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Introduction

Early 1940s, non-Archimedean field analysis has been attempted from different perspectives.
In 1943, Monna [17] outlined the non-Archimedean normed vector spaces. One of the
successful applications of p-adic functional analysis was the use by Dwork of an ad hoc
linear operator in his study of the rationality of the zeta function of a hypersurface over
finite fields (a part of Weil conjectures). Immediately, Serre has given a general setting of
this operator by constructing the Fredholm determinant of completely continuous operators
which applies very well to Dwork’s operator (see [21]). Several authors such as Gruson
[14, 15], van der Put [22], Schikhof [20], Perez-Garcia and co-authors [19] referred to the
early works of Monna [23] and van Rooij [30], to determine the properties of some classes
of operators on non-Archimedean Banach spaces. Also, in the book [13] the author clarified
the authors’ recent work on linear operators on non-Archimedean Banach spaces as well
as their spectral theory. Aymen et all in [1] find a non-Archimedean counterpart of the
generalized convergence of closable unbounded linear operators as defined by Kato.

This memory is organized as follows.

In the first chapter, we based on the sources Artin [2], Cassels [6], Miranda [16], Attimu
[3], Attimu and Diagana [4] and Endler [5], by givng some definitions and properties of
non-Archimedean valued fields, the topology tnduced by a Valuation on K, examples of
non-Archimedean valued fields. In the second chapter we use the references |7, 8], Diagana
et al. [11], Diarra [12, 13], Perez-Garcia [19], Perez-Garcia and Vega [18] for give, some
basic notions about non-archimedean norms, non-archimedean Banach spaces, free Banach
spaces, also some examples. Finaly, in the last chapter we take the souces Diagana [7, 8]
nd Diagana and Ramaroson [9], we devote to basic properties of bounded linear and non

bounded operators on non-archimedean Banach spaces.



Chapter 1

Non-Archimedean Valued Fields

1.1 Valuation

1.1.1 Definitions and Properties

Definition 1.1.1 Let K be a field. A valuation on K is a map |.| : K — Rsuch that for
some real number C' > 1, the following hold:

1) |z| > 0 for all x € K with equality only for x = 0.

2) |lxy| = |z|.ly| for any x,y in K.

3) For x in K if |x| <1, then |z + 1| < C.

The valuation |.| such that |x| =1 for every non-zero x and |0| =0 is called the

trivial valuation.

Proposition 1.1.1 The following hold:

1) 1] =1.

2) For z in K, if |2"| = 1then |z| = 1.

3)|—1]=1.

4) | —a| = |zl].
Proposition 1.1.2 Let |.| : K — R be a valuation on K and \ a positive real number then
|.|xdefined by:

|\ = ||
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for any x in K is a valuation on K.

Proof. Properties (1) and (2) of Definition 1.1.1 are clear. For (3) of Definition 1.1.1,
if |z[y < 1then |z|* < 1, hence |z| < land since |.| is a valuation, |z + 1] < C and

|z + 1|y = |z + 1]* < C* hence (3) of Definition 1.1.1 holds with the constant C*. =

Definition 1.1.2 Two valuations |.|; and |.|3 on the field K are equivalent if there exists a

positive real numbers \ such that |.|o = |.|7.
Proposition 1.1.3 This is an equivalence relation on the set of valuations on the field K.

Definition 1.1.3 A waluation |.|on the field K satisfies the triangle inequality if for any x
,y in K,
|+ y| < [z +[yl.

Proposition 1.1.4 For any x , y in K,
2] = [ylleo < |z =yl

where || is the absolute value on R

Proof. Let

[(z —y) + v
[z —y| + [yl,

|z]

IN

which tmplies that
[zl =yl < lz—yl

We have also

|(y — 2) + x|
<y = + [z,

El
I

then

ly| — |z| < |y — =
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and therefore,

2] = ylloo < |2 —yl.

Definition 1.1.4 A wvaluation |.| on K satisfies the ultrametric inequality if for any x , y
in K
|z +y| < max{|z], [y]}

Proposition 1.1.5 A wvaluation |.| on K satisfies the ultrametric inequality if and only if

one can take C =1 in (8) of Definition 1.1.1.

Definition 1.1.5 A wvaluation on K is called non-archimedean if it satisfies the ultrametric

1mequality.

Proposition 1.1.6 Fvery valuation on K that is equivalent to a non-archimedean valuation

18 itself non-archimedean.

