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Chapter 1 : Tensor calculation reminders

Introduction

Vector algebra

Einstein's notation

Delta kronecker: Properties
Levi-cevita symbol: Properties
Transformation law

Matrices

Derivative of tensors

Gauss and stokes integral theorems

N Y Y I Y o O

I. Introduction :
The continuum mechanics: is the part of physics which studies the mechanics of
deformable solid bodies, it is a physical and mathematical framework allowing a concrete
problem to be modeled. Once the mathematical model has been established, it can be
solved by an analytical or numerical method....
II. Vector algebra :

When we study physical phenomena we encounter three kinds of magnitudes, the scalars,
vectors and tensors.

The physical quantity can be represented mathematically by:
A scalar is defined by a single number independently of the example reference axes:
(mass, temperature, volume, pressure....etc.)[ 1] or a quantity defined by only a magnitude
such as: length, time, density, energy, temperature, potential..,[2].
A vector is inseparable from the concept of direction; it is defined by its direction, its
length, its point of application and by its supporting axis [1] or quantities defined by the
couple, a magnitude and a direction such as: displacement, speed, acceleration, volume
forces... [2].
A Tensor: is a generic word of mathematical entities that designates a physical quantity.
Tensors are the generalization of scalars, vectors and matrices.
The description of a tensor depends on the reference, we interested in Cartesian tensors,
and the reference system is an orthonormal reference which can be rotated by
transformation matrix and change into another reference [3].

As a tensor of order 2: stresses, deformations, heat flow, electric field..., a tensor of
order greater than 2: for example: tensor of elasticity which is a tensor of order 4 [2].

Order | Entity | Example [1] | Dimension Nbr components | Notation
0 Scalar | Temperature | 2D 2°=1 o
3D 3%=1
1 Vector | Displacement | 2D 2'=2 v;
3D 3'=3
2 Matrix | Stress 2D 2=4 aj;j
3D 3’=9
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We can say that as another definition a tensor A is a linear operator (application) on R
whose components are defined relative to a basis.

VX,YER? AX+Y)=AX)+A(Y) ,

VAER;X € R® A(AX) = 1A(X),

The relation Y=A(X) can be written

B41 a1 A2 A3 (*1
Y2p = 1421 Q2 Az3|4X2
Y3 az1 Az Aazz)l\X3

(A) 1s the matrix associated with the tensor A
Every tensor can be decomposed, and in a unique way, into the sum of a symmetric tensor
and an antisymmetric tensor.

_ A+At

AS
_ A+At | A-At s a _ 2
e R SN ]

Aa
2
I1I.1 Coordinate system, base vectors:

A vector may be defined with respect to a particular coordinate system by
specifying the components of the vector in that system. The choice of coordinate system is
arbitrary, but in certain situations a particular choice may be advantageous. The reference
system of coordinate axes provides units for measuring

A

vector magnitudes and assigns directions in space by %

which the orientation of vectors may determinate.

The well-known rectangular Cartesian coordinate system

1s often represented by the mutually perpendicular g4 =
axes,(0, X;, X,, X3) shown in Figure .I.1. . X
The most frequent choice of base vectors for rectangular é‘lw\m\ :

Cartesian system is the set of unit vectors €;, €,, €; along X

the coordinate axes as shown in Figure .I1. Figure .LI.1. The coordinate axes reference.

The orthonormal vector basis(0, €;, €,, €3), must satisfy the following conditions:
o lledl =llexll =1llell =1,

> o > o > o

€., = €5.3 = €3.eq = 0 .

€,.6, = €,.8, = €3.€3 = 1 and the following :
—

L4 §1X§1=§2X§2=§3X53=0,
- > o> - > -

e ¢, Xey,=¢63,6,Xe =—e3,

L4 é)2><é)3=é)1,é)3><é)2=_é)1,

¢ e3Xe = e;,e Xez = —ey,

Chapter 1 2
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I1.2 Position vector:

In a reference space we define an orthonormal
vector basis (0, €;, €,, €3). A point P in space can be
defined as a position vector OP , which gives the
position of the point P in space with respect to the
defined reference.

The position vector can be expressed by: OP = X.é; +
X6, + X385 ;

where: X, X,, X5 are the components of the vector oP
in the orthonormal basis (0, €;, &,, €3).

Figure .1.2. Projection of a point P defined in an

orthonormal vector basis (0, €, €,, €3).

The magnitude or the module of the position vector is given by: ||W’)|| = X2 + X2 + X2

Or: OP.OP = X2 + X2 + X2

_Unit vector: is a vector of length “magnitude, modulus” equal to one (unit).
lell = 1.
_ We can extract a unit vector from a non-zero vector, as follows:

=

- — — -
€y =, onu= |z]|. e,.

_ Null vector: is a zero-length vector. 0, 0r:||6|| = 0.

=

I1.3 Vector operations :
Let be the non null vectors: U, v and w,

U+ U (commutative),
+ W) = (U + V) + W (associativity),
i =1u (null element),

[ J
gl &€ & <«
+ + + +
<l

=0 (opposing element).

T
gy
+

e Multiplying vectors by a scalar:
Let be the scalars o, B and the vectors U, U ;

** o (B u) = (af)u (associativity),

** (a+B)u= aul + Pu (distributive scalar addition),

** q(d + V) = au + av (addition distribution vector),
**1U=u1=u,

—

*% 0,4 =0,

Chapter 1
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I1.4 The dot or inner product or the scalar product of the vectors:
The result is a scalar (number).
Let be the vectors U, ¥ and their successive components (uy, Uy, Uz) and (vq, v,, v3)
2 U =u e + U6, + U3z, U =v,8, + 1,6, + V365 ; then :

The scalar product of two vectors U, ¥ is then written in matrix form:
U1

?71}) =um + U0, + U3V3 = [ul Uz u’3] lUZI[S]
U3

Which can be written as:

** 4. v = ||Ull. [|Y]]. cos @ = u vy + uyv, + uszvs

** The angle 0 between the two vectors U, ¥ can be determined by:
u.v

llIwll

The scalar product is the algebraic measure of the projection

of U onto the line carried and oriented by ¥ as represented

by Figure .1.3.

cosf =

The vectors 4 and U being permutable in this

definition. o oL
Figure.l.3. Projection of the vectors u, v.

Then we can write: U.V = projection% = projection% [6].
Concept of projection is introduced.

Properties :

** .U = U.U (commutative),

** goit le vecteur W : uU. (U + W) = U. ¥ + u.w (distribution)
** goit le scalaire o : a(U.?V) = au.V = U.av

#% (.3 = 0,

** 7.0 = |72,

I1.5 The cross or vector product: The result
of the cross product of two vectors is a vector

perpendicular to the two vectors. uyy
—_ > . . 4 | d
Let be the vectors u, v and their successive ya Vv /!
components (uq, Uy, Uz) and (v, v,, V3) A1 é\./), y
— - - - o . :

= U =u,e; +u,e, + uzes,and / - /

- - - - . .

UV =v,e, + 1,8, + V365 ; then: / u /

) Figure .1.3. The vector product of two vectors.
#*ux v=[d]l.||V|l.sinb.n

&l
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Noted as:
R
Uq 41 €1
UX v=|uz[ x|v2|5—¢e,
Uu % -
3 3 €3

Else, the result is similar to a calculation of the determinant obtained from the

relationship associated with the cofactors and presented in

>
e

the following form:

- -
e, e
ixv=u w w|=[r Sla-[l Wa+[0 e
- 1 2 31— Uy v3 1 (2 v3 2 12 v, 3>
vV, Uy U3
UX U= (uyv3 —uzv,) e; + (uzvy —
- > &
UyV3) €3 + (UV — UpVp) €3
. uyy
The magnitude of the result vector
. — .
corresponds to the area of a parallelogram / >V y
. - - . . - — -
having u and v as adjacent sides, y MMVII 7
-~ &
- T -
. Iy 1 e
i x v|| = [|d]]. ||¥]]. sin @ = Area (U, V) v u y

Figure.l.4. Area between U and v.

Properties :
**UX v=—(V X U),
** 4 X U =0 =P the two vectors U and U are linearly dep

endent,

** Jet be the scalar o : (@) X v =uU X (av) = a(U X V),

** let be the vectorw : . (WX W) =v. (W X u) = wW. (U
e UX W AW) = UXD)+UXW) = UXV+UXW,
R (UX V)XW= UW)V— (V.W),

I1.6 Tensor product of vectors:

X 1),

If 4 and ¥ are vectors of length M and N respectively, their tensor product Z &V is a

vector W defined as the MxN matrix defined by u&v = w

u %1 %1 (%1
Example: UV = (ul) ®<U2> ={uy <v2>,u2 <v2> = 4
2 U3 U3 U3

= {uivj}.
(U1V1
U1V,
U3
Uy Uy >[4].
LA)

Chapter 1
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Properties:
( 2 )
- P oo

\10 /

(3

6
{3 (%) 4 (%) ,5 (;) } = < g > (not commutative)
L15() J

The tensor product is linear on the right and on the left.
(A)&w = A(USD) = US(IV),

(Uy + U,) O = Uy O + U, 60,

UV, + Uy) = USD, + U,

(U + ) (V1 + Uy) = Uy V) + Uy OV, + U, OV, + U, O,

III. Einstein’s “notation” summation convention:
In ordinary physical space a basis is composed of three axes, noncoplanar vectors, and so
any vector in this space is completely specified by its three components.

W == Xlé)l + Xzé)z + Xgég

Can be written in the form: OP = Y3 . Xé ;
Where OP is the position vector and X; are the components X;, X,, X5.
By convention we can write:
OP = X;&; ,
with 1 as index and can take the values 1, 2, 3.
Accordingly the symbol X; is understood to represent the three components X;, X,, X5 and
e; is understood to represent the three vectors €;, €,, €5[2].

So, an index which occurs twice in an expression is summed over. Such an index is called
dummy. The rule is called the Einstein summation convention. So, now we write simply

[6]:

For a range of three on both indices, the symbol A;; with 1 as dummy indice represents the
sum OfAll + AZZ + A33[2]

The i-component of the vector OP we write X;. This index is a free index. It is not
summed over. It is very important to distinguish between free indices and dummy indices.
e Look at the expression: a;b;c;

Here, j occurs once only, so it is a free index. But “1” occurs twice. “1” must be a dummy
index and is summed over. So this expression has one free index.
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The order of the factors can be changed arbitrarily: writing out the expression explicitly,
we have: a;bjc; = a;c;bj = (a;c;)bj = (ai¢1 + azc; + azcs)b; [7].

Example expressions:
e F; = A;B;C; , in this expression: i is a free indice however j is dummy one.
e Gy = Hy(2—3A;B;)) + P;Q;Fy : kis a free indice and i,j are dummy indices.

IV. Kronecker-delta symbol:
Let us take the scalar product of the unit vectors of a basis (0, €;, €,, €3), we conclude :
o £,.6,=¢,.6;=2¢2.¢, =0,
e ¢,.8;, =¢6,.8,=¢j.6; =1.
This allowed Kronecker, for simplification; to use the symbol that bears its name:

Kronecker delta symbol, which is defined:
1, if i=j , b s
8ij = {0, if Q%) and we can also write: §;; = ¢€;.¢;,with I, =1, 2, 3.

The Kronecker delta is sometimes called the substitution operator, since, for example;
Sl]b] = 6i1b1 + 6i2b2 + 6i3b3 = bi
Properties:
L] ui5ij = uj, L] uivj6ij = U;v; = U,j Uj ,® Sijdik = 5]
The dot or the scalar product of two vectors U, U can be written:
1_)1,1_7) = (uiéi). (U]é}) = U; U](SU =Uu;v; = U,j Uj

V. Levi-Civita permutation symbol:
If we mix the vector products of the unit vectors with the scalar products, such that:
(e; x é;).€;, (€, X &,).é, and so on
(e; X &,).é5, (é, X é3).€; and so on
(e2 X €).85, (€3 X &,).6;and so on, or write: (& X €;).€, with:ij,k=1,2,3.

We will find the results as:
(61X €).81 = (6 X€).8=(é3X6).é3=0
(e, xe1).e, =(e;,xXe,).e;3=(e3%xez)e; =0
(_é))l X €1).83 = (€; X €;).6; = (€3 X €3).6, =0
(_e)l X &,).e; = (e, xée;).e =(e;x¢é).e,=1
(e, X €1).85 = (€3 X ¢&,).8; = (e, Xé3).e, =—1

This allowed Levi-Civita to define its "epsilon" permutation symbol as follows:
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( if i,j,k are an even permutation of 1,2,3
{(i. e. if they appear in sequence as in the arrangement 12312).
if i,j,k are an odd permutation of 1,2,3
fijk =\~ {(i. e. if they appear in sequence as in the arrangement 32132).
if i,j,k are not a permutation of 1,2,3
\ {(i. e.if two or more of the indices have the same value).

Or write: &, = (&; X &;). &, with: i, j, k=1, 2, 3.
It represents the orientation of the coordinate system as shown in Figure.l.5.

The concept of the orientation or the direction of the coordinate reference (space) was
introduced.

Figure .1.5.The orientation of the coordinate
system representation.

Properties:
® &ijk = Ekij = ki s
® Eijk = ik = ki T “Ekji»
The cross or the vector product of two vectors %, ¥ can be written:
Ux ¥ = (ué) X (v;6;) = u; vjex &

Relationship between permutation symbol and Konecker-delta:

8i1 iz Oi3 Sip Oig  Oir
eije = det[0j1 G2 O3], et: g pepg = det|8jp  Ojq Oy
5k1 5k2 8k3 5kp 8kq 5kr

VI. Basis Change - Transformation law:

Let the two orthonormal (rectangular) Cartesian
coordinate systems(0, €;,€,,€3) and (0',€'1,€',,€’3)
with common origin at an arbitrary point O as shown
in Figure .1.6.

The primed system may be imagined to be obtained
from the unprimed by a rotation of the axes about the
origin, or by a reflection of axes in one of the
coordinate planes, or by a combination of these. If the
symbol a;; denotes the cosine of the angle between

the i primed and j" unprimed coordinate axes, Figure .1.6. Rotation of two orthonormal
Cartesian coordinate systems.
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1.e. a'ij = §i.e'j = COS(é)i,é),j) = COS 6,_] ) Figure.l.7., the X,
relative orientation of the individual axes of each system L

with respect to the other is conveniently given by the table : $a

- - -

€1 ) €3

aiq aqz a3 ' v 2
xl/

azq az; azs /

1
a31 a32 a33 cos aqll

X3

=

-1
cos g7

N

£

RUNSRY

9]

Figure.l.7. The transformation tensor
representation.
Or alternatively by the transformation tensor:

ay1 Q12 Qg3
a;j = |4z Q22 Q23
az1 dz3 A3z

From this definition the unit vectors ;')1 along the X';axis is given by:

?1 = a11€1 + 126, + 1363
An obvious generalization of this equation gives the arbitrary unit base vector ?i as:

?i = a;é;

In component form, the arbitrary vector ¥ may be expressed in the unprimed system by the
equation: ¥ = v;€; and in the primed system by: ¥ = v’i?i = v';a;;€; by comparison
we can conclude that the vector components in the primed and unprimed systems are
related by the equations: v; = a;;v';
This expression is the transformation law for first- order Cartesian tensors, by
interchanging the roles of the primed and unprimed base vectors in the above
development, the inverse is found to be: v'; = a;;v;
It is important to note that the free index on a;; appears as the second index in the second
equation, the free index appear as the first index.
By an appropriate choice of dummy indices may be combined to produce: v; = a;;a;, vy
Since vector ¥ is arbitrary, which allow to write: a;;a;, = 8y , this last equation is known
as the orthogonality or orthonormality conditions on the direction cosines a;;.

According to the transformation law, the unprimed vector u'v’ which has components in
the primed coordinate system given by:

uiv'; = (aipup) (@jqVq) = AipjqUpVy
In an obvious generalization, any second-order Cartesian tensor T;; obeys to the

transformation law: T';; = a;,0jqTpq ;
With the help of the orthogonality conditions it is a simple calculation to invert:
Tij = apiaq;T'pq-

Working with tensors requires knowledge of matrix operations.

Chapter 1 9



Continuum Mechanics Dr: Saib Ch.

VII. Matrices, Matrix representation of Cartesian tensors:

A rectangular array of elements, enclosed by square brackets and subject to certain
laws of combination, is called matrix.

An MxN matrix is one having M (horizontal) rows and N (vertical) columns of
elements. In the symbol A;; used to represent the typical element of a matrix, the first
subscript denotes the row, the second subscript the column occupied by the element, said
of two dimensions (M, N) noted for example:

aj; Q12 413
A=la;] = [am 22 azs] , with: i=1, 2, 3 and j=1, 2, 3.
az1 Gz d4zs
M=3 (three rows), N=3 (three columns), number of array elements: MxN=3X3=9 scalar
elements.
* Generally, in Continuum mechanics, M=N, in this case the matrices are said to be
“square”.
a- Some special square matrices
Unit matrix:Sometimes denoted In, n is the dimension of the matrix

1 0 0
Example: I3 = [0 1 O}
0 0 1
Diagonal matrix : where the elements are only on the diagonal of the matrix
Ei1y O 0
Example: E;=| 0 E,; O
0 0 E;;

Symmetric matrix: A square matrix A is said to be symmetric if Aji = Aij for all (1)
different from (j).[3]

Matrix transpose: The transpose AT of a matrix A is the matrix obtained by exchanging
its rows for its columns ( Aji # Aij).

X1
The transpose of a column vector is a row vector. X (%1, %5, x3)=> XT <x2>
X3
Matrix determinant: is a scalar given by:
det(A) = g A1iAzjAsk

1
det(4) = A €ijk €mnp AimAjnAkp [7]

Matrix operations:

Let the square matrices of the same dimensions be: A, B, C,

e A+ B =B+ A; commutative addition,

e A+ (B+C)=(A+B)+ C; associative addition,

e A+0=0+ A = A, the neutral matrix 0 is a matrix where the elements are null
(known as zero elements).

e A+ (—A) = 0, for each matrix A, there is a unique matrix —A.

e Let be the scalar o then: (4 + B) = aA + aB,
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e (A+ B)C = AC + BC : distribution on the addition,
e Transposed from a matrix noted A" : A = [q; 12 AT = [a;] , with:
(ANT = A.

Properties:
e (A+B)T=AT+BT and e (AB)T = ATBT.

Matrix Inverse: if a square matrix is non-singular, it possesses a unique inverse matrix.
A square matrix whose determinant is zero is called a singular matrix.

The inverse matrix is a matrix denoted by A™1, such that:

AAT =A71A=1
Where 1 is the “identity” unit matrix, having ones on the principal diagonal elements and
zeros elsewhere.
Properties:

e A H1=A4and(4B)1=4"1B1,
* The matrix inverse can be calculated using the cofactor method:
1
A"l = det(A)'Com(A)T
com(4) = (—1)"*/ det (4;;)

If A is a matrix which size is N then (4; ; )is the square sub-matrix of size N-1 deduced
from A by deleting the i-th row and from the j-th column (its determinant is therefore one
of the minors of (A).

Principal values and principal directions of matrix or second-order tensors:
Let be the matrix A = [ai j], there is associated with each direction(specified by the
ny

unit normal n;) an arbitrary vector 71l , a vector given by inner product ¥ where its

n;
M
components will be v; = a;;n; .

Here a;; may be envisioned as a linear vector operator which produces the vector v;
conjugate to the direction n;. If the direction is one for which v; is parallel to n; , the inner
product may be expressed as a scalar multiple of n;. For this case,

An =11
And the direction n; is called a principal direction, or principal axis of a;;. With the help
of the identity n; = §;; n; can be put in the form:
(A - 7\,5)7_'1,> = 5 or (a'ij - 7\,611)7?,] = 0

Which represents a system of three equations for four unknown n; and A, associated
with each principal direction.

Note first that for every A, the trivial solution n; = 0 satisfies the equations. The
purpose here, however, is to obtain non-trivial solutions. Also, for the homogeneity of the
system it follows that no loss of generally is incurred by restricting attention to solutions
for which:
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nin; = 1,
and this condition is imposed from now on.
To have a non trivial solution, the determinant of coefficients must be zero, that is;
|aij = 18ij|n; = 0
Expansion of this determinant leads to a cubic polynomial in A, namely;
A° — 1A% + 11 \-111=0
Which is known as the characteristic equation of a;;, and for which the scalar
coefficients,

I = a;; = tr a;j (trace of aj))
"= 1/2 (aia;; — aija;;)
I = |ail~| = det (aij)

Are called the first, second and third invariants, respectively of a;;. The three roots of the
cubic characteristic equation, labeled A;, 4;;, 4y, are called the principal values of a;;.

For a symmetric tensor with real components, the principal values are real; and if these
values are distinct, the three principal directions are mutually orthogonal.

When referred to principal axes, both the tensor appears diagonal form as:

4 0 0
0 A4; O

The principal values are ordered as in A; > A;; > A5 [6].
ny

A" = ay] =

. — n . . . .
An eigenvector n* of components { "% + associated with the eigenvalue A must satisfy the

My
relation:
ny
(A-An" =0 €> (A-2){"2: =0
T
If the matrix A admits A, eigenvalues, distinct two by two, the Wn associated
eigenvectors are linearly independent.

For principal axes labeled (0, X7, X3, X3) the transformation from (0, X1, X5, X3) axes is
given by the elements of the table:

X3 X3 X3
X1 a, =nY ar, =" a, =nSV
X3 ar, = n® a, =n a;; =nd
X3 a, =n® a; =nd a;, =nS)

)

In which n;”~ are the direction cosines of the jth principal direction.
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VIII. Derivative of tensors:
1/ The temporal differentiation of a vector is given by:

617 avl_,+av2_,+av3_> - . >
—=——¢€t—— €, +—— €3 = V; 6, = V;€
at  at ' at > o9t o Tt
Properties:
aOA) _ a2 o 2 »
o WD _Fgy x— = JA+2\A
ot ot -
d(AB) _ 04 5 | » 9B > = S D
o 248 0 p L A% _AB+AB
at ot ot
d(AxB) 04 _ =
. X )_—xB+A><——A><B+A><B
2/ the spatlal dlfferentlatlon of a vector:
o av avl 3. = 1.8,
axl axl | ll l
o B _ig _y g
6x] o oxj L Lj=L
° azvi = . .
6x]-6xk - l’]k
3/ the spatial differentiation of a tensor:
6aij _
¢ axk o aij'k
62aij
® — ..
dxy0x Qijkem

Several important differential operators appear in continuum mechanics and are given here
for reference.
The divergence: the divergence of a vector is a scalar given by the sum of the partial
derivatives of its components in the three directions of space:

o div 1_7) = Vﬁ or: aivi = vi,i
The divergence of a tensor will produce a vector of coordinates:

da; da; da; da;

e (dwa), = ‘11 + axlzz + axl: ﬁ: = Qipp

The gradient: it includes the concept of "slope" which exists in two dimensions. It

describes the Variation of a quantity according to the three directions of space.

5, 0f 5 f - f N
e grad ——e e —e,=—¢e; = f;e;
g f X4 1 + ax 2 + ax3 3 axi l .f:l l

We define the gradlent operator applied to a vector. It is about a tensor of order 2, whose
components are:

or: d,a;, =

o gradUU Z—j—U

The Laplacian: noted A, is the sum of the second derivatives in the three directions of
space.it preserves the tensorial order of which it is applied, because it is the composition of
a divergence and a gradient, applied to a scalar, we therefore have:
Y a (a a%f  9*f 92
o Af=dw(gradf)= <f>= £+ f+ !

dxp \0xp ox? = 0x2 = OxZ

o AU = m(gradl_f) = U),ii = i<%>

ax,, ax,,
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IX. Gauss and stokes integral theorems:
Integral transformation formulas are mathematical tools used to match an integral
over D (volume integral) to an integral over S (surface integral).

