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Introduction

The concept of derivation was first introduced on function spaces as a linear function d with
the additional property d(f -g) = d(f) - g+ f - d(g). In this context, several authors apply
this notion of derivation to other mathematical domains based on this property. First, Posner
[8] introduced the concept of derivation on a prime ring (R, *,+) as a mapping (d : R — R)

satisfies the following two conditions listed below:
d(zxy) = (d(z) *y) + (x *d(y)) and d(x + y) = d(z) + d(y), for any z,y € R.

This concept of derivation on ring structures has played an important role in many fields of
mathematics and it has many applications (see, e.g. [2]).

Later on, Szasz [10] extended the concept of derivation to the lattice structures based on
the algebraic meet (A) and join (V) operations. A (A, V)-derivation (for short, derivation) on
a given lattice (L, <, A, V) with respect to the meet (A) and join (V) operations is a mapping

d : L — L satisfying the two conditions listed below:
dlz ANy) = (d(x) ANy) V (xz Ad(y)) and d(z V y) = d(z) V d(y), for any z,y € L.

Following that, Ferrari [5] investigated some properties of this concept of derivation on
lattices and provided some interesting examples in specific classes of lattices. Then, Xin et al.
[12] extended the concept of derivation. They demonstrated this on a lattice by considering
only the first condition, and they showed that the second condition clearly applies to isotone
derivations on lattices. Also, they characterized distributive and modular lattices in terms of
their isotone derivations. Later, Xin [11] focused his attention on the structure of the set of the
fixed points of a derivation on a lattice and he demonstrated some relationships between this
collection of fixed points as well as the lattice ideals. Recently, this concept of derivations on
lattice structures is witnessing increasing attention [1, 13, 14, 15].

This thesis contains three chapters are organized as follows:



e In the first chapter, we recall the necessary basic concepts and properties of binary rela-

tions on a set and partially ordered sets.

e In the second chapter, we recall the necessary basic concepts and general information on

lattices, algebraic properties of some lattice classes.

e In the third chapter, we give the notion of an algebraic derivation on a lattice and discuss
some related properties. We analyze some classes of derivations on a lattice, like principal
and isotone derivations. Moreover, we recall the notion of fixed point of a derivation on

a lattice and we present the algebraic structure of the set of these fixed points.
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Chapter 1

Preliminaries on ordered sets

In this chapter, we recall the necessary basic concepts and properties of binary relations on a
set and partially ordered sets that will be needed throughout this thesis. Further information

on binary relations and posets can be found in [3, 4, 6, 13].

1.1 Notion of binary relations on a set

In this section, we recall the notion of binary relations on a set and analyze several associated

properties.

1.1.1 Binary relations on a set

Definition 1.1. If X and Y are two nonempty sets, we define the cartesian product X xY
as the set of all ordered pairs (x,y) with x € X andy € Y. Thus

XxY ={(z,y)|zr€e X and y € Y}.
Example 1.1. Let X = {1,2,3} and Y = {r,s}. Then

X xY ={(1,r),(1,s),(2,7),(2,9),(3,7),(3,5)} and
Y x X ={(r,1),(r,2),(r,3),(s,1),(s,2),(s,3)}.

Remark 1.1. As a remark, the cartesian product does not necessary commutative. As can seen

from Example 1.1 that X XY #Y x X.



Theorem 1.1. For any two finite nonempty sets X and Y, we have
card(X xY) = card(X) x card(Y).

Definition 1.2. If X is a nonempty set, we define the cartesian product X x X as the set of
all ordered pairs (z,y) with x € X and y € X. Thus

XxX=X*={(z,y) |r€ X andy € X}.
Example 1.2. Let X = {1,2,3}, then
X x X ={(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2), (3,3) }

Definition 1.3. Let X be a nonempty set. A binary relation R on a set X is a subset of
the cartesian product X x X. If (x,y) € R, we write xRy and we say that "z is related to y
with respect to R”.

Example 1.3. (1) Let X =R and R = {(z,y) € R? | z = y}.
(2) Let X = P(E) be the power set of E and R = {(A,B) € P(F) x P(E) | A C B}.

Definition 1.4. We can represent a binary relation on a finite set with a matrixz as follows, if
X =A{x1,x9,....,xn} 15 a finite set containing elements and R is a binary relation on X. We

represent R by the m x m matric Mr = [m;;] which is defined by

1 Zf (Ii,.%j) € R,

The matriz Mg is called the matriz of R. Often, the matrix Mg provides an easy way to check

ml-j =

whether R has a given property.

Example 1.4. Let X = {1,2,3,4} and R = {(1,1), (1,2), (2,1),(2,2),(2,3),(2,4), (3,4), (4,1)}

be a binary relation on X. Then the associated matriz M of R is presented as follows

~ S N
S S =~ =~
S & ~ O
S N ~ O



Definition 1.5. If X is a finite set and R is a binary relation on X, we can also represent R
pictorially as follows. Draw a small circle for each element of X and label the circle with the
corresponding element of X. These circles are called vertexes. Draw an arrow, called an edge,
form vertex x; to vertexr x; if and only if x;Rx;. The resulting pictorial representation of R is
called a directed graph or digraph of R.

Thus, if R is a binary relation on X, the edges in the digraph of R correspond exactly to the
pair in R, and the vertexes correspond exactly to the elements of the set X. Sometimes, when
we want to emphasize the geometric nature of some property of R, we may refer to the pairs of

R themselves as edges and the elements X as vertezes.

Example 1.5. The directed graph of the binary relation in Fxample 1./ is shown in

Figure 1.1: The directed graph of a binary relation.

1.1.2 Properties of binary relations on a set
Definition 1.6. A binary relation R on a set X is called
(i) reflexive if (x,z) € R for all x € X, that is, (Vx € X : xRx).
(i) irreflexive if (x,x) &€ R for all x € X, that is, (Vx € X : © Rx).

Example 1.6. (1) Let X be a nonempty set and A = {(z,z) | x € X} be a binary relation.
So A is the equality binary relation on the set X. Since (x,x) € A for all v € X, then A

18 reflezive.

(2) Let R = {(z,y) € X | x # y}, so that R is the inequality binary relation on the set X.
Since (x,x) & R for all x € X, then R is irreflexive.



(3) Let X = {1,2,3} and R = {(1,1),(1,2)}, then R is not reflexive (i.e., (2,2) € R and
(3,3) € R). Also, R is not irreflexive (i.e., (1,1) € R).

Definition 1.7. A binary relation R on a set X 1is called

o symmetric, If all z,y € X

xRy = yRz.

o asymmetric, If all x,y € X

xRy =y Rzx.

e anti symmetric, if all x,y € X
xRy and yRx = x© = y.

Example 1.7. (1) Let X = Z the set of integers and R = {(x,y) € Z* | x < y}. So that R

1s the binary relation less than. We have:
(a) if v <y, then it is not true that y < x, so R is not symmetric.
(b) if v <y, theny £ x, so R is asymmetric.
(c) ifx#y, x <y ory<x, sothalt R is anti symmetric.

(2) Let X ={1,2,3,4} and R ={(1,2),(2,2),(3,4),(4,1)} a binary relation on X. Then R
is not symmetric ((1,2) € R but (2,1) € R). Also, R is asymmetric and antisymetric.

Definition 1.8. A binary relation R on a set X is transitive if whenever xRy and yRz, then
tRz (Vx,y,z € X : xRy NyRz = zRz).

The binary relation R is not transitive if there exists x,y,z € X such that xRy and yRx, but
x Rz.

If x,y, z do not exist, then R is transitive.

Example 1.8. (1) Let X = N* and R = {(z,y) € N? | x divides y}. Then R is transitive.
Indeed, if xRy and yRz, so that x|y and y|z. It holds that x|z, for any x,y,z € N.