Proposition 1.1.7 Let |.|be a non-archimedean valuation on K. Let x , y be in K such
that |x| < |y|, then
[ +y[ = lyl.

Proof. First |z + y| < |y|, next, |y| = [(z + y) — z| < max(|z + yl|,|z|). If |z +y| < |z
which is against our assumption, therefore |z + y| > |z| and hence |y| < |z + y|.We can

conclude that |z +y| =y. =
1.1.2 The Topology Induced by a Valuation on K
Proposition 1.1.8 Let d: K x K — R be defined by

d(z,y) = |z —y|

then, d is a distance function on K and (K, d) is a metric space.
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Proof. Suppose d(z,y) =0, then |z —y| =0 = =z =y and

d(z,y) = |z =yl
= [=(z—y)
= d(y,x)
for all z,y in K.
For all x,y, z in K,
d(x,z) = |z — 2|

= [z —y)+(y—2)|
<z —yl+ly— 4|
= d(z,y) +d(y,2)

and hence (K, d) is a metric space. m

Corollary 1.1.1 For any z,y, 2z in K,
’d(!l?, Z) - d(yv’Z)’OO < d(&?,y)

Since K is a metric space, the fundamental system of neighborhoods of every element a

i K consists of the open balls of the form
B(a,r)={z e K: |z —a| <1},
where 1 is a positive real number.

Remark 1.1.1 For any open ball B(a, R) is such that any element in it is its center, in

other words, for any b € B(a,r), B(b,r) = B(a,r).

Proposition 1.1.9 Let |.|; and |.|a be two non-trivial valuations which induce the same

topology on K, then they are equivalent.

Definition 1.1.6 Let |.| be a valuation on K. A completion of K is a field F containing K
together with a valuation ||.|| on it, such that:

a) Fis a complete metric space with respect to the distance induced by ||.||.

b) The valuation ||.||extends |.| , meaning that for any x in K, ||z|| = |x|.

c) Fis the closure of K with respect to the topology induced by ||.||.
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1.1.3 Non-Archimedean Valuations

Definition 1.1.7 Let K be a field with a non-archimedean valuation |.|, then
A={zeK |z| <1}
is called the valuation ring (or the ring of integers) of K.

Proposition 1.1.10 [10] The following hold:
a) A is a local ring.
b) U ={x € A:|zx|=1} is the group of units in A.
c) M ={x e A:|x| <1} is the unique mazimal ideal of A.

Definition 1.1.8 [10] The value group of K is the image ofK* under the valuation map
|.| It is denoted |K*|.

The value group |K*| is a multiplicative group of positive real numbers, hence it is either:

a) everywhere dense.

b) infinite cyclic.

In the case where the value group is infinite cyclic, the valuation is called a discrete
valuation and in the case where the value group is everywhere dense, the valuation is called

a dense valuation.

1.2 Examples of Archimedean Valuation

The ordinary absolute value on C on R and on any subfield, is the typical example of

archimedean valuations. In fact one can prove the following theorem

Theorem 1.2.1 [10] Let Kbe complete with respect to an archimedean valuation |.|, then

Kis isomorphic to either R or C and |.| is equivalent to the ordinary absolute value.

1.2.1 Examples of Non-Archimedean Valued Fields

Example 1.2.1 [10] (The field Qof rational numbers). This is a classic example and we

will work out the details. Let p be a prime number, then, because of the unique factorization
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m 7, every non-zero rational number x can be written as

n

a
T = -
P

where n,a,b are integers, and ged(p, ab) = 1.
Put
|z|, =p i fx #0 and |0], =0.

Then we have the following

Proposition 1.2.1 [10] |.|,is a valuation on Q,called the p-adic valuation.
Proof. From the definition |x|, = 0 if and only if v = 0. If x = p"i and y = p™i then
xy = p" i ged(p, abed) = 1, therefore

—(n+m

|xy|p =P ) = |x|p|y|p'

n

Ifn <m then x +y = p"(“*2—)and hence

[z +yl <p™" = max{|z,, yl,}-

The case m < n is handled similarly.
It is useful to also use the additive valuation, or order function in this case. The order

function is denoted ord,. The relationship between the two approaches is: for all x € Q,

|x|p _ p—ordp(x)‘

Proposition 1.2.2 [10] The following hold
1) ord,(x) = oo ifand only if x = 0.
2) ordy(zy) = ord,(x) + ord,(y).
3) ord,(z +y) > min{ord,(x), ord,(y)}.

