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General Introduction

recent decades, the field of fractional calculus has attracted the interest of researches and
it has been frequently used to model many fundamental problems in various branches of
sciences and engineering [27, 6], [24].

In natural science, there are numerous nonlinear systems that are heredatury when the
quantities under consideration depend not only on the present state of a system at a given
moment of time, but also on the history of process evolution. In some cases, the state of a sys-
tem may be determined by a certain moment in the past, but not by its whole history, which
referred to as system with delay. This delay systems are occasionally modeled by reaction-
diffusion equation of the form

0 0?

a—::ag—xz+f(u,w), w=v(r,t—7) (1)
where a is the transfer coefficient, 7 > 0 is the delay time and f is the kinetic function. The
special case, f(u,w) = F(w) have a simple physical interpretation: the transfer of substance in
a locally non-equilibrium medium is characterized by inertial properties,i. e, that the reaction
of the system is not instantaneous but delayed for 7.

In 2014, Khalil Roshdi and Mohammed Al Horani [15] introduce a new definition of frac-
tional derivative named "conformable fractional derivative". This new type of fractional deriva-
tive is compatible with the classical derivative and it is excellent for studying non regular so-
lutions. The object(subject) of the conformable fractional derivative has attracted the attention
of many researches, and it has played an important role in several domain such as popula-
tion theory [8,129,(13,[16, 9,10} 31], medicine [11} 12,7, 34, 23| [14], biology [32} 18| 22]], chemistry
[33,19, 17,130, 35]], electronic, mechanics and anomalous diffusion. We are interested in studying
in this paper the reaction diffusion model (1) in framework of the conformable time fractional
derivative (this studying based on the article of Z.Ouyang in [21]).
Precisely, we will consider the following transformation

{% — Dy, LA 2
a=c, 0<a<l,

where Dy denote the conformable time fractional derivative operator [15]. Then, we get the
fractional order delay partial differential equation with the transformation (2} as follows:

Div(z,t) = cAv(z,t) + f(t,v(z,t — 7)) 3)



where t € [0,7}], z € Q is M dimension space.
subject to the initial data

v(2,0) = (z), forzeQ (4)
and the boundary conditions
v(z,t) =0,  for (z,t) € 00 x [0,Tp) (5)
and
W0 for (w.t) €00 x [0,Th] ©)
ON — Y% or (&, ) 0]

where N is the exterior unit normal vector to 99, and ¢ € C?(() is a given function.

We will investigate the existence and uniqueness of the solution of two problems (3)-
and (3)@)(6)(we denoted respectively by (P1) and (P2)) by using Leary-Schauder fixed
point theorem and the Banach contraction mapping theorem. Before starting and proving

the main theorems, we are introduced some hypotheses.



List of Symbols and Notations

We introduce here some necessary symbols/notations which used throughout this paper.

L1(Q)
L9(9)
”UHLQ
C(Q2)
LY(Q)

lg (@)l 1
DCT
u=u(x,t)
w=u(x,t—7)
AV

AU

VU

For f
CFD
CFI

The Lebesgue spaces where (1 < g < c0) on €.

= {v: Q — Rmeasurable : [v|? € L'} with 1 < ¢ < .

= (f,, [v(@)|? dz)7.

Space of continuous functions on 2.

Space of integrable functions on (2.

= Jol9(@)ldz, or |lgll s = Jq1gl-

Dominated Convergence Theorem.

unknown function (for instant, concentration, temperature, rate component,etc).
unknown function at a moment of time ¢ — 7.

Laplace and Nabla operators respectively.

_ N\ 9%U
=2j=1 g7 M EN
J

:<8U o 3—U>:gradU.

dx17 dxg’ " Brp
kinetic functions.
Conformable fractional derivative.
Conformable fractional integral.

is the exterior unit normal vector to 0f).



CHAPTER 1

PRELIMINARIES

Z:] n this chapter, we collect various definitions and theorems which are key tools for proving
our main theorems. Some proofs are omitted and may be found in [26] or [3} 21].
1.1 Some Basic definition and Tools

Definition 1.1. [2](The ‘left” and ‘right’ conformable fractional derivative (CFD))

v Lets g : [a,+00o[— Rbea given function and « €]0, 1]. The left CFD of order « is defined

by:

- t+ Kkt —a)'=) —g(t

Déa) (g)(t) — Hlino g( ( :) ) g( )7 (11)
oIf D)(g)(t) exist on ]a, +-00], then DL (g)(a) = lim D () ().
t—a
e Whena =0,
Do — fim Y (t+r(t)') —g(t)
0 k—0 K ’

we write D) instead of Dy, which is the original definition introduced by Khalil et al (see
more in [2])

v Lets g :] — 00,b] — R be a given function and « €]0, 1].
The right CFD of order « is defined by:

Déa) (9)(t) :=— lim g+ A —1)") - g(t)7 (1.2)

rkr—0 K

o If D(*(g)(t) exist on | — 0o, b], then DI (¢)(b) = lLim D™ (g)(t).

t—b~

Properties 1.1. (see[25])For all f, g : [0, +00o[— R and « €]0, 1], we have the following proper-
ties:

1. If g is a-differentiable, then g is continuous.



1.1. SOME BASIC DEFINITION AND TOOLS 9

2. Linearity:
DY (¢f +dg) = D (f) +dD(g), Ve, d €R. (1.3)

3. D(C,) = 0, where (] is a constant.

4. D@a — g((gji))tqia if geN and q > «a,
0 if geN and q < «,

where I'(.) denote the Euler Gamma function and n < o < n + 1.

