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Notaions

The field of real or complex numbers.

The field of non negative real numbers.

The conjugate of the number p (1 < p < o0), that is % + % =1
The topological dual of E.

The closed unit ball of E

The set of all linear operators.

The sets of all continuous linear operators.
The weak topology.

The weak * topology.

The ideal of all linear operator.

The injective of the linear operators ideal Z.
The adjoint operator of T.

The set of all finite rank linear operators.

The ideal linear p-summing
1
~{(T)i Tw € LY, N(Ta) | = (S5 1(TIIP)7 }
1
= (9(L(X,Y) = {(T); Tu € LX), (Tl = supyep, ., (T p)1)7 }
The space of strongly p-summable sequences of operators (Tj,),

The space of (E“;, {,)-summing operator

ii



Introduction

In our work we highlighted to the one of the most example of linear operator ideals between
normed (or Banach) spaces which have been developed by Albert Pietsch [?]. A linear operator
T : E — F is said to be p-summing (1 < p < o0 ), if there exists a constant C > 0 such that

for all finite sequence (x;)1<j<y in E

==

1

n n P

(Z HT(xz')Hp) < C sup (Z !é‘(xi)\p) : (1)
i=1 I €llpx<1 \i=1

The infimum of all such constants C > 0 is denoted by 71,(T). The collection of all p-summing

operators between E and F is denoted by IT,(E, F).

Let T : X — Y is a bounded linear operator between Banach spaces, the correspondence T

defined from Eg’eak(X) to £,(Y) by

A

T: (xn)n+— (Txy)n

induces a linear operator and it is bounded linear operator in the case precisely when T is

p-summing , in this case ||T|| = 7,(T).

Let X and Y two Banach spaces Oscar Blasco and Teresa Signesin [?] introduced a new sequences
spaces £/ (X, Y), £;,(X,Y) and £,(X, Y) such that sup  _q i+ =1 [{Tn(x),y")| < 00, supy_q | Tu(x) || <
oo,andy” || Ty || < oo, respectively. Let @ : L(X,Y) — L(Z, W) be a bounded operator. The cor-
respondence

® 1 (Tu)jy — (P(Tw))5

always induces a linear bounded operator from £, (X, Y) to £,(Z, W), as well as from £3(X,Y) to
C5(Z,W). Recall that @ is p-summing if @ maps £ (X,Y) to £,(Z, W)

The main goal of our work is to study several questions concerning the class of operators ® such
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that this vector-valued extension & produces a bounded linear operator either from ﬁ‘;(X,Y) to
lp(Z,W),from £5,(X,Y) to £3,(Z, W) , from £3(X,Y) to £3,(Z, W)
This memory is divided into three chapters as follows ,

The first chapter is a preliminaries which contains some basic concepts and fundamentals of p-
Summing Operators

In chapter two we present the spaces £,(X,Y), E;‘,’(X,Y) and E;(X,Y), and we study some prop-
erties related them.

The last chapter is devoted to study some classes of p-summing type operators and the relations

between these classes




CHAPTER 1

Preliminaries

In this Chapter we give some concepts we need it in the sequel of this memory and we fixed some

notations, based on the famous book of J. Diestel, H. Jarchow and A. Tonge,([?])

1.1 Vector valued sequence space

Let 1 < p < oco. let

S:{x:(xn)nElenEIK,\V/i’IEN}

S armed with law ()

(x+y) = (xn)n+ Yn)n = (Xn +Yn)n

and the law (.)

/\x — /\(xn)n — ()\xn)n,)\ c ]I(

is a vector space.

let the following subspace be

£y = 0(K) = {<xn>n CK: [ (xulul, = <il|xn|*7>?v < oo}

oo = 1o (K) = {(xm K [l = sup < oo}

co = ¢o(K) = {(xn)yZ CK: nlglgo | x| = 0}
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£p: the space of scalar sequences
l: the space of bounded sequences

co: the space of sequences convergent towards 0

Definition 1.1 The vector sequence (xy) in X is absolutely p-summable if the corresponding scalar
sequence (||xn||) is in £,. The set of all such sequences in X denoted by £,(X), this is clearly a

vector space under pointwise operation, and a natural norm is given by

1)l = <2||xn||P>p

Example 1.1 The easiest exemples of members of £,(X) are the finite sequences (x1,.., Xm)-

identified with (x1, ..., X, 0,0,..) these are readily seen to form a dense subspace of £y(X).

We denote by (3 (X) the space of all sequences (x,-)?:l in X with the norm

—_

H Xi)i- 1|| Zsz” )7,

Definition 1.2 The space loo(X) of bounded sequences in X, and the space co(X) of norm null

sequences in X, are Banach spaces with the norm given by

| (xn)nllo = sup ||xx|| -
n

Strong p-summability makes reference to the strong (or norm) tobology on X. what about the

natural analogue for the weak topology?

Definition 1.3 Let 1 < p < co. A sequence (xn)n in X is said to be weakly p-summable if

o]

Y [ (xn) [P < oo,

n=1
for every x* € Bxx.

We denote by E%’(X) the Banach space of weakly p-summable sequences in X becomes a Banach
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space when equipped with the norm given by

—_

| (xr )| —sup{ pENEH P:x*eBX*}.
=1

We denote by £3 , (X) the space of all sequences (x;);_; in X with the norm

n

|l = sup (3 (6, 8)1F)7.

1811+ <1 i=1

==

Remark 1.1 In the case p = oo. Then the space (¥ (X) of weakly bounded sequences coincide

with the space Lo (X) and

1(xn)nllee = ()l oo -

Definition 1.4 A sequence (x)n in X is said to be weakly null if

lim |x*(x,)| =0,

n—o00

for every x* € X*.
We denote by CBU(X) the Banach space of weakly null sequences in X is a closed subspace of loo(X),

therefore, it is a Banach space with the supremum norm of loo(X).

Let £, (X) be the Banach space of all absolutely p -summable sequences (x;);-; in X with the

norm

—

1GeiZall, = ZszH )7

Remark 1.2 For (x,), € E%’eak(X) the quantity

1 Gen) 157 := sup {(D<x*,xn>|”)’1’ Xt e BX*} :

is finite, and for this we call on the closed graph theorem. take (x;) in E%’eak(X) and associate

with it the map T : X* — £, given by u(x*) = ((x*,xn)). certainly, T is well-defined and linear
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Moreover, if (x)converge to x; in X*, then for each n the scalar sequence ((x§,Xn))x converges

to (x5, %n)); As a consequence, T has a closed graph and so is bounded in other words

1
|T|| := sup {(Z|(x*,xn>|P)p cx* e BX*} < o
n
which is what we wanted.