Proposition 1.2.3 [10] The p-adic valuation is a discrete valuation.



Chapter 2

Non-Archimedean Banach Spaces

2.1 Non-Archimedean Norms

Definition 2.1.1 Let E be a vector space over K. A non-archimedean norm on & is a map
||.]] : B — R satisfying

1) ||z|| = 0 and only if z = 0.

2) || Ax|| = |A|||=]] for any = € Band any X € K.

3) |z + yll < max{||z(|, |ly[[}for any z,y € B.
A non-archimedean normed space is a pair .(B, ||.||)where B is a vector space over K and

|.]| is a non-archimedean norm on E.

Remark 2.1.1 Property (3) of Definition 2.1.1 is referred to as the ultrametric or strong

triangle inequality.
Proposition 2.1.1 [10] Let (E,||.||) be a non-archimedean normed space. For z,y € B,

||z + yl| = max{{[[], [[yl[} o [|=[] # [lyll

Proof. Suppose that ||z|| < ||y|| so that max{||x||,||y||} = ||y||, then by Definition 1.1.1
|z +yll < |lyll. Now

lyll = lle +y — 2| < max{[[z + yl|, ||2[]}.
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But since ||z|| < ||y||, we must have
max{||z + yl|, [|z[|} = [|z +yll,
and therefore
[yl < |z + yll
and the conclusion follows. m
Definition 2.1.2 Let (E, ||.||) be non-archimedean normed space and S be a nonempty sub-

set of B. The set S is said to be bounded if the set of real numbers {||z|| : v € S} is
bounded.

Definition 2.1.3 A sequence (x;);enin the normed space (B, ||.||) converges to x € B and
we write:

limz; =z

if the sequence of real numbers (||z; — xl|),_ converges to 0.

Definition 2.1.4 A series Y .o z; in (B,||.||) converges to = € Eand we write:

00
E Ty =T
=0

if the sequence of partial sums

(Sn)pen S = _aim €N
=0

converges to x.

Proposition 2.1.2 [10] Let (E,||.||)be a non-archimedean normed space over K. If the
sequence (x;);en converges in &, then it is bounded.
Proof. Suppose (x;);en converges to x,then the sequence of real numbers(||x; — x| \)ieN converges

in R, therefore is bounded. It follows that the set {x; : i € N}is bounded as a subset of B. =
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2.2 Non-Archimedean Banach Spaces

Definition 2.2.1 Let (E,||.||)be a non-archimedean normed space, then a metric d can be

defined on & to give it the topology of a metric space. This metric is defined by
z,y € B,d(z,y) = ||z — yl|.
Proposition 2.2.1 The strong triangle inequality translates as follows,
forz,y,z € B, d(x,y) < max{d(z, z),d(y, z)}.

Definition 2.2.2 A normed space(B,||.||)is called a Banach space if it is complete with

respect to the natural metric induced by the norm
d(x,y) = H.Z' - y“ T,y € E.

Example 2.2.1 1) The spaces K, K", > >° K;, L*° (K), B (E, K) with their respective norms
are Banach spaces.

2) Let Cy (K) the set of all sequences (x;);.y such that

lim |x;| = 0.
1— 00

Then, Co (K)is a vector space over K and

i = sup || = 0
ieN
is a non-archimedean norm for which (Cy (K),||-||) is @ Banach space.

8) Let t = (t;),oy i5 a sequence of non zero elements in K we define the set B, by
E;, = {x = (Ti);ey for alli, z; € K andilircr)lo <]ti|% |xl|> = O} )
We define the norm on E; by
||| = sué) <|ti|% |$Z]> =0, for all (v;);cy in By
ic
Then, (Eq, ||||) is a non-archimedean Banach space
Proposition 2.2.2 1) A close subspace of a Banach space is a Banach space.

2) The direct sum of two Banach spaces is a Banach space.

10
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Proof. 1) It is clear.
2) The norm on the direct sum is defined by ||(z,y)|| = max{||z||, ||y||}.From there, the

proof is also clear. m

Definition 2.2.3 Let E be a Banach space and 'V a closed subspace of B. Let P : & — E/V

be the quotient map. Define:
|Pz|| = d(z,V),z € E. (2.2.1)

where

d(z,V) =inf{d(z,z) : z € V} =inf {||Jz — z|]| : z € V}

18 the distance from x to V.