Figure .1.8. The volume integral over D to surface integral over
They are given here without proot, applied to a scalar, vector or to the tensor:
o Jp gradf dv = [; fidS
o [, divUdv=[ U.mds
o [, dwTdv= [, TndS
These formulas have a computational interest, but have a strong meaning when they

present physical quantities. They make it possible to write the behavior of a quantity on
a domain from its behavior on the surface [3].
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Chapter II: Introduction to continuum mechanics

From the mechanics of the material point to the mechanics of the continuum...
Notion of the continuous medium...

Referentials — Systems

Configuration

Lagrangian description

Eulerian description

Reversibility condition

N O B I O

I. From the mechanics of the material point to the mechanics of the continuum ...

The mechanics of the material point makes it possible to predict the movement of a
point subjected to a set of forces. One distinguishes from this theory of description of the
kinematics: position, speed, acceleration of the point.... On the other hand, the “dynamics”
makes the relation between forces and movement.

With the mechanics of the material point, we cannot describe the rotations of a body
on itself...problem! We have recourse to the mechanics of undeformable solid bodies
which integrates rotations, inertias and moments....

It makes it possible to reduce major problems such as those resulting from
robotics...

But for the calculation of structures, manufacturing processes, biomechanics, fluid
mechanics, civil engineering, the design of new materials... we need continuum
mechanics (C.M.).

Continuum mechanics: this is the part of physics that studies the mechanics of
deformable solid bodies; it is a physical and mathematical framework for modeling a
concrete problem. Once the mathematical model has been established, it can be solved by
an analytical or numerical method. ...

I1. Notion of the continuous medium ...

We say that a domain contains a continuous material medium, if at each moment
and at each point of this domain we can define physical quantities relating to this material
medium.

II1. Referentials — Coordinate systems:

The study of a material domain requires that we proceed to its description and
identification throughout its evolution over time. The concept of reference must be
developed to specify the evolutions.

The R referential is linked to the observer. It represents the set of animated points of
the motion of the observer's rigid body.

To carry out the spatial locations of the material points in a frame of reference R, a
vector base associated with an origin point O is used. A frame of reference R is thus
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obtained. This frame, animated by the movement of the rigid body of the frame of
reference R, makes it possible to materialize this frame of reference.

For the purposes of the study, it may be necessary to make changes of systems. The
same transformation of the spatial coordinates will thus be carried out on the components
of the mathematical beings (vector, tensor, etc.) used to describe the domain. It should be
noted that several systems can be associated with the same referential.

At the same time, one can imagine a change of observer, which will result in a
change of frame of reference. We can imagine such a transformation by associating a
system with each of the reference frames. The two systems being chosen so that they
coincide at a given instant, their evolution over time is examined.

Finally, to describe the configuration of a material domain, it is possible to choose
from two types of variables [1].

III.1 Configuration:

A body can take on many different shapes

or configurations depending on the loading
applied to it. We choose one of these
configurations to be the reference configuration
of the body and label it B,.
Any possible configuration of the body can be
taken as its reference. Typically the choice is
dictated by convenience to the analysis. Often, it
corresponds to the state where no external loading
is applied to the body.

We denote the position of a particle My in the referen
(see section I1.2. Lagrangian description)

Figure .1. Lagrange and Euler
configurations

The deformed configuration occupied by the body is described in terms of the union of all
positions x —of all the points occupied by M - (see Figure .1. and section II.3. Eulerian
description).

We adopted the convention of denoting all things associated with the reference
configuration with uppercase letters (as in X) or with a subscript 0 (as in By ) and all things

associated with the deformed configuration in lower-case (as in x) or without a subscript
(as in B)[2].

II1.2 Lagrangian description:

Consider an orthonormal system R associated with a referential R. The classical
kinematics of a continuous medium is built from the notions:

* of time, which can be represented by a real variable t determined by two extreme
values.

* of physical space, which can be represented by an affine space of dimension 3.
The points of this space are called "material points".
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In the system R, at a time t=0, the point My has coordinates *1-*2%3 which define
the position of the material point M. This coordinate system is also called the “material”
coordinate system in the reference configuration C,. We can thus write:

OM,=X,¢,+X, e, +X,e,=X,e,=X

To describe the movement of the domain, it is therefore necessary to give the law of
evolution over time of the positions of all the material particles constituting the domain.
We therefore obtain the current configuration C. Thus it is necessary to define the

coordinates "17'27%3 of the point M, which at time t represents the position of the material
point M.

O"Lf L= e tx, © j—H; 3—.1',. e =x

Which amounts to saying that we must give ourselves the following scalar functions :
5 =0;(X;.1) |

In this description, the independent variables “1>%2:%3and t are called "Lagrange
variables or coordinates".

The functions ®i represent the Lagrangian description of the motion of our domain with
respect to the referential R.

Knowing the position at each instant of the material point M, it is then possible to define
its speed and its acceleration with respect to the referential R.

V(M. lzL oM

Velocity vector:

do, .'”':Ilr. )
Vi= I (X;.0)= 3 (X;.1)

In an orthonormal cartesian basis, its components are

-

c
In this last formula, the symbol @ represents the partial derivation with respect to
time, ie the derivation considering the time-independent position variables %7 .

_dV(M, r} d? Oh’

7M. 1)
dt?

Acceleration vector:
In an orthonormal cartesian basis, its components are:.

-

(f D. r::'CD- .
=2 x, =20 x, 0
dt ot
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Displacement vector:

Often we prefer to use the displacement
vector instead of the position vector:

u(X,.1)=OM,—OM,=3-X

We can then observe the equality:

POL =20 06, 0=2 (1)

— &4 1%
V(M.1)=> S ﬁ('f; )—‘ 5 (X0

Figure .2. Displacement vector

I11.3 Eulerian description:

The continuity hypotheses (medium and transformation) impose that the functions ®1 are
bijections from the reference configuration C,y onto the current configuration C. this
bijectivity imposes the existence of an inverse relationship between the reference position
variables and the current position variables. So we have: Xr=vy1(x5.0) ;

It can therefore be seen that it is possible to change spatial variables. The so-called
Eulerian description consists in considering the variables “1**2*%s and t as independent and
using them in the form of "variables or Euler coordinates".

In the Eulerian description, we are not concerned with knowing what happens to
each particle. In fact, we study what is happening, at every moment, at every point in
space.

We can express velocity and acceleration as a function of Euler variables:

e dOM 7
V{ﬂ»f.r}:(f =220 x, . )— (%(w 1).1)
Velocity vector: ar  with ct ;
. d*oM, 2o, oo,
y(M. 1) =———~ Vi (X D=, (x;.0).1)
Acceleration vector: dr” with et ot T

Practically, we can say that in Lagrangian description, we follow the domain in 1ts
movement, whereas in Eulerian description, we observe the evolution of the system in a
fixed geometric point for the observer [3].
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I11.4 Reversibility condition:

The two descriptions are unique inverses of each other. A necessary and sufficient
X |

g

J =
condition for the inverse functions to exist is that the Jacobian

[4].

is not zero

As a simple example, the Lagrangian description given by the following equations:
2 = X1+ Xo(et—1)

2 = Xile7t—1)+ X,

23 = X3 .
Has the inverse Eulerian formulation;
X, = —1 + x2(ef — 1)
1 —

1—e—et
(et —1) — a2

Xe = T —er— o

X3 = &3
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Chapter III: Stress Analysis

"] Introduction

1 Assumptions on the continuous medium

" Forces in a continuous medium

"1 Concept of the stress vector

1 Stresses in 1 dimension

1 Stresses in 2 dimensions

"] The use of plane stress in engineering problems

"] Plane stress law transformation

"1 Principal stresses; maximum shearing stress

1 The determination of the principal stresses and maximum shear stress methods
"] Stresses in 3D

") The stress vector in 3D

) 3D Stresses transformation law

"1 Uses and applications of 3D Stress transformation equations in Engineering
] Principal stresses, stress invariants, stress ellipsoid

) Mohr’s circles for 3D stress state

"1 The stress vector for a given direction from the Mohr’s stress tricircles

" Deviator and Spherical Stress State

] Compatibility equations for linear strain

I. Introduction :

The main objective of the study of the mechanics of materials is to give the future engineer the means to
analyze and design various machines and structures. Both the analysis and the design of a given structure
involve the determination of stresses and strains. This chapter is devoted to the concept of stress [1].

II.  Assumptions on the continuous medium:
The continuity concept: Adopting the point of view as a mathematical description
of the continuous medium of a behavior of a material means that the quantities of
the field as stress and displacement are expressed as continuous functions on pieces
for spatial coordinates and of time.
Homogeneity:
a material is homogeneous it is a material which has identical properties in all its
points. "y

Figure.Ill.1. Body in 3D.

Isotropic: a material is said to be isotropic if one of its properties is the
same in all directions in a point of this material.
Anisotropic: a material if one of its properties is directional in a point.

The density in an internal point P of elementary volume AV is given
_ ym M _ M
L mlr!-.{lo AV T dV

The density p is a scalar quantity [2].

Figure.IIl.2. Point P from the body.
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Forces in a continuous medium:
There are three types of forces namely:
-The inner forces: These are the forces that are exerted between the particles that form the medium, they
are of the same modulus and in opposite directions, so they can be neglected.
-External mass (volume) forces: Appelés forces de pesanteur, elles sont proportionnelles a la masse du
milieu et s’exercent a travers son volume.

dF, = p.g.dV

p : density, g: acceleration of gravity, dV: volume element
-Surface forces:
Also called contact forces, they are exerted according to Cauchy's principle which states (the effect of the

material outside (S) on the material inside (S) is equipollent to the existence of a surface force dF which
acts on each element of (S).
dF, = %.dS
-
T stress vector,
dS: surface element.

The stress vector * can be defined by passing to the limit of the ratio of dF to dS when this tends
.. dF
=lim &
dS
towards the zero value: ds—0,

III.  Concept of the stress vector:
A solid is in a state of stress if it is subjected to the action of external forces.
Consider a domain (D) delimiting a solid (€2) which is in equilibrium under the action of several external
forces Fi . Under the action of its forces, the solid is in equilibrium. We see the birth of stresses inside
(Q). Let (m) be a virtual plane which is defined by its perpendicular vector n , this plane divides (Q) into
two parts (Figure .I11.3).

Figure.IIl.3. Cut on one facet.

Virtually isolating part (2) and revealing the internal stresses (Figure .111.4)

—
T

Figure.IIl.4. State of stress on a facet.
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Let us call dF the resultant of the forces exerted by part (1) on part (2) of (Q2), through the surface element

-

(dS), let be the ratio % , passing to the limit when dS — 0, we obtain the stress vector on the section at
point (M) as shown in Fig.4, noted by:
T(M,n) = 11mds-»0£ ;

?(M, n) represents the stress at point M on facet dS, whose orientation is defined by the unit normal 1
outside the facet (dS) [3].
The stress vector T can be decomposed into two components along two directions. The first is normal to

the surface (dS), whose unit normal is (7). The second is tangential to (dS) and has unit normal (t )
(Figure.IIl. 5). as we will see in the following paragraphs.

3

n

Figure.IIL.5.Components of the stress vector.
Let us project the vector T onto the normal (1) and onto the plane perpendicular to this normal (t ), i.e.
then: T =3, + T, where: 6, : Normal stress and %, : Tangential (shear) stress [4].

IV. Stresses in 1 dimension:
V.1 The normal stress in a tensile bar:

Let we consider a bar under an axial load under the effect of two forces P and P’
(which are equal and in opposite directions). The normal stress in this bar is obtained by .
dividing the magnitude P of the axial load by the cross-sectional area 4 of the bar
(Figure.IIL.6.).

For which the normal 7 is parallel to the load axis.

We wrote: Figure.IIL.6. Bar under an axial load.

_ P
Gn—z

If P is in [N] and 4 [m?] then the normal stress G, is in Pascal [Pa], in resistance of materials often we use
as unit the GPa [Giga Pascal: 1 GPa= 1000 N/mm?] or the MPa [Miga Pascal: 1MPa=1N/mm?].

It will be said that "o,” is positive in tension, the negative stress is said to be of compression.

The stress vector in this case unidirectional: Tﬁ = 6,6, - A

A
V.2 The shear stress: N P
In the previous section the applied forces were perpendicular to the — = c
surface. Another different type of stress is obtained when the loads P and
P'are applied transversely passing through the section surface 4 for which | . ®
the normal 7 is perpendicular to the load axis=» the normal stress is null, @
and the tangential £ is parallel to the load axis.

Figure.IlIl.7. Bar under a shear load.
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Internal loads must exist in the plane of the section and their resultant must be equal to P. These

elementary internal loads are called shear loads and the magnitude P of their resultant which is the shear
(tangential stress) in the section, noted:

T= % ; The tangential stress 7 is in [Pa].

The stress vector in this case unidirectional: T = 7€,

V.  Stresses in 2 dimensions:
VI.1 Stress vector on any facet:

In general cases, we now decompose the vector—stress T)ﬁ applying to a
facet of normal 7 into a normal component ¢, and a tangential
component T contained in the plane of the facet of norm t called shear
stress (Figurte.II1.8.). Often, in Continuum Mechanics we give more
importance to know the vector 77 normal to the surface, the other
tangential vector (parallel to the surfaces) is determined

automatically. The stress vector T)ﬁ depends linearly on 7i. There
thus exists a linear application, the tensor of the stress, to pass

from T3 to 7. .
Figure.Ill.8. Decomposition of the stress-vector Tz into

{Un} normal and tangential stresses on a facet of normal 71 .

Tﬁ=cn_ﬁ+r.f noted by : : ?ﬁ= T

and : 12 =T;T; — 62

When the facet is normal to a principal direction of the stress 7 = 7;, the component of the shear stress t
is zero and G, is equal to the principal stress o; [2].

V1.2 The normal and the shear stresses on an oblique plane under axial loading

Let we consider the element subjected to two axial loads P and P’

(Figure.II1.9.). If we pass a section forming an angle 0 with a normal plane S_T: =
(Figure.Ill.9a.), and drawing the free part of the element located to the left of

this section (Figure.Il1.9b.), we find according to the conditions of equilibrium
of the free body that the distributed loads acting on the section must be

equivalent to the load P. :<

By substitution P in its components F' and V, respectively normal and
tangential to the section (Figure.IIl.9c¢.), we will have:

y
F =Pcosf ,and:V = Psin#f. C<
o'= PRA,

(0) Contraintes pour # = -45°

(@) Contraintes pour 6 = 0

o'= PI2A;

7= PR2A

(b) contraintes pour 6 = 45°
Tm= PRA,

Figure.II1.9. Element with an oblique
plane under axial loading.
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The load F presents the resultant of the normal loads distributed over the section and the load V
resulting from the shear loads (Figure.II1.10d.).
The average values of the corresponding normal and shearing
stresses are obtained by dividing respectively F and V by the surface Ay of
the section:

f‘?
\T

By substituting the values of F and V previously calculated, we will have:

L —e- P
- [ D
o =~ cos? 6| and |T = —sin @ cos @
Ay A F
With : 4y = -2 = f i. i
90T cose L et > 7
. . . . V
And Ay: is the section perpendicular to the axis of the element. G
T {3( o
We can conclude that the stress vector Ty is composed by anormal o anda = \><
. — (0} P’ yﬂ_
tangential T stresses, noted as: Ty = {T} . @ '

We note from this equation that the normal stress ¢ is maximal when 6 = 0,
i.e.; when the plane of the section is perpendicular to the axis of the  Figure.llL.10. Element with
element, and that it approaches zero when 0 approaches to 90°. We check  an oblique plane under axial.

that the value of ¢ when is 6=0.
P
- . :

The shear stress 1 is zero for 6=0° and 6=90°, and for 6=45° it reaches its maximum value:

Ty = Aisin 45°cos45° = % , when the angle is equal to 45° then:
0 0

cos245° = —.

4o 24,

. P
C'm=—

V1.2 2D Cauchy Stress Tensor and vector stress - plane stress:
A condition of plane stress occurs when all of the stresses acting on

the component are in the same plane.

Normal and shear stresses at a free surface are zero, or the stresses in one of

the directions are zero.

Let we consider a body subjected to several loads Py, P, etc. )
(Figure.IIL11). Figure .I11.11.2D Chauchy body element.

Facet aras

Two facets are considered here the facet denoted @ and . g B

v
- AFX1

Facet

Xy

e
>

Figure .I11.12. 2D Chauchy stress tensor.
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The part of the body at the left of the section is subjected to some of the original loads, the normal
and shear loads distributed over the section. We denote by AFx, and AVx; respectively the normal and
shear loads acting on a small surface AA surrounding the point P (Figure.Ill.12). Note that the subscript
X3 is used to indicate that the forces AFx; and AVx; act on a surface perpendicular to the X; axis.

Although the normal load AFx; has a well-defined direction, the shear load AVx, can have any direction
in the plane of the section. We therefore solve AVx; in two load components, AVZ? and AVZE? in
directions parallel to X»Xj, (Figure.III.12). Now dividing the magnitude of each load by the area A4, we
define two stress components as:

AFX2 AVEE
Ox2 = and : Typxg = VR

These stresses are determined in the case of a plane perpendicular to the X, axis (&,).

The stress vector Tz, will be composed with a normal stress 6y, and a shear stress 7y,x; noted as:

— Gyx» g
TﬁZ = {TXZXl} 5 Facet To
Xy A \ -
Ty,
2 / F;_:'J.
In the same way, we choose a plane passing through the point P : R~ o
perpendicular to X; illustrated in Figure.IIl.13. '
Facet
xl
AFX1 AvEY .
Ox1 = and : Tyiyx, = A)/(lz Figure .I11.13. 2D Couchy

vector stress.

These stresses are determined in the case of a plane perpendicular to the X; axis (é€,).

The stress vector T'z; will be composed with a normal stress 6y, and a shear stress 7y, x, , noted as :

— GXl
Ts = { } 5
Tx1x2

The three components required to specify stress state at a point P are:
Ox1, Ox2, Tx1x2 = Txzx1 (Dy symmetry).

Finally, we can say that to define the state of stress ;; in the point P, we must consider an elementary
cube of unit as edge subjected to the following stress tensor:

o _[GXl TX1X2],
Y Tx2x1  Ox2 1~

What’s the significance of o;; ? it means that the value of stress of the facet number i in the direction of

axis j,

for example: oy, that means the stress value on the facet number in the direction of axe 1(X1) =cy;.
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01, that means the stress value on the facet 1 in the direction of axe 2(X2)= 7y, x, and so on.

VI.3 The use of plane stress in engineering problems:

The plane stress is a stress state where the stress components related to one direction, usually the Xj
direction in the Cartesian coordinate system, the two-dimensional object is assumed to have no thickness,
which transforms the three-dimensional stress state into a less complex two-dimensional problem.

Let us consider the case where Ty,x3 = Tx3x2 = Ox3x3 = 0.

Often the plane stress is used to turn a 3D problem into 2D problem, in simple terms, plane stress is
mainly used in materials and structures where one dimension is significantly smaller than the other two.

Such practical applications of the plane stress concept remind us that well-established fundamental
engineering concepts play a crucial role in everyday life, ensuring the safety and efficiency of commonly
used items.

Mechanical engineers frequently use the plane stress concept. Components such as thin-walled pressure
vessels, shafts, thin rotating disks, and springs are often analyzed under plane stress conditions. These
prototypes allow engineers to design more efficient and safer machines.

For example, the torsion of circular bars, often analyzed in mechanical engineering, involves the plane
stress condition.

Thin plates and shells used in aerospace structures are analyzed under plane stress conditions. The
fuselage skin, wings or tail structures of aircraft can be considered thin relative to their other dimensions.
For example, the stress state in the midplane of the wing skin due to aerodynamic pressure can be
accurately modeled using the plane stress assumption.

Real-world complexities often require engineering problems to be simplified to make them easier to
solve. In cases involving slender bodies where the dimensions in one direction are significantly small
compared to other directions, plane stress is the basic assumption often considered. The formula that
makes the concept of plane stress meaningful is to simplify the stress state into a two-dimensional
scenario.

Plane stress analysis is a key principle in engineering fields because it provides valuable insights into how
stresses vary with orientation and helps in understanding complex stress states in practical engineering
problems [5].

Such a situation occurs in a thin plate subjected to forces acting in the midplane of the plate
(Figure.Ill.14a). It also occurs on the free surface of a structural element or machine component, i.e., at
any point of the surface of that element or component that is not subjected to an external force
(Figure.IIl.14b.).

F

=L

/

a) b)

Figure.Ill.14. Torsion and circular bars.
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Examples of tanks for liquids and cylindrical or spherical pressure vessels.

Figure .I11.15. Thin-walled pressure vessels.

V1.4 Plane stress transformation law:

Let us assume that a state of plane stress exists at point Q and that it is defined by the stress

components Gy, Gy, and Tyqypassociated with the element shown in Figure.Ill.16a. We propose to
determine the stress components Gy, Gx, and 7'y, associated with the element after it has been rotated
through an angle 6 about the z axis (Figure.IIl.16b), and to express these components in terms of Gyq, Gx»
,Tx1x2 and 0.
Which means that to find the new coordinates of stresses in i .2
the plane basis (0,X’1, X’2) (Figure.IIl.16b) from the initial J» - A/ ia
plane basis (0,Xj, X,) (Figure.Ill.16a). == el
The transformation matrix is given by: ‘J[ O"’ﬁ—f? o ; O‘;}\/—}_

)

X X=X

(@ (b)

- -

é; é, Figure .I11.16. Plane transformation law.

d

e, | cosf |sin@

>/

€, | —sin@ | cosb

With the law transformation of a stress tensor, we know: ¢';; = Atg; A

r_ [cos@ —sin 9] [ Ox1 TX1X2] cosf sin 9]
Y sinf@ cos@ IlTx2x1  0xz2 Il—sin® cos@
0'11 = 0y €0S0? — 2Ty, 5, COS OSin O + gy, sin 62 ..... (X)
= 0-,22 - O-Xl Sin92 +2TX1X2 COSQSiIlQ +O—X2 COoSs 92

TIXlXZ = O—Xl CcoSs 9 Sln9 + TXIXZ COoSs 92 - TXIXZ Sln 02 - UXZ Sln 9 COoSs 9 e (XX)

With using the following trigonometric formulas:

sin 20 = 2sin 6 cos 6
1-cos20
b

1+cos20
2 9
cos % — sin 82 = cos 26.
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Ox11 + O0x22  Ox11 — Ox22 )
(O-,Xll = 2 + 2 COS 29 + TX1X2 Sin 20
Ox11 T Ox22  Ox11 — Ox22 :
0'x09 = 3 - 3 c0S 260 — Ty,x, Sin 20
Ox11 — Ox22 .
T,XIXZ - —TSIH 28 + TXIXZ COoS 29

For the critic case when ( Ty, = 0y, = 0).
We find the same results as before when we take one facet:

! 2
0'11 = 0y, C0SH .
{ 1 X1 equations (X,xx)

T’XIXZ == O-Xl COoS 9 Sln 9

The formula to calculate the maximum shear stress is:

T,max = \/(0’11 - 0,22)2 + (T,Xle)2

Rotating a structural element through 180°:

If the 2D element is rotated through an angle 6, the normal and shear stress components will
change, as will the coordinates.
We can calculate the normal and shear stress components on a structural element through any angle of
rotation using Cauchy’s equations.

Example:
Let consider a stress state at point P given by:

10 6
Gij:[6 4MPa,

An element is rotated through 180° at 10° intervals; the initial and calculated values of ox;, ox2,
and txx2 are in units of MPa (megapascals). Plotting the stress values for each ox;’, ox2’, and txix2’
against the rotation angle produces sinusoidal curves as represent on Figure.IIl.19 and Figure.I11.20.