5. (Leibniz rule)
D(gf) = gD (f) + FD'(g). (1.4)

6. If g is n-times differentiable on [a, +-00[, then

DY (g)(t) = (t —a)" " (1), Vn<a<n+ 1.

7. DQ}O(%)@) _ [D9—gDI(f) ik FA0.

f2
8. (Chain rule) We pose h(t) = (f og)(t) such that f and g are a-differentiable functions, then
DO(h)(t) = [D(f)(9(1))] - [P (g) ()] - 9" (). (1.5)

Definition 1.2. (The conformable fractional integral (CFI) ‘left’ and "right’)[2]

1. Lets g : [a, +00[— R be a given function and « €]0, 1].
The left CFI of order « is defined by:

ﬁ@wwzf@—m*w@m. (1.6)

2. Lets g :] — 00, b] — R be a given function and « €]0, 1].
The right CFI of order « is defined by:

t
Zo)0) = [ (=5 g(s)as. 17)
Lemma 1.1. [25] Lets g : [a, +00o[— R be a given function and o €]0, 1]. For every t > a, the CFD
and CFI obey the following relations:
1. If g is continuous, then DT (g)(t) = g(t).

2. If g is differentiable, then T¢DY (g)(t) = g(t) — g(a).

See more in [2]
Green formula.[28]If U,V € H'(2) then we have

oU (z)

o Oz

oV (x)

X

de, 1 <1<n,

w@wzéﬁmwmmwaiéw@

where v; denote the "¢ cosinus director of the normal vector v; on 9f) directed to the exterior
of Q.

©2023, I. AICHE Reaction-diffusion equation



1.1. SOME BASIC DEFINITION AND TOOLS 10

Theorem 1.1. [28] IfU € H*(Q2) and V € H'(Q), then

—/QAU(x)V(x)dx = /QVU(x) -VV(z)dx — /asz ag—(f)V(x)dF,

where the symbol VU = (%) design the gradient vector of U and 92 = VU - v.
i/ 1<i<n

Theorem 1.2. (Bochner)[28|] Let v : 0 — E be a measurable function. We say that v is summable on
Q if and only if the real function t — ||v(t)|| 5 is summable on ). Moreover,

/Qv(t)dt

<g,/Qv(t)dt>E :/Q<g,v(t)dt)Edt, Vg€ E. (1.9)

< / ()]l p . (18)

Theorem 1.3. (The Lebesque’s DCT) [4), 5] Let (f,,,) is a sequence of functions of L. We suppose that

(D) (fm(x)) — f(2) a.eon .
(ii) There exist a function h € L', such that for every m € N*, | f,.(z)] < h(z) a.e on (. then,

feL'and lim /|fm\:/\f\

Lemma 1.2. (Leary-Schauder fixed point theorem)[1, 21] Let E be a space of Banach and X € E is a
closed, bounded and convex subset. If T' : X — X is completely continuous, then T has at least a fixed
point in X.

Lemma 1.3. (Theorem of the Banach contraction mapping)[1, 21] Let Y be a complete measurable space
and T : Y — Y is a contraction mapping of Y, then T has a unique fixed point (i. e., Tu = u,Vu € Y.)

©2023, I. AICHE Reaction-diffusion equation



CHAPTER 2

EXISTENCE AND UNIQUENESS OF
SOLUTION FOR CONFORMABLE
FRACTIONAL REACTION-DIFFUSION
EQUATION

Z] n this chapter, we consider two coupled systems of a non linear time-conformable fractional
reaction-diffusion equation with delay. Under certain conditions, we study the existence
and uniqueness of the solution for both systems.

We assume that the reader is familiar with the notion of measurable functions and inte-
grable functions g :— R.

2.1 Problem Statement

The object of this chapter is to study the existence and uniqueness of the solution of the
following class of nonlinear fractional order partial differential equations with delay

Div(z,t) = cAv(z,t) + g(t,v(z, 7)), t € [0, 75 (2.1)
where :
v Dy : is the conformable fractional derivative of order a € [0, 1],
v/ g:isanon linear item definedas g : R — R,
v z € Qis M dimension space.
v ¢ > 0is the coefficient of diffusion equation.

v/ 7 > 0 is the parameter of delay.

We consider the initial data (@) and the previous boundary conditions (5)-

().
We denote (2.1)-(4),(2.1)-(@)-() and 2.1)-({)-(6) respectively by (P0), (P1) and (P2).