(2) Let X ={1,2,3,4} and R = {(1,2),(1,3), (4,2)}. Since there are no elements x,y,z € X
such that xRy and yRz, but x Rz, we conclude that R is transitive.



A binary relation R on a set X is called an equivalence binary relation if it is reflexive,

symmetric and transitive.

Example 1.9. Let X = {1,2,3,4} and R = {(1,1), (1,2), (2, 1), (2,2), (3,4), (4,3), (3,3), (4,4)}.

It is easy to verify that R is an equivalence binary relation on the set X.

1.2 Partially ordered sets

In this section, we give the notion of a partially ordered set and its particular elements.

1.2.1 Definitions and examples

Definition 1.9. [}/ Let X be a non empty set. An order (a partial order) on X is a binary

relation < on X such that, for all x,y,z € X,
(i) reflexive (x < x);
(i1) antisymmetric (x <y andy <x =z =1y);
(111) transitive (v <y andy < z=x < z).

Example 1.10. Let X = N be the set of positive integers. The usual relation < (less than or

equal to) is a partial order on N.
Example 1.11. The divisibility relation (aRb if and only if a | b) is a partial order on N*.

Definition 1.10. A set P equipped with an order relation < is called a partially ordered set
(poset, for short) and denoted by (P, <).

Example 1.12. The two structures (N, <) and (N*,|) are partially ordered sets (posets).

Example 1.13. The inclusion relation C is a partial order on the power set of a set S. Indeed,
A C A whenever A is a subset of S, then C is reflexive. It is antisymmetric because if A C B
and B C A imply that A = B. Finally, C is transitive, because if A C B and B C C' imply
that A C C. Hence, C is a partial order on P(S). Consequently, (P(S),C) is a poset.

Definition 1.11. Let (P, <) be a poset. An element y € P covers an element x € P, if v <y
and there is no element z € P such x < z and z < y. The set of pairs (x,y) such that y covers

x is called the covering relation of (P, <).



Definition 1.12. The Hasse diagram of a finite poset (P, <) is a picture of the digraph whose
vertexes are the elements of P and which has line segments between of their vertexes. If an
element y € P covers an element x € P, we get the vertex y is higher up than the vertex x and

they are connected with a line segment.

Example 1.14. Let D(20) be the set of positive divisors of 20 and | be the divisibility order.
The Figure 5.3 presents the Hasse diagram of the poset (D(20),]).

20

1

Figure 1.2: The Hasse diagram of the poset (D(20),]).

1.2.2 Particular elements of an ordered set

Definition 1.13. Let (P, <) be a poset and A be a subset of P. An element xo € P is called
a lower bound of A if xy < z, for any x € P. xq is called the greatest lower bound (or the
infimum) of A if xy is a lower bound of A and m < xq, for any lower bound m of A. Upper

bound and least upper bound (or supremum) are defined dually.

Example 1.15. Let (D(20),]|) be the poset given in Example 1.14. The greatest lower bound
of the subset {1,2,5} is 1 and 10 is its least upper bound.

Definition 1.14. A poset (P, <) is called bounded, if it has a least and a greatest element
respectively denoted by 0 and 1, i.e., 0 < x < 1, for any x € P. Usually, the notation
(P, <,0,1) is used to describe a bounded poset.



Example 1.16. Let (D(20),]|) be the poset given in Example 1.1/4. This poset has 1 as the least
element and 20 as the greatest element. Indeed, 1 divides all the elements of D(20) and any
element of D(20) divides 20. Thus, the structure (D(20),[,1,20) is a bounded poset.

1.2.3 Morphisms of ordered sets

Definition 1.15. Let (P, <;), (P2, <s) be posets and f : P, — P, be a mapping between
Py and P,. The mapping f is called an order-preserving (order-morphism) form (Py,<;) to
(P, <3) if, for any x,y € Py:

v <1y = flz) <2 fy)
If P, = P,, then the mapping f is called an endomorphism.
Definition 1.16. Let (P, <;), (P2, <3) be posets and f : P, — P, be a mapping between

Py and P,. The mapping f is called an order-isomorphism form (P, <) to (P2, <s) if, it is

surjective and for any x,y € Py:

<1y e flr) <z f(y).
If P, = Py, then the order-isomorphism f is called an automorphism.

Example 1.17. Let (P, = {1,2,3,6},<;) and (P, = {@,{a},{b},{a,b}}, <s) be two posets
such that <y is the divisibility order ”|” and <y is the inclusion order "C”. Their Hasse
diagrams are showen in the Figure 1.5. Let f : P, — P5 be a mapping defined by the following
table:

T 1 2 3 6
f(x) | @ | {a} | {b} | {a,b}

Thus, it is not difficult to see that f is an order-isomorphism.




Figure 1.3

{a,b}



Chapter 2

Lattice Basics

In this chapter, we recall the necessary basic concepts and general information on lattices and
algebraic properties of some lattice classes that will be needed throughout this thesis. Further

information on lattices can be found in [3, 4, 6, 7, 9, 13].

2.1 General information on lattices

In this section, we give the notions of a lattice, ideals and filters in lattices, sublattices and

lattice-morphisms.

2.1.1 Algebraic structure of a lattice

Definition 2.1. A meet-semilattice is a poset (L, <) in with every subset {z,y} consisting of
two elements have a greatest lower bound denoted by x Ay and called the meet (infimum) of x

and y, in which x Ay :=inf{x,y}.

Example 2.1. Let (Pl = {{17 2}7 {17 2, 3}a {]-7 2, 4}}7 g) and (PQ = {{1}a {Q}a {]-7 2}7 {17 2, 3}7 {1’ 2, 4}}
,C) be two posets ordered by the inclusion order and given by the Hasse diagrams in Figure
2.1. One can easily verify that (Py,C) is a meet-semilattice, but (Py, C) is not. Indeed, the two

elements {1} and {2} have not an infimum in Py with respect to the inclusion order.

Definition 2.2. A join-semilattice is a poset (L, <) in with every subset {x,y} consisting of
two elements have a least upper bound, denoted by x V y and called the join (supermum) of x

and y, in which x V y = sup{x,y}.



{1,2,3} {1,2,4}

{1,2,3} {1,2,4} }11{

(1,2)
a2
P, Py

Figure 2.1: The Hasse diagrams of the posets (P, C) and (P, C).

Example 2.2. Let (P; = {[1,2],[2,3],[0,4]}, Q) and (P, = {[1,2],[2,3],]0,4],[2,5]}, C) be two
posets ordered by the inclusion order and given by the Hasse diagrams in Figure 2.2. It is not
difficult to check that (Ps, C) is a join-semilattice, but (P, C) is not (the two elements [1,2]

and [2,5] have not an supermum in P, with respect to the inclusion order).

[1,2] 1,2]  [2.5]
2,3]  [0,4] 2,3]  [0,4]
I};], -'P:l

Figure 2.2: The Hasse diagrams of the posets (P3, C) and (Py, C).

Definition 2.3. A lattice structure is a poset (L, <) in which every subset {x,y} consisting

of two elements has a least upper bound and a greatest lower bound. Usually, the structure

(L, <, A, V) is used to describe a lattice.

Example 2.3. Consider the post (N*, <), where < is the divisibility order | on N*. Then L is

a lattice in which the join and the meet of x and y are their least common multiple and greatest

common divisor, respectively. Those are,

zVy=lem(z,y) and x Ny = ged(z,y), for any x,y € N*.
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Example 2.4. Let S be a set and P(S) be the power set of S. We know that the structure
(P(S),C) is a poset. Let A,B € P(S). Then AV B is the set AU B and AN\ B is the set

ANB. Thus, (P(S),C,U,N) is a lattice.