Remark 1.3 1. Notice that £, (X) is a linear subspace of £ (X) and
H(xi)?ilnp,w < H(xi);?ilnp fOT all (xi)?il € Kp (X) .
2. If X is finite dimensional with dim X = n, then £,(X) = {3(X) and

1 o0 o0
1)l < NCa)Zall, < mP[[e)Zall,,  for all (xi)iZy € 6p(X). (1.1

3. If we take n =1 in (?7), or X = K, then the spaces {,(K) and €5 (K) coincide and we
denote £,(K) by £,. In this case we have

1) 2l = [(x)iZall,  for all (x:)iZq € £p. (1.2)

4. Let 1 < p < oo and write p* for the conjugate index. Take x1, ..., Xy in the Banach space
and set K = B. The following interchange of suprema argument exploits the usual duality

m m .
betweenﬁp and ﬁp* ;

<=

sup eepy [ (¥ %) g, = supreey ([ x:)|")P = sup oy supep,,, | (Lailx", xi)

i<m p* li<m

_ x .
= SUP,cp,, SUPy-ck (x*, x a;x;)
p* i<m

= sup,p,, || T axil
p*i<m
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*
5. We know (see [?, Theorem 2.1]) that (E’;, (X)) = 0y (X*) isometrically i.e.,

n
H(xi)i = sup{ Z; xi,xf)| () X)) . < 1}. (1.3)
=
For the particular case p =1 and X == K we have
||, = sup{ ALK || < 1}. (14)
Let (x;k)nzl C X*. Then it is also known that
n < 1
|| = sup (L IBGNIP)7 = sup |Gy, | - (1.5)
pw ‘BEBX** i=1 XEBX p

1.2 Fundamentals of p-Summing Operators

Definition 1.5 Let 1 < p < oo. A linear operator T : E — F is said to be p-summing if there

exists a constant C > 0 such that for all finite sequence (x;)1<i<pn in E
1
n p
(Z 1T (xi ||p> < C sup (Z |é‘(xz')|p> ~ (1.6)
1Sl <1 \i=1

The infimum of all such constants C > 0 is denoted by ﬂp(T). The collection of all p-summing
operators between E and F is denoted by I1,(E, F).

We mention that (H%, n;%) is an injective Banach Lipschitz operator ideal.

Theorem 1.1 [?, Page 39/ If 1 < p < g < oo, then I1,(E,F) C I1,(E,F). Moreover, 1tq(T) <
7,(T) for every u € T1,(E, F).

The following basic result about p-summing operators is due to A. Pietsch, and it characterizes

the p-summability by means of a domination theorem.

Theorem 1.2 (Pietsch Domination Theorem) [?, page 44]
Let 1 < p < oo and T € L(E,F). Then T is p-summing if and only if there exist a constant C
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and a reqular Borel probability measure p on Bps (with the weak star topology) so that

IT@I<C [ )P dp(x'), x€E. (1.7
E*
In this case, 11y(T) is the least of all the constants C such that (77) holds.

In order to adapt the previous result into a factorization theorem, we present basic examples of

p-summing linear operators.

Example 1.2 see [?, Ezample 2.9 (b),(d)]
(1) Let K be a compact Hausdorff space, let y be a positive reqular Borel measure on K, and let

1 < p < oo. The canonical inclusion
Jp : C(K) — Lp(p),

1
is p-summing with 17,(J,) = ||J,|| = p(K)?.
(2) Let (), X, 1) be a finite measure space and let 1 < p < oo. The formal inclusion map

Isop  Loo(pt) — Lp(p),

==

is p-summing, with 7tp(leo,p) = u(QY)7.
We denote by i the isometric embedding E — C(Bg+) given by ig(x) = (x,.).

Corollary 1.1 [?, page 45] (Pietsch Factorization Theorem)

Let 1 < p <ocoand T € L(E,F). The following are equivalent

(i) T is p-summing.

(it) There exist a reqular Borel probability measure y on Bp+ (with the weak star topology), a closed
subspace Ep of Ly(u) and a linear continuous operator il : Ey — F such that J, 0ig(E) C Ep and
uoJyoip(x) = T(x) for all x € E.
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In other words, z’fﬁ is the map ig(E) — E, induced by Jp, then the following diagram commutes:

T

E — F

ipd +T

ir(E) % E,

N N
Iy

C (Ber) = Lp(p)-

In addition, we may choose yu and T so that

‘TH = 7,(T).

1.2.1 The correspondence of a linear operator

Let T: X — Y be a bounded linear operator between Banach spaces, the correspondence

T: (xn)n — (T(xn))”

always induces a bounded linear operator E;fe”k (X) — ﬁgve”k(Y), as well as a bounded linear
operator £,(X) — £,(Y). in both cases, the norm is clearly ||T||. sometimes, this process even

produces a linear operator form E;""”k (X) to £,(Y); such is the case precisely when T is p-summing.

Proposition 1.1 T is p-summing if and only if T(K;f’eak(X))is contained in £p(Y) in this case
T : E%’E“k(X) — Lp(Y)|| = p(T).

Proof 1.1 Suppose first that T is p-summing. then, for any finite collection of vectors x1,.xm € X,

we have

“S

; 1
Yo TP ) < 7p(T) -sup § (Y [(x*, x4)|P)7 : x* € By
n<m n<m
Let (x,) € E;,"e“k(X). then

1

1
P
IT(Gen))nlle, = sup (Z IITxnII”> < 7tp(T) - sup sup (Z |<X*,xn>|”>
n<m m x*€Byxx \n<m

= 7tp(T) sup sup ( )3 !<x*,xn>!”> = 7 (T) - || Gen) 57

X*€Byx m n<m
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Consequently, T maps E;"eak(X) continuously into £,(Y), and | T|| < 7p(T)
To prove that T is p-summing with 71,(T) < || T|| see [?, page(34)].