Remark 2.2.1 The norm defined in the Equation 2.2.1 is well defined because Px = Py if

and only if v —y € V, moreover ||Pz|| < ||z|, z € E.

Proposition 2.2.3 The norm defined in the Equation 2.2.1 is a non-archimedean norm on

E/V.

Proof. 1) First ||0|| = ||P(0)|| = 0since 0 € V. Next, if || Pz|| = Othen d(z, V) = Ohence
r €V,and Pz = 0.
9) For A € K*
IAPz]| = [[P(Az)]]
= inf {||]Mz —z||: 2 € V}
= inf {||z —2/\|| : z € V}
= inf {[lz —yl[:y € V}
= |All[Pzl].

3) For z,y € B, since Vis closed, there exist z1, 22, 23 € V such that

1P|l = llo = 2l [|1Pyll = [lo = 2, [[P(z + y)l| = llz +y — z]],

11
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then

|[P(z) + Pyl = [[P(z+y)l
= |lz+y— zl|

IA

[|(x +y) — (21 + 22)|| (because z; + 22 € V)
|z = 21) + (y — 2)|
max{|lx — 2|, |ly — 2}

max{||Pzl[, [[Pyl[}.

IN I

Definition 2.2.4 Let E be a vector space over K and ||.||1and ||.||etwo non archimedean
norms on B for each of which & is a Banach space. The two norms are said to be equivalent

if there exist positive constants ¢y and co such that for any v € E,
cillz|ls < [lzfl2 < eof|z|]s.

Proposition 2.2.4 On a finite dimensional Banach space over K, all non archimedean

norms are equivalent.

Proof. We use induction on the dimension n. If n = 1, let ||z||o = |z| be the norm
determined by the absolute value. Now let ||.|| be any norm on K, then for any = € K,
[|z]] = [« [[[1]] = el|2[lo, with ¢ = [[1]|
which implies that ||.|| is equivalent to ||.||o.

Suppose that the proposition is true for a space of dimension (n — 1).
Let E be of dimension n and let {ey, ..., e,} be a basis for E. First we have the natural
norm on [ which is
n
reB,x= inei, l|z]lo = max{|z;| : 1 <i < n}.
i=1
Let ||.|]| be any norm on E. We want to show that ||.|| is equivalent to ||.||o.

For any x = )" | z;¢; we have

n
el = 1| Y wieil] < max{|zilllel] : 1 < i < n} < efl]ly
i=1

12
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where ¢ = max{||e;|| : 1 < i < n} and we find
[|2[l < ellzllo-

To obtain the other inequality which will complete the equivalence, we letV be the

subspace of E generated by{ey, .., €,_1 },then
=Y+ Tnen

where y = Z;:ll x;e; € V. We note that V is a closed subspace of E, being the set of all

vectors in & whose n-th component is zero. Therefore, it follows that
a=inf{|[z+e,]| : 2€V} >0

then

Hx;ly—i—enH >a > 0.

Put
b = allen|| 'sothatb < 1.

Suppose first that z,, # 0, then
leal |7 'y + eal| > .

Now

[zl = lzllenl|(enl| ™z y + enll) = bllznenl]

and we find

2| = bl|znenl]-

For complete the proof of above proposition we have need the following lemma.
Lemma 2.2.1 ||z|| > b||y|]|.
Proof. Suppose that ||z|| < b||y|| hence ||y + z,e,|| < b||y|| and since b < 1we find that

[y + @nenll < lyll-

13
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which implies that
lznenll = [[(y + znen) — yl| = [|yl|

and since ||y + z,e,|| > bl|xne,||we get a contradiction.
Now we have

[|2[| = blaa|llenlland]|z]] = b]y]|

By induction, there exist constants ' and b” such that
|z|| > bb'|x|and||x|| > 00" max{|z;| : 1 <i < (n—1)}.
Let ¢ = min{bb’, bb" } . Then,
2|l = emax{|z;] : 1 <7 <nj = cllzlo.
Suppose next that x,, = 0.In this case, we still have
||| > bllyll.

and the same argument carries on, hence, ||.|| is equivalent to ||.|[o. ®

2.3 Link between |E| and |K]

Definition 2.3.1 Let (E, ||.||) be a non-archimedean Banach space, we define
Bl = {ll=ll, = € B}
K| = {|\, X € K}.