On the facet ® we find:

N2 A

Figure.Ill.17. The vector stress as a resultant of on and t on facet 1.
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Figure.IIL.18. The rotation of the normal and shear stress with the stress vector.

The maximum normal stress ox;’ is 13.7 MPa at the angle 30°, its minimum value is 0.3 MPa at 120°
The maximum shear stress txix>’ is 6.7 MPa located at the angle 80°.

. —m %31
Maximum Gy

TxIx2

—H—T1

Stress (AMPa)

b
10 20 _.-":30 40 50 60 70 BO 90 100 110120 130 140 150 160 170 180

Rotation ©
Txaa=l0
Maxinmm Tyx;
-10

Figure .I11.19.Sinusoidal curves of normal and shear stress with the magnitude of the stress vector on facet (1).

On the facet ® we have:

Maximum G,,

15 B Oy

Stress (MPa)

.I

10 20 /’30 40 50 60 70 B0 90 100 110 120 | 130 140 150 160 170 180
|

- Rotation 6

Minimum o,

Tyae=0 -
Maximum Ty,
-10

Traxa=0

Figure .I11.20.Sinusoidal curves of normal and shear stress with the magnitude of the stress vector on facet (2).

The maximum normal stress 6x,’ is 13.7 MPa at the angle 120°, its minimum value is 0.3 MPa at 30°
The maximum shear stress txix2’ is 6.7 MPa located at the angle 80°.

We can visit the web site to verify:
http://strengthandstiffness.com/tools/stress trans calc/stress transform calculator.htm
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To visualize the rotating structural element through 360°, we can go to the following site:
https://drbuc2il8158i.cloudfront.net/shared/Engeneering/mecmovies/ch12/m12 01 s040.html

VI1.4. Principal Stresses; maximum shearing stress

The previous equations (x,xx) can be written by manipulating the trigonometric relations as:

ox1t0 Ox1—0 .
o' = X12 £ 4 Xlz X2 €05 20 + Ty, x2 Sin 26

Ox1 — Ox2 .
—————sin 20 + Ty, cos 20

TXIX:'

/ _
Tx1x2 = —

.
et

This means that, if we choose a set of rectangular axes and plot a point M Tnin
of abscissa and ordinate for any given value of the parameter all the points
thus obtained will lie on a circle. To establish this property we eliminate 0 o &
from Equations; and finally adding member to member the two equations X e —— /
obtained in this fashion. We have ~

-
o |

el LR 1o
]
\ /

T S

Tmax

) ) Figure .I11.21.Plot a point M of abscissa and ordinate
(0'11 - @) + T yixg = (@) + Ty1x2%;  for any given value of the parameter all the points thus
Ox1+0x2 obtained will lie on a circle.

2
_ 2
and R = \/(—GXlzaXZ) + TX1X22

Setting a,, =

We WI‘I‘[C (0-’11 - o-ay)z + T,X1X22 = (R)Z

Which is the equation of a circle of radius R centered at the v

point C of abscissa and ordinate 0 (Fig.21.).

X1
Omax

The two points A and B where the circle of Figure.
[I1.21.intersects the horizontal axis are of special interest:
Point A corresponds to the maximum value of the normal
stress while point s B corresponds to its minimum value.
Besides, both points correspond to a zero value of the shearing
stress T’ yqxo. We write

Tmin

Figure .111.22.The principal planes of
2Tx1x2

tg 20, = —— ... ... (XxXX) stress at point Q.
Ox1 — Ox2

This equation defines two values that are apart, either of these values can be used to determine the
orientation of the corresponding element (Figure.I11.22.).

The planes containing the faces of the element obtained in this way are called the principal planes of
stress at point Q, and the corresponding values of the normal stress exerted on these planes are called the
principal stresses at Q.

We observe: 0,4y = 04y + R and 0y = 04, — R

Referring again to the circle, we note that the points D and E located on the vertical diameter of the circle
correspond to the largest numerical value of the shearing stress 7'y x».

Maximum Shearing Stress:

_ 2
Formula yields T4, = \/ (%) +12%x1x2

Since 0,4, and a,,;, have opposite signs, the value obtained for t,,,, actually represents the maximum
value of the shearing stress at the point considered.
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VI.5 The determination of the principal stresses and maximum shear stress methods:
Two methods are available the easiest one is the graphical “approximate” method (Mohr’s circle) and
the other is the analytical “exact” method, let’s take a look on them:

VI1.5.1.The analytical method for principal stresses of plane stresses:

The stress tensor o;; is symmetric; we can make its rotation to diagonalize it. We find two orthogonal
principal directions associated with three eigen values 6;, 6;; , called the principal stresses.
tz = 0;;.1; = 0;.7; and since: 7; = §;;.7; then:

(csl.j — 8.0 1 = 0 ; this called the specific equation for the rotation of 6;;

o
For ﬁj = 0 the solution is trivial, and since (csl.j — §;j.0;) is a matrix where the unknowns are the
principal stresses o;; this allows us to say that its determinant must be zero.
G11 =0  Txix2 | _ 0
Tx2x1  O22— O

We will obtain a polynomial equation of order two called the characteristic equation:
2 —
c‘—Iloc—11=0

A second order ordinary equation which can be solved by using the determinant.
Once the principal stresses o, o;; ,were found we can replace them case by case in the specific equation
to find the principal directions 7; and 7;.

Example 1:

A single horizontal force P of magnitude 150 N is applied to end D of lever
ABD. Knowing that portion AB of the lever has a diameter of 1.2 mm,
determine (a) the normal and shearing stresses on an element located at
point H and having sides parallel to the x and y axes, (b) the principal
planes and the principal stresses at point H, (¢) the maximum shear stress?.

Figure .I11.23.A horizontal force P is
applied to end D of lever ABD.
Solution:
Force-Couple System: We replace the force P by an equivalent force-couple system at the center
C of the transverse section containing point H:

P=150 N.
Torque: 7= (150N) (18 mm)=2.7 KN.mm T = 2.7KN.mm
Bending moment: Mx= (150N) (10mm) = 1.5 KN.mm

X3

Figure .I11.24.Forecse and couples applied at Point H.
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The stresses oy1, 0x,and Tyqx, at Point H :
Using the sign convention shown in Figure.lll.20.we determine the sense and the sign of each stress
component by carefully examining the sketch of the force-couple system at point C:

_ _ _MxC _ 1.5 KN.mmx0.6mm - _ KN - _
ox1 = 0,0y, = = T e 0.6mm)” 8.84 — 8840 MPa
N TC 2.7KN.mmx*0.6mm 796 N 2960 MP
Tx1x2 = T3 = =/ > = a
J % x 77 % (0.6mm)* mm
# i 8.84 KN/mm*
We note that the shearing force P does not cause any shearing stress at ey = 796 KN/
point H. rer

--—l 5_-.”-‘1 = [ KN/mm?

 —

|

Figure .I11.25.The stress state defined in point H.

b. Principal stresses and principal planes
Substituting into equation:

2
+ p—
Omax,min = UX120X2 * \/(GXIZJXZ) + T)Z(lXZ’ a O mp = -4.68 KN/mm?
We determine the magnitudes of the principal stresses: ,/h —130.5¢
\'p
0 + 8.84 0 + 8.84\° b
Omazmin =——— + \/ (T) +796% = +442+9.10
G max =13.52 KN/mm?

Omax = 13.52 KN /mm?
Omin = —4.68 KN /mm?
Substituting the values of the stress components into the equation:

tg 20 = 22XX2 (xxx),
Ox1—0x2

Figure .I11.26.The principal stresses and planes.

We determine the orientation of the principal planes:

260, = +61.0° and 180° + 61.0 = +241°
6, = +30.5°and 120.5°
(¢) The maximum shear stress:

Ox1 — Ox2\? 8.84\*
Tinax = j (%) + 125, = \/ (T) +(7.96)% = 9.1 GPa

Since 0,4, and o,,;, have opposite signs, the value obtained for 7,,,, actually represents the maximum
value of the shearing stress at the point considered.

Which we can verify by using the analytical method:
(a) The principal stresses:

7.96

_[ 0 .
_[7.96 g94 ¢P%

At the beginning we have: the stress state at point H defined by: o;;
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Writing the specific equation that rotates the stress state at point H by: (Gij — 8.0 = 0;

0- 7.96 - - 7.96
l 7 l =0 in maths this is possible when : det([ g )=0 that means
796 884-0

796 8.84-0
‘ -0 7.96J _o
1796 884-

= (—0)(8.84 — 0) — 7.96% = 0 which gives a second order ordinary equation:

= ¢2—8.840 — 63.36 =0;

= We get the principal stresses : g; = 13.52 GPa and 0;; = —4.68 GPa ordred o; > oy;
(b) The principal directions:

S|

To find the principal planes (directions) we should substitute the principal stresses one by one in the

equation: (Gij — 8;.00)n;=0;

Casel: o, = 13.52 GPa
o l-13.52 7.96

.7, = 0 where 7, is the direction unit vector when g, = 13.52 GPa;
796 -9.71

We consider W[{Z;} > I

7.96 1, — 4.68 -, = 0
LAME’s formula, it states in plane :n; -n; = 1 or : n? + n? = 1.
2
(32) -n3+n3=19135-nf =1 n, = 086 thenn, = 05> 7;{
The principal plan angle is 30°.
CaseIl: g, = —4.68 GPa

4268 7961 — R . o . o .
[7.96 1352 .n;; = 0 where ny; is the direction unit vector when g;; = —4.68 GPa;

-13.52 7.96] | {nl}

796 168 Uz = {0} we obtain the system:

0

S . 4.68 .
which gives the same equation, n; = —oe N2» to get their values we shall use

0us)

n n
We consider 1, {n;} > [53(69 173956 > {n;} = {8} we obtain the system:
468-ny+796'n,=0 . . . 796 .
{7.9 6-n, +13.52 1, = 0 hich gives the same equation, n; = — 2og 2> tO get their values we shall use

LAME’s formula, it states in plane :nj; -7, = 1 or : n? + n? = 1.
2
(%) .n% +Tl% =1=> 397’1% =1=> ny, = 0.5 thenn1 = —0.85 97’1_)1{

The principal plan angle is 60°.

(¢) The maximum shear stress:

__orj—oy; __ 13.52+4.68
T = 220 = B0 _ 91 Gpg,

)

Example 2:

The axle of an automobile is acted upon by the forces and couple
shown. Knowing that the diameter of the solid axle is 15mm,
determine (a) the principal planes and principal stresses at point H
located on top of the axle, (b) the maximum shearing stress at the 280 N
same point.

Figure .I11.27.The axle of an automobile.
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For this part, what we need to do is evaluate it the same way we did in the torsion problem, noting that H
is located on the outer portion of the rod. So that the shear
due to torsion becomes

—_— 52 8 MPa
. TC 2T 2x280+1000 |
TXlXZ - +T 7‘[*(@)3 7‘[*(15)3 52.8MPa . '---—r_rt_—__lss__'!_ -‘I"'Epﬂ
M,.C _ 2400 N.150mm.

(02 =
X1 I

L s (15mm)3 = —188.4 MPa; oy, =0 Figure .I11.28.Stress state at point H.
4

So now if we do a drawing of what is going on in term of the
stress state at H we see the following:

[—188 4 52 8
52.8

. _ (ox1+ox2) _
So we than obtain the average stress as g, = — = —94.2 MPa
The radius of the circle

jo’ -0 2 ”—I!'I.\_ﬁ-:j\]:Pa

R= |[(Z2—2) +12,,, =107.98 MPa
( 2 ) \\ 4
So to calculate the first principal stress we use b | p—
0 =04, + R =-94.2+107.98 = 13.78 MPa ‘\H"_ S
and to calculate the second principal stress we use b o . — 20218 MPa
01 =04y — R = —94.2 — 107.98 = —202.18 MPa
. 2%52.8 o

With : tg 26, = ~Tooa —0.56 Figure .IT1.29.Principal stresses.

20, = —29.24 and 180° — 29.24 = +150.76°

Then: Hp = —14.62 °and 75.38°

b) The maximum shearing stress:
Tmax = R = 107.98 MPa

VI.5.2. Graphical method (Mohr’s circle) for plane stress:

Before starting to explain the graphical method we shall begin with the stresses sign convention:

Stresses sign convention:

The Mohr’s circle construction for plane stresses is greatly simplified if we consider separately
each face of the element used to define the components of the stress. We can see that, when the shear
stress exerted on a given face tends to rotate the element clockwise sense, the point of the Mohr circle
corresponding to this face is located above the axis G,,.

When the shear stress on a given face tends to rotate the element counterclockwise sense, the point
corresponding to this face is located below the axis c,,. (Figure .I11.30a).

When it comes to normal stresses, the usual convention holds, i.e. a tensile stress is considered

positive and is plotted on the right, while a compressive stress is considered negative and is drawn on the
left.
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a o

o 0y

(a Clockwise sense — g Top (D) Counterclockwise sense — g down

Figure .I11.30.Stress sign convention.

The circle used in the preceding section to derive some of the
basic formulas relating to the transformation of plane stress was first
introduced by the German engineer Otto Mohr (1835-1918) and is
known as Mohr’s circle for plane stress. As you will see presently,
this circle can be used to obtain an alternative method for the
solution of the various problems. This method is based on simple
geometric considerations and does not require the use of specialized
formulas. While originally designed for graphical solutions, it lends
itself well to the use of a calculator.

Consider a square element of a material subjected to plane stress and o —

let gy, 0, and 7, be the components of the stress exerted on the I.I_.
clement. We plot a point X of coordinates oyand -7,,, and a point Y 2oy o)
of coordinates o), and +7,, (Figure.IIl.31b). If is positive, as b)

assumed in Figure.Ill.31a, point X is located below the axis and point Y
above, as shown in Figure.IIl.31b.

Joining X and Y by a straight line, we define the point C of intersection i
of line XY with the axis and draw the circle of center C and diameter Mohr’s plane circle.
XY. Noting that the abscissa of C and the radius of the circle are

respectively equal to the quantities and R defined previously, we conclude that the circle obtained is
Mohr’s circle for plane stress.

Figure .I11.31.Steps to design

Thus the abscissas of points A and B where the circle intersects the axis represent respectively the
principal stresses 0,4, and g,,;,, at the point considered.

The angle of rotation O can be determinate by using directly the right side which its center is o;; or
dividing by 2 the angle at the left side which its center is C as shown by Figure.IIl.32.

F 3

Figure.l11.32.Choice of the rotation angle.
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Example Using Mohr’s circle:
The stresses state at the point H is given by : 0;; = [_é

88.4 52.8]
2.8 0

We can visit the web site : https://mechanicalc.com/calculators/mohrs-circle/

Unrotated Element (Black Line in Mohr's Circle)

oy =0.000 | T=52.80
’ T=-52.80
x ax=-1884

0.y =0.000 I 1=52.80

ox=-1884

1=-52.80

Figure .I11.33.The given Stress state.
Element Rotated to Max Principal Stress (75.36 deg)

X131 0o

Figure .I11.34.The element
rotated to the principal stresses.

Chapter 3

Mohr's Circle
160.0

Max shear = 108.0

& 1200

Min prin = -202.2

(0.000, 52.80)

N =—— (0.000, 52.80)

4]

-320.0  -280.0 -2400

0

(-188.4, -52 80) ——= W'

-7

(-188.4, 52 80)

-120.0

Min shear = -105.0

-160.0

. 40.0 80.0 120.0
Max prin = 13.79

Transformed Stress
& - Exireme Shear Siress

—@— Criginal Stress
— @ Principal Siress

Figure .I11.35.The principal stresses

and max,min.shear stresses.
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IV. Stresses in 3 dimensions:

IV.1  Stresses under general loading conditions; stress
components:

Let we consider a body subjected to several loads Py, P,, etc. (Figure.Il1.36).

To understand the stress condition created by these loads at a point Q of the body,
we will first cut through a fictitious section through Q, using a plane parallel to
the XX plane.

The part of the body at the left of the section is subjected to some of the original

loads, the normal and shear loads distributed over the section. We denote

Figure .I11.36. Body under forces.
by AFx; and AVx, respectively the normal and shear loads acting on a

small surface AA surrounding the point Q (Figure.Ill.37a). Note that the subscript X is used to indicate
that the forces AFx; and AVx; act on a surface perpendicular to the X, axis.

L X~

Figure .I11.37.Section through Q, using a plane parallel to the X;X; lane.

Although the normal load AFx; has a well-defined direction, the shear load AVx; can have any direction
in the plane of the section. We therefore solve AVx; in two load components, AVZ? and AVZE? in
directions parallel to X;X; and X, X3, respectively (Figure.IlI.37b). Now dividing the magnitude of each
load by the area AA, we define the three stress components as shown in Figure.II1.38:

In Figure.I11.38., we notice that there is three principal facets

denoted D, and @ ;

X2 X2 Figure .I11.38.Three principal facets.
__ AFX2 . _ AL _AvgE
Ox2 = 7. and @ Tyxpx; = a4 0 TX2X3 T TR, o

These stresses are determined in the case of a plane perpendicular to the X, axis (€,).

= . .
The stress vector Tz, will be composed with a normal stress Gy, and two shear stresses Txzx1 > Tx2x3»
noted as :
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GXZ )
N Xa
Tz = {sz)m} ;

Tx2x3

In the same way, we choose a plane passing through the point Q
perpendicular to X illustrated in Fig.39.

G, = AFXL 4L _AV,?‘Z{T AVl
X1 = T, DTxaxz = T4, S TX1X3 T 408
These stresses are determined in the case of a plane perpendicular to the X; Xz
Xa

axis (&,).

Figure .I11.39.Choosing a plane passing
through the point Q perpendicular to X;.

o . Xy
The stress vector Tz, will be composed with a normal stress Gy, and two
. X
shear stresses Tyix2 » Tx1x3, NOted as : (3
Gx1 Vg
— — //
Té>1 = {TXlXZ} ; //T13 T1 7
Tx1x3
Q T12
¢ -
Onl #e 2

)
Figure .I11.40.Presentation of the X Xz

stress vector on facet 1.
Figure .I11.41.Normal stress ox; and
two shear stresses Txix2 , Txix3-

and so for the last axis X3.

_am3 _wg
Ox3 = —p,— and: Tysx1 = = Tx3x2 = 5, >

These stresses are determined in the case of a plane perpendicular to the X3 axis (€3).

= . .
The stress vector Tzz; will be composed with a normal stress Gy3 and two shear stresses Tyzxz > Txax1s

noted as :
Ox3
5
Tsz ={Tx3x2¢;

Tx3x1

Finally, we can say that to define the state of stress 6;; in the point Q, we must consider an elementary

cube of unit as edge subjected to the following stress tensor:
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Ox1 Txix2 Txix3
Cij =

Tx2x1 Ox2  Tx2x3
Tx3x1 Tx3x2 Oxs3

With the diagonal stresses oyq,0x;,Ox3 they are called normal stresses, and the other stresses
Tx1ix2 Txix3 Txixz» Tx2x1 Tx2x3 Txax1s Txsxz they are called as “shear” stresses.

The stress tensor o;; is called as “3D Cauchy stress tensor” at point Q, the tensor is symmetric, i.e.;

Tx1x2 = Tx2x1> Tx1x3 = Tx3x1 > Tx2x3 = Tx3x2-

The component 6;; of the Cauchy stress tensor, it represents the

component along the direction €; of the vector stress on the facet of
normal &; [1].

IV.2 The stress vector in 3D:

The relationship between the stress tensor c;; at a point P and the

stress vector Ty on a plane of arbitrary orientation (facet) at that Figure .II1.42.The stress vector T5 on a

point by: plane (facet) of arbitrary orientation.

But in general case the stresses state is defined by an elementary cube

with three facets, for each facet we have a stress vector and Figure .IT1.43.The stresses state is defined by
an elementary direction (Figure.I11.43.); an elementary cube.

The vector Tﬁ depends linearly with 71 , therefore exists a linear application, moving from Tﬁ to 7 with :

Tz =oc.n=>

Tiq 611 T12 T13](M1 G11Mq t T12Ny + T13N3
Tiap=|T21 O22 T23|{N2p =14T21N1 + Oy2Ny + Ty3Ng
T3 T31 T3z O33/(n3 T31M1 + T32M + 03373

The component 6;; of the Cauchy stress tensor, it represents the component along the direction e; of the
vector stress on the facet of normal &; [1].
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IV. 3D Stress transformation law:

At the point P let the rectangular Cartesian coordinate systems (0, X;, X, X3) et (O, %4, %5, %'3) of
Figure.lll.44. be related to one another by the table of direction cosines:

X, aip | Q12 | Q13

Xz az1 | da2 azs3

>
X3 A31 | A3z | Q33

Figure .111.44.Axis transformation direct

cosines.
. . —), =
The stress vector in the two bases can be written: 7'z = a;;T.
!
T'na ai; iz 13] (T
Tzt =91 Q22 Q23| {Tp;
T' 3 azy Az a3zl \Tys
= The stress tensor components in the two systems are related by : 6";; = a;, 6pqa, P ' = Ac AT
' ! !
G11 Tiz2 Ti3 A1 Q12 A13][C11 Tiz T13][%11 Q21 431
Ty O'95 T =[221 Q22 Q3||T21 O22 Taz||@2 a2z asz|[2].
T'31 T'sp O's3 az1 A3z Az3flT31 T3z O33lldz1 QAz3 dsz

The complexity of 3D Stress Transformation equations comes from the presence of multiple stress
components in all three dimensions. Whereas in 2D stress transformation we focus on a single plane
(often X;-X; plane), in 3D stress transformation we have to consider not only the X;X; plane but also
X1X3 and X,X3 planes. This general stress state comprises normal stresses (oxi, Ox2, and ox3) and shear
stresses in each plane.
The transformation equations for 3D stresses are derived following a similar method to 2D transformation
but are more complicated due to the involvement of more stress components and mathematical
operations. The intent remains the same: we transform the known state of stress into another coordinate
system, rotated by certain angles with respect to the original coordinate system.
The orientation of plane ABC may be defined in terms of the angles between a unit normal 7 to the plane
and the X, X3, and X3 directions. The direction cosines associated with these angles are:

cos(¢) = cos(, X;) =1

cos(B) = cos(7t, X;) =m

cos(0) = cos(ﬁ, Xg) =n
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(a) (b)
Figure.Il1.45.Stress components on a tetrahedron.

2 2 2 ,
The three direction cosines for the 7 direction are related by: I“ + m”~ + n° = 1 Known as the Lamé
Formula in 3dimensions.

Notation for Direction Cosines:

X1 [ X | X3
Xl |my|ng
Xl [ma|n
X3l [ m3|ns

The six transformation equations for the normal and shear stresses in a new coordinate system are as
follows:

Gxy = JXlif + szm% + ngnf + 2(Txyx2limy + Txoxsyny + Txix3ling)

Oxor = UX1£§ + szmg + stng + 2(Tx1xplaMy + TyoxsMany + Tyixslany)

Ox3' = UX1I§ + szmg + ngng + 2(Tx1xplams + TyoxaMans + Tyixslans)
Txixz! = Ox1lily + Gxomymy + Oxsnyng + Ty xo (Mg + My ly) + Txoxs(Myny +1ymy) + Txgxs (ly +4ny)
Txi'xs = Ox1lil3 + Ogamymg + Oxsnyng + Tx1x2(lims + myl3) + Tyoxs(Myng + nymg) + 7y x3(nyls + 1n3)
Tx2'x3’ = Ox1lals + Oxamamg + Ox3nang + Tx1x2(Mals + 1;m3) + Txaxz(Mams + mana) + Tx1x3(lang + nyl3) [6].