Theorem 2.1. Let L be a lattice, then for every x,y,z,t € L, we have

(i) xVy=uyif only if v <vy;
(i) x Ny =x if only if x < y;

(1)) x Ny = if only if vV y=y;

(w) If x <y, thenx ANz<yAzandxV z<yV z

(v) Ifx <yandt <z thenx ANt <yAzandxVt<yVz.

Theorem 2.2. Let (L, <,A\,V) be a lattice.

1. Idempotent properties

e rVu=u

e T ANT =1
2. Commutative properties

e rVy=yVux;

o T ANy=yAux.
3. Associative properties

e zV(yVz)=(xVy)Vz

e tAN(yNz)=(xAy)Az.
4. Absorption properties

e xV (rAy)=ux;

e xA(zVy)=rx.

Then for any x,y and z in L, we have

11



Definition 2.4. A lattice (L,<,A,V) is called bounded if it has a least and a greatest element

denoted by 0 and 1, respectively. Usually, the structure (L, <,A\,V,0,1) is used to describe a
bounded lattice.

Example 2.5. (1) The lattice (P(S), C,N,U) is bounded (S is its greatest element and & its

least element).

(2) The lattice (Z, <, min, max) is not bounded (Z has neither a greatest nor a least element).

(8) Any finite lattice is bounded.

2.1.2 Ideals and filters in lattices

Definition 2.5. Let (L, <,A\,V) be a lattice. A non-empty subset I of L is called an ideal if
(i) for every x,y € I implies vV y € I (closed under the join operation "V 7);
(ii) if v € L and y € I such that x <y imply x € I (I is a down-set).

Example 2.6. Let (D(30), |, ged, lem) be the lattice of positive divisors of 30 given by the Hasse
diagram in Figure 2.5. Let I, = {1,2,3,6} and I, = {2,6,10,30} be two subsets of D(30). Then

o [} ={1,2,3,6} is an ideal of D(30).

e [, =1{2,6,10,30} is not an ideal of D(30). Indeed, we have 6 € Iy and 3 < 6, but 3 & I5.

D(30)

Figure 2.3: The Hasse diagram of the lattice (D(30), |, lcm, ged).

Definition 2.6. Let (L, <,A\,V) be a lattice. A non-empty subset F' of L is called a filter if

12



(i) for every x,y € F implies x Ny € F' (closed under the meet operation "A”);
(ii) if x € L and y € F such that x <y imply x € F (F is an up-set).
Example 2.7. Let (D(30), |, ged, lem) be the lattice given in Example 2.3 and
Fy = {2,6,10,30}, F = {1,2,3,6}
be two subsets of D(30). Then
e Fy is a filter of D(30).
e F, is not a filter of D(30). Indeed, we have 2 € Fy and 2 < 10, but 10 € Fy.

Remark 2.1. Let (L, <,A,V) and « be a fized element of L. We can define two associated

sets to this element o as follows:
I,=la={zel|z<a}l and F,=ta={ze€L|a<z}.

The set I, =] a (resp. F, =1 «) is an ideal (resp. a filter) of L called the principal ideal (resp.
filter) generated by «. Indeed, if x,y € I, so v < a and y < «. Using Theorem 2.1, we get
xVy <a. Thus, xVy € l,. Hence, I, is closed under the join operation "V’ of L. Also, if
x € L andy € I, such that x <y, then the transitivity property of < guarantees that x < a.
Hence, x € 1,. Therefore, 1, is a down-set. Consequently, I, an ideal of L. By the same way,

we can prove that F, is a filter of L.
In the following examples, we present some principal ideals and filters.

Example 2.8. All the following I, (resp. F,) subsets of the lattice (D(30), ], gcd,lem) are
principal ideals (resp. filters).

e [y ={xeDB0)|z<1} ={1};

L ={zeD30)|z<2}={1,2};

Iy ={z € D(30) | = < 3} = {1,3};

Iy = {x € DB30) |z <5} = {1,5};

Is={z € D(30) | z < 6} = {1,2,3,6};

13



o I1)o={z € D(30) |z <10} = {1,2,5,10};
o Is={z e D(30) |z <15} ={1,3,5,15};

o Isp={z € D(30) | z < 30} = {1,2,3,5,6, 10, 15, 30};

Fi={zeD(30)|1<z}=1{1,2,3,5,6,10,15,30} = D(30);

Fy={z € D(30)|2 <z} ={2,6,10,30};

Fy={z € D(30) |3 <z} ={3,6,15,30};

Fy={z € D(30) | 5 < z} = {5,10, 15,30} ;

Fs={z € D(30) | 6 < z} = {6,30};

Fio = {x € D(30) | 10 < 2} = {10,30}

Fis = {z € D(30) | 15 < 2} = {15,30};

Fyo = {z € D(30) | 30 < 2} = {30}.

An ideal or a filter is called proper if it does not coincide with L. It is a very easy exercise
to show that an ideal I of a lattice with 1 is proper if and only if 1 ¢ I, and dually, a filter F
of a lattice with 0 is proper if and only if 0 &€ F'.

Example 2.9. Let (D(60), |, ged, lem) be the lattice of positive divisors of 60 given by the Hasse

diagram in Figure 2./. It is easy to see that all its ideals and filters are principal.
e the subset Is = {1,2,3,6} is a proper ideal of D(60),

e the subset Fz = {6,12,30,60} is a proper filter of D(60).

14



Figure 2.4: The Hasse diagram of the lattice (D(60), |, lcm, ged).

Definition 2.7. An ideal I of a lattice (L,<,A\,V) is called a prime ideal if it satisfies the

following condition:
x Ny €l impliesx €l oryel, forall x,y € L.

Example 2.10. Let (D(6), |, ged, lem) be the lattice of positive divisors of 6 given by the Hasse
diagram in Figure 2.5. Let I = {1,2} and I, = {1} be two subsets of D(6).

6

1

Figure 2.5: the Hasse diagram of D(6).

(1) Iy is a prime ideal of D(6). Indeed,

[ ] 1/\2:1611,1611 and2€]1;
e IN3=1€l and 1€ I;

e 2AN3=1¢€l, and?2 € I;;
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e 2AN6=2€1l and 2 € I;.

(2) Iy is an ideal but it is not prime. Indeed, 2AN3=1€ I, but 2 & Iy and 3 & I,.

2.1.3 Sublattices and lattice-morphisms

Definition 2.8. Let (L, <,A,V) be a lattice. A non empty subset S of L (S # @ and S C L)
18 called a sublattice of L if and only if

V(iz,y) € S?’=axAyeSandxVyes.

Example 2.11. Let (D(20),|) be the lattice given in Figure 5.3 and S = {1,2,5,10},T =
{2,4,5,10} be two subsets of D(20) given by the Hasse diagrams in Figures 2.6 and 2.7. Then,
the subset S is a sublattice of D(20) (in which every subset {a,b} of S consisting of two elements
has a least upper bound and a greatest lower bound on S). But, T is not a sublattice of D(20)
(the least upper bound of 4 and 10 and the greatest lower bound of 2 and 5 do not exist in T).

10

1

Figure 2.6: The Hasse diagram of S.

N
'—l
=

Figure 2.7: The Hasse diagram of T'.
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Definition 2.9. Let (L, <y, A1, V1) and (Lo, <o, Ao, Va) be two lattices. A mapping f : Ly —

Ly is called a meet-morphism (resp. join-morphism) from Ly into Lo, if for all x,y € L,
f@Avy) = f(@) A fly) (resp. f(xViy) = f(z) Va f(y)).

We can say also ”f is both a meet-preserving (resp. join-preserving).