Remark 2.3.1 i) As the valuation of K to values in R, and the norm of E also to values
in Ry, then |K| C Ry and ||B|| € Ry. This result is not always true in theory of non-

archimedean, for example if we take K = Q, then

1 1
K| = {1,_,...,_} CR,.
2 P =t

ii) |E|| C K| i.e., for every x € | there exists a constant ¢ € K, such that ||x|| = |c|.

14
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2.4 Free Banach Spaces

Definition 2.4.1 A family (V;);e; of vectors in Eindexed by a set Iconverges to 0 and we
write:||z]| = |¢|

limV; = 0.

iel

Ve > 0,{i € I :||V}|| > e}isfinite :

Definition 2.4.2 LetV € Eand let (V;),., be a family of elements of E indexed by the set
I. We say that v is the sum of the family (V;);e; and we write:

S
if Ve > 0,there exists a finite subset Jy C I such that for any finite J C I,J 2O Jy
IS Vimol <=
ieJ

In this situation, we also say that the family (V;);er is summable and its sum is v.
Proposition 2.4.1 Let the family (V;);e; be summable in Bwith sum v € E, then

limV; = 0.

il
Proof. Givene > 0,let H={i € I:||Vi|| > e}.Since the family (V;);cris summable with
sum v, there exists a finite subsetJy of Isuch that for any finite subset Jof I containing Jy,
) Vi—vll<e
ieJ
Let j € I\ Jyand consider J = Jy U {j}, then
IS Vool <
ieJ

Since

IS Vi-vll<e

i€Jo

15
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it follows that

max{]| Y Vi—oll,]| Y Vi—oll} <e,

icJ icJo
which implies that

Vil < e

Since this holds for any j ¢ Jy, we conclude that H € Jy, hence H is finite and therefore
lim_V.:=0. m

iel

Definition 2.4.3 For each © € N we define the Mahler function M; to be the function:
M, :Z, — K, My(x) = 1, and fori >0 M;(x) = w,x € Zy. The function M,;
satisfies the following:

1) M;(7) =0 for j is an integer with i < n.

2) M;(i) = 1.

3) M;(z) is a polynomial function of degree i.

Let C(Z,,K) be the K-vector space of continuous functions from the compact set Z, to

K, equipped with the sup-norm
/1o = sup [£(2)].

2€ZLp

Theorem 2.4.1 The following hold:
1) For eachi € N ,M; € C(Z,,K) and ||M;|| = 1.
2)For each f € C(Z,,K)there exists a unique sequence (a;)ien C K such that

f(z) = 3 a;M;(z),x € Z,,.
=0

The series converges uniformly and

|| flloo = max{]a;| : i € N}.

3) If (a;); € N €co(K)then, the function

f@) =Y a;Mi(x),x € Z,

=0

defines an element ofC(Z,,K).

16
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Definition 2.4.4 We say that x,y € E are orthogonal to each other if:

laz + by|| = max{laz||, | [byl|}, for any a,b € K.

This definition is clearly symmetric and generalizes as follows.

Definition 2.4.5 Let (V;)icr be a family of vectors in . We say that the family is orthog-
onal if for any J C Iand for any family (V;)ics of elements of Ksuch that lim;c; a;V; = 0,

1 izl = max{|aa|| i € J}.
ied
Remark 2.4.1 An orthogonal basis for the Banach space [E is a base which is an orthogonal
family. This means, then, that a family {e; : i € I}is an orthogonal basis if and only if:

1)For every x € E there exists a unique family (z;)c; C K such that

r = E ZT;€;.

iel

2) ||x|| = max{||z;e;|| : i € T}.

The orthogonal basis {e; : i € I} is called an orthonormal basis if:
lle;|| = 1, foralli € I.

Remark 2.4.2 The sequence of Mahler functions {M; : i = 0,1, ...} forms an orthonormal
basis of C(Z,, K).

17



Chapter 3

Bounded Linear Operators in

Non-Archimedean Banach Spaces

3.1 Bounded Linear Operators

3.1.1 Definitions and Examples

Definition 3.1.1 A mapping f : X — Y that associates every v € D (f) C X a unique
y €Y is called operator (transformation). The set D (f) designates the domain of f.

Definition 3.1.2 A mapping f is said to be a linear operator if,
i) D (f) vector subspace
it) For all o, € K and z,y € X,

flar + By) = af(x) + Bf(y).

Definition 3.1.3 A mapping f : X — Y is said to be bounded if X =D (f) and there exists
¢ > 0 such that
|| fz|| < c||z||, for all x € X.