1.3 Linear operator ideals

1.3.1 Finite rank operator

Recall that a linear operator T € L(E, F) is said to have finite rank if T(E) is a finite dimensional
subspace of F. The class of all finite rank linear operators between Banach spaces is denoted by

L f(E, F). An operator has rank one if and only it has the form
Ry :x— (x,x")y
i.e. if u € Lf(E,F) we have

*
u = X; ®yi,

n
i=1
where (x})"_; C E* and (y;)"_; C F (see [?, Page 25]).
It is not hard to establish that T = x* ®y is in IL,(X,Y),with 7mp(u) = |[x*| - [[y[|. clearly
|x*|[ -yl = [|T|| < 7p(T), so we only need to check that 71, < ||x*|| - [|y||. but this follows from
i 1 oo xt 1 r r
O NTCRIP)P = N1l llyll - (3 |<m,xk>|p)” < [l iyl )™
k=1 k=1

which is valide for all choices of finitely many vectors xq, ..., x5, from X

Remark 1.4 Let T € L(X,Y) have finite rank. then T is p-summing for every 1 < p < o0
To see why this is so, take yi,..yn to be a basis for T(x). then we can find x7i,..x;;, € X with
T(x) = Yp_1(xf, x)yx for all x € X this exhibits T as a sum of rank one operators and so as a

member of the vector space I1,(X,Y)

1.3.2 Linear operator ideals

Definition 1.6 An operator ideal I is a subclass of the class L of all continuous linear opera-

tors between Banach spaces such that for all Banach spaces E and F its components Z(E,F) :=

L(E,F)NZ satisfy:
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(i) Z(E,F) is a linear subspace of L(E,F) which contains the finite rank operators.

(it) The ideal property: if v € L(G,E), u € Z(E,F) and w € L(F,H), then the composition
wovou isinZ(G,H).

If Ill7 : T — RY satisfies:

(i’) (Z(E,F),||.llz) is a normed (Banach) space for all Banach spaces E and F,

(i) lidg g =1,

(iii’) If v € L(G,E), u € Z(E,F) and w € L(F,H),

lwouoo|z < wl| ol [lu]l,

then (Z, ||.||7) is called a normed (Banach) operator ideal.

The operator ideal Z is said to be closed if each Z(E, F) is a closed subspace of L(E, F) for the

sup norm.

Definition 1.7 (injective operator ideal)
A normed operator ideal (Z,||.]|7) is said to be injective if for every metric injection i : F — G

and every u € L(E,F) it follows fromiou € Z(E,G) that u € Z(E,F). Moreover

[ioullz = [lullz,

The ideal £ # of finite rank linear operators is the smallest operator ideal and L the largest one [?,

Theorem 1.2.2].

1.3.3 Ideal proprty of p-summing operators

Let 1 < p < o0 and let v € IT,(X,Y). then the composition of v with any bounded linear
operator is p-summing. More spesifically, if Xy and Yy are banach space then, regardless of how
we choose u € L(X,Y) and w € L(Xp, X), we always have uvw € I1,(Xo, Yy) with 7, (uow) <

[l - 70p (o) - [Jeo]]-

Proof 1.2 . The operators u,v,w give rise to canonical operators @t : £y(Y) — £p(Yp), D :
t . . .
E%’mk(X) — £, (Y) and @ E;f’e“k(Xo) — Eg’eak(X) with |[u| = &, 7p(v)

|w|| = [|®@||. the operator udw corresponding to uvw : Xo — Yycoincides with 40 and thus

= ||9]| and
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induces a mape E;"e“k(XO) — E;tmng(Yo). Hence uvw is p-summing, with

7ty (uow) = [udwl] < {[af| - [[o]] - @] = [lull - 7p() - |[w]

Remark 1.5 If Xy is a subspace of X and v : X — Y is p-summing, then the restriction map
v|x, : X = Y is also p-summing, with 1,(v|x,) < 7p(v). This follows from the ideal property

when we take u : Xg — X to be the inclusion map and set w to be the identity operator on Y.

Proposition 1.2 (Injectivity of 11,:) Ifi: Y — Yy is isometric, then v € I1,(X,Y) if and

only if iv € T1,(X, Yp) in this case, we even have 1,(iv) = ()

Proposition 1.3 (I, 71,) is an injective Banach operator ideal.




CHAPTER 2

The spaces (p(X,Y), £;)(X,Y) and £},(X,Y)

In the sequel of this we based on the article of Oscar Blasco and Teresa Signesin [?]

2.1 The spaces £,(X,Y), £;(X,Y)

Given tow Banach spaces X and Y we shall be denoting by ¢,(X,Y) and £J(X,Y) the space
lp(L(X,Y)) and £ (L(X,Y)) respectively. 1
(X, Y) = G(L£(X,Y)) = {(T); Tu € £(X,Y), [(Ta)ll = (2521 1(Ta)[17)7 } and the space

BX,Y) = 6(LXY) = {(T); Ty € £06Y), (T = supyeg, . (T )]?)7}

Lemma 2.1 Let (e,) be a sequence in a Banach space X then

len)llegx) = sup || 3 anenllx-

(un)eng/ n=1

Proof 2.1 1 <p < oo et ey € {} for every x* € X*

==

[(en)[lex = sup ( |<X*,en>|p)
n=1

X*EBx*

= sup |[x*(en)lls,
X*eBx*

= sup sup [(x"(en),on)
X*€Bxx an€Bypr

= sup sup | x*(en)al

X*EBX* IXWEB(p/ n=1

= sup sup [x"(} anen)l|

’XHEBEp/ X*EBX* n=1

o0
= sup || sznenHE.

n€Bppr n=1

13
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Hence one easily get that

Corollary 2.1 Let 1 < p < oo, and, (Tn)n € {5 (X,Y)

1

(%} P
(D)l (x,v) = sup sup ( |<y*,TnX>|”>
n=1

XEBX Y*eBy*

Proof 2.2 Using Lemma (77 ), so, we get

(Tl x, vy = (Tl ew e vy,

= sup ||}, anTullcixy)

(an)Gng/ n=1

= sup sup || Z an Tn (%) |y

ay)€Byy x€Bx  n=1
P

=sup = sup || Z an Tn(x)|ly

XE€Bx (a,,)eng/ n=1

= sup [|[(Tu(x))nllpw

XEBy

0 P
= sup sup ( \(y*,Tnx>|”>
n=1

X€Byx Y*EBy*

Let ®: L(X,Y) — L(Z,W) be a bounded operator. The correspondence

D (Ty)py — (D(Ty))3?

n=1

always induces a linear bounded operator from £, (X,Y) to £,(Z, W), as well as from £3(X,Y) to
05(Z,W). Recall that @ is p-summing if ® maps £;/(X,Y) to £,(Z, W)

2.2 The space £,(X,Y)

The fact that we have the strong operator topology at our disposal allows to consider the following

intermediate space of sequences of operators.