11
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2.2 Existence and uniqueness of the solution

To simplify matters throughout this paper, we will need to make some suitable hy-
potheses to achieve the disered results.

Hypotheses 2.1.
(Hy) g(tv)is:
O Convex and continuous with respect to v,

O Lebesgue measurable with respect tot € [0, a],

(H2) gt v(@, 7)) < ma(t) ot 7)™,
where m;(t) > 0, k; > 0 and there is A € (0, «) such that

a A
ma(t) € L0, a)), (/ o (£)] dt) <<,
0
(Hs) 0<7<t,
(H4) Suppose that there exists a constant L > 0 such that
lg(t,01) = g(t, v2)|| < Ly —1all, ¥t € [0, Tol.
such that

1-p
L<-— Fra(—=)P !
aic+ o (Oz—ﬁ) ,

where 0 < f < a < 1,and 0 = {w,w; }
Hint. w, w; are defined respectively in lemma [2.2]and lemma

We shall start by introducing the following lemma.
Lemma 2.1. Suppose that the previous hypotheses (Hy) — (Hy) holds. Then for every t € (0, a),

IVP(Ry) <= v(z,t) = ¢(x) +/0 (t —s)* eAv(z, s) + g(s,v(z,7))]ds, x € Q (2.2)

Proof. (=): [v is solution of (P)) = v satisfy (2.2)]
We suppose that v(z, t) is solution of the IVP (F),

i Clearly we have g(t,v(z,7)) is Lebesgue measurable on (0, a) according to (H;) and
(Hs).

1= Simple calculation give that
(t—s)*' e LT5(0,a), VteQ

w (¢t —s)* tg(s,v(x,7)) is Lebesgue measurable with respect to s € [0,¢t]. In fact, Holder
inequality give that
> A

/| alsux7|d5<</’ a1‘1A> </|gsuaz7’
©2023, I. AICHE Reaction-diffusion equation
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using (Hz), it becomes

< =97 g gy () I, DI

From (P,) and by integrating both sides of
IaDt(a)l/(a:, t) =71 [cAv(z,t) + g(t,v(z,7))]
according to lemmadl.1} we get
v(z,t) —v(z,0) =1I¢

N——
P(z)

cAv(xz,t) + g(t,v(z, T))]
G

using definition.1.2, it becomes
t
) = 0(a) + [ (= 5" [eAv(e ) + g(s.v(a, 7)) ds.
0

(=) — v is solution of () |
Suppose that v(z, t) is a solution satisfying
by deriving both sides of equation (2.2), we get

t
D@y (z,t) = D {w(x) + / (t — 5)* eAv(x,s) + g(s,v(z,7))]ds
0
using the properties

D@y(z,t) = Dp(z) + D /Ot(t — s)a’l[\CAu(x, s)+ g(s,v(x,7))]ds

S

-~

[\

efel
according lemma[l.Tjand the properties we obtain
D@y(z,t) = cAv(z,t) + g(t, v(z, 7)),
which means that v(z, t) is a solution of IVP (/). This ends the proof.
Now, consider the Dirichlet boundary value problem on (2
Av +yv =0, in(z,t) € Q x [0, To],
v =0, on(z,t) € 02 x [0, Ty,

where 7 is a constant.

It’s well known from [21] that:
# the smallest eigenvalue o, of the problem is positive,

% And the corresponding eigenfunction ¢(x) > 0 for all z € 2.

(2.3)

(2.4)

©2023, I. AICHE Reaction-diffusion equation



2.2. EXISTENCE AND UNIQUENESS OF THE SOLUTION 14

Now, let v(x,t) be a solution of problem (/)(i=1,2). We always define throughout this
paper, two functions V' (¢),U(t) as follows:

B Jov(z, t)p(x)de

V(t) = INEETE (2.5)
iy = T, 26
In particular
V(0) = fﬁ}biii)(gdx, 2.7)
Q
U(0) = W (2.8)

©2023, I. AICHE Reaction-diffusion equation
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The strategy to prove the existence of the solution is to use the following procedure of

Leary-Schauder fixed point theorem.

POINT THEOREM
Let X be a space of Banach, and K is a closed, bounded and subset of X.
/ If: Tis \
1.T gl Tl K ingo z't@e/f.‘ 2.T is cmrgufeﬂj/ continuous.

11

4 v eR,Tv 9
P — | 2-1. T is continuous J 2-2. TKis relatively J

T

WV VER, Vn®)__V(©) = (V) 0_F_(TV)®

m—+oo m—+oo

a. TV;V € Kis uniformly
bounded

ITv|l=c c=0
is a constant.

1]

compact

b. TV;VEKis
equicontinuous

Vit €0,W]t <t,,

Jim [ @V)E) @V

Il

e

T has at least a fixed point in K

Figure 2.1: Leary-Schauder fixed point theorem.

©2023, 1. AICHE

Reaction-diffusion equation



2.2. EXISTENCE AND UNIQUENESS OF THE SOLUTION 16

We start by studying the existence of solution of the problem (P1).