Remark 3.1.1 We denote by B(X,Y) the collection of all bounded linear operators from X
into Y. In the case X =Y, then B(X,Y) denote by B(X). It is clear that if f € B(X), then

the quantity, called the norm-operator of f,

fx
fll = sup 1o
zex\{0} !55||
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3.1. Bounded Linear Operators

Remark 3.1.2 If f € B(X), then the following identity holds,
L Fzl < 11 |l], for all x € X. (3.1.1)

Remark 3.1.3 Let X, Y be a non-archimedean Banach spaces. If f € B(X)Y), we define
the two norms of f by

il = sup LA

and ||fllo = sup || fz]lv.
zexX\{0} ||x ex

xr
[zl <1

This two norms are not always equivalent or equal. For example, let X =Y = Qg such that

X =(Q [[z]] = 2|zly) and Y = (Q, [|2|| = |z|) with

37" if x £ 0,n € N*
0ifz = 0.

‘$’3 =

For the identity operator I : X — Y we have

H[H _ sup HI‘THY: ‘x’:} :1
zex\(o} |17][x 2|zly 2
and

1

[[I[lo = sup [[Iz]ly = sup [z];= .

3
zeX zeX
[|z]|<1 llz]|<3

Hence, |[I]| # |[{]]o-

Proposition 3.1.1 Let X|Y be a non-archimedean Banach spaces. If f € B(X,Y), the two

norms are not always equivalent or equal if || X|| C |K| or the valuation of K is dense.

Remark 3.1.4 i) We suppose that ||X|| # Ry, then for a € R, \ | X|| we consider on X the
following norm

|zll, = a ! z]|, Yz € X.
Asa e Ry \ |[X]|, then a # ||x|| this implies that o' ||z|| # 1. Therefore
freX o, =1} = .
So, if |X]| € |K|, then for all x € X there exists ¢ € K\ {0} such that ||z|| = |c| and

le| ™" ||z|| = 1. Hence the unit sphere non empty.
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3.1. Bounded Linear Operators

ii) We have 0 € B(X,Y) with |[0|] = 0. Moreover if f,g € B(X,Y) and A € K then
f+g,Mg, fg € B(X,Y) and we have

a) |[If +gll < LA+ gl

0) IMfII = (AT

o) IIfgll < IIf1 gl
Therefore, (B(X,Y), ||-||) is a normed vector space.

Definition 3.1.4 An operator f is called continuous at xo € X if (x,) converge to xo, then

f(z,) converge to f(xo).

Remark 3.1.5 Every bounded linear operator f on X is continuous. Indeed, if (xy,), oy C X
is a sequence which converges strongly to some x € X, i.e., ||z, — z|| — 0. Then by using

3.1.1 1t follows that
1f (@ = 2)| < 1 f ] 2 — =]
Which yields,
If @) = 0.

Theorem 3.1.1 Every continuous linear operator f : X — X is bounded.

Proof. Suppose f is continuous. Consequently, f is continuous at x = 0. Hence, there
exists 7 > 0 such that ||fz|| < lwhenever ||z|| < 1. Suppose the valuation of the non-
archimedean field K is dense. Consequently, there exists z, € K\ {O}such that |z,| = 7.

If 0 # x € X then let z, € K\ {O}such that |z,| = ||z|| we have

2
1220 = .
Zr
Now alll 2
2T |zl fr
D) = il
el
IEl
< 1,
and hence
il < ol

which yields f is bounded. m
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3.1. Bounded Linear Operators

Remark 3.1.6 One should point out that the proof is similar in the case when the valuation

of K is discrete and hence is omitted.

Example 3.1.1 Let X = K" = {(x1, 29, ...,2,) : zx € Kk = 1,2,..,n}be equipped with its
natural non-archimedean norm given by

|z]] = max ||
=1,....,n

=1,...,

for all x = (x1,29,...,x,) € K". Let (e1,eq,...,e,)be the canonical basis of K"defined by,
er =(1,0,0,...,0),e2 = (0,1,0,...,0),...,e, = (0,0,0,...,1). Forallx = (1,2, ...,x,) € K",
we have

n
T = E xje; for somez; € K,j=1,2,...,n.
=1

Let f : K" — K"be a linear mapping. Clearly, fe; € K"and hence there exists a;; € Kfor
1,7 =1,...,n such that

n
fej: E aijei.
i=1

In what follows, we show that the arbitrary linear operator A given above is necessarily

bounded. Indeed, for all

n n
=) xje; andy =Y 5 ye;, we have

1fz = fyll = (I 2joi (75 — ;) Ae]
< Cmax(|zy — y1ly -y [T — Ynl)
= Cllz —yll,
where
€= max [|fe;]| = max (max |a;) < oc.