Definition 2.1 Let 1 < p < oo and X,Y be Banach spaces. A sequence of operators (Ty)_; C

n=1 =

L(X,Y) is said to be strongly p-summable in L(X,Y) if the vector-valued sequence (Tyx)5 4
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belongs to £,(Y) for every x € X.
We shall use the notation E%(X,Y) for the space of all strongly p-summable sequences. The norm

in £5(X,Y) is given by

1/p
1(T) I (x,v) = sup (ZHTany) :

x€Bx \n=1

It is rather easy to see that (£5,(X,Y), ||-||g%(X,Y)) is a Banach space for any 1 < p < co.

Fasy examples of sequences in K;(X,Y) are given in the next examples.

Example 2.1 Let X and Y be Banach spaces and 1 < 11,19, p < oo with %—l—% = % If
(h)mey € G5(X7) and (yn)iy € ry(Y), then (x; @ yn)jy € 6,(X,Y).

Example 2.2 Let X, Y, and Z be Banach spaces and 1 < p < oco. If (Ty)3 4 € K%”(X,Y) and
S € p(Y,2Z), then (STu)y; € (X, Z).

Proof 2.3 Since (Tn);_y € €5 (X,Y)there exists a constant C such that for allx € X and y* € Y

oo 1/p
(Z Hy*(Tnx)H’”) < Cl[«]]
n=1

Se ﬂp(Y,Z) there exists a constant Cqsuch that for any finite sequence

1/p 1/p
(ZHS%’HP> < Cp sup <2Hy Hp) :
i

ly*ll<1

so To show that (ST,)%; € {5 (X Z) We Applying the p — summing property of S to the sequence
(Tnxl)n Z’IL Y

1/p "
(Z”S””xf)””) <G sup (ZHy*(Tnxi)np’) .

ly*[<1

From the weak p — summability of (T,) we know for all y* € Y*:

o 1/p
(Z IIy*(Tnxf)ll”> < Gofxif
n=1

Hence N

\

1/p'
e <Z|\y*<Tnxi>\|P'> <, sup (Dmu”)

ly*ll<1
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Thus
1/p 1/p'
(ZHSTnxiH”> < Ci1Cy sup (ZH%’HP)
i ly*ll<1 \ i
1/p 1/p'
(ZHSTnxiH”> <K sup (D\xd!”)
i ly*ll<1 \ i

For all (x;) C X we have shown that (STy) is absolutely p — summing.
Therefore, (STu)y-y € £5(X, Z)

As mentioned in the introduction, £,(X,Y) stands for £,(L£(X,Y)) and £;(X,Y) for £7(L(X,Y)).
Let us first notice the inclusions appearing between these spaces and the new one. Note that
6(KY) = £p(K,Y) = £p(Y) and £5,(X,K) = £7(X,K) = £7(X*). Observe also that for every
bounded sequence (Ty,) in £L(X,Y) we have

sup |[Tuf| = sup sup [[Tyx]ly = sup sup sup [(y", Tx)|.

XEBX n xeBXy EBy* n
Hence for p = 00, loo(X,Y) = £5,(X,Y) = LY (X,Y).

Proposition 2.1 Let X,Y be Banach spaces and 1 < p < co .then
KP(X,Y) C KZ(X,Y) - E;"(X,Y)

Moreover, each of the inclusions is strict in general.

Proof 2.4 We shall only show the last statement, since the inclusions are immediate by definition.
Let (en)5>_q be the usual basis in £y (or co for p = 1) and consider (e, @ ey )5y as operators from £,
into beo. Since (en) € £ (Lpr) and (en) € loo(loo), by example 77 we get that (e @ en) € £5(€p, loo).
On the other hand, |len ® enll(¢,),0,, = llenlleprlenlle, =1 thus (en @ en) & £p(Lp, leo). Let us now
find a weakly p-summable sequence which is not strongly p-summable. Simply choose p < r < o
and take s so that 1/r +1/pt = 1/s. A direct computation, using (1.1), shows that (e, Q@ en) €
05 (Ly, bs). However (en ®en) & £5(Lr, ls) as it is shown by selecting any A = (An)yy € L\ Lp,

Observe that if (T,)5 ; in £(X,Y) is a strongly p-summable sequence, using the closed graph

theorem, then one can associate a linear and bounded operator S : X — £,(Y) defined by S(x) =
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(Tnx);_;- In this way we get £5,(X,Y) as a closed subspace of £(X, £,(Y)). Let us see that they

are actually isometrically isomorphi.

Proposition 2.2 Let X, Y be Banach spaces and1 < p < co. Foreachn € IN, let Qy : £p(Y) = Y
be the operator Qu((Yi)721) = Yn- The correspondence T — (Q,T)5_ is an isometric isomorphism

n=1
from L(X,£,(Y)) onto £3,(X,Y).

Proof 2.5 . Given T € L(X,{,(Y)), the sequence Ty = QuT, n =1,2,..., belongs to £;,(X,Y)

and

XGBX cn=1 XGBX

oo 1/p
1(Tu) I, (x,v) = sup (Z ||QnTx||§> = sup || Tx[l¢,(v) = [ITll(x,,(v))-

Therefore, the correspondence T — (Q,T)> ; induces an isometry. To see the isomorphism, let
us take (Sp) € £5(X,Y) and note that S : X — £,(Y) defined by S(x) = (Snx);_ gives a bounded
operator and Q,S = S,.

As a consequence, we get that £} (X*) is isometrically isomorphic to L(X, £p) for any 1 < p < co
and any Banach space X (see [?], Prop. 19.4.3).

Let us also recall that, for every Banach space Z., E?(Z) is also isometrically isomorphic to
Ly, Z)if1 <p<ooand L(co,Z) for p=1. In these last cases, the isomorphisms are given by
associating to each operator T the sequence x, = T(ey). Of course, the connection between both
results goes through the adjoint operator.

Combining both identifications, we get that the strongly p-summable sequences in ﬁ(ﬁq/,X) are

precisely the weakly q-summable sequences in £y(X).