Example:

100 20 O
A stress state at a point Q is givenby : 0;; = 20 0 20 [ MPa;
0 20 100
0.57 0.57 0.57
The rotation (cosine) matrix is given by: a;; = 0.7 —0.7 0

041 0.41 0.82

What are the stresses on the new orthonormal axes?
Solution:

Using the stress transformation law:

1 ! !
C11 T12 T13 A1 Q12 A13][C11 T1iz T13][A11 Q21 431
! !
Tpy1 Oy Toaz|=1[Q21 Q22 G3|[T21 Oz2 Ta3||Q12 Q22 A3
7’31 T35 O'sz az1 Az AszzflT31 T3z Ozzflaz; Az ass
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93.3 32.7 -—-189
We find: o';; =| 327 30 404 | MPa[7].
—189 404 76.7

Uses and applications of 3D Stress transformation equations in Engineering:

3D Stress Transformation equations play a pivotal role in solving complex engineering problems. As
real-world engineering objects are composed of three-dimensional elements, the application of 3D
equations is ubiquitous in engineering. They help in designing materials that can withstand complex loading
conditions in material science; in mechanical engineering, these equations facilitate to solve problems
related to the design of machine elements, structures, and mechanical systems as well as in civil engineering
and aerospace engineering. Their understanding can significantly enhance your problem-solving ability and
creative thinking in the field of engineering [8].

IV.3 Principal Stresses, stress invariants, stress ellipsoid:

By using the «Analytical method "; the symmetry of the stress tensor means that it has three eigen values
61,057 ,0yy, real, called principal stresses. By taking these three vectors (principal directions) as a
coordinate system (principal coordinate system) (Figure .I11.46.), the stress tensor becomes diagonal.

e The stress tensor at any coordinate system :

611 T12 T13 1 .
0;j = |T21 Oz22 T23 Xs T I
T31 T32 Os3 .
(o]
i
.
G s
I >

e The stress tensor at a principal coordinate system:

G 0 0 X,
0*:[0 (85 0 ]

Figure .I11.46.Principal coordinate system.
0 0 Oyrr

The knowledge of principal stresses is very important and essentially concerns the calculation of
structures in RDM. An important example is the application of the criterion for the appearance of the
rupture.

And we can find a particle containing the point (P) and oriented
in such a way that these facets will only be subject to the normal
stresses (principal stresses) in exclusion of all shear stresses.

As conclusion: we find a particle oriented as the stress
vector of the facets is the same as the normal-principal- stresses.

—

T*ﬁ = Gl]ﬁ] = Gi'ﬁi with 7’_l)i = SUﬁJ
= —
Then: (Gij - 8ij'6i) n] =0

Figure .I11.47.A particle oriented as the stress
vector of the facets is the same as the normal
principal stresses.
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For ﬁj = 0 the solution is trivial, and since (Gij — §;j.0;) is a matrix where the unknowns are the principal

stresses G;; this allows us to say that its determinant must be zero.

G11 — O T12 T13
2> T21 G2 — O 723 =0,
731 132 G33 — O

We will obtain a polynomial equation of order three called the characteristic equation:
c3—Ic?+llc—1I1=0
In convention, the values of the principal constraints are ordered as follows: 6; > &;; > Gy

Where I, II and III are called respectively the first, second and third stress invariant, with:

I = trace(c;;) = 6;; = G117 + Oz + 033

1
_ _ 2 2 2
I = E(Gii Gjj — 0ijO;;) = 011022 + 011033 + 022033 — T, — T53 — T3

— — — 2 2 2
HI = |Gij| = det(cij) = 011022033 1 2T13T23Ty3 — T12033 — 753011 — 743022

The three roots of the characteristic equation are the principal stress values; each value of the principal
stresses is associated with a principal direction for which the direction cosines are the solutions of the
equations:

nq
(Gij — 6ij-6i) {nz} =0
ns
In the principal stress space where the axes are the principal directions, the stress vector will have the

following three components:
. T =051y
T = {T*nz = c511-712}
T"n3 = Opp M3

We take into consideration the orthogonality condition in 3 dimensions: 7 -7 = lie. n;.n; =1 or:
(n)? + (n2)? + (n3)* = 1,
The stress vector must satisfy:
(Th1)?® | (Tn2)® | (Tn3)?
2 2 + 2
(op) (o) CI7)

= 1, this equation is known as the Lamé’s stress ellipsoid [4].

Maximum shear stress:

_ (o1—01)

The equation: 7,4, = gives the maximum shear value, which is equal to half the difference of the

largest and smallest principal stresses.
IV.3 MOHR’s circles for 3D stress state: faget

Where the state of stress at a point P is given by the following stress
tensor:

facet ==

G117 Ti2 T13
Gijj =|T21 O22 723 Xl/

T31 T32 Os3

Figure .I111.48.The state of stress
Each line represents the state of stresses on each facet of elementary at a point P.

cube as showed which will be described in each circle.
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The stress vector has normal and shear components whose magnitudes satisfy the equations:
oy = on? + o, n3 + oni
And
02 + 1% = 0,°n? + 0,,2n3 + 0y,,2n3;

Combining these two expressions with the orthogonality condition: n;n; = 1 and solving for the direction

cosine n;, results in the equations: i
o - e
) = o
O =

These equations serve as the basis for Mohr’s stress circles, as discussed in the “stress plane “section, for
which the g,, axis is the abscissa, and the 7 axis is the ordinate.

To develop this graphical interpretation of the three-dimensional stress state in terms of ¢,, and 7, we note
that the denominators of the above equations are positive also that n? > 0 , all of which tells us that

(oy — o) (oy — o) + (1)> =2 0
For the case where the equality sign holds, this equation may be rewritten, after some simple algebraic
manipulations, to read

1 2 L, n 2
[UN -3 (o + 0111)] +1° = [5 (o — Um)]

Which is the equation of a circle in the g,,, T plane,
with its center at the point on the o, axis, and

Tn

having a radius %(O’H — 0y;;) .- We label this circle
C1 and display it in Figure.II1.49.

We observe that conjugate pairs of values of o,
and 7 which satisfy this relationship result in stress
points having coordinates exterior to circle C1. Figure .I11.49.Mohr’s stress tricicles.
Same work for the second and the third equations is done.

The three circles defined above, and shown in Figure.II1.38, are called Mohr’s circles for stress.

In order to relate a typical stress point having coordinates g, and t in the stress plane of
Figure.I11.49. to the orientation of the area element AS upon which
the stress components ag,, and 7 act, we consider a small spherical
portion of the continuum body centered at P. As the unit normal n;
assumes all possible directions at P, the point of intersection of its
line of action with the sphere will move over the surface of the
sphere.

Accordingly, we may restrict our attention to the first octant
of the spherical body, as shown in Figure.lIl.50. (Octant of small
spherical portion of body together with plane at P with normal n;
referred to principal axes (0, x1, x5, X3 ).

Figure .I11.50.The first octant of the
Let Q be the point of intersection of the line of action of spherical body.
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n; with the spherical surface ABC in Figure.II1.50, and note that

n=cos@.é; +cospB.e; + cosb.e;

The Mohr’s stress semicircles for octant of small spherical -
portion are presented in Figure.IIL.51.

Om Oy o

Figure .I11.51.The Mohr’s stress semicircles for octant of
small spherical portion.

IV.4. The stress vector for a given direction from the Mohr’s stress tricircles:

The Figure.IIl.52 shows the reference angles ¢ and B for intersection point
Q on surface of body octant.

Figure .I11.52.The reference angles ¢ and f§ for
intersection point Q on surface of body octant.

The Mohr’s semicircle for the precedent stress state displayed in Figure.II1.53.

Cm Oy

Figure .I11.53.The Mohr’s stress semicircles for octant of small
spherical portion.

In summary, for a specific at point P in the body, point Q, where the line of action of intersects the
spherical octant of the body (Figure.Ill. 52.), is located at the common point of circle arcs KD and EG,
and at the same time, the corresponding stress point q (having coordinates on and 7) is located at the
intersection of circle arcs kd and eg, in the stress plane of Figure.Ill.54. The following example provides
details of the procedure.

Chapter 3 45



Continuum Mechanics Dr: Saib Ch.

Figure .II1.54.Construction of the stress vector from
a given vector on the Mohr’s stresses tricircles.
Example:
The state of stress at point P is given in MPa with respect to axes PX;XoX3 by the matrix:

25 0 0
O-ij =10 -30 —60
0 —-60 5

1/ determine the stress vector on the plane whose normal is 71 = g(Z e, +6, +2.8)?

2/ determine the normal stress component oy and shear component T on the same plane?
3/ Verify the results of part (2) by the Mohr’s circle construction?

Solution:
1/ using the equation of the stress vector we find: Wﬁ = Gyj- r_ij

(2
Ty 25 0 0|3 q( 50
Trg=|0 -30 —60|{5¢=%7—150
3 3
T35 0 —-60 5 > -50
\3/
2/ the normal stress gy is determinate by:
(%)
2 1 2 250 0 i 150
0N={g > S0 =30 —60[{;p=—="=-16.67MPa;
0 —-60 512
3

The shear stress we use:

12 =T+ Ts — 02 = %((50 % 50) + (150 * 150) + (50 * 50)) — (16.67)% = 2777,
Finally; T = 52.7 MPa

3/ we can verify that for the stress tensor 6;; given here the principal stress values are 6; = 50, 6;; = 25
and o;;; = —=75.

Therefore, ¢ = cos™! G) =70.53°; 8= =cos™! (2) = 48.19°, so that — following the procedure
outlined for construction of Fig.44. — we obtain Fig.45., from which we may measure the coordinates of
the stress point q and confirm the values oy =—16.7 and T = 52.7, both in MPa.
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q(-16.7, 52.7)

T

oy=-75

Figure .I11.55.Measure the
coordinates of the stress at point q.

We can check the results by visiting the site: https://valdivia.staff.jade-hs.de/mohr3d_en.html

Oy 25 Txy 0
0y[30 Ty, |60
0,5 1|0

Principial Stresses g;
-75.00 | 25.00 | 50.00

i i T 0.00 | 1.00 | 0.00
0.800 | 0.00 | -0.600
0.600 | 0.00 [ 0.800

Direction

Ny |0.66
| ny 0.33

nz{0.66) |

on = -16.67, |t| = 52.70
Figure.II1.56. Checking the results.

Deviator and Spherical Stress State:

The arithmetic mean of the normal stresses,

oM = 5(011 + 0y, +033) = §0'ii

The state of stress having all three principal stresses equal (and therefore equal to oy) is called a
spherical state of stress, represented by the diagonal matrix

oy 0 O
O-ij = [ 0 Oym 0 ]
0 0 oy
for which all directions are principal directions.

Every state of stress 0;; may be decomposed into a spherical portion S;; and a portion D;; known as the
deviator stress in accordance with the equation

1
O'] = DU + SijaM = DU +§5ijo-kk
We notice immediately that the first invariant of the deviator stress is (the deviator diagonal is null)=»
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Dij = 0ij = 5610 = 0

57 0 24
O-ij= 0 50 0

24 0 43

Example:
Decompose the following stress tensor:

into its deviator and spherical portions and determine the principal stress values of the deviator portion?
The arithmetic of mean normal stress is

1 1 1
oy :§(0'11+0'22+0'33) :g()'ii :§(S7+50+43) =50

50 0 O

0 0 50

The spherical state of stress

The deviator stress
O-ij = Dl] +SU-) Dl] = O-ij + 6ijo-M

57 0 24 50 0 O 7 0 24
0 50 0|—|0 50 O|=(0 0 O
24 0 43 0 0 50

24 0 -7

Dij ==

A convenient two-dimensional graphical representation of three-dimensional state of stress at a point is
provided by the well-known Mohr’s stress circles[2].
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Chapter IV: Strain Analysis

[ Introduction

[ Definitions

[1The strain vector in 1 dimension

] The strain vector in 2 dimensions ( plane strain)

[ Relation between strain and displacement

[ Change of volume and area

[ The strain vector in 3 dimensions (3D strain)

(1 The strain vector for a given direction from the Mohr’s strains tricircles
) Analysis of a rosette using extensometry

(] Wheatstone Bridge

(] Types and dimensions of strain gauges

[ Areas of application of strain measurement gauges
) Strain tensors transformation laws

1 Spherical and deviator strain tensors

) Compatibility equations for linear strain

I. Introduction :

Deformation is the change in the shape or size of an object. It is quantified as the residual displacement
of particles in a non-rigid body, from an initial configuration to a final configuration.
A deformation can occur because of external loads, intrinsic activity (e.g. muscle contraction), body
forces (such as gravity or electromagnetic forces), or changes in temperature, moisture content, or
chemical reactions, etc.
In a continuous body, a deformation field results from a stress field due to applied forces or because of
some changes in the conditions of the body [1].

Elastic and plastic deformation:
Deformations which cease to exist after the stress field is removed are termed as elastic deformation. In
this case, the continuum completely recovers its original configuration. On the other hand, irreversible
deformations remain. They exist even after stresses have been removed. One type of irreversible
deformation is plastic deformation, which occurs in material bodies after stresses have attained a certain
threshold value known as the elastic limit or yield stress.

Limiting the range of deformations in certain structures and

machines proves to be very essential to protect them from failure after defomation
(disaster) so their deformations must be respected something which
pushes us to study and know how to manipulate the deformations. ,*
In this chapter we will discuss the dimensional part and introduce

notions such as the Eulerian and Lagrangian descriptions of the

before deformation

movements of a continuous medium, the notion of deformation of a Figure.IV.1.Body before and after
continuous medium, the ‘deformation rate’ tensor, etc. ...the deformation.
temporal part will be addressed in the following chapter [2].
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II1. Definitions:

a. Point and particle:

A point is a place in space, but a particle is a small part of a continuous medium or as a material point
which have a mass and neglected dimensions.

b. Configuration:
At any instant of time t, a continuous medium having volume V and surface S will occupy a certain
region R of physical space. Identifying the particles of the continuous medium with the points in the
space it occupies at time t by reference to an appropriate set of coordinate axis is said to specify the
configuration of the continuous medium at that time.
The term deformation (strain) refers to a change in shape of the continuous medium between an initial
(undeformed) configuration and a later (deformed) configuration.

Flow: state of continuity in the movement of a continuous medium.

¢. Movement of a continuous medium:

To completely describe the movement of a continuous medium, in a given reference system (a
Cartesian coordinate system) it is enough to ’ 2 t=t
give the position of the different material
particles at each instant. A simple way to
distinguish the different material particles that
make up a portion of matter is to locate them
by means of their position X at an arbitrary
reference time t=0. We will therefore agree to
use capital letters such as X to designate the
material particles,

Figure .IV.2.Description of the motion

of continuum medium.

or their position at an initial instant t=0.

Given these conventions, the movement of a continuous medium is described entirely by the data of the
positions x at any instant t of all the material particles X, that is to say by the data of the relations: x =x(X
, ) [1].

d. Lagrangian and Eulerian description :

When a continuous medium deforms, these particles move following variable trajectories in space. The

movement can be expressed by equations of the form: x; = x;(X;, X,, X5,t) , which represents the
position x; of the particle occupied by the point (X;,X2,X3) at time t=0. They can be interpreted as a
mapping from the initial configuration to the current configuration. Known as the Lagrangian
“description” formulation.

If, on the contrary, the movement or deformation is given by equations of the form: X; = X;(x, x5, x3,t) .

In which the independent variables are the ordinates x; and t, the description is called an Eulerian
“description” formulation. This description can be thought of as a description to trace the original position
of the particle which now occupies location (X3, Xz, X3). If the Eulerian description is a continuous one-to-
one mapping with continuous partial derivatives, as was also assumed for the Lagrangian description, the
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two descriptions — mappings — are unique inverses of each other. A necessary and sufficient condition for

inverse functions to exist is that the Jacobian | = |==*| , should not disappear (equal to zero).

As a simple example, the Lagrangian description is given by the equations:
x, =X, + X, (et — 1)
x, =X (et =1+ X,
x3 = X3
Has an inverse, the Eulerian description is given by the equations:

—x1+x,(ef-1)
1-et—e~t 7’

X1=

X, = xq1(e7t-1)-x,

1-et-e~t ~

X3 = .X3.
e. Position Vector:

In the initial configuration, a partlcle representative of the continuous medium occupies a point in

space and has the position vector: X=X klk ; compared to the rectangular Cartesian axes OX;X,X3. The
coordinates (X;X,X3) , called the material coordinates.
In the deformed configuration, the particle originally located at Py is located at point P and has the

position vector: X = x;¢; .
Referring to the Cartesian coordinates 0x;Xzx3 often called the spatial coordinates.

The relative orientation of the material and spatial axes is specified by:

§k.fK = fk. €x = Qxx = g, Wwhere : ay are the directing cosines between the material axes and the
spatial axes.
The orthogonality condition between the two system of coordinates is expressed by:

AgkAgp = AkgApg = Okp 5
AgpAyp = ApgApy = Okm
f. Displacement vector:

The vector linking the points Py and P (the initial and final position, respectively of the particle) is known

as the displacement vector which can be noted: % = &, or U = U ly.

The components Uy and u,, are interconnected by the direction

cosines by: €, = aka x » by substitution we will have:

U= w6, = we(apkly) = Ul = U D Uy, = aygiy.

As the direction cosines are constants, the components of the
displacement vector are observed to obey the degree of
transformation of the first order Cartesian tensors.

The vector b is used to position the origin o relative to O,
hence:i =b + % — X. Figure.IV.3.The displacement vector.
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Very often in continuum mechanics it is possible to consider the coordinate systems OX;X,;X3 and

0X1X;xX3 superimposed, with b "=0 ", so that: il = X — X.
The Cartesian components will be: u, = x;, — aggx Xk,
However, for the superimposed axes, the triads of the basis vectors of the two systems are identical,
which gives: u, = x;, — Xg [1].
g. The concept of the strain vector:

In order to describe the deformation of a body by changes in length before  after
of line segments and the changes in the angles between them, we will 7 '_""'--g\
develop the concept of strain vector. x2 {’ - \

) - J
The strain vector is defined by: Ey with its components the normal \,~__ _,/
strain denoted (&,) and the shearing strains (7). X1 (2)

This can be written as: Ez = &, + 7 = €. + 7.t

Figure.IV.4.The components of the strain vector.

Where &, is the normal strain and y the tangential or the shear strain, the key difference between them is
the direction of deformation relative to the applied force.

e &, :the normal strain occurs parallel to the force and it causes a change in the length of the material
without a change in its shape,

o 7 : the shear strain occurs perpendicular to the force and it causes a change in the shape of the
material without a change in its volume [3].

III. The strain vector in 1 dimension:

1. The normal strain in a tensile bar:

The simplest case is that of a bar suspended vertically and subjected to a
force (F) on its two ends (the force acts on one facet (which its normal unit
vector is 71, which is parallel to the load axis).

. . . L
If we note by (L) its length before loading and by (L) that after deformation, L ’
then the quantity (L_LLO) is called longitudinal deformation or extension or the
normal strain denoted (&,). 1#0 ]
For which the normal 17 is parallel to the load axis. lF o
We wrote:

_L-L, AL Figure.IV.5.Tensile bar.
=TT

The strain vector in this case is unidirectional: ﬁﬁ = sné’; where Z”; is the unit vector perpendicular to the
facet 1.

Note that the normal strain is a dimensionless quantity, since it is a ratio of two lengths. Although this is
the case, it is sometimes stated in terms of a ratio of length units. If the SI system is used, then the basic
unit for length is the meter (m). Ordinarily for most engineering applications &, will be very small, so
measurements of strain are in micrometers or (um/um). Sometimes for experimental work, strain is
expressed as a percent (0.001 m/m=0.1%).
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Let we consider, for example; the line AB, which is contained within the undeformed body shown in
Figure.IV.6a. This line lies along the 71 axis and has an original length of 4s. After deformation, points A

and B are displaced to A’ and B’, and the line becomes a curve having a length of 4s’, Figure.IV.6b. The
As'—As
Asr

change in length of the line is therefore 4s - 4s . If we define the average normal strain € then: € =

Hence when ¢ is positive the initial line will elongate, whereas if € is negative the line contracts.

(a) Undeformed body (b) deformed body

Figure.IV.6.The change in length of line before and after deformation [4].

2. The tangential or shear strain:

Deformations not only cause line segments to elongate or contract, but they also cause them to
change direction. If we select two line segments that are originally perpendicular to one another, then the
change in angle that occurs between these two line segments is referred to as shear strain. This angle is
denoted by y and is always measured in radians (rad), which are dimensionless. For example, consider the
line segments AB and AC originating from the same point A in a body, and directed along the
perpendicular n and t axes, Figure.IV.6a.

After deformation, the ends of both lines are displaced, and the lines themselves become curves, such that
the angle between them at A is 0°, Figure.IV.6b. Hence the shear strain at point A associated with the n

and t axes becomes in this case:
T
=——9"
V=3

(a) Undeformed body (b) deformed body

Figure.IV.7.The change in angle between two lines before and after deformation [4].

The strain vector in this case unidirectional: E; = y€; where €5 is the tangential vector to the facet 1.
We can by keeping in mind, that the shear stress t acting on the facet 1 may be related to the shear strain
in the elastic domain of the material by the relation: y = %where G: is the coulomb elasticity transversal

module, which is linked to the Young's longitudinal modulus of elasticity E by the formula G=E/2x(1+v),
involving Poisson's ratio v, it is also called the Lamé’s second modulus p.
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Or by considering the as shown in Figure.IV.8a we can put:

- the normal strains: = —=;an =—==
the normal strains: & axl,adezz T
. U U .
- for the shear strains tgy; = a;l and tgy, = 6;2 for the small displacements we
2 1
e _au, o AUy | AU,
can put: y; = 2%, andy, = 2%, finally: Y1, =y + 7, = 2%, + A

And by superposition, for each facet we have the strain vector: Ez = &, + 7 = £,. 71 + V1. t.

au,

() (b) %
' €22
dux = e v
D D' - -du | |dux: o
- == ! X2
' r
duxi
[
¥ (—}H N
Y[ / ! T Ta =NtV
] — !
.d . 1
I 5.4 '
dXz i ’ N’y
’{ " ' v au;
1 M Y
! v ‘ M x,
1 u
1
1

x
h 4
Les

Figure.IV.8.Normal and shear strains in plane presentation [3].

Example: 3rhm
Due to a loading, the plate is deformed into the dashed shape shown in ~p =

. . S H . .
Figure.IV.7. Determine: o
- The normal strain along the side AB and AC? 3 ® /2 mm

- The shear strain in the plate at A relative to the Xy and X, axes? 250 mm

Line AB, coincident with the X, axis, becomes line AB’ after deformation, 4 /
the length of AB’ is: 4 300 mm I
AB' =250 —2 = 248 mm
The normal strain for AC is :

Figure.IV.9. Deformed plate.

BD'—BD _ 303 — 300

BD 300
The positive sign indicates the strain causes a elongation of BD.

&1 = =1x10"2mm/mm

The normal strain for AB is therefore:

AB' —AB 248 — 250 3 X
Eyp = 1B = 520 = -8 X 107°mm/mm .
The negative sign indicates the strain causes a contraction of AB. s —
The once 90° angle BAC between the sides of the plate at A changes to 0’ due - 55
to the displacement of B to B’. Since y,,, = g — 6', then Yxy 18 the angle in the - L
Figure.IV.10. —F A -

Thus, Figure.IV.10. The strains.

Yy = tan~! (250_2) = 0.0121 rd [4].
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IV. The strain vector in 2 dimensions ( plane strain):
1. Strain vector on any facet:
In some cases we have the strain applied on one area which has two
directions as presented in the Figure.IV.11.
This means that the strain vector has two components &, as normal strain
and y as shear strain.