2.2.1 The Existence of Solutions of (P1)
To proof the existence, we need to introduce the following lemma.

Lemma 2.2. Assume that (H,) — (H,) holds, there exists a\ € (0,«). For any constant ¢ > 0, we
suppose that

‘ 0 - A\
w < min< a,lp, 3 o ( ) ] ,
are (C+ [IVO)) Q" + (€ + [IV0)[)™ e \ 1= A

ky > 0.
Then for every t € (0,w), the problem (P;) has a solution <= the following equation has a solution,

V(t) =V (0) — asc /Ot(t —5)* 'V (s)ds + /Ot(t —5)* (s, V(7))ds, t €[0,w] (2.9)

Proof. Necessary(<=): Suppose that V/(¢) is solution of(2.9).
Let
I/(.:C’ t) = expm($1+...+xkj) V(t)

Combining R.I)2.3)(2.9), it is easy to show that v(z,t) is a solution of(2.2). It is obvious that
v(x,t) is a solution of (F)(from lemma?2.1)[21].

Sufficiency: (=)Suppose that(P;) has a solution v(z,t). According to lemmaR2.1, multi-
plying by ¢(x) and integrating on 2 both sides of(2.2), it comes

[ ettt = [ elope+ [ o) [ (1= 51w 5) + gls, v, 7))]ds

- [ e+ [ (¢ — s [ | e@sva s+ [ c@ts e ds @10

Q

from and by using Green’s formula, we get

/Al/godx = —al/l/godx, t > Tp. (2.11)
Q Q

combining (2.10) and dividing both sides by [, ¢(z)dz, it comes

B Joe(z)v(z,t)dx

N e
~ Jopl@)(z)de . ‘o ot [op@v(z,s) [ o(x)g(s, v(z,7))ds )
- Jov(@)de 1/0 (t=s) {C Jo p(x)dz Jo p(x)dzx d
_ . ¢ 01 (s)ds t et Joe(@)g(s,v(z,7))dx .
- 1C/0 ¥ Ve +/0 ( ) fQ o(z)dx d

©2023, I. AICHE Reaction-diffusion equation
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using Jensen’s inequality [21], we obtain

V()

V(t) <V(0) — alc/ (t —5)* 'V (s)ds —l—/ (t—s5)*'g | s, fgj, oz ;1 m)dz ds
0 0 Q

=V(0) — oqc/o (t —5)* 1V (s)ds + /0 (t—5)*"tg(s,V(7))ds,

which refer to us that V() is a solution of

t t
V(t) < V(0) — anc / (t— )V (s)ds + / (t— 5)*1g (5, V(7)) ds. (2.12)
0 0
Let
B={V:Vec(0,T),R), [|V(t) - V(O] < ¢} (2.13)
We can easy show that B is: nonempty(take for instanceV’ = V' (0) € B,), closed, and convex set.

We define an operator T as follows

V),  t=0,
(TV)(#) = { V(0) = auc f(f $)* 1V (s)ds (2.14)
+ [t —=5)"lg (s, V() ds, 0<t<min{a,Tp}.

We should prove that T maps B into itself(i. e., VV € B, TV € B),VV € B and using (2.13), we
have

(TV)(&) = VO = [(TV) (@) = (TV)(0)]]

H _alc (t_s)a—lv(s)dg—f-/ot(t—s)a_lg (s,v(f))ds_wo)H

using theorem [1.2] it becomes

I(TV)(#) = V(O] < alC/O (t=s)* " V(s)l ds +/0 (t=5)"""lg (s, V(7)) ds

From(2.13), we have
V() = VOl <¢
Keeping in mind that
V@I = VO < [[V(E) = VOl
Thus

= [V = VO <= VOl < £+ VO] (2.15)

©2023, I. AICHE Reaction-diffusion equation
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then,

t t
I(TV)(@) = VO)]l < (£+ ||V(0)||)0é1€/ (t—s)""lds + (L+ [V (0) )" / (t = 5)* 'ma(s)ds
0 0
Using HOlder inequality(theore, then using (H), we get

A

V)0 - VO <+ VO [ (-5 d) (/ t 1)

Her o ([ - d) ([ bt as) e @a)

NS LA\
<+ ||V (0)|]) e |9 <m) W (0 + HV(Q)”)kl (m> WA

<[+ WODaciol +ee+ VoIF] (223) o
<, tel0,w]
(2.16)

So, TV € B, which means that 7'(B) C B.

Now, defining a sequence V,,,(¢) in B as follows

Vo = V(0), t €[0,w]
Vi1 (t) = (TVi)(1), te[0,w],me{0,1,...}

We can show that V,,,(¢) is a sequence of measurable functions and V,,,(t) € B (by recurrence).

Since B is closed and bounded, then we may extract a subsequence V,,, (t) from V,,(t)
which converge towards an element V(t) of Bi. e,

lim V. (t) =V(t), 0<t<w.