Corollary 2.2 Let X be a Banach space, 1 < p < oo, and 1 < q < oo. Then the map ¥ :
L (Up(X)) = £,(Ly, X), defined by ¥ ((xx)x) = (Tu)n where Ty are defined by Ty(ex) = Qn(xk)
for all n,k € IN, is an isometric isomorphism. A similar result is true for g =1 replacing e by

Cco-
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( %, ep)-summing operators

The concept of strongly p-summing sequence can now be used to define new classes of p-summing

type operators.

Definition 3.1 Let1 < p < oco. Let X, Y, Z, and W be Banach spaces.
An operator @ : L(X,Y) — Z is said to be (£}, p)-summing if there exists a constant C > 0 such
that

n ; n s
(zuwnz) SCsup( unxni) )
i=1 i=1

XEBy

for any finite family of operators Ty, ..., T, in L(X,Y).
An operator @ : X — L(Y, Z) is said to be ({3, £3))-summing if there exists a constant C > 0 such
that

—_

sup (incb(xi)(y)ué)p < C sup (”1|<x*,xi>|f’>p (3.2)

yEBy i=1 X*EBX* =
for every choice of elements x1,...,%, in X.
An operator @ : L(X,Y) — L(Z,W) is said to be (£3,£})-summing if there exists a constant

C > 0 such that

1

sup <i ||¢(Ti)(2)\|€v> = Csup ( nl ||Tz'x||5> (3:3)

z€Bz \i=1 X€Byx

for every choice of operators Ty, ..., Ty in L(X,Y).
The least constants in 7?7, ??7,and 7?7 are denoted by ﬂ(g%/gp)(q)), n(g%;,g%)(q)), and n(g;’g%)(q))

respectively.

We shall denote by H(g%’gp)(E(X,Y),Z) the space of all (€3, £p)-summing operators from
L(X,Y) to Z, by H(g%vlgz)(X,E(Y,Z)) the space of all ({3, £})-summing operators from X to
L(Y,Z), and by g (L(X,Y), L(Z,W)) the space of all strongly (£}, £p)-summing operators

A5)
from L(X,Y) to L(Z,W).

18
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H(@,ZP)(E(X,Y),Z), H(%u/@)(X,E(Y,Z)), and H(g;,g;)(E(X,Y),E(Z,W)) become Banach

spaces with the norms ﬂ(gsplgp)('), 7'((5%;,@)(-), 7'[(@,@)(-), respectively.

The corresponding definitions for p = oo would simply lead to the space of bounded operators

in all cases. Alternative definition for (ﬁ;,ﬁp)-summing operators is the following one:

Remark 3.1 Let 1 < p < oo and ® € L(L(X,Y),Z). The following are equivalent:
1. @ is (€5, £y)-summing.
2. ® maps sequences (Ty) € £3,(X,Y) into sequences (P(Ty)) € £p(Z).

3. The linear operator @ : U(X,Y) = £p(Z) defined by O((T)2 ) = (D(Ty))$>, is contin-

n=1

uous.

Similar equivalences are true for (f%’, E;)—summmg operators and (K“;, E‘;’,)—summz’ng operators.

Remark 3.2 [t is rather easy to see that, when some of the spaces is finite dimensional, the classes
Wgs,0,) (L(X,Y), Z), g s) (X, L(Y, Z)) reduce either to bounded operators or to p-summing
operators and that the class H(g%/g;)(ﬁ(X,Y),ﬁ(Z, U)) reduces to one of the previous cases.

Remark 3.3 Recall that dim X = co implies IT,(X, X) C L(X, X) and observe that
(50 (£(K, X7),Y) = LX)

and

(g5, 0,) (L(X,K), Y) =TT, (X", Y).

Therefore, for any infinite dimensional X, we have H(gwp)(ﬁ(K, X*),Y) # H(K%Igp)(ﬁ(X,K),Y)

for some Banach space Y,
g0, (L(X,K), L(X,K)) C I(wp, sp)((LX, K), L(X,K)),

[(wp, 5p) (LK, X), £(K, X)) C Hs ) (LK, X), £(K, X)).

Remark 3.4 If A and B are spaces of operators, then

I1,(A,B) € I(gw ) (A, B) V15 ) (A, B),
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Igw 65y (A, B) ULLigs ¢y (A, B)  Tgs s (A, B).
It is not difficult to show that the inclusions are strict in general.

Remark 3.5 (i) For each x € X, the evaluation map ex : L(X,Y) — Y given by ex(T) = Tx

is (03, 41)-summing.

(i) For each y € Y, the operator ®, : X* — L(X,Y) given by &y (x*) = x* @y is ([}, 43)-

summaing.

(iii) For each S € L(Y,Z), the operator ®g : L(X,Y) — L(X,Z) given by ®s(T) = ST is
, 45 )-summing. Moreover, if S € ,2), 1 < p <o, then Pg is , -summaing.
Eﬁ fi M fSelly(Y,Z),1<p hen ® E;" E%

We now show that actually I1(€y, 65)(X, L(Y,Z)) and L(Y,11(X,Z)) can be identified.

Theorem 3.1 Let ® : X — L(Y,Z) be a bounded operator, and let us define ® : Y — L(X,Z)
by ®*(y)(x) := P(x)(y), x € X,y €Y.

The correspondence ® — ®* is an isometric isomorphism between I_I(g%;,@)(X,E(Y,Z)) and
L(Y,11,(X,Z)).

Proof 3.1 Take ® € H(K%J,g%)(X,E(Y,Z)) andy €Y, then

" . 1/p 1/p
(Z z) < NlylyIgw 45) (@) sup <Z| X", xi) )
1

x *eBX*
for every choice of elements {x1,..,xn} in X. Thus, ®*(y) € I, (X,Z) and m,(D*(y)) <
||y||yﬂ(g%u,g%)(q)) Hence CI)# S E(Y,HP(X,Z)) and ||(I>#|| < ﬂ(ggz,g%)(q)).

)

On the other hand, if ¥ € L(Y,11,(X,Z)) then

" 1/p 1/p
sup (ZII‘I’#(xi)(y)M) = sup (ZH‘P (x; Hz>

yGBy i=1 yGBy i=1

" L/p
< sup{m,(¥(y))} sup (ZI(x*,xi>|”>

yEBy x*€BX*

n _1/;9
< [[¥]l sup (ZI(x*,xiH”)

x*eBX* \i=1
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for every finite sequence {x1,...,xy} in X. Hence ¥* € gy 5y (X, L(Y, Z)) and 7'[([%)/5%)(‘1[#) <
Y|l Since (¥*)* =¥, the proof is finished.