= _ — 7 . Tl — Sn
E; =¢e,.n+y.t noted by : Eﬁ—{y}

Figure.IV.11. The strain vector.

Example:

The rubber bearing support under the concrete bridge girder is subjected

to both normal and shear strain. The normal strain is caused by the weight

_ and bridge loads on the girder, and the shear strain is caused by the
~ horizontal movement of the girder due to temperature changes.

Figure.I'V.12.The strains in The rubber bearing support under the
concrete bridge girder [4].

2. 2D (plane) strains:
Let us assume that a state of plane strain exists at point Q and the strain vectors are acting on two
perpendicular facets, and that it defined by the strain components &;; , €;5and ¥;,, associated with the X;
and X, axes.
Important assumption:
Some authors arbitrarily assume that the actual deformation of the element is accompanied by a rigid-
body rotation such that the horizontal faces of the element do not rotate.

The strain y;, is then represented by the angle through which the other two faces have rotated
(Figure.IV.13.).

Others assume a rigid-body rotation such that the horizontal faces rotate through %}/12 counterclockwise

and the vertical faces through %]ﬁz clockwise (Figure.IV.13.), but often we prefer to use the second
assumption in graphic method by Mohr’s circle.

(a) (b)

. Cc’
(a) duxa - b)
D D" ae--FT A Ii““
== i
4 duxi
l" !
'YJ ; s ,r
Xz 3 ax /
! l
I "
] !
z 4 5 )
1 Py
4 S 9 duxz
. A el IY B I §
dX1

Figure.IV.14.Relation between strain and displacement vector in plane strain.
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Facet

The linear strain tensor is given by : X
< Yiz
11 2 . Y21 Fixed support
Ej = |y where &;; and &,, are called the normal strains they ~ \\l l
== . 7 —~ / Facet
5 22 L= i\\\ L
are perpendicular to the factes 1 and 2, Y1, and y,4 are called the shear ~ li/
strains on the facets 1 and 2 as represented on the Figure.IV.15. / }\L
X1
| | x 0 N
In this case we have two important facets than we have two vector ! 1
strains Fixed support e

Figure.IV.15.The normal and shear strains in
fixed support.

€11

On the facet 1 we have: ﬁﬁ = {V1z

= (€22
} and on the facet 2 we have : E = {)/21}

3. Strain components associated with arbitrary sets of axes:
In this section we examine the problem of geometric compatibility at a point and determine relationships
which must exist between strain components associated with the axes which are not perpendicular to each
other.

X7

e
X1

Figure.IV.16 .Plane strain with arbitrary sets axes [5].

Which means that to find the new coordinates of strains in the plane basis (O,X’;, X’2) (Figue.IV.16.)
from the initial plane basis (0,X;, X3).
The transformation matrix is given by:

€ €
€1 | cos@ |sinf
€, | —sinf | cosf

With the law transformation of a stress tensor, we know: €';; = Atg;;A:

o V,XlXZ] c Yx1x2
X 2 |_ [cosH —sinH] X1 2 [cosH sin @
y,XZXl , sin @ cos @ Vx2x1 e —sin@® cosé@
2 & X2 2 X2
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(€x1 =%(1 + cos 26) +£§(1 — cos 26) —VX—;XZsinZH
= ey =%(1 — c0s 260) +£§(1 + cos 26) +VX—;XZSin29

% = %sinZQ —8’2(—251n29 + yxzﬂcos 26
Using the following trigonometric formulas:

cos 0% = %(1 + cos 20);
sinf? = %(1 — cos 28);
sinf cos 8 = %sin 20;
cos 8% — sin 6% = cos 20,

We obtain:

(s'Xl = (—8’“;8’{2) + (—8’“;8’(2) cos 26 + —VX;XZ sin 26

Ex1+E Ex1-€ .
= EIXZ — ( X1+ Xz) _ ( X1 Xz) cos 26 — Yxix2 sin 20
2 2 2

/ Ex1-€ .
VX22X1 — _( X12 Xz) sin 20 +VX;X2 cos 260

. . Y'max Ex1-€X2 2 YXx1x2 2
Maximum shear straln:T= (T +(—2 ) [6].

Example:
Let consider a strain state at point Q given by:

340 180 - . X2
& = 180 770 % 10~%um/pm; as represented in the 110 x 10-6
following figure : = ———
180%10% |
1

X1
O
- L 340 x 10-6

. Figure.IV.17.Plane strain.
ex1+€x2 _ (340+110)x10~

2
Ex1-Ex2 _ (340-110)x107°

2 2
P2 = 90 x 107°;

=225 % 107 um/pm;
= 115X 107% pm/umy;

g'y1 = (225 + 115 cos 26 + 90sin 20) x 107°
= &y = (225 —115cos 26 — 905sin 26) x 107°.[7].
VXTX = (—=115sin26 4 90 cos 26) x 107°
4. Rotating a structural element through 180°:
An element is rotated through 180° at 10° intervals; the initial and calculated values of exi, €x2,
and yxx»/2 are in units (um/um). Plotting the strain values for each €x,’, €x2’, and y’x1x2/2 against the
rotation angle produces sinusoidal curves as represent on Figure.IV.18. and Figure.IV.19.

Chapter 4 57



Continuum Mechanics

Dr :Saib Ch.

On the facet ® we find:

4,00E-04 |

= ) .\

e \\\

2,00E-04
—— E'y
——- Y2

1,00E-04

Strain pm/pm

0,00E+00

E1

10 20 30

Rotation 6

-1,00E-04

_2,00E-04 Maximum ¥'y0/2

60 7o 80 %0 100 110 120 130 140 150 160 170 180

Figure.IV.18. Sinusoidal curves of normal and shear strains with the magnitude of the strain vector on facet (1).

The maximum normal strain €x;’ 1S 3.71x 107 pm/um at the angle 40°, the maximum shear strain y’x;x2/2

is 1.46x10™ pm/pum located at the angle 130°.

On the facet ® we have:

4,00E-04
Maximum €'y, /

3,00E-04 —

2,00E-04 / /

1,00E-04

T2 =0

Strain pm/pm

0,00E+00 -|

0 20 30 40 60 70 80 50 100 110 120 130 140 150 160 170

Rotation 8

-2,00E-04 Maximum 7y';5/2

-1,00E-04

180

——c',
& Tua2
Ez2

2,

Figure.IV.19. Sinusoidal curves of normal and shear strains with the magnitude of the strain vector on facet (2).

The maximum normal strain ex,’ is 7.91x10™ um/um at the angle 40°,

The maximum shear strain y’x1x2/2 is 1.46x10™* pm/pum located at the angle 130°, the same as on the facet

1.
We can verify The Maximum shear strain by using the formula:

2 2 2

To verify the different results you can visit the web site:

, 2 2
Vimax _ \/ (o) 4 (1xa2)” = /(115 X 106)% + (90 X 1076) = 1.46 X 107p-[6].

https://www.efunda.com/formulae/solid_mechanics/mat _mechanics/calc_strain_transform

.cfim#calc
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5. Principal strains in plane (2D) :
To determine the principal strains in 2D, we have to use the analytical method as discussed for plane
stresses state, since, we know the strain state in a point and we find the principal strains:

—240 _33()] x 106um/um > (g — 6;€)ii = 0

Let consider a plane strain state: ¢;; j= —330 320

—240—¢ =330 \ (1) _ (0 oy L2 _ _
( _330 320 — g) {nz} = {0}-) we got the characteristic equation: €~ — 80¢ — 185700 = 0

The principal strains are:
{ g = 472.8 X 10°um/um
gy = —392.8 x 10%um/um

By substitution of the two values of the principal strains we find the rotation angle is: 8 = 65.8°.
Maximum Shear Strain % =433 X 10%um/pm.

max

Visit the web site to verify:
https://www.efunda.com/formulae/solid_mechanics/mat_mechanics/calc_principal_strain.cfm

6. Mohr’s circle for plane strain: 37)
From the plane state of deformation as define at a
point P the strain tensor by:
1
€11 %hz : V12 Vet 2%
&j= |4 ; we plot a point X(&q1,— 7) of
sViz €22

abscissa equal to the normal stain €, and of ordinate O
equal to minus the shearing strain y;, , and point

Y(eyp,+ yzﬁ) (See Figure.IV.20.). W 2 Y12)
Drawing the diameter XY, we define the center C of
Mohr’s circle for plane strain. The abscissa of C and 1. Figure.IV.20.Drawing the circle.
the radius R of the circle are respectively equal to: z¥
1

fave = 25 ang R = [(2252)” ¢ (1) i

2 2 2 D
Points 4 and B where Mohr’s circle intersects the horizontal =7
axis corresponds to the principal strains &,,4, and &y,i, v ! \  Vonax i plane)
(Figure.IV.21.), we find: / | \

s
[A €

I
o B\ C! 20,
Emax = €ave T R and &pip = €qpe — R ‘\ :
€min™ " — X

I
| E
|

€ave

€ max

Figure.IV.21.The max., min. strains and the the max.
shear strain.

The corresponding value 8, of the angle 6 is obtained by observing that the shearing strain is zero for 4
and B. Setting y4,,, = 0, we have :

Y12
tg 20, =
g €11 — €22
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The corresponding axes a and b in Figure.IV.16. are the principal axes of strain. The angle 6, which
defines the direction of the principal axis Oa in Figure.IV.20. corresponding to point 4 in Figure.IV.20.,
is equal to half of the angle XCA measured on Mohr’s circle, and the rotation that brings Ox into Oa has
the same sense as the rotation that brings the diameter XY of Mohr’s circle into the diameter AB.

by

\ ‘A/S,\

\\. \

\
\\ff_ As(1 + €,
\I\'
\ A Ema)b _— d
\ AS Q -
Figure.IV.22.The principal plane \ _’,,,-6-”’
(orientation). 1%
X
We recall that the principal axes of strain coincide with the principal axes of stress.
The maximum in-plane shearing strain is defined by points D and E in Figure21. It is equal to the
diameter of Mohr’s circle.
— — 2 2
Ymax (in plane) = 2R = \/(811 - 822) t Y12
Finally, we note that Ly
. w 5

the points X’and Y that 2+ Yuy 2y
deﬁne the components  of / J—
strain corresponding to a ‘ As(l +ey)
rotation of the coordinate \ g Y .
axes through an angle 6 2" Yy Asltey) 1 "|
(Figure.IV.23.) are obtained \ [ | ¢ X'—~
by rotating the diameter XY \___— e \ X\/ze
of Mohr’s circle in the same 0 X -

sense through an angle 26
(Figure.IV.23.).

Example:

Figure.IV.23.The components of strain
corresponding to a rotationf.

A material in a state of plane strain, it is known that the horizontal side of a 10x10 mm square
elongates by 4um, while its vertical side remains unchanged, and that the angle at the lower left corner
increases by 0.4x10 rad (Figure.IV.24). Determine (a) the principal axes and principal strains, (b) the

maximum shearing strain and the corresponding normal strain?

X2

/10 mm

10 mm

| —
X1 - X1
10 mm + 4 pm

7+ 0.4 >103rad

Figure.IV.24.A material in a state of plane strains.
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(a) Principal axes and principal strains:

We first determine the coordinates of points X and Y on Mohr’s circle for strain. We have:

eXl_+4><£><103—+400£X2_0

Since Y4y 18 €qual to the diameter of the circle, for that we have the formula: |M = &x1 — £x2
)/X1X2| — 200
Since the side of the square associated with ey;rotates Ly
2

clockwise, point X of the coordinates £x;and |yX LX21 s plotted
above the horizontal axis. since €y, = 0 and the corresponding __Q___
side rotates counterclockwise, point Y is plotted directly below, T X(400, 200)
as showed in Figure.IV.25. ) : \

| \

i III

[ | 20, |

Bl o /¢ JA~ e
“\\ i /
Yo, - 2000t | /
x____\____‘______,
E

Figure.IV.25.The principal strains
values are the points A, B.

Drawing the diameter XY, we determine the center C of Mohr’s circle and its radius R. We have:
0C =27522 = 200; 0Y = 200

R =/(0C)? + (0Y)? = 283
The principal strains are defined by the abscissas of points A and B. We write:
& =0A=0C+R =200+ 283 =483
& =0B =0C—-R =200-283=-83

b) Maximum shearing strain:
Points D and E define the maximum in-plane shearing strain which is:
T = R = 283 Yay = 566
The corresponding normal strains are both equal to: €’ = 0C = 200.
We can verify by visiting:
https://www.efunda.com/formulae/solid_mechanics/mat_mechanics/calc_principal_strain.cfm

i i 1 duxa e i
V. Relation between strain and displacement ) o - E’“"
i duxi
. . . . r’ <_)'l
1. Deformation gradients, displacement gradients: .
ik dx .r’
dX2 ) /
The partial derivative of the Lagrangian description with respect to X; o
. dax ! e | B
gives us the tensor: — Py L which is called the gradient of material . A e 1 : Idu\:
] A
. ox - ox - ox - ¢ X1 N
deformations, represented by: F = xVX = ax, &1 + ax, €2 + ax, €3

represented by which can develop: Figure.I'V.26.The position and the

displacement vectors.
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P P P 0x,/0X, 0x,/0X, 0x,/0X;
[ o o ] = |ox, /0%, 9x,/0X, 9x,/0K;| = [0x/0X,] = x;
1 2 3 0x3/0X, 0x3/0X, 0x3/0X;

F =

X1
X2
X3

. o . - : . Xy 1. o .
The partial derivative of the Eulerian description with respect to x; gives us the tensor: 7‘ which is called
J
. . . aX - aX - aX - .
the spatial deformation gradient, represented by: H = XVx = b1ty et 6 which can develop:
1 2 3

0X,/0x; 0X,/0x, 0X;/0x;

a o 0
[W —]: 0X,/0x; 0X,/0x, 0X,/0x3|= [0X;/0%;] = X;;
1

H= ax, 0
X2 0% gx,/0x, 0Xs3/0x, 0Xs/0%s

X1
X5
X3

Partial differentiation of the displacement vector u;with respect to the coordinates produces either the

material displacement gradient du;/dX; or the spatial displacement gradient du;/dx;. These tensors are
oui _ 0x;

given in terms of the deformation gradients as the material gradient : X ox Sijjor:J=F—1
] ]

And the spatial gradient

aul' 6X3

6_xj_ ij—a_xl or K=1—-H

In the usual manner, the matrix forms of J and K are respectively:

ou,/0X, 0u,;/0X, O0u,/0X3
ou,/0X; 0u,/0X, O0u,/0X;
dus;/0X; 0uz/0X, O0uz/0Xs

[6 d d ]_
X, 0X, 0X3l

Up
Us
And

], 5 P ou,/0x; 0u,;/d0x, 0u,/0x3
uzl [— _— —] = auz/axl auz/axz auZ/axg

k= ox, 9x, 0
Usj X1 X2 X3 au3/ax1 au3/ax2 a1"'3/636'3

* Large deformations (distance between two points of the continuous medium):

2. Deformation Tensor, finite strain tensor :

In the initial configuration and the deformed configuration of a continuous medium are assumed to be
superimposed. The points Py and Qg of the continuous medium before deformation, move to the points P
and Q respectively in the deformed configuration.

Xy, 23

(b)

(a)

Xy, g

X,z
Figure.IV.27.The initial and deformed configurations.

The square of the distance of the differential element between the points Py and Q is:
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(dX)? = dX.dX = dX,dX; = §;;dX;dX;

Since : X = X(x,t) :°> dX; =%dxj or:dX = H.dx
J

So: (dX)? = GETE dxydx; = €y did; or: (dX)" = d%.c.d%

. . 90X 0X L ,
with C : is a second order tensor: Cj; = 6_xk6_xk’ or: C = H'H which is known as: Cauchy’s
i 9%

deformation tensor.

In the deformed configuration, we will have:
(dX)Z =dx.dx = dxl-dxi = 6ijdxidxj

And since : ¥ = X(X, t) ;= dx; = %de or: d¥% = F.dX, in the same way :
]

(dx)? = %%’; dX;dX; = Gi; dX;dX; or: (d%)? = dX.G.dX

_ axk axk

= x x> O " G = F'F which is known as: Green’s deformation
ig4j

with G : is a second order tensor : G;;

tensor.

3. Finite strain tensor :

The difference magnitude (dx)? — (dX)? for the neighboring particles of the continuous medium is used
to measure the deformation that occurs by the neighboring particles between the initial and final
configuration. If this difference equals zero, a rigid displacement occurs (Solid body).

dxy 0
(dx)? — (dX)? = (a—’;"a—f(’; - 61-,-) dX;dX; = 2L;;dX;dX; ;

or: (dx)? — (dX)? = dX.(F'F — I).dX = dX.2L;.dX where L :is a second order tensor :

__ 1 (0xp dxg X _1 t . . , . .
L= > (a_xia_xj — 0; j) ou: L; = > (F'F — 1) , is called the Lagrangian (or Green’s) finite strain tensor.

By the same method: (dx)? — (dX)? = ((Sij — %%) dx;dx; = 2E;jdx;dx;
i 0x;j

or: (dx)? — (dX)? =dx.(I — H'H).dX = dX.2E,.dX where E,:is asecond order tensor :
6ii — _T> or: E4 = %(1 — H'H) , Called the Eulerian (or Almansi’s) finite strain tensor.
i 0x;j

A second technique is used, this time using the displacement gradients, which gives:

o Lfow 0w | Owye duk) . g _ 1 t o gt
L”_2<axi+axj+axi an)or. LG_ZU+] +JtD

g o= (0w 0%  Ouk Ouk) . op _1 t _ gt
Andfor'ElJ_z(axj+axi o an)or.EA—Z(K+K K'K)
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* Infinitesimal strain tensors(Small deformation theory-SDT) :

The theory of small deformations is based on the condition that the displacement gradients are very small
compared to unity. In this case the following approximations are allowed:
oy

ou; _1 du;
FOI‘a—Xj<<19 lij_ <—+

= ) or: L=2( +J%) called the Lagrangian infinitesimal strain tensor.
2 \0X; an 2

With the same way :

. C Bus

) or: E=12 (K + K*) named the Eulerian infinitesimal strain tensor.
6xj 6xj 0x; 2

In the case where the displacement gradients and the displacements are very small in the 2D or 3D
strains as shown in Figure.IV.28., the existence of a small difference between the material and spatial
coordinates of a particle of the continuous medium, this allows us to admit: [;; = €;;or: L = E.

,,,,,,,,,

dy

(a) Plane (2d) strains (b) 3D strains

Figure.IV.28.The plane and 3D strains.

h.Relative displacements, linear rotation tensor,

rotation vector : 0
The movement of two neighboring particles is represented by the )

= —
vectors ul@o) et uEQ") , the vector : Q =
du; = ungO) — u§P°) or : dii = 11%0) — 3(P0) is called the relative - g
displacement vector of a particle initially at Qo with respect to the z, !

particle initially at Py.
Figure.IV.29. The relative displacement vector.

Often we define the unit vector of relative displacement du;/dX or dX is the magnitude the differential
vector distance dX;, if v; is the unit vector in the direction of dX;, so that: dX; = v; dX then:

dui auian 6ui dﬁ -
—=——=—v;0r: —=J.V
ax an X an ax

Since the material displacement gradient au‘/ ax, can be decomposed into two parts: a symmetric part
j

and an anti-symmetric part, the relative displacement vector can be written:
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dy = 1 (0u; N ou; N 1/0u; OJuy ax
"= 2\ax; Tax,) T z\ax, ~ ax;)| Y

The first term is known as the linear Lagrange deformation tensor ;

j» the second term is known as the

linear Lagrange rotation tensor and is expressed by:

W, = 1 aui 6uj
U 2\0x;  ax;
A side from the Eulerian description, we find: the relative displacement vector is given by:

du; - -
du; = —dxjor: du = K.dx
6xj

And the unit vector of relative displacement is:
= Qw0 o du

- dxj dx - 6x]-‘ul o ox = K.u

dui

By decomposition of the gradient of Euler displacements (spatial):
du; |10y, N ou; N 1/0u; Oy p
dx |2 dox;  0x; 2\0x; 0x; %

The first term is known by the name: linear Euler deformation tensor ¢;;, the second term is the linear

_ 1 aui 6u]
(‘)ij B 2 6x] 6xl-

With the theory of small deformations, the finite Lagrange deformation tensor L;; can be replaced by the

Euler rotation tensor, is denoted by:

linear Lagrange deformation tensor [;; and the following expressions become:

(dx)? — (dX)? = (dx — dX)(dx + dX) = 2l;;dX;dX; = dX.2L.dX

dx—dX
ax

dx—dX
— =v.L.V

Since : dx~dX for small deformations, then : = l;jv;vj ou :
This is known as the change in length by the initial unit length and also known as the normal strain for
a line element initially having the direction cosine dX;/dX .

i. Stretch ratio :

Another important measure of extensional strain of a differential line element is the ratio: dx/dX, known

as the stretch ratio, the squared stretch at point Py for a line element along the unit vector m = dX /dX is
given by:
2 dX o
(Z—f()PO = A= Gy S ou Ay = . G
By similarity, the squared stretch for a line element at the point P following the unit vector: 1 = dX/dx is
given by:
(d_X )2 1 dx; dxj 1

— -
= = =nC.n.
dx

=5—=C(Cj———ou:5
2 i 2
P A 1 ax ax Ay
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j- Change of volume and area:

The relationships between the areas and volumes in the
reference and current configurations are important in
formulating the equations that define the effect of the
inertia and elastic forces of the continuum.

-
= X\j

. material
configuration

spatial
configuration

Figure.IV.30.The change of area and volume
from intial to deformed configurations.

Volume The volume of an element can be obtained using the scalar triple product. Consider an element
whose base is defined by the two vectors b and c, while another side is defined by the vector a. In fact, the
volume can be written using any cyclic permutation of the vectors a, b, and c, that is,

V=a (bxec)=c (axb)=b-(cxa)

Now consider a volume element that has sides of length dX;, dX», and dX3 in the reference configuration
dv.

The transformation of volume element from the reference configuration to the present configuration:

Let’s call 8 the relative change in volume V then:

Area The relationship between the volumes in the reference and current configurations can be used to
obtain the relationship between the areas. To this end, consider an area element defined in the reference
and current configurations, respectively. The oriented surface element in the reference configuration is
defined by:

dA = dX; x dX, ;
after deformation becomes the oriented surface element by da = dx; X dx,.
The transformation of a surface element from the reference configuration to the present configuration is:
dd = JFT.dA

Where: F~T = (FT)™t = (F7)T[8].

Chapter 4 66



Continuum Mechanics Dr :Saib Ch.
1. The strain vector in 3 dimensions (3D strain):

In a point of material we have a cubic element which has three principal facets symmetric to three facets
and we have on the facets three strain vectors as represented in Figure.IV.31.

The strain tensor (symbol &;; ) is defined in Mechanics, as a
"tensor quantity representing the deformation of matter
caused by stress. Strain tensor is symmetric and has three
linear strain &;4, €5, and £33 with three shear strain y,,, ¥13
and y,3 its components are written as:

2

[ e, 1, 240
I 11 12 2 13|
|

1
2 Y21 oY) Vas|

2
1 1
§V31 §V32 €33

Figure.IV.31.The strain vectors and its

components on the facets.

A normal strain is perpendicular to the face of an element, and a shear strain is parallel to it. These
definitions are consistent with those of normal stress and shear stress.

