oo

N — 2 <
owll B2 <l

(b(In — yO)
[
= [[¢(@n — vo) || < [Dlgllzn — yollq

but

[6(zn = yo) | = [¢(zn) — G(yo)[| =1
= |0lqllzn — ollg = 1
= lim [[6]lgllen — volly = dll@llg = 1
Tim d||gfl, > 1

= Jll, > diu

1
From (i) and (ii) we have, |¢|, = T ¢ has a linear extension f from Z + yy to X which is a

q
bounded linear functional on X

]
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Hahn-Banach

Résumé:

ans ce mémoire, nous étudions la continuité et la bornitude des opérateurs linéaires entre
les espaces quasi-normés introduits par Gobardhan Rano et Tarapada Bag. Aussi, nous

donnons quelques théorémes fondamentaux pour cette classe d’opérateurs dans ce cas.

mots-clés: Opérateur linéaire; espace quasi-normés, espces quasi-Banach, théorem

Abstract:

this memory, we study the continuity and boundedness of linear operators in quasi-
normed linear spaces introduced by Gobardhan Rano and Tarapada Bag. Also, we give
some fundamental theorems for this class of operators between quasi-normed linear spaces

space.

Key-words: Linear operator, quasi-normed spaces, quasi Banach spaces, Hahn- Banch

theorem.
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