O

Therefore, the class 11 08,65 inherits some properties from those in I'T,. For example, Grothendieck’s

theorem (see [?], Theorem 1.13) implies the following:

Corollary 3.1 Let X be a Banach space. Every operator from £y into L(X,€p) is (£7,€5)-
summing, i.e., Mg s) (01, L(X, €2)) = L({1, L(X, £2)).

Corollary 3.2 Let X be a Banach space, K be a compact Hausdorff space, and (O, u) be a o-
finite measure space. Every operator from C(K) into L(X,Li(Q, u)) is (45, 45)-summing, i.e.,
(g 65) (C(K), L(X, L1(p))) = L(C(K), L(X, L1(p)))-

Furthermore, arguing as in Theorem 77 we get also the following result whose proof is left to

the interested reader

Theorem 3.2 The correspondence ® — ®*is an isometric isomorphism between g5, gs) (L(X,Y),L(Z,W)
and E(Z, H(f%/p) (E(X, Y), W))

We would like to point out also certain behaviour of these classes as operator ideals and some

composition results. The proof of the following proposition is straightforward

Proposition 3.1 Let1 <p <ooandlet X, Y, Z, W, U, Xy, and Zy be Banach spaces.

Lf @ € T, WL(XY),Z) and ¥ € L(Z,Zp), then the composition Y belongs to
H(gs )(E(X Y), Zy) with 7'[((5 )(TCI)) < HTHZZO (fz,fp)(q))‘ That 1is, L‘OH(%,ZP) C
H(‘E;IZ}’J)'

2. If @ € L(Xo,X) and ¥ € H(gzﬁ,g;)(X,E(Y,Z)), then the composition ¥Y® belongs to
H(f;‘,’,ﬁ%)(XOI‘C(YI Z)) with H(/g}lgz)(‘}rq)) S ﬂ(g;}u[f;) (T) : HCDHX(),X' That Z'S, H(ﬂ;}ulez) oL C
H(f?,ﬁ%)'

with 7T(€s )(‘Fq)) < ﬂ(fs ¢ )(T) . (Zsp,@;)(@) Thdt ZS, H(f‘;,,fp) e} H(f;/(;) g H(g;)/gp).
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4. ]fq) € H(%},g%) (X,E(Y, Z)) and¥ € H(g%,g;) (E(Y, Z),E(W, U)), then ¥ € H(gg),g%)(x,ﬁ(w, U))
with ﬂ(g%},g%)(\qu)) < 7'((%1’@;) (‘P) . ﬂ(g}g’g%) (CI)) That iS, H(gsngsﬁ) o H(gzﬁ)/g;) - H(ggz,g%).

5 If ® € Mgy ) (X, L(Y,Z)) and ¥ € Mgy 0 (L(Y,Z),W), then ¥ € TIy(X, W) with
NP(Tq)) < ﬂ((;/ﬁp) (T) . 7'[((7;]),5%) (CD) That 7:8, H((;/ﬁp) @) H(g%,(%) - Hp.

The classical theorem of Pietsch stated that if ®@ is g-summing and ¥ is p-summing then Y& is
r-summing, with 1 = min {1 1, %} (see [?], Theorem 2.22 or [?], Theorem 19.10.3). Next, we
establish that when ¥ is (£}, £})-summing then ¥® is (£}, £7)-summing. The proof follows along
the lines of Theorem 2.22 in [?7].

Proposition 3.2 Let ® € I1,(X,Y) and ¥ € H(@;}v/ﬁ;)(Y,E(Z, W)) with 1 < p,q < . De-
fine 1 < r < o0 by 1 = min {1, % + %} Then Y& is (£}, £;)-summing with T (YP) <
ﬂ(g;u/g;)(‘fr)ﬂ'q(q)). That is, T(gw ¢y 0 Tlg © Tg gs).

Proof 3.2 We assume first that % +% <1, then % = %—F % Let (x,) € £¥(X) be given. Applying
Lemma 2.23 in [7] we get sequences (0u) € q and (yn) € (5 (Y) such that ||(on)|lq < ||(xn)||zz/,,q
||(yn)||g%)(y) < 1y (P )||(xn)||r/P and ®(xy) = ouyn for all n. By Holder’s inequality, using that

Y is (03, 6,)-summing and that [‘I’CID(xn)](z) = 04[¥ (yn)(2)] for every z € Z, we get

==

sup (i IT¥ D (xn) I( 7)1 (Z Unl”’>1 sup (Z I (ya)( Hw)

z€B7z \n=1 z€Bz \n=1

==

]/ GBy* n=1

< ||(Xn)||2z{1q (x) 7T (6, 65) sup <Z [y yn) )
< 7005y (F) - 714 (@) - || (%n) [l ()
Then YO belongs to H(%J,g;)(X,/J(Z, W)).

If % —i—% > 1 and we assume that 1 < p < q, then ® € T1y/(X,Y) with 1p/(P) < 715(P) and
applying the first part with p and p! we get YO € H(gzlvlgi)(X, L(Z,W)), which completes the proof.
S L
3.1 ({;,{,)-summing operators

Let us now present several examples of such operators. The first one connects The notion of p-

summing and (£}, £,)-summing operators .




3.1. (£5,0p)-SUMMING OPERATORS ~ CHAPTER 3. ({3,0p)-SUMMING OPERATORS

Let 1 < p < oo, and let T : X — Y be a bounded operator. Denote T : £L(£,, X) — £P(Y) the
map given by T(S) = (TSe,)®_;. Recall that T is p-summing if and only if T is bounded and
p(T) = ||T].

We first study when T is(ﬁ%, Kp)—summing operator. The answer is given in the following theorem.

Theorem 3.3 Let X,Y be Banach spaces, 1 < p < oo, and T € L(X,Y).

Then T € H(g%/gp)(E(gp/,X)),fp(Y)) if and only if T € I1,(€y(X),£p(Y)) where T : £y(X) —
0y(Y) is given by T((xj);’il) = (T(xj))32;- Moreover, 1ty (T) = ﬂ(g;lgp)(f). The same result holds
for p =1 with the replacement of £« by cy.