2. Principal strains in 3D :

To determine the principal strains in 3D, we have to use the analytical method as discussed for 3D
stresses state, since, we know the strain state in a point and we find the principal strains:

5 -1 -1
Let consider a 3D strain state at a point: &; = [—1 4 0 ] X 106um/um = (sij - 6ije)?1 =0
-1 0 4

5—¢ -1 -1 n 0
-1 4-¢ 0 Nyt = 40> we got the characteristic equation: (4 — £)(e? —9¢+ 18) = 0
-1 0 4—¢/ 13 0

The principal strains are:

g =6 %X 10%um/pm
g = 46 X 10%um/pm
& = 36 X 10um/um
By substitution; we find the directions vectors:
0.57 0 0.82
ﬁ] 0.57 5 ﬁn —-0.71 5 ﬁIII —-0.41
0.57 0.71 —-0.41
Vist the web site to confirm: https://valdivia.staff.jade-hs.de/mohr3d_en.html

3. Mohr’s circle for 3D strain
We can, therefore, draw Mohr’s circle through the points 4 and B corresponding to the principal axes a

and b (Figure.IV.32.). similarly, circles of diameters BC and CA can be used to analyze the transformation
of strain as the cube is rotated about the a and b axes, respectively.
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The three-dimensional analysis of strain by means of Mohr’s circle is ’

limited here to rotations about principal axes (as was the case for the / N
analysis of stress) and is used to determine the maximum shearing N 2
strain at point Q. Since is equal to the diameter of the largest 5 (% \;E, } —t—

of the three circles shown in Figure.IV.32., we have

Ymax = lémax —&€minl | "
Where €,,,4, and &,,;, represent the algebraic values of the maximum and

minimum strains at point Q.

Figure.IV.32.Mohr’s tricircles of the 3D strains.
Example:

As a result of measurements made on the surface of a machine component with strain gages oriented in
various ways, it has been established that the principal strains on the free surface are: & = +400 x 107°
and g;; = —50 X 107, knowing that Poisson’s ratio for the given material is v=0.3, determine (a) the
maximum in-plane shearing strain, (b) the maximum shearing strain near the surface of the component?

(a) Maximum in-plane shearing strain:

We draw Mohr’s circle through the points A and B corresponding to the given principal strain
(Figure.IV.33.). The maximum in-plane shearing strain is defined by points D and E and is equal to the
diameter of Mohr’s circle;

Ymax(in—plane) = 400 X 107+ 50 x 107 = 450 x 107 ° rad

+v (10 S rad)) +v (10 %rad))
D
D e —
- \\ 1 | ;/ 7"“\\\\‘ ]j .
/ ‘\\ 2 Ymax (in plane) “.' / '\%\ 2/ max
[ \ L= A =
B_‘ ‘vA ¥ c (10_3) CJI\ ,#B e} % (10 ﬁ)
—50 ‘.\ o] .-"‘ +400 —150 V= ‘.\ ;’ +4
\ / ) \]
\ / O ) /
S . N \_7_7_7_:/,
1 S
E 2

I 550

-~ 450 ——

Figure.IV.33. The maximum in-plane shearing strain.
surface of the component.

(b) Maximum shearing strain:

We first determine the third principal strain &;;;. Since we have a state of plane stress on the surface of the
machine component, we use the equation:

0.30

—2=2(400 X 107 = 50 X 107%) = —150 X 105;

A%
& = 1 (g5 +¢) =

Drawing Mohr’s circles through A and C and through B and C (Figure.IV.33.), we find that the maximum
shearing strain is equal to the diameter of the circle CA:

Ymax = 400 X 1076 + 150 X 107 = 550 X 10~® rad .
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IV.4. The strain vector for a given direction from the Mohr’s strains tricircles:

The Figure.IV.35 shows the reference angles ¢ and p for intersection point
Q on surface of body octant.

Figure.IV.35.The reference angles ¢ and f for
intersection point Q on surface of body octant.

The Mohr’s semicircle for the precedent stress state displayed in Figure.IV.36.

Figure.IV.36.The Mohr’s stress semicircles for octant of small
spherical portion.

In summary, for a specific at point P in the body, point Q, where
the line of action of intersects the spherical octant of the body I
(Figure.IV.35.), is located at the common point of circle arcs KD
and EG, and at the same time, the corresponding stress point q
(having coordinates € and yis located at the intersection of circle
arcs kd and eg, in the stress plane of Figure.IV.36.

X3 |
3

x/

Figure.IV.37.Construction of the strain vector from a
given vector on the Mohr’s strains tricircles.

k. Analysis of a rosette using extensometry [2]:

To know the deformations in the plane of a deforming surface, we can stick a rosette on this surface.
A rosette, made up of three strain gauges, measures the relative elongations in three different directions of
the plane, i.e. at 45°, for the so-called 45° rosettes or at 60°, for the so-called 60° rosettes, see
Figure.IV.38.

Figure.IV.38. Strains rosette.
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A strain gauge, Figure.IV.40., can be compared to a metallic resistor made up of a very fine straight wire,
which is glued to the surface of the structure studied. We thus transmit the deformations of the structure
to the wire, hence a variation in its length, which produces a variation in its resistance. This variation is
measured using a Wheatstone bridge (Figure.IV.39.).

We can thus precisely obtain the relative elongation €x in the x direction of the gauge. From ea, gand ec, it
is possible to find the eigendeformations and eigenvectors in the plane. Let us note , the angle that the
gauge makes in the direction d@ with respect to the (unknown) eigenvector €I: the relative elongation, €a in
the direction d is given by:

& teEy g
fa=7 2

! cos(2a)

Similarly, if is a the angle of the rosette, we have:

& teEy g

Lcos 2(a+a)

& =
b 2 2
g+er &—¢
& = L cos2(a + 2a)
2 2
to solve these three equations with three unknowns, we will set d = % and r = 251

For the rosette at 45°, we have:
gq = d +rcos(2a)

T
&, =d +rcos(2a +§)
g =d+rcos(2a+m)

€a+€c
2
For the rosette at 60°, we have:

where do we get from : d = = %\/(sc —&,)% + (g, + €. — 2¢p)? and tg(2a) = zb_d.

—-d

&q = d +1cos(2a)
2
&, =d +rcos(2a + ?)

4m
& =d+rcos(2a + ?)

where do we get from : d = @,r = g\/(Zea —&p — €)%+ 3(e; — €)% and tg(2a) = g% )
i
finally, fromd and r, we obtain: &g =d + 1, ey =d — 1.
I. Wheatstone Bridge:
Strain gauge
—1 Unstressed !
o ‘ ;- . '.'-;,,“:
= Vs < " Veut o WS /" —
T 3, s - . Y
RA"-.‘\ ) % . . _:—l.::
—[ Strain gauge Strain gange
Stressed
(a) Weatstone bridge with one gauge. (b) Weatstone bridge with two gauges (by comparaison).

Figure.IV.39.Types of Weatstone bridges gauges [8].
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m. Types and dimensions of strain gauges:

The strain gauge is a resistive sensor that changes its resistance when pressure is applied. This change
in resistance is proportional to the stress placed on it due to the change in pressure. So basically it uses a
property of materials (wire, sheet or film) that tends to change their electrical resistance when pressure is
applied.

The electrical resistance of a material is directly proportional to its length and inversely to its section.
This implies that when tensile deformation or stretching of the material occurs, its electrical resistance
increases as its length increases and the cross-sectional area decreases simultaneously. Consequently, if it
is compressed, its electrical resistance decreases. This change in resistance is very small. A Wheatstone
bridge can be used to detect its resistance change.

4.0 mm

SGT-1/350-TY 11

(a) Strain gauge.

-
-~

itas

SGD-3/120-RY621

A

(b) 45° strain gauge (c) 60° strain gauge
Figure.IV.40. Types of strains gauges.

Strain gauges, their sizes differ depending on the manufacturer and their uses (example of dimensions
given in a catalog)

Base Length i
Grid Length

Base
Width

Base - Gage Lead

Figure.IV.41.Constituents of the strain gauge.

The thickness of strain gauges is approximately 0.2mm.
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n. Areas of application of strain measurement gauges ;

Figure.IV.43. Railway monitoring with strain gauges.

Figure.I'V.44. Checking bridge cables with strain gauges.
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Figure.IV 45. Strain Gauges in Aerospace Applications [9].
0. Strain tensors transformation laws:

The different deformation tensors: L €;; are second order tensors. for another rotated material

reference system X'; having the transformation matrix [bi ]-] (the direction cosines), with respect to the
local reference system we will have:

Llij = bipqu qu or . L’G = B.LG.Bt and l,ij = bipbj lpq or . L, = BLBt

The same thing for a rotated spatial reference, x'; : in possession of the transformation matrix [ai j] (the

direction cosines), therefore:

1 . t r ! — t
Eij—aipaququ Or.EA—A.EA.A andeij—aipajq qu or:E'=A.E. A

{a} (b}
Figure.IV.46.Strain tensors transformation laws.

The orientation of plane ABC may be defined in terms of the angles between a unit normal 7 to the plane
and the X;, X;, and X3 directions. The direction cosines associated with these angles are:

cos(¢) = cos(7, X;) =1
cos(B) = cos(7t, X;) =m
cos(0) = cos(ﬁ,X3) =n
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(a) (b)
Figure.IV.47.Strains components on a tetrahedron.

The three direction cosines for the 71 direction are related by: [+ m” + n” = 1 Known as the Lamé
Formula in 3dimensions.

Notation for Direction Cosines:

X1 | X2 | X3
X’l 11 mi | n1
Xy | b | my |
X3 |l3 | m3|n3

The six transformation equations for the normal and shear stresses in a new coordinate system are as
follows:

( €x1r = ex1 B + exomi + ex3nf + 2(exixolimy + Exaxatyng + Exix3liny
€'xar = ex115 + £xym5 + £x3n5 + 2(Ex1x2l2My + ExoxzMany + Ex1x3lon,
€'yar = ex1l5 + examj + exang + 2(Ex1xalzMs + ExoxaMana + ex1x3lans
YV x1irx2r = Ex1lily + examimy + ex3niny + Vxixa (ime + My ) + Yxoxs (Myny + ymy) + yxixs (il +14ny)
YV xrxn = exilils + exomumy + exsnyng + yyixo (hmg + mylz) + yxoxs (yng + nymg) + yxixs(nyls + l1ng)
V' x17x3r = Ex1lals + examama + ex3Nang + Yy (Molz + [ms) + yxoxs(Mams + myns) + yxixs(lns + 1, la)[]O],

p- Spherical and deviator strain tensors:

The Lagrange and Euler linear deformation tensors can be decomposed as in the case of stress tensors,
into deviator and spherical tensors, by:

I(tr L) I(tr E)

3

lljzdlj‘l‘(sl]lkaOI'L:LD‘F and eij=eij+6ije3ﬁorE=ED+

q. Compatibility equations for linear strain:

If the strain components ¢;; are given explicity as functions of the coordinates, the six independent

equations:
ou;  0uj . . . . . . ..
&j = %(a—zl + 6—1;’) may be viewed as a system of six partial differential equations for determining the
j i

three displacement components u;. The system is over-determined and will not, in general, possess a
solution for an arbitrary choice of the strain components ¢;;. Therefore if the displacement components u;

to be single-valued and continuous, some conditions must be imposed upon the strain components. The
necessary and sufficient conditions for such a displacement field are expressed by the equations:
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0% 0%exm 02eik 0%ejm _

b

Oxk0x;,m  0xi0xj 0xj0x;y;  Oxi0xy
There are 81 equations in all but only six are distinct. These six writtn in explicit and symbolic form
appear as:

0%y, | 0%&y _ 0%e1,
ax  9x? T 0x,0x,
0%ey,  0%e33 _ 0253
dx2  0x? " 0x,0x;
0%e33  0%eyy _ 031
ax?  9x2 T Oxg0x
0 0g,3 0g3; 0eqy 0%,
a_x1 B dx; O0x, Oxj - 0x,0x3
0 0ey3 0Oe3y Ogpp  0%ep
dx, 0x; 0x,  Ox3 0x30x,
0 0&y3 051 0€;y 0235
8_x3 dx; 0xy B d0x3 - 0x,0x;

Compatibility equations in terms of Lagrangian linear strain tensor may also be written down by an
obvious correspondance to the Eulerian form given above. For plane strain parallel to the x1x; plane, the

six equations are reduced to the single equation it + %22 — p 9w [1]
q gleeq dx2 ax? 0x10xy -
Example : {
A centric axial force P and a horizontal force Qx are both applied at point C of = e ¥
the rectangular bar shown. A 45° strain rosette on the surface of the bar at point N / s e

A indicates the following strains:
& = —75x%x 10" mm/mm; &, = +300 X 10~® mm/mm; 250 mnj
&3 = +250 X 107® mm/mm

Knowing that E = 200 GPa and v=0.30, determine the magnitudes of xﬂ@
the applied forces P and Qx? s 9,

=g
‘*=~. S
T

H-/\::ﬂ
-
The steps to solve this exercise are: 1- find strains, 2- find the stresses

. o .
and finally 3- evaluate the forces Figure.IV.48. A 45° strain rosette

on the surface a centric axial bar.

gy =8 =-75x107%;¢, =& = +250 x 107°
Yy = 28, — & — €3 = 425 x 107°

E 200 x 10° .
0r = = (& +vey) = T (=75 + 0.3+ 250) x 107 = 0 MPa
oy = (& +ve,) = 200497 (550 + 0.3 * —75) x 10 = 50 MPa
P
O'y = Z 9

P = Ao, =50% 150« 50 = 375 kN
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6=t HOXI_ o gp
T2 +4v) 213 ovetra

Tyy = G * Yy = 76.92 X 10° % 425 x 1076 = 32.69 MPa

I = ibh3 = i50 * 1503 = 14062500 mm*
1%5 12
Area torque Q = A.y = 75 % 50 » — = 140625 mm3 ; =50 mm,

The shear stress: 7, = %-) V= % Tyy = %56020;% * 32.69 = 163.45 kN

The applied force: Q, =V = 163.45 kN
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Chapter V: Description of the continuous medium’s kinematics

[ Introduction

[ Kinds of Motion

1 Equation of motion

[ Descriptions of motion

[ Velocity and Acceleration

) The rate of deformation, the spin tensors and the (vorticity) rotation vector
[ Stationarity, Streamline, Streamtubes, Trajectory or Pathline, Streakline.

1. Introduction :

Kinematics is the study of the movement of bodies without taking into account the causes that cause it.
The movement of a deformable body can be described in two ways: By following the particles in their
movements or by placing oneself at a fixed point in order to see them scroll.

The essential problems of continuous media mechanics are:

1. The study of the movements of deformable solids.

2. The study of the movements of floating and submerged bodies.
3. The study of non-stationary movements of gases.

[ ]/
[

Figure .V.1.Deformations example of a continuous medium.

In mechanics, to characterize the movements of deformable bodies, we use an Eulerian or Lagrangian
description.

2. Kinds of Motion
Motion of a continuous medium, also denoted by deformation, is characterized by the following types:
Rigid Body Motion: Characterized by maintaining the original shape of the body after motion, i.e. it is
characterized by preserving the distance between particles. The rigid body motion can be classified by:
translation and/or rotation. Motion with Deformation: Characterized by changes of distance between
particles. In general, motion is characterized by deformation and rigid body motion simultaneously [1].

3. Equation of motion:
The most basic description of the motion of a continuous medium can be achieved by means of
mathematical functions that describe the position of each particle along time. In general, these functions
and their derivatives are required to be continuous.
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4. Descriptions of motion:
The mathematical description of the properties of the particles of the continuous medium can be addressed
in two alternative ways: the material description (typically used in solid mechanics) and the spatial
description (typically used in fluid mechanics).both descriptions essentially differ in the type of argument
(material coordinates or spatial coordinates) that appears in the mathematical functions that describe the
properties of the continuous medium.

Generally, each material point is given its initial coordinates, denoted by X.
These so-called material coordinates are constant over time, so they are intrinsic information of the

particle. On the other hand, the spatial coordinates of the particle, ¥, evolve over time: X = (1)()? ,D)[2].

Example :
A 2D domain that deforms according to a parallelogram. The reference configurations and those at time

t = 1 are presented in Figure.V.2, the transformation X = (1)()_() ,t) is given by:

1

1

x% X2 (5.5) e2 (7.5)

2,2) 4.2)

(=1.1) (1.1

—

4

{=1,-1) (1,-1)

Figure.V.2.Deformation of a square.

S. Velocity and Acceleration
Lagrange velocity:
It is obtained by deriving the position vector (i) versus time (t).

Lagrange acceleration:
We define the Lagrange acceleration by differentiating twice versus time (t), the position vector (u).

The two Lagrangian and Eulerian descriptions are equivalent. The Lagrange description is adopted rather
in the study of deformable solids. In the case of fluids, the Euler variables are preferred. The Lagrange
velocity is equal to that of Euler.

Example:
Let the motion be described by the following equations of motion:
X1
T
Xy = X2
.X3 == X3

Calculate the components of the velocity vector in terms of the Lagrangian and then Eulerian variables.
e Lagrange velocity:
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_— ox;  —X?
7ot T (14 tX,)?
VZ = 0
V3 == 0
e Euler velocity:
( X1 \?
X —\1=
%, = LI = X1 - (1 txl)
1 + tXl 1 - tx1 X 2
< (1 e(r2)
1
V2 s 0
k V3 =0

6. The rate of deformation, the spin tensors and the (vorticity) rotation vector:

We consider two particles P and P’ in a continuum in motion.the coordinate of P is X initially, and xi
at time t. for the sake of simplicity, the origins and axes of the material and spatial coordinate systems
coincide. The coordinat of P’ is Xg+ Xg initially and xi at time t. the line element between the two

particles is dXg initially and xi at time t. the initial and deformed line element are related by:

axi

The relative velocity of P” with respect to P is :
dvi = vi(P’, t) - vi(P, t) = vi(XR + dXR, t) - vi(XR' t) = ﬁi(x]' + dx]', t) - ﬁi(x]', t)
In which the particle velocity is either expressed in the material description by the use of function
v;(Xg, t) or in the spatial description by the use of function ¥; (x;, t). From the material description:
D
dv; = Dt [x;(Xg + dXg, t) — x;(Xg, )]
Observing that dxi denotes the line element connecting two adjacent material particle,
D
dUi = D_t (dxi)

It is seen that the order of differentiation between d and D/Dt is interchangeable.
Using the spatial description,
dvi = ﬁl(x] + dX], t) - ﬁi(xj' t)
The first term on the right hand side may be expanded in Taylor’s series and, by retaining only the first-

order term,
5 6171 - aﬁl
dv; = Ui(x]',t) + a—xkka - Ui(xjrt) - 0xy, dx, = vi.jdxj

By combining we obtain:

D
d'UL' = E(dxl) = Ui,jdxj'

Where v; ; = L;; is known as the velocity gradient tensor. This tensor is generally not symmetric and so

it can be split into symmetric and antisymmetric parts.
Therefore, we write:

1 1
Lij = vy =5 (vij + ) + 5 (viy = v30) = Dij + Wy
1 1
Where DU = E (Ui,j + Uj,i) or D= E (L + LT)
And
1 1
VVL']' = E(vi'j — Uj,i) orW = E(L — LT)
In which D;; is the rate of deformation tensor and W;; is the spin tensor.
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Therefore,

dl?l' = Dde] + Wl]dx]

The vorticity tensor is the antisymmetric (or-skew-symmetric) part of the velocity gradient tensor, also
known as the spin tensor.

Because W is skew-symmetric (WT = —W ), it has only three independent components,
0 Wiz Wiz 0 w; w,
1
Wij = [—le 0 W23] = [ wy; 0 —Wll where: Wy = —W,3 = W3, = 5(”3.2 — v2,3)
—Wy3 —Wwy 0 W, Wy 0
1
Wy = —W3q1 = Wy3 = E(vl.3 — 173‘1)
1
W3 = —Wyp = Wy = E(UZJ —vy5)

These components can be used to define a vector w called the axial vector of w;; as follows:
1 1
Wi = = Z&ijkWjk = 3 &ijk Vk,j
The vector W is also called the rotation vector, and twice the rotation vector z = 2w is called the
vorticity vector. The flow is said to be irrotational if the vorticity vector is zero § = 0.

Or:
1
Wi = —Wy3 = W3y = E(Vz,s - 173,2)
1
Wy = —W31 = Wji3 = E(Vls - 173,1)
1
W3 = =Wy = Wy = 5(”2,1 - 171,2)

Expressions for L in Terms of F:
The expressions of L in terms of the deformation gradient F. We do this because F has been used
extensively in the description of deformation. The velocity gradient L may be written as

:a_V:a_V.%zl':.F—1
Example :
The motion of a body is given as
X1 =Xy
x; = Xy + X1t/to where tyis a constant [s].
x3 = X3 + X, (1 — e~t/t)
Determine:
-the deformation gradient F;;?
-the Green-Lagrange strain E;;?
-the velocity in Euler description v(x)?
Solution:
The deformation gradient Fj; is:
1 0 0
Fij = [t/ to 1 0]
0 1—et/to 1

and the Green Lagrange strain Ej; is:
E=2(FTF —1);
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(t/t0)?/2 (t/ty)/2 0
Eij = | (¢/t0)/2 1/2(1 — e_t/to)2 1/2(1 _ e—t/to)
0 1/2(1 — e~t/%) 1
The velocity in Euler description:
v, =0
vy = X1/t

vz = 1/to(xy — x1t/ty)e ko
The velocity v s given in Lagrangian and Eulerian coordinates as follows:
v, =0
v, = X1/to = %1/t
vy = 1/ty Xpe 7t = 1/t (x, — x;t/ty)e " t/to
The acceleration can be obtained from the Lagrangian form directly as:
a, =0
a, =0
az; = —1/t2 X,et/to
And the Eulerian form as:

_ 0v;(x, t) 0x; (X, t) N ov;(x,t)
“T T, ot ot

X
% 1s called as the local derivative

v (xt) 0xj(X,t) . . .
#Ja—t is called as the convective derivative.
Jj

Which in matrix form becomes

0 0 07 ( 0 \

1 X1 ( 0 \

_ 0 0 — | 0 |

t
B _t _t 0 xq 1t tt Lto <— % + Xth — %) e_%J
0
= 0 1[4]
—1/t§(x, — xyt/tg)e” /%

Example :
The motion of a continuous medium is given by:
x; = X; cosht + X, sinht
x, = X; sinht + X, cosht
X3 = X3
Determine :
- The velocity components in the material description,
- The velocity components in the spatial description,
- The components of the rate of deformation and vorticity tensors.
Solution:
The given mapping is:
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{xl = X; cosht + X, sinht

x, = X; sinht + X, cosht
X3 = X3
The inverse of the mapping is given by :
X, = x; cosht — x, sinht
{Xz = —x, sinht + x, cosht
X3 = X3
e The velocity components in the material description are:
( (6x1)
vy —_
at X fixed

= X; sinht + X, cosht

dx, .
LV, ( ) = X, cosht + X, sinht
X fixed

ot
B (6x3)
k 73 ot X fixed
e The velocity components in the spatial description can be obtained by rewriting them from partl in
terms of the spatial coordinates. We obtain
v; = X; sinht + X, cosht = (x; cosht — x, sinht) sinht + (—x; sinht + x, cosh t) cosht = x,
v, = X, cosht + X, sinht = (x; cosht — x, sinh t) cosh t + (—x; sinht + x, cosh t) sinht = x;

=0

V3 = 0
. . ax;
e The components of the deformation gradients tensor F;; = (a—;‘> are:
]
=2 _ = g _ 9% _
Fi; = o cosht, F;, = % sinht, Fj3 = s 0,
=% _ = 0% _ — 0% _
F), = %, sinht, F,, = %, cosht, F,; = % 0,
_ 0x3 _ = 0% _ g = 9% _
F3 = o, cosht, F;, = %, sinht, F33 = T 1,
cosht sinht 0
Fij =|sinht cosht 0
0 (3 1
e The components of the velocity gradient tensor L;; = (a—zj) are:
i
0 1 0
0 0 O
. ov; i
The components of the rate of deformation tensor D;; = % (a—Z’ + %)are:
i )j
0 1 0]
0 0 O
The components of the vorticity tensor w;; = - (2% — v are
p Y U2 ax]' dx;
0 0 0]
wij=10 0 0
0 0 O

Example :
Given the following velocity field in certain flow, determine the components of D;
rotation vector w:

j » wi; and the
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vy = x¥ + x5 + x5
Vy = X1Xp + XpX3 + X3
2

X3

U3 :4_3x1x3 _7

Solution:
v ov v
Dy :a_xizle;Dzz =£=2x2;D33 :6—xz=2x3
=1(% %)— _1(% %)__ _1(% %)_
D1z _2(6x1+6x2 =15x;, D13 =3 6x1+6x3 =—=0.5x3, D3 = ax2+ax3 =0.5x; + x3
2%, 1.5 x, —0.5 x3
Dij = 15 xz 2x2 05 xZ + x3
_0.5 x3 0.5 x2 + x3 2x3

Wig = 05wy =0;ws3 =0

1 /dv v 1 (0v v 1 /ov ov
le = E(_l__z) = O.sz; W13 = _(_1__3) == 2.5x3; W23 == _(_2__3) = O.sz +x3;

axz axl 2 6x3 ax1 2 6XS 6XZ
0 0.5x, 2.5 x5
Wij = [05 Xz 0 05 xz + X3
25x3 —0.5x, —x3 0
The rotation vector W :
_ _ 1 (6172 6173) — _0s
wy, = W23—W32—2 9x;  0x, = DXy — X3
_ _ 1 (6171 6173) _oc
Wy = W31—W13—2 9x;  0x, = 4.0X3
_ _ 1 (6172 avl) — _os
W3 = —Wjp = W31 = 2\ox,  ox, = 22X

7. Stationarity:
A property is stationary when its spatial description does not depend on time.
This does not imply that, for a same particle, such property does not vary along time (the material
description may depend on time).