Definition 2.10. A lattice-morphism is a meet-morphism and a join-morphism.

Example 2.12. Let D(6) = {1,2,3,6} and D(30) = {1,2,3,5,6,10,15,30} be two lattices
ordered by the divisibility order, and f : D(6) — D(30) be a mapping defined in the following
table.

z |1]2]3]|6
flz)y|1]2]5]10

The mapping f is a lattice-morphism. Indeed, let z,y € L, we have:
(i) if (x,y) = (1,1), then
FOA) =f(1)=1=f)Af1)=1ALand FAV1) = f1) =1= f1)V f(1) =1V1;
(ii) if (x,y) = (1,2), then
FOA2) =f(1) =1=F)AF2)=1A2 and fF(1V2) = f(2) =2 = F(1)V f(2) =1V2;
(iii) if (z,y) = (1,3), then
FOA3)=f(1)=1=f)AFB)=1A5and fF(1V3) = f(3) =5 = f(1)V f(3) = 1V5;
(iv) if (z,y) = (1,6), then

J(AAG)=f(1)=1=f(1)A f(6) =1A10 and
f(Ave6)=f(6)=10= f(1)V f(6) =1V 10;

(v) if (x,y) = (2,2), then
FRA2)=f(2)=2=Ff2)Af(2)=2A2and f2V2) = f(2) =2=f(2)V f(2) =2V 2;

17



(vi) if (x,y) = (2,3), then
fCA3)=f(1)=1=f2)ANf(3)=2Ab and
F2V3) = f(6) =10 = f(2) v f(3) =2V 5;
(vii) if (z,y) = (2,6), then
FAG) = f(2)=2=f(2) A f(6) =2A10 =2 and
F(2V6) = £(6) =10 = f(2) V f(6) = 2V 10;
(viit) if (z,y) = (3,3), then
FBA3) = f(3)=5=f3)Af(3) =5A5=5 and
fBV3)=fB)=5=f(3)Vf(3)=5V5;
(iz) if (x,y) = (3,6), then

FBAG)=fB3)=5=f(3)Af(6)=5A10=5 and
F(3V6) = f(6) =10 = f(3)V £(6) = 5V 10.

Definition 2.11. Let (Ly, A1, V1) and (Lo, N2, Va) be two lattices. A mapping f : Ly — Lgy is
called

(i) A meet-monomorphism (resp. join-monomorphism) if it is an injective meet-morphism

(resp. injective join-morphism).

(ii) A meet-epimorphism (resp. join-epimorphism) if it is a surjective meet-morphism (resp.

join-morphism,).

(1ii) A lattice isomorphism if it is a bijective lattice-morphism. If Ly = Lo, a lattice isomor-

phism f: L1 — Lo is called a lattice-automorphism.

Example 2.13. Let (P({a,b}),C,N,U) and (D(10), |, gcd,lem) be two lattices. The mapping
f:P({a,b}) — D(10) defined by the following table is a lattice-isomorphism.

x | @ |{a} | {b}] A
f@) 1] 2 | 5 |10
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Theorem 2.3. Let (L1, A1, V1), (L2, Ao, Vo) be tow lattices and f : Ly — Lo be a mapping.

Then the following assertions are equivalents:
(i) f is a lattice-isomorphism;

(ii) f is an order-isomorphism;

(iii) f is a join-isomorphism;

(iv) f is a meet-isomorphism.

Proof. (i) < (ii) : We have f is a lattice isomorphism < f bijective and V(z,y) € Ly :
flxny) = fe)ANf(y) and V(z,y) € Ly : f(xVy) = f(x)V f(y); f order morphism < V(z,y) €
Lz <y flz) < fy)

(1) (7) = (di) : Assume that f is a lattice-isomorphism and let z,y € L;. We only show that

r<yy e flz) < fly).
Then

r<iysTViy=y
& flzViy) = fy)
& flx) Va f(y) = f(y)
& flx) <2 f(y).

Hence, f is an order-isomorphism.

(2) (it) = (i) : Consider that f is an order-isomorphism and let z,y € L;. Then
r<zVy fla) < fleVy)
—

y<aVy fy) < flzvy)
— f(z) V f(y) < f(z Vy). Since f is surjective, it holds that there exists an element

t € Ly such that f(t) = f(z) V f(y). So

(f is an order-morphism).

;

flx) < f(x)V fly) = f(t) f(z) < f(2) x <t
f) < fle)vfly)=ft) = {fly) < fb) == qy<t (f an order-
kf(t)éf(xVy) ft) < flzVvy) t<aVy

morphism). Thus, t = z V y. Ther\efore, t = xVy. Then }(t) = f(z Vy). Hence,
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flz)V f(y) = f(z Vy). Ultimately, f is a join-isomorphism. By a similar way, we can

show that f is a meet-isomorphism. Consequently, f is a lattice-isomorphism.

(3) (#ii) = (iv) : Assume that f is a join-isomorphism and let z,y € L;. Then

{xAny {@mwovxx {f«wavx>fu>
— —

Ay <y (xAy)Vy=y flxAy)Vy) = fy)

(

fleny) v fz) = f(x)

— (f is a join-morphism). Then

flxny) Vv fly) = fy)

. fleANy) < flz) = f(x Ay) < f(x) A f(y). (f(x) A f(y) is the greatest lower
[ fleny) < f)

bound). Since f is surjective, it holds that there exists an element s € L; such that

£(8) = J{@) A f(y): So

\
(

( (

f(s)=f@) N fly) < f(2) f(s) < f(x) fs)V f(z) = f(z)
f(s)=f@) A fly) < fly) <\ fls) < fy) =SV ) =fy)
| flaAy) < flz) A fly) = f(s) | flany) < f(s) | flaAy)V fs) = f(s)
[ f(sv o) = 1(a) svy=s
<9 f(sVy) = fly) S{sVy=y (f is injective). Then
| fll@Ay)Vs) = f(s) ((zAy)Vs=s
fsgm
S{s<y . So ultimately, z Ay = s. Thus, f(z Ay) = f(s) = f(z) A f(y). Then
sAy<s

\
f is bijective and a meet-morphism. Therefore, f is a meet-isomorphism.

(4) () = (i) : Consider that f is a meet-isomorphism and let x,y € L;. We prove only that
f is a join-isomorphism. Then
r<zxVy zA(xVy) =z flxn(zVy)) = f(x)
<~ =
yAxVy)=y flyn(zvy)) = fy)
f@) N flavy) = [f(z) f(@) < flzvy)
= =
f)Nflevy) = [fy) fy) < flavy)

y<zxVy

= f(@) vV fly) < flzVy)
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(f(x) V f(y) is the smallest upper bound). Since f is surjective, it follows that there
exists an element m € Ly such that f(m) = f(z)V f(y). So
(

f(@) < flx)V fly) = f(m) f(z) < f(m) f(@) A f(m) = f(z)
fly) < f(@)V fly) = f(m) <4 fly) < f(m) < fy) A fm) = fly)
f(m) = f(x) Vv f(y) < flzVy) \f(m)Sf(x\/y) \f(m)Af(x\/y)zf(m)

fl@nm) = f(z)
S flyAm) = fy) (f is a meet-morphism). Then

\

fm A (zVvy)) = f(m)

\

( 4

TAM=2=I r<m

yAm =y (f is injective). Thus, ¢ y < m . Hence, m = z Vy. Then
mA(xVy)=m m<axVy

\
f(m) = flxVvy),ie., flz)V fly) = f(x Vy). ﬁltimately, f is bijective, a join-morphism

and a meet-morphism then, f lattice-isomorphism

(5) (¢) = (4i7) : The prove is very easy.

2.2 Algebraic properties of some lattice classes

In this section, we recall some algebraic properties of some lattice classes as distributive, mod-

ular and complementary lattices.