From Lebesgue’s dominated convergence theorem it follows that V(¢) satisfies
V(0), t=0
V(t) = S V(0) — asc [ (t — 5)°V(s)ds
+ fot(t —5)* g (s, V(1)) ds, 0<t<w.
We deduce that V' (t) is a solution of (2.9). This ends the proof. O

We are now ready to produce a theorem which is one of the main results in this chapter
leading to the existence of the solution to problem (P1).

Theorem 2.1. Assume that (Hy)—(Hy) holds. Suppose that (. w are defined in the previous lemmad2.2
Then, the problem (P1) has at least a solution on €2 x [0, w].

©2023, I. AICHE Reaction-diffusion equation
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Proof. According to lemma2.2} we just need to prove that(2.9) has at least a solution. For this
we follow the previous procedure (see figure2.1)).

For every ¢ € [0,w],(it implies that ¢t € [0,a], ¢t € [0, Ty)).

Let

B={V:VeC(0,w],R),[|[V(t) = V()] < ¢}. (2.17)
It is easy to show that B is:
% Nonempty,
& Closed,
% Convex set (For every V;,V; € B and every Aj, A, > 0 such that)\; + A\; = 1, we have
[(AV1+ AoVa) = Vo[ = [[(M V1 + A2V2) — (A1 + A2) V|
Using triangular inequality, it comes
[AaVi 4+ AaVa) = VoIl < M [[Vi = Vol + Aq [V = Vo
We have

Vi € B, Vi = Vol < ¢,
.-
V, € B, Vo = Vol < 2.

SO ||(/\1‘/1 + )\2‘/2) — Vb” < /\1£+ )\26 = (/\1 + )\2)5 = g,
=1

thus,\; Vi + A, Vs € B.)

We define an operator T with this formula

(TV)(t) =V(0) — ozlc/ot(t —5)* WV (s)ds + /Ot(t —5)* g (s, V(7)) ds. (2.18)

In one hand, we show that for all V € B,TV € B(i. e., T maps B into itself). In fact, with
similar method as in (2.16), it is obvious.

On the other hand, we show that T is completely continuous,
w T is continuous, i. e., V{Vi(t)},V(t) € B

[Vit) = VOl =0 = lim [|(TVi)(5) — T(V)(1)| = 0.

lim
k—>00
For every V(t) € B, and every sequence {V,(t)} € B,k = 1,2, ..., suppose that
lim |[Vi.(t) = V(#)] = 0, (2.19)

k—+4o0

== We have

e 0 <7 <t(from (Hj)),
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e V(t) € B (i. e., continuous),

e V.(t) € B (i. e., continuous),

which implies

ww From (H;), we get

lim lg(#, V(7)) — g(t, V(7))] = 0,

k—+o0

(2.20)

(2.19)(2.20)(using definition of the limit) means that: for every € > 0 (which can be arbi-

trary small), there exists a positive integer number A,, such that V& > A,

Vi(r) =V
V() = V)l < g
and
!
lg(t Vi(r)) = g8, V(D) < 5 2=
w
From (2.18), we have

[T = @O < are [ 0= ) - Vis)l s
+/0 (t =) g (s, Vilr)) — g (5, V()| ds,
using(2.2I)and(2.22), we obtain

[TV 0 = V)0 <ores e [0 =9t 5o [ s as

So

which means that T is continuous.
w T B is relatively compact,

1. TV :V € Bis uniformly bounded:
From(2.17), for all V € B, we obtain

TV < V()] +¢,

which force that TV : V € B is uniformly bounded.

(2.21)

(2.22)
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2. TV : V € Bis equicontinuous on [0, w]: Going back again to (2.17), and using similar
proof of (2.14), for every ¢, 1, € [0,w], and t; < t5, we get

[(TV)(t1) — (TV)(t2)| < arc (/0 1 (s — )21 = (t — s)° | [V (s)]| ds
[l = v ds)

t1

+ /O ! ‘(t2 — 5)0‘*1 _ (tl . 8)a71| Hg (8, V(T))H s
b [ s VI s

t1

< (L+ [V (O))ane ( /0 Lt 51— (1 — [ ds) -
t1 L A

([ ) H

+ (0 + [V(0) e (/tt (= api| ds) ]

X (/: 1§d$)A

e o ([ 16— -oriPa)

([ o)

e ([*e-sa) ([ndow)

t1

< (L + [V (0)ase |2 ( /0 = 81— (1 — 1| ds)u

(VO e (/tt (8 — 5)>~Y| = ds)“
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1A\ . N aa 1A
— (e vOacloP (525) - (57 1)

o —
1—A =2 a=A 1=A
eV ODacioP (;=5) [t -]
s s (2.23)
k 1—A =2 =,
HEHVOD e (325) - (6 )
1o\ a1
HEHVOD e (223) (-]
Observe that 0 < A < a < 1, which means that Cl“%i > 0. So
) a2
tllintg(h — tl) - =0, (224)
[RSNGB -
Jim <t2“ —th) — (ty— )T | = 0. (2.25)

Combining with(2.23)), one find
lim |(TV)(t1) — (TV)(t2)|| = 0.

t1—>ta

Thus TV : V € B is equicontinuous on [0, w]. Therefore T' B is relatively compact. Sum-
marizing by Leary-Schauder fixed point theorem, 7" has at least a fixed point ' € B, that
is,

V(t)=V(0) - ozlc/o (t—8)*'V(s)ds + /0 (t—s)*""g(s,V(r))ds, t €[0,w].