Proof 3.3 Assume that T € H(g%/gp)(ﬁ(ﬁp/,X)),EP(Y)). Given (xi)x € £y (£p(X)), we define the
operators Ty : £yl — X such that Ty (ex) = Qu(xx) for alln,k € IN. Since Corollary 2.6 gives that
(Tn) € £5,(£p!, X), then (T(Tu))n = ((TTalex))x)n € LP(£,(Y)). Now we have

kmﬂxong L L IT@iC)I} = ST,
=1 k=1 n=1

n=1k

776 €p) (T))PII(T s e,,%) = (ﬂ(e;,e,,)(T))pH(xk)||§g(gp(x))-

For the converse assume that = T is p-summing and, as above, we write

Y NTTH] oy = Y NTEON]
n—1 AL p(Y)
< (np(T))pH(xk)Hng(gp(X)) = (HP(T))pH(Tn)HZZ(gﬁ,X)

Example 3.1 Let 1 < p < 00, X, Y be Banach spaces. Assume that T € ng(X*,Y), then the

operator

Or: L(X,L,) —ly(Y)
u ~ (Tu™(e;))izq »

- (65, £p)-summing with ey, 1) (P1) = 7p(T)
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Proof 3.4 . For any choice of uq,...,un € C(X,Ep),sinceT : X* =Y is p-summing we have

N
; ||©T(un)‘|§p(y) {Z Z ||T1/l el }

i=1n=
< (ﬂp(T sup sup {Z Z |{(u }
m x€Bx |i=1n=
= (mp(T) SUPSUP{ZZIeZ,unx }
x€Bx m |i=1n
N
< (ﬂp(T))p sup {Z HuanZp}.
x€Bx | n=1

Therefore, @t is (£}, p)-summing and ey ) (P1) < 71p(T). It is straightforward to get equality
of norms since (s, ) (1) = || Pr]| = 7p(T).

Example 3.2 Let 1 < p < oo, let X be a reflexive Banach space, Y be a separable Banach space,

and Ly(u,Y) denote the space of Bochner p-integrable functions. If u is a finite Borel measure on

the compact topological space (Bx, (X, X*)), then the operator ®p : L(X,Y) — Ly(u,Y) defined
1

by Op(T)(x) = T(x), x € Bx, is (€5, {p)-summing with n(@,@p)((ap) < u(Bx)?r.

Proof 3.5 We first note that x — T(x) is a weakly continuous function on Bx and hence weakly
measurable. Using the separability of Y, we get that it is a bounded measurable function and then
mn Lp(]/t,Y). This shows that the operator ©y is well defined and bounded. If Ty,..., Ty are in
L(X,Y), then

pOCHGA A nzl/ ITio)ll da(x)
H(Bx) sup{ZHT }

x€By

=

Hence, we have that ®y is (£}, £p)-summing and ﬂ(f;/gp)(@ry) < u(Bx)r &

Example 3.3 Let (Q, i) be a o-finite measure space, X, Y be Banach spaces, 1 < p < oo, and
denote by Lp(u,X) the space of Bochner p-integrable functions. For each f € Lp(u,X), the
operator ¢ : L(X,Y) — Lp(p,Y) defined by @¢(T)(w) = T(f(w)), w € Q, is (£, £p)-summing
and 7(g5,0,) (Pf) < | fllL, (ux

Proof 3.6 Observe first that the operator is well defined. Let Ty, ..., T, be operators from X into
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Y. IfE={w e Q: f(w) # 0}, then

LTI ) = X fITE @I dn(e)

WO
| i Pduo)
< 17l s0p (iunxng;) -

Example 3.4 Let 1 < p < o0 and let X,Y be Banach spaces. Any sequence (T,)5_q € £p(X,Y)

induces an operator

AT : ,C(gl, X) — gp(Y)
S ~ (TnS(en))Z":p

which is (3, £p)-summing with ey o) (A1) < [[(T)[lep(X,Y)

Proof 3.7 Take Sy,...,Sn € L(41,X), then

Z [AT(Sp)[]P = Z Z | TS (en HY

k=1n=

(Z ||Tn||p> sup (Z”Sk )

This gives (05,0 )(AT) < |[(Ty )HE x,y)- W

To finish the section, we give several equivalent formulations for the notion of (E;,Ep)—summing

operator.

Note that We can write the fact (Tx)neN € £5(X,Y) using duality:
n A\ n
sup () ITxlly | = sup Y Ty lx
x€Bx \i=1 (yr)€B]}p(Y*)i=1

Proposition 3.3 Let 1 < p < oo and ® € L(L(X,Y),Z). The following statements are equiva-

lent:
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1. & H(@,gp)(ﬁ(X, Y),Z)

2. There exists a constant C > 0 such that

(Z !|<I>(Tz~)|\§) <C sup ) [TiyilIxe
i= (v7)EBlp(Y*) i=1
for every Ty, ..., T, in L(X,Y).

Moreover, ﬂ(g%’gp)(cb) =inf{C:C werifying 7?7}.

Proposition 3.4 Let 1 < p < o0 and ® € L(L(X,Y),Z). The following statements are equiva-

lent
1. & € H(@,gp)(ﬁ(X, Y),Z)

2. For each u € L(X,lp(Y)), the operator

- is (€5, £p)-summing.

3. There exists a constant ¢ such that ﬂ(g%,gp)(q)u) < cl||u|| for each n € N and each u €
L(X,65(Y)).

Moreover,

(65,0, (®) = sup {n(@,gp)(qm) cu e L(X, p(Y)), |lul| = 1} — inf{c: ¢ verifies (3)).

Proof 3.8 (i) = (ii): Observe that ¥, : (¢p(Y),Y) — (X,Y), defined by ¥,(T) = Tu, is
strongly (€5, Lp)-summing with ﬂ([;lép)(llju) < ||u]| and ®, = ®Y¥,. Then, by (iii) in Proposition
2.17, @y is (L5, Lp)-summing with n(@,fp)(q)”) < ﬂ(gwp)(CIJ)HuH.

(ii) = (iii): It follows easily from the closed graph theorem.