2.2.1 Distributive lattice

Definition 2.12. A lattice (L, <, A\, V) is called distributive, if one of the following two equiv-

alent conditions hold:
(@) an(bVe)=(aNb)V(aNc), for any a,b,c € L;
(a®) aVv (bAc)=(aVb)A(aVc), for any a,b,c € L.

Example 2.14. (1) The lattice (D(20), |, ged,lem, 1,20) given by the Hasse diagram in Fig-

ure 3.3 is distributive;
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(2) The lattice (P(S),C,N,U, d,S) given in Example 2.4 is also distributive.
Remark 2.2. (i) Any totally ordered set (a chain) is a distributive lattice.
(ii) Any sublattice of a distributive lattice is itself a distributive lattice.

Example 2.15. Let M3 = {0, a1, as,as, 1} be the diamond lattice showen by the Hasse diagram
i Figure 2.8. Then Msj is not distributive. Indeed,

a1 N\ (az Vag) = a3 A1 =ay, but (a; ANaz) V(a3 Aaz) =0V 0 =0.

aq (la

0

Figure 2.8: The Hasse diagram of the M3 diamond lattice.

2.2.2 Modular lattice

Definition 2.13. A lattice structure (L, <,A\,V) is called modular if it satisfies the following

modular law, for any a,b,c € L:
ifa <cthenaV (bAc)=(aVDb)Ac.
Example 2.16. (1) The diamond lattice M given in Figure 2.8 is modular.

(2) There are many lattice structures don not modular, for example, let L = {1,2,4,5,20}
ordered by the divisibility order. We have 2 < 4, but 2V (5AN4) =2V 1 = 2 and
(2VH)AN4=20AN4=4. Then2V (5AN4)# (2V5)AN4. Thus, L is not modular.

Example 2.17. Let N5 = {0,by,bs,b3,1} be the pentagon lattice given by the Hasse diagram
i Figure 2.9. It is not difficult to see that N5 is not distributive. Further, it is not modular.
Indeed, we have by < by, but by V (bg Aby) = by VO = by and (by V b3) ANby =1 A by = by. Then
by V (b3 A bg) # (b1 V b3) Abg. Thus, N5 is not modular.

22



Figure 2.9: The Hasse diagram of the N5 pentagon lattice.

Remark 2.3. Any distributive lattice (L, <, \,V) is modular. Indeed, let a,b,c € L such that
a < c. The fact that L s distributive implies that

aV(bANc)=(aVb)A(aNc)=(aVDb)Ac.

The converse does not necessary correct. Indeed, Example 2.15 guarantees that M3 is modular,

bit it is not distributive.

Now, we present a fundamental characterization theorem for distributive and modular lat-

tices.
Theorem 2.4. Let (L, <,A\,V) be a lattice. The following equivalences hold:
(i) L is distributive if and only if L does not contain a sublattice isomorphic to Ms;

(i) L is modular if and only if L does not contain a sublattice isomorphic to Ns.

2.2.3 Complementary lattices

Definition 2.14. Let (L, <,A,V,0,1) be a bounded lattice and a be fized element of L. An

element a' € L is called a complement of a if
aNad =0andaVa =1.
Remark 2.4. In any bounded lattice, we have 0 and 1 are always complementary.

Theorem 2.5. A lattice L is called complemented if it is bounded and every element in L has

a complement.
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Example 2.18. The lattice (P(S),C,N,U,&,S) given in Example 2./ is complemented. Ob-

serve that in this case each element of L has a unique complement.

Theorem 2.6. Let (L,<,A,V,0,1) be a bounded distributive lattice. If a complement exists,

1t 1S unique.
Proof. Let a’ and a” be two complements of the element a € L. Then
aVad =1aVvad =1and

and =0,anad =0.
Using the distributive lows, we obtain
ad=dVv0=dV(and)=(@Va)A(dVa)=1AN(dVd)=dVa
Also,
ad"=ad"v0o=d"V(and)=(d"Va)A(a"Vd)=1AN(dVad)=dVd
Thus, a” < d’ and o’ < d”. Hence, a’ = a”. O
Definition 2.15. A lattice L is said to be a complete lattice, if each of its non-empty subsets

A of L has both a greatest lower bound denoted by NA and called the infimum of A, and a least

upper bound denoted by VA and called the supremum of A.

Theorem 2.7. Fvery finite lattice is complete.
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Chapter 3

Algebraic derivations on a lattice

In this chapter, we give the notion of derivation on a lattice and discuss some related properties.
We analyze some classes of derivations on a lattice, like principal and isotone derivations.
Moreover, we recall the notion of fixed point of a derivation on a lattice and we present the

algebraic structure of the set of these fixed points. Further information can be found in [11, 12].

3.1 Notion of derivations on a lattice

3.1.1 Definitions and examples

Definition 3.1. Let (L,<,A,V) be a lattice. A mapping d : L — L is called a derivation on

L, if it satisfies the following condition for any x,y € L:
d(z Ay) = (d(z) ANy) v (z Ad(y)).
Next, we illustrate some examples of derivations on lattices.
Example 3.1. Let (L, <,A\,V,0) be a lattice with a least element 0 € L.
(1) If d is the identity mapping defined by d(x) = x, for any x € L, then d is a derivation,
(2) If d is the null mapping defined by dx = 0, for each x € L, then d is a derivation.

Example 3.2. Let (L = {0,a,b,1}, <y, A1,V1) and (Ly = {0,a,b,1}, <o, Ag, Va) be two lattices

giwen by the Hasse diagrams in Figure 3.1. Let dy : Ly — Ly and dy : Ly — Lg be two
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mappings defined as follow:

and

a ,x=b
\
1 1
a
a b
b
0 0
Ll LE

Figure 3.1: The Hasse diagrams of L; and Ls.

(1) The mapping d; is a derivation on Ly. Indeed, Vx,y € L :d(x ANy) = (de Ay)V (z Ady).

Because:
o if (z,9) = (0,0), then
di(0ON0)=d1(0)=0=(d10AN0)V (0Ad10)=(0A0)V(OA0)=0V0=0;
o if (z,y) = (0,a), then
di(0Na)=d1(0)=0=(d10Na)V(0Adia)=(0Aa)V(0AD)=0V0=0;
o if (z,9) = (0,0), then
di(OND) =di(0) =0=(d10AD) V(0N d1d) =(0AD)V(0AD) =0V 0 =0;
o if (x,y) = (0,1), then
di(0N1)=d1(0)=0=(d10AN1)V(0Ad11)=(0AT)V(OA0)=0V0=0;
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o if (z,y) = (a,a), then
di(aNa)=di(a) =b=(diaNa)V(aNdia)=(bANa)V(aNb)=bVb=1D
o if (x,y) = (a,b), then
di(aNb) =di(b) =b= (diaANb)V(aNdib)=(bAD)V(aANb)=bVb=D;
o if (z,y) = (b,b), then
di(bAD) =dy(b) =b= (dibAD)V (bAdib) = (bAD)V (DAD) =bVb=Db;
o if (x,y) = (1,1), then
d(IN])=di(1)=0=(d11AN1)V(QIAd]1)=0OA1)V(IA0=0V0=0;
e if (z,y) = (1,a), then
di(I1Na)=di(a) =b=(d11Na)V (1 ANdia)=(0ANa)V(LAb)=0Vb=b;
o if (x,y) = (1,b), then
di(LAb) =di(b) =b=(d11 AD)V (1 Adid) =(0Ab)V(LAD)=0VDb=h.
(2) The mapping dy is not a derivation on Ly. Indeed, if (z,y) = (a,a) we have
da(aNa) =b# (dao(a) Na)V (aNdy(a)) = (bAa)V (aAb)) =0.
Definition 3.2. The radical of a positive integer n is denoted r(n). It is the product of the
primes of its factorization, i.e.,
r(n) = P,.Ps....P,, where n = P . Py?... P,

Example 3.3. Let (N*,|,gcd, lem) be the lattice of positive integers ordered by the divisibility
order. Let f be the radical mapping of N* (i.e., f : N* — N* such that f(n) = r(n), for any

n € N*), then f is a derivation on N*.
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3.1.2 Properties of derivations on a lattice

Proposition 3.1. Let (L, <,A,V) be a lattice and d be a derivation on L. Then the following

properties hold for any x,y € L:
(i) dx < x (the derivative of x is smaller than itself);
(i) d(dz) = dx (the derivative of x is a fized point of d);
(11i) de Ndy < d(x ANy) < dzV dy;
(i) If L has a least element 0, then d0 =0 (0 is a fized point of d);

(v) If L has a greatest element 1 and d(1) = 1, then d = idy (d is the identity derivation of
L);

(vi) If I is an ideal of L, then dI C I, where dI = {dx |z € I}.