It is easy to show that V is a solution of problem (P1) on [0, w]. This ends the proof.

We have an analogue results for the problem (P2)

2.2.2 The existence of solution of problem (P2)

Our purpose now is to prove the existence of solution of the problem (P2). Before that, we shall
show the following lemma.

Lemma 2.3. For (H,) — (H,) holds, if there exists a\ € (0,«). For any constant £, > 0, we suppose

that
1-A 1,\
14 -2\ T
wy < min | a, Ty, ! - (a ) Jke > 0.
(G +UO)) e N1 = A

Then forall t € (0,w;), IVP (P,) has a solution <= the equation bellow has a solution,

Ut)=U(0)+ /Ot(t —8)* lg(s,U(7))ds, t € [0, w] (2.26)
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Proof. Necessary(<=):Suppose that U(t) is solution of 2.9). Let v(xz,t) = U(t). Combining
@.1E3)RI), it is easy to show that v(z,t)is a solution of(2.2). It is obvious that v(z,t) is a
solution of(Fy)(from lemmal2.T).

Sufficiency:(=)Suppose that(P;) has a solution v(z, t). According to lemma?2.1, and multiply-
ing by ¢(x) then integrating on Q2 both sides of (2.2), it comes

/Q (., t)dz / w(z)dz + / / (= 8" eAu(z, 5) + g(s, v(z,7))|dsdz

/¢ dx+/ (t— )" [/Al/xs / (S,V(x,r))dx}ds
/¢ dx+/ (t— ) [ /Au(x s)dx%—/ﬂg(s,u(x,ﬂ)dx] ds (2.27)

By using Green’s formula, we obtain
/ Avdr =0, te[0,T). (2.28)
Q
combining(2.27)(2.28) and dividing both sides by [, dz, we get

Ut) = Jov(z, t)de

Jo dx
_ fQ w(ﬂi)dﬂf i /t(t _ S)a_l fQ 9(57 V(J}, T))dxds
Jo dx 0 N
using Jensen’s inequality[21], we find
¢ f v(x,7)dr)
Ut§U0+/t—so‘1 2 -
O <UO) + [ (=0lg |5 BT
U(r)
which follows that U(¢) is a solution of
t
U(t) <U(0) +/ (t—s)*"tg(s,U(1))ds. (2.29)
0
Let
B={U:U €C([0,Ty],R), [[U(t) = UO)] < 1} (2.30)

we can easy show that B is nonempty(take for instance U(¢) = U(0) € B), Closed and Convex
set.

Now,we define an operator T as follows

U©),  t=0,

U(0) + fot(t —8)* g (s,U(7))ds, 0 <t <min{a,Tp}. (231)

(TU)(1) = {
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First, we prove that T a maps B into itself (i. e, VU € E, TU ¢ E). For all U € E, and by
following the same ideas as in the proof of lemma2.2} we obtain

|@v)@) - v)|| = |[(To)@R) - @)

/0 (t — ) (5,U(r)) ds

1—A
a— A

1-X
< (6 + |U0)])™ e ( ) W<y, t <y, (2.32)

So TU € B, which means that T(B) C B.

Now, we construct a sequence {U,,(t)} in B as follows

Uy = U(0), t € [0,min{a,Tp}]
Uit (1) = (TUR)(L), t € [0,min{a, To}],m € {1,2,...}

Since B is closed and bounded, then we may extract a subsequence {U,,,(t)} from {U,,(t)} such
that
lim U, (t) =U(t) € B, 0<t<min{a,Tp}.

From theorem(1.3]it follows that 1/(¢) satisfies

Ut) = {L{(O) + f(f(t — )l (s,U(r))ds, 0<t<uan,

which explains that U (t) is a solution of (2.9). This ends the proof. N
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The existence of the solution for the problem (P2) is ensured in the theorem below.

Theorem 2.2. Assume that (H,) — (H,) holds. Suppose that (,,w, are defined in lemm Then, the
problem (Py) has at least a solution on Q x [0, w;].

Proof. According to lemmal2.T and lemma2.3| we just need to prove that (2.26) has at least a
solution.