(iii) = (i): Let Ta,..., Ty be operators in L(X,Y), and let Sy : X — L5(Y) be defined by
Su(x) = (Tix)!"_,. Note that ”SnHX,ég(Y) = H(Ti)?zlugz(x’y). Fori=1,...,n, denote by Q;, the
projections Q;  : E’;,(Y) — Y given by Qi,n(y;)}“:l = y;. Hence, for eachn € N andi=1,...,n,
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T;i = QinSn and (T;) = ©(Q;uSn) = Ps,(Qin). By hypothesis, s, is (€5, Lp)-summing with

7(65,0p) (Ps,,) < B[ Snllxen(v). Thus,

n 1/p n 1/p
(;Hq’(ﬂ)’@) = <;||¢sn(Qi,n)H§>

; 1
< Bl|Sullx,en(v) sup (ZHQi,n(/\)H’;)
i=1

/\GBZ’;(Y)
< BI(Ti) i llesx,v)-

Consequently, ® is ({3, £p)-summing with T,y < B A

3.2 Relations between the classes
As in the case of p-summing operators, we have the following inclusions.
Proposition 3.5 Let X, Y, Z, and W be Banach spaces, and 1 < p < q < oo. Then
(1) Tgw ) (X, L(Y, Z)) C Hgw o) (X, LY, Z)).
(i7) H(@,gp)(ﬁ(X,Y),Z) - H(g;lgq)(ﬁ(X,Y),Z).
(iii) H(ZW%)(L(X,Y), L(Z,W)) C H(gslgz)(E(X,Y),L(Z, W)).
Proof 3.9 (i) Follows from Theorem 2.13 and I1,(X,Z) C I14(X, Z).

1) To see (ii), we take ® € I s L(X,Y),Z) and T, € L(X,Y) fork=1,...,n. Let us
(Zprgp)
write

Y [ @(Tol = Y @8I,
k=1 k=1

q=p
I

where By = || P(Ty)
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Applying Holder’s inequality with conjugate indices q/p and q/(q — p), we get

Z I (x Hpﬁk>

! p

Y IR(T 7 < (750, (@) sup
k=1 XEBx
q—pr

p n 5 nooap q
(50 ®)" sup | L ITI7 || Y BET
x€Bx \k=1 k=1

IN

=

9=r

(i H@(Tkw) -
k=1

<k21 "q’(Tk)"q)q < (731 (@) sup (Z T ||Q)q

x€By

= (ﬂ(g%’gp) (CID)) ’ sup

xEBy

): I Tk (x H")

This gives that

(iit) now follows using Theorem 2.16 and (3).
Next, we are going to see that, under some assumptions on the Banach spaces, these classes
coincide, at least for certain values of p and q. Let us recall that some classical result, due to B.

Maurey (see [?] or [?], Theorem 11.13), states that if Y has cotype 2 and 2 < p < oo, then

I1,(X,Y) = (X, Y)

Using Theorem 2.13, we get the following corollary.

Corollary 3.3 Let X, Y, Z be Banach spaces, and 2 < p < oo. Assume that Z has cotype 2.
Then,
W ) (X, £(Y, Z)) = Mg 1) (X, L(Y, Z)).

It is natural to ask whether there are generalizations in the framework of (g%,gp)—summz’ng operators.

The next result is the extension of Theorem 1.2.3 in [?] to our setting.

Theorem 3.4 Let X, Y, Z, and W be Banach spaces, and 2 < p < co. Assume that Y has type
2 and Z has cotype 2. Then

g, 0,) (L(X,Y), Z) = s 0,) (L£(X,Y), Z).
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Proof 3.10 Let ® € H(ZWP)(E(X,Y),Z), and Ty,..., T, be a finite sequence of operators in
L(X,Y). Using that Z has cotype 2, one has

(chb ||Z) <) [ |[Lntem)| @
i=1 7
. 0 PP
SCZ(Z)(O @(Zri(t)Tl) dt) .
i=1 ,

Observe that Y ;' 1 ti(t)T; is a simple function 2 1 S])([u i)for some operators S; and then

o1 oM

1 n p 2n
/ @(Zri(t)Tl) dt =27y ||lo(s)|
0 i=1 . j=1
P 2"
< (70 (@) 27" sup Y IS ()}
XEBX]'—
< (7500 (@) ) sup ||zr, 0§, dt.
x€By

Hence, using Kahane’s inequality and the type 2 condition on Y, it yields

! : :
<2||<1><Ti>||2z) < 7(45,0) (@) Ca(Z) sup (/ ||2rl ||€dt>
i=1 xeBx

< (13 1) (®)C2(Z)K, sup / ||Zn(t %)y, dt
XGBX
%
< 745, 0) (P)C2(Z) T2 (Y)K)p sup (ZHT ) ,
XEBX i=1

and the proof is finished.

Corollary 3.4 Let2 < p < oo, X, Y, Z, and W be Banach spaces. If Y has type 2 and W has

cotype 2, then
I s (L(X,Y), L(Z,W)) = I 5 (L(X,Y), L(Z,W)).

In particular, we get the following applications to operators acting on ¥ (X) = L4, X).

Corollary 3.5 Let X and Y be Banach spaces of type 2 and cotype 2, respectively. If 2 < p < o
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and1 <r,qg < oo, then
1. T 0, (67 (X),Y) = Ty 0, (67(X), Y),

2. Ty 5 (£9(X), €4(Y)) = Tgg 1, (€9(X), £2(Y)).

3.3 Pietsch-type domination of(E;, ¢,)-summing operators

Throughout this section we fir 1 < p < oo. The aforementioned Pietsch-type domination theorem

for (€5, £p)-summing operators proved in [[?], Theorem 5.1] reads as follows:

Theorem 3.5 (Botelho-Santos). Let U be a subspace of XeY and let S : U — Z be an({3, {y)
-summing operator. Then there exist a constant K < 0 and p € P(BY) such that

ISl < & ([ ITC) I an) 3.4

or every T € U
A first comment is that the integral of inequality 77 is always well-defined for any T € XeY and
u € P(BY). Indeed, the restriction T|p; is (w* — to —norm) continuous, so it is universally

strongly measurable. Since in addition T|B§( is bounded, it belongs to the Lebesque-Bochner space

Lp(p, X)
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( Abstract )

This work based on the article of O. Blasco and T. Signes, where the o authors introduced
and studied the classes of bounded linear operators ® : L(X,Y) — L(Z,W) such that
(Tn) = (@ (Tn)) maps I (X,Y) into I, (Z,W), I}, (X,Y) into I}, (Z, W) and I (X,Y) into

I5 (Z,W). The Pietsch-type dominations of (I}, lp)-summing linear operators wich presented

nowadays by José Rodriguez and Enrique A. Sdnchez-Pérez is also given .
Keywords : p — summing operator, Finite rank operator, ideal property of p — suming

operators , Linear operator ideals,(f%,ﬂp)-summing operators,
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