Remark 3.1. In Proposition 3.1, we have the interesting property of derivation as dv < x. This
means that any derivation on a lattice is a contraction mapping with respect to the principle of
contraction mapping. Also, the second property (ii) guarantees that any derivation on a lattice

must has a fixed point.

Proposition 3.2. If a lattice (L, <,A\,V) has a greatest element 1 and d is a derivation on L,
then

dr =dx V (x Ndl), for all x € L.
Proof. Assume that d is a derivation on L and let x,y € L. Then
de=d(xzN1)=(de A1)V (xANdl)=dxV (xAdl).
O

Corollary 3.1. Let (L, <,A,V) be a lattice with a greatest element 1 and d be a derivation on

L, then we have
(i) if d1 < x, then d1 < dx;
(i) if x < d1, then dx = x.
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Proposition 3.3. Let (L, <,A,V) be a lattice and d be a deriwation on L. If y < x and dx = z,

then dy = v.
Proof. Suppose that y < x, then y = x Ay. Thus

dy=d(xNy)=(deANy)V(xANdy)=(xANy)Vdy=yVdy=y.

O
Proposition 3.4. Let (L, <,A,V) be a lattice and d be a derivation on L. Then
dr =dx NV (x Nd(z Vy)), for any x,y € L.
Proof. Assume that d is a derivation on L and let xz,y € L. Then
de=d((zVy)ANz)=(dxzVy) ANz)V((xVy) Ndr)=dzV (x ANd(z Vy)).
[

Corollary 3.2. Let (L, <,A,V, 1) be a lattice with a greatest element 1 € L and d be a deriva-

tion on L. Then
dl =1 if and only if d = idy, the identity derivation of L (dx = x, for any x € L).

Proof. Assume that d is a derivation on L such that d1 = 1. For the direct implication, on
the one hand, Proposition 3.1 (i) guarantees that dx < z, for all x € L. On the other hand,
Proposition 3.2 shows that dz = dx V (z A dl), for all x € L. Since d1 = 1, it holds that
dr = dx V x. Thus, dv < x, Hence dx = z , for all x € L. The converse implication is

obvious. O

Example 3.4. Let (L = {0,a,b,¢,1},<,A,V) be the lattice given in Figure 5.2 and d be a
mapping on L defined as

r ,x=0o0raorc;

d(r)=1{a x=0b;

c ,x=1.
\

Note that dc = ¢ and b < ¢, but db # b. Then Proposition 3.5 guarantees that d is not a

derivation on L.
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Figure 3.2: The Hasse diagram of L.

3.2 Types of derivations on lattices

In this section, we illustrate some types of derivations on lattices like principal and isotone

derivations.

3.2.1 Principal derivations

Definition 3.3. Let (L, <,A,V) be a lattice and o € L. Define a mapping d,, on L as
do(z) =2 N, for any x € L.
This mapping d,, 1s a derivation on L called a principal derivation.

Remark 3.2. Let (L, <,A,V) be a lattice and o € L such that d,, is the associated principal

mapping of a. We show that d,, is a derivation on L. Let x,y € L, then

do(x Ny) =a N (zAy)

aNzAy)V(aeAzAy)

= (
=(aNzAy)V(zANaAy)

= ((anz) Ay)V(zA(aAy))
= (

do(x) Ny) V (2 A da(y))-

Therefore, d, is a derivation on L.

Example 3.5. Let (D(20), |, ged,lem) be the lattice given in Figure 5.3. All the principal

derivations on D(20) are given in the following table
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x 11214]5]10]20
di(x)=gced(l,z) |1 |1]1|1] 11
dy(x) =ged(2,z) | 1[2|2]1] 2| 2
dy(z) =gcd(4,x) |1 |24 1|2 | 4
ds(x) =gcd(5,z) | 1|1 1|55 |5

dyo(z) = ged(10,2) | 1 25|10 10
doo(z) = gcd(20,2) | 1] 2[4 |5]10]20
20
4 10
2 5)

1

Figure 3.3: The Hasse diagram of the lattice (D(20), |, ged, lem).

Proposition 3.5. Any principal derivation d, on a lattice L is an order-morphism (i.e., if

xr <y, then do(x) < du(y), for any x,y € L).

Proof. Let d, is a principal derivation on a lattice L and x,y € L such that x <y. Then

do(2) Adaly) = (@ A ) A (@ Ay)
=aANxT ANy
=alNzx

= dy(x).

Hence, d,(x) < d,(y). Consequently, d, is an order-morphism. O
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3.2.2 Isotone derivations

Definition 3.4. Let (L, <, A\, V) be a lattice. A derivation d on L is called isotone, if it satisfies

the following condition for any x,y € L:
if v <y, then d(z) < d(y).
Definition 3.5. A derivation d on a lattice L is said to be isotone, if that is an order-morphism.

Example 3.6. Let (L = {0,1,2,3}, <,min, max) be a chain ordered by the usual order of the
natural numbers and represented by the Hasse diagram in Figure 3.4. Let d be a mapping on L

defined in the following table:

Figure 3.4: The Hasse diagram of the chain L = {0, 1,2, 3}.

It 1s not difficult to check that d satisfies the following two properties, for any x,y € L:
(1) d(z Ay) = (d(x) Ay) V(2 Ad(y));
(2) if x <y, then d(x) < d(y).
Consequently, d is an isotone derivation on this chain L = {0, 1,2, 3}.

Remark 3.3. Let (L,<,A,V) be a lattice. Any principal derivation d,(z) on L is isotone.

Indeed, Proposition 3.5 guarantees that d,(z) is an order-morphism. Then it is isotone.

Example 3.7. Let L =N x {0, 1} be a lattice ordered by the classical product order, i.e.,

(i1,71) < (@2, J2) if and only if iy < iy and j; < jo;
(i1, 71) A (ig, J2) = (i1 Adg, j1 A J2);
(i1, 71) V (i2, J2) = (11 V12, 1 V J2), for any (i1, j1), (i2, j2) € L.
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Define a mapping d on L as follows

d(i,7) = (4,0), for any (i,7) € L.

Obvious that d is isotone. Moreover, d is a derivation on L. Indeed, let (i1, j1), (i2,J2) € L.
On the one hand, d((i1,j1) A (i2, j2)) = d(i1 ANia, j1 A j2) = (i1 Ai2,0). On the other hand,

(d(iv, j1) A (i2,J2)) V ((i1, 51) A dia, j2)) = ((i1,0) A (i2,72)) V ((i1, J1) A (i2,0))

11/\22,0/\j2) (11/\i2,j1/\0)

(
(
(11 A 7,2, ) (Zl A\ iQ, O)
= (i

i1 N iz, 0).