Forall ¢t € (0,w,),(it implies that ¢t € [0,a],t € [0,Tp]). Let
B={U:Uec([0,w],R),||Ut) —UO)| <} (2.33)

We have B is nonempty(only show that U(t) = U(0) € B), closed, and convex set( for every
Uy,U; € B and every\;, Ay > 0 such that\; + Ay = 1, we have

|(AUL + XUs) — 10| = [[(M UL + AaUs) — (A1 + A2) Up ||
Using triangular inequality,we get
(A UL + AoUs) = Ul < A1 [|[Ur = Uoll + A2 [|Uz2 = U

SO H(AlUl + )\QUQ) — (//:()H < )\1€1 + )\261 = 61
Thus,)\lUl + )\QUQ < B)

We define an operator T as follow
¢
(TU)(t) =U(0) + / (t —s5)* g (s,U(7))ds. (2.34)
0

First, similarly to 1b we can show that 7' a maps B into itself (i. e., for all U € B, TU € B)

Next, we show that T is completely continuous, i. e.,
(a)T is continuous: For everyU(t) € B, and every sequence {U(t)} € B,k = 1,2,..., suppose
that
lim _{|Ux(t) = U@)]| =0,

k— 400

e Since R

U(t) € B (i.e., continuous),

Uk(t) € B (i.e., continuous),

Then, according to (H3), we obtain

1. U(0) < U(1) < U(¥),
2. Up(0) < Ug(7) < Ui(t), which implies that

lim ||Ug(7) — U(7)] = 0.

k—4oc0
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e From (H;), we get

lim {g(t, Ux(7)) — g(t, U(7))]| =0,

k—>400

Which means that: there exists £; > 0 (can be arbitrary small) and A, € N* such that Vk > A,,

lg(t, Vi(r)) = g, V()] < e, (2:35)

1

From (2.34)(2.35), we obtain
v = @) < [ ¢ =97 o (s, 0utr) = g s, U s

t
< %51/ (t—s)* 'ds
0

g1 W
< ks 8
wi «

Thus N
lim H(ka)(t) - (TU)(t)H — 0,

k—+o00
TheAreiore T is continuous.
(b)T' B is relatively compact:

co TU : U € B is uniformly bounded: According to 1' for all U € B, we obtain
HfUH < |U(0)|| + ¢, which means thatTU : U € B is uniformly bounded.

co T U : U € B is equicontinuous on [0, w;]: From 1 , and using similar proof of 1 p
for every t,t; € [0,w;],and ¢; < £y, we get
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< / (ke — 97 — (81— ) llg (s, U(r)) | ds

/0 (11— )7 g (5. U (7)) ds — / Yt — 5 (5,U(r) ds

b [0 s s Ul

t1

+ (G + U(O))es <j£“‘<t2__s)a_lrik(is)lA

(=) e

+ (G A+ UO)]) e

By using (2.24) and (2.25)), we obtain

lim |[(TU)(t) — (TU)(t,)|| = 0.

t1—t2

Thus TU : U € B is equicontinuous on [0, wi]. Therefore T Bis relatively compact.Summarizing
by Leary-Schauder fixed point theorem, T has at least a fixed point U € B, that s,

t
U(t) =U(0) +/ (t—s5)*1g <s, U(T)) ds, t € [0, w].
0
It is easy to show that U is a solution of problem (P1) on [0, wy], from which we have the conclu-
sion of the proof. O

We have seen in the previous section that a solution of problems (P1) and (P2) may not be the unique
one. However, we can show uniqueness via the Banach contraction theorem, precisely: lemma

2.2.3 Uniqueness of solution
We want to discus here the uniqueness of the solution of the problem (P1).
Theorem 2.3. We suppose that (H,) — (H,) hold. Then, There exists a unique solution of problem (P1).
Proof. Let Vi and V3 in B. Set W, = V; — V4, then W, satisfies
DEW(2,1) = AW (,8) + g(t, Vi(z, 7)) — g(t, Va(w, 7)), ¢ € [0, T

Wi(z,0) =0  foraz e Q,
Wi(z,t) =0  forax e dQ,t € [0,Ty]
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We have

|(TVi)(t) — (TVa)(t 'Wl —Oélc/o(t—S)a H(Vi(s) = Va(s))ds

_|_

/0 (t — 5)°"[g (5, V(1)) — g (5. Va(r))]ds

< oqc/0 (t —s)* 7 (Vi(s) — Va(s))] ds
+/0 (t— )" g (s, Va(r) — g (s, Va(r))| ds
< onc||(Vi(s) — Va(s ||/ )" lds

+lg (5, () = 9 (5, V()] / tds
After using (Hy) on T, we obtain
(TVI)(t) — (TVa) ()| < k||Vi — V&,
where k = (ajc+ L)(2=5 ’3)1 Puw=F < 1. O
For the moment, we state in the following theorem the uniqueness of the solution to the problem (P2).

Theorem 2.4. Assume that (H,) — (Hy) hold. Then, there exists a unique solution of problem (P2).