Example:
Consider the solid in the figure below, which rotates ata  y ,
constant angular velocity ® and has the expression:
x; = Rsin(wt + ¢)

{xz = R cos(wt + ¢)
as its equation of motion.
Find the velocity and acceleration of the motion
described both in material and spatial forms.

Figure.V.3. The centripetal acceleration.
Solution:

The equation of motion can be written as:
x1 = Rsin(wt + ¢) = Rsin wt cos ¢+ R cos wt sing
{xz = R cos(wt + ¢) = R cos wt cos ¢ — R sin wt sing
And, since t=0, X; = Rsin¢ and X, = Rcos¢ , the canonical form of the equation of motion and its
inverse equation result in
x; = X; sinwt + X, cos wt X1 = x4 cOS wt — x, sin wt
{xz = —X; sin wt + X, cos wt and {Xz = x; Sinwt + x, cos wt
Velocityy in spatial description:
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Replacing the canonical form of the equation of motion into the material description of the velocity results
in:

wx,
v ) = VG 0,0 = {2
Acceleration in material description:

aV(X,t)
AX,t) = ——
] X,t) ”
vxl _ 2 2
YR T = —X,w? cos(wt) — X,w? sin(wt) ~ _wz{ X, cos(wt) + X, sin(wt) }
") 0vyg 2 2 B —X, sin(wt) + X, cos(wt)
Fraie X, w* sin(wt) — X,w* cos(wt)

Acceleration in spatial description:
Replacing the canonical form of the equation of motion into the material description of the acceleration
results in
—w?x; 5 (X1
ate,t) = 4G 0,0 = {271 = w2 (11}
WX, 2

This same expression can be obtained if the expression for the velocity v(x,t) and the definition of the
material derivative are taken into account,

9]

dv(x,t) 0 ( wx %,

a(x,t) = —ar = a{—wfﬁ} + [WX; —wWXq] 61 [wx; —wXxq]

ax,
L (wx) ()
I (UXZ — _(le

= {p} +loxe —on] % ) =-o*{,}

9x, (wx3) 9%, (—wx;)

Note that the result obtained using both procedures are identical.

The direction of the velocity vector for a same particle is tangent to its circular trajectory and changes
along time.

The acceleration (material derivative of the velocity), appears due to the change in direction of the velocity
vector of the particles and is known as the centripetal acceleration [5].

8. Streamline:
A streamline at time t is a curve whose tangent at every point has the direction of the instantaneous velocity
vector of the particle at the point. Experimentally, streamlines on the surface of a fluid are often obtained
by sprinkling it with reflecting particles and making a short-time exposure photograph of the surface. Each
reflecting particle produces a short line on the photograph approximating the tangent to a streamline.

1
— H*"‘”/’:’ P — oy .__fo/'{
e 2 —r— ey
—— T
~
Sy ~ X

Figure.V.4. Streamlines at two different instants of time.

Mathematically, streamlines can be obtained from the velocity field v(x,f) as follows:
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Let x = x(s) be the parametric equation for the streamline at time t, which passes through a given
point x¢. Then an s can always be chosen such that

dx .
ds vl )
x(0) = xq
Example :
Given the velocity field in dimensionless form
Vy=——,v,=x,,03=0
1 1+t 2 2 3

find the streamline which passes through the point (a4, @,, @3 ) at time t

Solution:
dx X
From — =L
ds 1+t
X1 dx s 1
Wehave [['— = ["—ds
ag X1 0 1+t

Thus, Inx; —Ina; = %H-)
Similarly, from % = x,, we have : f::zz dx—? = : ds
Thus,
obviously ,
9. Streamtubes:
A Streamtube is a surface formed by a bundle of streamlines that

occupy the points of a closed line, fixed in space, and that does not
constitute a streamline.

Streamlines constitute a family of curves of the type
X = f(Cl’ Cz, C3, ﬂ, t).

where (Cy, C,, Cs are the curves)
The problem consists in determining, for each instant of time,
which curves of the family of curves of the streamlines cross a closed line, which is fixed in the space,
To this aim, one imposes, in terms of the parameters A"and s”, that a same point belong to both curves,
g(S*) = f(Clr CZI C3, ﬂ**' t)

A system of three equations is obtained from which s*, A* and C; can be isolated,

s* =s%(Cy, Cy, t)

A" = A(Cy, Cy, )

C3 = (3(Cy, Gy, 1)
Introducing them into previous equation yields to :

X = f(Cl: CZ' C3 (Clﬂ CZ' t)r ﬂ* (Cl: CZ: t), t)'

which constitutes the parameterized expression (in terms of the parameters C; and C;) of the streamtube for
each time t (see Figure.V.5.) [5].

Figure.V.5.Streamtube at a given time t.

10. Trajectory or Pathline: X,
A pathline is the path traversed by a fluid particle. To photograph a I ) /\ﬂ
pathline, it is necessary to use long time exposure of a reflecting 4 o
particle. X/ < —
b
Mathematically, the pathline of a particle which was at X at time ty ‘ -

can be obtained from the velocity field v(x,t) as follows:

; Figure.V.6. Trajectory or pathline of a particle.
Let x = x(t) be the pathline, then
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dx .
ac = VD
Example:
For the velocity field of the previous example, find the pathline for a particle which was at
(X1,X2,X3)at time to
Solution: From
dx; X
dt 1+t
we have
fxl dx; ft dt
x, X1 o 1H1
Thus,
Inx; —InX; =In(1+¢t) —In(1 + ty)=> X =X 11::
0
.. dx; Xpdxy _ t _ t—t
Similarly from —= = x,, we have sz Pk fto dt =2 x, = X,et ™t
and obviously, X3 = X5
11.Streakline:

A streakline through a fixed point xy, is the line at time t formed by all the particles which
passed through xg at t <t.

Let X = X(x, t) denote the inverse of x = x(X, t), then the particle which was at x, at time t, has the
material coordinates given by X = X(x,7); this same particle is then at x = x (X(xy, 1), t) at time t. Thus, the
streakline at time t is given by
x = x (X(x9, 1), t) for fixed time t and variable t.

Example:
Given the dimensionless velocity field

Find the streakline formed by the particles which passed though the spatial position (a4, a,, a3).

Solution: The pathline equations for this velocity field was obtained in precedent Example to be :
x1 :Xlrto,xz :XZQt to ,x3 :X3 .
From which we obtain the inverse equations
X, =x ﬂ
1 st
Thus, the particle which passes through a4, a,, azat time 1 is given by

— —t+t —
, Xy = x€ 0, X3 =x3.

— . Mo — —T+t —
Xl—alm,XZ—aze °,X3—0(3.

Substituting the last equation into the spatial equation , we obtain the parametric equations for the
streakline to be

1+t t—T
x1=alm,x2=aze , X3 = U3 .
Example:

Given the two dimensional problem

V= ka, v, = 0.
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Obtain
(a) the streamline passing through the point (a4, a,),
(b) the pathline for the particle (X1,X3),
(c) the streakline for the particles which passed through the point (a4, a;).

Solution:

(a) the streamline passing through the point (a4, a5) is
W1 ey, P2
ds X2 ds

thus,

Xy = Uy , X1 = (4 + kazs ..... 0<s<0
This is obviously a straight line parallel to the x; axis,
(b) the pathline for the particle (X;,X3) is

dx dx
1= kxz 5 =2 = O
dt dt

thus,
x2 == XZ ,xl s Xl + szt ..0St<00

Again, this is a straight line parallel to the x; axis,
(c) the streakline for the particles, we have:

Xi =x1 —kx,t, X, = x,
Therefore,

X =a; —ka,t,X, = a,
By substitution, we obtain:

X1 =0, —ka,(t —1) x; = a, -0 <1<t

Again, this is a straight line parallel to the x; axis [6].
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Chapter VI: Constitutive equations

[J Introduction

[J Elastic solids

[J Linear elasticity

[ Generalized Hooke’s law

[J Generalized Hooke’s law for isotropic materials

[J Solving a problem in the mechanics of deformable solids

I. Introduction :

Constitutive equations are mathematical models of the behavior of materials that are validated against
experimental results. The differences between theoretical predictions and experimental findings are often
attributed to inaccurate representation of the constitutive behavior.

A material body is said to be homogeneous if the material properties are the same throughout the body
(i.e., independent of position). In a heterogeneous body, the material properties are a function of position.
An isotropic material is one for which every material property is the same in all directions at a point. An
isotropic material can be homogeneous or heterogeneous.

Materials for which the constitutive behavior is only a function of the current state of deformation are
known as elastic.

Constitutive equations are often postulated directly from experimental observations. The mathematical
model involves undetermined parameters that characterize certain responses of the material being studied.

IL. Elastic solids

The constitutive equations to be developed here for the stress tensor 6 do not include creep at constant
stress and stress relaxation at constant strain. Thus, the material coefficients that specify the constitutive
relationship between the stress and strain components are assumed to be constant during the deformation.

Materials for which the constitutive behavior is only a function of the current state of deformation are
known as elastic. For an elastic material, all of the deformation is recoverable on removal of loads
causing the deformation and there is no loss of energy, that is, loading and unloading is along the same
stress-strain path, as shown in following Figure:

-7 -
O 1 - ! oy
* < ) 1 | —
dv, || A-------J-
1 L,’,,,,,,,Jz e T‘
13
X t—— dx —l-{"(
VRIER dX, = V2V £y,dY; _
du =
. u u, /7,7“’ &, dx,
= A
¥la i i a,
dr.| — \' o —
2 . !
L o e e o oy 1
A )

X

I\—-{-—— dx; —m
¥

Figure.VI.1.Strains produced by stresses in a cube of material.
A linearly elastic material is one for which the relationship between the stress and strain is linear. A

nonlinearly elastic material is one that has a nonlinear relationship between stress and strain.
III.  Linear elasticity:
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The linear theory of elasticity can be considered a simplification of the general theory of elasticity, but a
close enough approximation for most engineering applications.

Iv. Generalized Hooke’s law:
Hooke’s law for unidimensional problems establishes the proportionality between the stress, o, and the
strain, €, by means of the constant named elastic modulus, E,
c=Ee.

In the theory of elasticity, this proportionality is generalized to the multidimensional case by assuming the
linearity of the relation between the components of the stress tensor 6 and those of the strain tensor € in
the expression known as generalized Hooke’s law,

0ij = Cijnkenks or {0} = [Cl{e}

&ij = Sijnionk; or {e} = [S|{a}
[C] is the stiffness matrix,
[S] is the flexibility matrix.

V. Generalized Hooke’s law for isotropic materials:
Isotropic materials are those for which the material properties are independent of the direction, and we
have:

E
E1=E2=E3=E,Glz=G13=G23=G=2(1—+V)§V12=V23=V13=V~

The strain-stress relations are:
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The stress-strain relations are:
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The stiffness coefficients become with : [A= (1 + 1)2(1 — 2v)
(1-vE

(1+v@a-2v)’
VE

= Uen(-2v’
Caq = Cs55 = Cg6 = G.
The stress-strain relations can be written in the index-notation form:
E VvE
= o8 Y TyaTy &0

(11 =Cyp = C33 =

Ci2 = Ci3 = Cy3

O-ij
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An isotropic elastic behavior is completely described by two scalar material parameters: the two Lamé
coefficients A and p. the isotropic elastic behavior is written:

O-ij = /IekkSij + Z,U.Eij
This law is called Hooke's law. Rather than using Lamé coefficients, we can describe the behavior in

terms of Young's modulus, E, and Poisson's ratio v:
_E VE 5
O-ij = ESU +m€kk ij-
The Lamé coefficients are related to Young's modulus and Poisson's ratio by the following relations:
vE

A=
A+v(a-2v
_ E
k=20 +v
and vice versa:
. p(321+ 2p)
- A+4u
_ A
Y= 21+
The inverse relations are:
1+ v 1%
&y =7 %~ Eakk6ij
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Figure.VI.2. Deformation of isotropic rectangular block under uniaxial tension[1].

VI.  Solving a problem in the mechanics of deformable solids:
A general problem in the mechanics of deformable solids is posed as follows: let a deformable

solid (D) be surrounded by a surface (S). This system is subjected to volume forces F M, t) of

components (ﬁ 1) and to conditions on the boundary (S) called boundary conditions or border conditions
(Figure.V1.3.).
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Us(M, t)

T

Ts(M, t)
Figure.VL3.Deformable solid (D) be surrounded by a surface (S).

To solve any an isotropic linear elasticity problem , we summarizes the equations available to us
in index notation:
Kinematic compatibility equations:
1 . o :
&ij =3 (ui‘ i+ uj,i) with boundary conditions on displacement Su

2
dynamic equation: o+ fi = pj’tc; [2].

Static equilibrium equation:
O-ij,j + fl =0
Surface equilibrium (Stress boundary conditions) : on At : o;n; = T;
on V stress state symmetry o0;; = 0j;

Behavior equations :.... on V: (isotrpic material) 0;; = Agi6;j + 2pe;)
Let us count the number of equations and the number of unknowns in V. The number of unknowns in V
is:

— 3 for displacement U;

— 9 for stress ¢ ;

— 9 for deformations ¢ ;

— a total of 21 unknowns.

Concerning the equations on V, we have:

— 9 compatibility equations,

— 3 static equilibrium equations,

— 3 stress tensor symmetry conditions;

— 9 behavior equations;

— a total of 24 equations. In reality, only 21 of these equations are independent because given the
symmetry of the stress tensor, only 6 constitutive (behavior) equations are necessary [3].
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Chapter VII: Applications in solid Mechanics

O

Introduction

Analysis of bars

Analysis of beams

Principle of superposition

Analysis of plane elasticity problems
Plane strain problems

Plane stress problems

Solving Plane Elastostatic Problems by using Airy stress function
Representative Curves of Plane Elasticity
1 Isostatics or stress trajectories

2 Isoclines

3.Isobars

I A

1. Introduction :

In solid and structural mechanics, not all problems are solved by resorting to the equations of elasticity.
Due to the nature of the stress and stress fields experienced, certain problems can be reduced to two-or-
one dimensional problems by certain simplifying assumptions.

In this study, we will primarily study the problems of bars, beams, and some simple two-dimensional
elasticity problems.

II. Analysis of bars:

If the body force per unit length is f(X).
The equation governing the equilibrium of a bar is:

—~ fix)
]
—(Ao)+f=0 D0<x<L. (40) ‘ (40)_, ..
Let the axial stress in the bar at X be o(X). ) '
Here A denotes the area of cross section, le ﬁ
Ax

N(x) is the axial force: N(x) = [, ox1x1dA,
Figure.VIIL.1. Element of a bar
subjected to axial load.

VSl ‘i'\ x)

(40), (AC)yx + Ax

Figure.VIL.2. A bar of variable cross section subjected to
axial load.

The axial stress is related to the axial strain by:

dA—f E dA—f gl gy _ gy D

Ox1x1a4 = A Ex1x1a4 = ., X1 = ax1
eyep . L duyq _

The equilibrium equation reduces to: e (EA X ) +f =0, O<x<L.
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The second-order differential equation in U requires 2 boundary conditions to completely determine the
solution u(x).

The boundary conditions are provided by the known geometric constraints and forces applied to the bar.
The general solution of equation is obtained by successive integrations:

EAE = ([ f(x)dx + C). eq (1)
uG) = {[ [gr( FGodx + )] dx + G, eq(2)

Where C; and C; are constants of integration that are to be evaluated using known conditions on U and
EA(duy,/dX;). Such conditions are called boundary conditions.

From the eqs (1) and (2), it should be clear that the solution can be obtained only if the following
integrals can be evaluated analytically:

[f@dx, [ | (f f@)dx + €| dx.

Example:
Consider the composite bar consisting of a tapered steel bar fastened to an aluminum rod of uniform
cross section and subjected to loads, as shown in Figure.VIL.3.
Determine the displacement field in the composite bar?
Take the following values of the data:

x 2
E=200 GPa, A, = (1.5 - 1—92) x 10~*m?,

E,=73 GPa, ' _ e ¢ P
A=10* m?, a=0.96 m, L=2.16 m, P;=2.000 N, 7 2
P,=1.000 N. |

i 1 >

Steel [E_A, (x)]
Alumirmm\hE(J Ag)

Figure.VII.3.Axial deformation of a composite member.

Solution:
The governing equations in each part of the composite bar are given by:
:x (B4, 22) =0, 0<x<a,
= (E24,22) = 0, 0<x<L,

Where the subscript 1 refers to steel and 2 to aluminum.
The solutions of the previous two equations are:

ul(x) = (2.88— x) + Cz, 0<x< a,

uz(X) = C3x + C4_, 0<x< L,
Where C;, C,, C3 and C4 are constants of integration, which are to be determined using the boundary and
interface conditions. The boundary conditions are:
ul(O) = 0 (EZAZ duz) = Pz.
ax /x=2.16
The interface conditions include the continuity of the displacement at x=a,

u(a) = uz(a),

And the balance of forces at x=a,

duq du; _
[(ElAl dx )x=0.96+ (EZAZ dx )x=0.96—] - Pl. .
The condition u, (0) = 0 gives C;=-2.88 C, and the second condition C5 = EP: = 123 :
2412

From the condition u, (a) = U, (a) we obtain the equation:
(1 - @) C, =09

And the other continuity condltlon gives:

1 —
(Elclm—EZC3) 10 4 :P1 or: 288E162 (1 P1 +P2
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Solving for the constants, we obtain:

C1=5.5296x10, C,=-1.92x10™, C5=1.36986x10™, C4=-0.94685x10™.

The displacement field in the composite bar is:

_( 192x 4
u(x) = (m) 10 m, 0<x<0.96,
u,(x) = (1.36986x — 0.94685)10~* 096 <x < 2.16.
The strain field will be:
5.5296 4
g (x) =m10 m/m, 0<x<0.96,
&(x) =1.36986 x 10~*  m/m, 096 <x < 2.16 .
The stress field will be:
_ _11.0592 .
UX1—E'€1—m10 N/mn, 0<x<0.96,
oy, = E-&, =107 N/m, 0.96 < x < 2.16

It can be verified that the force at x=L is equal to P2 =10° N and that at x=0 is equal to P;+P,=3x10° N.

JIIR Analysis of beams:

Another elasticity problem whose governing equation cannot be deduced directly from the equations
of elasticity is a beam. A beam is a solid whose cross-sectional dimensions are much smaller than the
longitudinal dimension (as in case of bars) and subjected to loads that are transverse to the length, and
hence tend to bend the solid about an axis (X; or X3) perpendicular to the beam axis (X;). Thus, a beam
differs from a bar only in the way forces are applied. In the case of a bar, the forces applied are axial and
tend to elongate or shorten the bar. On the other hand, forces applied on a beam are in a direction
transverse to the length and tend to bend the beam.

The Euler-Bernoulli beam theory: (pure bending of beams):
Let we consider a thin strip of material of length

L, height h and thickness t in the undeformed

configuration. If the strip is bent into an arc of a

circle, as shown in Figure.VIL.4., determine the

axial strain &,, induced in the strip?

Assume that the changes in the height h and —tje—

thickness t are negligible.

From the deformed configuration, it is clear that the lines
parallel to the length of the strip have deformed
proportionately, with the top line elongating and the bottom
line shortening. Thus, the centerline of the strip neither .
elongated nor shortened. All lines parallel to th y-axis and z- \\ K

axis have remained the same length, and they remained Figure.VIL4. Undeformed and deformed
perpendicular to the axis of the strip at every point along the
length, implying that all shear strains are zero. Hence, the
only nonzero is &,.

configurations of a strip.
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To compute the infinitesimal strain €, we use the definition of change in length divided by the original
length. We have:

e — PQ-PQ _ (R+z)0—RO _ z
XX pg RO TR
From a course on geometry, the radius of curvature R(1/R is called curvature) is related to the transverse
displacement W of the center line of the strip by:

dZw
1 _ e __d*w
w@]"
dx
. .. .. d?w
Thus, the infinitesimal strain is £,, = —z2— .
dx?

Now, let we suppose that the beam is _ ()
subjected to distributed axial force f(x) and
transverse laod ((x), as shown in Figure.VII.5a. ) )
Consider a typical element of length dx from the i
beam acted by area-integrated forces and
moments, as shown in Figure.VIL.5b. x ¥
Using the principal of linear momentum, derive | M) -
the equations governing the equilibrium of the | ‘ —
beam' cross section

gix) (b)
O ) v /f(.\‘)
? gﬂ.}} %»‘\' Nx) (l —Z *\ N(x+dx)=N+dN
J M ,m.\)) I Mt e+ dy = M +amt
\ VO iy Vix+dy=V+dv

Figure.VIL.5.Bending beams (a) Atypical
beam with axial and transverse forces, (b)
Equilibrium of a beam element.

As shown in Figure.VII.5b., the following area-integrated
forces and moment, called the stress resultants, are defined:

N(x) = fA Oxx A4, M(x) = fA Oxx 2 dA,V(x) = fA Oxz dA
Here A denotes the area of cross section, N(X) is called the axial force, V(x) is called the transverse shear
force and M(x) is called the bending moment.
First, sum the forces acting in the x-direction on the element of the beam and obtain:
Y2FE=0=N+(N+dN)+ f(x)dx =0,
Dividing throughout by dx: Z—: + f(x) =0.
Next, we sum the forces in the z-direction to obtain :
YE=0—-V+{+dV)+qdx =0,
Dividing throughout by dx: Z—Z +q=0.
Finally, summing the moments of all forces about y-axis using the point on the right end of the beam, we
obtain (clockwise moments are taken positive)
XM, =0:-—Vdx—M+ M+ dM) — (qdx)(a dx) =0,

Where a is a constant, 0 < o < 1. Dividing throughout by dx we obtain:

4+ _gory =
dx dx

We can combined the equations by eliminating the shear force V,
2
d M+q=O;O<X<L;

dx?2
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The kinematics of deformation of the beam must be studied to determine the strain-displacement
relations. Central to the development of the strain-displacement relations of beam is the following three-
part hypothesis:

(1) Plane sections before deformation remain plane after deformation, that is, straight lines
perpendicular to the axis of the beam before deformation remain straight after deformation.