Therefore,
d((ir, 1) A (i2, j2)) = (d(ir, j1) A (i2, 42)) V (i1, 1) A diz, J2)).-

Proposition 3.6. Let (L,<,A,V) be a lattice and d : L. — L be a derivation. Then the

following equivalent holds
d is isotone if and only if d(x Ny) = dx A dy, for any z,y € L.

Corollary 3.3. Let (L,<,A,V) be a lattice and d : L — L be a derivation. Then the following

equivalent holds
d 1s isotone if and only if d is a meet-morhism.

Proposition 3.7. Let (L, <,A,V) be a lattice and d : L — L be a deriwation. If L is

distributive and d is isotone, then
d(x Vy)=dxVdy, for any x,y € L.

Corollary 3.4. Let (L, <,A\,V) be a lattice and d : L — L be a derivation. If L is distributive

and d is isotone, then d is a join-morhism.
Combining Corollaries 3.3 and 3.4 leads to the following result.

Corollary 3.5. Let (L, <,A\,V) be a lattice and d : L — L be a derivation. If L is distributive

and d is isotone, then d is a lattice-morhism.
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Theorem 3.1. Let (L, <,A,V) be a lattice and d : L — L be a derivation. Then the following

are equivalent:
(i) d is an isotone derivation,
(i) d(x Ny) =dz Ny.
Proof. (1) = (ii): Assume that d is an isotone derivation on L. Then

d(z ANy) = (dx Ay) V (x Ady). Thus, (de Ay) < d(z Ay).

Conversely, since z Ay < x and z Ay < y, we can get d(x Ay) < dr and d(z A y) < dy. Then
d(x Ny) < dz Ndy < dx Ay. Therefore, d(x Ay) =dx Ay.

(ii) = (i): Suppose that d(x Ay) = dz Ay for all z,y in L. Then d(x Ay) =d(yAz) = dyAzx.
Then (zAdy)V(dzAy) = xAdy = d(xzAy). Furthermore, if z < y, since d(zAy) = dzAy = xAdy,
then dr = z A dy. Therefore, dz V dy = (x A dy) V dy = dy. We can get dz < dy. O

Definition 3.6. (L, <,A,V) be a lattice. A mapping f: L — L is said to be a A-translation

on a lattice L, if it satisfies

flxny) =z A f(y), for any x,y € L.

Example 3.8. Theorem 3.1 affirms that any A-translation on a given lattice (L, <, \,V) is an

1sotone derivation on L.
In the view of Theorem 3.1, we obtain the following corollary.

Corollary 3.6. Let (L,<,A,V) be a lattice and d : L — L be a derivation. Then the following

are equivalent:
(i) d is an isotone derivation,
(i) d is a N-translation.

Theorem 3.2. Let (L, <,A,V) be a lattice and d : L — L be a derivation. Then the following

are equivalent:
(i) d(x Ny) =dz ANy;
(ii) d(z ANy) =dx Ndy.
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Proof. (i) = (ii): On the one hand, Proposition 3.1 (iii) guarantees that (dz Ady) < d(z Ay).
On the other hand, by (i), we have dz Ay = d(z ANy) = d(y AN x) = dy A x. Since de ANy < dx
and dy A x < dy, we can get de Ay = dy Az < dx A dy. Hence, (dz Ay) < (dx A dy). Thus,
d(x Ny) < (dz A dy). Consequently, (dx A dy) = (dz N\ y).

(ii)) = (i): Assume that d(z Ay) = dz A dy, for all z,y € L. If <y, then dz = d(z A y) =
dz N dy. We can get dr < dy. This shows that d is an isotone derivation. Using Theorem 3.1,
we obtain that d(z A y) = dz N y. O

Theorem 3.3. Let (L,<,A,V) be a lattice with a greatest element 1 and d : L — L be a

derivation. Then the following are equivalent:
(i) d is an isotone derivation;
(i1) d(xz) =z ANd(1) for all x € L;
(i1i) d(x Ay) =d(x) Nd(y) for all z,y € L;
(iv) d(z)Vd(y) <d(xVy). for all z,y € L.

Proof. Let (L, <,A,V) be a lattice with a greatest element 1 and d : L — L be a derivation,
and let z,y € L

(1) = (i1): Since d is isotone, then dx < d1. Note that dz < (z A d1). Using Proposition 3.2
we get do =dx V (x Adl) =z Adl.

(i1) = (#ii): Assume that (i7) holds. Then dzAdy = (x Ad1)A(yAdl) = xAyAdl = d(xAy).
(17i) = (i): Assume that (zi7) holds. If z <y, then x = x Ay. Hence, dz = d(z Ay) = dz Ady
(by (iii)). Therefore dx = dx A dy, it follows that dz < dy. This shows that d is an isotone
derivation.

(i) = (iv): The fact that d is isotone derivation implies that dz < d(xzVy) and dy < d(z Vy).
Thus, dz V dy < d(xz V y).

(i) = (i): Let x <y. Then dz V dy < d(z V y) = dy and then dz V dy = dy. This means

that dxr < dy. Hence, d is isotone derivation. O

Theorem 3.4. Let (L, <,A,V) be a modular lattice and d : L — L be a derivation. Then the

following are equivalent:
(i) d is isotone;
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(ii) d(xz Ny) = dx A dy;
(#ii) dx = x implies d(x V y) = dx V dy, for any y € L.

Proof. Let (L,<,A,V) be a modular lattice and d : L — L be a derivation, and let z,y € L
(i) = (i1): Assume that d is isotone, then d(z A y) < dz and d(x Ay) < dy. Thus d(z Ay) <

dz N dy. On an other hand, since L is modular and dz Ay < x, we have

dlx ANy) = (dx ANy) V (z A dy)

(
((dx Ny)Vdy) Az
(

=(dyV (dzNy)) Nz

((dyVdz)Ny) ANz
>drANdy ANy Nzx
=dx N dy.

(71) = (i): Suppose that © < y, then z = 2 Ay, so do = d(x AN y) = dz A dy. It follows

that dx < dy, this shows that d is isotone derivation.

(1) = (i4i): Let x € L such that dz = x. From Proposition 3.4, we have dy = dy V (x A
d(xVy)). The fact that L is modular, it holds that dy = (dy Vy) Ad(x Vy) =y Ad(z Vy). So

deVdy=dzV (yNd(zVy))
= (dx Vy)Nd(z Vy)
= (zVy)Ad(zVy)
=d(z Vy).
(1i1) = (i) Let z < y. Form proposition 3.1 (ii), we have d(dx) = dx. By hypothesis,
d(dz VvV y) = d(dx) V dy = dz V dy. On the other hand, x < y implies d(dz V y) = dy and so

dy = dx V dy. This means that dx < dy. Thus, d is isotone. O

In general, in a modular lattice L it is not necessary hold that if d is isotone, then d(zVy) =

dx V dy.

Example 3.9. Let (M3 = {0,a1,a9,a3,1}, <, A, V) be a modular lattice given by the Hasse

diagram in Figure 3.5 . Consider the derivation induced by as, that is d(z) = x N ag. We know
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that d is isotone. Using Theorem 3.4 we obtain that d(xA\y) = dxAdy. But, d(a1Vas) = dl = ag
and d(ay) V d(az) = 0. Thus, d(a; V az) # d(a1) V d(az).
1

ay (la

0

Figure 3.5: The Hasse diagram of the diamond lattice Ms;.

However, in a distributive lattice, we can see that a derivation d is isotone if and only if

d(zVy)=dxVdy.