Proof. Let U; and Us in B. Set Wy = U; — U,, then W, satisfies

DoWy(x,t) = cAWs(x,t) + g(t, Ui (x, 7)) — g(t, Us(z, 7)), t€[0,To],
Wy(z,0) =0  forx €,
Wy(z,t) =0 foraz e 0Q,t € [0,To]

We have

(TU) () — (TU)(t 'Wl —alc/o(t—s)a LUy (5) — Us(s))ds

+

/O (t — )7 g (5, U1(r)) — g (s, Ua(r)))ds

< e [ (=) (U(s) ~ (o)) ds
+ [ =5 g (5. Ua() = g (5. Vel s
< arc |[(UL(s) — Ua(s H/ JoLds

+{lg (s, Us(7)) — g (s, Un(r ||/ Jo-1ds
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After using (H,) on T, we obtain
(TU)(t) = (TUR)(1)] < KUy = Vs,

where
1-p
a—p3

Our theorem is proved. O

k' = (aic+ L)( N Pwd P < 1.
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APPENDIX A

BASIC CONCEPTS IN NORMS AND BANACH
SPACES

For the proofs of the theorems and proposition stated in this appendix, the interested readers can consult,
e..[26] and references therein.

A.1 Norms and spaces of Banach
Let Y be a linear space over the scalar field C or R. A norm in'Y defined as a real function
Y —R (A1)
such that, for all scalar \, and every y,,y, € Y, the following properties holds:
1 |yl = 0;|lyall =0 ifandonlyif y, =0  (positivity).
2. [ Aayall = Al [l (homogeneity).
3. |y + w2l < llwall + [lyall (triangular inequality).

A norm is introduced to measure the size (or "length”) of each vector y, € Y, for this, properties 1,
2, 3 should appear as natural requirements.

A normed space is a linear space Y endowed with a norm ||.||. A norm induces a distance between
two vectors given by

d(y1,y2) = llyr — v2|| (A.2)

which make Y as a metric space.

More precisely, a metric space is a set M, endowed with a distance d : M x M — R, satisfying the
three properties below; for every yi, ya, ys in M:

e d(y1,y2) =0, ifandonlyif y, =0 (positivity).
o d(y1,y2) = d(y2,y1) (symmetry).

e d(y1,ys3) < d(yr,y2) + d(ya, ys3) (triangular inequality).
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Observe that a metric space does not need to be a linear space. We introduce the ball of radius ', and
centered at y, as follow

By(y) ={y2 € M = d(yr,12) <71’}

We say that a sequence y,, € M is convergent to an element y, in M, and we denote it by y, — y; in
M, if
d(Yn, 1) — 0 asn — oo.

If d(yn, y1) — 0and d(y,,y2) —> 0as n — oo, then, by using the triangular inequality, we get

d(y1,y2) < d(Yn,y1) + d(Yn,y2) asn — oo

which implies that vy, = yo. Thus, the limit is unique. (see more in Sect6.2 pg 368 [26]])
Complete space. A metric space in which each Cauchy sequence() converges is called complete.

Definition A.1. [26]A complete, normed linear space is called a Banach space.

Proposition A.1. [26]Let Y be a linear space. Every norm in'Y is continuous.

A.2 Some principal theorems and inequalities

Let €2 be an open, bounded set of R™ with a smooth boundary I'y.

Theorem A.1. [20](Holder’s inequality) Let 1 < q < +oo, and p its conjugate exponent. Suppose that
h € L1(Q),and g € LP(Q), then hg € L' (Q) and

/Q Ih(x)g(x)| dz < |IA]l, gl

Newton inequality. For all reel numbers a,b > 0 and every n € N:

(a0 <at b
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General Conclusion

In this memory, two systems of a nonlinear time-conformable fractional reaction-diffusion equations
with delay with the same initial condition and two different boundary conditions are considered. For
both systems, and under suitable hypotheses, we showed the existence and uniqueness of solution by
using Leary-Schauder fixed point and Contraction mapping theorems.

We have studied the existence and uniqueness of the solutions of the fractional reaction-diffusion
equations with a delay using the concept of the fractional conformable derivative with respect to time.
This study enables us to search for analytical or numerical methods to find solutions to this equation
with delay, especially since it has great importance in reality in several scientific fields.
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(7 this work, two coupled systems for nonlinear time-conformable fractional reaction-diffusion equation with
delay have been considered. Under some hypotheses in given data we have proved first the existence of the
solution for both systems by using Leary-Schauder fixed point theorem. After, we have showed the uniqueness of
the solution for the same two systems by using the contraction mapping theorem.

Keywords: Nonlinear reaction-diffusion equation,
fractional conformable calculus, delay, Leary-Schauder fixed point theorem, contraction mapping theorem.

@ms ce travail, deux systémes gouvernés par I'équation non linéaire de réaction-diffusion fractionnaire avec
retard en temps et des conditions aux bord sont considérées. On décrites les dérivée fractionnaires au sens
conformable. Sous certaines hypotheéses sur les données, nous avons montré I'existence de la solution de deux
problémes en utilisant le théoréme de point fixe de Leary-Schauder. Ensuite, nous avons prouvé |”unicité de la
solution du méme problemes précédent en utilisant le théoréme des opérateurs contractantes.

Mots-Clés: Equation de réaction-diffusion non linéaire, calcule fractionnel conformable,
terme de retard, théoréeme de point fixe de Leary-Schauder, théoreme des opérateurs contractantes.
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