=1,...

Consequently, f : K" — K"is a bounded linear operator.
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3.1. Bounded Linear Operators

3.1.2 Properties of bounded linear operators

Theorem 3.1.2 The space (B(X), ||.||) of bounded linear operator on Xis a Banach space.

Proof. Indeed, Let (f,), .y be a Cauchy sequence in B(X). Equivalently, for all ¢ > 0
there exists N € N such that

|| fr — fml] < € for all m;n > N.

Another hand, we prove that there exists a bounded linear operator f : X — X such that

lfu= Il = 0.
For all x € X\ {0}, we have

| (fr — fm) () || < €|z| for all m,n > N. (3.1.2)

Consequently, (f, (7)), cy is a Cauchy sequence in X. Since X is a non-archimedean Banach
space, there exists ( € X such that || (f,) (x) — (|| — 0.
Setting

fr=¢=lim foz,

n—oo

one defines a linear operator f : X — X.

Letting m — oo in 3.1.2, one obtains,

| (fn—f)(x)]| <e€|x| forall n> N. (3.1.3)
Consequently, for n > N
Lf @) = [lf (@) = fulz) + fu ()]
< max (|[f (z) = fu (@) [, [ (2) [])
< max (e [z, [[fn (x) [])
< max (el [[full l2])
(

ax (€, [ full) ll] -

This yields f is a bounded operator. Further,

|
=

I|f = full < eforn > N.

Equivalently, ||f, — f|]] — 0. m
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3.1. Bounded Linear Operators

Definition 3.1.5 Let f a linear operator, we say

i) The kernel of f and we denote by N (f), the set defined by

N(f)={zeD(f): fz =0}

it) The range (image) of f and it denoted by R (f), the set defined by
R(f)={fz:xeD(f).}

Definition 3.1.6 If f € B(X,Y), then
i) f is injective if N (f) = {0}.
it) f is surjective if R (f) =Y.

it) [ is invertible if it is injective and surjective in the same time.

Definition 3.1.7 If f is invertible, then there exists an unique bounded linear operator

noted by f~1:Y — X called the inverse of f such that

[f'f=Iand ff = Iy,

where Ix and I are respectively the identity operators on X and Y. If X =Y the identity
operator noted by I.

Theorem 3.1.3 Let f € B(X), and suppose that ||[I — f|| < 1, then Then the followin hold
i) For all v € X, the series Z (I — )"z converges in X and Z I—-f)" e B(X)

n= n=0
it) [ is invertible and

Proof i) let g = I — f, so that ||g|]] < 1. Let z € X, to show the convergence of the

series Z g™ we need to show that lim, .., ¢"x = 0, and we have for all n € N
n=0

lg" =] < llgll"™ fl]
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3.2. Non bounded linear operators

But since ||g|| < 1, then [|g||" ||z|| — 0. Hence the series converges. Moreover,
n—oo

n=0 k=0
>
k=0

< limy 0o

< limy oo max (1, flg]l, -, fl9"1])
< iy oo max (1, [lgll, -, llgl™)
= 1.

and Zg" € B(X).
n=0

ii) We have need to see that

k=0

k=0
= I,
and, hence
oY
n=0
|

3.2 Non bounded linear operators

Definition 3.2.1 A non bounded linear operator f on non-archimedean Banach space is the
pair (D (f), f) consisting of a subspace D (f) C X and a linear transformation f : D (f) C
X =Y (may be non bonded) .

We denote by U (X,Y) the set of all non bounded linear operators. If X = Y, then
UXY)=U(X).

3.3 Closed linear operators

Definition 3.3.1 We recall that X XY equipped with the norm ||(z,y)|| = max (||z]|, ||y|]),

for all (z,y) € X XY is non-archimedean Banach space.
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3.3. Closed linear operators

Definition 3.3.2 An operator f € U (X,Y) is called closed if its graph

G(f) ={(z, f(2)) e X xY 2 cD(f)}

18 a closed subspace of X xX'Y.