(2) Plane sections rotate about the y-axis as rigid disks such that they always remain perpendicular to
the centroidal axis, which is now bent into an arc of a circle; that is, straight lines perpendicular to
the centroidal axis of the beam before deformation remain normal after deformation.

(3) Plane sections do not change their geometric dimensions, that is, straight lines perpendicular to
the axis of the beam remain inextensible during deformation. This amounts to neglecting the
Poisson effect.

This set of assumptions is known as the Euler-Bernoulli hypothesis, and the resulting beam equations
are known as the Euler-Bernoulli beam theory. The consequence of assumptions 1 and 2 is that the
transverse shear strain y,, = 0. Assumption 3 implies that the transverse normal strain is €,, = 0.

Strains &,,,, Yx, and y,, are zero because the Poisson effect is neglec;[ed and the bending in the xz-plane.
The only nonzero strain is &€,,, which was to be equal to : &,,, = _ZZTVZV .

Where W is the transverse deflection of the beam. The stresses vary from one section to the other along
the length, and they vary linearly along the height.

Because the stresses are not uniform over the cross section, the net moment due to the stress gy, = E &,y
is defined by:

d? d?
M = [, 20,,dA = [, z(Eex)dA = —E<3 (], z2dA) = —FIZ3.
Where | is the second moment of area.
The shear force is given by:
2
v="2=-2 (B,

dx dx dx?
Combining the equations we arrive at the following fourth-order equation governing the transverse

deflection W :

2 2
= (E155) = q@).0<x<L.
To solve this equation four boundary conditions are required.
First, the bending moment M can be determined for any given load and independent of the material and
cross-sectional area as

M(x) = K, + K,x — [(J q(x)dx)dx,

Where K; and K; constants of integration, which are determined using the boundary conditions on M and
dM/dx=V.
As an example, consider a beam of length L, hinged at both
ends (called simply supported), and subjected to uniformly i 99

Z, Ww

distributed transverse load of intensity q0 gs shown in A ] A A
Figure.6. for this case, the bending moment becomes:
qox?
M(x)=K1+K2x— 02 . -‘_ L =
= T
The boundary conditions on M are M(0)=0 and M(L)=0. Figure.VIL.6.Asimply supported beam
Hence, we obtain K;=0 and K;=(oL/2 and the bending moment under uniformly distributed load.

at any point X is :
M(x) = %x(L —x),0<x<L.
The maximum bending moment occurs at the center of the beam:
Mpax = M(L2) = quLZ.
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Next, the transverse displacement W is determined, by integrating the equation successively four times,
we obtain:

2 2 2
%(EIZT‘;V) =q(x)> %(EI C;x‘f) [q(x)dx + C, = [(J q(x)dx)dx + C,x + C,

(Cil—l::zf%“(fq(x)dx)dx]dx+le—dx+62f—dx+63

w = f{f%[f(fq(x)dx)dx]dx}dx + le(fde)dx + sz(fde)dx + C3x + C,,
The constants of integration C;, C,,C3 and C4 are determined using the boundary conditions on the
displacement w, for the simply supported beam under uniform transverse load the boundary conditions
are:

w(0) =0,w(L) =0,M(0) =0,M(L) = 0.
The boundary conditions on the bending moment give: C,=0, C1=-qoL/2 , and :

M(x) = —Eld—w—q—"x(L—x) ,0<x<L.

If El is a constant = w(x) = QX" _ dolx” | Csx + C,.
24EI  12EI

We find C4=0 and C5=(qoL>/24 EI). The dlsplacement w becomes:

3
w(x) = 9ox* _ dol +qOXL =10 (x* — 2x3L + L3x).
24E1 12 EI ' 24El  24FEI

The maximum displacement occurs at the center of the beam and is equal to:

5qoL*
Winax = W(L/Z) = 38:EI'

Once the deflection w is known, we can compute the strain, stress, bending moment and shear force from
the relations:

d?w Mz d d?w
Cxx = TE 2 Oxx T __Edz’ M__EIdZ’V dx _E(Elde)

These equations are valid for beams with any boundary conditions.

IV. Principle of superposition:
For linear boundary value problems, the principle of superposition holds. The principle of superposition is
said to hold for a solid body if the displacements obtained under two sets of boundary conditions and
forces are equal to the sum of the displacements that would be obtained by applying each set of boundary
conditions and forces separately. Suppose that the solution to the two problems is and , respectively.
The superposition of the two sets of boundary conditions is: u=u+u®; or f=fV-+f®.
Because of the linearity of the elasticity equations, the solution of the

boundary value problem with the superposed data is u(x)=u™(x)+u®(x) in % ‘
Q) . this is known as the superposition principle. It can be used to represent a
linear problem with complicated boundary conditions or loads as a AR _ 11
combination of linear problems that are equivalent to the original problem. ;" ! ,
e I [

Example: Figure.VIL.7.The indeterminate beam.
Consider the indeterminate beam shown in q,
Figure.VIL.7. Determine the deflection of point A using
the superposition principle. RN 1y, 4

' . | — L .
Solution: 1. B '
The solution to the problem can be viewed as the )
superposition of the solutions of the two beam E, =kw'N0)
problems shown there. Within the restrictions of the ’%
linear Euler-Bernoulli beam theory, the deflections are

linear functions of the loads. Therefore, the principle of

.. . _ ) . Figure.VIL.8.The solution using
superposition holds. In particular, the deflection wa at point A is

the superposition principle.
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equal to the sum of w and w}* due to the distributed load go and spring force Fs respectively, at point
A:

ql* KL
Wa = Wi Wi = ET T 3E

Because the spring force Fs is equal to Kwa, we can calculate wa from

qol* FL3 qol*  (kwy)L3 KwyL3 qol* qol* qol*
W= 2= Ay, A=y, (1 TR wy = ————[1].
8EI 3EI 8EI 3EI 3EI 8EI 3EI 8EI kL®
8EI 1+3El

V. Analysis of plane elasticity problems:

A class of problems in elasticity, due to geometry, boundary conditions and external applied loads, has
their solutions (i.e., displacements and stresses) not dependent on one of the coordinates. Such problems
are called plane elasticity problems. The plane elasticity problems considered here are grouped into plane
strain and plane stress problems. Both classes of problems are described by a set of two coupled partial
differential equations expressed in terms of two dependent variables that represent the two components of
the displacement vector. The governing equations of plane strain problems differ from those of the plane
stress problems only in the coefficients of the differential equations. The discussion here is limited to
isotropic materials.

VI.  Plane strain problems:
Plane strain problems are characterized by the displacement field,
u=u(x1,X2), V_V(X1,X2) w=0

Where (u,v,w) denote the components of the displacement vector U in the (x1,X2,X3) coordinate system.
An example of plane strain is provided by the long cylindrical member under external loads that are
independent of x3, as shown in Figure .VIL.9. for cross sections sufficiently far from the ends, it is clear
that the displacement uy3 is zero and that x; and X, are independent of x3, that is a plane state of plane
strain exists.

Unit thickness
into the plane
of the paper

A\.3
Figure.VIL.9. Example of plane strain problem.

The displacement field of equation, results in the following strain field:
Ex1x3 = Ex2x3 = Ex3xz = 0,
e __ Ou e __ Ou + v e __0ov
X1x1 ™ 5.7 CCX1X2 T 5,5 9x1 ' TX2X2 T gio
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Clearly, the body is in a state of plane strain.
For an isotropic material, the stress components are given by:

Ox1x3 = Ox2x3 = 0, Oxgx3z = V(lexl + Ux2x2)a

Ox1x1 E 1-v 1 4 8 Ex1x1
g = v -V &
xX2x2 (1+9)(1-2v) (1-2v) xX2x2 (.
2

Ox1x2 0 0 2gxlxz

The equation of equilibrium of three-dimensional linear elasticity, with the body force components :

fez =0, fr1 = fra(X1,X%2), faz = faa (X1, X2),

Reduce to the following two plane strain equations:

0011 00x1x2
99xx1 | 90x1xz =0
ax1 + 0x2 tpfa i

00x1x2 00x2x2 _
o ) ox1 + 0x2 tpfi2 =0,
The boundary conditions are either the stress type,

T, =0 n, + o Ny, =t
{xl x1x1"%x1 x1x2"tx2 xl,OnFG

Ty2 = Ox1x2Mx1 + Oxax2Muz = tx2
Or the displacement type,
u=uv=v onlu,
Here (n,4, n,;) denote the components (or directional cosines) of the unit normal vector on the boundary
I', I'c and T'u are disjoin portions of the boundary I, £,,and £,,are the components of the specified
traction vector, and U and ¥ are the components of specified displacement vector. Only one element of
each pair, (u, t,,)and (v, t,,)may be specified at a boundary point.

Figure.VIL.10. A thin plate in a state of plane stress.

VII. Plane stress problems:
A state of plane stress is defined as one in which the following stress field exists:
Ox1x3 = Ox2x3 = Ox3x3 = 0,
Ox1x1 = Ox1x3 (X1, X2), Ox1x2 = Ox1x2 (X1, X2), Oxzxz = Oxax2 (1, X2).
An example of a plane stress problem is provided by a thin plate under external loads applied in the x;x,
plane (or parallel to it) that are independent of x3, as shown in Figure. . the top and bottom surfaces of the
plate are assumed to be traction-free, and the specified boundary forces are in the x;x; plane so that
fxz = 0and uyz = 0,
The stress-strain relations of a plane stress state are:
Ox1x1 E 1 v 0 Ex1x1
{Uxez} = (1-1)2 v 1 (19‘/) [ExeZ Ia
00 28x1x2

The equations of equilibrium as well as boundary conditions of a plane stress problem are the same as
those listed below:

Ox1x2

00x1%1 00x1x2

O0x1x1 4 99x1x2 =0
0x1 T 0x2 +pfx1 ’
00x1x2 day

2X2 _
ax1 + 9x2 tpf2 =0,
To unify the formulation for plane strain and plane stress, we introduce the parameter s,
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1
<= {1 — for plane strain,

1+ vfor plane stress.
Then the constitutive equations of plane stress as well as plane strain can be expressed as:
s—1
Gaﬁ = 2[,[ [Eaﬁ + (—2 — S) Syy(sa‘g:l,
1 s—1
eap = 55|98 — (55) O Bus ]
Where a,3 and y take the values of 1 and 2. The compatibility equations,

a2 a2 a2 2.
I Emn d Eij “Eim ad Ejn

dx;dx; DX X5 - dx;dxy Ax;0xy,
For plane stress and plane strain now take the form:
2 —
v Oaa = _Spfa,a-

VIII. Solving Plane Elastostatic Problems by using Airy stress function :
The Airy stress function is a potential function introduced to identically satisfy the equations of

equilibrium. First, we assume that the body force vector f is derivable from a scalar potential V such
that:

av av

pf= -V OI'fx = _E’ pfy = _B_y'
This amounts to assuming that body forces are conservative. Next, we introduce the Airy stress
function d(x,y) such that:

920 920 9%

O = gtV 0y =55+ V. 0 = — 50

This definition of automatically satisfies the equations of equilibrium.

The stresses derived are subject to the compatibility conditions, we obtain:

VAD + (2 —s)V2V =0,

Where V*= V2V? is the biharmonic operator, which in two dimensions has the form:

0% 0% o4
vi=l 422 40
dx* 0x%20y% = oy*

If the body forces are zero, we have V = 0, which reduces to the biharmonic equation, V*® = 0.

The parameter s is equal to:

— for plane strain,
Ss=11-v P

1+v for plane stress .
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In summary, the solution to a plane elastic problem using the Airy stress function involves finding the

solution and satisfying the boundary conditions of the problem.

Xam
e
Example: hI % ’/// P _)
Consider a beam of length I, height h and thickness e, 0 Xi
fixed at its end x;=0, and subjected to a concentrated load
P at its end x;= | (neglecting volume forces). Figure.VIL.11. A beam subjected to a concentrated load.

1°) Show that the problem can be solved using a 2nd degree as stress function; then determine oy; ,
022 , O12 at a point M(X, X2).

2°) considering the case of plane stress, determine the displacements at a point M(x, X2).

Solution:

1/ the stress function is: ®(x;, X;) = Ayx? + Ajx1x, + Agxs

o*o ) 0t . . . . .
— = 0; — = 0; —=— = 0; This problem is solved with this stress function,
0xy 0x; 0x{0x5

The stress at a point M

SRR

‘i":‘}‘/_‘

%D %D 0% hl
011 = =5 = 24¢; 095 = —5 = 24,; 015, = — = —Ay;
11 6x§ 0> Y22 6xf 2> Y12 8x,0x5 1>

.\ . . Figure.VI1.12. Boundary conditions relatin
Boundary conditions relating to applied loads: & > g

to applied loads.

FOI‘XZ=$§ 90-22=O 90-12=0 9A1=A2=O
On the edge, we have: F; + P =0 F; = —-P

h h h P
F1 = f_ZEO'lle de = f_ZE(ZAo)e de = 2A0€ f_ZEdXZ = 2Aoe h = —P=> Ao = —E,

2 2 2

P

011 =~ eh;

2/ in the case of plane stress, the strains are:

1 P
= E(Uzz — voyp) = Vﬁ-

3u1

1 P 3u2
£ =—=—(0 — Vo = —
11 axl E( 11 22)

—_— - <
Eeh’ 22 7 9x,

_ 1 6u1 auz _ 1+v v P
€12 = Py

14
— | — —0 —O~g = ——(0o +O' —_—
2\0x, 9x; E 12 > <33 E( 11 22) E eh

The displacements:

Uy = [ &11dx; + F(xy) = f(—%) dx; + F(x,) = (—%) x; + F(xy);
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u2 = fgzzde + G(xl) = f (%) dxz + G(xl) = (%) xZ + G(xl),

= 10w Oup) _1tv _ dF | 4G _ .
€12 _2(6x2 axl)_ E 012 T dx, dxl_o’
dar P aeG vP
E—OéF(Xz)—Cl eul—(—a)xl+cl,d—h—09 G(xl)—CzeuZ—(a)xZ‘l'Cz

Boundary conditions relating to imposed displacements:

1, (00)=0DC,=0Du, = (—L)x1

Eeh

1,(0,0) =0 C; = 0 Du, = () x, [2]

vP
Eeh

IX.  Representative Curves of Plane Elasticity:

There is an important tradition in engineering of graphically representing the distribution of plane
elasticity. To this aim, certain families of curves are used; whose plotting on the plane of analysis
provides useful information of said stress state.

IX.1.1 Isostatics or stress trajectories:
The isostatics or stress trajectories are the envelopes of the vector field determined by the principal
stresses.

Considering the envelope of a vector field, isostatics are; at each point, tangent to the two principal
directions and, thus, there exist two families of isostatics:
- Isostatics ol, tangent to the direction of the largest principal stress,
- Isostatics oll, tangent to the direction of the smallest principal stress.
In addition, since the principal stress directions are orthogonal to each other, both families of curves
are also be orthogonal. The isostatics lines provide information on the mode in which the flux of
principal stresses occurs on the plane of analysis.

N
Isostatics or
stress trajectorics

Figure .VII.13.Isostatics or stress trajectories on a beam.

A singular point is a point characterized by the stress state:
Ox1x1 = Oxzxz a0d Ty1xp = 0.
Its Mohr’s circle is a point on the ¢ axis.
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"Mohr’s circle of a

ohr’s circle of a

neutral point singular point
.4..
! .

Figure.VII.14.Singular and neutral points.

IX.1.2. Differential equation of the isostatics:
Consider the general equation of an isostatics line x, = f(x;) and the value of the angle formed by the
principal stress direction ol with respect to the horizontal direction,

Isostatic &,: ¥ = y(x) ‘

5y

A (dy
Rt i arctan[ —
,dx

\

Figure.VII.15.Determination of the differential equation of the isostatics.

tg(Za) — 2Txy1x2 __ 2tg(@)

e Y. 2T 2 xr 2 Ox1—0.

x1 d;cz g(a) 90 x1;2 =1 x,229 x’2 +% x’z_]_:()

— 2 _ x1~9x2 A2 x1x2
tg(@) = F2 = x,

And solving the second —order equation for x’,, the differential equation of isostatics is obtained.

— — 2
’ Ox1 Ox2 + <0x1 sz) +1
2Txlxz 2Txlxz

The double sign leads to two differential equations corresponding to the two families of isostatics.

Example:
A rectangular plate is subjected to the following stress states.

— _,3. — 9,3 2. — 2.2, . _ _ —
Ox1 = —X{ ; Oxp = 2X7 — 3X1X3} Ty1xz = 3X1X25 Ty1x3 = Txz2x3 = Ox3x3 = 0,

Obtain and polt the singular points and distribution of isostatics?

Solution:
The singular points are defined by:
3
01 =—x; =0
x1=0—>{ 2w — 3 =0 72
Oyr = 2Xx7 — 3x1x5 =
Tyixz = 3x{x; = 0 * _1 3 o
_ Ox1 = —X1 _
x, =0- 3 ) 3 2% =0
Oxp = 2X7 — 3x1X5 = 2x3

Therefore, the locus of singular points is the straight line x;=0, these singular points are, in addition,
neutral points (g, = g, = 0).
The isostatics are obtained from:

Chapter 7 106



Continuum Mechanics Dr :Saib Ch.

Oy — O Ox1 — Oyp\2
x12=_x1 x2+ (xl xz) +1
2Tx1x2 2Ty1x2
Which , for the given data of this problem, results in
de _ X2
— == 2 2
d.X'1 X1 . . X7 — X = Cl
=> integratin -){ 1 2
ﬁ — _ﬂ g g x1x2 s CZ
dxq X1

Therefore, the isostatics are two families of equilateral hyperboles orthogonal to each other.
To identify the family of isostatics, consider a point in each region.

-point (1,0) : (isostatic in the x, direction)

- point (-1,0) (isostatic in the x1 direction),

Finally the distribution of isostatics is as follows:

—

A J

Figure.VIi.l6.Distributi0n of the isostatics on a_rectangular plate.

IX. 2 Isoclines
Isoclines are the locus of the points in the plane of analysis along which the principal stress directions
form a certain angle with the x;-axis.

It follows from its definition that in all the points of a same isoclines the principal stress directions are
parallel to each other, forming a constant angle 0 (which characterizes the isoclines) with the xj-axis.

2Tx1x2

The algebraic equation of the isoclines is : tg(260) = ——=;

Ox1~0x2
Which constitutes the equation of the family of isoclines parametrized in terms of the angle 0.
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X2

Figure.VII.17.Isocline.

IX. 3.Isobars
Isobars are the locus of points in the plane of analysis with the same value of principal stress ol (or c1I).

Two families of isobars will cross at each point of the plane of analysis: one corresponding to I and
another to oll. Note that the isobars depend on the value of c1, but not on its direction.

Xy

Figure.VII.18.Isobars.
The equation that provides the value of the principal stresses implicitly defines the algebraic equation of
the two families of isobars.
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Chapter VIII: Failure criteria

0

(0 o I B

I.

Introduction

Max.principal stress theory (Rankine theory)
Maximum shear stress theory (tresca theory)
Max. elastic strain theory (Saint venant’s theory)
Distortion energy theory (Von Mises theory)

Introduction:

Mechanical failure of components is generally identified by fracture or permanent/plastic deformation.
Classical failure theories use yield stress and ultimate stresses to predict failure of mechanical

Ductile vs Erittle Matersal Stress-Strain Curve

Brittle I Ductis

Matersl ‘ Materia
,—’—'—_‘-\\_ Fracture

Point

&rea under curve I

= ahsorbed energy

Tiress [MP)

Strain

Figure.VIIIL.1.Ductile vs brittle materials tensile curves.

The quantities used for identifying impending failure include those associated with yield or ultimate
stresses.

For example:

Principal stress oxix1=0f,

Max. shear stress Tmax=(0x1x1/2)

Principal strain ex1x1=0x1x1/E.

II.

Max.principal stress theory (Rankine theory):

Here the hypothesis is that failure occurs when max. principal stress reaches the ultimate /yield stress of
the material. The theory is relatively well suited for brittle materials.

a2
A

Cu

-~ ) |
Ou Ou

Cu 1
-os

Figure.VIII.2.Rankine failure criterion in 2D.

Within the shaded space, the theory predicts safe performance and failure is imminent as oy or oy reach
the boundary of the domain.
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Max.principal stress theory is considered satisfactory for components made of brittle materials which do
not exhibit significant plastic yielding.

o; = gy, for o, = oyt

III. Maximum shear stress theory (tresca theory):
Given 6r>or>om and Tmax =(01-0mr)/2, this theory hypothesizes that the failure occurs when tmax
reachs a critical value. This theory can be verified using thin uniaxial tensile strips made of ductile
materials (mild steel, aluminium) which fail by developing so-called “slip”” along £45° planes relative the
edges of the samples.

gy -0, ==0F

-0y

— T -T2 =ql'.

-C2

Figure.VIIL.3.Tresca failure criterion in 2D.

As before, the material failure is predicted for all points outside the shaded area (if oy represents yield
stress, then Tyieiq for the uniaxial case can be evaluated as t,=c,/2).

Some of the exceptions of the theory include failure behavior of brittle materials.

Some of the exceptions of the theory include failure behavior of brittle materials.

IV. Max. elastic strain theory (Saint venant’s theory):
In terms of principal stresses 1,011,011, the principal strain g is :

& = %(UI — (o + Um));

The uniaxial yield strain for a material is : &, = & (& ~2% for brittle solids).
E E

Max. elastic strain theory predicts failure when &), = % or (&, = % )

Again, this theory is contradictory to the observation that materials can withstand very high triaxial
compression. Further, additional contradictions exist under biaxial loading conditions also.

1 . o .
& == (07 — poy;) and g is smaller than = for ,>0 thus, even when o; exceeds o, , failure should
1= % 0] 11 1 5 I y

not occur according to this theory. (on the contrary, if g, < 0, failure would occur befor g; reaches
gy ) such observations are not supported by experiments.

Figure.VIII.4.Saint venant’s failure criterion in 2D.

V. Distortion energy theory (Von Mises theory):

The failure is predicted by Von Mises theory when :
(o7 — (711)2 + (o1 — 0111)2 + (o1 — 01)2 = 203%
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The above theory is well supported by experiments involving ductile materials.
For a 2-D state of stress, (0;;; = 0) and hence Von Mises theory becomes,
(01)* + (011)? — 010y, = 0y
An equation of an ellipse in g; — oy; plane, as presented in Figure . .
It should be noted that Von Mises theory compares well with tresca theory as depicted [1].

)

oy

Figure.VIIL.5.Von Mises failure criterion in 2D.

Summary of the failure criteria, the Tresca is the most conservative for all materials, the von Mises
the most representative for ductile materials, and the Rankine the best fit for brittle materials [2].

Rankine, o;r/ Gy
-
St. Venant b
(v=0.35) ~— Z/ | 1.0
o &
pagid
ol 0.5
P < 0.5
"u: ¥
/ ; ~von Mises
,’"“*-Jl'rvﬁ('sl 0, /Oy,
-10 05
|
\
\
~ -1.0

ast iron # Copper
1

*Ca
#Sieel 4 Aluminum

Figure.VIII.6.Failure criteria in 2D.

Von Mises
Tield Surface

s
i ’
AL s Hydrostatic
O/\_/...--"‘ Axis

Tresca
Yield Surface

n—plane
{Deviatoric Plane)

o+o,+a, =0

Figure.VIIL.7 Failure criteria in 3D.
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For more details you can watch the movie on the web site: https://www.youtube.com/watch?v=xkbQnBAOFEg

Biblographic references :
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