Theorem 3.5. Let (L, <,A,V) be a distributive lattice and d be a derivation on L. Then the

following are equivalent:
(i) d is isotone;
(ii) d(x ANy) = dx A dy;
(iii) d(z Vy) =dxVdy.
Proof. Suppose that L is a distributive lattice and d is a derivation on L, and let x,y € L;
(1) & (ii): are equivalent by Theorem 3.4.
(1) = (di1): The fact that d is isotone implies dz < d(z V y) and dy < d(x V y). Using

Proposition 3.4, we have

de =dx V (x Nd(z Vy)).

Since L is distributive, it holds dz = (dz V ) A (dx V d(x Vy)) = x Ad(x Vy). Similarly we can
prove that dy =y A d(z V y). Thus

deVdy=(xANdxzVy))V(yAdzVy))
= (zVy)Ad(zVy)
=d(z Vy).
(1ii) = (i) Let x,y € L such that x < y, then y = 2 Vy. Thus dy = d(z V y) by (iii), it

follows that dz < dy. O]
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Proposition 3.8. Let (L, <,A,V) be a lattice. If every isotone derivation d of L satisfies
d(xVy)=dxVdy in L, for any x,y € L, then L is distributive.

Proof. Assume that d is an isotone derivation on L such that d(x V y) = dz V dy, for any
xz,y € L. Let a,b,c € L, in order to prove (aVb) Ac= (aAc)V (aAc), we define the principal

derivation d,. on L by d.(z) = z A ¢, for all z € L. We know that d, is an isotone derivation on

L. Then by hypothesis, d. satisfies d.(z V y) = d.(z) V d.(y). Thus

(aVb)ANc=d.(aVDb)
=d.(a) V d.(b)
=(anc)V(bAc).
It follows that L is a distributive. O

Combining Theorem 3.5 and Proposition 3.8 leads to the following characterization theorem

for distributive lattices based on isotone derivations.

Theorem 3.6. Let (L, <,A,V) be a lattice and d : L — L be a derivation. Then the following

characterizations of a distributive lattice are equivalent:
(i) L is a distributive lattice;
(ii) every isotone derivation of L satisfies d(x V y) = dx V dy.

In order to provide a characterization theorem for modular lattices by derivations, we need

the following proposition.

Proposition 3.9. Let (L, <,A,V) be a lattice and d be a derivation on L. If every isotone

derivation d of L satisfies that de = x implies d(x V y) = dx V dy, then L is a modular lattice.

Proof. Let x,y,z € L such that x < z. Consider the principal derivation d, defined by d,(w) =
zAw, for all w € L. Then d is an isotone. Since z < z, then d,(x) = z Az = x. By hypothesis,
d.(xVy) = d.(x)Vd,(y). Notice that d.(xVy) = 2zA(xVy) and d.(x)Vd,(y) = (zAx)V(2Ay) =
zV (yAz). Hence x V (y A z) = (z V y) A z, this shows that L is a modular lattice. O

Combining Theorem 3.4 and Proposition 3.9 leads to the following characterization theorem.
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Theorem 3.7. Let (L, <,A,V) be a lattice and d : L — L be a derivation. Then the following

characterizations are equivalent:

(i) L is a modular lattice;

(ii) every isotone derivation of L satisfies that dz = x implies d(x V y) = dx V dy.

3.2.3 Lattice structure of isotone derivations

Theorem 3.8. Let (L, <,A\,V) be a distributive lattice and dy, dy be two isotone derivations on

L. Define

(dy M dy)(x) = dy(z) AN do(x) and
(dy Uds)(z) = di(x) V da(x).

Then dy Mdy and d; U dy are also isotone derivations on L.

Theorem 3.9. Let L be a distributive lattice and D(L) be the set of all isotone derivations on
L. Then (D(L),M,U) is also a distributive lattice.

3.3 Algebraic structure for the set of fixed points of a
derivation

In this section, we recall the notion of a fixed point of a derivation on a lattice. Also, we present
the algebraic structure of the set of these fixed points. Further information can be found in

[11].

Definition 3.7. Let (L, <,A\,V) be a lattice and d be a derivation on L. Define
Fizg(L)={z € L |dr =z}

1s the set of all the fized points of d.

Remark 3.4. The set Fixzy(L) is a down-set. Moreover, if d is isotone, then Fizqy(L) is an

ideal of L. Indeed,

(i) Proposition 3.3 guarantees that if v € Fizgy(L) and y < z, then y € Fixg(L). Thus,

Fixq(L) is a down-set;
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(ii) The fact that d is isotone implies from Theorem 3.6 that if x,y € Fixy(L), then d(zVy) =
d(x VvV d(y) =xVy. Therefore, x Vy € Fixy(L).

The above remark leads to the following corollary.

Corollary 3.7. If d is an isotone derivation on a lattice L, then Fixg(L) is a lattice.

Remark 3.5. Let (L, <,A,V) be a lattice and d be a derivation on L. Define d*x = d(dx), for
all v € L. Then Proposition 5.1 assures that d*> = d. So, d(z) € Fizq(L), for any x € L.

Proposition 3.10. Let (L,<,A,V) be a lattice and dy,ds be two isotone derivations on L.
Then

dy = dy if and only if Fixg, (L) = Fizg,(L).

Theorem 3.10. Let (L, <,A,V) be a distributive lattice and D(L) be the set of all the isotone

derivations on L. Denote

F = {Firs(L)|d € D(L)};
F’i$d1 (L) V Fi$d2 (L) = Fixdlvd2 (L),
F’il’dl (L) N Fi$d2 (L) = Fixdl/\dg(L) .

Then (F,\,V) is a distributive lattice.

Corollary 3.8. Let (L, <,A,V) be a distributive lattice. Then the lattice (D(L), A, V) is iso-
morphic to the lattice (F,\, V).

There are still some open questions between ideals and "fixed sets” for derivations. The
question of when an ideal can appear as this "fixed set” for a derivation seems interesting. It
is clearly true for principal ideals. Since they are fixed sets of the principal derivation. We

present two answers for this question concerning principal and prime ideals.
Theorem 3.11. Let (L, <,A\,V) be a lattice and d : L — L be a derivation on L
(i) If do is a principal derivation on L, then Fixy (L) = I, is a principal ideal;

(i) If I is a principal ideal of L, then there exists a unique isotone derivation d such that

Fizg(L) = 1.

Theorem 3.12. Let (L, <,A,V) be a lattice and I be a non-void prime ideal of L. Then there
exists a derivation d such that Fizy(L) = 1.
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Abstract

In the memory, we first have recalled the necessary basic concepts and properties of binary
relations on a set and partially ordered sets. Then, we have given general information on
lattices and algebraic properties of some lattice classes. Also, we have provided the notion of
an algebraic derivation on a lattice and we have discussed some related properties. Further,
we have analyzed some classes of derivations on a lattice like principal and isotone
derivations. Moreover, we have recalled the notion of a fixed point of a derivation on a lattice
and we have presented the algebraic structure of the set of these fixed points.

Key words :

Order, ordered set, lattice, algebraic derivation, fixed point.

Résumé

Dans ce mémoire, nous avons rappelé les concepts de base des relations binaires sur un
ensemble et les ensembles ordonnés. De puis, nous avons donné des informations générales sur
les treillis et les propriétés algébriques de certaines classes de treillis. Aussi, nous avons fourni
la notion de dérivation algébrique sur un treillis et discuté de certaines propriétés connexes.
Nous avons analysé certaines classes de dérivations sur un treillis, comme les dérivations
principales et isotones. De plus, nous avons rappelé la notion de point fixe d’'une dérivation
sur un treillis et nous avons présenté la structure algébrique de I’ensemble de ces points fixes.

Mots-clés :

Ordre, ensemble ordonné, treillis, dérivation algébrique, point fixe.
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