We denote by C (X, Y) the set of all non closed linear operators. If X = Y, then C (X,Y) =
C (X).

Proposition 3.3.1 Let f : D(f) C X — Yis closed linear operator. If (z,),.n C D(f)
such that ||z, —z| — 0 and ||f(x,) —y|| — 0, for some x € X and y € Y, then
x€D(f) andy = f(x).

Definition 3.3.3 We call an operator f : D(f) C X — Y is closable if admits a closed

extension. i.e., there exists a closed operator g : D (g) C X — Y such that

D(f) cD(g)
g(x) = f(x), for allz € D(f).

Remark 3.3.1 If f is closable, there exists a closed operator f such that G (?) =G(f) It

follows immediately that f is the smallest closed extension.

Proposition 3.3.2 Let X, Y be non-archimedean Banach spaces. We suppose that g €
B(X,Y) and f e U (X,Y).

i) For that g+ f be closed, it is necessary and sufficient f be closed.

i1) For that g+ f be closable, it is necessary and sufficient f be closable and in this case we

have g+ f =g+ f.
Proof. i) Let (z,),y a sequence in D (f + g) such that

T, — T
(f+9)an—y
Since g is bounded, then we have D (¢g) = X and D (f +¢g) =D (f). And as

T, — X

g€ B(X,Y)

alors gx, — gz.
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3.4. Bounded linear operators in free Banach spaces

We have fx, = (f + g) x, — gzn, or f is closed hence x € D (f) and fzr =1y — gx.
i) If f is closable operator, then f 4 g has a closed extension g + f. Then g + f is closable
and

g+fcCg+f.
By replacing f by f + g and g by —g, we have if f + g is closed or closable it is the same
for f et consequently, we have

fcg+f-g

then

g+fCg+g+f—g

I
Q
+
—

3.4 Bounded linear operators in free Banach spaces

Definition 3.4.1 Let Xbe a free Banach space over the non-archimedean field (K, |.|)with

canonical orthogonal basis (e;);er Define e; € X*by setting

T = Za:iei, e;(z) = ;.

i€l
It turns out that ||ej||, = ||e;||™'. Furthermore, every x' € X*can be expressed as

!/ / /
ZL‘Zg <xT,e >¢
i€l

with

’ B | <$/,€i> |
|2 ][ = sup ————
i€l e

For each f € X*,define the linear operator v' @ u : X — Xby

(v @u)(w) :=<v,w > u.
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3.4. Bounded linear operators in free Banach spaces

Clearly, the operator(v@u)is bounded as ||v @u|| = ||v'||.||u||. Among other things,if(e;)icris
the dual canonical orthogonal basis for X*,then(é ®e;j) i erxr € B(X)and its operator-norm

s given by el
€j

!’
e; Kejll =
|| 7 J|| ||€z||

Proposition 3.4.1 let A € B(X),then it can be written in a unique fashion as a pointwise

convergent series

A: Z aije;(}z)ej,ie[,lign]aij\HeiH:0.

(4,§)€IXI
Moreover,
HAH = sup sup ‘(l”|||€z||
iel ;eI ||€zH
Proof. For allj € I,Ae; = 3. ajje;wherea;; € K, |aj||le;|| = 0.Now for any x =

Zie[ a:jej < X

Az = Z Z a;;xje; = Z Z aij(e;. ® €;)x.

jel el JeIl i€l
It remains to show that
Ae- e
HAH — sup H 6]” — Supsup |CL@J|||61H‘
el el er er legl|
Indeed,
|| Aey]
= < [|A]].
|le;]

Next, for any x = Z,@ Tj€j;

el = IS, wdes]
< Supj61(|xj|'||A€j||)
A .
= sup (| e |5
< [ Ae; ]

1]l sup;er T
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Abstract:

In this memory we will present and study the non-Archimedean
Banach spaces by giving some examples. we devote to the basic properties
of bounded and unbounded linear operators on non-Archimedean Banach
spaces.

Keywords: Banach spaces, non-Archimedean Banach spaces, bounded
and unbounded linear operators.

Résume:

Dans ce mémoire on va présenter et étudier les espaces de Banach non-
archimédiens en donnant quelques exemples. nous consacrons aux
propriétés de base des opérateurs linéaires bornés et non bornes sur les
espaces de Banach non-archimédiens.

Mots clés: Espaces de Banach, espaces de Banach non-archimédiens,
opérateurs linéaires bornés et non bornes.
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